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Ronny Ramlau and Otmar Scherzer
100 years of Mathematical Tomography
Abstract: This volume is honoring the 100th anniversary of the publication of the fa-
mous paper of Johann Radon: “Über die Bestimmung von Funktionen durch ihre In-
tegralwerte längs gewisser Mannigfaltigkeiten,” which appeared in Berichte über die
Verhandlungen der Königlich-Sächsischen Gesellschaft der Wissenschaften zu Leipzig,
Mathematisch-Physische Klasse 69 (1917), pp. 262–277 [2].

Exactly 100 years later, in 2017, the Johann Radon Institute for Computational and
Applied Mathematics (RICAM) jointly with the Johannes Kepler University Linz (JKU)
held a conference in honor of the publication of Johann Radon’s paper. The confer-
ence took place from March 27th to 31st in Linz, Austria https://www.ricam.oeaw.ac.
at/events/conferences/radon100/ andwas attended by about 170 participantswho re-
ported on the status of the still growing field of mathematical tomography.

About this volume

In 1917, Johann Radon published his fundamental paper [2], wherein he introduced
what is nowadays called the Radon transform. Today, this paper is considered to be
the foundation of the area of Mathematical Tomography, which is a booming area in
applied sciences.

For a long time, this paper did not get the credit which it deserves.
Johann Radon himself appears to have not have commented on these results, be-

yond their initial publication. In an obituary of Radon [1], written by his colleague
Paul Funk (himself a distinguishedmathematician at the University of Vienna), many
mathematical achievements of Johann Radon were outlined, but Paul Funk left out
the Radon transform.

Onlymuch later, driven by applications, was the paper of Johann Radon rediscov-
ered, and today it gets the broad credit it deserves.

This volume has been collected exactly 100 years after the publication of Radon’s
fundamental paper [2]. It collects surveys and original papers on Mathematical To-
mography and shows the remarkable advancement of the field. These new achieve-
ments are also driven by fundamental developments in imaging and industry, where
computational methods based on mathematical inversion techniques allow us to vi-
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sualize underlying information which is not directly accessable [3]. The interplay be-
tween mathematics and applications was not always as close, demonstrated by the
well-known fact that Allan M. Cormack and Godfrey Hounsfield, who received the
Nobel-prize in Physiology or Medicine for the development of the first medical CT-
scanner, developed their algorithms for image reconstruction not only independently
from each other but also without knowledge of Radon’s work.

About this book

This book provides an overview on mathematical tomography and the Radon trans-
form, with thirteen papers by well-known experts in the field. All articles were peer
reviewed.
Karl Sigmund gives an intriguing insight in the life and work of Johann Radon. He

outlines his groundbreaking mathematical achievements and his life in the most
turbulent time of the last century.

Michel Defrise and Christine De Mol present applications for PET imaging and blind
deconvolution. This paper is devoted to Mario Bertero, a pioneer in Inverse Prob-
lems.

Simon Gindikin studies deep results for the Radon transform in a very general setting
in a historic context from Leray to Radon.

Joonas Ilmavirta and François Monard consider the problem of inversion of integral
transforms on manifolds.

Roman Novikov presents recent andnew results on the non-AbelianRadon transform
and its inversion.

Victor Palamodov discusses the developments of the Funk–Radon theory over the
last centuries.

Gaik Ambartsoumian shows recent results on V-line and Conical Radon transforms
and presents applications in imaging.

Alfred Louis discusses and explains ghost artefacts in Radon problems.
Thomas Schuster discusses applications of the Radon transform in vector field to-

mography. His paper is devoted to Armin Lechleiter, a leading researcher in In-
verse Problems, who passed away much too young, at the age of 36.

Gabor Herman applies different algorithms for x-ray inversion and compares the re-
sults for medical applications.

Tanja Tarvainen reports about active research fields in photoacoustical imaging and
Bayesian inversion.

Shari Moskow and John C. Schotland report on the inverse Born series for solving
imaging problems.

Andreas Alpers and Peter Gritzmann represent the field of discrete tomography in
this volume.
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The editorswould like to dedicate the volume to thememory of JoyceMcLaughlin,†2018

who was a life long supporter of RICAM, and an expert in Inverse Problems and, in
particular, elastography.
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Karl Sigmund
1 Johann Radon 1887–1956
Abstract: This paper provides a short biography of the famous Austrian mathemati-
cian, Johann Radon, and it outlines the fundamental mathematical achievements.

Keywords:Radon transform,Radonmeasure, Radonnumbers, Radon–Helly theorem,
Radon–Riesz theorem

MSC 2010: 01A-60, 01A-70

His name is a household word in mathematics: next to the Radon transform, stu-
dents learn about the theoremsof Lebesgue–Radon–Nikodym, ofHelly–Radon, andof
Radon–Riesz; they are familiar with the concepts of Radon measure and Radon inte-
gral, and may have heard of the Radon curve and the Radon sequence. Johann Radon
has certainly left an enduring mark and significantly contributed to the mathematics
of the first half of the twentieth century.

By all accounts, Radonwas amodest, quiet, and unassuming person, who did not
makemuch ado about hismathematical fame. It is quite probable that the tremendous
growth of the field of inverse problems would have surprised him. His colleague and
near-contemporary, Paul Funk (1886–1969), a former student of Hilbert and a first-rate
mathematician on his own right, did not even mention the Radon transform when he
wrote Radon’s obituary for the Austrian Academy of Science.

Johann Radon was born on December 16, 1987, in Tetschen on the Elbe River. The
small provincial town in Bohemia lay close to Saxony. Today, it is Decin, a border town
of the Czech republic. His father, a Sudeten German, was head accountant at a lo-
cal bank. The mother came from Thuringia. The parents sent their only child to the
gymnasium of Leitmeritz (today Litomerice). Actually, they also moved there, after
Johann’s father had retired. The school-boy’s health was frail, but he showed great
promise. He did well in mathematics and science, as well as in Latin and Greek. More-
over, he played several instruments, and had a beautiful singing voice. The intention
of the gifted young man, at that time, was to become a philosopher (Figure 1.1).

