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Foreword


This book is based on lectures which the author gave for graduate students of Charles 
University (Prague, Czech Republic) in autumn 2003 [779]. 

We hope this book will assist young (and not so young) mathematicians who would 
like to start their own research on the topic of quasigroup theory and especially on its 
applications. 

In Chapters 1–4 a sufficiently elementary introduction to the theory of quasigroups and 
main classes of quasigroups is given. In Chapters 5–9 some results obtained mainly in the 
last twenty years in the branch of “pure” quasigroup theory are presented. In Chapters 10 
and 11 information on applications of quasigroups in code theory and cryptology is collected. 

Therefore it is possible to divide this book into three parts: Foundations, Theory, and 
Applications. 

Chapter 1 “Elements of Quasigroup Theory” gives a short, somewhat “elementary” 
from the point of view of an “advanced” algebraist, and in some places only the outlined, 
introduction to quasigroup theory. In this chapter we try to demonstrate to the reader that 
there is no essentially big difference between binary and n-ary objects and that the “work” 
with an n-ary object is quite similar to the work with a binary object. 

As it seems to the author, this introductory chapter is written in the spirit of Belousov 
quasigroup school: that is, attention is given especially to algebraic questions concerning 
quasigroup theory. 

The author hopes that many questions which mainly concern loop theory will be dis­
cussed in more detail in other books. 

We hope that this chapter will be comprehensible to undergraduate students (both for 
independent study and also for study with a teacher). 

In writing this chapter, the author has tried also to take into consideration possible 
needs and interests of engineers, mathematicians who are non-algebraists and physicists 
who would like to use quasigroups in coding theory, cryptology, physics or in some other 
“suitable places” for application of quasigroups. 

Notice, the theory of quasigroups is in the process of rapid growth and even the foun­
dations of quasigroup theory are being changed quite quickly. 

Most applications of quasigroups are connected with the fact that quasigroups often 
have some kind of inverse property and/or that they, like semigroups, are a generalization 
of the concept of a group. 

Readers can find more detailed introductions to quasigroup theory in the books 
of V.D. Belousov [72, 80], H.O. Pflugfelder [685], and J.D.H. Smith [819]. See, also, 
[173, 201, 865]. Smooth quasigroups and loops are studied in [654, 727], and topological 
algebraic systems, including topological quasigroups, in [205]. 

Good introductions to the theory of Latin squares and applications can be found in 
[240, 490, 559, 86]. 

In Chapter 2 “Some Quasigroup Classes” information about the most researched qua­
sigroup classes is included. A big part of this information is well known but there are some 
new results, too. 

Chapter 3 is based on information from joint articles of A.D. Keedwell and 
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V.A. Shcherbacov concerning properties of some new classes of inverse quasigroups 
[486, 487, 488, 489]. There exists a sufficient basis to expect that quasigroups with these 
inverse properties will be applicable in cryptology. 

In Chapter 4 relatively new “autotopical” approach to the nuclei and center of a quasi-
group is presented. 

Chapter 5 contains solutions of two problems from V.D. Belousov’s book [72]. 
In Chapter 6 information on properties (direct decompositions, simple objects, loop 

isotopes) of finite left and right F-, E-, and SM-quasigroups is presented. The solutions of 
“1a” Belousov problem [72] and two problems of Kinyon and Phillips [520] are obtained as 
corollaries. 

Chapter 7 contains a theorem that is a generalization of the classical Murdoch Theorem 
[646] on the structure of binary finite medial quasigroups. Simple n-ary medial quasigroups 
are also described. 

In Chapter 8 information on automorphisms of binary and n-ary (mainly linear) quasi­
groups is given. 

Chapter 9 contains a quite new approach and results concerning orthogonality of binary 
quasigroups. See, also [643, 213]. Various applications of the property of orthogonality of 
quasigroups and groupoids are described in books by J. Denes and A.D. Keedwell [240, 241, 
243]. 

In Chapter 10 an n-ary quasigroup approach to codes with one check symbol is devel­
oped. This part is based on joint articles of G.L. Mullen and V.A. Shcherbacov [641, 642]. 
Information on quasigroup-based recursive MDS codes is mainly taken from [371]. 

Results on applications of quasigroups in cryptology are presented in Chapter 11. 
The Appendix contains short historical data on quasigroup theory and information about 

the 20 Belousov problems [72] (formulations, information about solutions and names of 
solvers). 

All theorems, corollaries, lemmas, remarks and formulas are identified by two numbers, 
the first of which specifies the chapter number. In compiling of the list of references, we tried 
to use mainly readily available sources. To make reading of this book more comfortable, we 
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explicit and implicit forms. 
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Foreword xvii 

This book was approved for publication by the Scientific Council of the 
Institute of Mathematics and Computer Science of the Academy of Sciences of 
Moldova. 

2010 Mathematics Subject Classification.

Primary: 20N05 (Loops, quasigroups);

20N15 (n-ary systems).

Secondary:

20N02 (Sets with a single binary operation (groupoids));

05B15 (Orthogonal arrays, Latin squares, Room squares)

94B05 (Linear codes, general);

94A60 (Cryptography);

94A62 (Authentication and secret sharing).


Reviewer: Vladimir Arnautov, Doctor Habilitatus in Physics and Mathematics, Aca­
demician of the Academy of Sciences of Republic Moldova. 



http://taylorandfrancis.com


List of Figures


1.1 Graph of quasigroup pQ, ̋ q and the respective Latin square. . . . . . . . . 102

1.2 Graph of quasigroup Q, and of the respective Latin square. . . . . . . . 103
p ¨q
1.3 Graph of middle translations of the group Z4. . . . . . . . . . . . . . . . . 104

1.4 Graph of middle translations of Klein group K4. . . . . . . . . . . . . . . . 105


2.1 The Fano plane. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160


9.1 4-net of order four. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 426


xix 



http://taylorandfrancis.com


List of Tables


1.1 Translations of quasigroup parastrophes. . . . . . . . . . . . . . . . . . . . 13

1.2 Local identity elements of parastrophic quasigroups. . . . . . . . . . . . . 22

1.3	 Translations of quasigroup isostrophes. . . . . . . . . . . . . . . . . . . . . 49

1.4	 Connections between components of A-nuclei by isostrophy. . . . . . . . . 61

1.5	 Connections between components of A-pseudo-automorphisms by isostro­


phy. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62


4.1	 Components of loop nuclei at isostrophy. . . . . . . . . . . . . . . . . . . . 222


10.1	 Error types and their frequencies [752]. . . . . . . . . . . . . . . . . . . . . 440


xxi 



http://taylorandfrancis.com


Part I


Foundations


1




http://taylorandfrancis.com


Chapter 1


Elements of quasigroup theory 

1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.1.1 The role of definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.1.2 Sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.1.3 Products and partitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.1.4 Maps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6


1.2 Objects . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.2.1 Groupoids and quasigroups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.2.2 Parastrophy: Quasigroup as an algebra . . . . . . . . . . . . . . . . . 11


1.2.2.1 Parastrophy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

1.2.2.2 Middle translations . . . . . . . . . . . . . . . . . . . . . . . . 12

1.2.2.3 Some groupoids . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

1.2.2.4 Substitutions in groupoid identities . . . . . . . 15

1.2.2.5 Equational definitions . . . . . . . . . . . . . . . . . . . . . . 15


1.2.3 Some other definitions of e-quasigroups . . . . . . . . . . . . . . . . . 18

1.2.4 Quasigroup-based cryptosystem . . . . . . . . . . . . . . . . . . . . . . . . . 20

1.2.5 Identity elements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21


1.2.5.1 Local identity elements . . . . . . . . . . . . . . . . . . . . 21

1.2.5.2	 Left and right identity elements . . . . . . . . . . . 21

1.2.5.3	 Loops . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

1.2.5.4	 Identity elements of quasigroup


parastrophes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

1.2.5.5	 The equivalence of loop definitions . . . . . . . . 22

1.2.5.6	 Identity elements in some quasigroups . . . . 23

1.2.5.7	 Inverse elements in loops . . . . . . . . . . . . . . . . . . 24


1.2.6 Multiplication groups of quasigroups . . . . . . . . . . . . . . . . . . . . 24

1.2.7 Transversals: “Come back way” . . . . . . . . . . . . . . . . . . . . . . . . . 26

1.2.8 Generators of inner multiplication groups . . . . . . . . . . . . . . . 27


1.3 Morphisms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

1.3.1 Isotopism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

1.3.2 Group action . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

1.3.3 Isotopism: Another point of view . . . . . . . . . . . . . . . . . . . . . . . 33

1.3.4 Autotopisms of binary quasigroups . . . . . . . . . . . . . . . . . . . . . 34

1.3.5 Automorphisms of quasigroups . . . . . . . . . . . . . . . . . . . . . . . . . . 38

1.3.6 Pseudo-automorphisms and G-loops . . . . . . . . . . . . . . . . . . . . 38

1.3.7 Parastrophisms as operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

1.3.8 Isostrophism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

1.3.9 Autostrophisms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45


1.3.9.1 Coincidence of quasigroup parastrophes . . . 45

1.3.10 Inverse loops to a fixed loop . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

1.3.11 Anti-autotopy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

1.3.12 Translations of isotopic quasigroups . . . . . . . . . . . . . . . . . . . . . 48


1.4 Sub-objects . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51


3 



4	 Elements of Quasigroup Theory and Applications 

1.4.1 Subquasigroups: Nuclei and center . . . . . . . . . . . . . . . . . . . . . . 51

1.4.1.1	 Sub-objects . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

1.4.1.2	 Nuclei . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

1.4.1.3	 Center . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52


1.4.2 Bol and Moufang nuclei . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

1.4.3 The coincidence of loop nuclei . . . . . . . . . . . . . . . . . . . . . . . . . . . 54


1.4.3.1	 Nuclei coincidence and identities . . . . . . . . . . 56

1.4.4 Quasigroup nuclei and center . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57


1.4.4.1	 Historical notes . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

1.4.4.2	 Quasigroup nuclei . . . . . . . . . . . . . . . . . . . . . . . . . . 57

1.4.4.3	 Quasigroup center . . . . . . . . . . . . . . . . . . . . . . . . . . 58


1.4.5 Regular permutations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

1.4.6 A-nuclei of quasigroups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

1.4.7 A-pseudo-automorphisms by isostrophy . . . . . . . . . . . . . . . . . 60

1.4.8 Commutators and associators . . . . . . . . . . . . . . . . . . . . . . . . . . . 62


1.5 Congruences . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

1.5.1 Congruences of quasigroups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63


1.5.1.1	 Congruences in universal algebra . . . . . . . . . . 63

1.5.1.2	 Normal congruences . . . . . . . . . . . . . . . . . . . . . . . . 64


1.5.2 Quasigroup homomorphisms . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

1.5.3 Normal subquasigroups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

1.5.4 Normal subloops . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

1.5.5 Antihomomorphisms and endomorphisms . . . . . . . . . . . . . . . 68

1.5.6 Homotopism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

1.5.7 Congruences and isotopism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

1.5.8 Congruence permutability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72


1.6 Constructions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

1.6.1 Direct product . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

1.6.2 Semidirect product . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

1.6.3 Crossed (quasi-direct) product . . . . . . . . . . . . . . . . . . . . . . . . . . 75

1.6.4 n-Ary crossed product . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

1.6.5 Generalized crossed product . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

1.6.6 Generalized singular direct product . . . . . . . . . . . . . . . . . . . . . 76

1.6.7 Sabinin’s product . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78


1.7 Quasigroups and combinatorics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

1.7.1 Orthogonality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79


1.7.1.1	 Orthogonality of binary operations . . . . . . . . 79

1.7.1.2	 Orthogonality of n-ary operations . . . . . . . . . 81

1.7.1.3	 Easy way to construct n-ary orthogonal


operations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

1.7.2 Partial Latin squares: Latin trades . . . . . . . . . . . . . . . . . . . . . . 83

1.7.3 Critical sets of Latin squares, Sudoku . . . . . . . . . . . . . . . . . . . 85

1.7.4 Transversals in Latin squares . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

1.7.5 Quasigroup prolongations: Combinatorial aspect . . . . . . . 87


1.7.5.1	 Bruck-Belousov prolongation . . . . . . . . . . . . . . 87

1.7.5.2	 Belyavskaya prolongation . . . . . . . . . . . . . . . . . . 90

1.7.5.3	 Algebraic approach . . . . . . . . . . . . . . . . . . . . . . . . 91

1.7.5.4	 Prolongation using quasicomplete


mappings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

1.7.5.5	 Two-step mixed procedure . . . . . . . . . . . . . . . . . 95

1.7.5.6	 Brualdi problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96




5 Elements of quasigroup theory 

1.7.5.7 Contractions of quasigroups . . . . . . . . . . . . . . . 97

1.7.6 Orthomorphisms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

1.7.7 Neo-fields and left neo-fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

1.7.8 Sign of translations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

1.7.9 The number of quasigroups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

1.7.10 Latin squares and graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

1.7.11 Orthogonal arrays . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104


1.1 Introduction 

1.1.1 The role of definitions 

In this section we adopt some remarks from the books [334, 422, 296]. 
In mathematics one should strive to avoid ambiguity. A very important ingredient of 

mathematical creativity is the ability to formulate useful definitions, ones that will lead to 
interesting results. 

Every definition is understood to be an “if and only if”type of statement, even though 
it is customary to suppress the only if. Thus one may define: “A triangle is isosceles if it 
has two sides of equal length”, really meaning that a triangle is isosceles if and only if it 
has two sides of equal length. 

The basic importance of definitions to mathematics is also a structural weakness because 
not every concept used can be defined. 

1.1.2 Sets 

A set is well-defined collection of objects. We summarize briefly some of the things about 
sets we shall take for granted. 

1. A set S is made up of elements, and if a is one of these elements, we shall denote 
this fact by a P S. The order of elements in the set S is not taken into consideration, i.e., 
S “ ta, bu “ tb, a .u

2. There is exactly one set with no elements. It is the empty set and is denoted by ∅. 
3. We may describe a set either by giving a characterizing property of the elements, 

such as “the set of all members of the United State Senate”, or by listing the elements, for 
example, t1, 3, 4 is a set. u

4. A set is well defined, meaning that if S is a set and a is some object, then either a 
is definitely in S, denoted by a P S, or a is definitely not in S, denoted by a R S. Thus 
one should never say “Consider the set S of some positive numbers”, for it is not definite 
whether 2 P S or 2 R S. 

1.1.3 Products and partitions 

Definition 1.1. The Cartesian product of sets S1, S2, . . . , Sn is the set of all ordered n-
tuples pa1, a2, . . . , anq, where ai P Si. 

The Cartesian product is denoted by either S1 ˆ S2 ˆ ˆ Sn or by ¨ ¨ ¨ 
n 

ź 

Si. 
i“1 
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If S1 “ S2 “ ¨ ¨ ¨ “ Sn “ S, then we have S ˆ S ˆ ¨ ¨ ¨ ˆ S “ Sn “ tpa1, a2, . . . , anq | ai P Su
(the n-th power of the set S). 

