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Preface to the Third Edition

It is hard to believe that it has been 21 years since the publication of the first edi-
tion of this book, and 11 years since the publication of the second edition. In the
intervening years, the progress of the Global Navigation Satellite System (GNSS)
has been staggering. GNSS usage is nearly ubiquitous, providing the position, ve-
locity, and timing (PVT) information that enables applications and functions that
permeate our daily lives.

In 1996, when the first edition of this book was published, GNSS included two
fully operational satellite navigation systems: the U.S. Global Positioning System
(GPS) and the Russian GLONASS. By the time the second edition was published in
2006, GNSS had regressed with respect to the total number of operational satellites
due to a decline in size of the GLONASS constellation.

Today, not only is GLONASS back to full strength, but GPS and GLONASS are
also being modernized and further GNSS users worldwide are benefitting from the
deployment of two more global satellite navigation systems: the Chinese BeiDou
and the European Galileo. One regional system—Navigation with Indian Con-
stellation (NavIC)—has been fully deployed, and another is in development, the
Japanese Quasi-Zenith Satellite System (QZSS). A myriad of GNSS augmentations
are available and provide enhanced performance for those users who require more
than the GNSS constellations alone can provide.

The objective of this third edition is to provide the reader with a complete sys-
tems engineering treatment of GNSS. The authors are a multidisciplinary team of
experts with practical experience in the areas that are addressed within this text.
They provide a thorough, in-depth treatment of each topic.

Within this text, updated information on GPS and GLONASS is presented. In
particular, descriptions of new satellites, such as GPS III and GLONASS K2 and
their respective signal sets (e.g., GPS III L1C and GLONASS L30C), are included.

New to this edition are in-depth technical descriptions of each emerging satel-
lite navigation system: BeiDou, Galileo, QZSS, and NavIC. Dedicated chapters
cover each system’s constellation configuration, satellites, ground control system
and user equipment. Detailed satellite signal characteristics are also provided.

Over the past two decades, we’ve heard from many engineers that they learned
how GPS receivers work from prior editions of this book. For the third edition,
the treatment of receivers is updated and expanded in several important ways.
New material has been added on important receiver components, such as anten-
nas and front-end electronics. The increased complexity of multiconstellation,

Xix
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Preface to the Third Edition

multifrequency receivers, which are rapidly becoming the norm today, is addressed
in detail. Other added features of this edition are the clear step-by-step design
process and associated trades required to develop a GNSS receiver, depending on
the specific receiver application. This subject will be of great value to those readers
who need to understand these concepts, either for their own design tasks or to aid
their satellite navigation system engineering knowledge. To round out the discus-
sion of receivers, updated treatments of interference, ionospheric scintillation, and
multipath are provided along with new material on blockage from foliage, terrain,
and man-made structures.

Since the second edition was published, there have been major developments in
GNSS augmentations, including differential GNSS (DGNSS) systems, Precise Point
Positioning (PPP) techniques, and the use of external sensors/networks. The numer-
ous deployed or planned satellite-based augmentation system (SBAS) networks are
detailed, including WAAS, EGNOS, MSAS, GAGAN, and SDCM, as are ground-
based differential systems used for various applications. The use of PPP techniques
has greatly increased in recent years, and the treatment in the third edition has
been expanded accordingly. Material addressing integration of GNSS with other
sensors has been thoroughly revamped, as has the treatment of network assistance
as needed to reflect the evolution from 2G/3G to 4G cellular systems that now rely
on multiconstellation GNSS receiver engines.

While the book has generally been written for the engineering/scientific com-
munity, one full chapter is devoted to GNSS markets and applications. Marketing
projections (and the challenge thereof) are enumerated and discussion of the major
applications is provided.

As in the previous editions, the book is structured such that a reader with a
general science background can learn the basics of GNSS. The reader with a stron-
ger engineering/scientific background will be able to delve deeper and benefit from
the more in-depth technical material. It is this ramp-up of mathematical/technical
complexity along with the treatment of key topics that enables this publication to
serve as a student text as well as a reference source.

Over 18,000 copies of the first and second edition have been sold throughout
the world. We hope that the third edition will build upon the success of these, and
that this text will prove to be of value to the rapidly increasing number of engineers
and scientists working on systems and applications involving GNSS. We wish you,
the reader, the very best in your GNSS endeavors!

Elliott D. Kaplan
Christopher |. Hegarty
The MITRE Corporation
Bedford, Massachusetts
May 2017
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Introduction

Elliott D. Kaplan

1.1 Introduction

Navigation is defined as the science of getting a craft or person from one place to
another. Each one of us conducts some form of navigation in our daily lives. Driving
to work or walking to a store requires that we employ fundamental navigational
skills. For most of us, these skills necessitate utilizing our eyes, common sense, and
landmarks. However, in some cases where a more accurate knowledge of our posi-
tion, intended course, and/or transit time to a desired destination is needed, naviga-
tion aids other than landmarks are used. These may be in the form of a simple clock
to determine the velocity over a known distance or the odometer in our car to keep
track of the distance traveled. Other navigation aids transmit electronic signals and
therefore, are more complex. These are referred to as radionavigation aids.

Signals from one or more radionavigation aids enable a person (herein referred
to as the user) to compute their position. (Some radionavigation aids provide the
capability for velocity determination and time dissemination as well.) It is impor-
tant to note that it is the user’s radionavigation receiver that processes these signals
and computes the position fix. The receiver performs the necessary computations
(e.g., range, bearing, and estimated time of arrival) for the user to navigate to a
desired location. In some applications, the receiver may only partially process the
received signals with the navigation computations performed at another location.

Various types of radionavigation aids exist, and for the purposes of this text,
they are categorized as either ground-based or space-based. For the most part,
the accuracy of ground-based radionavigation aids is proportional to their operat-
ing frequency. Highly accurate systems generally transmit at relatively short wave-
lengths and the user must remain within line of sight, whereas systems broadcast-
ing at lower frequencies (longer wavelengths) are not limited to line of sight but are
less accurate. The satellite navigation (SATNAV) systems that exist at the time of
this writing utilize relatively short wavelengths and are generally highly accurate
and line-of-sight-limited. These systems can be augmented to provide enhanced
performance as well as to overcome line-of-sight limitations.



2 Introduction

1.2 GNSS Overview

Today, there are numerous SATNAV systems operating around the world. Some
are global and others only provide service within a certain region. The term Global
Navigation Satellite System (GNSS) is defined as the collection of all SATNAV
systems and their augmentations. (Unfortunately, the term GNSS is also widely
used today to refer to any individual global SATNAV system. This book utilizes
the original definition, but the reader should be aware of the second definition.)
The SATNAV systems discussed within this book are the Chinese BeiDou Navi-
gation Satellite System (BDS), the European Galileo system, the Russian Federa-
tion GLObal Navigation Satellite System (GLONASS), the U.S. Global Positioning
System (GPS), India’s Navigation with Indian Constellation (NavIC), and Japan’s
Quasi-Zenith Satellite System (QZSS).

The GNSS provides accurate, continuous, worldwide, three-dimensional posi-
tion and velocity information to users with the appropriate receiving equipment;
it also disseminates time within the Coordinated Universal Time (UTC) timescale.
Global constellations within the GNSS, sometimes referred to as core constellations,
nominally consist of 24 or more medium Earth orbit (MEO) satellites arranged in 3
or 6 orbital planes with four or more satellites per plane. A ground control/moni-
toring network monitors the health and status of the satellites. This network also
uploads navigation and other data to the satellites. With the exception of the ra-
diodetermination service (RDSS) provided by a portion of the BDS, which relies on
active ranging to geostationary satellites for positioning, the SATNAV systems dis-
cussed within this book provide service to an unlimited number of users since the
user receivers operate passively (i.e., receive only). These SATNAV systems utilize
the concept of one-way time of arrival (TOA) ranging. Satellite transmissions are
referenced to highly accurate atomic frequency standards onboard the satellites,
which are in synchronism with an internal system time base. All of the SATNAV
systems discussed within this book broadcast ranging codes and navigation data on
two or more frequencies using a technique called direct-sequence spread spectrum.
Each satellite transmits signals with the ranging code component precisely syn-
chronized to a common timescale. The navigation data provides the means for the
receiver to determine the location of the satellite at the time of signal transmission,
whereas the ranging code enables the user’s receiver to determine the transit (i.e.,
propagation) time of the signal and thereby determine the satellite-to-user range.
This technique requires that the user receiver also contain a clock. Utilizing this
technique to measure the receiver’s three-dimensional location requires that TOA
ranging measurements be made to four satellites. If the receiver clock was synchro-
nized with the satellite clocks, only three range measurements would be required.
However, a crystal clock is usually employed in navigation receivers to minimize
the cost, complexity, and size of the receiver. Thus, four measurements are required
to determine user latitude, longitude, height, and receiver clock offset from internal
system time. If either system time or altitude is accurately known, less than four
satellites are required. Chapter 2 provides elaboration on TOA ranging as well as
user position, velocity, and time (PVT) determination. Present-day commercial user
equipment utilizes measurements from multiple SATNAV constellations to form
the PVT solution. This ensures signal availability if problems are experienced with
one or more SATNAV systems.
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Regional SATNAV systems are comprised of the same three segments as the
global systems: space, control, and user. The key difference is that the space seg-
ment utilizes satellites in geostationary and/or inclined geostationary orbits that
provide coverage over the region of interest. The Chinese BDS, NavIC [formerly
called the Indian Regional Navigation Satellite System (IRNSS)], and QZSS utilize
satellites in these orbital configurations. While the BDS incorporates geostationary
and inclined geostationary satellites, it will also have 27 MEO satellites when fully
deployed so will provide both a global service and enhanced service within the re-
gion surrounding China. (Section 2.3.2 describes these various orbit types.)

1.3 Global Positioning System

Since its inception in the 1970s, the U.S. Global Positioning System (GPS) has con-
tinually evolved. System performance has improved in terms of accuracy, availabil-
ity and integrity. This is attributed to not only major technological enhancements of
the three segments: space, control and user but also to increased experience of the
U.S. Air Force operational community. Chapter 3 provides details on GPS.

GPS provides two primary services: Precise Positioning Service (PPS) and Stan-
dard Positioning Service (SPS). The PPS is an encrypted service intended for mili-
tary and other authorized Government users. The SPS is free of direct user fees
and is in use by billions of civil and commercial users worldwide [1]. Both services
provide navigation signals for a user receiver to determine position, velocity and
UTC referenced to the U.S. Naval Observatory (USNO).

For the space segment, seven satellite blocks have been developed to date, with
each block providing increased capability. At the time of this writing, the GPS con-
stellation consisted of Block IIR, Block IIR-M, and Block IIF satellites. By Febru-
ary 2016, all Block IIF satellites had been launched. The first GPS III satellite was
planned for launch in the 2018 timeframe [2]. Figures 1.1 and 1.2 are artist depic-
tions of the GPS Block IIF and GPS III satellites on orbit.

The nominal GPS constellation consists of 24 satellites in 6 MEO orbital planes,
known as the baseline 24-slot constellation. For many years, the U.S. Air Force
(USAF) has been operating the constellation with more than the baseline number of
satellites. In June 2011, the U.S. Air Force formally updated the GPS constellation
design to be expandable to accommodate up to 27 satellites in defined slots. This
formalized reconfiguration of up to 27 satellites has resulted in improved coverage
and geometric properties in most parts of the world [3]. Additional satellites (be-
yond 27) are typically located next to satellites that are expected to need replace-
ment in the near future.

Improvements have been made to the control and space segments such that
the root mean square (rms) value of the space and control segment contribution
to ranging error from all satellites in the constellation is approximately 0.5m. The
control segment continues to evolve with the Next Generation Operational Con-
trol Segment known as OCX planned to become operational prior to 2025.

In terms of user equipment, civil SPS users have a choice of various types of
receivers in multiple form factors (e.g., wristwatch, handheld, or mobile phone
application). The majority of these utilize signals from GPS and other GNSS
constellations.
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Figure 1.1 GPS Block IIF satellite. (Courtesy of The Boeing Company.)

Figure 1.2 GPS Il satellite. (Courtesy of Lockheed-Martin.)

At the time of this writing, the GPS Directorate continued to oversee the de-
velopment and production of new satellites, ground control equipment, and the
majority of U.S. military user receivers.

1.4 Russian GLONASS System

The Global Navigation Satellite System (GLONASS) is the Russian counterpart
to GPS. GLONASS provides military and civil multifrequency L-band navigation
services for PVT solutions for maritime, air, land, and space applications both in-
side Russia and internationally. The form of time provided to users is UTC(SU).
GLONASS consists of a constellation of satellites in MEO, a ground control seg-
ment, and user equipment. GLONASS is described in detail in Chapter 4. At the
time of this writing, there were 24 active satellites and 2 spares. The number of
spare satellites is planned to increase to 6. Under the 24-satellite concept, the per-
formance of all 30 satellites will be determined by GLONASS controllers and the
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best 24 will be activated. The remaining six will be held for backup or in reserve.
Periodically, the mix will be evaluated and, if necessary, a new best set of 24 will be
defined. At the beginning of 2017, the GLONASS constellation was populated with
two types of spacecraft: Glonass-M, which is a modernized version of the original
legacy spacecraft launched from 1982 through 2005, and the newer Glonass-K1
spacecraft design, first launched in 2011. Russia planned to introduce the next gen-
eration of spacecraft, Glonass-K2, starting in 2018. Figures 1.3 and 1.4 depict the
Glonass-M and Glonass-K1 satellites, respectively.

Both Glonass-M and Glonass-K1 satellites broadcast short- and long-ranging
codes and navigation data using frequency division multiple access (FDMA). These
satellites also broadcast a code division multiple access (CDMA) ranging code
with navigation data, which, at the time of this writing, is serving as a test signal.
GLONASS signal characteristics and frequency assignments are contained in Sec-
tion 4.7.

The Glonass-K satellites carry a search-and-rescue payload (SAR). The payload
relays the 406-MHz SAR beacon transmissions that are designed to work with the
currently deployed COSPAS-SARSAT system.

GLONASS is supported by a network of ground sites mainly located within the
borders of Russia and augmented by monitor sites outside its borders.

GLONASS provides an authorized (military) navigation and a civil navigation
service similar to GPS. The Russian government has decreed that the GLONASS
open service is available to all national and international users without any limi-
tations. Thus, it is presently incorporated in multiconstellation GNSS single-chip
receivers used by millions every day.

1.5 Galileo Satellite System

In 1998, the European Union (EU) decided to pursue a satellite navigation system
independent of GPS designed specifically for civilian use worldwide. The develop-
ment of the Galileo system has followed an incremental approach. Each of the sub-
sequent phases had its own set of objectives. The two major implementation phases

Figure 1.3 Glonass-M satellite. (Courtesy of Brian Terrill.)
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Figure 1.4 Glonass-K1 satellite. (Courtesy of Brian Terrill.)

are the in-orbit validation (IOV) phase and the full operational capability (FOC)
phase. The IOV phase has been completed. IOV provided the end-to-end validation
of the Galileo system concepts based on an initial constellation of four operational
Galileo spacecraft and a first ground segment. Accomplishing a successful service
validation campaign, performed throughout 2016, the European Commission (EC)
declared the start of the Galileo Initial Services on December 15, 2016.

The system is presently in the FOC phase. FOC will complete the deployment
of the Galileo constellation and ground infrastructure and achieve full operational
validation and system performance. During the deployment completion, the infra-
structure will be integrated and tested in system builds that contain gradually en-
hanced segment versions, increasing number of remote elements and satellites. The
ongoing FOC phase will lead to the fully deployed and validated Galileo system.
During this phase, the Galileo system will be handed over in stages to the EC and
the European GNSS Agency (GSA)! for service provision and exploitation.

When completed, GALILEO will provide multiple levels of service to users
throughout the world. Four services are planned: an open service that will be free
of direct user charges, a commercial service that will combine value-added data to
a high-accuracy positioning service, a public regulated service strictly for govern-
ment-authorized users requiring a higher level of protection (e.g., increased robust-
ness against interference or jamming), and support for search and rescue.

At the time of this writing, a 30-satellite MEO constellation and a full world-
wide ground control segment were in development. Figure 1.5 depicts a Galileo
satellite. One key goal is to be interoperable with GPS. Primary interoperability
factors being addressed are signal structure, geodetic coordinate reference frame,

1. The European GNSS Agency (GSA) is an agency of the European Union (EU). The GSA’s mission is to
support EU objectives and achieve the highest return on European GNSS investment, in terms of benefits
to users, economic growth, and competitiveness. www.gsa.europa.eu.
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Figure 1.5 Galileo satellite. (OESA-P. Carill.)

and time reference system. Full operational capability has been planned for 2020.
Chapter 5 describes the Galileo system including satellite signal characteristics.

1.6 Chinese BeiDou System

The BDS is a multifunction SATNAYV system that integrates many services. Upon its
completion scheduled for 2020, BDS will provide global users with PVT services. It
will provide a form of UTC traceable to the National Time Service Center (NTSC)
of the Chinese Academy of Science denoted as UTC(NTSC). In addition, it will also
provide users in China and surrounding areas with a wide-area differential service
with positioning accuracy of better than 1m, as well as a short message service
(SMS). Those services can be classified as the following three types [4, 5]:

1. Radionavigation satellite service (RNSS): The RNSS comprise the basic
navigation services that all GNSS constellations offer, namely PVT. As with
other GNSS constellations, using signals of multiple frequencies, BDS pro-
vides users with two kinds of services. The open services are available to
global users free of charge. The authorized services are available only to
authorized users.

2. RDSS: The RDSS is unique to BDS among the GNSS constellations. These
services include rapid positioning, short messaging, and precision timing
services via GEO satellites for users in China and surrounding areas. This
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was the only service type provided by Phase 1 of BDS deployment, BD-1.
This functionality has been incorporated into BDS as the system continues
to evolve to FOC. With more in-orbit GEO satellites, the RDSS service per-
formance has been further improved with respect to the two GEO satellites
in Phase 1.

Since the BDS RNSS offers better passive positioning and timing perfor-
mance, the SMS is the most useful feature in the RDSS service family, and
is widely used for user communications and position-reporting. From the
viewpoint of RDSS services, BDS is actually a satellite communication sys-
tem with SMS services. A user identification number is required for a user
to use the RDSS services; hence, the RDSS services belong to the authorized
service category.

3. Wide-area differential services: The augmentation systems of other GNSS
systems (see Chapter 12) are built independently from their nominal sys-
tems. For example, after GPS was deployed, the United States developed
an independent augmentation system, Wide Area Augmentation System
(WAAS), to meet the demands of the civil aviation industry. The multi-
ple GEO satellites in the BDS constellation make it possible to have an
integrated design to combine the nominal services with the augmentation
services. As one of the important BDS services, the space-based augmenta-
tion system has been designed and developed in parallel with the nominal
system in the BDS development process.

The deployment of the BDS global system with 335 satellites (5 GEO, 3 inclined
GEO and 27 MEO) is planned to be completed by around 2020 [6]. Figures 1.6
and 1.7 illustrate the BDS GEO and IGSO/MEQO satellites, respectively.