After finishing secondary school with brilliant marks in 1905, Johann Radon en-
rolled inmathematics and physics at the University of Vienna, and also took upmusic

Acknowledgement: The author thanksDr.Sienell from theAustrian AcademyofScience andDr.Maisel
from the Archive of the University of Vienna. Special thanks go toMag. Brigitte Bukovics for her advice
and her kind permission to use the photographs.
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Figure 1.1: Johann Radon as a schoolboy.

classes. Again, his parents followedhim. AmongRadon’s teacherswere FranzMertens
(1840–1927), an eminent number theorist; the brilliantWilhelmWirtinger (1865–1945),
who contributed to many fields of analysis; and the associate professor of geometry,
Gustav Kohn (1859–1921). Among the lecturers, or docents, were Josef Plemelj (1873–
1967), who made essential contributions to the Riemann–Hilbert problem and intro-
duced Radon to potential theory, and Alfred Tauber (1866–1942). By then, the field
of what soon became known as Tauberian theorems was taking roots. Among the
younger post-docs,HansHahn (1879–1934) andHeinrichTietze (1880–1964) stoodout.
Their future paths would often cross with Radon’s. At the time, Hahnmentored Radon
in the calculus of variations, and introduced him to the foundations of arithmetic and
geometry. Therewere some brilliant other students, too, senior to Radon: for instance,
Roland Weitzenböck (1885–1955), Wilhelm Blaschke (1885–1962), and Eduard Helly
(1884–1943).

Obviously, mathematics was in a good shape in Vienna at that time. The main
responsible for this development was Gustav von Escherich (1849–1935). Escherich’s
principal contributions were in the calculus of variations. His scientific work alone
would not have guaranteed him an outstanding place. But he was instrumental in
putting Vienna on the map, in what concerned mathematics, after centuries of near-
insignificance. Escherich had studied underWeierstrass in Berlin. He introduced first-
rate standards of precision and clarity into the curriculum at the University of Vienna
and managed to link up with international contemporary research.

Among Escherich’smany brilliant students, JohannRadon stood out. He obtained
his PhD on February 18, 1910, with a thesis on the calculus of variations. In that same
year, he also obtained the teacher’s diploma. But it was already becoming clear that
he was cut out for an academic career. The next step was almost preordained. Like so
many other mathematical “rookies” in his generation, Radon traveled with a stipend
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to study at Hilbert’s institute in Göttingen, at that time undoubtedly the mecca of
mathematics.

During these years, analysis experienced a profound metamorphosis. The tools
developed by Henri Lebesgue’s theory of integration and the problems raised by Fred-
holm’s theory of functional operators came together in various, often unexpected
ways. This had lasting influence on Radon’s development.

After his post-doc semester in Göttingen, Johann Radon was appointed at the
University of Brünn (today Brno), as an assistant to Emmanuel Czuber, an insurance
mathematician and statistician well known for his work on probability theory. Soon
afterward, in 1912, Professor Czuber was appointed at the Technische Hochschule (to-
day: Technical University) in Vienna. Radon followed him there as his assistant, and
thus returned to the buzzing capital of the Austro-Hungarian empire.

In 1913, Radonpublished in the Sitzungsberichte der Akademie derWissenschaften
zu Wien a truly seminal work of 144 pages, entitled “Theorie und Anwendungen der
absolut additive Mengenfunktionen.” It was a masterpiece, combining the measure
theoretical ideas of the French school centering around Lebesgue and Borel with the
functional analytic work pioneered by Hilbert’s famous Mitteilungen from 1906 and
the work of Fredholm and Hellinger. In Radon’s own words, the aim of his paper was
“to encompass in a general theory, on the one hand the theory of linear integral equa-
tions and on the other hand the theory of linear and bi-linear forms of infinitely many
variables.” This development of a general measure theory as the basis for functional
analysis proved enormously successful. It must have been in the air: A closely parallel
undertaking was due to the Hungarian Friedrich (or Frigyes) Riesz, in particular, with
the latter’s contribution “Über Systeme integrierbarer Funktionen.”

Radon’s seminal paper was strikingly well rounded and complete. It contains
the decomposition theorems for signed measures, and relates measures (now called
Radon-measures) with linear forms on spaces of continuous functions. It extends
to the n-dimensional case a fundamental theorem which Lebesgue had derived for
absolutely continuous measures on the real line. (Otton Nikodym (1887–1974) would
generalize it further, and define what is now known as the Radon–Nikodym prop-
erty for locally convex spaces). In addition, Radon’s opus magnum also contains a
highly polished duality theory of Lp-spaces, and a theorem on weak versus strong
convergence which today is known as Radon–Riesz theorem. (It yields the basic moti-
vation for the study of Radon–Riesz spaces). A final step was taken in 1915 by Maurice
Fréchet,whodevelopedmeasure theory on abstract spaces, rather thanon topological
spaces.

In 1914, Radon applied at the University of Vienna for the degree of lecturer,
and submitted his 1913 paper as a habilitation thesis. The commission was duly im-
pressed. Escherich called it “one of the most important treatises that appeared in the
last years,” Wirtinger viewed it as “a most important achievement” and on Furtwän-
gler (who had succeeded Mertens after the latter’s retirement), it made “a very good
impression.” After the probationary lecture in June on “The theory of quadratic forms
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Figure 1.2: Radon’s probationary lectures satisfies the requirements for his habilitation: he can give
lectures at the university.

with infinitely many variables,” Radon obtained the title of Privatdozent on August
26, 1914 (Figure 1.2).