A binary relation on a set Q is any subset of the set Q ˆ Q, a ternary relation is any 
subset of the set Q ˆQ ˆQ, and an n-ary relation is any subset of the set Qn . 

If ϕ and ψ are binary relations on Q, then their product is defined in the following 
way: pa, bq P ϕ ˝ ψ if there is an element c P Q such that pa, cq P ϕ and pc, bq P ψ. If ϕ is 
a binary relation on Q, then ϕ´1 “ tpy, xq | px, yq P ϕu. The operation of the product of 
binary relations is associative [211, 678, 813, 711]. 

Definition 1.2. A partition of a set is a decomposition of the set into cells such that every 
element of the set is in exactly one of the cells. Two cells (or sets) having no elements in 
common are disjoint. 

Let a b denote that a is in the same cell as b for a given partition of a set containing „
both a and b. Clearly the following properties are always satisfied: a a; if a b, then „ „
b a; if a b and b c, then a c, i.e., if a is in the same cell as b and b is in the same „ „ „ „
cell as c, then a is in the same cell as c. 

Theorem 1.3. Let S be a nonempty set and let be a relation between elements of S that 
satisfies the following properties: 

„ 

1. (Reflexive) a a for all a P S. 
2. (Symmetric) If 

„
a b, then b a. 

3. (Transitive) If a 
„
b and b 

„
c, then a c. „ „ „ 

Then yields a natural partition of S, where ¯ S x a is the cell containing „ a “ tx P | „ u 
a for all a P S. Conversely, each partition of S gives rise to a natural relation satisfying „ 

¯the reflexive, symmetric, and transitive properties if a b is defined to mean that a P b. „ 

Definition 1.4. A relation on a set S satisfying the reflexive, symmetric, and transitive „
properties is an equivalence relation on S. Each cell ā in the natural partition given by an 
equivalence relation is an equivalence class. 

1.1.4 Maps 

One of the truly universal concepts that arises in almost every part of mathematics is 
that of a function or a mapping from one set to another. One can safely say that there is 
no part of mathematics where the notion arises or plays a central role. 

The definition of a function from one set to another can be given in a formal way in 
terms of a subset of the Cartesian product of these sets (i.e., in terms of binary relations). 
Instead, here, we shall give an informal and admittedly nonrigorous definition of a mapping 
(function) from one set to another. 

Definition 1.5. Let S, T be sets; a function or mapping f from S to T is a rule that assigns 
a unique element t P T to each element s P S. 

Definition 1.6. The mapping f : S Ñ T is onto or surjective if every t P T is the image 
of some s P S under f ; that is, if and only if, given t P T , there exists at least one s P S 
such that t “ f s .p q

Definition 1.7. A mapping f : S Ñ T is said to be one-to-one (written 1-1) or injective if 
for s1 ‰ s2 in S, fps1q ‰ fps2q in T . Equivalently, f is 1-1 if fps1q “ fps2q implies s1 “ s2. 
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Definition 1.8. A mapping f : S Ñ T is said to be a 1-1 correspondence or bijection if f 
is both 1-1 and onto (i.e., f is both injective and surjective). 

Remark 1.9. Mainly we shall use the following order of multiplication (of composition) of 
maps: αβ x β x , where α, β are maps. Cases when other orders of multiplication “ αp qp q p p qq
of maps are used, are also specified. 

Lemma 1.10. Let f : A Ñ B be a map of non-empty sets. Then 

(i) the map f is injective if and only if there exists a map g : B Ñ A such that gf “ 1A; 
(ii) the map f is surjective if and only if there exists a map g : B A such that Ñ

fg “ 1B; 
(iii) the map f is bijective if and only if there exists a map g : B Ñ A such that gf “ 1A 

and fg “ 1B [312, 1. Proposition]. 

Here 1A denotes the identity map of the set A. It is clear that any identity map is 
bijective. 

Definition 1.11. Let f : A Ñ B be a map. A left inverse map to the map f is a map 
g : B Ñ A such that gf “ 1A. A right inverse map to the map f is a map h : B Ñ A such 
that fh “ 1B . A left and right inverse map is called an inverse map. 

It is known that if a map has an inverse, it is unique. In general this is not true for left 
or right inverse maps. See Example 1.13. 

Lemma 1.12. 1. Let ϕ : A Ñ B be a map of non-empty sets. Then ϕ is injective if and 
only if ϕ has a left inverse map ´1ϕ. 

2. Let ψ : A Ñ B be a map of non-empty sets. Then ψ is surjective if and only if ψ has 
a right inverse map ψ´1; 

3. Let f : A Ñ B be a map of non-empty sets. Then f is bijective if and only if f has 
an inverse map f´1 [312, 2. Proposition]. 

Example 1.13. Let A “ t1, 2u, B “ ta, b, cu, ϕ “ tp1, aq, p2, bqu. It is clear that the 
mapping ϕ is a 1-1 mapping of A into B. The left inverse mappings to the injection ϕ 
are, for example, the following surjections (B Ñ A): ´1ϕ1 “ tpa, 1q, pb, 2q, pc, 1qu; ´1ϕ2 “ 
tpa, 1q, pb, 2q, pc, 2qu. 

Indeed, ´1ϕ1ϕ 1 “ ´1ϕ1 ϕ 1 “ ´1ϕ1 a “ 1, ´1ϕ1ϕ 2 “ ´1ϕ1 b “ 2; ´1ϕ2ϕ 1p q p p qq p q p q p q p q “ 
´1ϕ1 a “ 1, ´1ϕ2ϕ 2 “ ´1ϕ2 b “ 2. Therefore ´1ϕ1ϕ “ ´1ϕ2ϕ “ 1A.p q p

, 
q
B “ tt, q

p q
, 7, q , 9, t . The mapping ψ is a surjective Let A “ t5, 7, 9u u, ψ “ tp5, tq p q p qu

mapping of A onto B. It is easy to check that the mapping ψ´1 “ tpt, 5q, pq, 7qu is an injective 
mapping. Indeed, ψ ψ´1 t “ ψ 5 “ t, ψ ψ´1 q “ ψ 7 “ q. Therefore ψψ´1 “ 1B .p p qq p q p p qq p q

Lemma 1.14. Let µ and ν be some maps of a non-empty set Q. If the product µν of the 
maps is a bijective map of the set Q, then the map ν is injective and the map µ is surjective. 

Proof. If µν “ α, where α is a bijection of the set Q, then α´1µ ν “ 1Q. Then by p q
Lemma 1.10, the map α´1µ is surjective and the map ν is injective. Therefore, the map µ 
is surjective, since the map α´1 is a bijective map. 

Recall, any mapping of a non-empty set Q into itself can be considered as a binary 
relation defined on the set Q. In this case, multiplication of mappings is a special case of 
the operation of multiplication of binary relations. 
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Lemma 1.15. If Q is a finite set, then: 

1. any injective (x ‰ y ñ ϕx ‰ ϕy) map ϕ on this set (ϕpQq Ď Q) is a bijective map; 
2. any surjective map ψ of this set into itself (ψ Q “ Q) is a bijective map [538, p q

Theorem 3, p. 45]. 

Proof. Case 1. First of all we re-write implication (x ‰ y ñ ϕx ‰ ϕy) in the following 
equivalent form: 

ϕx “ ϕy ñ x “ y. (1.1) 

We should prove that the map ϕ is surjective. In other words we should prove that for 
any x P Q there exists an element x1 P Q such that ϕpx1q “ x. 

Let ϕk x ϕk´1 x , k “ 0, 1, . . . , be a sequence of elements of the set Q. Since the “ ϕp q p qp q
set Q is finite, then there exist integers m,n, n ă m, such that ϕm pxq “ ϕn pxq. Applying n 
times the relation (1.1) to the last equality, we obtain the following equality ϕm´n x “ x, 
ϕm´n´1 

p q
ϕ x “ x. Denote the element ϕm´n´1 x by the symbol x1 and finally obtain the p p qq p q
following equality ϕ x1 “ x.p q

Case 2. If the map ψ is surjective, then by Lemma 1.12 there exists a right inverse map 
ψ´1 such that ψψ´1 “ 1Q, i.e., ψψ´1 “ ε, where ε denotes identity permutation of the 
set Q. The fact that the map ψ´1 is injective follows from Lemma 1.14. By Case 1 of this 
Lemma the mapping ψ´1 is bijective. Therefore the mapping ψ is bijective, too. 

We shall consider the set A Q of all bijections of the set Q onto itself. The set A Qp q p q
forms a group relative to “usual” multiplication of these mappings. This group is called the 
symmetric group of degree n and it will be denoted by Sn, if the set Q has finite number n of 
elements. Elements of the group Sn are called permutations of the set Q. In the investigation 
of finite groups and quasigroups, the group Sn and its subgroups play a central role. 

An n-ary operation defined on a non-empty set Q is a map A : Qn Q such that ÝÑ
D A “ Q n, i.e., this map is defined for any n-tuple. The number n is called the “arity” of p q
operation A. If the element c corresponds to the n-tuple b1, b2, . . . , bn , then we shall write p q
this fact in the following form Apb1, b2, . . . , bnq “ c, or in the form A : pb1, b2, . . . , bnq ÞÝÑ c. 

If n “ 2, then the operation A is called a binary operation, if n “ 1, then the operation 
A is called a unary operation. If n “ 0, then the operation A is called a nullary operation. 
A nullary operation is a fixation of an element from the basic set Q [184]. 

k 
Exercise 1.16. On a finite set of order n there exist npn q k-ary operations. For example, 
on the set of order ten, there exist 101000 ternary operations. 

1.2 Objects 

1.2.1 Groupoids and quasigroups 

A binary groupoid G,A is a non-empty set G together with a binary operation A.p q
Many different symbols can be used to denote binary operations, for example, ˝, ‹, ̈ . 

Thus, we can write x ˝ y instead of Apx, yq, and x ‹ y instead of Bpx, yq. 
An n-ary groupoid G,A is a non-empty set G together with an n-ary operation A.p q
There exists a bijection (1-1 correspondence) between the set of all binary (n-ary, for 

fixed n) operations defined on a set Q and the set of all groupoids, defined on the set Q. 
Indeed, A ÐÑ pQ,Aq. 
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A sequence xm, xm`1, . . . , xn, where m,n are natural numbers and m n, will beď
ndenoted by xm, and a sequence x, . . . , x (k times) will be denoted by x k. The expression 

1, n designates the set t1, 2, . . . , n of natural numbers [77].u
We shall say that the operations A and B, which are defined on a set Q, coincide, if 

Apan 
1 q “ Bpan 

1 q for all ai P Q, i P 1, n.
¯̄The order of an n-ary groupoid Q,A is cardinality Q (sometimes denotation Q isp q | |

used) of the carrier set Q. An n-ary groupoid Q, is said to be finite if its order is finite.p ¨q
It is possible to represent a finite n-ary groupoid Q,A (theoretically of any, but prac­p q

ntically, only not a very big size) as a set of -tuples a1, a2, . . . , an, A a .n ` 1p q p p 1 qq
In the binary case it is possible to define a groupoid as a set of triplets. For example, 

the set 
pQ, ̈ q “ tpa, a, aq, pa, b, aq, pa, c, bq, pb, a, bq, pb, b, cq, pb, c, aq, pc, a, cq, 
pc, b, aq, pc, c, bqu 

defines a groupoid with the following multiplication table: 

¨ 
a 
b 
c 

a b c 
a a b 
b c a 
c a b 

where, for example, the triple a, c, b defines the element b “ a c, which appears at thep q ¨ 
intersection of the row headed by a and the column headed by c. This table is called the 
Cayley table of the groupoid pQ, ̈ q, where Q “ ta, b, cu. 

Note 1.17. Usually it is supposed that elements of carried set Q are arranged. So the 
groupoid pQ, ̋ q, which is defined with the help of the following Cayley table, 

c a˝ b 
b c a b 
c a b c 
a a b a 

is equal (as a set of triplets) to the groupoid pQ, ̈ q, but pQ, ̈ q ‰ pQ, ̊ q, where the groupoid 
pQ, ̊ q has the following Cayley table: 

c a˚ b 
b a a b 
c b c a 
a c a b 

A groupoid pQ, ̋ q is called a right quasigroup if, for all a, b P Q, there exists a unique 
solution x P Q to the equation x ˝ a “ b. 

Example 1.18. Examples of right quasigroups. All columns are permutations of the set 
t0, 1, 2 .u

˝ 0 
0 0 

1 
0 

2 
2 

˚ 0 
0 0 

1 
1 

2 
2 

1 1 1 1 1 1 0 1 
2 2 2 0 2 2 2 0 

A groupoid pQ, ̋ q is called a left quasigroup if, for all a, b P Q, there exists a unique 
solution y P Q to the equation a ˝ y “ b. 
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Example 1.19. Examples of left quasigroups. All rows are permutations of the set t0, 1, 2 .u

˝ 0 1 2 

0 1 0 2 
1 0 1 2 
2 2 1 0 

˚ 0 1 2 

0 0 1 2 
1 2 0 1 
2 0 1 2 

A left and right quasigroup is a quasigroup. 

Example 1.20. Example of quasigroup. 

˚ 0 

0 1 

1 

0 

2 

2 
1 0 2 1 
2 2 1 0 

We give a main definition of a quasigroup: 

Definition 1.21. A binary groupoid Q, ̋ q is called a quasigroup if for any ordered pair 
a, bq P Q2 there exist unique solutions 

p
x, y P Q to the equations x ̋ a “ b and a ̋ y “ b [72]. p

Often this definition is called existential. Some equational (using identities) quasigroup 
definitions are given below (Definition 1.54). 

From Definition 1.21 it follows, that any two elements from the triple pa, b, a ̋ bq specify 
the third element in a unique way. Indeed, for any elements a, b there exists a unique element 
a ˝ b. This follows from the definition of operation ˝. 

Elements a, a ̋ b determine the third element in a unique way since there exists a unique 
solution to the equation a ˝ y “ b. 

Elements b, a ˝ b determine the third element in unique way since there exists a unique 
solution to the equation x ̋ a “ b. 

Therefore, it is convenient to define an n-ary quasigroup in the following manner. 

Definition 1.22. An n-ary groupoid Q,A with n-ary operation A such that in the equality p q
Apx1, x2, . . . , xnq “ xn`1 the fact of knowing any n elements of the set tx1, x2, . . . , xn, xn`1u
uniquely specifies the remaining one element is called an n-ary quasigroup [77]. 

If we put n “ 2, then we obtain one more definition of a binary quasigroup. 

Example 1.23. Let Q “ t0, 1, 2, 3, 4 . Using the operations of addition (`) and multi­u
4plication modulo 5, we define a 4-ary quasigroup Q, f in the following way: f xp¨q p q p 1q “ 

2 x1 ` x2 ` 4 x3 ` 3 x4.¨ ¨ ¨ 

Exercise 1.24. Construct a Cayley table of the quasigroup defined in Example 1.23 or list 
all 5-tuples that define this 4-ary quasigroup. 