1.7 Regional Systems

1.7.1 Quasi-Zenith Satellite System (QZSS)

QZSS is a regional civil SATNAV system operated by the Japan Aerospace Explo-
ration Agency (JAXA) on behalf of the Japanese government. The QZSS constel-
lation currently consists of one satellite in an inclined-elliptical-geosynchronous
orbit (denoted as a quasi-zenith (QZ) orbit), providing high-elevation coverage to

Figure 1.6 BDS GEO satellite [6].
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Figure 1.7 BDS IGSO/MEO satellite [6].

complement and augment the U.S. GPS (and potentially other GNSS constellations)
over Japan. This QZSS satellite is providing experimental navigation and messaging
services. By 2018, plans call for the QZSS constellation to expand to four satel-
lites (one satellite in geostationary orbit and three in QZ orbits), and by 2023 the
constellation is planned to consist of seven satellites (one in geostationary orbit, the
others in QZ orbits) that will provide independent regional capability in addition
to complementing or augmenting other GNSS constellations [7-9]. Figure 1.8 is a
depiction of a QZSS satellite.

QZSS is designed to provide three types of services: navigation services to com-
plement GPS, differential GPS augmentation services to improve GPS accuracy,
and messaging services for public safety applications during crisis or disasters. As
the constellation is completed, QZSS will provide an independent regional naviga-
tion capability independent of other GNSS constellations in addition to the current
services.

Currently, QZS-1 provides operational services that are being used for a vari-
ety of applications in Japan and experimental services which are being tested for
future operational use. Planned QZS-2 through QZS-4 satellites will add new ex-
perimental augmentation services. Satellites in QZ obits will provide satellite-based
augmentation services (SBAS) corrections while the GEO space vehicle (SV) will

Figure 1.8 QZSS satellite. (Courtesy of Brian Terrill.)
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provide S-band messaging services. The navigation and augmentation charges are
offered free of any user fees. Section 7.1 provides details on QZSS.

1.7.2 Navigation with Indian Constellation (NavIC)

NavIC is a regional military and civil SATNAV system operated by the Indian Space
Research Organization (ISRO) in cooperation with the Indian Defense Research
and Development Organization (DRDO) [10, 11]. While other SATNAV systems
work primarily in the L-band, NavIC transmits navigation signals in both the L5-
band and S-band.

At the time of this writing, NavIC consisted of 3 geostationary and 4 inclined-
geosynchronous satellites, ground support segment, and user equipment. The sys-
tem provides PVT for a region from 30° South Latitude to 50° North Latitude and
from 30° East Longitude to 130° East Longitude, which is a region approximately
extending about 1500 km around India. A NavIC satellite is depicted in Figure 1.9.

NavIC provides two levels of service, a public Standard Positioning Service
(SPS) and an encrypted Restricted Service (RS); both will be available on both
L5-band (1176.45 MHz) and S-band (2492.028 MHz) [12-14]. NavIC SPS is de-
signed to support both signal-frequency (L5-band) position fixes using a broadcast
ionospheric-correction model and dual-frequency using L5-band and S-band to-
gether [15]. A common oscillator provides the timing of both the L5- and S-band
signals, thus allowing the receiver to measure the ionospheric delay in real-time and
allowing the user equipment to apply corrections. Details of NavIC are contained
in Section 7.2.

1.8 Augmentations

Augmentations are available to enhance standalone GNSS performance. These can
be space-based such as a geostationary satellite overlay service that provides satel-
lite signals to enhance accuracy, availability, and integrity or ground-based as in a
network that assists embedded GNSS receivers in cellular telephones to compute a
rapid position fix. The need to provide continuous navigation between the update

Figure 1.9 NavIC (IRNSS) satellite. (Courtesy of Brian Terrill.)
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periods of the GNSS receiver, during periods of shading of the GNSS receiver’s
antenna, and through periods of interference, is the impetus for integrating GNSS
with various additional sensors. The most popular sensors to integrate with GNSS
are inertial sensors, but the list also includes dopplerometers (Doppler velocity/
altimeters), altimeters, speedometers, and odometers, to name a few. The method
most widely used for this integration is the Kalman filter.

In addition to integration with other sensors, it can also be extremely benefi-
cial to integrate a GNSS sensor within a communications network. For example,
many cellular handsets now include embedded GNSS engines to locate the user in
the event of an emergency, or to support a wide variety of location-based services
(LBS). These handsets are often used indoors or in other areas where the GNSS
signals are so highly attenuated that demodulation of the GNSS navigation data by
the handset takes a long time or is not possible. However, with network assistance,
it is possible to track weak GNSS signals and quickly determine the location of the
handset. The network can obtain the requisite GNSS navigation data from other
GNSS receivers with a clear-sky view or other sources. Further, the network can
assist the handset in a number of other ways such as the provision of timing and a
coarse position estimate. Such assistance can greatly increase the sensitivity of the
GNSS sensor embedded in the handset enabling it to determine position further in-
doors or in other environments where the GNSS signal is highly attenuated. Chap-
ter 13 covers both integration of GNSS with other sensors and network-assisted
GNSS.

Some applications, such as precision farming, aircraft precision approach, and
harbor navigation, require far more accuracy than that provided by standalone
GNSS. They may also require integrity warning notifications and other data. These
applications utilize a technique that dramatically improves standalone system per-
formance, referred to as differential GNSS (DGNSS). DGNSS is a method of im-
proving the positioning or timing performance of GNSS by using one or more ref-
erence stations at known locations, each equipped with at least one GNSS receiver
to provide accuracy enhancement, integrity or other data to user receivers via a
data link.

There are several types of DGNSS techniques and depending on the applica-
tion, the user can obtain accuracies ranging from millimeters to decimeters. Some
DGNSS systems provide service over a local area (10-100 km) from a single refer-
ence station, while others service an entire continent. The European Geostationary
Navigation Overlay Service (EGNOS) and Indian GAGAN system are examples
of wide area DGNSS services. Chapter 12 describes the underlying concepts of
DGNSS and details a number of operational and planned DGNSS systems.

1.9 Markets and Applications

Today’s 4 billion GNSS deployed devices are projected to grow to over 9 billion
by 2023. That is more than one unit for every person on Earth. It is anticipated
that while the United States and Europe will grow at 8% per year, Asia and the
Pacific Region will grow at 11% per year. The total world market is expected to
grow about 8% over the next 5 years due primarily to GNSS use in smart phones
and location-based services. Revenues can be broken into core elements like GNSS
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hardware/software sales and the enabled revenues created by the applications. With
these definitions, annual core revenue is expected to be just over €100 billion ($90
billion) by 2020. Enabled revenue stays fairly flat at €250 billion ($225 billion)
over the period, but is estimated to rise dramatically after 2020 as Galileo and Bei-
Dou reach full operational capability [1]. Figure 1.10 shows the projected growth
of the installed base of GNSS receivers and Figure 1.11 shows the growth of GNSS
devices per capita. The projected global GNSS market size through 2023 is shown
in Figure 1.12.

GNSS revenue growth between now and 2023 was estimated to be dominated
by both mobile users and location-based services as shown in Figure 1.13.

Applications of GNSS technology are diverse. These range from navigating a
drone to providing a player’s position on a golf course and distance to the hole.
While most applications are land-based such as providing turn-by-turn directions
using a smartphone, there are also aviation, maritime, and space-based usages. Fur-
ther discussion on market projections and applications is contained in Chapter 14.

Organization of the Book

This book is structured to first familiarize the reader with the fundamentals of
PVT determination using GNSS. Once this groundwork has been established, the
SATNAV systems mentioned above that comprise the GNSS are described. Each
description provides details of the system architecture, geodetic and time references,
services and broadcast navigation signals.

Next, the discussion focuses on how a GNSS receiver is actually designed. A
step-by-step description of the design process and associated trades required to
design a GNSS receiver depending on the specific receiver application is put forth.
Each stage of a creating a GNSS receiver is described. Details of receiver signal
acquisition and tracking as well as range and velocity measurement processes are
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Figure 1.10 Installed base of GNSS devices by region. (Courtesy of GSA.)
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Signal acquisition and tracking is also analyzed in the presence of interference,
multipath and ionospheric scintillation. GNSS error sources are examined followed
by an assessment of GNSS performance (accuracy, availability, integrity, and conti-
nuity). GNSS differential techniques are then covered. Sensor-aiding techniques in-
cluding automotive applications and network-assisted GNSS are presented. Finally,
information on GNSS applications and their corresponding market projections is
discussed. The highlights of each chapter are summarized next.

Chapter 2 provides the fundamentals of user PVT determination. Beginning
with the concept of TOA ranging, the chapter develops the principles for obtain-
ing three-dimensional user position and velocity as well as UTC from a SATNAV
system. Included in this chapter are primers on GNSS reference coordinate systems,
Earth models, satellite orbits, and constellation design. This chapter also provides
an overview of GNSS signals including commonly used signal components. Back-
ground information on modulations that are useful for satellite radionavigation,
multiplexing techniques, and general signal characteristics including autocorrela-
tion functions and power spectra is covered.

In Chapter 3, details of GPS are presented. These include descriptions of the
space, control (i.e., worldwide ground control/monitoring network), and user
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Figure 1.13 Cumulative core revenue 2013 to 2023 by market segment (billions of Euros). (Cour-
tesy of GSA.)

(equipment) segments. Particulars of the constellation are described. Satellite types
and corresponding attributes are provided including the Block ITF and GPS III. One
will note the increase in the number of transmitted civil and military navigation
signals as the various satellite blocks progress. Of considerable interest are interac-
tions between the control segment (CS) and the satellites. This chapter provides a
thorough understanding of the measurement processing and building of a naviga-
tion data message. A navigation data message provides the user receiver with satel-
lite ephemerides, satellite clock corrections and other information that enable the
receiver to compute PVT. An overview of user receiving equipment is presented as
well as related selection criteria relevant to both civil and military users.

This chapter also describes the GPS legacy and modernized satellite signals and
their generation including frequency assignments, modulation format, navigation
data, received power levels, and ranging code generation.

Chapter 4 discusses the Russian GLONASS system. An overview of the system
is first presented, accompanied with pertinent historical facts. The constellation
and associated orbital plane characteristics are then detailed. This is followed by
a description of the ground control/monitoring network and current and planned
spacecraft designs. The GLONASS coordinate system, Earth model, time refer-
ence, and satellite signal characteristics are also discussed. System performance in
terms of accuracy and availability is covered as well as an overview of differential
services. (Chapter 12 provides details of differential services.)

Chapter 5 introduces Galileo. The overall program is first discussed followed
by details of system services. Next, a detailed technical description of the system
architecture is provided along with constellation particulars, satellite design, and
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launch vehicle descriptions. Extensive treatment of the downlink satellite signal
structure is put forth. Interoperability factors are considered next. In addition to
providing navigation services, Galileo will also contribute to the international
search and rescue (SAR) architecture. Details of the SAR/Galileo service are con-
tained in Section 5.7.

Chapter 6 is dedicated to BeiDou. The chapter begins with an overview of
the Beidou program, which is denoted as the BeiDou Navigation Satellite System
(BDS). Program history and its three-phased evolutionary approach are described.
The BDS program began with a regional RDSS and is now expanding to worldwide
coverage. The chapter details constellation and satellite design particulars as well
as particulars of the ground control segment. Interoperability factors (e.g., geodetic
coordinate reference system, time reference system) are covered. This is followed
by BDS services and an extensive treatment of satellite signal characteristics. The
regional RDSS provides both navigation and messaging services.

In Chapter 7, we describe regional SATNAV systems. There is a growing real-
ization that total dependency on one or more global core constellations for PVT
services will not address unique specific regional needs. Without being closely part-
nered with the core constellation providers, these unique needs may not be met.
Among the requirements that a regional service can provide are: guaranteed quality
of service within the coverage regions (positioning and timing services to users) and
unique messaging requirements for users. In Chapter 7, we discuss the NavIC, a
regional service provided by India to support the region of the world centered on
the continent of India and the QZSS, the regional service provided by Japan serving
the western Pacific region. These constellations improve the coverage of global core
constellations in mountainous territories where masking of the core constellation
satellites can impact coverage in the mountain valleys and within urban canyons by
assuring high-elevation angle satellite availability.

Section 7.1 describes the emerging QZSS. The QZSS program was initiated in
2002 as a government/industry effort. The first satellite was launched in 2010 and
the decision to proceed for the initial operating capability came in 2012. In Sec-
tion 7.1.2, the QZSS space segment is described. Although the QZSS constellation
consisted of a single satellite in an inclined geosynchronous orbit at the time of this
writing, the remainder of the IOC constellation were planned to be in-orbit before
2023. QZSS will transmit timing signals in the L1, L2, and LS navigation bands
(similar to the U.S. GPS).

Section 7.1.3 focuses on the QZSS control segment (CS). To ensure that the
PVT requirements are met, the CS consists of satellite tracking functions (radar
and laser ranging), signal monitoring stations, and timing management for the con-
stellation. Section 7.1.4 discusses the geodesy and timing services. Of note is that
QZSS plans to be closely synchronized (i.e., very small timing offset) with GPS
time. In Section 7.1.5, the QZSS services to military and civil users are described
and include specific augmentations for high-precision users as well as crisis and
safety messaging services. Given the extremely rugged and mountainous locations
in Japan, these services are considered critical for emergency uses. Finally, the spe-
cific characteristics of the six QZSS signals are discussed in Section 7.1.6.

Section 7.2, describes the NavIC. In Section 7.2.2, the space segment is dis-
cussed. After the initial decision by India to proceed to develop and deploy NavIC
in 2006, the first satellite was launched in 2013. At the time of this writing, the
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NavIC space segment had seven satellites in a combination of geosynchronous or-
bits and inclined geosynchronous orbit providing the current operational capabil-
ity. The current satellites transmit positioning signals in L5 and S bands to provide
both civil and military PVT services. The NavIC CS is discussed in Section 7.2.3.
The function of the CS is to assure high-accuracy position and timing information
and to provide special messaging services to meet the unique civil and military
needs. Section 7.2.4 concentrates on the geodesy and time systems while Section
7.2.5 covers the navigation services. Section 7.2.6 covers the NavIC signals and
their characteristics and Section 7.2.7 describes the user equipment for military
and civil users.

Chapter 8 provides a comprehensive overview at a high level of virtually every
GNSS receiver and lays the foundation for how they are designed. This chapter
describes in detail every function in a GNSS receiver required to search, acquire
and track the SV signals, then extract the code and carrier measurements as well as
the navigation message data from the GNSS SVs. The subject matter is so extensive
that rigor is often replaced with first principles as a trade-off for conveying the
most important objective of this chapter seldom presented elsewhere: how a GNSS
receiver is actually designed. Once these extensive design concepts are understood
as a whole, the reader will have the basis for understanding or developing new
innovations. Numerous references are provided for the reader seeking additional
details.

Chapter 9 discusses four general classes of GNSS radio frequency (RF) signal
disruptions that can deteriorate GNSS receiver performance. The first class of sig-
nal disruptions is interference (the focus of Section 9.2), which may be either unin-
tentional or intentional (commonly referred to as jamming). Section 9.3 discusses
the second class of GNSS disruptions called ionospheric scintillation, which is a
signal-fading phenomenon caused by irregularities that can arise at times in the
ionospheric layer of the Earth’s atmosphere. The third class of disruptions is signal
blockage, which is discussed in Section 9.4. Signal blockage is manifested when the
line-of-sight paths of GNSS RF signals are attenuated excessively by heavy foliage,
terrain, or man-made structures. The fourth and final class of GNSS disruptions,
discussed in Section 9.5, is multipath. Invariably, there are reflective surfaces be-
tween each GNSS spacecraft and the user receiver that result in RF echoes arriving
at the receiver after the desired (line-of-sight) signal.

GNSS measurement errors are covered in Chapter 10. A detailed explanation
of each pseudorange measurement error source and its contribution to overall er-
ror budgets is provided. Spatial and time correlations characteristics are also ex-
amined. This treatment lays the groundwork for the reader to better understand
DGNSS. All DGNSS systems exploit these correlations to improve overall system
performance. (DGNSS system details are discussed in Chapter 12.) The chapter
closes with a presentation of representative error budgets for both the single- and
dual-frequency GNSS user.

Performance of standalone GNSS is discussed in Chapter 11. This chapter first
provides algorithms for estimating PVT using one or more GNSS constellations.
A variety of geometry factors are defined that are used in the estimation of the
various components (e.g., horizontal, vertical) of the GNSS navigation solution.
In Section 11.2.5, usage of additional state variables is discussed including meth-
ods to address system time offsets when using measurements from multiple GNSS
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constellations. This is especially important if a receiver is tracking satellites from
two or more GNSS constellations; then the difference in system times (e.g., GPS
System Time, GLONASS System Time, Galileo System Time, BeiDou System Time)
needs to be accounted for when blending the measurements to form the PVT solu-
tion. Sections 11.3 through 11.5 discuss, respectively, the three other important
performance metrics of availability, integrity, and continuity. Each of these metrics
is covered within the context of multiconstellation GNSS. It should be noted that
the comprehensive treatment of integrity includes a discussion of Advanced Re-
ceiver Autonomous Integrity Monitoring (ARAIM).

There are many applications that demand higher levels of accuracy, integrity,
availability, and continuity than provided by standalone GNSS. For such applica-
tions, augmentation is required. There are several classes of augmentation, which
can be used singly or in combination: DGNSS, Precise Point Positioning (PPP), and
the use of external sensors. Chapter 12 introduces DGNSS and PPP. Chapter 13
will discuss various external sensors/systems and their integration with GNSS.

Both DGNSS and PPP are methods to improve the positioning or timing per-
formance of GNSS by making use of measurements from one or more reference
stations at known locations, each equipped with at least one GNSS receiver. The
reference station(s) provides information that is useful to improve PNT perfor-
mance (accuracy, integrity, continuity, and availability) for the end user.

This chapter describes the underlying concepts of DGNSS and details a number
of operational and planned DGNSS systems. The underlying algorithms and per-
formance of code- and carrier-based DGNSS systems are presented in Sections 12.2
and 12.3, respectively. PPP systems are addressed in Section 12.4. Some important
DGNSS message standards are introduced in Section 12.5. The final section, Sec-
tion 12.6, details a number of operational and planned DGNSS and PPP systems.

Chapter 13 focuses on the need to provide continuous navigation between the
update periods of the GNSS receiver, during periods of shading of the GNSS re-
ceiver’s antenna, and through periods of interference. This is the impetus for inte-
grating GNSS with various additional sensors. In Section 13.2, the motivations for
GNSS/inertial integration are detailed. The Kalman filter is described, including
an example of a typical Kalman filter implementation. Various classes of GNSS/
inertial integrations are introduced and discussed. Section 13.3 addresses sensor
integration for land vehicles. A description of the sensors, their integration with
the Kalman filter, and test data taken during field testing of a practical multisen-
sor system are presented. Section 13.4 discusses methods of enhancing GNSS per-
formance using network assistance. This section includes descriptions of network
assistance techniques, performance, and emerging standards. Lastly, Section 13.5
introduces the topic of extending positioning systems into indoor and other areas
with GNSS signal blockage using hybrid positioning systems incorporating GNSS,
low-cost inertial sensors, and various other RF signals available on mobile devices.