By then, the First World War was already in full swing. Johann Radon, however,
was exempted from military service, thanks to his extreme myopia. During the war
years, he stayed as assistant at the Technische Hochschule, and also lectured at the
Universität für Bodenkultur (today, the University for Natural Resources and Life Sci-
ences). In August 1916, he married Maria Rigele, named Mizzi, a cousin of his friend,
Weitzenböck. During the next three years, three sons were born: in 1917, Wolfgang,
who died very young; in 1918, Hermann; and in 1919, Ludwig. A daughter, Brigitte,
followed in 1924 (Figure 1.3).

For Radon, these years were extremely productive from the scientific view-point,
too. In particular, in 1917, he published “Über die Bestimmung von Funktionen durch
ihre Integralwerte längs gewisserMannigfaltigkeiten,” little dreamingwhat stellar fate
this note would encounter half a century later. In addition to working on boundary
value problems for logarithmic potentials, Radon did important work on convex ge-
ometry and also, influenced by the research program of Wilhelm Blaschke, on affine
geometry.

This last would soon have decisive consequences for Johann Radon’s career. After
the defeat of 1918, the town-fathers of Hamburg courageously decided to establish a
university in their town. The creation of a mathematical center for this university was
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Figure 1.3: Conjugal bliss: Johan Radon and his wife Maria, née Rigele.

entrusted to Wilhelm Blaschke, then in his early thirties. Blaschke combined math-
ematical talents with inspired leadership: within a few years, he built up a vibrant
and dynamic mathematical hot spot (Figure 1.4). Among the earliest appointees were
Erich Hecke, Kurt Rademacher, Kurt Reidemeister, and a string of Austrians including
Johann Radon, Emil Artin, Otto Schreier, andWolfgang Pauli. (This migration was not
all one-sided: in 1923, Kurt Reidemeister moved from Hamburg to Vienna, where he
became associate professor in geometry).

When Johann Radon left Vienna with his young family, heading for an associate
professorship in Hamburg, hemay have hoped to return very soon from the waterkant
to the shores of the Danube. Indeed, in 1919, his former professor, Gustav Escherich,
had retired. The competition for his succession was intense. In the end, it was Hans
Hahn who was appointed, while Johann Radon shared second place with Heinrich
Tietze. It was a brilliant list, made up of three former students of Escherich who, by
now, all were professors in Germany. Hahn’s return fromBonn to Viennawould in due
time lead to the creation of the Vienna Circle.

As for Radon, he accepted in 1922 a position as full professor in Greifswald, as the
successor of Felix Hausdorff, who had moved to Frankfurt. In 1925, Radon moved to
Erlangen, this time as the successor of Tietze; and in 1928, Radonmoved to Breslau as
the successor of Kneser. In the 1920s, such frequent displacements fromoneuniversity
to another were by no means uncommon. Actually, in 1929, Radon was offered a chair
in Leipzig, but this time he declined it.

His scientific work continued at the highest level, and was remarkable for its di-
versity. Thus in 1920, Radon offered a beautiful proof of a result nowadays known as
the theorem of Helly–Radon: If a family of convex bodies in n-dimensional space has
the property that each n+ 1 of them intersect, then the whole family has nonempty in-
tersection. This result had already been obtained by EduardHelly shortly beforeWWI.
At the outbreak of thewar,Helly had volunteered for theAustro-Hungarian army. Soon
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Figure 1.4:Wilhelm Blaschke as a
friend of the young Radon family.

after, he was wounded on the Eastern front and had to spend, not only the rest of the
war but several years afterward, in Siberian camps. Since by 1920 it was still unclear
whether he would ever manage to return, Radon published his own proof (with full
acknowledgement, of course, of Helly’s claim to priority). Radon’s proof was based on
a reformulation of Helly’s result: Any subset of Rn with more than n + 2 points carries
two measures with disjoint support but same centers of gravity.

Radon kept his active interest in the calculus of variations though all his life. In
1927, in “Über dieOszillationstheoremeder konjugierten Punkte beimProblemvonLa-
grange,” he published a solution to a problem which had dogged his former teacher
Escherich throughout his career, and later returned to it in a series of lectures pre-
sented in Hamburg (Figure 1.5).

Of particular interest are Radon’s contributions to the composition of quadratic
forms, inspired by seminal work of Hurwitz which had shed deep insights into the
study of division algebras. Every natural number n can be written in the form 24k+lm,
wherem is an odd number and 0 ≤ l ≤ 3. The Radon number is ρ(n) defined as 2l + 8k.
The sequence of Radon numbers

1, 2, 1, 4, 1, 8, 1, 9, 1, 10, 1, 12, 1, 16, 1, 17, 1, 18, 1, 20 . . .

has the remarkable property that there exist ρ(n)− 1 linearly independent vector fields
on the sphere Sn−1. In fact, Frank Adams proved in 1963 that this is the precise upper
bound.

On several occasions, in the 1930s, it seemed that Radon would be offered to re-
turn to the University of Vienna, due to a string of vacancies. Thus in 1934, Hahn had
unexpectedly died. But the ministry abolished his chair, apparently as a gesture di-
rected against the Vienna Circle. Next, in 1936, Wirtinger retired. But again, the job
was neither offered to Johann Radon, nor to Karl Menger, nor to Emil Artin, eminent
candidates all, but to Wirtinger’s assistant, Karl Mayrhofer, a mathematician of much
lesser caliber who later turned out to have been an illegal National Socialist all along.
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Figure 1.5: Radon as pro-
fessor in Breslau (today,
Wroclaw).

Finally, in 1938, when Furtwängler retired, the mathematical nonentity, Anton Huber,
another long-standing party member, was appointed in his place. By then, the “An-
schluss” of Austria to the Third Reich had already taken place.