Definition 1.25. Let G, be a groupoid and let a be a fixed element in G. Translation p ¨q
maps La (left) and Ra (right) are defined by Lax “ a x, Rax “ x a for all x P G.¨ ¨ 

Translations play a prominent role in quasigroup theory. 

Example 1.26. Example of a quasigroup and its left and right translations. 

˝ a b c 
a a c b 
b b a c 
c c b a 
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For this quasigroup we have the following left and right translations: 
ˆ ˙ ˆ ˙ ˆ ˙ 

a b c a b c a b c 
; ; ;L˝

a “ 
a c b 

L˝
b b a c 

L˝
c c b a 

“ “ 
ˆ ˙ ˆ ˙ ˆ ˙ 

a b c a b c a b c 
Ra

˝ ; Rb
˝ ; Rc

˝ . 
a b c c a b b c a 

“ “ “ 

We can express these permutations in the cycle form: L˝
a “ pb cq;L˝

b “ pa bq;L˝
c “ pa cq;Ra˝ “ 

ε;Rb
˝ “ pa c bq;Rc˝ “ pa b cq. 

Remark 1.27. Usually the symbol of binary operation in the record of translation is 
omitted, i.e., it is written La instead of L˝

a. 

Notice if, for example, 
ˆ ˙ ˆ ˙ ˆ ˙ 

La 
a b c 

, then L´1 c a b a b c 
, 

c a b a a b c b c a 
“ “ “ 

LaLa 
´1 “ La 

´1La “ ε. We shall denote identity permutation by ε. 
It is easy to see that in the Cayley table of a quasigroup Q, each row and each column p ¨q

is a permutation of the set Q. So we may give the following definition of a quasigroup. 

Definition 1.28. A groupoid Q, is called a quasigroup if the maps La Q,p ¨q : G ÝÑ
Ra : Q ÝÑ Q are bijections for all a P Q [685]. 

Lemma 1.29. 1. The statements “the equation x ˝ a “ b has a unique solution for all 
a, b P Q” and “Ra is bijection of the set Q for any a P Q” are equivalent. 

2. Similarly, the conditions “the equation a˝y “ b has a unique solution for all a, b P Q” 
and “La is bijection of the set Q for any a P Q” are equivalent. 

Proof. Case 1.“ùñ.” Fix the element a and write equality x ˝ a “ b in the following form: 
Ra

˝x “ b. Variable x takes all values in the set Q. Therefore, we have a mapping of the set 
Q into itself. 

From the fact that equation x ˝ a “ b has a unique solution, it follows that the mapping 
Ra

˝ is injective ( px ‰ yq Ñ pRa˝x ‰ Ra
˝yq). 

Since for any element b P Q, there exists an element x P Q such that R˝x “ b, we have a

that this mapping is surjective, and therefore, is a bijection of the set Q. 
“ðù.” If translation Ra

˝ is a bijection, then x “ pRa˝q ́ 1b. 
Case 2 is proved similarly. 

Definition 1.30. An unbordered Cayley table of a finite quasigroup is called a Latin square. 

Quasigroup triples have interesting combinatorial properties [571, 721]. 

1.2.2 Parastrophy: Quasigroup as an algebra 

1.2.2.1 Parastrophy 

Definition 1.31. From Definition 1.22 it follows that with a given binary quasigroup Q,Ap q
it is possible to associate 3! others, so-called parastrophes of quasigroup Q,A :´ 1p q p q

1. A x1, x2p
12

q “ x3 ðñ 
2. Ap q x2, x1p q “ x3 ðñ 
3. Ap13qpx3, x2q “ x1 ðñ 
4. 23 x1, x3Ap

123

qp q “ x2 ðñ 
5. Ap q x2, x3

132

p q “ x1 ðñ 
6. Ap q x3, x1 “ x2p q
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[845, p. 230], [72, p. 18]. 

Notice, Cases 5 and 6 are “ 12 -parastrophes” of Cases 3 and 4, respectively. p q
Therefore 

Aσ pxi, xj q “ xk ô Apxσ ́ 1 i, xσ ́ 1 j q “ xσ ́ 1 k, (1.2) 

where σ P S3, i, j, k P t1, 2, 3 , the numbers i, j, k are different in pairs, and xi, xj , xk P Q.u
In the language of triplets, we have Aσ px1, x2, x3q “ Apxσ ́ 1 1, xσ ́ 1 2, xσ ́ 1 3q, i.e., in 

order to have the set of triplets of quasigroup Aσ we permute elements of any triplet by the 
“σ´1-rule” in the set of triplets of operation A. 

Then Aσ xσ1, xσ2 A xσ ́ 1 σ1, xσ ́ 1 σ2q A x1, x2 For ex­
132

p q “ xσ3 ô p “ xσ ́ 1 σ3 ô p
132

q “ x3. 
ample, Ap q x1, x2 “ x3 A x 123 1, x 123 “ x 123 3. That is, Ap q x1, x2 “ x3p q ô p p q p q2q p q p q ô
A x2, x3 “ x1.p q

12 13Usually the operation Ap q is denoted as “ ˚”, the operation Ap q is denoted as “{”, and 
the operation Ap23q is denoted as “ z”. Thus, if x ¨y “ z, then y ̊ x “ z, xzz “ y and z{y “ x. 
Sometimes [72, 80] it denoted p13qA instead of Ap13q, and so on. In [786] operation Ap123q is 
denoted by {{, operation Ap133q is denoted by zz. Other denotations of these operations are 
used in [310]. 

The following convenient designation of quasigroup parastrophes (Belousov’s designation 
[700]) is also used [80, 85]: 

Ap12q “ A˚ sA, “ 
Ap13q lA, “ ´1A “ 
Ap23q “ A´1 rA, “ 
Ap123q “ ´1 A´1 l rA αA “ s lA , 

132

p q “ 
r

p q “ 
s 
p q

Ap q “ p´1Aq ́ 1 “ p lAq “ β A “ p rAq. 

Note 1.32. The concept of parastrophy, especially 12 -parastrophy, can be extended to p q
groupoids. 

1.2.2.2 Middle translations 

We defined left and right translations of a groupoid and, therefore, of a quasigroup. 
But for quasigroups it is possible to define a third kind of translation, namely, middle 
translations. If Pa is a middle translation of a quasigroup Q, , then x Pax “ a for all p ¨q ¨ 
x P Q [75]. 

Suppose that quasigroups Q,Aσ and Q,Aδ are parastrophes of a quasigroup Q,A .p q p q p q
Any translation of a quasigroup Q,Aσ can be expressed as a translation of a quasigroup p q
Q,Aδ or as its inverse translation. For example, Ra

˚x “ x˚a “ a x “ Lax. Then Ra
˚ “ La,p q

12

¨
R˚ “ L, Rp q “ L. Or 

Pa
zx “ y ô xzy “ a ô x ¨ a “ y ô Rax “ y. 

Then Pa
z “ Ra, P z “ R, P p23q “ R. 

The following table shows, for each kind of translation, the equivalent one in each of the 
(six) parastrophes of a quasigroup Q, . In fact, Table 1.1 is a rewritten form of results on p ¨q
three kinds of translations from [75]. See also [298, 786]. 

From Table 1.1 it follows, for example, that Rp132q “ L´1 “ Lp23q “ P p13q “ pR´1 qp12q “ 
P ́ 1 123qp q.p

Using Table 1.1 it is possible to construct parastrophes of a quasigroup pQ, ̈ q. In order 
to construct 12 -parastrophe of a quasigroup Q, we can write any row of the Cayley p q p ¨q
table of quasigroup Q, as a corresponding column. p ¨q
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Table 1.1: Translations of quasigroup parastrophes. 

ε 12 13 23 123 132p q p q p q p
P ́ 1

q p
L´1

q
R´1R R L P 
P ́ 1 L´1 R´1L L R P 

P ́ 1 L´1 R´1P P R L 
R´1 R´1 L´1 P ́ 1R P L 
L´1 L´1 R´1 P ́ 1P L R 
P ́ 1 P ́ 1 R´1 L´1P L R 

Example 1.33. 
12˝ a b c p q 

a b c 
a a c b a 

˝ 
a b c 

b b a c 
ùñ 

b c a b 
c c b a c b c a 

In order to construct the 23 -parastrophe of a quasigroup Q, we can replace any row p q p ¨q
of the Cayley table of quasigroup Q, with the corresponding inverse row. p ¨q

Example 1.34. 
23˝ a b c p ˝ q 

a b c 
a a b c a a b c 
b b c a 

ùñ 
b c a b 

c c a b c b c a 

In order to construct the 13 -parastrophe of a quasigroup Q, we can replace any p q p ¨q
column of the Cayley table of quasigroup Q, with the corresponding inverse column. p ¨q

In order to construct the 123 -parastrophe of a quasigroup Q, we can replace any p q p ¨q
row of the Cayley table of quasigroup Q, with the corresponding inverse column. p ¨q

In order to construct the 132 -parastrophe of a quasigroup Q, we can replace any p q p ¨q
column of the Cayley table of quasigroup Q, with the corresponding inverse row. p ¨q

Exercise 1.35. Find all parastrophes of the quasigroups given in Examples 1.33 and 1.34. 

1.2.2.3 Some groupoids 

The class of binary quasigroups is close to the classes of binary left (right) cancellation 
(division) groupoids. See, for example, Lemma 1.47 and Theorem 1.58. It is known that a 
homomorphic image of an existential quasigroup may be only division groupoid and not a 
quasigroup [43]. 

Definition 1.36. A groupoid G, is called a left cancellation groupoid, if the following p ¨q
implication is fulfilled: a ¨ x “ a ¨ y ñ x “ y for all a, x, y P G, i.e., the translation La is an 
injective map for any a P G. 

Definition 1.37. A groupoid G, is called a right cancellation groupoid, if the following p ¨q
implication is fulfilled: x a “ y a ñ x “ y for all a, x, y P G, i.e., the translation Ra is an ¨ ¨ 
injective map for any a P G [462]. 



14 Elements of Quasigroup Theory and Applications 

Definition 1.38. A groupoid G, is called a cancellation groupoid if it is both a left and p ¨q
right cancellation groupoid. 

Remark 1.39. In this text the terms “cancellation groupoid” and “cancellative groupoid” 
are synonymous. 

Example 1.40. Let x ˝ y “ 2x ` 4y for all x, y P Z, where pZ, ̀ , ̈ q is the ring of integers. 
The reader can check that pZ, ̋ q is a cancellation groupoid. 

Example 1.41. Let x ˝ y “ 2x ` 3y for all x, y P Z, where pZ, ̀ , ̈ q is the ring of integers. 
The reader can check that pZ, ̋ q is a cancellation groupoid. 

Definition 1.42. A groupoid G, is said to be a left (right, resp.) division groupoid if Lap ¨q
(Ra, resp.) is surjective for every a P G; it is said to be a division groupoid if it is both a 
left and right division groupoid [462]. 

We can give an equivalent definition of a division groupoid. 

Definition 1.43. A groupoid G, is called a division groupoid, if the equations ap ¨q ¨ x “ b 
and y a “ b have solutions (not necessarily unique solutions) for any ordered pair of ¨ 
elements a, b P Q. 

Example 1.44. Let x˝y “ 2 ¨x`ry{3s for all x, y P Z, where pZ, ̀ , ̈ q is the ring of integers, 
ry{3s “ n, if y “ 3n, or y “ 3n ` 1, else y “ 3n ` 2, where n P Z. It is possible to check 
that pZ, ̋ q is a right cancellation and left division groupoid. 

Example 1.45. Let x˝y “ 1 ¨x`ry{3s for all x, y P Z, where pZ, ̀ , ̈ q is the ring of integers. 
It is possible to check that pZ, ̋ q is a right quasigroup and a left division groupoid. 

Example 1.46. Let x ˝ y “ x2 ` y3 for all x, y P C, where pC, ̀ , ̈ q is the field of complex 
numbers. The reader can check that pC, ̋ q is a division groupoid. 

Lemma 1.47. A division cancellation groupoid Q, is a quasigroup. p ¨q

Proof. The proof follows from definitions and Lemma 1.29. 

Theorem 1.48. A finite cancellation groupoid G, is a quasigroup; a finite division p ¨q
groupoid G, is a quasigroup. p ¨q

Proof. By Lemma 1.15, if G is a finite set, then any injective (x ‰ y ñ ϕx ‰ ϕy) map ϕ 
on this set (ϕpGq Ď G) is a bijective map and any surjective map ψ of this set into itself 
(ψ G “ G) is a bijective map, too. p q

Since any left and right translation of a cancellation groupoid G, is an injective map, p ¨q
then in the case when the set G is finite, we have that G, is a quasigroup. p ¨q

Similarly, since any left and right translation of a division groupoid G, is a surjective p ¨q
map, then in the case when the set G is finite, we have that any division groupoid is a 
quasigroup. 

Theorem 1.49. A finite left (right) cancellation groupoid is a left (right) quasigroup and 
a finite left (right) division groupoid is a left (right) quasigroup. 

Proof. The proof is similar to the proof of Theorem 1.48 and we omit it. 
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1.2.2.4 Substitutions in groupoid identities 

Here we give non-formal, but, we hope, relatively clear information from universal alge­
bra about substitutions in identities. See [184] for more details. Recall that any algebraic 
operation is a function defined on a non-empty set Q, therefore any algebraic operation is 
a mapping. 

Suppose that Q, ̋ q is a binary groupoid. Define the set Q ˝ Q in the following way: 
for allx, y P Q .Q ˝Q “ tx ˝ y |

p
u

Definition 1.50. Let pQ, ̋ q be a binary groupoid. The following property 

Q ˝Q “ Q (1.3) 

of the operation ˝ is called surjective. 

From Definition 1.42 it follows that the operation of left (right) division groupoid Q, p ¨q
satisfies the property (1.3). 

Example 1.51. The left cancellation groupoid from Example 1.40 satisfies the property 
Z ˝ Z Ř Z and it is not surjective. The cancellation groupoid from Example 1.41 satisfies 
the surjective property (1.3) since g.c.d. 2; 3 “ 1 and from standard information on linear p q
Diophantine equations [919], it follows that the equation 2x ` 3y “ t has solution for any 
t P Z. 

An algebra pQ,F q will be called surjective, if any n-ary (n ě 1) operation f P F has the 
surjective property, i.e., f Q,Q, . . . , Q “ Q.p q

In surjective binary groupoid pQ, ̈ q any element c P Q can be represented as a product 
of two elements, say, a and b, and any variable x can be presented as a product of variables, 
say, y and z. Surjective medial groupoids are defined and studied in [462]. 

