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Foreword

This book is based on lectures which the author gave for graduate students of Charles
University (Prague, Czech Republic) in autumn 2003 [779].

We hope this book will assist young (and not so young) mathematicians who would
like to start their own research on the topic of quasigroup theory and especially on its
applications.

In Chapters 14 a sufficiently elementary introduction to the theory of quasigroups and
main classes of quasigroups is given. In Chapters 5-9 some results obtained mainly in the
last twenty years in the branch of “pure” quasigroup theory are presented. In Chapters 10
and 11 information on applications of quasigroups in code theory and cryptology is collected.

Therefore it is possible to divide this book into three parts: Foundations, Theory, and
Applications.

Chapter 1 “Elements of Quasigroup Theory” gives a short, somewhat “elementary”
from the point of view of an “advanced” algebraist, and in some places only the outlined,
introduction to quasigroup theory. In this chapter we try to demonstrate to the reader that
there is no essentially big difference between binary and n-ary objects and that the “work”
with an n-ary object is quite similar to the work with a binary object.

As it seems to the author, this introductory chapter is written in the spirit of Belousov
quasigroup school: that is, attention is given especially to algebraic questions concerning
quasigroup theory.

The author hopes that many questions which mainly concern loop theory will be dis-
cussed in more detail in other books.

We hope that this chapter will be comprehensible to undergraduate students (both for
independent study and also for study with a teacher).

In writing this chapter, the author has tried also to take into consideration possible
needs and interests of engineers, mathematicians who are non-algebraists and physicists
who would like to use quasigroups in coding theory, cryptology, physics or in some other
“suitable places” for application of quasigroups.

Notice, the theory of quasigroups is in the process of rapid growth and even the foun-
dations of quasigroup theory are being changed quite quickly.

Most applications of quasigroups are connected with the fact that quasigroups often
have some kind of inverse property and/or that they, like semigroups, are a generalization
of the concept of a group.

Readers can find more detailed introductions to quasigroup theory in the books
of V.D. Belousov [72, 80], H.O. Pflugfelder [685], and J.D.H. Smith [819]. See, also,
[173, 201, 865]. Smooth quasigroups and loops are studied in [654, 727], and topological
algebraic systems, including topological quasigroups, in [205].

Good introductions to the theory of Latin squares and applications can be found in
[240, 490, 559, 86].

In Chapter 2 “Some Quasigroup Classes” information about the most researched qua-
sigroup classes is included. A big part of this information is well known but there are some
new results, too.

Chapter 3 is based on information from joint articles of A.D. Keedwell and

XV
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V.A. Shcherbacov concerning properties of some new classes of inverse quasigroups
[486, 487, 488, 489]. There exists a sufficient basis to expect that quasigroups with these
inverse properties will be applicable in cryptology.

In Chapter 4 relatively new “autotopical” approach to the nuclei and center of a quasi-
group is presented.

Chapter 5 contains solutions of two problems from V.D. Belousov’s book [72].

In Chapter 6 information on properties (direct decompositions, simple objects, loop
isotopes) of finite left and right F-, E-) and SM-quasigroups is presented. The solutions of
“la” Belousov problem [72] and two problems of Kinyon and Phillips [520] are obtained as
corollaries.

Chapter 7 contains a theorem that is a generalization of the classical Murdoch Theorem
[646] on the structure of binary finite medial quasigroups. Simple n-ary medial quasigroups
are also described.

In Chapter 8 information on automorphisms of binary and n-ary (mainly linear) quasi-
groups is given.

Chapter 9 contains a quite new approach and results concerning orthogonality of binary
quasigroups. See, also [643, 213]. Various applications of the property of orthogonality of
quasigroups and groupoids are described in books by J. Denes and A.D. Keedwell [240, 241,
243].

In Chapter 10 an n-ary quasigroup approach to codes with one check symbol is devel-
oped. This part is based on joint articles of G.L. Mullen and V.A. Shcherbacov [641, 642].
Information on quasigroup-based recursive MDS codes is mainly taken from [371].

Results on applications of quasigroups in cryptology are presented in Chapter 11.

The Appendix contains short historical data on quasigroup theory and information about
the 20 Belousov problems [72] (formulations, information about solutions and names of
solvers).

All theorems, corollaries, lemmas, remarks and formulas are identified by two numbers,
the first of which specifies the chapter number. In compiling of the list of references, we tried
to use mainly readily available sources. To make reading of this book more comfortable, we
sometimes repeat the definitions and basic facts. We have put a few open problems in both
explicit and implicit forms.
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1.1 Introduction

1.1.1 The role of definitions

In this section we adopt some remarks from the books [334, 422, 296].

In mathematics one should strive to avoid ambiguity. A very important ingredient of
mathematical creativity is the ability to formulate useful definitions, ones that will lead to
interesting results.

Every definition is understood to be an “if and only if”type of statement, even though
it is customary to suppress the only if. Thus one may define: “A triangle is isosceles if it
has two sides of equal length”, really meaning that a triangle is isosceles if and only if it
has two sides of equal length.

The basic importance of definitions to mathematics is also a structural weakness because
not every concept used can be defined.

1.1.2 Sets

A set is well-defined collection of objects. We summarize briefly some of the things about
sets we shall take for granted.

1. A set S is made up of elements, and if a is one of these elements, we shall denote
this fact by a € S. The order of elements in the set S is not taken into consideration, i.e.,
S = {a, b} = {b, a}.

2. There is exactly one set with no elements. It is the empty set and is denoted by @.

3. We may describe a set either by giving a characterizing property of the elements,
such as “the set of all members of the United State Senate”, or by listing the elements, for
example, {1, 3, 4} is a set.

4. A set is well defined, meaning that if S is a set and a is some object, then either a
is definitely in S, denoted by a € S, or a is definitely not in S, denoted by a ¢ S. Thus
one should never say “Consider the set S of some positive numbers”, for it is not definite
whether 2€ S or 2¢ 5.

1.1.3 Products and partitions

Definition 1.1. The Cartesian product of sets Si1,S5,...,.5, is the set of all ordered n-
tuples (a1, az,...,a,), where a; € S;.

The Cartesian product is denoted by either S; x Sy x -+ x S, or by

n

[1s:

i=1
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IfS; =95 =---=9,=25, then we have S x S x --- x § = 5" ={(a1,a2,...,a,)|a; € S}
(the n-th power of the set .5).

A binary relation on a set @) is any subset of the set Q x @, a ternary relation is any
subset of the set Q x @ x @, and an n-ary relation is any subset of the set Q™.

If ¢ and 1 are binary relations on @), then their product is defined in the following
way: (a,b) € p o if there is an element ¢ € @ such that (a,¢) € ¢ and (¢,b) € . If ¢ is
a binary relation on @, then ¢~ = {(y,2) | (x,y) € »}. The operation of the product of
binary relations is associative [211, 678, 813, 711].

Definition 1.2. A partition of a set is a decomposition of the set into cells such that every
element of the set is in exactly one of the cells. Two cells (or sets) having no elements in
common are disjoint.

Let a ~ b denote that a is in the same cell as b for a given partition of a set containing
both a and b. Clearly the following properties are always satisfied: a ~ a; if a ~ b, then
b~a;ifa~band b~ ¢, then a ~ ¢, i.e., if a is in the same cell as b and b is in the same
cell as ¢, then a is in the same cell as c.

Theorem 1.3. Let S be a nonempty set and let ~ be a relation between elements of S that
satisfies the following properties:

1. (Reflexive) a ~ a for all a € S.
2. (Symmetric) If a ~ b, then b ~ a.
3. (Transitive) If a ~ b and b ~ ¢, then a ~ c.

Then ~ yields a natural partition of S, where a = {x € S|z ~ a} is the cell containing
a for all a € S. Conversely, each partition of S gives rise to a natural relation ~ satisfying
the reflexive, symmetric, and transitive properties if a ~ b is defined to mean that a € b.

Definition 1.4. A relation ~ on a set S satisfying the reflexive, symmetric, and transitive
properties is an equivalence relation on S. Each cell @ in the natural partition given by an
equivalence relation is an equivalence class.

1.1.4 Maps

One of the truly universal concepts that arises in almost every part of mathematics is
that of a function or a mapping from one set to another. One can safely say that there is
no part of mathematics where the notion arises or plays a central role.

The definition of a function from one set to another can be given in a formal way in
terms of a subset of the Cartesian product of these sets (i.e., in terms of binary relations).
Instead, here, we shall give an informal and admittedly nonrigorous definition of a mapping
(function) from one set to another.

Definition 1.5. Let S, T be sets; a function or mapping f from S to T is a rule that assigns
a unique element t € T' to each element s € S.

Definition 1.6. The mapping f : S — T is onto or surjective if every ¢t € T is the image
of some s € S under f; that is, if and only if, given t € T, there exists at least one s € S
such that ¢t = f(s).

Definition 1.7. A mapping f: S — T is said to be one-to-one (written 1-1) or injective if
for s1 # soin S, f(s1) # f(s2) in T. Equivalently, f is 1-1if f(s1) = f(s2) implies s1 = so.
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Definition 1.8. A mapping f: S — T is said to be a 1-1 correspondence or bijection if f
is both 1-1 and onto (i.e., f is both injective and surjective).

Remark 1.9. Mainly we shall use the following order of multiplication (of composition) of
maps: (af)(x) = a(B(z)), where a, § are maps. Cases when other orders of multiplication
of maps are used, are also specified.

Lemma 1.10. Let f: A — B be a map of non-empty sets. Then

(i) the map f is injective if and only if there exists a map g : B — A such that gf = 14;

(i1) the map f is surjective if and only if there exists a map g : B — A such that
f9=1B;

(i) the map f is bijective if and only if there exists a map g : B — A such that gf = 14
and fg = 1p [312, 1. Proposition].

Here 14 denotes the identity map of the set A. It is clear that any identity map is
bijective.

Definition 1.11. Let f : A — B be a map. A left inverse map to the map f is a map
g : B — A such that gf = 14. A right inverse map to the map f is a map h: B — A such
that fh = 15. A left and right inverse map is called an inverse map.

It is known that if a map has an inverse, it is unique. In general this is not true for left
or right inverse maps. See Example 1.13.

Lemma 1.12. 1. Let o : A — B be a map of non-empty sets. Then o is injective if and
1

only if ¢ has a left inverse map ~ .
2. Let v : A — B be a map of non-empty sets. Then 1 is surjective if and only if b has
a right inverse map 1 ~1;

3. Let f: A — B be a map of non-empty sets. Then f is bijective if and only if f has
an inverse map f~1 [312, 2. Proposition)].

Example 1.13. Let A = {1,2}, B = {a,b,c}, ¢ = {(1,a),(2,b)}. Tt is clear that the
mapping ¢ is a 1-1 mapping of A into B. The left inverse mappings to the injection ¢
are, for example, the following surjections (B — A): ~to1 = {(a,1),(b,2), (c,1)}; "Lpo =
{(a1), (0,2), (c,2)}

Indeed, ~'p19(1) = “p1(p(1) = 'pi(a) = 1, “Te1p(2) = Tloi(b) = 25 “ap(l) =
“loi(a) =1, “pap(2) = lpa(b) = 2. Therefore “p1p = "o = 14.

Let A = {5,7,9}, B = {t,q}, ¥ = {(5,1),(7,9),(9,t)}. The mapping ¢ is a surjective
mapping of A onto B. It is easy to check that the mapping ¢~ = {(¢,5), (¢, 7)} is an injective
mapping. Indeed, ¥ (1p=1(t)) = ¥(5) = t, w(¥ " (q)) = ¥(7) = q. Therefore Yp=! = 1.

Lemma 1.14. Let p and v be some maps of a non-empty set Q. If the product uv of the
maps is a bijective map of the set Q, then the map v is injective and the map p is surjective.