In 1939, the Radon family lost their second son, Hermann, who had been griev-
ously ill for many years. Radon learned the tragic news while he himself was hospi-
talized and recovering from surgery.

World War II broke out, and in 1943, Radon’s third son, Ludwig, was fatally
wounded on the Russian front. In 1945, the Red Army fought its way into Breslau.
Johann Radon, his wife and his daughter had to flee, and found refuge in far-off Inns-
bruck. Breslau became Wroclav, in Poland. It soon became clear that Radon could
never hope to return to his home or to his position; but Vienna became an option
again.

In the chaotic aftermath of the war, the two professors of mathematics of the Uni-
versity of Vienna, Karl Mayrhofer and Anton Huber, had to step down from office, due
to their National Socialist past. A committeewas instructed to look for two candidates.
When it was found out that Radon lived in Innsbruck, and actually lectured at theUni-
versity there, the problem seemed half-solved. But due to intentional or unintentional
misinformation, rumors spread that Radon was unwilling to move to Vienna. Fortu-
nately, Hans Thirring,whohad returned in 1945 to his chair in theoretical physics, was
able to dispel these doubts, and after an exchange of hectic telegrams, Johann Radon
was finally appointed to a chair at the University of Vienna (Figure 1.6).

In 1946, Radon had also been offered chairs in Greifswald, Jena, and Leipzig,
thanks not only to his scientific reputation, but also to the fact that he was among the
few scientists in Germany whose political past was without blemish. However, these
universities were all beyond the line that was soon to mark the Iron Curtain. Not that
life promised to be easy in bombed-out Vienna, divided as it was into four occupation
zones.
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Figure 1.6: A telegram confirms that Radon is ready to move to Vienna.

On October 1, 1946, Johann Radon took up his duties at the University of Vienna. At
first, he had to run the mathematical department almost single-handed. The situa-
tion improved only in 1948 with the appointment of the young Edmund Hlawka to
the second chair of mathematics, and with the able assistance of Nikolaus Hofreiter
and Leopold Schmetterer. Thus Radon was able to concentrate again on his favorite
fields: real analysis, calculus of variations, anddifferential geometry.His lectureswere
widely praised as mathematical gems. More and more, he embodied the ideal of the
world-famous scientist, a kind grandfatherly figure. He enjoyed house concerts and
family life. His daughter, Brigitte, had acquired the teachers’ diploma inmathematics.
In 1950, she married Erich Bukovics, an up-and-coming young mathematician who
would later become professor at the Technical University. The young couple had two
sons.

However, it proved impossible to avoid the administrative burdens. From 1947
onward, Radon was editor-in-chief of the “Monatshefte für Mathematik,” which had
been founded, generations ago, by his teacher Gustav von Escherich. In 1947, he also
became full member of the Austrian Academy of Science. In 1951/52, Radon held office
as dean of the huge philosophical faculty. From 1950 to 1952, he headed the Austrian
Mathematical Society. In 1953, he became secretary general of the Austrian Academy
of Science, and in 1954, he was elected rector of the University (Figure 1.7). The vari-
ous inaugural lectures gave him some opportunity to return to his early philosophical
interests. But he had to write more and more obituaries.

On May 26, 1956, Johann Radon died, aged sixty-nine. He had long suffered from
a weak heart and a probably congenital lung-ailment. In that same year, 1956, Alan
Cormack discovered tomography, in complete ignorance of the work that Radon had
published some 40 years ago in an obscure journal. In 1971, Houndsfield constructed
the first CT scanner. In 1979, Houndsfield andMcCormack were rewardedwith the No-
bel Prize. By then, the mathematical roots of medical imaging had been rediscovered,
and inverse problems were well on their way of becoming a leading branch of mathe-
matics.
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Figure 1.7: Radon as rector of the
University of Vienna.
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Abstract: After reviewing the multiplicative iterative algorithms EMML and ISRA
which allow to naturally enforce, at each iteration, a positivity constraint on the so-
lution of linear inverse problems, we discuss their extension to blind imaging with
positivity constraints and to the related problem of Nonnegative Matrix Factorization
(NMF). We then establish a connection between this framework and two problems of
interest in medical imaging, namely dynamic Positron Emission Tomography (PET)
and the joint estimation of activity and attenuation in time-of-flight PET.
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2.1 The multiplicative algorithms EMML and ISRA
In many applications, positivity has proved a very useful property to be enforced on
the solution of linear inverse problems, which consist in solving the equation

Kx = y (1)

formulated here in a discrete setting, i. e., where x ∈ ℝM is a vector of coefficients
describing the unknown object, y ∈ ℝN the vector of (noisy) data and K the linear
operator (here a N ×M matrix) modeling the link between the two.

In the presence of noise, instead of trying to solve exactly the above equation, the
standard strategy is tominimize some contrast or cost function such as a least-squares
distancebetweenKx and y in the case ofGaussiannoise or aKullback–Leibler discrep-
ancy in the case of Poisson noise. When the problem is ill-conditioned, as typical for
discretized ill-posed problems, one can regularize the problem by adding to the con-
trast function one or more penalties on the solution, such as the classical quadratic
squared L2-norm ‖x‖22 = ∑m |xm|

2 or the sparsity-enforcing L1-norm ‖x‖1 = ∑m |xm|.
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Positivity naturally arises in the case of photon-counting measurements, i. e.,
in the case of Poisson noise, where the cost function to be minimized is the fol-
lowing generalized Kullback–Leibler divergence (which turns out to be the negative
log-likelihood for this case)

F(x) = KL(y,Kx) ≡
N−1
∑
n=0
[yn ln(

yn
(Kx)n
) − yn + (Kx)n] (2)

subject to the constraint x ≥ 0. It is assumed that K ≥ 0 and y ≥ 0. This means
that all elements of the vectors x and y and of the matrix K are nonnegative. Notice
that it is such entrywise notion of nonnegativity (or else of positivity) which will be
used throughout the paper. To find the minimum of this convex cost function, a cel-
ebrated iterative algorithm has been proposed and goes under the name Expectation
Maximization Maximum Likelihood (EMML) in medical imaging [42] and Richardson
[41]—Lucy [30] in astronomy. The successive iterates are given by

x(k+1) = x(k)