Notice, “inverse procedure” is admissible in any identity of any algebra. We have in 
mind that the replacement (the substitution) of, say, variable x, by suitable term T [917] 
in an identity of an algebra in all occurrences of an individual variable, is possible in the 
majority of “usual”cases. 

It is clear that operation ˝ of quasigroup pQ, ̋ q has a surjective property. Similarly, any 
operation of quasigroup pQ, ̈ , {, zq (see below) has a surjective property. 

1.2.2.5 Equational definitions 

We recall, an algebra (or algebraic structure) is a set A together with a collection of 
operations defined on A [184, 212]. 

Bates and Kiokemeister [43] discovered that a class of quasigroups which is defined using 
equations (Definition 1.21) is not closed relative to homomorphic images. In the general case 
the quasigroup homomorphic image is only a division groupoid (see Lemma 1.280). 

The problem of finding definitions of a quasigroup class such that this class is closed 
relative to homomorphic images was solved by Garret Birkhoff. He has defined a quasi-
group using three binary operations and six identities [149, 151]. Quasigroups defined in 
this way often are called equational quasigroups. From standard universal algebraic facts 
(many of which also were discovered by Garret Birkhoff), it follows that class of equational 
quasigroups is a variety and it is closed relative to homomorphic images [151, 184]. 

Garrett Birkhoff [149, 151] has defined an equational quasigroup as an algebra with 
three binary operations pQ, ̈ , {, zq that satisfies the following six identities: 

x x y “ y, (1.4) ¨ p z q

py{xq ¨ x “ y, (1.5) 
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x x y “ y, (1.6) zp ¨ q
py ¨ xq{x “ y, (1.7) 

x{pyzxq “ y, (1.8) 

px{yqzx “ y. (1.9) 

Remark 1.52. In [819] the identities (1.4)–(1.7) are called respectively (SL), (SR), (IL), 
(IR), since these identities guarantee that the left (L) and right (R) translations of an 
algebra Q, relative to the operation “ ” are surjective (S) or injective (I) mappings p ¨, {, zq ¨
of the set Q. 

Following this logic we can denote identity (1.8) by (SP) and identity (1.9) by (IP) 
since these identities guarantee that middle translations (P) are respectively surjective and 
injective mappings relative to the operation ” ” [786]. Indeed using Table 1.1 we see that ¨
L

{
x “ Px 

´1 . 

The following lemma is well known: 

Lemma 1.53. In algebra pQ, ̈ , z, {q with the identities (1.4)–(1.7), the identities (1.8) and 
(1.9) are true [819, 779, 786]. 

Proof. From the identity (1.7) (y Ñ x, x Ñ x y) we have z

px ¨ pxzyqq{pxzyq “ x. (1.10) 

But by the identity (1.4), x¨pxzyq “ y. Thus from the identity (1.10) we obtain y{pxzyq “ x, 
i.e., we obtain (up to renaming of variables) the identity (1.8). 

We can re-write identity (1.6) in the following form: 

px{yqzppx{yq ¨ yq “ y. (1.11) 

By the identity (1.5) y “ x. Thus from equality (1.11) we have x “ y, i.e., we px{yq ¨ px{yqz
obtain the identity (1.9). 

Therefore the following Evans equational definition of a quasigroup is usually used [307]. 

Definition 1.54. [150, 151, 307]. A groupoid Q, is called a quasigroup if, on the set Q,p ¨q
there exist operations “z ” and “{” such that in the algebra pQ, ̈ , z, {q identities (1.4)–(1.7) 
are fulfilled. 

Algebra pQ, ̈ , z, {q with identities (1.4)–(1.7) is called e-quasigroup (probably from the 
words equational quasigroup) [151, 80]. Below we shall also name an algebra pQ, ̈ , z, {q with 
identities (1.4)–(1.7) as a quasigroup Q, ,p ¨ z, {q. 

A.I. Maltsev [590, 591] has called this algebra a primitive quasigroup. Definitions of 
quasigroup with the help of quasi-identities can be found in [590, 786]. 

Note 1.55. The identities (1.4) and (1.5) guarantee the existence of solutions of equations 
a y “ b and x a “ b, while the identities (1.6) and (1.7) guarantee the uniqueness of ¨ ¨ 
solutions in these equations. See below. 

Theorem 1.56. Definitions 1.21 and 1.54 are equivalent. 

Proof. (Definition 1.21 ñ Definition 1.54). Let pQ, ̈ q be a quasigroup. Since for every pair 
of elements a, b P Q there exists a unique element x such that a x “ b, we can associate ¨ 
with this equation an operation on the set Q, namely a a b “ x. If we substitute ¨ x “ b Ø z
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the last expression in the equality a ̈  x “ b, then we obtain a ̈ pazbq “ b for all a, b P Q. We 
obtained identity (1.4) from Definition 1.54. 

Similarly, y ¨ a “ b Ø b{a “ y, pb{aq ¨ a “ b for all a, b P Q and we obtain identity (1.5). 
Identities (1.6) and (1.7) follow from the definitions of the operations z and {. Indeed, 

x x y x y “ x y, y x “ y x.zp ¨ q “ y Ø ¨ ¨ p ¨ xq{x “ y Ø y ¨ ¨ 
(Definition 1.54 ñ Definition 1.21). Let pQ, ̈ , {, zq be an algebra with three binary op­

erations such that in the algebra identities (1.4), (1.5), (1.6) and (1.7) hold. 
We need to prove the existence and the uniqueness of solutions to the equations a ̈ x “ b 

and y a “ b.¨ 
1.4 

(Existence). Let zb. Then a ¨ pazbq p
b. Similarly, if y “ b{a, then y ¨x “ a x “ a “ q 

a “ 
1.5 pb{aq ¨ a 

p “ q
b. 

(Uniqueness). Suppose that there exist two solutions x1 and x2 of equation a x “ b,¨ 
i.e., a x1 “ b and a x2 “ b. Then x1 “ a b and further we have ¨ ¨ z

1.6 
x1 “ a b “ a ax2

p “ q
x2.z zp q

Similarly, if y1 a “ b and y2 a “ b, then y1 “ b{a,¨ ¨ 

1.7 
y2.y1 “ b{a “ py2 ¨ aq{a 

p “ q

It is possible to rewrite identities (1.4)–(1.7) in the language of translations in the 
following form: 

Lp¨q
x L

pzq
x y “ y, (1.12) 

Rx
p¨qRx

p{qy “ y, (1.13) 

Lpzq
x L

p¨q
x y “ y. (1.14) 

Rx
p{qRx

p¨qy “ y. (1.15) 

Remark 1.57. Using Table 1.1 we can re-write identities (1.12)–(1.15) as follows: 

LxL
´
x 

1 y “ y, (1.16) 

RxRx 
´1 y “ y, (1.17) 

L´
x 

1Lxy “ y, (1.18) 

Rx 
´1Rxy “ y. (1.19) 

Taking into consideration Lemma 1.14 and equalities (1.12)–(1.15) we can say that 
identities (1.4)–(1.7) guarantee that in a quasigroup Q, any left and right translation is p ¨q
a bijection of the set Q. 

In the language of translations, identities (1.9) and (1.8) take the following forms, respec­

tively, Rx
pzq

x x x x x , R
pzq “ Px.L

p{q
y “ y, Lp{q

R
pzq
y “ y. From Table 1.1 it follows that L

p{q “ P ́ 1 
x 

Algebras with identities (1.4)–(1.9) are discussed in [786, 798]. The following “equiva­
lence” theorem is proved. 

Theorem 1.58. 1. A groupoid Q, is a left division groupoid if and only if in algebra p ¨q
pQ, ̈ , zq the identity (1.4) holds true. 

2. A groupoid Q, is a right division groupoid if and only if in algebra Q, the p ¨q p ¨, {q
identity (1.5) holds true. 
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3. A groupoid Q, is a left cancellation groupoid if and only if in algebra Q, , the p ¨q p ¨ zq 
identity (1.6) holds true. 

4. A groupoid Q, is a right cancellation groupoid if and only if in algebra Q, the p ¨q p ¨, {q
identity (1.7) holds true [786]. 

The results about groupoids which satisfy some modifications of associative law are 
presented in [706, 707]. 

1.2.3 Some other definitions of e-quasigroups 

The identities (1.8) and (1.9) play an important role in the following definitions of e­
quasigroups. 

Lemma 1.59. In algebra pQ, ̈ , z, {q the identity (1.4) follows from the identities (1.5) and 
(1.8). 

Proof. If in identity (1.5) we change the variable y by the variable x, and variable x by the 
symbol (term) y x, then z

px{pyzxqq ¨ pyzxq “ x. (1.20) 

By the identity (1.8) x{pyzxq “ y. Therefore we can rewrite the identity (1.20) as follows: 

y y x “ x. (1.21) ¨ p z q

Then we obtain the identity (1.4). 

Lemma 1.60. In algebra pQ, ̈ , z, {q the identity (1.7) follows from the identities (1.6) and

(1.8).


Proof. We can re-write the identity (1.8) in the following form:


px ¨ yq{pxzpx ¨ yqq “ x. (1.22) 

By the identity (1.6), x x y “ y. Therefore the identity (1.22) takes the form xzp ¨ q p ¨yq{y “ x 
and it coincides with the identity (1.7). 

Lemma 1.61. In algebra pQ, ̈ , z, {q the identity (1.6) follows from the identities (1.7) and

(1.9).


Proof. We can re-write the identity (1.9), (x Ñ px ¨ yq, y Ñ x), in the following form:


ppx ¨ yq{yqzpx ̈  yq “ y. (1.23) 

By the identity (1.7), px¨yq{y “ x. Therefore the identity (1.23) takes the form: xzpx¨yq “ y 
and it coincides with the identity (1.6). 

Lemma 1.62. In algebra pQ, ̈ , z, {q the identity (1.5) follows from the identities (1.4) and

(1.9).


Proof. We can re-write the identity (1.4) in the following form:


px{yq ¨ ppx{yqzxq “ x. (1.24) 

By the identity (1.9), px{yqzx “ y. Therefore the identity (1.24) takes the form px{yq ¨y “ x 
and it coincides with the identity (1.5). 



19 Elements of quasigroup theory 

Theorem 1.63. An algebra pQ, ̈ , z, {q with the identities (1.5), (1.6) and (1.8) is a quasi­
group [797, 692]. 

Proof. The proof follows from Lemmas 1.59 and 1.60. 

Theorem 1.64. An algebra pQ, ̈ , z, {q with the identities (1.4), (1.7) and (1.9) is a quasi­
group [797, 692]. 

Proof. The proof follows from Lemmas 1.61 and 1.62. 

Theorem 1.65. (1) If the 1 3 -parastrophe of a groupoid Q,A is a groupoid, then Q,Ap q p q p q
is a right quasigroup. 

(2) If the 2 3 -parastrophe of a groupoid Q,A is a groupoid, then Q,A is a left p q p q p q
quasigroup. 

(3) If the 1 2 3 -parastrophe of a groupoid Q,A is a groupoid, then Q,A is a quasi­p q p q p q
group. 

(4) If the 1 3 2 -parastrophe of a groupoid Q,A is a groupoid, then Q,A is a quasi­p q p q p q
group [489]. 

(5) If the 1 2 -parastrophe of a left quasigroup Q,A is a groupoid, then Q,A is a p q p q p q
quasigroup. 

(6) If the 1 2 -parastrophe of a right quasigroup Q,A is a groupoid, then Q,A is a p q p q p q
quasigroup. 

(7) If the 2 3 -parastrophe of a right quasigroup Q,A is a groupoid, then Q,A is a p q p q p q
quasigroup. 

(8) If the 2 3 -parastrophe of a left quasigroup Q,A is a groupoid, then Q,A is a p q p q p q
quasigroup [786]. 

Proof. Case 1. The main idea is the following: in the 1 3 -parastrophe of a groupoid Q,Ap q p
and in groupoid Q,A , right translations are inverse in pairs. See Table 1.1.p q

q 

The definition of middle ternary relation for groupoids (an analogue of middle quasigroup 
translation) is given in [786]. 

Theorem 1.66. A groupoid Q, is a quasigroup if and only if all middle translations of p ¨q
pQ, ̈ q are bijective maps of the set Q. 

Proof. Let a, b be a pair of fixed elements of the set Q. Since translation Pb of groupoid 
pQ, ̈ q is a bijective map, then we have that for the element a of set Q there exists a unique 
element x P Q such that Pb a “ x, i.e., a ¨ x “ b. Since all middle translations of pQ, ̈ q are 
bijective maps, then for any fixed elements a, b P Q there exists a unique element x such 
that equation a x “ b has a unique solution. ¨ 

If a translation Pb is a bijective map, then translation Pb 
´1 also is a bijective map. 

Further we have that for any fixed element a of the set Q there exists a unique element 
y P Q such that P ́ 1 a “ y, i.e., y a “ b. Therefore, equation y a “ b has a unique solution b ¨ ¨ 
in pQ, ̈ q for any fixed elements a, b P Q. 

Converse. From Table 1.1 it follows that middle translations of a quasigroup are bijective 
mappings. See, also, [75]. 

Some other definitions of a quasigroup are given in [590, 819, 786]. 

Example 1.67. Define binary groupoid pZ, ̊ q x ̊ y “ x ̀ 2y for all x, y P Z, where pZ, ̀ , ̈ q
is the ring of integers. 

It is easy to check that groupoid pZ, ̊ q is a right quasigroup with the left cancellative 
property. 
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From Theorem 1.58 it follows that groupoid pZ, ̊ q satisfies the identities (1.5), (1.6), 
and (1.7). 

We prove that groupoid pZ, ̊ q satisfies the identity (1.9). If x ̊ y “ x ̀  2y, then the set 
of solutions of the equation a ˚ y “ b is described in the following way: y “ azb “ b´

2 
a . It 

is clear that a solution of this equation exists only for any pair of elements of equal parity 
from the set of integers. 

Solution of equation x ̊ a “ b has the following form x “ b{a “ b ´ 2a. Then 

a ´ a ` 2b pa{bqza “ pa ´ 2bqza “ 
2 

“ b. 

Therefore pa{bqza “ b for all a, b P Z, groupoid pZ, ̊ q satisfies identities (1.5), (1.6), (1.7), 
and (1.9) and it is not a quasigroup. 

Remark 1.68. In Example 1.67 both the sub-term a{b and the term pa{bqza “ b are defined 
for all a, b P Q. 

1.2.4 Quasigroup-based cryptosystem 

References [601, 602] proposed using quasigroups for secure encryption. 
A quasigroup Q, and its 23 -parastrophe Q, satisfy the following identities x xp ¨q p q p zq zp ¨ 

y “ y, x x y “ y (identities (1.4) and (1.6)). It is proposed to use this property of the q ¨ p z q
quasigroups to construct a stream cipher. 

Algorithm 1.69. Let A be a non-empty alphabet, k be a natural number, ui, vi A,P
i P t1, ..., ku. Define a quasigroup pA, ̈ q. It is clear that the quasigroup pA, zq is defined in a 
unique way. We take a fixed element l (l P A), which is called a leader. 