Proof. If yv = «, where « is a bijection of the set @, then (a~'u)r = 1g. Then by
Lemma, 1.10, the map o~ 'y is surjective and the map v is injective. Therefore, the map s
is surjective, since the map a~' is a bijective map. O

Recall, any mapping of a non-empty set ) into itself can be considered as a binary
relation defined on the set Q. In this case, multiplication of mappings is a special case of
the operation of multiplication of binary relations.
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Lemma 1.15. If Q is a finite set, then:

1. any injective (x # y = ox # @y) map ¢ on this set (p(Q) < Q) is a bijective map;
2. any surjective map ¥ of this set into itself (Y(Q) = Q) is a bijective map [538,
Theorem 3, p. 45].

Proof. Case 1. First of all we re-write implication (x # y = px # @y) in the following
equivalent form:
T =@y =1 =1. (1.1)

We should prove that the map ¢ is surjective. In other words we should prove that for
any x € () there exists an element 2’ € @ such that p(z') = x.

Let ¢*(z) = p(¢* 1) (2), k = 0, 1, ..., be a sequence of elements of the set Q. Since the
set @ is finite, then there exist integers m,n, n < m, such that ¢™(z) = ¢"™(z). Applying n
times the relation (1.1) to the last equality, we obtain the following equality ¢ " (z) = x,
©(e™ " 1(z)) = x. Denote the element ¢ "~ (x) by the symbol 2’ and finally obtain the
following equality ¢(z') = .

Case 2. If the map 1 is surjective, then by Lemma 1.12 there exists a right inverse map
¢! such that =1 = 1¢, ie., ¥1v~! = ¢, where € denotes identity permutation of the
set . The fact that the map 1! is injective follows from Lemma 1.14. By Case 1 of this
Lemma, the mapping /! is bijective. Therefore the mapping v is bijective, too. O

We shall consider the set A(Q) of all bijections of the set @ onto itself. The set A(Q)
forms a group relative to “usual” multiplication of these mappings. This group is called the
symmetric group of degree n and it will be denoted by S,,, if the set @ has finite number n of
elements. Elements of the group .S, are called permutations of the set ). In the investigation
of finite groups and quasigroups, the group S,, and its subgroups play a central role.

An n-ary operation defined on a non-empty set ) is a map A : Q™ — @ such that
D(A) = Q™, i.e., this map is defined for any n-tuple. The number n is called the “arity” of
operation A. If the element ¢ corresponds to the n-tuple (by, ba, ..., b,), then we shall write
this fact in the following form A(by,ba, ..., b,) = ¢, or in the form A : (by, b, ..., b,) — c.

If n = 2, then the operation A is called a binary operation, if n = 1, then the operation
A is called a unary operation. If n = 0, then the operation A is called a nullary operation.
A nullary operation is a fixation of an element from the basic set @ [184].

Exercise 1.16. On a finite set of order n there exist n(™") k-ary operations. For example,
on the set of order ten, there exist 10'°°° ternary operations.

1.2 Objects

1.2.1 Groupoids and quasigroups

A binary groupoid (G, A) is a non-empty set G together with a binary operation A.

Many different symbols can be used to denote binary operations, for example, o, *, -.
Thus, we can write z o y instead of A(z,y), and x * y instead of B(z,y).

An n-ary groupoid (G, A) is a non-empty set G together with an n-ary operation A.

There exists a bijection (1-1 correspondence) between the set of all binary (n-ary, for
fixed n) operations defined on a set ) and the set of all groupoids, defined on the set Q.
Indeed, A «— (Q, A).
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A sequence Ty, Tmat,...,Tn, where m,n are natural numbers and m < n, will be
denoted by z7,, and a sequence z, ...,z (k times) will be denoted by Z*. The expression
1, n designates the set {1,2,...,n} of natural numbers [77].

We shall say that the operations A and B, which are defined on a set @, coincide, if
A(al) = B(a?}) for all a; € Q, i € 1,n.

The order of an n-ary groupoid (@, A) is cardinality |Q| (sometimes denotation Q is
used) of the carrier set Q. An n-ary groupoid (Q, -) is said to be finite if its order is finite.

It is possible to represent a finite n-ary groupoid (Q, A) (theoretically of any, but prac-
tically, only not a very big size) as a set of (n + 1)-tuples (a1, aq,...,a,, A(al)).

In the binary case it is possible to define a groupoid as a set of triplets. For example,

the set
(@Q,") = {(a,a,a),(a,b,a), (a,c,b), (b,a,b), (b,b,c), (b, c,a),(c,a,c),
(¢,b,a),(c,e,b)}

defines a groupoid with the following multiplication table:

[SESEESH RS
R SO

a
ala
b|b
clc

where, for example, the triple (a,c,b) defines the element b = a - ¢, which appears at the
intersection of the row headed by a and the column headed by c. This table is called the
Cayley table of the groupoid (Q,-), where @ = {a,b, c}.

Note 1.17. Usually it is supposed that elements of carried set @) are arranged. So the
groupoid (Q, o), which is defined with the help of the following Cayley table,

is equal (as a set of triplets) to the groupoid (@, -), but (@, ) # (Q, *), where the groupoid
(@, *) has the following Cayley table:

A groupoid (Q, o) is called a right quasigroup if, for all a,b € @, there exists a unique
solution x € @ to the equation x o a = b.

Example 1.18. Examples of right quasigroups. All columns are permutations of the set
{0, 1, 2}.

0 2
0 2
1 1

N — OO
N = O =
O = NN
N = O *
N = OO
N O =

2 0

A groupoid (Q,0) is called a left quasigroup if, for all a,b € @, there exists a unique
solution y € @ to the equation a oy = b.
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Example 1.19. Examples of left quasigroups. All rows are permutations of the set {0, 1, 2}.

2

— = O =
SN OO

2
1
2

o = O 0
DO =IO
O N NN
DN = O %
= O ==

A left and right quasigroup is a quasigroup.

Example 1.20. Example of quasigroup.

We give a main definition of a quasigroup:

Definition 1.21. A binary groupoid (Q, o) is called a quasigroup if for any ordered pair
(a,b) € Q? there exist unique solutions x,y € Q to the equations zoa = b and aoy = b [72].

Often this definition is called ezistential. Some equational (using identities) quasigroup
definitions are given below (Definition 1.54).

From Definition 1.21 it follows, that any two elements from the triple (a, b, a o b) specify
the third element in a unique way. Indeed, for any elements a, b there exists a unique element
a o b. This follows from the definition of operation o.

Elements a, a o b determine the third element in a unique way since there exists a unique
solution to the equation a oy = b.

Elements b, a o b determine the third element in unique way since there exists a unique
solution to the equation x oa = b.

Therefore, it is convenient to define an n-ary quasigroup in the following manner.

Definition 1.22. An n-ary groupoid (@, A) with n-ary operation A such that in the equality
A(x1,xa,...,2,) = Tpniq the fact of knowing any n elements of the set {z1, 22, ..., Tn, Tpi1}
uniquely specifies the remaining one element is called an n-ary quasigroup [77].

If we put n = 2, then we obtain one more definition of a binary quasigroup.

Example 1.23. Let Q = {0, 1, 2, 3, 4}. Using the operations of addition (+) and multi-
plication (-) modulo 5, we define a 4-ary quasigroup (@, f) in the following way: f(z}) =
2-x1+xo+4-23+3- 14,

Exercise 1.24. Construct a Cayley table of the quasigroup defined in Example 1.23 or list
all 5-tuples that define this 4-ary quasigroup.

Definition 1.25. Let (G, ) be a groupoid and let a be a fixed element in G. Translation
maps L, (left) and R, (right) are defined by Loz = a - x, Rz = x -a for all z € G.

Translations play a prominent role in quasigroup theory.

Example 1.26. Example of a quasigroup and its left and right translations.
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For this quasigroup we have the following left and right translations:

c o_(a b c\. o )

)ome (o o) me(ib )

c s [ a ¢\ o

) (E ) me

We can express these permutations in the cycle form: L{ = (b¢); Ly = (ab); LY = (ac); Ry, =
e; Ry = (ach); R = (abe).

S o8
Qe O 8
A o~ oo
Q0 8 0

Remark 1.27. Usually the symbol of binary operation in the record of translation is
omitted, i.e., it is written L, instead of L.

Notice if, for example,

[ a b ¢ 4 _(c a b\ _ [a b c
L“_<c a b),thenLa _<a b c>_(b c a)’

Lo,L;' = L7'L, = . We shall denote identity permutation by e.
It is easy to see that in the Cayley table of a quasigroup (@, -) each row and each column
is a permutation of the set (). So we may give the following definition of a quasigroup.

Definition 1.28. A groupoid (Q,-) is called a quasigroup if the maps L, : G — Q,
R, : Q@ — @ are bijections for all a € Q [685].

Lemma 1.29. 1. The statements “the equation x o a = b has a unique solution for all
a, be Q” and “R, is bijection of the set @ for any a € Q7 are equivalent.

2. Similarly, the conditions “the equation aoy = b has a unique solution for all a,be Q”
and “Lg is bijection of the set QQ for any a € Q7 are equivalent.

Proof. Case 1.“=." Fix the element a and write equality o a = b in the following form:
Rgx = b. Variable x takes all values in the set (). Therefore, we have a mapping of the set
Q into itself.

From the fact that equation x o a = b has a unique solution, it follows that the mapping
R; is injective ( (z # y) — (Roz # RJYy)).

Since for any element b € @), there exists an element x € ) such that R,z = b, we have
that this mapping is surjective, and therefore, is a bijection of the set Q.

“e=." If translation R is a bijection, then z = (R2)™'b.

Case 2 is proved similarly. O

Definition 1.30. An unbordered Cayley table of a finite quasigroup is called a Latin square.
Quasigroup triples have interesting combinatorial properties [571, 721].

1.2.2 Parastrophy: Quasigroup as an algebra
1.2.2.1 Parastrophy

Definition 1.31. From Definition 1.22 it follows that with a given binary quasigroup (Q, A)
it is possible to associate (3! — 1) others, so-called parastrophes of quasigroup (@, A):

1. A(zy,20) = 23 =

2 A(12) (:102, $1) = X3 <=
3 A(13) (1173 1172) =T <=
4 A(23) (1171 1173) = Ty <
5 A(IQB) (CCQ,CCg) =T <
6. AU (23,21) = o
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845, p. 230], [72, p. 18].

Notice, Cases 5 and 6 are “(12)-parastrophes” of Cases 3 and 4, respectively.
Therefore
A% (x5, x5) = T © A(Tp-14,T5-1,) = Ty—1p, (1.2)
where o € Ss, 1,7,k € {1,2, 3}, the numbers 1, j, k are different in pairs, and x;, z;, z1 € Q.

In the language of triplets, we have A% (z1,x2,23) = A(xg-11, Ty—19, Ty—13), 1.€., in
order to have the set of triplets of quasigroup A? we permute elements of any triplet by the
“o~l-rule” in the set of triplets of operation A.

Then A% (251,%02) = To3 < A(To-151,To—1g2) = Te-143 < A(21,22) = x3. For ex-
ample, A3 (21, 29) = 23 < A(Z(123)1, T(123)2) = T(123)3- That is, A3 (g 20) = 23 &
A(CCQ,ZCg) =XT.

Usually the operation A(?) is denoted as “+”, the operation A*®) is denoted as “/”, and
the operation A3 is denoted as “\”. Thus, if x-y = z, then y*x = 2, 2\z = y and z/y = =.
Sometimes [72, 80] it denoted (1*) A instead of A% and so on. In [786] operation A(1?3) is
denoted by //, operation A(33) is denoted by \\. Other denotations of these operations are
used in [310].

The following convenient designation of quasigroup parastrophes (Belousov’s designation
[700]) is also used [80, 85]:

Note 1.32. The concept of parastrophy, especially (12)-parastrophy, can be extended to
groupoids.