KT1N
∘ KT y

Kx(k)
(k = 0, 1, . . .) (3)

using theHadamard (entrywise) product ∘ anddivision (KT denotes the transpose ofK
and 1N is a vector of ones inℝN ).When initialized by a strictly positive vector, x(0) > 0,
the algorithm automatically preserves the positivity of the iterates x(k). Another nice
feature is that it ensures a monotonic decrease of the cost function, a property that is
most easily established by viewing it as a Majorization–Minimization (MM) algorithm
[25]. Indeed, as noticed by De Pierro [15], it can be rewritten as

x(k+1) = argmin
x

G(x; x(k)) (4)

where G(x;a) is the following “surrogate” cost function for F(x)

G(x;a) =
N−1
∑
n=0
[yn ln yn − yn + (Kx)n

−
yn
(Ka)n

M−1
∑
m=0

Kn,mam ln(xm
am
(Ka)n)] (5)

satisfying the surrogating properties

G(x;a) ≥ F(x) and G(a;a) = F(a) (6)

for all x and a, with the restriction in this case that x ≥ 0 and a ≥ 0. Since this surro-
gate is separable (i. e., it can be written as a sum of terms, where each term depends
only on a single unknown component xm), it can be easily minimized explicitly, yield-
ing the EMML algorithm. The surrogating properties ensure that F(x(k+1)) ≤ F(x(k)),
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which is often considered as a desirable property for a good numerical behavior of
the algorithm. A possible drawback, however, is slow convergence to a minimizer of
the cost function. The convergence proof for the EMML algorithm can be found in the
literature (see, e. g., [33] and the references therein).

An analogue of the EMML iterative algorithm for the case of Gaussian noise, i. e.,
of the minimization of the least-squares (negative log-likelihood) cost function

F(x) = 1
2
‖Kx − y‖22 (7)

subject to x ≥ 0, assuming K ≥ 0 and y ≥ 0, is called Image Space Reconstruction
Algorithm (ISRA) and has been proposed in [12] and [14].

The successive multiplicative updates are given by

x(k+1) = x(k) ∘ KTy
KTKx(k)

(8)

and, again, positivity is automatically preserved if x(0) > 0. The algorithm is easily
derived through the separable surrogates, for x ≥ 0, a ≥ 0,

G(x;a) = 1
2

N−1
∑
n=0

1
(Ka)n

M−1
∑
m=0

Kn,mam [yn −
xm
am
(Ka)n]

2
. (9)

Hence the cost functiondecreasesmonotonically throughout the iteration process and
can be shown to converge to its minimal value. Moreover, the iterates themselves have
been shown to converge to the minimizer of (7) when it is unique [14] and to a mini-
mizer of (7) when K is singular [19].

In the case of an ill-conditioned problem, however, the minimizers are unstable
with respect to the noise on the data. The algorithms, being unregularized, typically
exhibit a semi-convergence behavior. On numerical simulations involving a “true” so-
lution x, one can observe that the reconstruction error first decreases with the num-
ber of iterations, then passes through a minimum and increases due to noise ampli-
fication. In practice, regularization is usually achieved by early stopping of the itera-
tive process, before instabilities occur (see [5] for a thorough discussion of this semi-
convergence phenomenon).

2.2 Blind imaging with positivity and NMF

In the previous section, the operator or matrix K modeling the imaging process was
supposed to be known. In many instances, however, it is unknown, in which case the
inverse problem is said to be “blind.” The blindproblemcanbe formulated as themini-
mization of (2) or (7) for bothunknowns x andK . Amajor difficulty then arises from the
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fact that, although the resulting functional is convex with respect to x orK separately,
it is not jointly convex, leading to all drawbacks of a nonconvex optimization setting
(local minima, saddle points, etc.). Due to such bi-convexity property, however, a nat-
ural strategy appears to be an alternate minimization on x (with K fixed) and K (with
x fixed). Such alternatingminimization approaches date back to [3, 10, 11, 43] for alter-
nating least squares or to [20] for alternating Richardson–Lucy. Notice that when the
imaging operator K is translation-invariant, the problem is also referred to as “Blind
Deconvolution.” There is a vast literature on the subject, whichwewill not reviewhere.
Let us just single out the paper [8] for its convergence result on regularized alternating
least squares, as well as the noniterative and nonlinear inversion method of [23], with
an interesting uniqueness result, but with some drawbacks analyzed in [9].

In this chapter, we will focus on the case where positivity constraints apply, and
in particular on generalizations of the EMML and ISRA algorithms to the blind case.

Let us first remark that the formulation of the problem can be easily extended to
include multiple inputs/unknowns (x becomes a M × P matrix X) and multiple out-
puts/measurements (y becomes a N × P matrix Y ). The blind inverse problem is then
equivalent to solving the equation KX = Y for both K and X or else to “Nonnegative
Matrix Factorization” (NMF) when all elements of these threematrices are assumed to
be nonnegative. NMF is used as a data dimension reductionmethod analogous to Sin-
gular Value Decomposition (SVD) or Principal Component Analysis (PCA) [18, 28]. In
the case of noisy data, exact factorization should be replaced by theminimization of a
discrepancy cost function. The inclusion of multiple outputs can contribute to some-
how compensate for the difficulty of the blind imaging problem, by making use of
the information contained in several images produced by the same instrument (e. g.,
a telescope). Such formulation is also typically met in so-called “Hyperspectral Imag-
ing” problemswhere the same object is observedwith differentwavelengths (see, e. g.,
the review papers [31] and [21]).