Let u1u2...uk be a k-tuple of letters from the alphabet A. The authors propose the 
following ciphering procedure v1 “ l u1, vi “ vi´1 ui, i “ 2, ..., k. Therefore we obtain the ¨ ¨ 
following ciphertext v1v2 . . . vk. 

The enciphering algorithm is constructed in the following way: u1 l v1, ui“ z “ 
vi´1 vi, i “ 2, ..., k. z

We shall name this algorithm the Markovski algorithm. 
In this encryption procedure, a private key for both sender and receiver is quasigroup 

pA, ̈ q and leader element l. Therefore this is a cryptosystem with symmetric keys. The 
authors claim that this cipher is resistant to the brute force attack (exhaustive search) and 
to the statistical attack (in many languages some letters appear together more frequently, 
than other letters). 

Example 1.70. Let alphabet A consist of the letters a, b, c. We construct the following 
quasigroup A, :p ¨q

a b c¨ 
a b c a 
b c a b 
c a b c 

Then quasigroup A, has the following Cayley table: p zq
z 
a 

a 
c 

b 
a 

c 
b 

b b c a 
c a b c 

Let l “ a and the open text is u “ b b c a a c b a. Then the ciphertext is v “ c b b c a a c a. 
Applying the decoding function to v we get b b c a a c b a “ u. 



Elements of quasigroup theory 21 

Remark 1.71. In this construction n-ary quasigroups and their parastrophes can also be 
used. See Algorithm 11.10 or [684]. Notice, row-Latin squares can be used by construction 
of a cryptosystem with non-symmetric keys. See Section 11.7.5. 

1.2.5 Identity elements 

1.2.5.1 Local identity elements 

Definition 1.72. An element f b of a quasigroup Q, is called a left local identity 
element of an element b P Q, if fp

p
bq

q
¨ b “ b. Therefore f

p
pbq

¨
“
q 
b{b, or fpbq “ R´1b.b 

An element e b of a quasigroup Q, is called a right local identity element of an 
element b P Q, if b

p
¨
q
epbq “ b. Therefore 

p
epb

¨
q
q

“ bzb, or epbq “ L´1b.b 
An element s b of a quasigroup Q, is called a middle local identity element of an p q p ¨q

element b P Q, if b ¨ b “ spbq. Therefore spbq “ Lbb “ Rbb [764, 767]. 

In a quasigroup there exists a unique left (right, middle) local identity element of any 
fixed element a. Indeed, if f b a “ f a a, then f b a . And so on. p q ¨ p q ¨ p q “ fp q

Exercise 1.73. Construct a quasigroup with at least two left (right, middle) local identity 
elements. 

1.2.5.2 Left and right identity elements 

Definition 1.74. An element f P Q (e P Q) is a left (right) identity element for quasigroup 
pQ, ̈ q means that f “ fpxq for all x P Q (respectively, e “ epxq for all x P Q). An element 
s P Q is a middle identity element for quasigroup pQ, ̈ q means that s “ spxq for all x P Q. 

Definition 1.75. An element f is a left identity element of a quasigroup Q, means that p ¨q
fpxq “ f for all x P Q, i.e., all left local elements of quasigroup pQ, ̈ q coincide. 

An element e is a right identity element of a quasigroup Q, means that e x “ e for p q
all x P Q, i.e., all right local elements of quasigroup pQ, ̈ q

p ¨q
coincide. 

An element e is an identity element of a quasigroup Q, means that e x xp ¨q p q “ fp q “ e 
for all x P Q, i.e., all left and right local elements of quasigroup pQ, ̈ q coincide. 

Lemma 1.76. 1. In a quasigroup Q, there exists a unique left identity element. p ¨q
2. In a quasigroup Q, there exists a unique right identity element. p ¨q
3. In a quasigroup Q, there exists a unique identity element. p ¨q

Proof. Case 1. If f1x “ f2x “ x for all x P Q, then f1 “ f2. Case 2. If xe1 “ xe2 “ x for all 
x P Q, then e1 “ e2. Case 3. The proof follows from Cases 1 and 2. 

1.2.5.3 Loops 

Definition 1.77. A quasigroup pQ, ̈ q with a left identity element f P Q is called a left loop. 
A quasigroup pQ, ̈ q with a right identity element e P Q is called a right loop. 
A quasigroup pQ, ̈ q with a middle identity element s P Q is called a unipotent quasigroup. 
A quasigroup pQ, ̈ q with an identity element e P Q is called a loop. 
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Example 1.78. We give an example of a non-associative unipotent loop. 

˝ 0 1 2 3 4 

0 0 1 2 3 4 
1 1 0 3 4 2 
2 2 4 0 1 3 
3 3 2 4 0 1 
4 4 3 1 2 0 

Unipotent loops are studied in [504].

Define in a quasigroup Q, the following mappings: f : f x , where f x x “ x;
p ¨q x ÞÑ p q p q ¨ 

e : e x , where x e x “ x; s : s x , where s x “ x x.x ÞÑ p q ¨ p q x ÞÑ p q p q ¨ 

Remark 1.79. In a left loop f Q “ 1, in a right loop e Q “ 1, in a unipotent | p q| | p q|
quasigroup s Q “ 1. | p q|

1.2.5.4 Identity elements of quasigroup parastrophes 

Connections between different kinds of local identity elements in various parastrophes 
of a quasigroup Q, are given in the following table [504, 764, 767]. p ¨q

Table 1.2: Local identity elements of parastrophic quasigroups. 

ε p12q p13q p23q p123q p132q 
f f e s f e s 
e e f e s s f 
s s s f e f e 

In Table 1.2, for example, sp123q “ f p¨q. 

Definition 1.80. A quasigroup Q, with identity x x is called an idempotent p ¨q ¨ “ x 
quasigroup. An element x with this property is called idempotent element. 

Remark 1.81. It is easy to see that any parastrophe of an idempotent quasigroup is an 
idempotent quasigroup. In an idempotent quasigroup, the mappings e, f, s are identity per­
mutations of the set Q. Moreover, if one of these three mappings is an identity permutation, 
then all other ones are identity permutations, too. 

1.2.5.5 The equivalence of loop definitions 

Definition 1.82. A quasigroup Q, with identity p ¨, {, zq

x{x “ y{y (1.25) 

is called a left loop. 

Lemma 1.83. A quasigroup pQ, ̈ q is a left loop if and only if quasigroup pQ, ̈ , {, zq is a left 
loop. 

Proof. Suppose that quasigroup Q, has the left identity element, i.e., there exists an p ¨q
element f such that the equality f z “ z is true for any z P Q. We can re-write equality ¨ 
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f z “ z in the following form: z{z “ f for any z P Q. Therefore x{x “ y{y “ f and the ¨ 
following identity is true x{x “ y{y. 

Suppose that quasigroup Q, satisfies the identity (1.25). Therefore we have p ¨, {, zq px{ 
xq ¨ z p “ q pz{zq ¨ z p “ q

z. Thus quasigroup pQ, ̈ q has the left identity element f “ x{x. The 
uniqueness follows from Lemma 1.76. 

1.25 1.5 

Recall identity (1.5) is true in any right division groupoid (Theorem 1.58). Therefore in 
any right division groupoid with the identity (1.25) there exists at least one left identity 
element. 

Definition 1.84. A quasigroup Q, with identity p ¨, {, zq

x x “ y y (1.26) z z

is called a right loop. 

Exercise 1.85. Prove the analogue of Lemma 1.83 for right loops. 

Definition 1.86. A quasigroup Q, with identity p ¨, {, zq

xzx “ y{y (1.27) 

is called a loop. 

Theorem 1.87. Quasigroup pQ, ̈ q is a loop if and only if quasigroup pQ, ̈ , {, zq is a loop 
[591, p. 97]. 

Proof. A quasigroup Q, is a loop means that there exists an element, say 1, such that p ¨q
the following equalities 1 x “ x and y 1 “ y are true for any x, y P Q. Therefore x{x “ 1, ¨ ¨ 
yzy “ 1, and x{x “ yzy for all x, y P Q. 

Let x x “ y{y in quasigroup Q, , {, . Prove the existence of the left and right identity ¨z p zq
1.27 1.5 1.27 1.4 

element in quasigroup pQ, ̈ q. We have: pxzxq¨z p pz{zq¨z p
z; z ¨px{xq p

z ¨pzzzq p“ q “ q “ q “ q 

z. 
The uniqueness of the identity element follows from Lemma 1.76. 

1.2.5.6 Identity elements in some quasigroups 

Lemma 1.88. [819, Proposition 1.3]. A nonempty quasigroup pQ, ̈ , {, zq is a loop if and 
only if it satisfies the “slightly associative identity” 

x z. (1.28) py{yq ¨ z “ x ¨ py{yq

Proof. If pQ, ̈ , {, zq is a loop with identity element e relative to the operation “ ¨ ”, then 
y{y “ e and identity (1.28) follows. 

Conversely, if identity (1.28) is true, then setting z “ y we obtain xpy{yq ¨ y “ x ¨ py{
y y “ xy (since by identity (1.5) y “ y). Further we have x y “ xy. After q py{yq py{yq ¨ 
cancellation from the right we have xpy{yq “ x, xzx “ y{y. 

Corollary 1.89. A quasigroup Q, with identity p ¨q

px ¨ yq ¨ z “ x ¨ py ¨ zq (1.29) 

(identity of associativity) has the identity element, i.e., this quasigroup is a group [549]. 
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Proof. In identity associativity we can put y :“ y{y and after this apply Lemma 1.88. 

Notice that in [72] V.D. Belousov posed the following problem (Problem 18): “From 
what identities, that are true in a quasigroup Q , does it follow that the quasigroup Qp¨q p¨q
is a loop?” More detailed information on Belousov problems is given in Chapter 5. 

The following identities are called Moufang identities: x y xz x z, zx yp ¨ q “ pxy ¨ q p ¨ qx “ 
z x yx , yx zy “ y xz y , yx xz y.p ¨ q ¨ p ¨ q ¨ zy “ py ¨ q

Theorem 1.90. A quasigroup Q, with any of Moufang identities is a loop [545, 794]. p ¨q

From Theorem 1.90 and the well-known result that in a loop all Moufang identities are 
equivalent [173, 72], it follows that in a quasigroup all Moufang identities are equivalent. 

Definition 1.91. A quasigroup with identity xy uv “ xu yv is called medial, and a ¨ ¨ 
quasigroup with equality yz x “ yf x zx is called right F-quasigroup [80]. ¨ p q ¨ 

Problem 1.1. It is easy to see that in loops 1 ab “ 1a 1b. Describe quasigroups with the ¨ ¨ 
property fpabq paqfpbq for all a, b P Q, where fpaq is a left local element of element a.“ f

Medial and right F-quasigroups have this property [80].

The identity x y xz yx z is called the left Bol identity. A loop with the left Bol
p ¨ q “ px ̈ q

identity is called a left Bol loop. 

Lemma 1.92. A quasigroup Q, with the left Bol identity has a right identity element. p ¨q

Proof. Indeed, if we put z :“ ex in identity x y xz yx z, then we obtain x yx “p ¨ q “ px ¨ q ¨ 
px ¨ yxqex for all x, y P Q. 

Notice, there exist right loops with the left Bol identity: 

˚ 0 1 2 

0 0 2 1 
1 1 0 2 
2 2 1 0 

1.2.5.7 Inverse elements in loops 

Let Q, ̋ q be a loop. Let Ir, Il be the following maps: Ir x “ x ́ 1, where x ˝ x ́ 1 “ 1; 
Il x “

p
´1x, where ´1x ˝ x “ 1, for all x P Q. 

p q
p q

Lemma 1.93. In any loop pQ, ̋ q, Il “ Ir 
´1 . 

Proof. In a loop Q, ̋ q we have x ˝ Ir x “ 1, i.e., P1x “ Irx, Ir “ P1. Similarly we have 
Ilx ˝ x “ 1, i.e., P

p
1 
´1 x “ Ilx, Il “ P

1 
´1. Therefore Il “ Ir 

´1 in any loop. 

1.2.6 Multiplication groups of quasigroups 

Let pQ, ̈ q be a quasigroup. With every element a P Q it is possible to associate left (La), 
right (Ra) and middle (Pa) translations. These translations are some permutations of the 
set Q. They can be considered as elements of the symmetric group SQ. 

With any quasigroup Q, we can associate the sets of all left translations (L), right p ¨q
translations (R), and middle translations (P). Denote the groups generated by all left, 
right, and middle translations of a quasigroup Q, as LM Q, , RM Q, , and PM Q, ,p ¨q p ¨q p ¨q p ¨q
respectively. 
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The group generated by all left and right translations of a quasigroup Q, is called p ¨q
(following A.A. Albert [10, 11]), a multiplication group of quasigroup. Usually this group is 
denoted by M Q, . A multiplication group of a quasigroup plays an important role by the p ¨q
study of quasigroups, especially in the study of loops. 

By FM Q, we shall denote a group generated by sets L, R, P of a quasigroup Q, .p ¨q p ¨q
Information about the group FM Q, in the case when Q, is an IP-loop (a Moufang p ¨q p ¨q
loop, a group) is presented in [758]. 

We can see on a quasigroup Q, of a finite order n, as on a set T of permutations of p ¨q
the group Sn with the following property: if α, β P T and there exists an element x P Q 
such that α´1βx “ x, then α “ β. 

Definition 1.94. A set T of permutations on a finite set Q is called sharply transitive, 
if for any pair of elements a, b P Q there exists exactly one permutation α P T such that 
αa “ b. 

Sets of all left, right and middle translations of a quasigroup Q, give us examples of p ¨q
sharply transitive sets of permutations on the set Q. 

We shall use the following fact about the properties of groups that act transitively on a 
set Q: if a group G acts transitively on a set Q, then stabilizers of any two elements a, b P Q 
are isomorphic subgroups and G St a Q [471]. | | “ | p q| ¨ | |

Multiplication groups play an important role in quasigroup theory for the following 
reason: groups are algebraic objects which are much better known than quasigroups. Often 
it is possible to express some quasigroup properties in the language of corresponding groups. 

For example, the theory of normality of quasigroups, and especially of loops, can be 
expressed in terms of corresponding subgroups of its multiplication group [10, 11]. 

Properties of multiplication groups of quasigroups and loops are described in many 
articles, see, for example, [280, 268, 269]. In [268] the following result is proved. Let W be 
a free loop with a basis X ‰ H. Then the left multiplication group LMpW q is a free group 
of infinite rank and a Frobenius permutation group [435]. Notice, for the group M W this p q
fact is not true [268, 280]. Multiplication groups of free and free commutative quasigroups 
are also described in [360, 361]. 