Chapter 14 is dedicated to GNSS markets and applications. This chapter starts
with reviews of numerous market projections and continues with the process in
which a company would target a specific market segment. Differences between the
civil and military markets are discussed. It is of prime importance to understand
these differences when targeting a specific segment of either market. The influence
of governmental policy on the GNSS market is examined. Numerous civil, govern-
ment, and military applications are presented.
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2.1 Concept of Ranging Using Time-of-Arrival Measurements

GNSS utilizes the concept of time-of-arrival (TOA) ranging to determine user posi-
tion. This concept entails measuring the time it takes for a signal transmitted by
an emitter (e.g., foghorn, ground-based radionavigation transmitter, satellite) at a
known location to reach a user receiver. This time interval, referred to as the signal
propagation time, is then multiplied by the speed of the signal propagation (e.g.,
speed of sound, speed of light) to obtain the emitter to-receiver distance. By measur-
ing the propagation time of signals broadcast from multiple emitters (i.e., naviga-
tion aids) at known locations, the receiver can determine its position. An example
of two-dimensional positioning is provided next.

2.1.1 Two-Dimensional Position Determination

Consider the case of a mariner at sea determining his or her vessel’s position from
a foghorn. (This introductory example was originally presented in [1] and is con-
tained herein because it provides an excellent overview of TOA position determina-
tion concepts.) Assume that the vessel is equipped with an accurate clock and the
mariner has an approximate knowledge of the vessel’s position. Also, assume that
the foghorn whistle is sounded precisely on the minute mark and that the vessel’s
clock is synchronized to the foghorn clock. The mariner notes the elapsed time from
the minute mark until the foghorn whistle is heard. The foghorn whistle propaga-
tion time is the time it took for the foghorn whistle to leave the foghorn and travel
to the mariner’s ear. This propagation time multiplied by the speed of sound (ap-
proximately 335 m/s) is the distance from the foghorn to the mariner. If the foghorn
signal took § seconds to reach the mariner’s ear, then the distance to the foghorn
is 1,675m. Let this distance be denoted as R1. Thus, with only one measurement,
the mariner knows that the vessel is somewhere on a circle with radius R1 centered
about the foghorn, which is denoted as Foghorn 1 in Figure 2.1.
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Foghorn 1

Figure 2.1 Range determination from a single source. (After: [1].)

Hypothetically, if the mariner simultaneously measured the range from a sec-
ond foghorn in the same way, the vessel would be at range R1 from Foghorn 1 and
range R2 from Foghorn 2, as shown in Figure 2.2. It is assumed that the foghorn
transmissions are synchronized to a common time base and the mariner has knowl-
edge of both foghorn whistle transmission times. Therefore, the vessel relative to
the foghorns is at one of the intersections of the range circles. Since it was assumed
that the mariner has approximate knowledge of the vessel’s position, the unlikely
fix can be discarded. Resolving the ambiguity can also be achieved by making a
range measurement to a third foghorn, as shown in Figure 2.3.

Ambiguity: vessel
can either be at
<Z_point A or point B

Foghorn 1
eghorn Foghorn 2

Figure 2.2 Ambiguity resulting from measurements to two sources. (After: [1].)
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Foghorn 3

g

Foghorn 1
Foghorn 2

Figure 2.3 Position ambiguity removal by additional measurement. (After: [1].)

2.1.1.1  Common Clock Offset and Compensation

The above development assumed that the vessel’s clock was precisely synchronized
with the foghorn time base. However, this might not be the case. Let us presume
that the vessel’s clock is advanced with respect to the foghorn time base by 1 sec-
ond. That is, the vessel’s clock believes the minute mark is occurring 1 second ear-
lier. The propagation intervals measured by the mariner will be larger by 1 second
due to the offset. The timing offsets are the same for each measurement (i.e., the
offsets are common) because the same incorrect time base is being used for each
measurement. The timing offset equates to a range error of 335m and is denoted
as ¢ in Figure 2.4. The separation of intersections C, D, and E from the true vessel
position, A, is a function of the vessel’s clock offset. If the offset could be removed
or compensated for, the range circles would then intersect at point A.

2.1.1.2 Effect of Independent Measurement Errors on Position Certainty

If this hypothetical scenario were realized, the TOA measurements would not be
perfect due to errors from atmospheric effects, foghorn clock offset from the fog-
horn time base, and interfering sounds. Unlike the vessel’s clock offset condition
cited above, these errors would be generally independent and not common to all
measurements. They would affect each measurement in a unique manner and result
in inaccurate distance computations. Figure 2.5 shows the effect of independent
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R3+e Foghorn 3

_ —

Figure 2.4 Effect of receiver clock offset on TOA measurements. (After: [1].)

errors (i.e., €1, &5, and €3) on position determination assuming foghorn time base/
mariner clock synchronization. Instead of the three range circles intersecting at a
single point, the vessel location is somewhere within the triangular error space.

2.1.2 Principle of Position Determination via Satellite-Generated Ranging
Codes

GNSS employs TOA ranging for user position determination. By making TOA
measurements to multiple satellites, three-dimensional positioning is achieved. We
will observe that this technique is analogous to the preceding foghorn example;
however, satellite ranging codes travel at the speed of light, which is approximately
3 x 108 m/s. It is assumed that the satellite ephemerides are accurate (i.e., the satel-
lite locations are precisely known).

2.1.2.1 Three-Dimensional Position Location Via Intersection of Multiple Spheres

Assume that there is a single satellite transmitting a ranging signal. A clock onboard
the satellite controls the timing of the ranging signal broadcast. This clock and
others onboard each of the satellites within a particular SATNAV constellation are
effectively synchronized to an internal system time scale herein referred to as sys-
tem time (e.g., GPS system time). The user’s receiver also contains a clock that (for
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Foghorn 3

Estimated
vessel
position

Foghorn 1

Foghorn 2

ﬁ+62

Figure 2.5 Effect of independent measurement errors on position certainty.

the moment) we assume to be synchronized to system time. Timing information is
embedded within the satellite ranging signal that enables the receiver to calculate
when the signal left the satellite based on the satellite clock time. This is discussed
in more detail in Section 2.5.1. By noting the time when the signal was received, the
satellite-to-user propagation time can be computed. The product of the satellite-to-
user propagation time and the speed of light yields the satellite-to-user range, R.
As a result of this measurement process, the user would be located somewhere on
the surface of a sphere centered about the satellite as shown in Figure 2.6(a). If a
measurement was simultaneously made using the ranging code of a second satellite,
the user would also be located on the surface of a second sphere that is concentric
about the second satellite. Thus, the user would then be somewhere on the surface
of both spheres, which could be either on the perimeter of the shaded circle in
Figure 2.6(b) that denotes the plane of intersection of these spheres or at a single
point tangent to both spheres (i.e., where the spheres just touch). This latter case
could only occur if the user was collinear with the satellites, which is not the typical
case. The plane of intersection is perpendicular to a line connecting the satellites, as
shown in Figure 2.6(c).

Repeating the measurement process using a third satellite, the user is at the
intersection of the perimeter of the circle and the surface of the third sphere. This
third sphere intersects the shaded circle perimeter at two points; however, only
one of the points is the correct user position, as shown in Figure 2.6(d). A view
of the intersection is shown in Figure 2.6(e). It can be observed that the candidate
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(@

Plane of intersection

(b)

Figure 2.6 (a) User located on surface of sphere; (b) user located on perimeter of shaded circle
(source: [2], reprinted with permission); (c) plane of intersection; (d) user located at one of two
points on shaded circle (source: [2], reprinted with permission); and (e) user located at one of two
points on circle perimeter.

locations are mirror images of one another with respect to the plane of the satel-
lites. For a user on the Earth’s surface, it is apparent that the lower point will be
the true position. However, users that are above the Earth’s surface may employ
measurements from satellites at negative elevation angles. This complicates the de-
termination of an unambiguous solution. Airborne/spaceborne receiver solutions
may be above or below the plane containing the satellites, and it may not be clear
which point to select unless the user has ancillary information.

2.2 Reference Coordinate Systems

To formulate the mathematics of the satellite navigation problem, it is necessary to
choose a reference coordinate system in which the states of both the satellite and
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Note: Circle tilted for illustration

Plane of intersection

Surface of Surface of

sphere 1 \ /sphere 2

SAT 1 w{SAT 2
_

Earth surface
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Plane of satellite
locations

(e)
Figure 2.6 (continued)

the receiver can be represented. In this formulation, it is typical to describe satellite
and receiver states in terms of position and velocity vectors measured in a Cartesian
coordinate system. The Cartesian coordinate systems can be categorized as inertial
and rotating systems, and as Earth-centered and local (topocentric) systems. In this
section, an overview is provided of the coordinate systems used in conjunction with

GNSS.

2.2.1 Earth-Centered Inertial (ECI) Coordinate System

For the purposes of measuring and determining the orbits of satellites, it is conve-
nient to use an Earth-centered inertial (ECI) coordinate system, in which the origin
is at the center of mass of the Earth and whose axes are pointing in fixed directions
with respect to the stars. A satellite’s position and velocity may be modeled with
Newton’s laws of motion and gravitation in an ECI coordinate system. In typical
ECI coordinate systems, the xy-plane is taken to coincide with the Earth’s equa-
torial plane, the +x-axis is permanently fixed in a particular direction relative to
the celestial sphere, the +z-axis is taken normal to the xy-plane in the direction of
the North Pole, and the +y-axis is chosen so as to form a right-handed coordinate
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system. Determination and subsequent prediction of satellite orbits are carried out
in an ECI coordinate system.

There is an inherent problem in defining an ECI system in terms of the Earth’s
equatorial plane. The Earth is subject to motions of precession, nutation, and polar
motion. The Earth’s shape is oblate, and due largely to the gravitational pull of the
Sun and the Moon on the Earth’s equatorial bulge, the equatorial plane moves with
respect to the celestial sphere. Because the z-axis is defined relative to the equatorial
plane, the Earth’s motions would cause the ECI system as defined above to have
an orientation which changes in time. The solution to this problem is to define the
orientation of the axes at a particular instant in time or epoch.

It is customary to define an ECI coordinate system with the orientation of the
equatorial plane at 1200 hr TT on January 1, 2000, denoted as the J2000 system.
The +x-axis is taken to point from the center of mass of the Earth to the direction
of vernal equinox, and the y- and z-axes are defined above, all at the aforemen-
tioned epoch. Terrestrial time (TT) is a uniform time system representing an ideal-
ized clock on the Earth’s geoid. TT has replaced the old Ephemeris Time (ET), and
TT is ahead of International Atomic Time (TAI) by 32.184 seconds.

2.2.2 Earth-Centered Earth-Fixed (ECEF) Coordinate System

For the purpose of computing the position of a GNSS receiver, it is more convenient
to use a coordinate system that rotates with the Earth, known as an Earth-centered
Earth-fixed (ECEF) system. In such a coordinate system, it is easier to compute the
latitude, longitude, and height. The ECEF coordinate system used for GNSS has its
xy-plane coincident with the Earth’s equatorial plane. In the ECEF system, the +x-
axis points in the direction of 0° longitude and the +y-axis points in the direction of
90° East longitude. The x- and y-axes rotate with the Earth and no longer describe
fixed directions in inertial space. The +z-axis is chosen to be normal to the instanta-
neous equatorial plane in the direction of the geographical North Pole (i.e., where
the lines of longitude meet in the northern hemisphere), forming a right-handed
coordinate system. The z-axis will trace a path across the celestial sphere due to the
Earth’s precession, nutation, and polar motion.

Agencies that perform precision GNSS orbit computation include the transfor-
mations between the ECI and the ECEF coordinate systems to very high degrees
of accuracy. Such transformations are accomplished by the application of rotation
matrices to the satellite position and velocity vectors originally computed in the
ECI coordinate system, as described below. By contrast, broadcast orbit computa-
tions (see [3] for a GPS example) typically generate satellite position and velocity
directly in the ECEF frame. Precise orbits from numerous computation centers also
express satellite position and velocity in ECEFE. The Earth motions of precession,
nutation, UT1 difference, and polar motion are small for a short time interval (e.g.,
interval of a navigation message). Thus, with one provision, we may usually pro-
ceed to formulate a GNSS navigation problem in the ECEF system without discuss-
ing the details of the orbit determination or the transformation to the ECEF system.

The exception is the average rotation of the Earth. Earth rotation is not neg-
ligible for the signal transit interval from satellite to Earth surface. When formu-
lating signal propagation in a rotating, noninertial, ECEF system, a correction is
needed. This is known as the Sagnac effect and is further described in Section
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10.2.3. Alternatively, one must compute geometric range from the ECI coordinates
for satellite and receiver.

As a result of the navigation computation process, the Cartesian coordinates
(x,, ¥V, 2,) Of the user’s receiver are computed in the ECEF system, as described in
Section 2.5.2. It is common to transform these Cartesian coordinates to latitude,
longitude, and height of the receiver, as detailed in Section 2.2.5.

2.2.2.1 Rotation Matrices

It is useful to consider a coordinate set or a vector u = (x,, y,, g,) not only in an
ECEF system, but also transformed into an arbitrary system, including the ECI

system. Such a vector transformation can be computed by multiplication with the
rotation matrices [3-5]:

1 0 0 cosf@ 0 —sin6 cosf sinf O
R, (0)=|0 cos® sin6|R,(6)=| 0 1 0 |[R,(6)=|-sinf cosd O
0 —sinf cos6 sinf 0 cos6 0 0 1

Here, R;(0), R,(0), and R;(0), denote rotation by an angle, 6, about the x, v,
and z axes, respectively. A positive 6 denotes a counterclockwise rotation of the
respective axis when the origin is viewed from the positive end of that axis. An
example of an R;(0) rotation is portrayed in Figure 2.7.

An arbitrary rotation, R, is constructed by successive application of elemen-
tary axial rotations. Multiplication by the rotation matrices will not change the
handedness of the new coordinate system. Rotation matrices and their products
are orthogonal, R~!(a) = Rt(a). Due to the contents of a rotation matrix, R-1(«) =
R(-a). So, for example, if R = R;(a) Ry(f), then

R =(R,(@)R,(8)) " =(R;'(B)R;" (@)= (RS (B)R} (@) = (R, (-A)R, (-22))

Figure 2.7 Example axial rotation, R,(6) (x axis, positive 6).
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2.2.2.2 Transformation Between ECEF and ECI

Applications seldom require access to the base ECI coordinate system or the com-
plete ECEF-ECI transformation. It is sufficient to merely sketch the transformation.
Following [5],

x x
y =Ry RgRy Ry [y
2 JECEF % Jgcr

where the composite rotation transformation matrices are:

Precession Rp = R3(—Z) R,(6) R;3(-%)
Nutation Ry =R (e— Ae) R3(-Ayp) Ry(e)
Earth Rotation Rg = R3(GAST)

Polar Motion Ry; = Ry(-y,) Ry(-x,)

and where the precession parameters (Z, 0, ¢) and the nutation parameters (¢, Ae,
Ay) are computed by power series [5]. GAST symbolizes Greenwich Apparent Side-
real Time, which is computed from a few elements that include the UT1-UTC dif-
ference, AUT1. The x-axis and y-axis polar motion is x, and y,, respectively. Note
that the precession and nutation parameters are documented as part of J2000 and
are functions of time. However, the Earth orientation components (AUTT1, x,, y,)
vary with time and are not accurately predictable. Various agencies monitor Earth
orientation components and provide them to the public. Some GNSS navigation
messages transmit the Earth orientation components.

Since rotation matrices are orthogonal, we may immediately write the ECEF-
to-ECI transformation as

X
y| =RyRYR(Ry |y
< Z

ECI ECEF

2.2.3 Local Tangent Plane (Local Level) Coordinate Systems

Local tangent plane systems form a useful category of coordinate systems. Refer to
Figure 2.8, which displays both ECEF and local tangent systems.

Local tangent systems have their origin, P, at or near the Earth’s surface, Q,
and have a horizontal plane (the en-plane) approximately coincident with local
level. Thus, they easily model the experience of an observer. The vertical axis may
be aligned with the geocentric radius vector, aligned with the ellipsoidal normal,
u (portrayed in Figure 2.8), or aligned with the local gravity vector. Without loss
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X

Figure 2.8 Relationships of ECEF and local tangent plane coordinate systems.

of generality, we focus on the ellipsoidal tangent plane system, portrayed in Figure
2.8.

The principal alignments are the vertical (up-down) along the ellipsoidal nor-
mal, the North-South axis tangent to the geodetic meridian expressed in an Earth-
fixed realization, and the East-West axis perpendicular to these other two axes. In
practice, a variety of local ellipsoidal tangent systems are defined. They vary with
the choices between Up-Down, North-South, and East-West, and with the ordering
of axes to express coordinates. Both right-hand and left-hand tangent systems are
found in use.

As an illustrative example, consider the ENU (East-North-Up) ellipsoidal tan-
gent plane system. This is a right-handed system. Let the origin of the ENU sys-
tem, (x,, ¥, Z,) at point P, have geodetic latitude and longitude (¢, A). Latitude
is reckoned positive North, and longitude is positive East. Denote the local level
coordinate system components with (e, 7, #). The Cartesian ECEF system can be
brought into the tangent plane system by a translation and a combined rotation.
The translation is obtained by subtraction of the local level origin, (x,, y,, z,). The
combined rotation is a rotation of 77/2 + A about the z axis, followed by rotation of
7/2 — ¢ about the new x-axis. This is expressed formally through rotation matrices
and through their explicit product:

xX—x, —sind cosi 0 |[x—x,
n =R1(§—¢)R3(§+l) y—v, |=| —sing cosk —sin @sind cosg || y—y,
z2-z, cospcosd  cos gsind  sing || 2 -z,

Note that the matrix multiplications do not commute. They are applied right
to left in the specified order. Rotation matrices and their products are orthogonal.
Hence, the inverse transformation is merely the transpose of the explicit product.

Now, as a second example, consider the left-handed system, NEU (North-East-
Up), with ellipsoidal tangent plane coordinates (u, v, w). Exchange of any two axes
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of a three-dimensional Cartesian system will reverse the handedness of the system.
Thus, exchange of the East and North axes will convert the right-handed ENU sys-
tem into the left-handed NEU system. The explicit transformation is immediately
obtained by row exchange:

—sing cosA  —sing sind cosp || x —x,

u
v|=| -—sind cos A 0 |ly-y,
w cospcosA  cos gsind  sing || 2 -z,

This section is closed with a sample application of the NEU system. The geo-
centric vectors in an ECEF system to an observer, u,, and a satellite, uy, may be
differenced to obtain a relative, observer-to-satellite vector, u = (x, vy, z). The matrix
expression above will immediately convert the observer-satellite vector into the
local ellipsoidal tangent NEU system. One may then write simple expressions for
azimuth, ¢, and vertical angle, o, as:

a=tan'|=| o=tan”| ———
u u* +v’

where azimuth is reckoned clockwise from the North, and vertical angle is positive
upwards. These would be the look angles from an observer to a satellite.