1.2.2.2 Middle translations

We defined left and right translations of a groupoid and, therefore, of a quasigroup.
But for quasigroups it is possible to define a third kind of translation, namely, middle
translations. If P, is a middle translation of a quasigroup (Q,-), then x - P,x = a for all
x € Q [75].

Suppose that quasigroups (Q, A%) and (Q, A?) are parastrophes of a quasigroup (Q, A).
Any translation of a quasigroup (@, A?) can be expressed as a translation of a quasigroup
(Q, A%) or as its inverse translation. For example, R*z = 2%a = a-x = Loz. Then R* = L,,
R*=1,R") = L.Or

Pr=—yory=—aer-a=y< Ra=uy.

Then P, = R,, P\ = R, P(*3 = R.

The following table shows, for each kind of translation, the equivalent one in each of the
(six) parastrophes of a quasigroup (@, ). In fact, Table 1.1 is a rewritten form of results on
three kinds of translations from [75]. See also [298, 786].

From Table 1.1 it follows, for example, that R(132) = =1 = [(23) = p(13) — (R=1)(12) =
( P_l)(123).

Using Table 1.1 it is possible to construct parastrophes of a quasigroup (@, -). In order
to construct (12)-parastrophe of a quasigroup (Q,-) we can write any row of the Cayley
table of quasigroup (@, ) as a corresponding columun.
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Table 1.1: Translations of quasigroup parastrophes.

e | (12) | (13) | (23) | (123) | (132)

R | R | L |RY| P |PT]LT
L | L | R |PY|LT|RT| P

P | P |PT|[LT| R | L | R
RT|RT|L'| R |PT| P L

LT[ Y[R P | L | R |PT
PT[PT| P | L |[R'|[LT| R

Example 1.33.

In order to construct the (23)-parastrophe of a quasigroup (Q, -) we can replace any row
of the Cayley table of quasigroup (@, -) with the corresponding inverse row.

Example 1.34.

In order to construct the (13)-parastrophe of a quasigroup (Q,-) we can replace any
column of the Cayley table of quasigroup (Q, -) with the corresponding inverse column.

In order to construct the (123)-parastrophe of a quasigroup (Q,-) we can replace any
row of the Cayley table of quasigroup (@, -) with the corresponding inverse column.

In order to construct the (132)-parastrophe of a quasigroup (@Q,-) we can replace any
column of the Cayley table of quasigroup (Q, -) with the corresponding inverse row.

Exercise 1.35. Find all parastrophes of the quasigroups given in Examples 1.33 and 1.34.

1.2.2.3 Some groupoids

The class of binary quasigroups is close to the classes of binary left (right) cancellation
(division) groupoids. See, for example, Lemma 1.47 and Theorem 1.58. It is known that a
homomorphic image of an existential quasigroup may be only division groupoid and not a
quasigroup [43].

Definition 1.36. A groupoid (G,-) is called a left cancellation groupoid, if the following
implication is fulfilled: a-x =a-y = x =y for all a,z,y € G, i.e., the translation L, is an
injective map for any a € G.

Definition 1.37. A groupoid (G,-) is called a right cancellation groupoid, if the following
implication is fulfilled: - a =y -a = x = y for all a,x,y € G, i.e., the translation R, is an
injective map for any a € G [462].
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Definition 1.38. A groupoid (G, -) is called a cancellation groupoid if it is both a left and
right cancellation groupoid.

Remark 1.39. In this text the terms “cancellation groupoid” and “cancellative groupoid”
are Synonymous.

Example 1.40. Let z oy = 2z + 4y for all z,y € Z, where (Z, +, -) is the ring of integers.
The reader can check that (Z,0) is a cancellation groupoid.

Example 1.41. Let z oy = 2z + 3y for all z,y € Z, where (Z,+, -) is the ring of integers.
The reader can check that (Z, o) is a cancellation groupoid.

Definition 1.42. A groupoid (G, -) is said to be a left (right, resp.) division groupoid if L,
(Rq, resp.) is surjective for every a € G; it is said to be a division groupoid if it is both a
left and right division groupoid [462].

We can give an equivalent definition of a division groupoid.

Definition 1.43. A groupoid (G, -) is called a division groupoid, if the equations a-x = b
and y - a = b have solutions (not necessarily unique solutions) for any ordered pair of
elements a,b € Q.

Example 1.44. Let zoy = 2-x+[y/3] for all x,y € Z, where (Z, +, -) is the ring of integers,
[y/3] = n,if y =3n,or y =3n+1, else y = 3n + 2, where n € Z. It is possible to check
that (Z, o) is a right cancellation and left division groupoid.

Example 1.45. Let zoy = 1-a+[y/3] for all x, y € Z, where (Z, +, -) is the ring of integers.
It is possible to check that (Z, o) is a right quasigroup and a left division groupoid.

Example 1.46. Let 2 oy = 22 + 3> for all 2,y € C, where (C, +,-) is the field of complex
numbers. The reader can check that (C, o) is a division groupoid.

Lemma 1.47. A division cancellation groupoid (Q,-) is a quasigroup.
Proof. The proof follows from definitions and Lemma 1.29. O

Theorem 1.48. A finite cancellation groupoid (G,-) is a quasigroup; a finite division
groupoid (G,+) is a quasigroup.

Proof. By Lemma 1.15, if G is a finite set, then any injective (x # y = v # py) map ¢
on this set (p(G) € G) is a bijective map and any surjective map ¢ of this set into itself
(¥(G) = G) is a bijective map, too.

Since any left and right translation of a cancellation groupoid (G, -) is an injective map,
then in the case when the set G is finite, we have that (G,-) is a quasigroup.

Similarly, since any left and right translation of a division groupoid (G, -) is a surjective
map, then in the case when the set G is finite, we have that any division groupoid is a
quasigroup. O

Theorem 1.49. A finite left (right) cancellation groupoid is a left (right) quasigroup and
a finite left (right) division groupoid is a left (right) quasigroup.

Proof. The proof is similar to the proof of Theorem 1.48 and we omit it. |
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1.2.2.4 Substitutions in groupoid identities

Here we give non-formal, but, we hope, relatively clear information from universal alge-
bra about substitutions in identities. See [184] for more details. Recall that any algebraic
operation is a function defined on a non-empty set @, therefore any algebraic operation is
a mapping.

Suppose that (@, o) is a binary groupoid. Define the set @ o @ in the following way:
QoQ = {zoy|forallz,y € Q}.

Definition 1.50. Let (Q, o) be a binary groupoid. The following property
QoQ=0Q (1.3)
of the operation o is called surjective.

From Definition 1.42 it follows that the operation of left (right) division groupoid (@, -)
satisfies the property (1.3).

Example 1.51. The left cancellation groupoid from Example 1.40 satisfies the property
ZoZ & Z and it is not surjective. The cancellation groupoid from Example 1.41 satisfies
the surjective property (1.3) since g.c.d.(2;3) = 1 and from standard information on linear
Diophantine equations [919], it follows that the equation 2z + 3y = t has solution for any
teZ.

An algebra (Q, F') will be called surjective, if any n-ary (n = 1) operation f € F has the
surjective property, i.e., f(Q,Q,...,Q) = Q.

In surjective binary groupoid (@, ) any element ¢ € () can be represented as a product
of two elements, say, a and b, and any variable x can be presented as a product of variables,
say, y and z. Surjective medial groupoids are defined and studied in [462].

Notice, “inverse procedure” is admissible in any identity of any algebra. We have in
mind that the replacement (the substitution) of, say, variable x, by suitable term T' [917]
in an identity of an algebra in all occurrences of an individual variable, is possible in the
majority of “usual”’cases.

It is clear that operation o of quasigroup (Q, o) has a surjective property. Similarly, any
operation of quasigroup (@, -, /,\) (see below) has a surjective property.

1.2.2.5 Equational definitions

We recall, an algebra (or algebraic structure) is a set A together with a collection of
operations defined on A [184, 212].

Bates and Kiokemeister [43] discovered that a class of quasigroups which is defined using
equations (Definition 1.21) is not closed relative to homomorphic images. In the general case
the quasigroup homomorphic image is only a division groupoid (see Lemma 1.280).

The problem of finding definitions of a quasigroup class such that this class is closed
relative to homomorphic images was solved by Garret Birkhoff. He has defined a quasi-
group using three binary operations and six identities [149, 151]. Quasigroups defined in
this way often are called equational quasigroups. From standard universal algebraic facts
(many of which also were discovered by Garret Birkhoff), it follows that class of equational
quasigroups is a variety and it is closed relative to homomorphic images [151, 184].

Garrett Birkhoff [149, 151] has defined an equational quasigroup as an algebra with
three binary operations (@, -, /,\) that satisfies the following six identities:

z-(2\y) =y, (1.4)

(y/z) -z =y, (1.5)
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z\(z-y) =y, (
(y-z)/z =y, (
z/(y\z) =y, (1.
(@/y)\z = y. (

Remark 1.52. In [819] the identities (1.4)—(1.7) are called respectively (SL), (SR), (IL),
(IR), since these identities guarantee that the left (L) and right (R) translations of an
algebra (@, -, /,\) relative to the operation “-” are surjective (S) or injective (I) mappings
of the set Q.

Following this logic we can denote identity (1.8) by (SP) and identity (1.9) by (IP)
since these identities guarantee that middle translations (P) are respectively surjective and
injective mappings relative to the operation ”-” [786]. Indeed using Table 1.1 we see that

Ly =Pyl
The following lemma is well known:

Lemma 1.53. In algebra (Q,-,\,/) with the identities (1.4)—(1.7), the identities (1.8) and
(1.9) are true [819, 179, T86].

Proof. From the identity (1.7) (y — z,z — z\y) we have

(- (2\y))/(2\y) = . (1.10)

But by the identity (1.4), z-(z\y) = y. Thus from the identity (1.10) we obtain y/(z\y) = z,
i.e., we obtain (up to renaming of variables) the identity (1.8).
We can re-write identity (1.6) in the following form:

(@/y\((z/y) - y) = . (1.11)

By the identity (1.5) (z/y) -y = . Thus from equality (1.11) we have (z/y)\x = y, i.e., we
obtain the identity (1.9). O

Therefore the following Evans equational definition of a quasigroup is usually used [307].

Definition 1.54. [150, 151, 307]. A groupoid (@, -) is called a quasigroup if, on the set @,
there exist operations “\” and “/” such that in the algebra (Q,-,\,/) identities (1.4)—(1.7)
are fulfilled.

Algebra (Q,-,\,/) with identities (1.4)—(1.7) is called e-quasigroup (probably from the
words equational quasigroup) [151, 80]. Below we shall also name an algebra (Q, -, \, /) with
identities (1.4)—(1.7) as a quasigroup (@, -, \, /).

AL Maltsev [590, 591] has called this algebra a primitive quasigroup. Definitions of
quasigroup with the help of quasi-identities can be found in [590, 786].

Note 1.55. The identities (1.4) and (1.5) guarantee the existence of solutions of equations
a-y =0band x-a = b, while the identities (1.6) and (1.7) guarantee the uniqueness of
solutions in these equations. See below.

Theorem 1.56. Definitions 1.21 and 1.54 are equivalent.

Proof. (Definition 1.21 = Definition 1.54). Let (Q, -) be a quasigroup. Since for every pair
of elements a,b € @ there exists a unique element x such that a - z = b, we can associate
with this equation an operation on the set @, namely a - x = b < a\b = z. If we substitute
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the last expression in the equality a -z = b, then we obtain a - (a\b) = b for all a,b € Q. We
obtained identity (1.4) from Definition 1.54.

Similarly, y-a = b < b/a =1y, (b/a)-a =0 for all a,be @ and we obtain identity (1.5).

Identities (1.6) and (1.7) follow from the definitions of the operations \ and /. Indeed,
Nz-y)=yory=z-y (yr)fr=ycy r=y-

(Definition 1.54 = Definition 1.21). Let (Q,,/,\) be an algebra with three binary op-
erations such that in the algebra identities (1.4), (1.5), (1.6) and (1.7) hold.