Let pQ, ̈ q be a quasigroup. The group Ih “ tα P MpQ, ̈ q|αh “ hu is called an inner 
mapping group of a quasigroup pQ, ̈ q relative to element h P Q. The group Ih is a stabilizer 
of element h by action of the group M Q, on the set Q.p ¨q

In the loop case the group I1 Q, Q, is usually studied, where 1 is the identity p ¨q “ Ip ¨q
element of a loop Q, .p ¨q

It is possible to define the “inner mapping groups” for the groups LM Q, , RM Q, ,p ¨q p ¨q
PM Q, , FM Q, of a quasigroup Q, , namely, it is possible to define the groups p ¨q p ¨q p ¨q
LIhpQ, ̈ q, RIhpQ, ̈ q, PIhpQ, ̈ q, FIhpQ, ̈ q for any element h P Q. 

Example 1.95. We use quasigroup from Example 1.20. It is easy to check that L0 “ p01q, 
L1 “ p12q, L2 “ p02q, LMpQ, ̈ q “ tε, p0 1q, p0 2q, p1 2q, p0 1 2q, p0 2 1qu, LI0pQ, ̈ q “ tε, p1 2qu, 
LI1 Q, 0 2 , LI2 Q, 0 1 , LM Q, S3, LI0 Q, Z2.p ¨q “ tε, p qu p ¨q “ tε, p qu p ¨q – p ¨q – 

Of course, it is possible to define “inner mapping groups” for other “multiplication 
groups” of a quasigroup Q, .p ¨q

Since all the above listed multiplication groups of a quasigroup Q, act transitively on p ¨q
the set Q, inner mapping groups relative to different elements of the set Q are isomorphic. 

For example, PIh Q, PIg Q, , FIh Q, FIg Q, and so on. If Q is finite, p ¨q – p ¨q p ¨q – p ¨q | |
then M Q, Q Ih and so on. | p ¨q “ | || p¨q|
Exercise 1.96. Construct various multiplication groups and inner multiplication groups 
for a quasigroup of order 4 or (and) 5. 
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1.2.7 Transversals: “Come back way” 

Definition 1.97. Suppose we have a partition of a set Q into cosets Ai. The set of repre­
sentatives Ai (a unique element from any coset) is called a transversal of the set tai | ai P u
Q relative to the partition Ai. 

The term “transversal” is used in combinatorics. See, for example, [409, Chapter V]. 
Let Q, be a quasigroup. It is clear that LIh Q, LM Q, , and that a unique p ¨q p ¨q Ď p ¨q

left translation lies in any left coset class of the group LM Q, by the group LIh Q, .p ¨q p ¨q
Therefore we have the following partition of the group LM Q, through the group LIh Q, p ¨q p ¨q
(for brevity, we omit the expression Q, )p ¨q

LM “ a1 LIh a2 LIh a3 LIh . . . an LIh¨ \ ¨ \ ¨ \ ¨ \ ¨ ¨ ¨ “ 
(1.30) 

La1 LIh La2 LIh La3 LIh . . . Lan LIh . . . ¨ \ ¨ \ ¨ \ ¨ \

It is clear that the situation with other multiplication groups and corresponding inner 
multiplication groups is similar. 

Notice, the ordered set of translations , . . . , Lan , . . . defines the Cayley table of tLa1 u
quasigroup Q, in a unique way. p ¨q

Example 1.98. We continue Example 1.95. We have LM “ L0 LI0 \ LI0 \ LI0,¨ L1 ¨ L2 ¨
where LI0 “ tε, p12qu, L0 ¨LI0 “ tp01q, p012qu, L1 ¨LI0 “ tε, p12qu, L2 ¨LI0 “ tp02q, p021qu. 

This situation can be generalized in the following way. Let G, be a group, and H, p ¨q p ¨q
be its subgroup. A complete system T of representatives of the left cosets aH , a P G is 
called a left transversal in group G, to subgroup H, .p ¨q p ¨q

In other words, from any coset ai H we take only one element, for example, element ai.¨
Thus G “ a1 ¨H \ a2 ̈ H \ a3 ̈ H \ . . . an ¨H \ ¨ ¨ ¨ “ \ai ¨H [471], and T “ ta1, a2, . . . , an, 
. . . is a left transversal. u

Define operation ˚ on the set T in the following way: 

a ˚ b “ a ¨ b pmod Hq. (1.31) 

Lemma 1.99. Groupoid T, ̊ q is a left quasigroup, i.e., equation a ˚ x “ b has a unique 
solution for any a, b P T . 

p

Proof. Indeed, left translations L˚
d , d P T , defined by the equality (1.31), correspond to per­

mutations (this fact is easy to check or see [407, Theorem 5.3.1. (a)], [471, 12.2.1 Theorem]) 
by the following action of the element d on the set of cosets dpaj ¨ Hq “ d ¨ aj ¨ H , where 
aj H .¨ H P \ai ¨ 

R. Baer, by definition of transversal, supposed that 1 P T , where 1 is the identity 
element of the group G [24, 25]. In this case the left quasigroup has the identity element 1, 
i.e., 1 ˚ x “ x ˚ 1 “ x for all x P T . 

Notice, the set of left translations of the groupoid pT, ̊ q is a subset of the set of permu­
tations S of the group G by its subgroup H (permutation presentation of the group G by 
its subgroup H) [407, Theorem 5.3.1. (a)], [471, 12.2.1 Theorem]). 

It is known [407, 471] that the set S forms a group relative to standard multiplication 
of permutations and this group is isomorphic to the group G{pker Hq, where kerH is the 
largest normal subgroup of the group G, which is contained in H . 

Lemma 1.100. If L˚
a “ L˚

b in the left quasigroup pT, ̊ q, then a “ b. 

Proof. If L˚
a x “ L˚

b x for all x P T , then, using equality (1.31), we have a ¨x “ b ¨x pmod H , 
x “ a ́ 1bx pmod Hq, a ́ 1b P H , a “ b pmod Hq, i.e., a “ b in left quasigroup pT, ̊ q. 

q
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Corollary 1.101. In the Cayley table of the left quasigroup pT, ̊ q, all rows are pairwise 
different. 

Proof. The proof follows from Lemma 1.100. 

The conditions when a transversal T is a loop transversal, i.e., pT, ̊ q is a loop, are given 
in [24, 25, 658]. 

Example 1.102. Let G “ S3 “ a, b | a3 “ b2 “ pabq 2 “ 1 , S3 “ t1, a, a2, b, ab, 
2

a2bu, 
H “ �b�. We have the following set of left cosets: H “ t1, bu, aH “ ta, abu, a2H “ ta , a2bu. 
Elements tb, ab, a2 form the left transversal T . We can construct a Cayley table of the left u
quasigroup pT, ̊ q. 

˚
b 
ab 
2a

b ab a2 

b a2 ab 
ab b a2 

a2 b ab 

If we denote b as 1, ab as 2, a 2 as 3, then we obtain the following Cayley table: 

˚ 1 

1 1 

2 

3 

3 

2 
2 2 1 3 
3 3 1 2 

In [556, Theorem 3.4] it is proved that every right quasigroup with identity element can 
be embedded as a right transversal in a group which is universal in some sense. 

Transversals are studied in [449, 450, 447, 448]. These objects are used in construction of 
codes [429, 433]. Loop transversal is based on a loop and some its subloop. Such transversals 
are introduced and studied in [553, 554]. 

1.2.8 Generators of inner multiplication groups 

We start this subsection from the following Belousov theorem, which is a generalization 
of the corresponding Bruck theorem, which was proved for loop case [167]. Taking into 
consideration the importance of these theorems for the development of quasigroups and 
especially loop theory, we decided to name these theorems for their discoverers. 

Theorem 1.103. Belousov theorem. In a quasigroup Q, p ¨q 

IhpQ, ̈ q “ �Ra,b, La,b, Ta | a, b P Q� , 

where Ra,b “ Ra 
´

‚ 
1 
bRbRa, hpa ‚ bq “ phaq a˝b Lb, pa ̋ bq pbhq “ L´1Ra,b, La,b “ L´1 La h “ a , Ta σa 

σ “ Rh 
´1Lh [72]. 

Theorem 1.104. Bruck theorem. In a loop Q, with identity element 1p ¨q

I1pQ, ̈ q “ �Ra,b, La,b, Ta | a, b P Q� , 

where Ra,b “ R´1RbRa, La,b “ L´1LaLb, Ta “ L´1Ra [167]. ab ab a 

Theorem 1.103 and Theorem 1.104 are proved in [72, 167] using induction. Theorem 
1.103 and Theorem 1.104 play important roles in definition of normal subloops and sub­
quasigroups. 

It is possible to prove analogs of these theorems using Theorem 1.106. This plan, for 
example, was realized in [772]. Namely, in Theorem 1.106 induction is hidden. Properties 
of the group FM Q, and generators of the group FIh Q, are given in [75]. p ¨q p ¨q
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Theorem 1.105. In a quasigroup Q, p ¨q 

FIhpQ, ̈ q “ �La,b, Ta,b, Pa,b | a, b P Q� , 

where La,b “ L´
a˝

1 
bLa pa˝bq pbhq a‹ Ra pa‹bqh “ bh¨ a˛bPaLb,Lb, h “ a , Ta,b “ L´1 

b Lb, a, Pa,b “ L´1 

pa ˛ bqh “ a{pbhq. 

Proof. Firstly we note that group FM Q, of a quasigroup Q, acts transitively on the p ¨q p ¨q
set Q. Really, for any fixed elements a, b P Q there exists an element c, such that Lca “ b 
since the equation x a “ b has a unique solution in a quasigroup Q, for any fixed elements ¨ p ¨q
a, b P Q. 

A stabilizer of element h in group FM of a quasigroup Q, is group FIh. Moreover, p ¨q
we can write 

FMpQ, ̈ q “ Lf phqpFIhq \ La1 pFIhq \ La2 pFIhq \ ¨ ¨ ¨ , (1.32) 

where f h h “ h. p q ¨ 
In [471, 14.3.1. Theorem] the following Otto Schreier Theorem is proved: 

Theorem 1.106. Let T be a set of generators of a group G, H be a subgroup of the group 
G, f : u Ñ u be a function such that any element u P G corresponds to a fixed element ū
from the set uH, and S be a set of selected representatives (one element from any coset). 
Then H “ xps ́ 1 ps | s P S, p P T y. 

We apply this theorem for obtaining a generator set of the group FIh of a quasigroup 
Q, . The set T P is a generator set of the group FM Q, of a quasigroup p
Q, 

¨q
. 

“ L Y R Y p ¨q
p ¨q

Let a set of selected representatives from every left coset of subgroup FIh of a group 
FMpQ, ̈ q be the following set: S “ tLa | a P Qu. Therefore we defined the “selecting” 
function f . 

Finally, we specify elements of the form ps ́ 1. They must have the form L´
z 

1. We can 
find the element z knowing elements p and s. 

(i) Let p “ La, s “ Lb. We need to specify element z such that LaLbh “ Lzh, a bh “ zh.p q
We have z “ Rh 

´1 pa ¨ bhq. We can re-write the last relation as a binary operation with 
variables a, b P Q in the following form pa ˝ bqh “ pa ¨ bhq. 

(ii) Let p “ Ra, s “ Lb. We need to specify element z such that RaLbh “ Lzh, bh a “p q
zh. Further we have z “ Rh 

´1 bh a . We can re-write the last relation as a binary operation pp q q
with variables a, b P Q in the following form pa ‹ bqh “ pbh ¨ aq. 

(iii) Let p “ Pa, s “ Lb. We need to specify element z such that PaLbh “ Lzh, Pa bhp q “ 
zh. Further we have zh bh “ a, zh “ a{bh. We can re-write the last relation as a binary ¨ 
operation with variables a, b P Q in the following form pa ˛ bqh “ a{pbhq. 

Corollary 1.107. In a quasigroup Q, ,p ¨q

IhpQ, ̈ q “ �La,b, Ta,b | a, b P Q� , 

where La,b “ La´˝
1 
bLaLb, pa ˝ bqh “ apbhq, Ta,b “ La´‹

1 
bRaLb, pa ‹ bqh “ bh ¨ a. 

Proof. The proof follows from Theorem 1.105. 

Corollary 1.108. In a loop Q, ,p ¨q

FI1pQ, ̈ q “ �La,b, Ta,b, Pa,b | a, b P Q� , 
(1.33) 

I1pQ, ̈ q “ �La,b, Ta,b | a, b P Q� , 

where La,b “ L´
a¨

1 
bLaLb, Ta,b “ L´

b¨a 
1RaLb, Pa,b “ L´

a{
1 
b
PaLb. 
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Proof. It is sufficient to put h “ 1 in conditions of Theorem 1.105, where the symbol 1 
denotes identity element of loop Q, .p ¨q

Notice, �La,b, Ta,b | a, b P Q� Ď �Ra,b, La,b, Ta | a, b P Q�. Indeed, 

L´1Rba R´1RaRb R´1Lb “ L´1RaLb.p ba qp ba qp b q ba 

The proof of inverse inclusion is more complicated. 

Lemma 1.109. In a quasigroup Q, p ¨q 

LIhpQ, ̈ q “ �La,b | a, b P Q� , 

where La,b “ La´˝
1 
bLaLb, pa ˝ bqh “ apbhq [816, 772]. 

Proof. The proof follows from Theorem 1.105.


Exercise 1.110. Construct two more triples of generators of the group FIh of a quasigroup

pQ, ̈ q, h P Q.


Lemma 1.111. In a loop Q, ,
p ¨q

PIhpQ, ̈ q “ �Pa,b | a, b P Q� , 

where Pa,b “ P 
a
´
b 
1PaPb [767]. z

Proof. The proof is similar to the proof of Theorem 1.105. 

The following results are known: a permutation group G of a set Q is the multiplication 
group of some quasigroup if and only if there is a loop pQ, ̀ q and permutations f and g of 
Q such that �MltpQ, ̀ q, f, g� “ G [438]; any Hamiltonian group (finite non-abelian groups 
with only normal subgroups [407, p. 213]) cannot be a multiplication group of a loop [438]. 

Problem 1.2. Describe groups that can be or cannot be a multiplication group of a loop 
(of a quasigroup). We hope our readers will be able to generalize this problem on other 
“multiplication groups” of quasigroups and loops (or left quasigroups). 

We notice, there are many articles in which properties of quasigroups (or loops) are 
studied with various conditions on their various inner multiplication groups. Mainly, these 
are the articles of T. Kepka, A. Drapal, M. Niemenmaa and their pupils and followers. 

1.3 Morphisms 

1.3.1 Isotopism 

We start from a traditional definition of isotopism (of isotopy). 

Definition 1.112. n-Ary groupoid G, f is an isotope of an n-ary groupoid G, g (in p q p q
other words G, f is an isotopic image of G, g ), if there exist permutations µ1, µ2, . . . , p q p q
µn, µ of the set G such that 

f x1, x2, . . . , xn “ µ´1 g µ1x1, . . . , µnxn (1.34) p q p q 

for all x1, . . . , xn P G. We can also write this fact in the form pG, fq “ pG, gqT where 
T “ pµ1, µ2, . . . , µn, µq. The ordered p q-tuple T is called isotopy of n-ary groupoids. n ` 1
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If in equality (1.34) f “ g, then -tuple µ1, µ2, . . . , µn, µ of permutations of the n ` 1p q p q
set G is called an autotopy of n-groupoid Q, f . The last component of an autotopy of an p q
n-groupoid is called a quasiautomorphism (by analogy with binary case). 