2.2.4 Local Body Frame Coordinate Systems

Coordinate systems affixed to vehicles or objects are needed for numerous applica-
tions. They may be used to establish object attitude, orientation of a sensor pack-
age, modeling of effects such as atmospheric drag, or fusion of on-board systems,
such as inertial and GNSS.

As with the local tangent plane systems, a variety of local body frame systems
have been defined. The origin may be the center of mass of a vehicle, although that
is not a strict requirement. The body frame coordinate axes can correspond to the
principal axes of the vehicle. However, once again, variations occur in how the
body frame axes are associated with a vehicle’s axes of symmetry.

Following the example of [6], a right-hand coordinate system is constructed.
The positive y” axis points along the nose of the vehicle. The positive 2’ axis points
through the top of the vehicle. The third axis, the x” axis, extends to the right of the
vehicle. This arrangement is displayed in Figure 2.9.

The transformation of coordinates from a vehicle-centered ENU tangent plane
system into the local body frame system is obtained by a combined rotation formed
from three elementary axial rotations that lead from the ENU system into the de-
sired local body frame.

The transformation is visualized most easily by imagining a starting vehicle as
level and aligned to the North in the ENU system. The first rotation is around the
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Figure 2.9 Example local body frame coordinate system.

2 axis, and is called yaw, y. In this starting condition, the 2" axis equals the e axis.
The second rotation is around the new x” axis, and is called pitch, p. The final rota-
tion is around an even newer y’ axis, and is called roll, r. (The use of the symbol
y for yaw is for mnemonic reasons, and should not be confused with an ECF or
ECEF vy axis.)

The combined rotation from the ENU ellipsoidal tangent plane system into the
local body frame coordinate system is obtained by multiplication of the elementary
rotation matrices:

Y |=R (1R, (p)R, (y)|

The coordinate transformation is written explicitly as:

x cosrcosy —sinrsinpsiny cosrsiny+sinrsinpcosy —sinrcosp || e
y | = —cospsiny cospcosy sinp n
z

sinrcosy+ cosrsinpsiny sinzsiny —cosrsinpcosy cosrcosp || u

As before, the rotation matrices and their products are orthogonal. The inverse
transformation is merely the transpose of the explicit product.

2.2.5 Geodetic (Ellipsoidal) Coordinates

We are concerned here with estimating the latitude, longitude, and height of a
GNSS receiver. This is accomplished with an ellipsoidal model of the Earth’s shape,
as shown in Figure 2.10. In this model, cross-sections of the Earth parallel to the
equatorial plane are circular. The cross-sections of the Earth normal to the equato-
rial plane are ellipsoidal. The ellipsoidal cross-section has a semimajor axis length,
a, and a semiminor axis length, b. The eccentricity of the Earth ellipsoid, e, can be
determined by
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Figure 2.10 Ellipsoidal model of Earth (cross-section normal to equatorial plane).
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Another parameter sometimes used to characterize the reference ellipsoid is the
second eccentricity, e’, which is defined as follows:

2.2.5.1 Determination of User Geodetic Coordinates: Latitude, Longitude, and
Height

The ECEF coordinate system is affixed to the reference ellipsoid, as shown in Figure
2.10, with the point O corresponding to the center of the Earth. We can now define
the parameters of latitude, longitude, and height with respect to the reference el-
lipsoid. When defined in this manner, these parameters are called geodetic. Given a
user receiver’s position vector of u = (x,, y,,, z,,) in the ECEF system, we can compute
the geodetic longitude, 4, as the angle between the user and the x-axis, measured in
the xy-plane

arctan(y—”), x,20
x

u

A= l80°+arctan(y“ ), x,<0andy, 20
X

u

—180°+arctan(y—”} x,<0andy,6 <0
x

u
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In (2.1), negative angles correspond to degrees West longitude. The geodetic
parameters of latitude, ¢, and height, b, are defined in terms of the ellipsoid normal
at the user’s receiver. The ellipsoid normal is depicted by the unit vector n in Figure
2.10. Notice that unless the user is on the poles or the equator, the ellipsoid normal
does not point exactly toward the center of the Earth. A GNSS receiver computes
height relative to the reference ellipsoid. However, the height above sea level given
on a map can be quite different from GNSS-derived height due to the difference be-
tween the reference ellipsoid and the geoid (local mean sea level). In the horizontal
plane, differences between a local datum [e.g., North American Datum 1983 (NAD
83) and European Datum 1950 (ED 50)], and GNSS-based horizontal position can
also be significant.

Geodetic height, b, is simply the minimum distance between the user S (at the
endpoint of the vector u) and the reference ellipsoid. Notice that the direction of
minimum distance from the user to the surface of the reference ellipsoid will be in
the direction of the vector n. Notice, also, that S may be below the surface of the
ellipsoid, and that the ellipsoidal height, 4, will be negative in those cases.

Geodetic latitude, ¢, is the angle between the ellipsoid normal vector n and
the projection of n into the equatorial xy-plane. Conventionally, ¢ is taken to be
positive if z, > 0 (i.e., if the user is in the northern hemisphere) and ¢ is taken to be
negative if z, < 0. With respect to Figure 2.10, geodetic latitude is the angle NPA.
N is the closest point on the reference ellipsoid to the user. P is the point where a
line in the direction of n intersects the equatorial plane. Numerous solutions, both
closed-form and iterative, have been devised for the computation of geodetic cur-
vilinear coordinates (¢, A, h) from Cartesian coordinates (x, y, z). A popular and
highly convergent iterative method by Bowring [7] is described in Table 2.1. For
the computations shown in Table 2.1, a, b, €2, and ¢’? are the geodetic quantities
described previously. Note that the use of N in Table 2.1 follows Bowring [7] and
does not refer to geoid height described in Section 2.2.6.

2.2.5.2 Conversion from Geodetic Coordinates to Cartesian Coordinates in an
ECEF System

For completeness, equations for transforming from geodetic coordinates back to
Cartesian coordinates in the ECEF system are provided next. Given the geodetic
parameters A, ¢, and b, we can compute u = (x,, y,,, 2,,) in a closed form as follows:

acosi
\/1+(l—ez)tan2 ¢

asin A .
u= + hsin Acos ¢

J1+(1-¢)tan® ¢
a(l—e2 sin(p)

J1-e*sin* ¢

+hcosAcos¢

+ hsing
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Table 2.1 Determination of
Geodetic Height and Latitude
in Terms of ECEF Parameters

p=x"+y’

31

Iteration Loop

1
1+tan’u
sinu=1-cos*u

cos’u =

_z+e’bsin’u
tang=——;- 5
p—e*acos’ u

tanu = (é) tang
a

until tan u converges, then
a

N=——orl

1-e’sin’ ¢

h=—L__N $=+90°
cos¢

otherwise

h=—""N+e&'N ¢=#0

sing

2.2.6 Height Coordinates and the Geoid

The ellipsoid height, h, is the height of a point, P, above the surface of the ellipsoid,
E, as described in Section 2.2.5.1. This corresponds to the directed line segment EP
in Figure 2.11, where positive sign denotes a point P further from the center of the
Earth than point E. Note that P need not be on the surface of the Earth, but could
also be above or below the Earth’s surface. As discussed in the previous sections,
ellipsoid height is easily computed from Cartesian ECEF coordinates.

Historically, heights have not been measured relative to the ellipsoid but, in-
stead, relative to a surface called the geoid. The geoid is that surface of constant
geopotential, W= W, which corresponds to global mean sea level in a least squares
sense. Heights measured relative to the geoid are called orthometric heights, or, less
formally, heights above the mean sea level. Orthometric heights are important,
because these are the types of height found on innumerable topographic maps and
in paper and digital data sets.

The geoid height, N, is the height of a point, G, above the ellipsoid, E. This
corresponds to the directed line segment EG in Figure 2.11, where positive sign
denotes point G further from the center of the Earth than point E. The orthometric
height, H, is the height of a point P, above the geoid, G. Hence, we can immediately
write the equation

h=H+N (2.2)
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Figure 2.11 Relationships between topography, geoid, and ellipsoid.

Note that Figure 2.11 is illustrative, and that G and/or P may be below point
E. Similarly, any or all terms of (2.2) may be positive or negative. For example, in
the conterminous United States, the geoid height, N, is negative.

The geoid is a complex surface, with undulations that reflect topographic,
bathymetric (i.e., measurements derived from bodies of water), and geologic den-
sity variations of the Earth. The magnitude of geoid height can be several tens of
meters. Geoid height ranges from a low of about —105m at the southern tip of
India, to a high of about +85m at New Guinea. Thus, for many applications, the
geoid is not a negligible quantity, and one must avoid mistaking an orthometric
height for an ellipsoidal height.

In contrast to the ellipsoid, the geoid is a natural feature of the Earth. Like
topography, there is no simple equation to describe the spatial variation of geoid
height. Geoid height is modeled and tabulated by several geodetic agencies. Global
geoid height models are represented by sets of spherical harmonic coefficients, and,
also, by regular grids of geoid height values. Regional geoid height models can
span large areas, such as the entire conterminous United States, and are invariably
expressed as regular grids. Recent global models contain harmonic coefficients to
degree and order 2190. As such, their resolution is § arc-minutes, and their accu-
racy is limited by truncation error. Regional models, by contrast, are computed to a
much higher resolution. One arc-minute resolution is not uncommon, and trunca-
tion error is seldom encountered.

The best-known global geoid model is the NGA (National Geospatial-Intelli-
gence Agency) EGM2008 - WGS 84 version Geopotential Model, hereafter referred
to as EGM2008 [8]. This product is a set of coefficients to degree and order 2190
and a companion set of correction coefficients needed to compute geoid height over
land. EGM2008 replaces EGM96, complete to degree and order 360, and WGS 84
(180,180), complete up to degree and order 180. Most of that latter WGS 84 coef-
ficient set was originally classified in 1985, and only coefficients through degree
and order 18 were released. Hence, the first public distributions of WGS 84 geoid
height only had a 10 arc-degree resolution and suffered many meters of truncation
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error. Therefore, historical references to WGS 84 geoid values must be used with
caution.

Within the conterminous United States, the current high-resolution geoid height
grid is GEOID12B, developed by the National Geodetic Survey, NOAA. This prod-
uct is a grid of geoid heights, at 1 arc-minute resolution, and has an accuracy of
2—4 cm, one sigma. Work is underway on a series of test models (e.g. xGEOID14B)
that span a region of 80° of latitude and 180° of longitude. It is anticipated this new
geoid model will be declared operational in 2022.

When height accuracy requirements approach the meter level, then one must
also become aware of the datum differences between height coordinates. For exam-
ple, the origin of the NAD 83 reference frame is offset about 2.2m from the center
of the Earth, causing about 0.5-1.5m differences in ellipsoidal heights. Estimates
place the origin of the U.S. orthometric height datum, NAVD 88, about 30 to 50
cm below the EGM 96 reference geopotential surface. Because of these two datum
offsets, GEOID12B was constructed to accommodate these origin differences, and
directly convert between NAD 83 and NAVD 88, rather than express a region of
an idealized global geoid. In addition, offsets of one half meter or more in national
height data are common, as tabulated in [9]. For these reasons, (2.2) is valid as a
conceptual model, but may be problematic in actual precision applications. De-
tailed treatment of height systems is beyond the scope of this text. However, more
information may be found in [10, 11].

2.2.7 International Terrestrial Reference Frame (ITRF)

The foregoing material outlines the theory of reference systems applicable to GNSS.
Following the nomenclature of the International Earth Rotation and Reference Sys-
tems Service (IERS) [12], a sharp distinction is now made between reference systems
and reference frames. Briefly, a reference system provides the theory to obtain co-
ordinates, whereas a reference frame is an actual materialization of coordinates. A
reference frame is needed to conduct practical GNSS applications.

The fundamental ECEF reference frame is the International Terrestrial Refer-
ence Frame (ITRF). The ITRF is maintained through the international cooperation
of scientists through the IERS. The IERS is established by the International Astro-
nomical Union and the International Union of Geodesy and Geophysics, and oper-
ates as a service under the International Association of Geodesy (IAG). The IERS
provides reference systems and reference frames in both ECI and ECEF forms,
Earth orientation parameters to convert between ECI and ECEF, and recommended
theory and practices in establishing reference systems and reference frames [12-14].

The work of the IERS is not restricted to GNSS. Rather, the IERS incorporates
every suitable technology in establishing an ITRFE. The IERS Techniques Centers
are the International GNSS Service (IGS), the International Laser Ranging Service,
the International Very Long Baseline Interferometry (VLBI) Service, and the In-
ternational DORIS Service. The different measurement technologies complement
one another and serve as checks against systematic errors in the ITRF combination
solutions.

The ITRF realizations are issued on a regular basis. These realizations include
coordinates and velocities of permanent ground stations. Each combination uses
the latest theory and methods, and includes the newest measurements from both
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legacy and modernized systems. The progression of longer and improved data sets
and theory insures a continual improvement in the ITRE Past materializations
include ITRF94, ITRF96, ITRF97, ITRF2000, ITRF2005, and ITRF2008. Since
January 21, 2016, the newest ITRF frame is ITRF2014 [15].

ITRF realizations are in ECEF Cartesian coordinates. The IERS does not es-
tablish an ellipsoidal figure of the Earth. However, the International Association of
Geodesy (IAG) adopted a figure called the Geodetic Reference System 1980 (GRS
80) ellipsoid, which is in widespread use. Quantities suitable for use with coordi-
nate conversion by Table 2.2 are provided next.

For GNSS applications, access to the ITRF is obtained through the products of
the IGS. The IGS is a voluntary federation of over 200 organizations throughout
the world. The IGS objective is to provide GNSS satellite orbits and clock models
of the highest accuracy. This is achieved with a global network of over 400 refer-
ence stations [16].

The principal IGS products are satellite orbit and clock error values in an ECEF
frame denoted IGS14. This frame is aligned with the ITRF2014, and carries a dif-
ferent designation due to its method of computation. As of this edition, IGS rou-
tinely distributes ultrarapid, rapid, and final orbits and clocks for GPS, and final
orbits for GLONASS. In addition, IGS provides station coordinates and veloci-
ties, GNSS receiver and satellite antenna models, and tropospheric, ionospheric,
and Earth orientation parameters. With these products and suitable GNSS receiver
data, it is possible to obtain ITRF2014 coordinates at the highest levels of accuracy.

IGS products were initially developed to support postprocessing applications.
In time, the products grew to include near-real-time and real-time needs. However,
from the beginning, SATNAYV systems were engineered to function in a standalone
mode, without the presence of supporting Internet data streams. The standalone
mode entails satellite orbit and clock data transmitted in navigation messages as
part of a GNSS signal. Also, various SATNAV systems can maintain their own
tracking networks, and establish their own versions of an ECEF reference frame.
Such SATNAV system reference frames may or may not have a close coincidence
with ITRF2014. Further description of specific SATNAV system reference frames
and their relationships with ITRF are found in subsequent chapters detailing these
various GNSS components.

2.3 Fundamentals of Satellite Orbits

2.3.1 Orbital Mechanics

As described in Section 2.1, a GNSS user needs accurate information about the po-
sitions of GNSS satellites to determine his or her position. Therefore, it is important

Table 2.2  Quantities for the GRS 80 Ellipsoid

Parameter Value

Semimajor axis, a 6,378.137 km
Semiminor axis, b 6,356.7523141 km
Square eccentricity, 2 0.00669438002290

Square second eccentricity, e>  0.00673949677548
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to understand how GNSS orbits are characterized. We begin by describing the forces
acting on a satellite, the most significant of which is the Earth’s gravitation. If the
Earth were perfectly spherical and of uniform density, then the Earth’s gravitation
would behave as if the Earth were a point mass. Let an object of mass 2 be located
at position vector r in an ECI coordinate system. If G is the universal gravitational
constant, M is the mass of the Earth, and the Earth’s gravitation acts as a point
mass, then, according to Newton’s laws, the force, F, acting on the object would
be given by

Fema=-G"M, (2.3)

where a is the acceleration of the object, and 7 = |r|. The minus sign on the right
side of (2.3) results from the fact that gravitational forces are always attractive.
Since acceleration is the second time derivative of position, (2.3) can be rewritten
as follows:

It 2.4
z r

where u is the product of the universal gravitation constant and the mass of the
Earth. Equation (2.4) is the expression of two-body or Keplerian satellite motion,
in which the only force acting on the satellite is the point-mass Earth. Because the
Earth is not spherical and has an uneven distribution of mass, (2.4) does not model
the true acceleration due to the Earth’s gravitation. If the function V measures the
true gravitational potential of the Earth at an arbitrary point in space, then (2.4)
may be rewritten as follows:

2
%: vy (2.5)

where V is the gradient operator, defined as follows:

v
ox
v
Wl ey
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Notice that for two-body motion, V = u/r:
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Therefore, with V = u/r, (2.5) is equivalent to (2.4) for two-body motion. In
the case of true satellite motion, the Earth’s gravitational potential is modeled by
a spherical harmonic series. In such a representation, the gravitational potential at
a point P is defined in terms of the point’s spherical coordinates (r, ¢’, @), where
r =t|, ¢ is the geocentric latitude of the point P (i.e., the angle between r and the
xy-plane), and « is the right ascension of P (i.e., the angle measured in the xy-plane
between the x-axis and the projection of P into the xy-plane). The geometry is il-
lustrated in Figure 2.12. Note that geocentric latitude is defined differently from
geodetic latitude, as defined in Section 2.2.5.1.

The spherical harmonic series representation of the Earth’s gravitational po-
tential as a function of the spherical coordinates of a position vector r = (7, ¢, &),
is as follows:

w ] !
V= ﬁ|:1 +> ) (ﬁ) P,, (sing’)(C,, cosma + S, sinma) (2.6)
r r

Figure 2.12 lllustration of spherical coordinate geometry
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where

r = distance of P from the origin

¢’ = geocentric latitude of P

a = right ascension of P

a = mean equatorial radius of the Earth

P,,, = associated Legendre function

Cy,, = spherical harmonic cosine coefficient of degree / and order m

S;» = spherical harmonic sine coefficient of degree [ and order m

Notice that the first term of (2.6) is the two-body potential function. Addition-
al forces acting on satellites include the third-body gravitation from the Sun and
Moon. Modeling third-body gravitation requires knowledge of the solar and lunar
positions in the ECI coordinate system as a function of time. Polynomial functions
of time are generally used to provide the orbital elements of the Sun and Moon
as functions of time. A number of alternative sources and formulations exist for
such polynomials with respect to various coordinate systems; for example, see [17].
Another force acting on satellites is solar radiation pressure, which results from
momentum transfer from solar photons to a satellite. Solar radiation pressure is a
function of the Sun’s position, the projected area of the satellite in the plane normal
to the solar line of sight, and the mass and reflectivity of the satellite. There are
additional forces acting on a satellite, including outgassing (i.e., the slow release of
gases trapped in the structure of a satellite), the Earth’s tidal variations, and orbital
maneuvers. To model a satellite’s orbit very accurately, all these perturbations to
the Earth’s gravitational field must be modeled. For the purposes of this text, we
will collect all these perturbing accelerations in a term ag, so that the equations of
motion can be written as

d’r

CLaVV+a, 2.7)

There are various methods of representing the orbital parameters of a satellite.
One obvious representation is to define a satellite’s position vector, ry = r(t,), and
velocity vector, v, = v(t,), at some reference time, #,. Given these initial conditions,
we could solve the equations of motion (2.7) for the position vector r(¢) and the
velocity vector v(z) at any other time . Only the two-body equation of motion (2.4)
has an analytical solution, and even in that simplified case, the solution cannot be
accomplished entirely in a closed form. The computation of orbital parameters
from the fully perturbed equations of motion (2.7) requires numerical integration.