We need to prove the existence and the uniqueness of solutions to the equations a-z = b
and y-a = b.

(Existence). Let @ = a\b. Then a -z = a(a\b) (L), Similarly, if y = b/a, then y-a =
(b/a) - a (L),

(Uniqueness). Suppose that there exist two solutions x; and zo of equation a - x = b,
ie, a-x1 =band a-xy =b. Then x1 = a\b and further we have

x1 = a\b = a\(axs2) (Lo Za.

Similarly, if y1 - a = b and y2 - @ = b, then y; = b/a,

1.7
y1 = bja = (y2a)ja " y,.

O

It is possible to rewrite identities (1.4)—(1.7) in the language of translations in the
following form:

LOLVy =y, (1.12)
RYRYy =y, (1.13)
LOLYy = y. (1.14)
RYRYy =y. (1.15)

Remark 1.57. Using Table 1.1 we can re-write identities (1.12)—(1.15) as follows:

L.L;'y =y, (1.16)
L' L,y =v, (1.18)
R'R,y =y. (1.19)

Taking into consideration Lemma 1.14 and equalities (1.12)—(1.15) we can say that
identities (1.4)—(1.7) guarantee that in a quasigroup (Q,-) any left and right translation is
a bijection of the set Q.

In the language of translations, identities (1.9) and (1.8) take the following forms, respec-
tively, RO LYy = y, LY RMVy = y. From Table 1.1 it follows that LY) = P71, RV = P,.

Algebras with identities (1.4)—(1.9) are discussed in [786, 798]. The following “equiva-
lence” theorem is proved.

Theorem 1.58. 1. A groupoid (Q,-) is a left division groupoid if and only if in algebra
(@Q,-,\) the identity (1.4) holds true.

2. A groupoid (Q,-) is a right division groupoid if and only if in algebra (Q,-,/) the
identity (1.5) holds true.
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3. A groupoid (Q,-) is a left cancellation groupoid if and only if in algebra (Q,-,\) the
identity (1.6) holds true.

4. A groupoid (Q,-) is a right cancellation groupoid if and only if in algebra (Q,-,/) the
identity (1.7) holds true [786].

The results about groupoids which satisfy some modifications of associative law are
presented in [706, 707].

1.2.3 Some other definitions of e-quasigroups

The identities (1.8) and (1.9) play an important role in the following definitions of e-
quasigroups.

Lemma 1.59. In algebra (Q,-,\,/) the identity (1.4) follows from the identities (1.5) and
(1.8).

Proof. If in identity (1.5) we change the variable y by the variable x, and variable x by the
symbol (term) y\z, then
(z/(\2)) - (y\z) = . (1.20)
By the identity (1.8) z/(y\z) = y. Therefore we can rewrite the identity (1.20) as follows:
y-(y\e) = . (1.21)
Then we obtain the identity (1.4). O

Lemma 1.60. In algebra (Q,-,\,/) the identity (1.7) follows from the identities (1.6) and
(1.8).

Proof. We can re-write the identity (1.8) in the following form:
(@ -y)/(@\(z-y)) = . (1.22)

By the identity (1.6), 2\(x-y) = y. Therefore the identity (1.22) takes the form (x-y)/y = =
and it coincides with the identity (1.7). O

Lemma 1.61. In algebra (Q,-,\,/) the identity (1.6) follows from the identities (1.7) and
(1.9).

Proof. We can re-write the identity (1.9), (z — (x - y),y — ), in the following form:
((z-y)/y\(z-y) =v. (1.23)

By the identity (1.7), (z-y)/y = . Therefore the identity (1.23) takes the form: z\(z-y) =y
and it coincides with the identity (1.6). O

Lemma 1.62. In algebra (Q,-,\,/) the identity (1.5) follows from the identities (1.4) and
(1.9).

Proof. We can re-write the identity (1.4) in the following form:
(@/y) - ((z/y)\x) = x. (1.24)

By the identity (1.9), (x/y)\z = y. Therefore the identity (1.24) takes the form (x/y)-y =
and it coincides with the identity (1.5). O
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Theorem 1.63. An algebra (Q,-,\,/) with the identities (1.5), (1.6) and (1.8) is a quasi-
group [797, 692].

Proof. The proof follows from Lemmas 1.59 and 1.60. |

Theorem 1.64. An algebra (Q,-,\,/) with the identities (1.4), (1.7) and (1.9) is a quasi-
group [797, 692].

Proof. The proof follows from Lemmas 1.61 and 1.62. |

Theorem 1.65. (1) If the (1 3)-parastrophe of a groupoid (Q, A) is a groupoid, then (Q, A)
s a right quasigroup.

(2) If the (23)-parastrophe of a groupoid (Q,A) is a groupoid, then (Q,A) is a left
quasigroup.

(8) If the (12 3)-parastrophe of a groupoid (@, A) is a groupoid, then (Q,A) is a quasi-
group.

(4) If the (13 2)-parastrophe of a groupoid (Q, A) is a groupoid, then (Q,A) is a quasi-
group [489].

(5) If the (12)-parastrophe of a left quasigroup (Q,A) is a groupoid, then (Q,A) is a
quasigroup.

(6) If the (12)-parastrophe of a right quasigroup (Q, A) is a groupoid, then (Q,A) is a
quasigroup.

(7) If the (2 3)-parastrophe of a right quasigroup (Q, A) is a groupoid, then (Q,A) is a
quasigroup.

(8) If the (2 3)-parastrophe of a left quasigroup (Q,A) is a groupoid, then (Q,A) is a
quasigroup [786].

Proof. Case 1. The main idea is the following: in the (1 3)-parastrophe of a groupoid (@, A)
and in groupoid (@, A), right translations are inverse in pairs. See Table 1.1. O

The definition of middle ternary relation for groupoids (an analogue of middle quasigroup
translation) is given in [786].

Theorem 1.66. A groupoid (Q,-) is a quasigroup if and only if all middle translations of
(Q, ) are bijective maps of the set Q.

Proof. Let a,b be a pair of fixed elements of the set (). Since translation P, of groupoid
(Q, ) is a bijective map, then we have that for the element a of set () there exists a unique
element x € @ such that P,a = z, i.e., a -2 = b. Since all middle translations of (@, -) are
bijective maps, then for any fixed elements a,b € ) there exists a unique element x such
that equation a - z = b has a unique solution.

If a translation P, is a bijective map, then translation bel also is a bijective map.
Further we have that for any fixed element a of the set  there exists a unique element
y € @ such that bela =y, i.e., y-a = b. Therefore, equation y-a = b has a unique solution
in (Q,-) for any fixed elements a,b € Q.

Converse. From Table 1.1 it follows that middle translations of a quasigroup are bijective
mappings. See, also, [75]. O

Some other definitions of a quasigroup are given in [590, 819, 786].

Example 1.67. Define binary groupoid (Z, *) z+y = x + 2y for all z,y € Z, where (Z, +, -)
is the ring of integers.

It is easy to check that groupoid (Z, x) is a right quasigroup with the left cancellative
property.
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From Theorem 1.58 it follows that groupoid (Z,*) satisfies the identities (1.5), (1.6),
and (1.7).

We prove that groupoid (Z, ) satisfies the identity (1.9). If z = y = x + 2y, then the set
of solutions of the equation a * y = b is described in the following way: y = a\b = b*T“. It
is clear that a solution of this equation exists only for any pair of elements of equal parity
from the set of integers.

Solution of equation x = a = b has the following form = = b/a = b — 2a. Then

(a/b)\a = (a— 2b)\a %*21’ b,

Therefore (a/b)\a = b for all a,b € Z, groupoid (Z, =) satisfies identities (1.5), (1.6), (1.7),
and (1.9) and it is not a quasigroup.

Remark 1.68. In Example 1.67 both the sub-term a/b and the term (a/b)\a = b are defined
for all a,b € Q.

1.2.4 Quasigroup-based cryptosystem

References [601, 602] proposed using quasigroups for secure encryption.

A quasigroup (@, ) and its (23)-parastrophe (@Q,\) satisfy the following identities x\(x -
y) =y, - (x\y) =y (identities (1.4) and (1.6)). It is proposed to use this property of the
quasigroups to construct a stream cipher.

Algorithm 1.69. Let A be a non-empty alphabet, k£ be a natural number, u;,v; € A,
i€ {1,...,k}. Define a quasigroup (A4, -). It is clear that the quasigroup (A,\) is defined in a
unique way. We take a fixed element [ (I € A), which is called a leader.

Let wqus...up be a k-tuple of letters from the alphabet A. The authors propose the
following ciphering procedure vy =1 - uy,v; = v;—1 - u;, t = 2, ..., k. Therefore we obtain the
following ciphertext vivs ... vg.

The enciphering algorithm is constructed in the following way: w1 = vy, u; =
’Ui_l\’Ui,i = 2, ceey k.

We shall name this algorithm the Markovski algorithm.

In this encryption procedure, a private key for both sender and receiver is quasigroup
(4,-) and leader element [. Therefore this is a cryptosystem with symmetric keys. The
authors claim that this cipher is resistant to the brute force attack (exhaustive search) and
to the statistical attack (in many languages some letters appear together more frequently,
than other letters).

Example 1.70. Let alphabet A consist of the letters a,b,c. We construct the following
quasigroup (A4, -):

o o | .

Q@ o TS
ISEE N Ryl

o Q|0

b
Then quasigroup (A4, \) has the following Cayley table:

\|la b ¢
‘alc a b
blb ¢ a
cla b c

Let I = a and the open text is u = bbcaacba. Then the ciphertext is v = cbbcaaca.
Applying the decoding function to v we get bbcaacba = u.
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Remark 1.71. In this construction n-ary quasigroups and their parastrophes can also be
used. See Algorithm 11.10 or [684]. Notice, row-Latin squares can be used by construction
of a cryptosystem with non-symmetric keys. See Section 11.7.5.

1.2.5 Identity elements
1.2.5.1 Local identity elements

Definition 1.72. An element f(b) of a quasigroup (Q,-) is called a left local identity
element of an element b € Q, if f(b) - b = b. Therefore f(b) = b/b, or f(b) = R;'b.

An element e(b) of a quasigroup (@Q,-) is called a right local identity element of an
element b € Q, if b- e(b) = b. Therefore e(b) = b\b, or e(b) = L, 'b.

An element s(b) of a quasigroup (Q,-) is called a middle local identity element of an
element b e Q, if b- b = s(b). Therefore s(b) = Lyb = Rpb [764, 767].

In a quasigroup there exists a unique left (right, middle) local identity element of any
fixed element a. Indeed, if f(b)-a = f(a) - a, then f(b) = f(a). And so on.

Exercise 1.73. Construct a quasigroup with at least two left (right, middle) local identity
elements.

1.2.5.2 Left and right identity elements

Definition 1.74. An element f € Q (e € Q) is a left (right) identity element for quasigroup
(Q,-) means that f = f(x) for all z € @ (respectively, e = e(x) for all x € Q). An element
s € @ is a middle identity element for quasigroup (@, ) means that s = s(z) for all z € Q.

Definition 1.75. An element f is a left identity element of a quasigroup (@, -) means that
f(x) = f for all z € Q, i.e., all left local elements of quasigroup (Q, ) coincide.

An element e is a right identity element of a quasigroup (@, -) means that e(x) = e for
all z € Q, i.e., all right local elements of quasigroup (Q, -) coincide.

An element e is an identity element of a quasigroup (Q,-) means that e(z) = f(z) = e
for all x € Q, i.e., all left and right local elements of quasigroup (@, -) coincide.

Lemma 1.76. 1. In a quasigroup (Q,-) there exists a unique left identity element.
2. In a quasigroup (Q, ) there exists a unique right identity element.
3. In a quasigroup (Q, ) there exists a unique identity element.