A set of all autotopies of a groupoid Q, f forms the group of autotopies relative to the 
usually defined operation on this set: if 

p
T1 “ p

q
µ1, µ2, . . . , µn, µ and T2 “ pν1, ν2, . . . , νn, νq q

are autotopies of groupoid pQ, fq, then T1T2 “ pµ1ν1, µ2ν2, . . . , µnνn, µνq is an autotopy 
of groupoid Q, f . Autotopy group of a groupoid Q, f will be denoted as T Q, f .p q p q p q

If in (1.34) µ1 “ µ2 “ “ µ, then groupoids Q, f and Q, g are isomorphic. ¨ ¨ ¨ “ µn p q p q
At last, if in (1.34) the n-ary operations f and g are equal and µ1 “ µ2 “ ¨ ¨ ¨ “ 

µn “ µ, then we obtain an automorphism of groupoid Q, f , i.e., a permutation µ of the p q
set Q is called an automorphism of an n-groupoid Q, f if for all x1, . . . , xn Q the p q P
following relation is fulfilled: µf x1, . . . , xn µ1x1, . . . , µnxn . We denote by Aut Q, f“ fp q p q p q
the automorphism group of an n-ary groupoid Q, f . If n “ 2, we obtain the following p q
definition of isotopism. 

Definition 1.113. Binary groupoid pG, ̋ q is an isotopic image of a binary groupoid pG, ̈ q, 
if there exist permutations α, β, γ of the set G such that x ˝ y “ γ´1 pαx ¨ βyq. 

We list some properties of isotopisms. As usual, ε denotes the identity permutation. 

Lemma 1.114. If α, β, γ is an isotopism, then p q

pα, β, γq “ pα, β, εq ˚ pε, ε, γq “ pα, ε, εq ˚ pε, β, εq ˚ pε, ε, γq “ 
pε, β, εq ˚ pε, ε, γq ˚ pα, ε, εq 

and so on. 

Lemma 1.114 helps to construct a Cayley table of isotopic images of a finite quasigroup 
(groupoid). 

Lemma 1.115. If pQ, ̋ q “ pQ, ̈ qpα, ε, εq, i.e., x ̋ y “ αx ̈ y for all x, y P Q, then L˝
x “ L¨ 

αx 
for all x P Q. 

If pQ, ̋ q “ pQ, ̈ qpε, β, εq, i.e., x ̋ y “ x ̈ βy for all x, y P Q, then Ry
˝ “ R¨ for all y P Q.βy 

If pQ, ̋ q “ pQ, ̈ qpε, ε, γq, i.e., x ˝ y “ γ´1 px ¨ yq for all x, y P Q, then Pz
˝ “ P ̈  for all γz 

z P Q. 

Proof. Case 3. We can re-write equality pQ, ̋ q “ pQ, ̈ qpε, ε, γq in the form x ̋ y “ γ´1 px ̈ yq
for all x, y P Q. Therefore, if x ˝ y “ γ´1 px ¨ yq “ z, then P ̈  x “ y, P ̋ x “ y, P ̈  “ z γ ́ 1z z 
P
γ
˝́

1z . 

Lemma 1.115 helps to find the Cayley table of isotopic images of a groupoid in the 
following way: if we have isotopy pα, β, γq, then we permute rows by the rule L˝

x “ L¨ 
αx, 

after this we permute columns by the rule Ry
˝

βy, and finally we rename elements in “ R¨ 

the Cayley table by the following rule: if x y “ a, then x ˝ y “ γ´1a. As it follows from ¨ 
Lemma 1.114, we can change the order of execution of steps 1, 2, and 3. 

Example 1.116. Let T “ pp1234q, p12qp34q, p123qq. Let a quasigroup pQ, ̈ q have the fol­
lowing Cayley table: 

¨ 
1 
2 
3 
4 

1 2 3 4 
2 1 3 4 
3 2 4 1 
4 3 1 2 
1 4 2 3 
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If we apply isotopy 1234 , ε, ε to this quasigroup (it changes the rows), then we obtain pp q q
the following Cayley table 

˚ 1 2 3 4 

1 1 4 2 3 
2 2 1 3 4 
3 3 2 4 1 
4 4 3 1 2 

Further, if we apply the isotopy ε, 12 34 , ε to the obtained quasigroup (we change the p p qp q q
order of columns in the previous Cayley table), then we have quasigroup: 

˝ 1 2 3 4 

1 4 1 3 2 
2 1 2 4 3 
3 2 3 1 4 
4 3 4 2 1 

Finally, with the help of isotopy pε, ε, p123qq (γ´1 “ p132q), we rename elements inside the 
last Cayley table: 

˝ 1 2 3 4 

1 4 3 2 1 
2 3 1 4 2 
3 1 2 3 4 
4 2 4 1 3 

Definition 1.117. An isotopism of the form α, β, ε is called a principal isotopism. p q

Usually we shall write the fact that groupoids Q,A and Q,B are isotopic in this p q p q
form: Q,A Q,Bp q „ p q 

Lemma 1.118. Any isotopism up to isomorphism is a principal isotopism. 

Proof. Suppose that pQ,Aq and pQ,Bq are isotopic groupoids. If pQ,Bq “ pQ,Aq pα, β, γq, 
then Q,B γ´1, γ´1, γ´1 q “ pQ,A αγ´1, βγ´1, ε . Thus Q,Cq “ pQ,A αγ´1, βγ´1, ε , 
where 

p
pQ,C

qp
q “ pQ,Bq pγ´1, γ´1, γ´

qp
1 q. 

q p q p

Definition 1.119. Isotopy of the form Ra 
´1, L´

b 
1, ε , where Lb, Ra are left and right trans­p q

lations of a quasigroup Q, , is called LP-isotopy (loop isotopy) [72, 80]. p ¨q

Theorem 1.120. Any LP-isotope of a quasigroup Q, is a loop. p ¨q

Proof. Prove that quasigroup Q, ̋ q, where x ˝ y “ R´1x b y, is a loop. Let 1 “ b a. If a 
we take x “ 1, then 1 ˝ y “ R´

p
1ba L´1 b L´1

¨ L´1 

L´1 
¨ 

a b a b y “ b b b y “ y.¨ y “ R´1Ra ¨ ¨ y “ LbL´1 

If we take y “ 1, then we have x ̋ 1 “ Ra 
´1x L´

b 
1ba “ Ra 

´1x a “ RaRa 
´1x “ x. Element ¨ ¨

1 is the identity element of the quasigroup pQ, ̋ q. 

Lemma 1.121. 1. If α, β, ε and is a loop, then there exist ele­pQ, ̋ q “ pQ, 
a 

¨qp
, β “

q
L´1 

pQ, ̋ q
ments a, b P Q such that α “ R´1 

b , where Rax “ x a, Lbx “ b x ([80], ¨ ¨ 
Lemma 1.1). 

2. If pQ, ̋ q “ pQ, ̈ qpα, ε, γq and pQ, ̋ q is a unipotent left loop, then there exist elements 
a, b P Q such that α “ P ́ 1, and γ “ Lb.a 

3. If pQ, ̋ q “ pQ, ̈ qpε, β, γq and pQ, ̋ q is a unipotent right loop, then there exist elements 
a, b P Q such that β “ Pa, and γ “ Rb. 

q
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Proof. 1. Let x ˝ y “ αx βy. If x “ 1, then we have 1 ˝ y “ y “ α1 βy. Therefore ¨ ¨ 
Lα1β “ ε, β “ L´1. If we take y “ 1, then we have “ x “ αx β1, Rβ1α “ ε,α1 x ˝ 1 ¨ 
α “ Rβ´1

1 . 

2. Let x ̋ y “ γ´1 pαx ̈  yq. If x “ 1, then we have y “ γ´1 pα1 ¨ yq. Therefore γy “ Lα1y. 
If x “ y, then 1 “ γ´1 pα ̈  xq, γ1 “ αx ̈  x, Pγ´11 x “ αx. In order to obtain the claimed 
in this case, we denote α1 by b, and γ1 by a. 

3. Let x ̋ y “ γ´1 px ̈  βyq. If y “ 1, then we have x “ γ´1 px ̈  β1q. Therefore γx “ Rβ1x. 
If x “ y, then 1 “ γ´1 px ̈ βxq, γ1 ¨βx, Pγ1x “ βx. In order to obtain the claimed “ x 
in conditions of the lemma, we denote β1 by b, and γ1 by a. 

Lemma 1.122. (i) If Q, is a binary quasigroup, La, Rb are some of its left and right p ¨q
“ Lϕaϕ, ϕRb “ Rϕbϕ.translations, ϕ P Aut Q, , then ϕLa 

(ii) If Q, ̀ q is a group, then La , L´1 , R´1

p ¨q
Rb “ RbLa a “ L´a a “ R´a. 

(iii) If 
p
Q, ̀ q is a group, then Rd “ LdId, where Id is the inner automorphism of the p

group pQ, ̀ q, i.e., Idx “ ´d ` x ` d for all x P Q.


Proof. (i) We have ϕLax “ ϕ a x “ ϕa ϕx “ Lϕaϕx, ϕRbx “ ϕ x b “ ϕx ϕb “ Rϕbϕx.
p ¨ q ¨ p ¨ q ¨
(ii) LaRbx “ a ` px ` bq “ pa ` xq ` b “ RbLax. L´

a 
1 “ L´a since L´

a 
1Lax “ x “ 

´a ` a ` x “ L´aLax. 
(iii) Rdx “ x ` d “ d ´ d ` x ` d “ LdIdx. 

Theorem 1.123. Generalized Albert theorem. If pQ, ̋ q “ pQ, ̈ qpα, β, εq, pQ, ̈ q is a group, 
and pQ, ̋ q is a loop, then pQ, ̋ q is a group isomorphic to group pQ, ̈ q [80, 10, 11, 72, 548, 
685, 779]. 

Proof. By Lemma 1.121 α “ Ra 
´1 , β “ L´

b 
1. However in a group Ra 

´1 “ Ra ́ 1 , L´
b 

1 “ Lb ́ 1 

(Lemma 1.122). 
Therefore x ̋ y “ Ra 

´1x ̈  Lb 
´1 y “ xa ́ 1 ¨ b´1y “ xpa ́ 1b´1 qy. Denote the element a ́ 1b´1 

as c. Then px ˝ yq ¨ c “ px ¨ cq ¨ py ¨ cq, Rcpx ˝ yq “ Rcx ¨ Rcy. 
Hence Q, . If a b “ 1, then .pQ, ̋ q – p ¨q ¨ pQ, ̋ q “ pQ, ̈ q

Exercise 1.124. Find the form of isotopy between quasigroups from Example 1.34. 

1.3.2 Group action 

We recall some definitions from [334, 471, 911]. 

Definition 1.125. A group G acts on a set M if for any pair of elements pg,mq, g P G,m P
M, an element pgmq P M is defined. Moreover, g1pg2pmqq “ pg1g2qm and em “ m for all 
m P M , g1, g2 P G. Here e is the identity element of the group G. 

The set Gm “ tgm | g P Gu is called an orbit of element m. For every m in M , we define 
the stabilizer subgroup of m as the set of all elements in G that fix m: Gm gm “ m .“ tg | u

Theorem 1.126. Let x and y be two elements in M , and let g be a group element such 
that y “ g x . Then the two stabilizer groups Gx and Gy are related by Gy “ gGxg ́ 1 [911]. p q

Proof. By definition, h P Gy if and only if hpgpxqq pxq. Applying g ́ 1 to both sides of “ g
this equality yields pg ́ 1hgqpxq “ pg ́ 1gqpxq “ x; that is, g ́ 1hg P Gx. 
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The aforesaid gives us that the stabilizers of elements in the same orbit are conjugate 
to each other. Thus, one can associate a conjugacy class of a subgroup of G (i.e., the set of 
all conjugates of the subgroup) to each orbit. 

The orbits of any two elements of the set M coincide or are not intersected. Then the 
set M is divided into a set of non-intersected orbits. In other words, if we define a binary 
relation on the set M as: „ 

m1 m2 if and only if there exists g P G such that m2 “ gm1, „ 

then is an equivalence relation on the set M . „
Every orbit is an invariant subset of M on which G acts transitively. The action of G 

on M is transitive if and only if all elements are equivalent, meaning that there is only one 
orbit. 

A partition θ of the set M on disjoint subsets θ x , x P M is called a partition on blocks 
relative to the group G, if for any θ a and any g 

p
P

q
G there exists a subset θ b such that p q p q

gθ a b . It is obvious that there exist trivial partitions of the set M , namely, partitions “ θp q p q
into one-element blocks and partitions into unique blocks. 

If there does not exist a partition of the set M into non-trivial blocks, then the group 
G is called primitive. 

Definition 1.127. The action of G on M is referred to as follows: 

1. Faithful (or effective), if for any two distinct g, h P G there exists an x P M such that 
gpxq ‰ hpxq; or equivalently, if for any g ‰ e P G there exists an x P M such that 
g x. Intuitively, different elements of G induce different permutations of M ;pxq ‰

2. Free (or semiregular), if for any two distinct g, h P G and all x P M we have gpxq ‰ 
h x ; or equivalently, if g x “ x for some x, then g “ e;p q p q

3. Regular (or simply transitive), if it is both transitive and free; this is equivalent to 
saying that for any two x, y in M there exists precisely one g in G such that g x “ y.p q
In this case, M is known as a principal homogeneous space for G or as a G-torsor 
[911]. 

1.3.3 Isotopism: Another point of view 

Here we present another point of view on the concept of isotopism using the concept of 
action of a group. 

Definition 1.128. An ordered -tuple of permutations (bijections) of a set G is called n`1p q
an isotopism (an isotopy). 

Lemma 1.129. Set T of all isotopisms of a set Q forms the group Sn`1 
Q “ SQˆSQˆ ˆSQ,¨ ¨ ¨

which is the direct sum of copies of the group SQ relative to the following operation n ̀  1p q
(componentwise multiplication of pn ` 1q-tuples): pµ1, µ2, . . . , µn`1q ˚ pν1, ν2, . . . , νn`1q “ 
pµ1ν1, µ2ν2, . . . , µn`1νn`1q. 

Let G be a class of all n-ary groupoids (arity is fixed) defined on a set Q. By Q we 
denote a quasigroup class defined on the set Q. Define the action of elements of the group 
T on classes G, Q in the following way: if pQ, fq is n-ary groupoid, T “ pν1, ν2, . . . , nun, 
nn`1q P T, then pQ, fqT “ νn´`

1

1
fpν1x1, ν2x2, . . . , νnxnq for all x1, x2, . . . , xn. 