Another point of attention is the ill-conditioning of the linear inverse problem
which induces to include some regularizing penalties in the cost function. To fix the
ideas, we introduce penalties on the Frobenius norm of ‖K‖2F = ∑n,m K2

n,m of K, as well
as on the Frobenius and on the L1-norm ‖X‖1 = ∑m,p |Xm,p| ofX and tune themwith the
(positive) regularization parameters μ, ν, and λ, respectively. The following algorithm,
however, can be easily generalized to include other separable penalties. Using at each
iteration step, the surrogate cost function (5) for the Kullback–Leibler discrepancy, the
alternating minimization, for K, X nonnegative (assuming Y nonnegative, too) of the
resulting (bi-convex) cost function

F(K ,X) = KL(Y ,KX) + μ
2
‖K‖2F + λ‖X‖1 +

ν
2
‖X‖2F (10)

with

KL(Y ,KX) =
N−1
∑
n=0

P−1
∑
p=0
[(Y)n,p ln(

(Y)n,p
(KX)n,p

) − (Y)n,p + (KX)n,p] (11)
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can be done column by column forX and row by row forK . The successivemultiplica-
tive updates for K and X are then explicitly given by

K (k+1) = 2A(k)

B(k) + √B(k) ∘ B(k) + 4μA(k)
(12)

where

A(k) = K (k) ∘ Y
K (k)X(k)

(X(k))T (13)

B(k) = 1N×P (X
(k))

T (14)

(1N×P denotes the N × P matrix of ones) and by

X(k+1) = 2C(k+1)

D(k+1) + √D(k+1) ∘ D(k+1) + 4νC(k+1)
(15)

where

C(k+1) = X(k) ∘ (K (k+1))T Y
K (k+1)X(k)

(16)

D(k+1) = λ1M×P + (K
(k+1))

T1N×P . (17)

The algorithm is to be initialized with strictly positive but otherwise arbitraryK (0) and
X(0).

As a special case for λ = μ = ν = 0, we recover the blind algorithm proposed by
Lee and Seung [28], which in turn reduces to the EMML/Richardson–Lucy algorithm
for K fixed.

Similarly, for the case of Gaussian noise, we canminimize the following bi-convex
cost function alternately row by row for K, and column by column for X (assumed to
be nonnegative, as well as Y ),

F(K ,X) = 1
2
‖Y − KX‖2F +

μ
2
‖K‖2F + λ‖X‖1 +

ν
2
‖X‖2F (18)

using the surrogate (9), and derive the successive multiplicative updates

K (k+1) = K (k) ∘ Y(X(k))T

K (k)X(k)(X(k))T + μK (k)
(19)

X(k+1) = X(k) ∘ (K (k+1))TY
(K (k+1))TK (k+1)X(k) + νX(k) + λ1M×P

(20)

again to be initialized with strictly positive but otherwise arbitrary K (0) and X(0). We
recover as special cases blind algorithms proposed in [22] for μ = 0, ν = 0, in [29] for
λ = 0, μ = 0, ν = 0, and ISRA for K fixed and λ = μ = ν = 0.
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As concerns the convergence of the iterates in both the Poisson and Gaussian
cases, the following results can be established [26, 27] under the assumption that μ
and either ν or λ are strictly positive and that Y has at least one strictly positive ele-
ment in each row and each column:
1. The cost function decreases monotonically due the surrogate properties and

monotonicity is strict iff (K (k+1),X(k+1)) ̸= (K (k),X(k)).
2. The sequence of the values of the cost function F(K (k),X(k)) converges.
3. An asymptotic regularity property holds for the sequence of iterates: ∀n,m, p,

limk→+∞(K (k+1)n,m − K
(k)
n,m) = 0; limk→+∞(X(k+1)m,p − X

(k)
m,p) = 0.

4. As a consequence, by Ostrowski’s theorem ([35], Theorem 26.1), the set of accu-
mulation points of the sequence of iterates (K (k),X(k)) is compact and connected.

5. Hence, if this set is finite, the iterates (K (k),X(k)) converge. Moreover, it can be
shown that they converge to a stationary point (K∗,X∗), i. e., a point satisfying
the first-order Karush–Kuhn–Tucker conditions.

Notice that the algorithms above, as well as these convergence results, can be general-
ized to the case where an additional normalization constraint is implemented at each
iteration [26], namely ∑m Kn,m = 1, a natural constraint met in several applications
such as NMF for hyperspectral imaging.

Some applications lead to “semi-blind” or “myopic” problems, where partial
knowledge is available on the structure of K . Examples include deconvolution prob-
lems, where K might be a Toeplitz matrix, and the joint estimation of activity and
attenuation in PET discussed in Section 2.4. Alternate minimization is still applicable
to these semi-blind problems provided the known structure of K is enforced at each
iteration.

Unfortunately, for the time being, a complete convergence proof of the iterates to
a stationary point is not available and does not seem so easy to obtain despite several
attempts in that direction. This does not preclude other convergence results obtained
with different types of algorithms such as proximal alternatingminimization and pro-
jection methods for nonconvex problems [2, 6, 7] or constrained gradient methods
based on the Scaled Gradient Projection (SGP) algorithm [36].

2.3 Nonnegative matrix factorization in dynamic PET

We briefly describe an application of the previous algorithms to medical imaging.
Positron emission tomography allows estimating the spatial distribution in the body
of a radioactive tracer, which decays by emitting positrons. An emitted positron an-
nihilates with an electron to produce two 511 keV photons, which are emitted back
to back. Pairs of annihilation photons are detected in a ring of detectors around the
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patient, and the number of photon pairs (coincident events) detected by a pair of de-
tectors is related to the integral of the tracer concentration along the line of response
(LOR) linking the two detectors [32]. These coincidence data are histogrammed in L
lines of response (LOR), each identified by a pair of detectors in the scanner. Using
the EMML algorithm, these data are reconstructed to yield an estimate of the tracer
concentration in each voxel of a discretized image matrix.