Although many applications, including GNSS, require the accuracy provided
by the fully perturbed equations of motion, orbital parameters are often defined in
terms of the solution to the two-body problem. It can be shown that there are six
constants of integration, or integrals for the equation of two-body motion, (2.4).
Given six integrals of motion and an initial time, one can find the position and ve-



2.3 Fundamentals of Satellite Orbits 41

locity vectors of a satellite on a two-body orbit at any point in time from the initial
conditions.

One of the most popular (and oldest) ways to formulate and solve the two-
body problem uses a particular set of six integrals or constants of motion known as
the Keplerian orbital elements. These Keplerian elements depend on the fact that,
for any initial conditions ry and v, at time %, the solution to (2.4) (i.e., the orbit),
will be a planar conic section. The first three Keplerian orbital elements, illustrated
in Figure 2.13, define the shape of the orbit. Figure 2.13 shows an elliptical orbit
that has semimajor axis a and eccentricity e. (Hyperbolic and parabolic trajectories
are possible but not relevant for Earth-orbiting satellites, such as in GNSS.) For
elliptical orbits, the eccentricity, e, is related to the semimajor axis, a, and the semi-
minor axis, b, as follows:

In Figure 2.13, the elliptical orbit has a focus at point F, which corresponds to
the center of mass of the Earth (and hence the origin of an ECI or ECEF coordinate
system). The time #, at which the satellite is at some reference point A in its orbit
is known as the epoch. The point P where the satellite is closest to the center of
the Earth is known as perigee, and the time at which the satellite passes perigee,
7, is another Keplerian orbital parameter. In summary, the three Keplerian orbital
elements that define the shape of the elliptical orbit and time relative to perigee are
as follows: a = semimajor axis of the ellipse, e = eccentricity of the ellipse, and 7 =
time of perigee passage.

Although the Keplerian integrals of two-body motion use time of perigee pas-
sage as one of the constants of motion, there is an equivalent parameter used in
GNSS applications known as the mean anomaly at epoch. Mean anomaly is an
angle that is related to the true anomaly at epoch, which is illustrated in Figure 2.13
as the angle v. After defining true anomaly precisely, the transformation to mean

Direction
of perigee

Figure 2.13 The three Keplerian orbital elements defining the shape of the satellite’s orbit.
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anomaly and the demonstration of equivalence to time of perigee passage will be
shown.

True anomaly is the angle in the orbital plane measured counterclockwise from
the direction of perigee to the satellite. In Figure 2.13, the true anomaly at epoch is
v = ZPFA. From Kepler’s laws of two-body motion, it is known that true anomaly
does not vary linearly in time for noncircular orbits. Because it is desirable to define
a parameter that does vary linearly in time, two definitions are made that trans-
form the true anomaly to the mean anomaly, which is linear in time. The first trans-
formation produces the eccentric anomaly, which is illustrated in Figure 2.14 with
the true anomaly. Geometrically, the eccentric anomaly is constructed from the true
anomaly first by circumscribing a circle around the elliptical orbit. Next, a perpen-
dicular is dropped from the point A on the orbit to the major axis of the orbit, and
this perpendicular is extended upward until it intersects the circumscribed circle
at point B. The eccentric anomaly is the angle measured at the center of the circle,
O, counterclockwise from the direction of perigee to the line segment OB. In other
words, E = ZPOB. A useful analytical relationship between eccentric anomaly and
true anomaly is as follows [17]:

1-e 1
E= Zarctan{ o tan(zv)] (2.8)

Once the eccentric anomaly has been computed, the mean anomaly is given by
Kepler’s equation

Figure 2.14 Relationship between eccentric anomaly and true anomaly.
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M=E—esinE (2.9)

As stated previously, the importance of transforming from the true to the mean
anomaly is that time varies linearly with the mean anomaly. That linear relation-
ship is as follows:

M-M, =[5 (t-1,) (2.10)

3

ANY

where M, is the mean anomaly at epoch #,, and M is the mean anomaly at time .
From Figures 2.13 and 2.14 and (2.8) and (2.9), it can be verified that M=E =v =
0 at the time of perigee passage. Therefore, if we let # =7, (2.10) provides a trans-
formation between mean anomaly and time of perigee passage:

M, = - |5 (t-1,) (2.11)

From (2.11), it is possible to characterize the two-body orbit in terms of the
mean anomaly, M, at epoch ¢, instead of the time of perigee passage 7.

Another parameter commonly used by GNSS systems to characterize orbits is
known as mean motion, which is given the symbol # and is defined to be the time
derivative of the mean anomaly. Since the mean anomaly was constructed to be
linear in time for two-body orbits, mean motion is a constant. From (2.10), we find
the mean motion as follows:

_am_ [u

n=
def  dt a

From this definition, (2.10) can be rewritten as M — M, = n(t — t).

Mean motion can also be used to express the orbital period P of a satellite in
two-body motion. Since mean motion is the (constant) rate of change of the mean
anomaly, the orbital period is the ratio of the angle subtended by the mean anomaly
over one orbital period to the mean motion. It can be verified that the mean anom-
aly passes through an angle of 27 radians during one orbit. Therefore, the orbital
period is calculated as follows:

p=""-on |2 (2.12)

Figure 2.15 illustrates the three additional Keplerian orbital elements that de-
fine the orientation of an elliptical orbit. The coordinates in Figure 2.15 could refer
either to an ECI or to an ECEF coordinate system, in which the xy-plane is the
Earth’s equatorial plane. The following three Keplerian orbital elements define the
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Figure 2.15 The three Keplerian orbital elements defining the orientation of the orbit.

orientation of the orbit in the ECEF coordinate system: i = inclination of orbit, Q =
longitude of the ascending node, and w = argument of perigee.

Inclination is the dihedral angle between the Earth’s equatorial plane and the
satellite’s orbital plane. The other two Keplerian orbital elements in Figure 2.15 are
defined in relation to the ascending node, which is the point in the satellite’s orbit
where it crosses the equatorial plane with a +z component of velocity (i.e., going
from the southern to the northern hemisphere). The orbital element that defines the
angle between the +x-axis and the direction of the ascending node is called the right
ascension of the ascending node, abbreviated as RAAN. Because the +x-axis is
fixed in the direction of the prime meridian (0° longitude) in the ECEF coordinate
system, the right ascension of the ascending node is actually the longitude of the
ascending node, Q, if an ECEF coordinate system is being used. The final orbital
element, known as the argument of perigee, w, measures the angle from the ascend-
ing node to the direction of perigee in the orbit. Notice that Q is measured in the
equatorial plane, whereas o is measured in the orbital plane.

In the case of the fully perturbed equation of motion, (2.7), it is still possible
to characterize the orbit in terms of the six integrals of two-body motion, but
those six parameters will no longer be constant. A reference time is associated with
two-body orbital parameters used to characterize the orbit of a satellite moving
under the influence of perturbing forces. At the exact reference time, the reference
orbital parameters will describe the true position and velocity vectors of the satel-
lite, but as time progresses beyond (or before) the reference time, the true position
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and velocity of the satellite will increasingly deviate from the position and velocity
described by the six two-body integrals or parameters.

2.3.2 Constellation Design

A satellite constellation (i.e., group of satellites fulfilling an overall mission) is char-
acterized by the set of orbital parameters for the individual satellites in that constel-
lation. The orbital parameters used are often the Keplerian orbital elements defined
in Section 2.3.1. The design of a satellite constellation entails the selection of orbital
parameters that optimize some objective function of the constellation [typically to
maximize some set of performance parameters at minimum cost (i.e., with the few-
est satellites)]. The design of satellite constellations has been the subject of numer-
ous studies and publications, some of which are summarized next. Our purpose
here is to provide a general overview of satellite constellation design, to summarize
the salient considerations in the design of constellations for satellite navigation, to
provide some perspective on the selection of the global (i.e., core) constellations
(BeiDou, Galileo, GLONASS, and GPS).

2.3.2.1 Overview of Constellation Design

Given innumerable combinations of satellite orbital parameters in a constellation,
it is convenient to segregate orbits into categories. One categorization of orbits is
by eccentricity:

« Circular orbits have zero (or nearly zero) eccentricity.

- Highly elliptical orbits (HEO) have large eccentricities (typically with e >
0.6).

« Here we will address only circular orbits. Another categorization of orbits is
by altitude: Geosynchronous Earth orbit (GEO) is an orbit with period equal
to the duration of the sidereal day [substituting P =23 hours, 56 minutes, 4.1
seconds into (2.12) yields a = 42,164.17 km as the orbital semimajor axis for
GEO, or an altitude of 35,786 km].

« Low Earth orbit (LEO) is a class of orbits with altitude typically less than
1,500 km.

« Medium Earth orbit (MEO) is a class of orbits with altitudes below GEO
and above LEO, with most practical examples being in the range of roughly
10,000-25,000-km altitude.

« Supersynchronous orbits are those with altitude greater than GEO (greater
than 35,786 km).

Note that GEO defines an orbital altitude such that the period of the orbit
equals the period of rotation of the Earth in inertial space (the sidereal day). A
geostationary orbit is a GEO orbit with zero inclination and zero eccentricity. In
this special case, a satellite in geostationary orbit has no apparent motion to an
observer on Earth, because the relative position vector from the observer to the
satellite (in ECEF coordinates) remains fixed over time. In practice, due to orbital
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perturbations, satellites never stay in exactly geostationary orbit; therefore, even
geostationary satellites have some small residual motion relative to users on the
Earth. Geostationary GEO satellites are used most often for satellite communica-
tions. However, it is also sometimes of interest to incline a GEO orbit to provide
coverage also of the Earth’s poles, but at the expense of the satellite having greater
residual motion relative to the earth. As we will see, the Chinese BeiDou constel-
lation and Japanese QZSS specifically make use of such inclined GEO satellites.
Another categorization of orbits is by inclination:

« Equatorial orbits have zero inclination; hence a satellite in equatorial orbit
travels in the Earth’s equatorial plane.

« Polar orbits have 90° inclination (or close to 90° inclination); hence, a satel-
lite in polar orbit passes through (or near) the Earth’s axis of rotation.

« Prograde orbits have nonzero inclination with right ascension of the ascend-
ing node less than 180° (and hence have ground tracks that go in general
from southwest to northeast).

« Retrograde orbits have nonzero inclination with right ascension of the as-
cending node greater than 180° (and hence have ground tracks that go in
general from northwest to southeast).

« Collectively, prograde and retrograde orbits are known as “inclined.”

Finally, there are specialized classes of orbits that combine orbital parameters
in specific ways to achieve unique orbital characteristics. One such example is Sun-
synchronous orbits, which are used for many optical Earth-observing satellite mis-
sions. A Sun-synchronous orbit is one in which the orbit is nearly polar, and the
local time (i.e., at the subsatellite point on Earth) when the satellite crosses through
the equatorial plane is the same on every orbital pass. In this way, the satellite mo-
tion is synchronized relative to the Sun, which is achieved by selecting a specific
inclination as a function of desired orbital altitude.

Selection of a class of orbits for a particular application is made based on the
requirements of that application. For example, in many high-bandwidth satellite
communications applications (e.g., direct broadcast video or high rate data trunk-
ing), it is desirable to have a nearly geostationary orbit to maintain a fixed line
of sight from the user to the satellite to avoid the need for the user to have an ex-
pensive steerable or phased array antenna. However, for lower-bandwidth mobile
satellite service applications where lower data latency is desirable, it is preferable to
use LEO or MEO satellites to reduce range from the user to the satellite. For satel-
lite navigation applications, it is necessary to have multiple (at least four) satellites
in view at all time, usually worldwide.

Apart from orbital geometry, there are several other significant considerations
when configuring a satellite constellation. One such consideration is the require-
ment to maintain orbital parameters within a specified range. Such orbital main-
tenance is called stationkeeping, and it is desirable to minimize the frequency and
magnitude of maneuvers required over the lifetime of a satellite. This is true in all
applications because of the life-limiting factor of available fuel on the satellite, and
it is particularly true for satellite navigation applications, because satellites are not
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immediately available to users after a stationkeeping maneuver while orbital and
clock parameters are stabilized and ephemeris messages are updated. Therefore,
more frequent stationkeeping maneuvers both reduce the useful lifetime of satel-
lites and reduce the overall availability of the constellation to users. Some orbits
have a resonance effect, in which there is an increasing perturbation in a satellite’s
orbit due to the harmonic effects of (2.6). Such orbits are undesirable because they
require more stationkeeping maneuvers to maintain a nominal orbit.

Another consideration in constellation design is radiation environment, caused
by the Van Allen radiation belts, in which charged particles are trapped by the
Earth’s magnetic field. The radiation environment (measured by flux of trapped
protons and electrons) is a function of height above the Earth’s surface and of the
out-of-plane angle relative to the equator. LEO satellites below 1,000 km altitude
operate in a relatively benign radiation environment, whereas MEO satellites at
15,000-25,000-km altitude will pass through the radiation environment at every
equatorial plane crossing. A high radiation environment drives satellite design in a
number of ways, including the need for space-class electronics components, install-
ing redundant equipment, and shielding all the way from component to spacecraft
level. These design impacts result in increased mass and cost of the satellite.

2.3.2.2 Inclined Circular Orbits

Theoretical studies of satellite constellations typically focus on some particular sub-
set of orbital categories. For example, Walker extensively studied inclined circular
orbits [18], Rider further studied inclined circular orbits to include both global and
zonal coverage [19], and Adams and Rider studied circular polar orbits [20]. These
studies all focus on determining the set of orbits in their categories that require the
fewest satellites to provide a particular level of coverage (i.e., the number of satel-
lites in view from some region on Earth above some minimum elevation angle).
The studies determine the optimal orbital parameters for a given category of orbits
that minimize the number of satellites required to achieve the desired level of cover-
age. Satellites in a constellation are segregated into orbital planes, where an orbital
plane is defined as a set of orbits with the same right ascension of the ascending
node (and hence the satellites travel in the same plane in an ECI coordinate system).
In the most general approach, Walker addresses constellations of satellites where
each satellite can be in a different orbital plane, or there can be multiple satellites
per plane. Rider’s work assumes multiple satellites per orbital plane. In each case,
the point of the study is to find the particular combination of orbital parameters
(how many satellites, in how many planes, in what exact geometrical configuration
and phasing) that minimize the number of satellites required to obtain a particular
level of coverage. Usually this can be obtained with a Walker constellation with one
satellite per orbital plane. However, there are additional considerations beyond just
minimizing the total number of satellites in a constellation. For example, since on-
orbit spares are usually desired for a constellation, and since maneuvers to change
orbital planes consume considerable fuel, it is usually desired to suboptimize by
selecting a constellation with multiple satellites per orbital plane, even though this
usually requires a few extra satellites to achieve a given level of coverage.

One important result from the studies [18-20] is that the required number of
satellites to achieve a desired level of coverage increases significantly the lower the
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orbital altitude selected. This effect is illustrated in Figure 2.16, which shows the
number of satellites required to achieve single worldwide coverage (above 0° eleva-
tion angle) as a function of orbital altitude, as shown by Rider [19]. In general, for
every 50% reduction in orbital altitude, the required number of satellites increases
by 75%. This becomes important when trading off satellite complexity versus or-
bital altitude in constellation design, as discussed next.

Practical applications of the theoretical work [18-20] have included the IRID-
IUM LEO mobile satellite communications constellation, which was originally
planned to be an Adams/Rider 77-satellite polar constellation and ended up as a
66-satellite polar constellation, the Globalstar LEO mobile satellite communica-
tions constellation, which was originally planned to be a Walker 48-satellite in-
clined circular constellation of 8 planes, and most recently a proposed constellation
called OneWeb with 648 satellites in polar orbits to provide internet service. In ad-
dition, the global constellations (GPS, GLONASS, Galileo, and BeiDou) all employ
constellations making use of the principles set forth in [18, 19].

Rider Constellations

As an example of how to use one of these constellation design studies, consider Rid-
er’s work [19] on inclined circular orbits. Rider studied the class of orbits that are
circular and of equal altitude and inclination. In Rider’s work, the constellation is
divided into a number of orbital planes, P, with a number of satellites per plane, S.
Also, the satellites in this study are assumed to have equal phasing between planes
(i.e., satellite 1 in plane 1 passes through its ascending node at the same time as
satellite 1 in plane 2). Figure 2.17 illustrates equal versus unequal phasing between
planes in the case of two orbital plans with three equally spaced satellites per plane
(P =2, 8 =3). The orbital planes are equally spaced around the equatorial plane,
so that the difference in right ascension of ascending node between planes equals
360°/P, and satellites are equally spaced within each orbital plane.
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Figure 2.16 Number of satellites required to achieve at least one satellite in view worldwide at all
times.
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Figure 2.17 Equal versus unequal phasing between orbital planes.

Rider [19] made the following definitions: & = elevation angle, R, = spherical
radius of the Earth (these studies all assume a spherical Earth), and b = orbital alti-
tude of the constellation being studied.

Then the Earth central angle, 6, as shown in Figure 2.18, is related to these
parameters as follows:

cosa

h 2.13
1+ Re ( )

cos(0+a)=

From (2.13), given an orbital altitude, », and a minimum elevation angle, «,
the corresponding Earth central angle, 6, can be computed. Rider then defines a
half street width parameter, ¢, which is related to the Earth central angle, 6, and the
number of satellites per orbital plane, S, as follows:

cosf = (cosc)(cos%) (2.14)

Finally, Rider’s analysis produces a number of tables that relate optimal combi-
nations of orbital inclination, i, half street width, ¢, and number of orbital planes,
P, for various desired Earth coverage areas (global versus mid-latitude versus equa-
torial versus polar) and various levels of coverage (minimum number of satellites
In view).