Proof. Case 1. If fix = foxr = x for all x € Q, then f; = f,. Case 2. If ze; = xey = z for all
z € @, then e; = es. Case 3. The proof follows from Cases 1 and 2. |

1.2.5.3 Loops

Definition 1.77. A quasigroup (Q, -) with a left identity element f € @ is called a left loop.
A quasigroup (Q, -) with a right identity element e € Q is called a right loop.
A quasigroup (Q, ) with a middle identity element s € @ is called a unipotent quasigroup.
A quasigroup (@, ) with an identity element e € @ is called a loop.
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Example 1.78. We give an example of a non-associative unipotent loop.

= W N = O o
= w N = OO
W N O =
=R O W NN
N O = o Wl W
O = W N |

Unipotent loops are studied in [504].
Define in a quasigroup (@, -) the following mappings: f :  — f(z), where f(x) -2 = x;
e: x> e(x), where x - e(x) = x; s : x — s(z), where s(z) = x - x.

Remark 1.79. In a left loop |[f(Q)| = 1, in a right loop |e(Q)| = 1, in a unipotent
quasigroup |s(Q)] = 1.

1.2.5.4 Identity elements of quasigroup parastrophes
Connections between different kinds of local identity elements in various parastrophes

of a quasigroup (@, -) are given in the following table [504, 764, 767].

Table 1.2: Local identity elements of parastrophic quasigroups.

(12) ] (13) ] (23) | (123) ] (132)
e B f e B
f e B B f
S f e f e

®

~
W | O~ ™

In Table 1.2, for example, s(123) = (),

Definition 1.80. A quasigroup (Q,-) with identity « - & = z is called an idempotent
quasigroup. An element x with this property is called idempotent element.

Remark 1.81. It is easy to see that any parastrophe of an idempotent quasigroup is an
idempotent quasigroup. In an idempotent quasigroup, the mappings e, f, s are identity per-
mutations of the set ). Moreover, if one of these three mappings is an identity permutation,
then all other ones are identity permutations, too.

1.2.5.5 The equivalence of loop definitions
Definition 1.82. A quasigroup (@, -, /,\) with identity

z/z=yly (1.25)
is called a left loop.

Lemma 1.83. A quasigroup (Q, ") is a left loop if and only if quasigroup (Q,-,/,\) is a left
loop.

Proof. Suppose that quasigroup (Q,-) has the left identity element, i.e., there exists an
element f such that the equality f -z = z is true for any z € Q. We can re-write equality
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f 2z =z in the following form: z/z = f for any z € Q. Therefore z/x = y/y = f and the
following identity is true z/z = y/y.
Suppose that quasigroup (Q,-,/,\) satisfies the identity (1.25). Therefore we have (z/

x)-z (.29 (2/2) -z L) Thus quasigroup (@, -) has the left identity element f = x/x. The
uniqueness follows from Lemma 1.76. O

Recall identity (1.5) is true in any right division groupoid (Theorem 1.58). Therefore in
any right division groupoid with the identity (1.25) there exists at least one left identity
element.

Definition 1.84. A quasigroup (Q,-,/,\) with identity

\z =y\y (1.26)
is called a right loop.
Exercise 1.85. Prove the analogue of Lemma 1.83 for right loops.

Definition 1.86. A quasigroup (@, -, /,\) with identity

o\ =y/y (1.27)
is called a loop.

Theorem 1.87. Quasigroup (Q,-) is a loop if and only if quasigroup (Q,-,/,\) is a loop
[591, p. 97].

Proof. A quasigroup (Q,-) is a loop means that there exists an element, say 1, such that
the following equalities 1 -2 = x and y - 1 = y are true for any z,y € Q. Therefore z/z = 1,
y\y = 1, and z/x = y\y for all z,y € Q.

Let z\x = y/y in quasigroup (Q, -, /,\). Prove the existence of the left and right identity
element in quasigroup (Q, ). We have: (z\z)-z (20 (z/2)-z (LD) z; 2z (x/x) (120 z-(2\2) (L)
z.

The uniqueness of the identity element follows from Lemma 1.76. O

1.2.5.6 Identity elements in some quasigroups

Lemma 1.88. [819, Proposition 1.3]. A nonempty quasigroup (Q,-,/,\) is a loop if and
only if it satisfies the “slightly associative identity”

z(y/y) -z = (y/y)z. (1.28)

Proof. If (Q,-,/,\) is a loop with identity element e relative to the operation “-”, then
y/y = e and identity (1.28) follows.

Conversely, if identity (1.28) is true, then setting z = y we obtain x(y/y) -y = z - (y/
y)y = xy (since by identity (1.5) (y/y)y = y). Further we have x(y/y) - y = zy. After
cancellation from the right we have z(y/y) = x, 2\ = y/y. O

Corollary 1.89. A quasigroup (Q,-) with identity

(x-y)-z=z-(y-2) (1.29)

(identity of associativity) has the identity element, i.e., this quasigroup is a group [549].
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Proof. In identity associativity we can put y := y/y and after this apply Lemma 1.88. O

Notice that in [72] V.D. Belousov posed the following problem (Problem 18): “From
what identities, that are true in a quasigroup Q(-), does it follow that the quasigroup Q(-)
is a loop?” More detailed information on Belousov problems is given in Chapter 5.

The following identities are called Moufang identities: z(y - x2) = (zy - )z, (zz - y)x =

2 yx), yo -2y = y(az - y), yz - 2y = (y - 22)y.
Theorem 1.90. A quasigroup (Q,-) with any of Moufang identities is a loop [545, 794].

From Theorem 1.90 and the well-known result that in a loop all Moufang identities are
equivalent [173, 72], it follows that in a quasigroup all Moufang identities are equivalent.

Definition 1.91. A quasigroup with identity zy - uv = zu - yv is called medial, and a
quasigroup with equality yz - & = yf(x) - zz is called right F-quasigroup [80].

Problem 1.1. It is easy to see that in loops 1-ab = 1a - 1b. Describe quasigroups with the
property f(ab) = f(a)f(b) for all a,b € Q, where f(a) is a left local element of element a.

Medial and right F-quasigroups have this property [80].
The identity x(y - ©z) = (z - yx)z is called the left Bol identity. A loop with the left Bol
identity is called a left Bol loop.

Lemma 1.92. A quasigroup (Q,-) with the left Bol identity has a right identity element.

Proof. Indeed, if we put z := e, in identity x(y - zz) = (z - yx)z, then we obtain z - yx =
(x - yx)e, for all x,y € Q. O

Notice, there exist right loops with the left Bol identity:

1.2.5.7 Inverse elements in loops

Let (Q,0) be a loop. Let I, I; be the following maps: I,.(z) = 27!, where z o z™! = 1;

I)(z) = 'x, where 'z oz =1, for all z € Q.

Lemma 1.93. In any loop (Q,0), I, = I

Proof. In a loop (Q,0) we have z o I,x = 1, i.e., Pix = L.z, I, = P;. Similarly we have
Lixox =1, 1ie., Pflx =Lz, I} = Pfl. Therefore I; = I,T1 in any loop. O

1.2.6 Multiplication groups of quasigroups

Let (Q,-) be a quasigroup. With every element a € @) it is possible to associate left (L),
right (R,) and middle (P,) translations. These translations are some permutations of the
set . They can be considered as elements of the symmetric group Sg.

With any quasigroup (Q,-) we can associate the sets of all left translations (IL), right
translations (R), and middle translations (P). Denote the groups generated by all left,
right, and middle translations of a quasigroup (Q,-) as LM (Q, ), RM(Q, ), and PM(Q, ),
respectively.
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The group generated by all left and right translations of a quasigroup (@, -) is called
(following A.A. Albert [10, 11]), a multiplication group of quasigroup. Usually this group is
denoted by M (Q,-). A multiplication group of a quasigroup plays an important role by the
study of quasigroups, especially in the study of loops.

By FM(Q,-) we shall denote a group generated by sets L, R, P of a quasigroup (Q, -).
Information about the group FM(Q,-) in the case when (Q,-) is an IP-loop (a Moufang
loop, a group) is presented in [758].

We can see on a quasigroup (@, ) of a finite order n, as on a set T of permutations of
the group S,, with the following property: if o, € T and there exists an element = €
such that o~ '8z = z, then a = 3.

Definition 1.94. A set T of permutations on a finite set @ is called sharply transitive,
if for any pair of elements a,b € (Q there exists exactly one permutation o € T such that
aa = b.

Sets of all left, right and middle translations of a quasigroup (@, ) give us examples of
sharply transitive sets of permutations on the set Q.

We shall use the following fact about the properties of groups that act transitively on a
set : if a group G acts transitively on a set ), then stabilizers of any two elements a,b € Q
are isomorphic subgroups and |G| = |St(a)| - |Q| [471].

Multiplication groups play an important role in quasigroup theory for the following
reason: groups are algebraic objects which are much better known than quasigroups. Often
it is possible to express some quasigroup properties in the language of corresponding groups.

For example, the theory of normality of quasigroups, and especially of loops, can be
expressed in terms of corresponding subgroups of its multiplication group [10, 11].

Properties of multiplication groups of quasigroups and loops are described in many
articles, see, for example, [280, 268, 269]. In [268] the following result is proved. Let W be
a free loop with a basis X # ¢J. Then the left multiplication group LM (W) is a free group
of infinite rank and a Frobenius permutation group [435]. Notice, for the group M (W) this
fact is not true [268, 280]. Multiplication groups of free and free commutative quasigroups
are also described in [360, 361].

Let (Q,-) be a quasigroup. The group I, = {a € M(Q,-)|ah = h} is called an inner
mapping group of a quasigroup (@, -) relative to element h € Q). The group I}, is a stabilizer
of element h by action of the group M (Q,-) on the set Q.

In the loop case the group I1(Q, ) = I(Q,-) is usually studied, where 1 is the identity
element of a loop (Q, ).

It is possible to define the “inner mapping groups” for the groups LM (Q,-), RM(Q, ),
PM(Q,-), FM(Q,-) of a quasigroup (Q,-), namely, it is possible to define the groups
LI (Q,"), RIL(Q,), PIL(Q,-), FI,(Q,-) for any element h € Q.

Example 1.95. We use quasigroup from Example 1.20. It is easy to check that Ly = (01),
L, = (12)1 Ly = (02)’ LM(Qa ) = {Ea (O 1)? (0 2)) (1 2)? (0 1 2)) (02 1)}5 LIO(Q? ) = {E’ (1 2)}1
LIl(Qa ) = {5’ (0 2)}a LIQ(Q? ) = {Ea (0 1)}1 LM(Qa ) = 531 LIO(Q? ) = Z2-

Of course, it is possible to define “inner mapping groups” for other “multiplication
groups” of a quasigroup (@, -).

Since all the above listed multiplication groups of a quasigroup (@, -) act transitively on
the set @, inner mapping groups relative to different elements of the set ) are isomorphic.

For example, PI;(Q,-) = PI,(Q,-), FI5(Q,-) = FI, (Q,-) and so on. If |Q| is finite,
then |M(Q,-) = |Q||1n(-)| and so on.

Exercise 1.96. Construct various multiplication groups and inner multiplication groups
for a quasigroup of order 4 or (and) 5.
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1.2.7 Transversals: “Come back way”

Definition 1.97. Suppose we have a partition of a set () into cosets A;. The set of repre-
sentatives {a; | a; € A;} (a unique element from any coset) is called a transversal of the set
Q relative to the partition A;.

The term “transversal” is used in combinatorics. See, for example, [409, Chapter V].