Most clinical protocols in PET are static: they involve a single measurement taken
typically one hour after injecting the radiolabeled tracer, when its biodistribution can
be considered as stabilized. Additional diagnostic information is potentially provided
by the time evolution of the tracer concentration. In dynamic PET, data are measured
for a set of T so-called time frames starting directly after injecting the tracer. Image
reconstruction—typically via the EMML algorithm—from these data leads to a set of T
activity images, which can be organized as a nonnegative N × T matrix Y , with Yn,t
the estimated activity in voxel n at time t. Note that in this section we consider the
reconstructed activity images as the data, hence the use of the symbol Y .

A large variety of methods has been developed to reconstruct and analyze dy-
namic PET data (see a review in [37]), and in a number of cases it has been shown
that the time evolution of the tracer activity allows for an improved discrimination be-
tween tissues, leading to an improved diagnostic or prognostic accuracy compared to
static imaging.

A first category ofmethods describes the time evolution of the activity bymeans of
a system of differential equations, which model the metabolism of the specific tracer
under study. These equations depend on a small set of kinetic parameters (typically
3 or 4), which can be estimated from the time activity curve Yn,t of each voxel n, and
convey meaningful information such as metabolic rates for a biochemical reaction or
a transport rate. Thesemethods often require the knowledge of the arterial concentra-
tion of the tracer as a function of time.

A second category includes generic methods, which model the time evolution in
each voxel as a linear combination ofM < T basis time-activity vectors. These vectors
can be organized as a M × T matrix X, with Xm,t the basis time-activity vector m at
time t. The dynamic image data are then modeled as

Y = KX (21)

with a N ×M matrix K, with elements Kn,m equal to the weight of the time basis func-
tion m in voxel n. The problem consists in jointly estimating K and X from the re-
constructed dynamic images Y . In contrast with the methods based on tracer-specific
kinetic models, the estimated time-activity vectors X cannot in general be interpreted
in terms of tissue types ormetabolic processes but the achieved dimensionality reduc-
tion (M < T) is useful as a preprocessing step for an automated clustering of the image
voxels.
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The matrices X and K are determined up to a nonsingularM ×M matrix. Several
penalties are well adapted to dynamic PET and improve identifiability and stability.
Viewing X as the time evolution of the tracer inM compartments (associated to tissue
types or biochemical processes), andK as weighing the fraction of each compartment
in a voxel, naturally suggests imposingnonnegativity of all elements ofX andK .More-
over, penalties can enforce sparsity ofK (assuming thatmost voxels contain few tissue
types), smoothness of the time evolution in each compartment, and spatial smooth-
ness of K . Assuming Gaussian noise in the reconstructed images Y , and a unit covari-
ance matrix, one is led to the same nonnegative matrix factorization problem as in
Section 2.2.

Note that similar factorizationmethods can be applied before rather than after im-
age reconstruction, in which caseY in (21) represents the raw dynamic datameasured
by the scanner, and a Poisson noisemodel is appropriate (see [24, 37]). Also, PCA data
reduction methods have been used instead of NMF [1].

2.4 Joint estimation of activity and attenuation in
time-of-flight PET

This section describes a second problem in positron emission tomography, which also
leads to a bi-convex minimization problem similar to those described in Section 2.2.
We consider the static case with a single measurement but for a time-of-flight PET
scanner. A time-of-flight (TOF) PET scanner collects data in the sameway as described
in Section 2.3, but in addition the detectors measure the arrival time of the two de-
tected photons emitted by the annihilation of a positron. The difference between the
arrival times of the two photons localizes the origin of the annihilation along the line
of response (LOR), with an accuracy determined by the timing resolution of the de-
tectors (typically 300 ps). The time difference is histogrammed into T time-of-flight
bins. As a result, TOF-PET data are stored in a vector y = {yn, n = 0, . . . ,N − 1}, where
N = LT and yn=ℓT+t is the number of events detected for LOR ℓ = 0, . . . , L − 1 and
time bin t = 0, . . . ,T − 1. The activity image is parameterized as a vector x = {xm ≥
0,m = 0, . . . ,M − 1}, xm being the tracer concentration in voxel m. The goal of PET is
to estimate x from the data y.

The noise-free data is related to the activity image by

y = Kx + b (22)

with b ∈ ℝN a known nonnegative background, and a N × M matrix K . The matrix
element Kn,m is the probability that a pair of photons emitted in voxelm is detected in
the LOR ℓ = n/T with time-of-flight difference bin t = n%T (nmodulo T). This matrix
is modeled as a product K = QP. The N × M matrix P is the detection probability
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calculated assuming that thephotons only interact in thedetectors. TheN×N diagonal
matrixQmodels the data attenuation caused byphoton interactionswithin the object.
The attenuation is independent of the time difference and, therefore,

Qn,n󸀠 = δn,n󸀠qn/T , (23)

with 1 ≥ qℓ > 0, ℓ = 0, . . . , L − 1, equal to the probability that a photon pair emitted
along LOR ℓ escapes the body without interacting. The matrix P only depends on the
scanner and is known, but the attenuation Q depends on the object.

In practice, PET scans are performedwith a hybrid PET/CT scanner and the atten-
uation is estimated by the Beer–Lambert law,

qℓ = exp{−
M−1
∑
m=0

sℓ,mμm}, ℓ = 0, . . . , L − 1 (24)

where sℓ,m ≥ 0 is the intersection length of LOR ℓ with voxel m, and μm, the linear
attenuation coefficient in voxel m, is measured using a CT scan of the patient. This
section deals with more challenging situations where the CT scan is not available or
is unreliable due to patient motion between the PET and CT scans. The matrix Q (or
equivalently the vector q ∈ ℝL) is then unknown and must be estimated jointly with
the activity x.