Walker Constellations

It turns out that the more generalized Walker constellations [18] can produce a
given level of coverage with fewer satellites in general than the Rider constellations
[19]. Walker constellations use circular inclined orbits of equal altitude and inclina-
tion, the orbital planes are equally spaced around the equatorial plane, and satellites
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Figure 2.18 Relationship between elevation angle and Earth central angle (6).

are equally spaced within orbital planes, as with Rider constellations. However,
Walker constellations allow more general relationships between the number of sat-
ellites per plane and the phasing between planes. To that end, Walker introduced
the notation T/P/F, where T is the total number of satellites in the constellation,
P is the number of orbital planes, and F is the phase offset factor that determines
the phasing between adjacent orbital planes (see Figure 2.17 for an illustration of
the concept of phasing between orbital planes). With the number of satellites per
plane, S, it is obvious that T= S x P. F is an integer such that 0 < F< P — 1, and the
offset in mean anomaly between the first satellite in each adjacent orbital plane is
360° x F/P. That is, when the first satellite in plane 2 is at its ascending node, the
first satellite in plane 1 will have covered an orbital distance of (360° x F/P) degrees
within its orbital plane.

Typically, with one satellite per plane, a value of F can be found such that a
Walker constellation can provide a given level of coverage with fewer satellites
than a Rider constellation. However, such Walker constellations with one satellite
per plane are less robust against failure than constellations with multiple satellites
per plane, because on-orbit sparing is nearly impossible with only one satellite per
plane. In such a sparing scenario, it would be required to reposition the satellite
from the spare plane into the plane of a failed satellite, but the cost in fuel is ex-
tremely prohibitive to execute such an orbital maneuver. To give an idea, a single
plane change would require approximately 30 times the amount of fuel that is
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currently budgeted on the Galileo satellites for maneuvers over their entire lifetime.
Because satellites can therefore be repositioned realistically only within an orbital
plane, there is greater application of Rider-type constellations or Walker constel-
lations with multiple satellites per plane versus Walker constellations with a single
satellite per plane.

As a specific example of constellation design using the work of Walker and
Rider ([18] and [19]), consider a MEO satellite constellation providing 4-fold
worldwide continuous coverage above a minimum 5° elevation angle for the satel-
lite navigation application. In this example, the objective is to minimize the number
of satellites providing this level of coverage within the class of Rider orbits. Specifi-
cally, consider the case with # = 20,182 km (corresponding to an orbital period of
approximately12 hours). With a = 5°, the Earth central angle 6 can be computed
from (2.13) to be 71.2°.

Rider’s results in Table 4 of [19] then show that with 6 orbital planes, the
optimal inclination is 55°, and ¢ = 44.92°. We now have enough information to
solve equation (2.14) for S. This solution is S = 2.9, but since satellites come only in
integer quantities, one must round up to 3 satellites per plane. Hence, Rider’s work
indicates that with 6 orbital planes, one must have 3 satellites per plane, for a total
of 18 satellites, to produce continuous worldwide coverage with a minimum of 4
satellites above a minimum 5° elevation angle. With 5 orbital planes of the same
altitude and with the same coverage requirement, Rider’s work shows ¢ = 55.08°,
and S = 3.2, which rounds up to 4 satellites per plane. In this case, 20 total satellites
would be required to provide the same level of coverage. Likewise, with 7 orbital
planes, the requirement is 3 satellites per plane, for a total of 21 satellites. There-
fore, the optimal Rider constellation configuration to provide worldwide 4-fold
coverage above 5 degrees elevation angle is a 6 x 3 constellation (P = 6, S = 3) for
a total of 18 satellites. It turns out that in the early 1980s, the U.S. Air Force was
looking at smaller GPS constellation alternatives, consisting of different configura-
tions with 18 total satellites [21]. Note that for the navigation application, where
there are more considerations than just the total number of satellites in view, it
turns out to be preferable to modify Walker or Rider constellations, for example,
by unevenly spacing the satellites in each orbital plane. The details of these addi-
tional considerations will be explored more fully in the following section.

2.3.2.3 Constellation Design Considerations for Satellite Navigation

Satellite navigation constellations have very different geometrical constraints from
satellite communications systems, the most obvious of which is the need for more
multiplicity of coverage (i.e., more required simultaneous satellites in view for the
navigation applications). As discussed in Section 2.5.2, the GNSS navigation solu-
tion requires a minimum of four satellites to be in view of a user to provide the
minimum of four measurements necessary for the user to determine three-dimen-
sional position and time. Therefore, a critical constraint on a GNSS constellation is
that it must provide a minimum of 4-fold coverage at all times. In order to ensure
this level of coverage robustly, a nominal GNSS constellation is designed to provide
more than fourfold coverage so that the minimum of four satellites in view can be
maintained even with a satellite failure. Also, more than fourfold coverage is neces-
sary for user equipment to be able to determine autonomously if a GNSS satellite
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is experiencing a signal or timing anomaly, and therefore to exclude such a satellite
from the navigation solution (this process is known as integrity monitoring); see
Section 11.4. Therefore, the practical constraint for coverage of a GNSS constella-
tion is minimum sixfold coverage above a 5° elevation angle.

Constellation design for satellite navigation has the following major constraints
and considerations:

1. Coverage needs to be global.

2. At least 6 satellites need to be in view of any user position at all times.

3. To provide the best navigation accuracy, the constellation needs to have
good geometric properties, which entail a dispersion of satellites in both
azimuth and elevation angle from users anywhere on the Earth (a discus-
sion of the effects of geometric properties on navigation accuracy is pro-
vided in Section 11.2).

4. The constellation needs to be robust against single satellite failures.

5. The constellation must be maintainable, that is, it must be relatively inex-
pensive to reposition satellites within the constellation.

6. Stationkeeping requirements need to be manageable. In other words, it
is preferable to minimize the frequency and magnitude of maneuvers re-
quired to maintain the satellites within the required range of their orbital
parameters.

7. Orbital altitude must be selected to achieve a balance between payload size
and complexity versus required constellation size to achieve a minimum
sixfold coverage. The higher the orbital altitude, the fewer the satellites
required to achieve sixfold coverage, but the larger and more complex the
payload and hence satellite. Payload complexity increases at higher alti-
tudes, for example, due to the increased transmitter power and antenna
size required to achieve a certain minimum received signal strength on the
ground for a user.

2.4 GNSS Signals

This section provides an overview of GNSS signals including commonly used signal
components. This discussion is followed by a description of important signal char-
acteristics such as auto-correlation and cross-correlation functions.

2.4.1 Radio Frequency Carrier

Every GNSS signal is generated using one or more radio frequency (RF) carriers,
which are nominally perfect sinusoidal voltages produced within the transmitter
(see Figure 2.19). As shown in Figure 2.19, one important characteristic of an RF
carrier is the time interval, T, between recurrences of amplitude (e.g., peak-to-
peak) in units of seconds. Such a recurrence in amplitude is referred to as a cycle
and the time interval corresponding to one cycle is referred to as the period. More
commonly used in practice to characterize RF carriers is the carrier frequency,
which is the reciprocal of the period, f, = 1/T,,, expressed in units of cycles/second



2.4 GNSS Signals 53

Amplitude (volts)

Figure 2.19 Radio frequency carrier.

or equivalently hertz. (By definition 1 Hz is one cycle/second). Metric prefixes are
frequently encountered, for example, 1 kHz = 103 Hz, 1 MHz = 10® Hz, and 1 GHz
=10° Hz.

Most GNSS signals today use carrier frequencies in the L-band, which is de-
fined by the Institute of Electrical and Electronics Engineers (IEEE) to be the range
of 1 to 2 GHz. L-band offers several advantages for GNSS signals as compared to
other bands. At lower frequencies, the Earth’s atmosphere results in larger delays
and inhomogeneities in the atmosphere cause more severe fading in received sig-
nal strength. At greater frequencies, additional satellite power is required and pre-
cipitation (e.g., rain) attenuation can be significant. Two L-band frequency subsets
have been allocated globally by the International Telecommunication Union (ITU)
for radionavigation satellite services (RNSS), which is the name given by the global
spectrum management community to the services provided by GNSS constella-
tions. The RNSS allocations in L-band are for 1,164-1,300 MHz and 1,559-1,610
MHz. Two GNSS constellations discussed within this book additionally utilize S-
band (2-4 GHz) navigation signals, and several GNSS service providers are consid-
ering the future addition of navigation signals in C-band (4-8 GHz).

2.4.2 Modulation

GNSSS signals are designed to enable several functions:

« Precise ranging by the user equipment;

« Conveyance of digital information about the location of the GNSS satellites,
clock errors, satellite health, and other navigation data;

« For some systems, utilization of a common carrier frequency among multiple
satellites broadcasting simultaneously.

To accomplish these functions, some properties of the RF carrier must be var-
ied with time. Such variation of an RF carrier is referred to as modulation. Con-
sider a signal whose voltage is described by

s(¢) = a(t)cos[2af (t)t + ¢(1)] (2.15)

If the amplitude, a(¢), frequency, f(¢), and phase offset, ¢(¢), are nominally con-
stant with respect to time, then this equation would describe an unmodulated car-
rier. Variation of amplitude, frequency, and phase, are referred to as amplitude
modulation, frequency modulation, and phase modulation, respectively. If a(z), f(2),
or ¢(t) can take on any of an infinite set of values varying continuously over time,
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then the modulation is referred to as analog. The GNSS navigation signals broad-
cast by satellite navigation systems described in this book use digital modulation,
meaning that the modulation parameters can only take on a finite set of values that
are only permitted to change at specific, discrete epochs of time.

2.4.2.1 Navigation Data

One example of a digital modulation that is frequently used to convey digital navi-
gation data from GNSS satellites to receivers is binary phase shift keying (BPSK).
BPSK is a simple digital signaling scheme in which the RF carrier is either transmit-
ted as is or with a 180° phase shift over successive intervals of T}, seconds in time
depending on whether a digital 0 or 1 is being conveyed by the transmitter to the
receiver (see, e.g., [22]). From this viewpoint, BPSK is a digital phase modulation
with two possibilities for the phase offset parameter: ¢(t) = 0 or ¢ () = 7.

A BPSK signal can alternatively be viewed as being created using amplitude
modulation, as illustrated in Figure 2.20. Note, as shown in the figure, that the
BPSK signal can be formed as the product of two time waveforms: the unmodulat-
ed RF carrier and a data waveform that takes on a value of either +1 or —1 for each
successive interval of T, = 1/R;, seconds where R, is the data rate in bits per second.
The data waveform amplitude for the k-th interval of T}, seconds can be generated
from the kth data bit to be transmitted using either the mapping [0, 1] — [-1, +1]
or [0, 1] — [+1, —1]. Mathematically, the data waveform d(¢) can be described as:

dt)="Y dplt - kT,) (2.16)

[

where d}, is the kth data bit (in the set [-1,+1]) and p(#) is a pulse shape. The data
waveform alone is considered a baseband signal, meaning that its frequency content
is concentrated around 0 Hz rather than the carrier frequency. Modulation by the
RF carrier centers the frequency content of the signal about the carrier frequency,
creating what is known as a bandpass signal.

The BPSK signal shown in Figure 2.20 uses rectangular pulses:

RF carrier

+1

Data waveform

«— T —>

= BPSK signal

Figure 2.20 BPSK modulation.
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(1) = 1, 0<t<T, 917
po= 0, elsewhere (2.17)

but other pulse shapes may be used. For instance, Manchester encoding is a term
that is used to describe BPSK signals that use pulses consisting of one cycle of a
square wave.

In many modern GNSS signal designs, forward error correction (FEC) is em-
ployed for the navigation data whereby redundant bits (more than the original
information bits) are transmitted over the channel according to some prescribed
method, enabling the receiver to detect and correct some errors that may be intro-
duced by noise, interference, or fading. When FEC is employed, common conven-
tion is to replace T}, with T, and R, with R; to distinguish data symbols (actually
transmitted) from data bits (that contain the information before FEC). The coding
rate is the ratio R;/R..

2.4.2.2 Direct Sequence Spread Spectrum

To enable precise ranging, all of the GNSS signals described in this book employ di-
rect sequence spread spectrum (DSSS) modulation. As shown in Figure 2.21, DSSS
signaling involves the modulation of an RF carrier with a spreading or pseudoran-
dom noise (PRN) waveform, often (as shown in the figure) but not necessarily in
addition to modulation of the carrier by a navigation data waveform. The spread-
ing and data waveforms are similar but there are two important differences. First,
the spreading waveform is deterministic (i.e., the digital sequence used to produce
it is completely known, at least to the intended receivers). Second, the symbol rate
of the spreading waveform is much higher than the symbol rate of the navigation
data waveform. The digital sequences used to generate spreading waveforms are
referred to by various names including ranging code, pseudorandom sequence, and
PRN code. An excellent overview of pseudorandom sequences, including their gen-
eration, characteristics, and code families with good properties is provided in [23].

RF carrier

+1
Data waveform
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Figure 2.21 DSSS modulation.
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GNSS signals that are intended to be used by the general public are referred to
as open signals. Open GNSS signals use ranging codes that are unencrypted and
periodic, with lengths varying from 511 to 767,250 bits. Some GNSS signals are
only intended to be employed by authorized (e.g., military) users. To prevent gen-
eral public use, authorized or restricted-use GNSS signals use ranging codes that
are encrypted and thus aperiodic. Knowledge of the encryption scheme as well as
secret numbers known as private keys are required to be able to fully process au-
thorized GNSS signals.

To avoid confusion between information-bearing bits within the navigation
data and the bits of the ranging code, the latter are often referred to as chips, which
determine the polarity of the spreading symbols. The time duration of the spread-
ing waveform corresponding to one chip of the ranging code is referred to as the
chip period, and the reciprocal of the chip period as the chipping rate, R,. The in-
dependent time parameter for the spreading waveform is often expressed in units of
chips and referred to as code phase. The signal is called spread spectrum, due to the
wider bandwidth occupied by the signal after modulation by the high rate spread-
ing waveform. In general, the bandwidth is proportional to the chipping rate.

There are three primary reasons why DSSS waveforms are employed for satel-
lite navigation. First and most importantly, the frequent phase inversions in the
signal introduced by the spreading waveform enable precise ranging by the receiver.
Second, the use of different spreading sequences from a well-designed set enables
multiple satellites to transmit signals simultaneously and at the same frequency. A
receiver can distinguish among these signals, based on their different codes. For
this reason, the transmission of multiple DSSS signals having different spreading
sequences on a common carrier frequency is referred to as code division multiple
access (CDMA). Finally, as detailed in Chapter 9, DSSS provides significant rejec-
tion of narrowband interference.

2.4.2.3 Binary Offset Carrier

It should be noted that the spreading symbols in a DSSS signal do not need to be
rectangular (i.e., a constant amplitude over the chip period), as shown in Figure
2.21. In principle, any shape could be used and different shapes can be used for
different chips. Henceforth, we will denote DSSS signals generated using BPSK sig-
naling with rectangular chips as BPSK-R signals. Several variations of the basic
DSSS signal that employ nonrectangular symbols are used for satellite navigation
applications. Binary offset carrier (BOC) signals [24] are generated using DSSS
techniques, but employ portions of a square wave for the spreading symbols. A gen-
eralized treatment of the use of arbitrary binary patterns to generate each spreading
symbol is provided in [25]. Spreading symbol shapes, such as raised cosines, whose
amplitudes vary over a wide range of values are used extensively in digital com-
munications. These shapes have also been considered for satellite navigation, but
to date have not been used for practical reasons. For precise ranging, it is necessary
for the satellite and user equipment to be able to faithfully reproduce the spread-
ing waveform, which is facilitated through the use of signals that can be generated
using simple digital means. Furthermore, spectral efficiency, which has motivated
extensive studies in symbol shaping for communications applications, is generally
not a concern for satellite navigation and can be detrimental for precise ranging.
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In addition, DSSS signals with a constant envelope (i.e., those that have constant
power over time) can be efficiently transmitted using switching-class amplifiers,
although there are ways to combine multiple waveforms, not binary-valued, into a
constant-envelope signal.

2.4.2.4 Pilot Components

A feature of many modern GNSS signals is that they split the total power in one
overall signal between two components that are referred to as the data and pilot
(or dataless) components. As the names suggest, the data component is modulated
by navigation data and the pilot component is not modulated by the navigation
data. Both components are modulated by spreading waveforms and utilize different
ranging codes. Typical splits of power when separate data and pilot components
are utilized range from 50%-50% (i.e., equal power in each component) to 25%-
75% (i.e., power in the pilot component is three times that in the data component).
Why are pilot components utilized? The reason is that a receiver can much more
robustly track a signal that is not modulated by navigation data, as will be discussed
in Chapter 8. Thus, pilot components can allow GNSS signals to be tracked in more
challenging environments (e.g., deeper indoors, or in the presence of greater levels
of interference) than would be possible without this design feature.

2.4.3 Secondary Codes

Many modern GNSS signals employ both primary ranging codes (discussed in Sec-
tion 2.4.2.2) and secondary (or synchronization) codes. Secondary codes reduce
interference between GNSS signals and also facilitate robust data bit synchroniza-
tion within GNSS receivers.

A secondary code is a periodic, binary sequence that is generated at the primary
code repetition rate. Each bit of the secondary code is modulo-2 summed to one
entire period of the primary code. The GNSS constellations described in Chapters
3 through 7 use secondary codes of lengths from 4 to 1,800 for various signals.

To illustrate the concept of a secondary code, consider a hypothetical GNSS
signal that uses a primary ranging code that is 1,023 chips in length, with the first
10 chip values of [100 11010 1 0]. If a 4-bit secondary code of [1 0 1 0] is ap-
plied at the primary ranging code repetition rate (equal to 1/1,023 of the primary
code chipping rate), every four repetitions of the primary ranging code would be
modified as follows. For the first and third repetitions, the primary ranging code
would be inverted, so that it started with the ten chips [0 110010 1 0 1]. For
the second and fourth repetitions, the primary ranging code would be unchanged,
and this entire pattern would repeat again after the fourth ranging code repetition.

2.4.4 Multiplexing Techniques

In satellite navigation applications, it is frequently required to broadcast multiple
signals from a satellite constellation, from a single satellite, and even upon a single
carrier frequency. There are a number of techniques to facilitate this sharing of a
common transmission channel without the broadcast signals interfering with each
other. The use of different carrier frequencies to transmit multiple signals is referred
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to as frequency division multiple access (FDMA) or frequency division multiplex-
ing (FDM). Sharing a transmitter over time among two or more signals is referred
to as time division multiple access (TDMA) or time division multiplexing (TDM).
CDMA, or the use of different spreading codes to allow the sharing of a common
carrier frequency, was introduced in Section 2.4.2.2.

When a common transmitter is used to broadcast multiple signals on a single
carrier, it is desirable to combine these signals in a manner that forms a composite
signal with a constant envelope for the reason discussed in Section 2.4.2.3. Two
binary DSSS signals may be combined using quadrature phase shift keying (QPSK).
In QPSK, the two signals are generated using RF carriers that are in phase quadra-
ture (i.e., they have a relative phase difference of 90° such as cosine and sine func-
tions of the same time parameter and are simply added together). The two constitu-
ents of a QPSK signal are referred to as the in-phase and quadraphase components.