Let (Q,-) be a quasigroup. It is clear that LI,(Q,:) € LM(Q,"), and that a unique
left translation lies in any left coset class of the group LM (Q,-) by the group LI,(Q,).
Therefore we have the following partition of the group LM (Q, -) through the group LI (@, -)
(for brevity, we omit the expression (Q, ) )

LM=G1'LIh I_IGQ'LIh ua3-LIh ] ...an-LIh o=

(1.30)
Loy LIy U Loy LIy U Lay - LI U ... Lo, - LT, U ...

It is clear that the situation with other multiplication groups and corresponding inner
multiplication groups is similar.

Notice, the ordered set of translations {Lg,,..., Lq,, ...} defines the Cayley table of
quasigroup (@, ) in a unique way.

Example 1.98. We continue Example 1.95. We have LM = Lo- LIy u Ly- LIy u Ly Llp,
where LIy = {55 (12)}5 Lo- LIy = {(01)7 (012)}7 Ly-Lly = {55 (12)}5 Ly LIy = {(02)5 (021)}

This situation can be generalized in the following way. Let (G, -) be a group, and (H, )
be its subgroup. A complete system T of representatives of the left cosets aH, a € G is
called a left transversal in group (G, -) to subgroup (H, ).

In other words, from any coset a; - H we take only one element, for example, element a;.
Thus G =a1-H uas-Huas-Hu...ap-Hu - =wa;-H[4A7T1], and T = {a1, a9, ..., an,
...} is a left transversal.

Define operation # on the set 7" in the following way:

axb=a-b (mod H). (1.31)

Lemma 1.99. Groupoid (T, =) is a left quasigroup, i.e., equation a = x = b has a unique
solution for any a,be T.

Proof. Indeed, left translations L%, d € T, defined by the equality (1.31), correspond to per-
mutations (this fact is easy to check or see [407, Theorem 5.3.1. (a)], [471, 12.2.1 Theorem])
by the following action of the element d on the set of cosets d(a; - H) = d - a; - H, where
aj - H e ua; - H. O

R. Baer, by definition of transversal, supposed that 1 € T, where 1 is the identity
element of the group G [24, 25]. In this case the left quasigroup has the identity element 1,
ie,lsx=xxl=xforallzeT.

Notice, the set of left translations of the groupoid (7', #) is a subset of the set of permu-
tations S of the group G by its subgroup H (permutation presentation of the group G by
its subgroup H) [407, Theorem 5.3.1. (a)], [471, 12.2.1 Theorem)).

It is known [407, 471] that the set S forms a group relative to standard multiplication
of permutations and this group is isomorphic to the group G/(ker H), where kerH is the
largest normal subgroup of the group G, which is contained in H.

Lemma 1.100. If L} = L} in the left quasigroup (T, %), then a = b.

Proof. If L¥x = Lix for all x € T', then, using equality (1.31), we have a-z = b-z (mod H),
r=a"tbr (mod H),a *be H,a=b (mod H), i.e., a = b in left quasigroup (T, ). O



Elements of quasigroup theory 27

Corollary 1.101. In the Cayley table of the left quasigroup (T, =), all rows are pairwise
different.

Proof. The proof follows from Lemma 1.100. O

The conditions when a transversal T' is a loop transversal, i.e., (T, ) is a loop, are given
in [24, 25, 658].

Example 1.102. Let G = S3 = <a,b|a3 =% = (ab)? = 1>, S3 = {1,a,a? b,ab, a®b},
H = (b). We have the following set of left cosets: H = {1,b}, aH = {a,ab}, a>H = {a?, a*b}.
Elements {b, ab, a?} form the left transversal T'. We can construct a Cayley table of the left
quasigroup (T, ).

* | b ab a?

b | b a® ab
ab|ab b a?
2] 2

a®|a* b ab

If we denote b as 1, ab as 2, a? as 3, then we obtain the following Cayley table:

In [556, Theorem 3.4] it is proved that every right quasigroup with identity element can
be embedded as a right transversal in a group which is universal in some sense.

Transversals are studied in [449, 450, 447, 448]. These objects are used in construction of
codes [429, 433]. Loop transversal is based on a loop and some its subloop. Such transversals
are introduced and studied in [553, 554].

1.2.8 Generators of inner multiplication groups

We start this subsection from the following Belousov theorem, which is a generalization
of the corresponding Bruck theorem, which was proved for loop case [167]. Taking into
consideration the importance of these theorems for the development of quasigroups and
especially loop theory, we decided to name these theorems for their discoverers.

Theorem 1.103. Belousov theorem. In a quasigroup (Q,-)
Ih(Q7 ) = <Ra,b; La,bv Ta | a, b € Q> 9

where Ry = R, L RyRa, h(aeb) = (ha)b, Loy = L, LoLy, (a0b)h = a(bh), T, = L;}R,,

aeb aob

o=R; 'Ly [72].

Theorem 1.104. Bruck theorem. In a loop (Q, ) with identity element 1
L(Q,-) = (Rap, Lap, Tala,be @),

where Rop = R RyRa, Loy = L) LoLy, T, = L7 R, [167].

Theorem 1.103 and Theorem 1.104 are proved in [72, 167] using induction. Theorem
1.103 and Theorem 1.104 play important roles in definition of normal subloops and sub-
quasigroups.

It is possible to prove analogs of these theorems using Theorem 1.106. This plan, for
example, was realized in [772]. Namely, in Theorem 1.106 induction is hidden. Properties
of the group FM (Q,-) and generators of the group FI,(Q,-) are given in [75].
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Theorem 1.105. In a quasigroup (Q, )

Irlﬁ(cga') = <l:a,bajzubal%Lb |aab € C2>a
where Lap = L, LoLy, (aob)h = a(bh), Tup = L, RaLy, (axb)h = bh-a, Pyy = L, Y PoLs,

aob aeb

(a ¢ b)h = a/(bh).

Proof. Firstly we note that group FM(Q,-) of a quasigroup (Q, -) acts transitively on the
set Q. Really, for any fixed elements a,b € @ there exists an element ¢, such that L.a = b
since the equation z-a = b has a unique solution in a quasigroup (@, -) for any fixed elements
a,be Q.

A stabilizer of element h in group FM of a quasigroup (Q,-) is group FI},. Moreover,
we can write

FM(Q,-) = Ly (FIp) U Lo, (FIp) U Loy (FIp) w-- -, (1.32)

where f(h)-h = h.
In [471, 14.3.1. Theorem] the following Otto Schreier Theorem is proved:

Theorem 1.106. Let T be a set of generators of a group G, H be a subgroup of the group
G, f:u — T be a function such that any element u € G corresponds to a fived element u
from the set wH, and S be a set of selected representatives (one element from any coset).
Then H = (ps 'ps|se S,peT).

We apply this theorem for obtaining a generator set of the group FI, of a quasigroup
(Q,-). The set T =L uR U P is a generator set of the group FM(Q,-) of a quasigroup
(C?,).

Let a set of selected representatives from every left coset of subgroup FI, of a group
FM(Q,-) be the following set: S = {L, | a € Q}. Therefore we defined the “selecting”
function f.

Finally, we specify elements of the form 75 ~!. They must have the form L;'. We can
find the element z knowing elements p and s.

(i) Let p = Ly, s = Ly. We need to specify element z such that L,Lyh = L.h, a(bh) = zh.
We have z = R, '(a - bh). We can re-write the last relation as a binary operation with
variables a,b € @ in the following form (a0 b)h = (a - bh).

(ii) Let p = R4, s = Lp. We need to specify element z such that R,Lyh = L,h, (bh)a =
zh. Further we have z = R;l ((bh)a). We can re-write the last relation as a binary operation
with variables a,b € @ in the following form (a x b)h = (bh - a).

(iii) Let p = P,, s = Ly. We need to specify element z such that P, Lyh = L.h, P,(bh) =
zh. Further we have zh - bh = a, zh = a/bh. We can re-write the last relation as a binary
operation with variables a,b € @ in the following form (a ¢ b)h = a/(bh). O

Corollary 1.107. In a quasigroup (Q,-),
Ih(Qv ) = <L¢l,b5 Tayb | CL, b € Q> 9

LoLy, (aob)h = a(bh), Tap = L5 RuLy, (a*b)h = bh - a.

axb

_ 71
where Lqy = L,

Proof. The proof follows from Theorem 1.105. |
Corollary 1.108. In a loop (Q, ),

FIl (Q7 ) = <L¢l,b5 Ta,b; Payb | a’a b € Q> 9
Il(Qa ) = <Layvaa,b | a’a b € Q> 9

where Loy = Ly yLaLy, Tap = Ly o RaLv, Pay = L PaLy.

(1.33)
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Proof. Tt is sufficient to put h = 1 in conditions of Theorem 1.105, where the symbol 1
denotes identity element of loop (@, -). O

Notice, (Lap, Tup|a,b€ Q) S (Raps Lab, To|a,be Q). Indeed,
(Lt Roa) (Ry R Ry) (Ry ' Ly) = Ly Ry Ly,
The proof of inverse inclusion is more complicated.

Lemma 1.109. In a quasigroup (Q,-)

LIh(Q7 ) = <La,b | a, be Q> 5
where Loy = L% LoLy, (a0b)h = a(bh) [816, 772).

aob

Proof. The proof follows from Theorem 1.105. |

Exercise 1.110. Construct two more triples of generators of the group F'I, of a quasigroup

(Q,-), he Q.
Lemma 1.111. In a loop (Q,-),

PIh(Qa) = <Pa,b|a7b€ Q>7
where Py p = Pa_\;Pan [767].
Proof. The proof is similar to the proof of Theorem 1.105. O

The following results are known: a permutation group G of a set ) is the multiplication
group of some quasigroup if and only if there is a loop (@, +) and permutations f and g of
Q such that (MIt(Q,+), f,g) = G [438]; any Hamiltonian group (finite non-abelian groups
with only normal subgroups [407, p. 213]) cannot be a multiplication group of a loop [438].

Problem 1.2. Describe groups that can be or cannot be a multiplication group of a loop
(of a quasigroup). We hope our readers will be able to generalize this problem on other
“multiplication groups” of quasigroups and loops (or left quasigroups).

We notice, there are many articles in which properties of quasigroups (or loops) are
studied with various conditions on their various inner multiplication groups. Mainly, these
are the articles of T. Kepka, A. Drapal, M. Niemenmaa and their pupils and followers.

1.3 Morphisms
1.3.1 Isotopism
We start from a traditional definition of isotopism (of isotopy).

Definition 1.112. n-Ary groupoid (G, f) is an isotope of an n-ary groupoid (G,g) (in
other words (G, f) is an isotopic image of (G, g)), if there exist permutations puq, us,. ..,
In, b of the set G such that

flxy,xo, .. xn) = tg(uaz, . . fintn) (1.34)

for all z1,...,2, € G. We can also write this fact in the form (G, f) = (G, g)T where
T = (u1, 42, - - - thn, pt). The ordered (n + 1)-tuple T is called isotopy of n-ary groupoids.
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If in equality (1.34) f = g, then (n + 1)-tuple (p1, p2, - - -, fin, ) of permutations of the
set G is called an autotopy of n-groupoid (Q, f). The last component of an autotopy of an
n-groupoid is called a quasiautomorphism (by analogy with binary case).

A set of all autotopies of a groupoid (Q, f) forms the group of autotopies relative to the
usually defined operation on this set: if Ty = (1, fio, . . -, fin, ) and To = (1, V2, ..., Uy, V)
are autotopies of groupoid (Q, f), then Th'To = (u1v1, uale, ..., Unln, pv) is an autotopy
of groupoid (@, f). Autotopy group of a groupoid (@, f) will be denoted as (@, f).

If in (1.34) p1 = po = -+ = puy, = p, then groupoids (Q, f) and (Q, g) are isomorphic.

At last, if in (1.34) the n-ary operations f and g are equal and p; = pg = -+ =
Un = i, then we obtain an automorphism of groupoid (Q, f), i.e., a permutation u of the
set @ is called an automorphism of an n-groupoid (Q, f) if for all z1,...,2, € Q the
following relation is fulfilled: pf(x1,...,2,) = f(u121, ..., nxy). We denote by Aut(Q, f)
the automorphism group of an n-ary groupoid (@, f). If n = 2, we obtain the following
definition of isotopism.