Theorem 1.130. (i) GT “ G, (ii) QT “ Q. 
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Proof. (i). If pQ, fq is an n-ary groupoid, T “ pν1, ν2, . . . , nun, nn`1q P T, 
n 

then 
pQ, fqT defines some other n-ary groupoid pQ, gq since the operation gpx1 q “ 
ν´1 fpν1x1, ν2x2, . . . , νnxnq is defined for all x1, . . . , xn P Q. n`1

(ii). Prove this theorem for the binary case. For n-ary (n 2) the proof is similar. ą
Let pQ, ̈ q be a quasigroup and T “ pα, β, γq – an isotopy. Prove that operation x ˝ y “ 
γ´1 pαx ̈  βyq is a quasigroup operation. From (i) it follows that pQ, ̋ q is a binary groupoid. 

For any fixed element x, the map L˝ is a permutation of the set Q, since L˝y “ γ´1L¨ βy x x αx

and the product of permutations is a permutation. Similarly, the map R˝x “ γ´1R¨ αx isy βy

a permutation. Taking into consideration Definition 1.28, we conclude that groupoid pQ, ̋ q 
is a quasigroup. 

Corollary 1.131. Any isotope of a left (right) quasigroup pQ, ̋ q is a left (right) quasigroup. 

Remark 1.132. Researches of quasigroup classes closed relative to all isotopisms or iso­
topisms of a fixed kind (for example, LP -isotopisms) form a direction in quasigroup theory 
[72, 401, 400, 869, 870, 866]. 

Quasigroup isotopism has a relatively clear geometrical [76] and automata theory [400] 
interpretation. 

1.3.4 Autotopisms of binary quasigroups


Theorem 1.133. If n-ary quasigroups Q, f and Q, g are isotopic with isotopy T , i.e.,
p q p q
pQ, fq “ pQ, gqT , then Avt pQ, fq “ T ́ 1Avt pQ, gqT [77]. 

Proof. Quasigroups Q, f and Q, g are in one orbit (they are isotopic) by action of the p q p q
group T on the set Q of all quasigroups of a fixed arity n. Autotopy groups of these quasi­
groups are stabilizers of elements Q, f and Q, g by this action. It is known that stabilizers p q p q
of elements of a set S from one orbit by action of a group G on the set S are isomorphic 
[471, 334], moreover, they are conjugate subgroups of the group SQ

3 . 

Automorphisms and automorphism groups of some binary and n-ary quasigroups are 
studied in many articles, see, for example, [646, 461, 462, 736, 760, 769, 290, 772, 832, 444, 
524, 525, 600]. 

It is clear that any automorphism is an autotopy with equal components. So, if we know 
the structure of autotopies of a “good” n-ary quasigroup Q, f and the form of isotopy T ,p q
then we have a possibility to obtain information on autotopies and automorphisms of n-ary 
quasigroup pQ, gq “ pQ, fqT . 

This observation was used by the study of automorphism groups of quasigroups isotopic 
to groups in [762]. 

In the binary case, Theorem 1.133 allows us (up to isomorphism) to reduce the study 
of autotopy group of a quasigroup to the study of autotopy group of an LP-isotope of this 
quasigroup, i.e., to the study of autotopy group of a loop. 

Definition 1.134. An autotopism (sometimes we shall refer to autotopism as autotopy) is 
an isotopism of a quasigroup Q, into itself, i.e., a triple α, β, γ of permutations of the p ¨q

y “ γ´1 
p q

set Q is an autotopy if the equality x ¨ pαx ¨ βyq is fulfilled for all x, y P Q. 

We denote the set of all autotopies of a quasigroup Q, as Avt Q, . It is clear that p ¨q p ¨q
the defined on this set (on the set Avt Q, ) operation of autotopies multiplication p ¨q ‹ 

pα1, β1, γ1q ‹ pα2, β2, γ2q “ pα1α2, β1β2, γ1γ2q 

is a group operation. Then we have a possibility to speak on the group Avt Q, , . This p p ¨q ‹q
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group has more than one denotation. The following denotation T op Q, of the group of p ¨q
autotopism of a quasigroup Q, will be also used. p ¨q

Lemma 1.135. The set of all the first (second, third) components of autotopies of a qua­
sigroup Q, forms a group. p ¨q

We shall denote the group of all the first components of autotopisms of a quasigroup 
pQ, ̈ q as AC1pQ, ̈ q (the letters “A”and “C”are initial letters of the words autotopy com­
ponent), of all the second components as AC2 Q, , and the set of all the third ones as p ¨q
AC3 Q, . The group AC3 Q, is called the group of quasiautomorphisms of a quasigroup p ¨q p ¨q
pQ, ̈ q. 

Definition 1.136. The third component of any autotopism is called a quasiautomorphism. 

Lemma 1.137. If T is a quasigroup autotopy, then its two components uniquely determine 
the third one. 

α´1 

p
p q

q “ p
p
α1α

´1 
q

q
p qProof. If α1, β, γ and α2, β, γ are autotopies, then 

2 , β
´1, γ´1 is an autotopy and 

α1α
´
2

1, ββ´1, γγ´1

2 , ε, ε is an autotopy too. We can re-write the last form of 
autotopy in this form: α1α

´
2

1 x y “ x y, then α1 “ α2.¨ ¨ 
If pε, ε, γ1γ2q is an autotopy, then we have x ¨ y “ γ1γ2 

´1 px ¨ yq. If we put in the last 
equality y “ epxq, then we obtain x “ γ1γ

´1 x for all x P Q, i.e., γ1 “ γ2.2 

Corollary 1.138. If two components of a quasigroup autotopy are identity mappings, then 
the third component is also an identity mapping. 

Proof. The proof follows from Lemma 1.137 because in any quasigroup there exists identity 
autotopy ε, ε, ε .p q

A stronger result than Lemma 1.137 is proved by I.V. Leakh [580]. 

Theorem 1.139. Leakh theorem. Any autotopy T “ pα1, α2, α3q of a quasigroup pQ, ̋ q is 
uniquely defined by its autotopy component αi, i P t1, 2, 3 , and by element b “ αj a, where u
a is any fixed element of set Q, i ‰ j [580]. 

Proof. Case 1. i “ 1, j “ 2. If we have autotopies α, β1, γ1 and α, β2, γ2 such that p q p q
β1a “ β2a “ b, then we have αx ˝ β1a “ γ1px ˝ aq and αx ˝ β2a “ γ2px ˝ aq. Since the left 
sides of the last equalities are equal, then we have γ1px ˝ aq “ γ2px ˝ aq, γ1Rax “ γ2Rax, 
γ1 “ γ2 and by Lemma 1.137, β1 “ β2. 

Case 2. i “ 1, j “ 3. Suppose there exist autotopies α, β1, γ1 and α, β2, γ2 such that p q p q
γ1a “ γ2a “ b for some fixed element a P Q. Since pQ, ̋ q is a quasigroup, then for any 
element x P Q there exists a unique element x1 P Q such that x ̋ x1 “ a. Using the concept 
of middle quasigroup translation we can re-write the last equality in the form Pax “ x1 and 
say that Pa is a permutation of the set Q. 

For all pairs x, x1 we have αx ̋ β1x
1 “ γ1px ̋ x1q “ b and αx ̋ β2x

1 “ γ2px ̋ x1q “ b. Since 
the right sides of the last equalities are equal, we have αx ˝ β1x

1 “ αx ˝ β2x
1, β1x

1 “ β2x
1 

for all x1 P Q. The variable x1 takes all values from the set Q since Pa is a permutation of 
the set Q. Therefore β1 “ β2 and by Lemma 1.137, γ1 “ γ2. 

All other cases are proved in a similar way as Cases 1 and 2. 

Lemma 1.140. If Q, is a loop, then its autotopy has the form p ¨q

pα, β, γq “ pRb 
´1, L´

a 
1, εqpγ, γ, γq, (1.35) 

where γ1 b, γ is some bijection of the set Q.“ a ¨ 
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Proof. Let T “ pα, β, γq be an autotopy of a loop pQ, ̈ q, i.e., αx ¨ βy “ γpx ¨ yq. If we put 
x “ 1, then we obtain α1 βy “ γy, γ “ Lα1β, β “ L´1γ. If we put y “ 1, then, by analogy, α1

¨
we obtain, α “ R´1γ. Then T “ pR´1γ, L´1γ, γq “ pR´1, L´1, εqpγ, γ, γq, where β1β1 β1 α1 b a “ b, 
α1 “ a. If we put x “ y “ 1, then α1 β1 “ γ1. ¨ 

Corollary 1.141. If Q, is a loop, then any its autotopy has the form p ¨q

pα, β, γq “ pγ, γ, γqpRb, La, εq, (1.36) 

where γ is some bijection of the set Q. 

Proof. We use Lemma 1.140. We have 

α1, β1, γ1 “ T ́ 1 , β´1, γ´1 p1.35 
γ´1, γ´1, γ´1 Rb, La, εp q “ pα´1 q “ q p qp q “ 

(1.37) 
γ´1, γ´1, γ´1 Rb, La, ε .p qp q

Remark 1.142. In some articles, loop autotopy presented in the form (1.36) is called 
crypto-automorphism. See for example [6]. 

Theorem 1.143. The order of autotopy group of a finite quasigroup Q of order n is a 
divisor of the number n! n.¨ 

Proof. The proof follows from Theorem 1.133 (we can prove the loop case), Lemma 1.137 
and Lemma 1.140 (we can take the second and the third components of loop autotopy). 

Example 1.144. The order of autotopy group of the group Z2 ̂ Z2 is equal to 4 4 6 “ 4! 4, ¨ ¨ ¨
i.e., in this case the order of autotopy group is equal to the upper bound. 

There exist quasigroups (loops) with identity autotopy group [245], i.e., Avt Q, “ 1. | p ¨q|

Example 1.145. We give examples of such loops of order seven and nine. In this case the 
autotopy group is of minimal order. The proof is based on the analyses of cycle structure 
of quasigroup (loop) translations. 

¨ 
1 
2 
3 
4 
5 
6 
7 

¨ 
1 2 3 4 5 6 7 1 
1 2 3 4 5 6 7 2 
2 1 7 6 4 5 3 3 
3 6 1 2 7 4 5 4 
4 5 2 1 3 7 6 5 
5 7 4 3 6 2 1 6 
6 3 5 7 2 1 4 7 
7 4 6 5 1 3 2 8 

9 

1 2 3 4 5 6 7 8 9 
1 2 3 4 5 6 7 8 9 
2 3 1 8 6 7 5 9 4 
3 1 2 9 7 5 6 4 8 
4 5 6 7 9 8 1 3 2 
5 6 4 2 1 9 8 7 3 
6 4 5 3 8 1 9 2 7 
7 8 9 5 3 2 4 6 1 
8 9 7 1 4 3 2 5 6 
9 7 8 6 2 4 3 1 5 

Lemma 1.146. For any loop autotopy α, β, γ the following equality is true p q

pα, β, γq “ pRb 
´1, Rb 

´1, Rb 
´1 qpε,Rb, RbqpLa, ε, Laqp a , L

´
a 

1, L´
a 

1 qpγ, γ, γq, (1.38) L´1 

where a “ α1, b “ β1.


Proof. In order to check equality (1.38) it is sufficient to multiply factors in the right side of

this equality and to compare the obtained result with the right side of equality (1.35). 
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Remark 1.147. Notice in the conditions of Lemma 1.146 that γ1 “ α1 β1. Comparison ¨ 
of Lemma 1.146 and Theorem 1.148 demonstrates that in the decomposition of autotopies 
of a loop and a group there are triples corresponding to the elements of the left and right 
nucleus. 

We can obtain more detailed information on autotopies of a group, and since autotopy 
groups of isotopic quasigroups are isomorphic, on autotopies of quasigroups that are group 
isotopes. 

Theorem 1.148. Any autotopy of a group pQ, ̀ q can be decomposed in the following 
product of autotopies: 

pLaδ, Rbδ, LaRbδq “ pLa, ε, Laqpε,Rb, Rbqpδ, δ, δq, (1.39) 

where La is a left translation of the group pQ, ̀ q, Rb is a right translation of this group, 
and δ is an automorphism of the group pQ, ̀ q [80]. 

Proof. Let T “ pα, β, γq be an autotopy of a group pQ, ̀ q, i.e., for all x, y P Q the following 
equality 

αx ` βy “ γ x ` y (1.40) p q 
is true. 

If in equality 1.40 we put x “ y “ 0, then we obtain α0 “ γ0. ` β0 
If in equality 1.40 we put only x “ 0, then α0 ` βy, Lα0β “ γ, β “ L´α0γ. 
If in equality 1.40 we put only y “ 0, then αx ` β0 “ γx, Rβ0α “ γ, α “ R´β0γ. 
Now we can re-write equality 1.40 in this form: R´β0γx ` L´α0γy “ γ x ` y , i.e., p q

γx ´ β0 ´ α0 ` γy “ γ x ` y . Denote ´β0 ´ α0 as c, and it is easy to conclude that p q
´c “ α0 ` β0. From the last equality we have γx ` c ` γy ` c “ γ x ` y ` c, i.e., Rcγ is 
an automorphism of the group pQ, ̀ q. 

p q

Let θ “ Rcγ. Then γ “ R θ, αx “ R´β0γx “ R´β0R θx “ θx ` α0 ` β0 ´ β0´c ´c “ 
θx ` α0 “ α0 ´ α0 ` θx ` α0 “ Lα0Iα0θx, where Iα0x ` x ` α0 is an inner “ ´α0 
automorphism of the group pQ, ̀ q. 

Similarly, 

βx “ L´α0γx “ L´α0R ` θx ` α0 ` β0 “ Rβ0Iα0θx. ´cθx “ ´α0


We can also write the permutation γ in the following form: γx “ θx ` α0
 ` β0 “ 
α0 ´ α0 ` θx ` α0 ` β0 “ Lα0Rβ0Iα0θx. 

If we rename α0 as a, β0 as b, and Iα0θ as δ, then we obtain the following form of any 
autotopy of a group Q, ̀ q:p

Laδ, Rbδ, LaRbδ .p q

Corollary 1.149. 1. If Laδ “ LaRbδ, then Rb “ ε. 2. If Rbδ “ LaRbδ, then La “ ε. 3. If 
Laδ “ Rbδ, then a P CpQ, ̀ q. 

Proof. 3. We have a ` δx ` a ` δy “ a ` a ` δx ` δy, δx ` a “ a ` δx for all x P Q. 

Corollary 1.150. Any group quasiautomorphism has the form Ld ϕ, where ϕ P AutpQ, ̀ q 
[769]. 

Proof. We have LaRb δx “ a ` δx ` b “ a ` b ´ b ` δx ` b “ La`bIb δx “ Ld ϕ, where 
d “ a ` b, ϕ “ Ibδ, Ib x “ ´b ` x ` b. 