When it is desired to combine more than two signals on a common carrier,
more complicated multiplexing techniques are required. Interplexing combines
three binary DSSS signals on a common carrier while retaining constant envelope
[26]. To accomplish this feat, a fourth signal that is completely determined by the
three desired signals, is also transmitted. The overall transmitted signal may be
expressed as in the form of a QPSK signal:

s(t) = s,(¢) cos(2atf, 1) — s, (¢)sin(27f ) (2.18)
with in-phase and quadraphase components, s/(¢) and s (%), respectively, as:

s;(t) = 2P, s (t)cos(m) — 2B, s, () sin(m)

5o(t) = (2P, 5, (t)cos(m) + 2P, s, (t)s, (2)s, (¢ sin(m) (2.19)

where s;(2), s,(¢), and s5(¢), are the three desired signals, f. is the carrier frequency
and m is an index that is set in conjunction with the power parameters P; and Pg
to achieve the desired power levels for the four multiplexed (three desired plus one
additional) signals.

Other techniques for multiplexing more than two binary DSSS signals while
retaining constant envelope include majority vote [27] and intervoting [28]. In the
majority vote, an odd number of DSSS signals are combined by taking the major-
ity of their underlying PRN sequence values at every instant in time to generate
a composite DSSS signal. Intervoting consists of the simultaneous application of
interplexing and majority vote.

2.4.5 Signal Models and Characteristics

In addition to the general quadrature signal representation in (2.18) for GNSS sig-
nals, we will find it occasionally convenient to use the complex-envelope or lowpass
representation, s,(¢), defined by the relation:

s(t) = Re{s,(£)e”>™"* } (2.20)
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where Re{-} denotes the real part of. The in-phase and quadraphase components of
the real signal s(¢) are related to its complex envelope by:

$,(2) = s, () + js (2) (2.21)

Two signal characteristics of great importance for satellite navigation applica-
tions are the autocorrelation function and power spectral density. The autocorrela-
tion function for a lowpass signal with constant power is defined as:

T

R(7)= 1imL J s, (t)s,(t +1)dt (2.22)

T—oo 2 T

where * denotes complex conjugation. The power spectral density is defined to be
the Fourier transform of the autocorrelation function:

S(f) = [ R@x)e > dt (2.23)

The power spectral density describes the distribution of power within the sig-
nal with regards to frequency.

It is often convenient to model some portions of a DSSS signal as being random.
For instance, the data symbols and ranging code are often modeled as nonrepeating
coin-flip sequences (i.e., they randomly assume values of either +1 or —1 with each
outcome occurring with equal probability and with each value being independent
of other values). The autocorrelation function for a DSSS signal with random com-
ponents is generally taken to be the average or expected value of (2.22). The power
spectral density remains as defined by (2.23).

As an example, consider a baseband DSSS signal without data employing rect-
angular chips with a perfectly random binary code as shown in Figure 2.22(a). The
autocorrelation function illustrated in Figure 2.22(b) is described in equation form
as [29]:

2 7
R(r)=A (1 _F} for|r|< T,

(2.24)

=0 elsewhere

The power spectrum of this signal shown in Figure 2.4(c) (as a function of an-
gular frequency w = 27f) may be determined using (2.20) to be:

S(f) = A*T sinc* (7fT,) (2.25)

where sinc(x) = S¥ What is important about a DSSS signal using a random binary
x

code is that it correlates with itself in one and only one place and it is uncorrelated
with any other random binary code. Satellite navigation systems employing rect-
angular chips have similar autocorrelation and power spectrum properties to those
described above for the random binary code case, but employ ranging codes that
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Figure 2.22 (a) A random binary code producing (b) the autocorrelation function and (c) the
power spectrum of a DSSS signal.

are perfectly predictable and reproducible. This is why they are called “pseudo”
random codes.

To illustrate the effects of finite-length ranging codes, consider a DSSS signal
without data employing a pseudorandom sequence that repeats every N bits. Fur-
ther, let us assume that this sequence is generated using a linear feedback shift reg-
ister that is of maximum length. A linear feedback shift register is a simple digital
circuit that consists of 7 bits of memory and some feedback logic [23], all clocked
at a certain rate. Every clock cycle, the nth bit value is output from the device, the
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logical value in bit 1 is moved to bit 2, the value in bit 2 to bit 3, and so on, and
finally, a linear function is applied to the prior values of bits 1 to 7 to create a new
input value into bit 1 of the device. With an #-bit linear feedback shift register,
the longest length sequence that can be produced before the output repeats is N
=27 — 1. A linear feedback shift register that produces a sequence of this length is
referred to as maximum-length. During each period, the 7 bits within the register
pass through all 2” possible states, except the all-zeros state, since all zeros would
result in a constant output value of 0. Because the number of negative values (1s)
is always one larger than the number of positive values (0s) in a maximum-length
sequence, the autocorrelation function of the spreading waveform PN(#) outside of
the correlation interval is —A2/N. Recall that the correlation was 0 (uncorrelated)
in this interval for the DSSS signal with random code in the previous example.
The autocorrelation function for a maximum length pseudorandom sequence is the
infinite series of triangular functions with period NT.(seconds) shown in Figure
2.23(a). The negative correlation amplitude (~A2/N) is shown in Figure 2.23(a)
when the time shift, 7, is greater than =T, or multiples of £T.(N+1), and represents
a DC term in the series. Expressing the equation for the periodic autocorrelation
function mathematically [30] requires the use of the unit impulse function shifted
in time by discrete () increments of the PRN sequence period NT.: (t + mNT,).
Simply stated, this notation (also called a Dirac delta function) represents a unit
impulse with a discrete phase shift of mNT. seconds. Using this notation, the au-
tocorrelation function can be expressed as the sum of the DC term and an infinite
series of the triangle function, R(r), defined by (2.24). The infinite series of the
triangle function is obtained by the convolution (denoted by ®)of R(r) with an
infinite series of the phase shifted unit impulse functions as follows:

Rpn(®)
AZ
2 —(N+DT, —(N=-1T, -Tc Tc (N=-1T, (N+DT,
- % — | | | | | 1 1 1
/ — 7 | |
~NT, 0
NT,
T
(@

A2
dc component = —
N2
Line spacing = .
pacing = NT,
(b)

Figure 2.23 (a) The autocorrelation function of a DSSS signal generated from a maximum length
pseudorandom sequence and (b) its line spectrum.
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—-A> N+1
_+—

T R(1)® S 5(c+mNT) (2.26)

m=—oco

Rpy (‘[) =

The power spectrum of the DSSS signal generated from a maximum length
pseudorandom sequence is derived from the Fourier transform of (2.26) and is the
line spectrum shown in Figure 2.23(b). The unit impulse function is also required
to express this in equation form as follows:

Sox (F) = g—Z(a(f)Jr 3 (N+1)sinc® (%)6(2# +’Z—27f’)] (2.27)

m=—ocoz() c

where m=+1, 2, £3, ...

Observe in Figure 2.23(b) that the envelope of the line spectrum is the same as
the continuous power spectrum obtained for the random code except for the small
DC term in the line spectrum and the scale factor T.. As the period, N (chips), of
the maximum length sequence increases then the line spacing, 27/NT, (radians/s)
or 1/NT, (Hz), of the line spectrum decreases proportionally, so that the power
spectrum begins to approach a continuous spectrum.

Next consider the general baseband DSSS signal that uses the arbitrary symbol

g(2):

s(t) = kZZ_makgu ~kT)) (2.28)

If the ranging code values {a,} are assumed to be generated as a random coin-
flip sequence, then the autocorrelation function for this signal may be found by
taking the mean value of (2.22) resulting in:

R(r)= [ glt)g (¢ - 7)dt (2.29)

Although data was neglected in (2.28), its introduction does not change the
result for a nonrepeating coin-flip sequence. Using this result, along with (2.23)
for power spectral density, we can express the autocorrelation function and power
spectrum for unit-power BPSK-R signals, for which

1/4T <i<T
gBPSKR(t>:{O/\/7”’ 0<t<T

, elsewhere (2.30)
as
1—|r|/T, |r|<T
R — c c
prskx (7) {O, elsewhere
(2.31)

SBPSK—R(f) = TCSil’IC2 (JTch)
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The notation BPSK-R(#) is often used to denote a BPSK-R signal with 7 x
1.023 MHz chipping rate. As will be discussed in Chapters 3, 5, 6, and 7, GPS, Gal-
ileo, BeiDou, and various regional systems employ frequencies that are multiples
of 1.023 MHz. GPS was the first to use chipping rates that are integer multiples of
1.023 MHz (based upon a design choice to use a length-1,023 ranging code for one
of the original GPS navigation signals and the desire for the repetition period to be
a convenient value of 1 ms). Other systems subsequently adopted chipping rates
that are integer multiples of 1.023 MHz to be interoperable with GPS.

A BOC signal may be viewed as being the product of a BPSK-R signal with a
square-wave subcarrier. The autocorrelation and power spectrum are dependent on
both the chip rate and characteristics of the square wave subcarrier. The number
of square wave half-periods in a spreading symbol is typically selected to be an
integer:

k= (2.32)

where T, = 1/(2f,) is the half-period of a square wave generated with frequency /..
When k is even, a BOC spreading symbol can be described as:

8poc(t) = gBPSK—R(t)Sgn[Sin(‘nt 1T + 1/1)] (2.33)

where sgn is the signum function (1 if the argument is positive, -1 if the argument
is negative) and v is a selectable phase angle. When & is odd, a BOC signal may be
viewed as using two symbols over every two consecutive chip periods, that given
in (2.33) for the first spreading symbol in every pair and its inverse for the second.
Two common values of ¥ are 0° or 90°, for which the resultant BOC signals are
referred to as sine-phased or cosine-phased, respectively.

With a perfect coin-flip spreading sequence, the autocorrelation functions for
cosine- and sine-phased BOC signals resemble saw teeth, piece-wise linear functions
between the peak values as shown in Table 2.3. The expression for the autocorrela-
tion function applies for & odd and k even when a random code is assumed. The
notation BOC(m,1) used in the table is shorthand for a BOC modulation generated
using a m X 1.023 MHz square wave frequency and a # x 1.023 MHz chipping
rate. The subscripts s and ¢ refer to sine-phased and cosine-phased, respectively.

The power spectral density for a sine-phased BOC modulation is [24]:

Table 2.3 Autocorrelation Function Characteristics for BOC Modulations

Number of Positive Autocorrelation Function Values
and Negative Peaks for Peak at Tt =jTy/2
in Autocorrelation
Modulation Function Delay Values of Peaks (s) j even j odd
BOC,(m, n) 2k—1 T =/Ty2, (—1)2(k—~j2))/k  (=1)(I-D2/(2K)
2k+2<j<2k-2
BOC,(m, n) 2k+1 T =Ty2, (=1)2(k—fji2))k  (=1)I12/(2k)

2k+1<j<2k-1
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T.sinc® (nfT, )tan’ ( f) , keven

2f,
c (J'[fT ) Zﬁ )

and the power spectral density for a cosine-phased BOC modulation is:

| s (21|
4T sinc” (nfT,) 4,

(1)

SBOCf(m,ﬂ) (f) = 2 (2.35)

4T cos’ (nf}) (
(nfTC) cos(

, k even

) ,kodd

)

A binary coded symbol (BCS) modulation [25] uses a spreading symbol defined
by an arbitrary bit pattern {c,,} of length M as:

Q[ H
==

S
-~

ZCPT,M -mT, | M) (2.36)

where P7/:() is a pulse taking on the value 1/ \/i over the interval [0,T/M) and
zero elsewhere. The notation BCS([¢y, ¢q5 ..., cp_1]s 72) is used to denote a BCS
modulation that uses the sequence ([cg, 1, ..., ¢p_1] for each symbol and a chipping
rate of R, =7 x1.023 MHz = 1/T.. As shown in [25], the autocorrelation function
for a BCS([cg, ¢4 ---» cx_1], ) modulation with perfect spreading code is a piecewise
linear function between the values:

1 M-

RBcs(nTc/M) MZ m€ (2.37)
where 7 is an integer with magnitude less than or equal to M and where it is under-
stood that ¢,, = 0 for m & [0, M - 1]. The power spectral density is:

1% * sin®(zfT. | M)
S — T - —j2amfT, /M c
BCS(f) c M%Cme (ﬂf’T‘L /M)Z (2"38)

Given the success of BPSK-R modulations, why consider more advanced modu-
lations like BOC or BCS? Compared to BPSK-R modulations, which only allow the
signal designer to select carrier frequency and chip rate, BOC and BCS modulations
provide additional design parameters for waveform designers to use. The resulting
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modulation designs can provide enhanced performance when bandwidth is limited
(due to implementation constraints at transmitter and receiver or due to spectrum
allocations). Also, modulations can be designed to better share limited frequency
bands available for use by multiple GNSS constellations. The spectra can be shaped
in order to limit interference and otherwise spectrally separate different signals.
To obtain adequate performance, such modulation design activities must carefully
consider a variety of signal characteristics in the time and frequency domains and
should not concentrate exclusively on spectrum shape.

2.5 Positioning Determination Using Ranging Codes

As mentioned in Section 2.4, GNSS satellite transmissions utilize DSSS modulation.
DSSS provides the structure for the transmission of ranging codes and essential
navigation data such as satellite ephemerides and satellite health. The ranging codes
modulate the satellite carrier frequencies. These codes look like and have spectral
properties similar to random binary sequences but are actually deterministic. A
simple example of a short ranging code sequence is shown in Figure 2.24. These
codes have a predictable pattern, which is periodic and can be replicated by a suit-
ably equipped receiver.

2.5.1 Determining Satellite-to-User Range

Earlier, we examined the theoretical aspects of using satellite ranging codes and
multiple spheres to solve for user position in three dimensions. That example was
predicated on the assumption that the receiver clock was perfectly synchronized
to system time. In actuality, this is generally not the case. Prior to solving for the
three-dimensional user position, we will examine the fundamental concepts involv-
ing satellite-to-user range determination with nonsynchronized clocks and ranging
codes. There are a number of error sources that affect range measurement accuracy
(e.g., measurement noise, propagation delays); however, these can generally be con-
sidered negligible when compared to the errors experienced from nonsynchronized
clocks. Therefore, in our development of basic concepts, errors other than clock
offset are omitted. Extensive treatment of these error sources is provided in Section
10.2.

In Figure 2.25, we wish to determine vector u, which represents a user receiv-
er’s position with respect to the ECEF coordinate system origin. The user’s position
coordinates x,, y,,, 2, are considered unknown. Vector r represents the vector offset
from the user to the satellite. The satellite is located at coordinates x,, y,, 2, within
the ECEF Cartesian coordinate system. Vector s represents the position of the sat-
ellite relative to the coordinate origin. Vector s is computed using ephemeris data
broadcast by the satellite. The satellite-to-user vector r is

—1 —1]-1 —1 —1 ] 1] 1] -

Figure 2.24 Ranging code.
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GPS Satellite @

User
Figure 2.25 User position vector representation.
r=s-u (2.39)
The magnitude of vector r is
el = ls =l (2.40)
Let r represent the magnitude of r
r=|s—u (2.41)

The distance 7 is computed by measuring the propagation time required for
a satellite-generated ranging code to transit from the satellite to the user receiver
antenna. The propagation time measurement process is illustrated in Figure 2.26.
As an example, a specific code phase generated by the satellite at #; arrives at the
receiver at t,. The propagation time is represented by Az. Within the receiver, an
identical coded ranging code denoted as the replica code is generated at ¢, with
respect to the receiver clock. This replica code is shifted in time until it achieves
correlation with the satellite generated ranging code. If the satellite clock and the
receiver clock were perfectly synchronized, the correlation process would yield the
true propagation time. By multiplying this propagation time, A#, by the speed of
light, the true (i.e., geometric) satellite-to-user distance can be computed. We would
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Figure 2.26 Use of replica code to determine satellite code transmission time.

then have the ideal case described in Section 2.1.2.1. However, the satellite and
receiver clocks are generally not synchronized.

The receiver clock will generally have a bias error from system time. Further,
the satellite timing system (usually referred to as the satellite clock) is based on a
highly accurate free running atomic frequency standards (AFS) described in Section
2.7.1.5. Therefore, the satellite timing system is typically offset from system time.
Thus, the range determined by the correlation process is denoted as the pseudor-
ange p. The measurement is called pseudorange because it is the range determined
by multiplying the signal propagation velocity, ¢, by the time difference between
two nonsynchronized clocks (the satellite clock and the receiver clock). The mea-
surement contains the geometric satellite-to-user range, an offset attributed to the
difference between system time and the user clock, and an offset between system
time and the satellite clock. The timing relationships are shown in Figure 2.27,
where:

T, = System time at which the signal left the satellite

T, = System time at which the signal reached the user receiver
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Figure 2.27 Range measurement timing relationships.

ot = Offset of the satellite clock from system time [advance is positive; retarda-
tion (delay) is negative]

t, = Offset of the receiver clock from system time

T, + ot = Satellite clock reading at the time that the signal left the satellite

T, + t, = User receiver clock reading at the time when the signal reached the
user receiver

¢ = speed of light

Geometric range, v = c(T, — T,)=cAt

Pseudorange, p= (T, +t,)— (T, + 0t)]
= (T, -T.,)+c(t, —0t)
= r+ct, —0t)

Therefore, (2.39) can be rewritten as:

p—clt,—0t)= ||s - u||

where #, represents the advance of the receiver clock with respect to system time,
ot represents the advance of the satellite clock with respect to system time, and c is
the speed of light.

The satellite clock offset from system time, ¢, is composed of bias and drift
contributions. A SATNAV system ground monitoring network determines correc-
tions for these offset contributions and transmits the corrections to the satellites
for rebroadcast to the users in the navigation message. These corrections are ap-
plied within the user receiver to synchronize the transmission of each ranging code
to system time. Therefore, we assume that this offset is compensated for and no
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longer consider ¢ an unknown. (There is some residual offset, which is treated in
Section 10.2.1, but in the context of this discussion we assume that this is negli-
gible.) Hence, the preceding equation can be expressed as

p—ct,=|s—ul (2.42)

2.5.2 Calculation of User Position

In order to determine user position in three dimensions (x,, y,, z,) and the offset
t,,» pseudorange measurements are made to four satellites resulting in the system of
equations

p; = "s/. - u" +ct, (2.43)

where j ranges from 1 to 4 and references the satellites. Equation (2.43) can be ex-
panded into the following set of equations in the unknowns x,, v,, z,,, and ¢,

pr=Al, - X+ —y,) + (= —g,) e, (2.44)
pr =, —x, )+, =y, ) + (2, -2,) +et, (2.45)
py =y =X, +(y, =3, +(zy -2, +ct, (2.46)
Py =, —x, )+, =y, + (2 —2,) +et, (2.47)

where x;, y;, and z; denote the jth satellite’s position in three dimensions.

These nonlinear equations can be solved for the unknowns by employing
closed form solutions [31-34], iterative techniques based on linearization, or Kal-
man filtering. (Kalman filtering provides a means for improving PVT estimates
based on optimal processing of time sequence measurements and is described later.
The following development regarding linearization is based on a similar develop-
ment in [35].) If we know approximately where the receiver is, then we can denote
the offset of the true position (x,, y,, 2,) from the approximate position (%,, J,,2, )
by a displacement (Ax,,, Ay,, Az,). By expanding (2.44) to (2.47) in a Taylor series
about the approximate position, we can obtain the position offset (Ax,, Ay,, Az,)
as linear functions of the known coordinates and pseudorange measurements. This
process is described later.