Definition 1.113. Binary groupoid (G, o) is an isotopic image of a binary groupoid (G, -),
if there exist permutations a, 3,7 of the set G such that x oy = v~ (az - By).

We list some properties of isotopisms. As usual, € denotes the identity permutation.

Lemma 1.114. If (a, 8,7) is an isotopism, then

(aaﬁaV) = (O‘aﬁag) * (5,5,7) = (a’E’E) * (51655) * (E,E,’y) =
(,B8,¢e) * (g,8,7) * (o, €, €)

and so on.

Lemma 1.114 helps to construct a Cayley table of isotopic images of a finite quasigroup
(groupoid).

Lemma 1.115. If (Q,0) = (Q, )(a,&,¢), i.e., xoy = ax-y for all x,y € Q, then L = L,
forall z e Q.

x

If (Q,0) = (Q,-)(¢,B,¢), i.e., xoy = - By for allx,y € Q, then R, = Ry, forally € Q.

If (Q,0) = (Q,")(g,&,7), i.e., voy =y Yz -y) for all 1,y € Q, then PS = P, for all
z€Q.

Proof. Case 3. We can re-write equality (Q,0) = (Q,)(¢,&,7) in the form zoy =y~ 1(x-y)

for all z,y € Q. Therefore, if zoy = v (z-y) = 2, then Pz =y, P;lesc =y, P, =

P°, . O
vy~ 1lz

Lemma 1.115 helps to find the Cayley table of isotopic images of a groupoid in the
following way: if we have isotopy («, 3,7), then we permute rows by the rule L, = L.,
after this we permute columns by the rule R = Rj,,, and finally we rename elements in
the Cayley table by the following rule: if = -y = a, then 2 oy = v ~'a. As it follows from
Lemma 1.114, we can change the order of execution of steps 1, 2, and 3.

Example 1.116. Let T = ((1234),(12)(34), (123)). Let a quasigroup (@, -) have the fol-
lowing Cayley table:

=~ W N

— oW N =
=W N N
DN = s W W
W N |
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If we apply isotopy ((1234), e, ) to this quasigroup (it changes the rows), then we obtain
the following Cayley table

+|1 2 3 4
[T 4 2 3
202 1 3 4
313 2 41
44 3 1 2

Further, if we apply the isotopy (e, (12)(34),¢) to the obtained quasigroup (we change the
order of columns in the previous Cayley table), then we have quasigroup:

o|1 2 3 4
1[4 1T 3 2
2|11 2 4 3
32 3 1 4
413 4 2 1

Finally, with the help of isotopy (g, ¢, (123)) (v~ = (132)), we rename elements inside the
last Cayley table:

o|1 2 3 4
1[4 3 2 1
203 1 4 2
3|1 2 3 4
412 4 1 3

Definition 1.117. An isotopism of the form («, 3,¢) is called a principal isotopism.

Usually we shall write the fact that groupoids (@, A) and (Q, B) are isotopic in this
form: (Q, 4) ~ (Q, B)

Lemma 1.118. Any isotopism up to isomorphism is a principal isotopism.

Proof. Suppose that (@, A) and (Q, B) are isotopic groupoids. If (@, B) = (Q, 4) («, 3,7),
then (Q, B)(y™', 71,771 = (Q, A)(ay™!, By, €). Thus (Q,0) = (Q, A) (v, By, e),
where (Q,C) = (Q.B) (v, v~y O

Definition 1.119. Isotopy of the form (R, Lb_l, ¢), where Ly, R, are left and right trans-
lations of a quasigroup (@, -), is called LP-isotopy (loop isotopy) [72, 80].

Theorem 1.120. Any LP-isotope of a quasigroup (Q,-) is a loop.

Proof. Prove that quasigroup (@, o), where zoy = R, 'z - L;ly, is a loop. Let 1 =b-a. If
we take z = 1, then 1oy = Ry%ba- L, 'y = R;'Rb- L'y =b- L, 'y = LyL, 'y = v.

If we take y = 1, then we have z01 = R; 'z L, 'ba = R;'z-a = R,R; 'z = x. Element
1 is the identity element of the quasigroup (Q, o). O

Lemma 1.121. 1. If (Q,0) = (@, )(«, 3,e) and (Q,0) is a loop, then there exist ele-
ments a,b € Q such that o« = R;', 3 = L;l, where Rox = x-a, Lyx = b-x ([80],
Lemma 1.1).

2. If (Q,0) = (Q,)(,&,7) and (Q,0) is a unipotent left loop, then there exist elements
a,be Q such that « = P;1, and v = L.

3. If (Q,0) = (Q,)(e, 5,7) and (Q,0) is a unipotent right loop, then there exist elements
a,be Q such that 8 = P,, and v = Ryp.
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Proof. 1. Let oy = ax - By. If x = 1, then we have 1oy = y = al - By. Therefore
Ly p=¢ 0= L;ll. If we take y = 1, then we have x 01 =z = az - 81, Rgiov = ¢,
o= Rgll

2. Let roy =~y 1(ax-y). If v = 1, then we have y = v~ !(al -y). Therefore vy = La1y.
Ifz =y, thenl=~v"1a 2),y1l =az-x, P,Y_llzzz = ax. In order to obtain the claimed
in this case, we denote al by b, and ~1 by a.

3. Let oy =y~ 1(z- By). If y = 1, then we have x = y~!(z - 31). Therefore vz = Rg;x.
If v =y, then 1 = vy (- B2), y1 = z- Bz, P,z = Bz. In order to obtain the claimed

in conditions of the lemma, we denote 51 by b, and v1 by a.
O

Lemma 1.122. (i) If (Q,-) is a binary quasigroup, L., Ry are some of its left and right
translations, ¢ € Aut(Q,-), then 9L, = Lya, ©Ry = Rypp.

(ii) If (Q, +) is a group, then LoRy = RyLo, L' = L_o, R;' = R_,,.

(i11) If (Q,+) is a group, then Rq = Lgly, where Iy is the inner automorphism of the
group (Q,+), i.e., Iqjx = —d+ x +d for all x € Q.

Proof. (i) We have oL,z = ¢(a-z) = pa-px = Lyqpx, pRyx = ¢(x-b) = gz -pb = Repp.
(i) LayRpr = a+ (x +b) = (a+2) +b = RyLox. L;' = L_, since L;'L,x = © =
—a+a+xz=L_,L,x.
(ﬁi)Rd$=$+d=d7d+$+d=LdId:E. O

=

Theorem 1.123. Generalized Albert theorem. If (Q,0) = (Q,-)(a, B,¢), (Q,*) is a group,
and (Q,0) is a loop, then (Q,0) is a group isomorphic to group (Q,-) [80, 10, 11, 72, 548,
685, 179].

Proof. By Lemma 1.121 a = R}, 3 = L;l. However in a group R, = R, 1, L;l =Ly
(Lemma 1.122).

Therefore zoy = Ry'z- Ly 'y = xa= - b~'y = 2(a~'b~1)y. Denote the element a~'b~
as c. Then (zoy)-c=(x-¢)  (y-c), Re(roy) = Rex - Rey.

Hence (Q,0) = (Q,-). If a-b =1, then (Q,0) = (Q, ). O

Exercise 1.124. Find the form of isotopy between quasigroups from Example 1.34.

1

1.3.2 Group action
We recall some definitions from [334, 471, 911].

Definition 1.125. A group G acts on a set M if for any pair of elements (g, m), g € G, m €
M, an element (gm) € M is defined. Moreover, g1(g2(m)) = (g1g2)m and em = m for all
me M, g1,92 € G. Here e is the identity element of the group G.

The set Gm = {gm | g € G} is called an orbit of element m. For every m in M, we define
the stabilizer subgroup of m as the set of all elements in G that fix m: G, = {g|gm = m}.

Theorem 1.126. Let = and y be two elements in M, and let g be a group element such
thaty = g(x). Then the two stabilizer groups G, and Gy, are related by Gy = gG.g~* [911].

Proof. By definition, h € G, if and only if h(g(z)) = g(z). Applying g~ to both sides of
this equality yields (g~ hg)(z) = (97 'g)(z) = x; that is, g~ 'hg € G,. O
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The aforesaid gives us that the stabilizers of elements in the same orbit are conjugate
to each other. Thus, one can associate a conjugacy class of a subgroup of G (i.e., the set of
all conjugates of the subgroup) to each orbit.

The orbits of any two elements of the set M coincide or are not intersected. Then the
set M is divided into a set of non-intersected orbits. In other words, if we define a binary
relation ~ on the set M as:

m1 ~meo if and only if there exists g€ G such that mo = gmq,

then ~ is an equivalence relation on the set M.

Every orbit is an invariant subset of M on which G acts transitively. The action of G
on M is transitive if and only if all elements are equivalent, meaning that there is only one
orbit.

A partition € of the set M on disjoint subsets 6(z), x € M is called a partition on blocks
relative to the group G, if for any 0(a) and any g € G there exists a subset 0(b) such that
gf(a) = 6(b). Tt is obvious that there exist trivial partitions of the set M, namely, partitions
into one-element blocks and partitions into unique blocks.

If there does not exist a partition of the set M into non-trivial blocks, then the group
G is called primitive.

Definition 1.127. The action of G on M is referred to as follows:

1. Faithful (or effective), if for any two distinct g, h € G there exists an « € M such that
g(x) # h(z); or equivalently, if for any g # e € G there exists an x € M such that
g(x) # x. Intuitively, different elements of G induce different permutations of M;

2. Free (or semiregular), if for any two distinct g, h € G and all © € M we have g(z) #
h(z); or equivalently, if g(z) = x for some z, then g = e;

3. Regular (or simply transitive), if it is both transitive and free; this is equivalent to
saying that for any two x,y in M there exists precisely one g in G such that g(z) = y.
In this case, M is known as a principal homogeneous space for G or as a G-torsor
[911].

1.3.3 Isotopism: Another point of view

Here we present another point of view on the concept of isotopism using the concept of
action of a group.

Definition 1.128. An ordered (n+1)-tuple of permutations (bijections) of a set G is called
an isotopism (an isotopy).

Lemma 1.129. Set T of all isotopisms of a set Q forms the group Sg“ = SoxSgx---x8q,
which is the direct sum of (n+ 1) copies of the group Sq relative to the following operation
(componentwise multiplication of (n + 1)-tuples): (p1, 2, .-, pnt1) * (V1,02 .., Vpy1) =

(Mlyla Hal2, ... a,unJernJrl)'

Let G be a class of all n-ary groupoids (arity is fixed) defined on a set ). By Q we
denote a quasigroup class defined on the set Q. Define the action of elements of the group
T on classes G,Q in the following way: if (Q, f) is n-ary groupoid, T = (v1,va,..., Ny,
Npt1) € T, then (Q, )T = ;ilf(ulxl, Voo, ..., Upiy) for all x1,xa,. .., 2y.

Theorem 1.130. (i) §T =G, (it) QT = Q.



34 Elements of Quasigroup Theory and Applications

Proof. (). If (Q,f) is an n-ary groupoid, T = (v1,v2,...,nUp,Npy1) € T, then
(Q, f)T defines some other n-ary groupoid (Q,g) since the operation g¢(z}) =
V;ilf(ylscl, VoZa, ..., UnZy) is defined for all zq,...,z, € Q.

(ii). Prove this theorem for the binary case. For n-ary (n > 2) the proof is similar.
Let (Q,-) be a quasigroup and T = («,3,7) — an isotopy. Prove that operation z oy =
v~ Yoz - By) is a quasigroup operation. From (i) it follows that (Q, o) is a binary groupoid.