The data y in PET aremodeled as independent Poisson variables with expectation
given by (22). Given y and the background b, maximum likelihood estimation then
leads to the minimization of the generalized Kullback–Leibler divergence

F(x,q) = KL(y,QPx + b), (25)

with the diagonal matrix Q defined by (23). We consider here a nonpenalized likeli-
hood, assuming that the data parameterization (voxel size) and noise level (number
of detected coincident events ∑n yn) are sufficient to guarantee a good stability. Note
that F(x,q) = F(ax, qa ) for any a > 0; therefore, the solution is determined at best up
to a global scale factor. Up to this scale factor, the solution to the equation y = QPx+b
has been shown to be unique for a continuous-continuous model of the joint estima-
tion problem [16] with noise-free data. Unfortunately, no general result on the identi-
fiability of x, q is known in the discrete setting considered here. See [4] for a general
overview on this joint estimation problem in TOF-PET.

Following [39], weminimize (25) by alternateminimization as in the previous sec-
tions, noting that fixing either Q or x reduces the bi-convex problem to KL minimiza-
tion for a linear inverse problem. The activity and the attenuation updates are there-
fore given by the Richardson–Lucy formula:

x(k+1) = x(k)

PTQ(k)1N
∘ PTQ(k) y

Q(k)Px(k) + b
(26)
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q(k+1) = q(k)

VPx(k+1)
∘ V (Px

(k+1)) ∘ y
Q(k)Px(k+1) + b

(27)

where the L × N matrix V sums over all time bins for a given LOR: Vℓ,n = δℓ,n/T .
Several remarks are in order:

1. In the absence of background (b = 0) the attenuation update (27) simplifies and
yields a closed-form expression for the minimizer of the convex cost function at
fixed activity x:

q∗(x) = argmin
q

F(x,q) = Vy
VPx
. (28)

The parameter q can be eliminated by inserting (28) into (25) (with b = 0).
The reduced nonconvex cost function F(x,q∗(x)) is then minimized using a
majorization–minimization algorithm:

x(k+1) = x(k)

PTVT Vy
VPx(k)
∘ PT y

Px(k)
. (29)

Properties of this algorithm are analyzed in [17]. In particular, the KL divergence
F(x(k),q(k)) is nonincreasing and converges, the activity estimates x(k) are non-
negative, and the rescaled activity estimates x̃(k) = x(k)/‖x(k)‖ are asymptotically
regular. It can also be shown that the bi-convex cost function F(x,q) has no lo-
cal minimum if the data are consistent, that is if there is some nonnegative x0,
q0 such that y = Q0Px0. This property has little impact because measured data
are inconsistent and one easily finds small-scale toy exampleswhere several local
minima can be identified.

2. The algorithm (26), (27) can be easily adapted to include a quadratic penalty on x
and q.

3. An alternative approach jointly estimates the attenuation coefficient vector μ ∈
ℝM instead of the attenuation factors q ∈ ℝL, using (24). This approach facili-
tates regularization because prior information on the attenuation coefficient μ is
easily derived knowing a typical material composition of the object; for example,
μ ∼ 0.1 cm−1 for water at 511 keV. In contrast the values of the attenuation factors
q are more difficult to define a priori. Joint estimation of μ and x by alternate min-
imization has been explored previously for non-TOF PET [13, 34], but in that case
the data do not provide sufficient information for a reliable estimation. Thanks
to the additional information provided by the time-of-flight measurement, the re-
cent application to TOF-PET [38] leads to a reliable estimation and opens the way
to practical implementations.

4. When a CT measurement of the attenuation coefficient μ is available but corre-
sponds to a different position of the patient than the TOF-PET data, joint estima-
tion has also been proposed to estimate the activity x and a nonrigid geometric
warping that maps the CT map μ onto the deformed frame required for PET [40].
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Simon Gindikin
3 From Radon to Leray
Abstract: We discuss the influence of the Radon transform on multidimensional
complex analysis. In the first turn, it is Leray’s construction of an universal mul-
tidimensional analogue of the Cauchy formula—the Cauchy–Fantappie formula. It
was extended by fundamental conceptions of analytic functionals, analytic duality,
𝜕̄-cohomology, and different complex versions of the Radon transform. In our exposi-
tion, the conception of the Cauchy–Radon transform plays an essential role. It is the
result of the replacement of δ-function in the integrand of the Radon transform by a
Cauchy kernel. It appears as a modification of the Radon transform for which the in-
version formula is independent of the evenness of the dimension. This then gives new
possibilities to consider analogs of the Radon transform in non-Euclidean situation.

Keywords: Radon transform, Radon–Cauchy transform, inversion formula, hyper-
functions, Cauchy–Fantappie integral formula, Martineau’s duality

MSC 2010: 44A12, 46F15, 32A26

Without doubts, tomography is the most spectacular application of the Radon trans-
form. However, there also were a few absolutely fundamental results in pure mathe-
matics, which appeared under the strong influence of the Radon transform. I would
emphasize applications to differential equations of F. John, multidimensional Cauchy
integral formulas of Leray and the horospherical transform on symmetric homoge-
neous spaces of Gelfand. In this exposition,wewill talk about Leray’s results and their
development. Our exposition has a narrow focus on complex parallels to the Radon
transform. We do not consider more broad possibilities, corresponding to the Radon–
John transform for integration along planes of codimension higher than one, such as
the Penrose transform.

3.1 The Radon–Cauchy transform

Wewill make a small, but essential, modification of the usual Radon transform atℝn.
Let ℝnx , ℝ

n
ξ be dual copies with the duality form

⟨ξ , x⟩ = ξ1x1 + ⋅ ⋅ ⋅ + ξnxn
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