Let a single pseudorange be represented by

P = \/(x/' _xu)z +(3’/ _yu)z +(z/ _Z”)Z et

(2.48)
= f(‘xu’yu’zu’tu)
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Using the approximate position location (%,, ,,2,) and time bias estimate 7,
an approximate pseudorange can be calculated:

b=\l -2 b0 ) e -2 e,

o (2.49)
= f(xu’yu’zu’tu)

As stated above, the unknown user position and receiver clock offset is con-
sidered to consist of an approximate component and an incremental component:

x, =%x,+Ax,

Yo =3+ DY,

2 =% +Az, (2.50)
t, =t +At,

Therefore, we can write
f (xui yu’ zu’ tu) = f("%u +Axu’ 5’% +Ay1¢’ 214 +Azu’ fu +Atu)

This latter function can be expanded about the approximate point and associ-
ated predicted receiver clock offset (%,, 9.-2,1,) using a Taylor series:

f(jeu-i_Axu’j\’u-}_Ayu’éu+Azu’£u+Atu):f(5eu’ j)uﬂéu’iu)-i_ af\ Axu+
X
R R . ! (2.51)
of (%5 V> 2> L, of (%5 > 2> L, If (X5 Vs Zus L
f(, yA )Ayu+ f yA )Azu+ f yA )Atu+
9y, oz, oz,

The expansion has been truncated after the first-order partial derivatives to
eliminate nonlinear terms. The partial derivatives evaluate as follows:

o (%, > 2.5

fu) X, —X

0x,,

o (2, 3> 2>

214) yf_j;u

9,
o (£, 9,5 £

£,) z -2,

0z,
o (%, 9> 2.

£,)

57

where

(2.52)
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x'_xu '_Au z_zu
p' = ﬁ _+Axu - y7 ~ y Ayu - A Azu +Ctu (2.53)
o 7 7

We have now completed the linearization of (2.48) with respect to the un-
knowns Ax,, Ay,, Az,, and At,. (It is important to remember that we are neglecting
secondary error sources such as Earth rotation compensation, measurement noise,
propagation delays, and relativistic effects, which are treated in detail in Section
10.2.)

Rearranging the above expression with the known quantities on the left and
unknowns on right yields

A A

X, —Xx, _—Au 2. —Z,
ﬁ/ _p/ = %Axu + y7 A Y Ayu + : A Azu _Ct” (2'54)
T 7 7;

i

For convenience, we will simplify the above equation by introducing new vari-
ables where

Ap:ﬁ/_p,
X, — X
a,=—"——
f
Y, =Y. 2.55
ay/=/T ( )
A
z2, -2
a, =—1—-="

The a,, ay, and a,; terms in (2.55) denote the direction cosines of the unit
vector pointing from the approximate user position to the jth satellite. For the jth
satellite, this unit vector is defined as

a; = (a,,a,,a,)

Equation (2.54) can be rewritten more simply as

Ap, =a Ax, +a Ay, +a,;Az, —cAt,
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We now have four unknowns: Ax,, Ay,, Az,, and At,, which can be solved for
by making ranging measurements to four satellites. The unknown quantities can be
determined by solving the set of linear equations next:

Apl = axlA‘xu + aylAyu + azlAzu - CAt
Ap, =a,Ax,+ a},ZAyM +a,Az, —cAt,
ApS = ax3Axu + ay3Ayu + az3Azu - CAt (2.56)

u

u

u

Ap4 = ax4Axu + ay4Ay14 + az4Azu - CAt

These equations can be put in matrix form by making the definitions

Ap, Ay y a1 Ax,
Ap = Ap, H= Ay yy 1 Ax = Ay,

Ap, a a1 Az,

Ap, Ay dy,a,l —cAt,

One obtains, finally,
Ap = HAx (2.57)
which has the solution
Ax=H"'Ap (2.58)

Once the unknowns are computed, the user’s coordinates x,, y,,, 2, and the re-
ceiver clock offset #, are then calculated using (2.50). This linearization scheme will
work well as long as the displacement (Ax,, Ay,, Az,) is within close proximity of
the linearization point. The acceptable displacement is dictated by the user’s accu-
racy requirements. If the displacement does exceed the acceptable value, the above
process is reiterated with p being replaced by a new estimate of pseudorange based
on the calculated point coordinates x,, y,, and z,. In actuality, the true user-to-
satellite measurements are corrupted by uncommon (i.e., independent) errors such
as measurement noise, deviation of the satellite path from the reported ephemeris,
and multipath. These errors translate to errors in the components of vector Ax, as
shown here:

e. = H'e (2.59)

X meas

where €, is the vector containing the pseudorange measurement errors and e_ is the
vector representing errors in the user position and receiver clock offset.

The error contribution e _can be minimized by making measurements to more
than four satellites, which will result in an overdetermined solution set of equations
similar to (2.57). Each of these redundant measurements will generally contain in-

dependent error contributions. Redundant measurements can be processed by least
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squares estimation techniques that obtain improved estimates of the unknowns.
Various versions of this technique exist and are usually employed in today’s receiv-
ers, which generally employ more than four user to-satellite measurements to com-
pute user position, velocity, and time (PVT). Appendix A provides an introduction
to least squares techniques.

2.6 Obtaining User Velocity

GNSS provides the capability for determining three-dimensional user velocity,
which is denoted u. Velocity can be estimated by forming an approximate deriva-
tive of the user position, as shown here:

du _ u(tZ)_u(tl)

dt t, —t,

This approach can be satisfactory provided the user’s velocity is nearly constant
over the selected time interval (i.e., not subjected to acceleration or jerk) and if the
errors in the positions u(t,) and u(#,) are small relative to difference u(z,) — u(z;).

In most GNSS receivers, velocity measurements are made by processing carrier-
phase measurements, which enable precise estimation of the Doppler frequency of
the received satellite signals. The Doppler shift is produced by the relative motion
of the satellite with respect to the user. The satellite velocity vector v is computed
using ephemeris information and an orbital model that resides within the receiver.
Figure 2.28 is a curve of received Doppler frequency as a function of time measured
by a user at rest on the surface of the Earth from a GNSS satellite. The received fre-
quency increases as the satellite approaches the receiver and decreases as it recedes
from the user. The reversal in the curve represents the time when the Doppler shift
is zero and occurs when the satellite is at its closest position relative to the user. At

f+ Af

f— Af

Figure 2.28 Received Doppler frequency by user at rest on Earth’s surface.
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this point, the radial component of the velocity of the satellite relative to the user
is zero. As the satellite passes through this point, the sign of Af changes. At the
receiver antenna, the received frequency, fg, can be approximated by the classical
Doppler equation as follows:

fo = fr (1 na) 'a)] (2.60)

c

where fr is the transmitted satellite signal frequency, v, is the satellite-to-user rela-
tive velocity vector, a is the unit vector pointing along the line of sight from the user
to the satellite, and c is the speed of propagation. The dot product v, - a represents
the radial component of the relative velocity vector along the line of sight to the
satellite. Vector v, is given as the velocity difference

v, =v-1u (2.61)

where v is the velocity of the satellite and u is the velocity of the user, both refer-
enced to a common ECEF frame. The Doppler offset due to the relative motion is
obtained from these relations as

o =fo fr=p, 02

Cc

For example, at the GPS L1 frequency, 1,575.42 MHz, the maximum Doppler
frequency for a stationary user on the Earth is approximately 4 kHz corresponding
to a maximum line-of-sight velocity of approximately 800 m/s.

There are several approaches for obtaining user velocity from the received
Doppler frequency. One technique is described herein. This technique assumes that
the user position u has been determined and its displacement (Ax,, Ay, Az,) from
the linearization point is within the user’s requirements. In addition to computing
the three-dimensional user velocity u = (x,, y,, 2,), this particular technique de-
termines the receiver clock drift #,.

For the jth satellite, substituting (2.61) into (2.60) yields

o sy ]

The satellite transmitted frequency fr; is the actual transmitted satellite
frequency.

As stated in Section 2.7.1.5, satellite frequency generation and timing is based
on a highly accurate free-running AFS, which is typically offset from system time.
Corrections are generated by the ground control/monitoring network periodically
to correct for this offset. These corrections are available in the navigation message
and are applied within the receiver to obtain the actual satellite transmitted fre-
quency. Hence,



2.6 __Obtaining User Velocity 75

ij = fo + AfT/' (2.63)

where f; is the nominal transmitted satellite frequency (i.e., L1) and Afy; is the cor-
rection determined from the navigation message update.

The measured estimate of the received signal frequency is denoted f; for the
signal from the jth satellite. These measured values are in error and differ from the
fr; values by a frequency bias offset. This offset can be related to the drift rate #, of
the user clock relative to system time. The value ¢, has the units seconds/second and
essentially gives the rate at which the user’s clock is running fast or slow relative to
system time. The clock drift error, f;, and fg; are related by the formula

fo = 1 +1,) (2.64)

where £, is considered positive if the user clock is running fast. Substitution of
(2.64) into (2.62), after algebraic manipulation, yields

cfit,

fr;

C( f, - fT,')
f;

+v,ra;,=u-a, -

Expanding the dot products in terms of the vector components yields

C( f/ - fT/) _ . . Cf/'iu
—_—+t vx/.ax/ + Uy/'dyi + vzf.az/. = xuax/. + yuay/. + zuazi _f_
fT/‘ Tj

(2.65)

where v; = (v, vy, V), @ = (ay), 4y @), and 0 = (%, y,, £,). All of the variables
on the left side of (2.65) are either calculated or derived from measured values. The
components of a; are obtained during the solution for the user location (which is as-

sumed to precede the velocity computation). The components of v; are determined
from the ephemeris data and the satellite orbital model. The f; can be estimated
using (2.63) and the frequency corrections derived from the navigation updates.
(This correction, however, is usually negligible and fr; can normally be replaced by
fo-) The f; can be expressed in terms of receiver measurements of delta range (see
Chapter 8 for a more detailed description of receiver processing). To simplify the

above equation, we introduce the new variable d;, defined by

o f, - fr)
i /f - TV 4y T U,a, VA, (266)
Tj

d

The term f; /f7; on the right side in (2.66) is numerically very close to 1, typically
within several parts per million. Little error results by setting this ratio to 1. With
these simplifications, (2.66) can be rewritten as

d=x,a,+y,a,+z.a, —ct

u"zj u
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We now have four unknowns: u = x,, y,, 2,,f, which can be solved by using
measurements from four satellites. As before, we calculate the unknown quanti-
ties by solving the set of linear equations using matrix algebra. The matrix/vector

scheme is
d, Ay Ay a1 X,
d _ dz H _ axl ayZ azZ 1 g _ 5114
d3 ax3 ayS azS 1 zu
d4 g Ayy Ay 1 —ct,

Note that H is identical to the matrix used in Section 2.5.2 in the formulation
for the user position determination. In matrix notation,

d=Hg
and the solution for the velocity and time drift are obtained as
g=H'd

The phase measurements that lead to the frequency estimates used in the veloc-
ity formulation are corrupted by errors such as measurement noise and multipath.
Furthermore, the computation of user velocity is dependent on user position ac-
curacy and correct knowledge of satellite ephemeris and satellite velocity. The re-
lationship between the errors contributed by these parameters in the computation
of user velocity is similar to (2.57). If measurements are made to more than four
satellites, least squares estimation techniques can be employed to obtain improved
estimates of the unknowns.

2.7 Frequency Sources, Time, and GNSS

Various types of frequency sources are used within GNSS. These range from low-
cost quartz crystal oscillators within user equipment to highly accurate atomic fre-
quency standards (AFSs) onboard the satellites as well as at various ground control
segment components. Each individual SATNAYV system time is based on an ensem-
ble of some or all of these AFSs that are contained within that particular system.
When combined with a time scale based on astronomical observations, a version of
UTC is formed. Most civil and military applications use a version of UTC for their
timekeeping needs.

2.7.1 Frequency Sources
2.7.1.1 Quartz Crystal Oscillators

The fundamental concept of a quartz crystal oscillator is that the crystal behaves
like a tuned circuit due to its physical characteristics. This is depicted in Figure
2.29 where Branch 1 represents the crystal and C; represents the capacitance in



2.7 _Frequency Sources, Time, and GNSS 77

1 I I
™ C,
Branch 1
Schematic Symbol Equivalent

Figure 2.29 Crystal equivalent circuit. (From: [36].© Keysight Technologies, Inc. May 1997. Repro-
duced with permission, courtesy of Keysight Technologies.)

the wire leads and the crystal holder [36]. From [37], “a quartz crystal has piezo-
electric characteristics. That is, the crystal strains (expands or contracts) when a
voltage is applied. When the voltage is removed or reversed in polarity, the strain is
reversed.” When placed into a circuit shown in Figure 2.30 [36], the voltage from
the crystal is amplified and then fed back to the crystal thus creating an oscillating
circuit (i.e., oscillator). The oscillator resonance frequency is determined by the rate
of crystal expansion and contraction. This resonance frequency is a function of the
crystal physical characteristics. Note that the oscillator output frequency can be the
fundamental crystal resonance frequency or at or near a harmonic of the funda-
mental frequency denoted as an overtone [36]. As stated in [36], the vibration setup
in the quartz crystal may produce both harmonic and nonharmonic signals and
overtones. The harmonic overtones are desirable since they allow the production
of higher-frequency crystal resonators using essentially the same crystal cut. How-
ever, nonharmonic overtones are undesirable as they may lead to the generation of
unwanted signals at frequencies spaced close to the one desired [36]. Most high-
stability oscillators use either the third or fifth overtone frequency to achieve a high
Q. (It is sometime difficult to tune the circuit with overtones higher than five.) The
ratio of the resonance frequency to the bandwidth of which the circuit will oscillate
is denoted as the quality factor, Q. A typical quartz oscillator Q ranges from 10% to

Feedback

Figure 2.30 Simplified amplifier feedback (oscillator) circuit using a crystal resonator. (From:
[36]. © Keysight Technologies, Inc. May 1997. Reproduced with permission, courtesy of Keysight
Technologies.)
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106, whereas for highly stable oscillators, the maximum Q = 1.6 x 107/f, where f is
the resonance frequency in megahertz [37].

All crystal oscillators undergo aging, which is a gradual change in frequency
over many days or months. At a constant temperature, aging has an approximately
logarithmic dependence on time. The aging rate is highest when it is first turned on.
When the temperature is changed, a new aging cycle starts. The primary causes of
aging are stress relief in the crystal’s mounting structure, mass transfer to or from
the crystal’s surface due to adsorption or desorption of contamination, changes
in the oscillator circuitry, and impurities and strains in the quartz material. Most
manufacturers pre-age their crystals by placing their crystals in a high temperature
oil bath for a number of days.

The frequency of a crystal is inversely proportional to its thickness. A typical
5-MHz crystal is on the order of 1 million atomic layers thick. The adsorption or
desorption of contamination equivalent to the mass of one atomic layer of quartz
changes the frequency by about 1 part per million (ppm). In order to achieve low
aging, crystals must be hermetically sealed in an ultra-clean, high-vacuum environ-
ment. The aging rates of typical commercially available crystal oscillators range
from 5 ppm to 10 ppm per year for an inexpensive XO (crystal oscillator) to 0.5
ppm per year for a temperature compensated crystal oscillator (TCXO) and to 0.05
ppm per year for an oven controlled crystal oscillator (OCXO). The highest preci-
sion OCXOs can age a few parts in 1012 per day or less than 0.01 ppm per year.

Causes of short-term instabilities include temperature fluctuations, Johnson
noise in the crystal, random vibration, noise in the oscillator circuitry, and fluctua-
tions at various resonator interfaces. Long-term performance is limited primarily
by temperature sensitivity and aging. In a properly designed oscillator, the resona-
tor is the primary noise source close to the carrier and the oscillator circuitry is
the primary source far from the carrier. The noise close to the carrier has a strong
inverse relationship to the resonator Q. Optimum low noise performance is only
achievable in a vibration-free laboratory environment [38, 39].

The Allan variance, 0,(t), is the standard method for describing short-term sta-
bility of oscillators in the time domain. It is a measurement of the frequency jitter
over short periods of time, normally from 1 microsecond to 1,000 seconds. Stabil-
ity specifications for time periods greater than 1,000 seconds are usually consid-
ered long-term stability measurements. For the Allan variance method, fractional
frequencies, y = Af/f, are measured over a time interval, 7. The differences between
successive pairs of measurements of y, (y,.1 — ¥;), are squared and one-half of the
time average of their sum is calculated over the sampling period.

Oi (v)= Li‘,(ylm ~ Vi )2
2m

]

The classical variance diverges for some commonly observed noise processes
such as the random walk where the variance increases with an increasing number of
data points. However, the Allan variance converges for all noise processes observed
in precision oscillators. Figure 2.31 displays time-domain stability for a typical
precision oscillator. For 0,(t) to properly measure random frequency fluctuations,
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Figure 2.31 Time-domain stability.

aging must be subtracted from the data for long sample times. Appendix B provides
additional details on the Allan variance and other measures of frequency stability.

The frequency versus temperature characteristics of crystal oscillators do not
repeat exactly upon temperature cycling. For a TCXO, this thermal hysteresis is the
difference between the frequency versus temperature characteristics for increasing
temperatures and decreasing temperatures. Hysteresis is the major factor limiting
the stability of TCXOs. Typical values range from 0.1 ppm to 1 ppm when the
temperature cycling ranges are 0°C to 60°C and -55°C to 85°C. For an OCXO,
the lack of repeatability is called “retrace” and is defined as the nonrepeatability of
the frequency versus temperature characteristic at the oven temperature when it is
cycled on and off. Retrace limits the achievable accuracy in applications where the
OCXO is on/off cycled. Typical specifications, after a 24-hour off-period at 25°C,
range from 1 X 107 to 2 x 10-8. Low-temperature storage during the off-period
and extending the off-period usually make the retrace worse.

2.7.1.2 TCXO

In a TCXO, a control network, composed of a temperature sensor (thermistor) and
a varactor, is used to counteract the temperature-induced frequency change of the
crystal. In contrast to the OCXO, the power consumption is very low (several mil-
liwatts), which makes the TCXO attractive for handheld receivers, while the stabil-
ity is relatively high. Furthermore, TCXOs are preferred to OCXOs in applications
where a warm-up period is unacceptable. For a TCXO, the only warm-up time is
the time required for the components to reach thermal equilibrium. As stated previ-
ously, TCXOs exhibit thermal hysteresis causing the frequency to jump when first
started up. Keeping the TCXO biased would eliminate this effect. TCXOs provide
a 20 times improvement in the crystal’s frequency variation versus temperature in
comparison to noncompensated oscillators [40]. TCXOs have improved in recent
years to the point where they have comparable performance to oven-stabilized os-
cillators at lower cost and in smaller packages.