For any fixed element z, the map L2 is a permutation of the set Q, since L2y = v~ *L;, . By
and the product of permutations is a permutation. Similarly, the map Rz = ”yflR‘ﬁyaz is
a permutation. Taking into consideration Definition 1.28, we conclude that groupoid (Q, o)
is a quasigroup. O

Corollary 1.131. Any isotope of a left (right) quasigroup (Q, o) is a left (right) quasigroup.

Remark 1.132. Researches of quasigroup classes closed relative to all isotopisms or iso-
topisms of a fixed kind (for example, L P-isotopisms) form a direction in quasigroup theory
[72, 401, 400, 869, 870, 866].

Quasigroup isotopism has a relatively clear geometrical [76] and automata theory [400]
interpretation.

1.3.4 Autotopisms of binary quasigroups

Theorem 1.133. If n-ary quasigroups (Q, f) and (Q, g) are isotopic with isotopy T, i.e.,
(@Q.f) = (Q.9)T, then Avt(Q, f) = T~ Avt (Q,9)T [77].

Proof. Quasigroups (@, f) and (Q, g) are in one orbit (they are isotopic) by action of the
group T on the set Q of all quasigroups of a fixed arity n. Autotopy groups of these quasi-
groups are stabilizers of elements (Q, f) and (Q, g) by this action. It is known that stabilizers
of elements of a set S from one orbit by action of a group G on the set S are isomorphic
[471, 334], moreover, they are conjugate subgroups of the group Sé’;. O

Automorphisms and automorphism groups of some binary and n-ary quasigroups are
studied in many articles, see, for example, [646, 461, 462, 736, 760, 769, 290, 772, 832, 444,
524, 525, 600].

It is clear that any automorphism is an autotopy with equal components. So, if we know
the structure of autotopies of a “good” n-ary quasigroup (Q, f) and the form of isotopy T,
then we have a possibility to obtain information on autotopies and automorphisms of n-ary
quasigroup (Q, g) = (Q, f)T.

This observation was used by the study of automorphism groups of quasigroups isotopic
to groups in [762).

In the binary case, Theorem 1.133 allows us (up to isomorphism) to reduce the study
of autotopy group of a quasigroup to the study of autotopy group of an LP-isotope of this
quasigroup, i.e., to the study of autotopy group of a loop.

Definition 1.134. An autotopism (sometimes we shall refer to autotopism as autotopy) is
an isotopism of a quasigroup (@, -) into itself, i.e., a triple (a, 3,7) of permutations of the
set Q is an autotopy if the equality x -y = v~ !(ax - By) is fulfilled for all z,y € Q.

We denote the set of all autotopies of a quasigroup (@, -) as Avt (Q,-). It is clear that
the defined on this set (on the set Avt (Q,-)) operation = of autotopies multiplication

(a1, Br,71) * (a2, B2, 72) = (12, B152, 7172)

is a group operation. Then we have a possibility to speak on the group (Avt(@,-),*). This
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group has more than one denotation. The following denotation Top(Q, ) of the group of
autotopism of a quasigroup (@, -) will be also used.

Lemma 1.135. The set of all the first (second, third) components of autotopies of a qua-
sigroup (Q,-) forms a group.

We shall denote the group of all the first components of autotopisms of a quasigroup
(Q,-) as AC1(Q, ) (the letters “A”and “C”are initial letters of the words autotopy com-
ponent), of all the second components as AC5(Q,-), and the set of all the third ones as
AC5(Q, ). The group AC5(@Q,-) is called the group of quasiautomorphisms of a quasigroup

(@, )
Definition 1.136. The third component of any autotopism is called a quasiautomorphism.

Lemma 1.137. If T is a quasigroup autotopy, then its two components uniquely determine
the third one.

Proof. Tf (ay,3,7) and (g, 3,7) are autotopies, then (ay ', 3~',7~1) is an autotopy and
(gt BB~ 477 1) = (amayt,g,¢) is an autotopy too. We can re-write the last form of
autotopy in this form: alaglx -y =x -y, then ay = .

If (,6,7172) is an autotopy, then we have x -y = v1v5 *(2 - y). If we put in the last
equality y = e(x), then we obtain x = 7172_11: for all z € Q, i.e., 11 = V2. O

Corollary 1.138. If two components of a quasigroup autotopy are identity mappings, then
the third component is also an identity mapping.

Proof. The proof follows from Lemma 1.137 because in any quasigroup there exists identity
autotopy (g,¢,¢). O

A stronger result than Lemma 1.137 is proved by I.V. Leakh [580].

Theorem 1.139. Leakh theorem. Any autotopy T = (a1, a9, a3) of a quasigroup (Q,0) is
uniquely defined by its autotopy component o, i € {1,2,3}, and by element b = aja, where
a is any fixed element of set Q, i # j [580)].

Proof. Case 1. ¢ = 1,5 = 2. If we have autotopies (a, (1,71) and («, 32,72) such that
Bia = Baa = b, then we have ax o f1a = y1(x 0 a) and ax o fza = y2(x 0 a). Since the left
sides of the last equalities are equal, then we have v1(x 0 a) = v2(xz 0 a), Y1 R,z = Y2 Rax,
v1 = 2 and by Lemma 1.137, 51 = 5.

Case 2.7 = 1,j = 3. Suppose there exist autotopies («, 51,71) and («, 82,72) such that
ma = ya = b for some fixed element a € Q. Since (Q,0) is a quasigroup, then for any
element z € Q there exists a unique element x’ € @ such that x o 2’ = a. Using the concept
of middle quasigroup translation we can re-write the last equality in the form P,z = 2’ and
say that P, is a permutation of the set Q.

For all pairs x, 2’ we have azo 12’ = y1(xoz’) = b and azxofex’ = yo(xoz’) = b. Since
the right sides of the last equalities are equal, we have ax o f12' = ax o Box’, 12’ = P27’
for all 2’ € Q. The variable x’ takes all values from the set ) since P, is a permutation of
the set Q. Therefore 5, = (2 and by Lemma 1.137, 1 = 7.

All other cases are proved in a similar way as Cases 1 and 2. |

Lemma 1.140. If (Q,") is a loop, then its autotopy has the form

(aaBaV) = (lelaLglag)(’yaVa’y)a (1'35)

where v1 = a - b, v is some bijection of the set Q.
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Proof. Let T = (a, 3,7) be an autotopy of a loop (Q, ), i.e., ax - By = vy(x - y). If we put
x = 1, then we obtain al - By = vy, v = La13, B = L;ll'y. If we put y = 1, then, by analogy,
we obtain, o = Rgll'y. Then T' = (Rgll'y,Lgllﬂy,'y) = (R;l,Lgl,e)(ﬂy,'y,ﬂy), where 1 = b,
al =a. If we put & =y =1, then al - 51 = 1. O

Corollary 1.141. If (Q,-) is a loop, then any its autotopy has the form

(a, 8,7) = (7,7, 7) (B, Las ©), (1.36)

where 7y is some bijection of the set Q.
Proof. We use Lemma 1.140. We have

(1.35)

(041751,’71) = Til = (057175715771) (77157715771)(R55La75) = (137)
(VAT AT (R, Las ©).

O
Remark 1.142. In some articles, loop autotopy presented in the form (1.36) is called
crypto-automorphism. See for example [6].
Theorem 1.143. The order of autotopy group of a finite quasigroup Q of order n is a

divisor of the number n!-n.

Proof. The proof follows from Theorem 1.133 (we can prove the loop case), Lemma 1.137
and Lemma 1.140 (we can take the second and the third components of loop autotopy). O

Example 1.144. The order of autotopy group of the group Zs x Z is equal to 4-4-6 = 4!-4,
i.e., in this case the order of autotopy group is equal to the upper bound.

There exist quasigroups (loops) with identity autotopy group [245], i.e., |[Avt(@, )| = 1.

Example 1.145. We give examples of such loops of order seven and nine. In this case the
autotopy group is of minimal order. The proof is based on the analyses of cycle structure
of quasigroup (loop) translations.

-1 2 3 4 5 6 7 89

1 2 3 4 5 6 7 111 2 3 4 5 6 7 8 9
111 2 3 4 5 6 7 212 3 1 8 6 75 9 4
212176 4 5 3 313 1.2 9 75 6 4 8
313 6 1 2 7 45 414 5 6 7 9 8 1 3 2
414 5 2 1 3 7 6 515 6 4 2 1 9 8 7 3
5|15 7 4 3 6 2 1 616 4 5 3 8 1 9 2 7
616 3 5 7 2 1 4 7|78 95 3 2 4 6 1
7|7 4 6 5 1 3 2 818 9 71 4 3 2 5 6
919 7 8 6 2 4 3 1 5

Lemma 1.146. For any loop autotopy (o, 3,7) the following equality is true
(a, B.7) = (By ' By By M) (e, Ry, Ro)(Las e, L) (Lg ' L L) (4:7,9), (1.38)
where a = al, b = (1.

Proof. In order to check equality (1.38) it is sufficient to multiply factors in the right side of
this equality and to compare the obtained result with the right side of equality (1.35). O
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Remark 1.147. Notice in the conditions of Lemma 1.146 that v1 = a1 - 1. Comparison
of Lemma 1.146 and Theorem 1.148 demonstrates that in the decomposition of autotopies
of a loop and a group there are triples corresponding to the elements of the left and right
nucleus.

We can obtain more detailed information on autotopies of a group, and since autotopy
groups of isotopic quasigroups are isomorphic, on autotopies of quasigroups that are group
isotopes.

Theorem 1.148. Any autotopy of a group (Q,+) can be decomposed in the following
product of autotopies:

(Laé, Rbé, LaRb(S) = (La, g, La)(&‘, Rb, Rb)(é, (5, 6), (1.39)

where Lq is a left translation of the group (Q,+), Ry is a right translation of this group,
and & is an automorphism of the group (Q,+) [80].

Proof. Let T = («, 3,7) be an autotopy of a group (Q, +), i.e., for all z,y € Q the following
equality
axr + Py =y(z +y) (1.40)

is true.

If in equality 1.40 we put z = y = 0, then we obtain a0 + 50 = ~0.

If in equality 1.40 we put only & = 0, then a0 + Sy, LaofS =7, 8 = L_a07-

If in equality 1.40 we put only y = 0, then ax + 30 = vx, Rgoa = v, @« = R_g¢7.

Now we can re-write equality 1.40 in this form: R_goyz + L_qovy = v(z + v), ie.,
vyr — B0 — a0 + vy = v(x + y). Denote —50 — a0 as ¢, and it is easy to conclude that
—c = a0 + £0. From the last equality we have vz + ¢+ vy + ¢ = y(z + y) + ¢, i.e., R.y is
an automorphism of the group (@, +).

Let § = R.y. Then v = R_.0, ax = R_goyr = R_goR_.0x = 0z + a0 + 50 — 50 =

0r + a0 = a0 — a0 + 0z + a0 = Lyolaofx, where Ior = —a0 + x + @0 is an inner
automorphism of the group (Q, +).
Similarly,

Br=L_qoyx = L_goR_c0x = —a0 + 0z + a0 + 50 = Rgolaofz.

We can also write the permutation 7 in the following form: yx = 6z + a0 + S0 =
a0 — a0 + 0x 4+ a0 + B0 = LooRpolaobz.
If we rename a0 as a, 80 as b, and [,00 as 0, then we obtain the following form of any
autotopy of a group (@, +):
(Lo, R0, Lo Rpd).

O

Corollary 1.149. 1. If L,0 = L,Ry0, then Ry = e. 2. If Ryd = Lo Ry0, then L, =¢. 3. If
Lq0 = Ryd, then a € C(Q, +).

Proof. 3. We have a + dx + a + dy = a+ a + dx + dy, 0x + a = a + éz for all x € Q. O

Corollary 1.150. Any group quasiautormorphism has the form Lg @, where p € Aut(Q, +)
[769].

Proof. We have LyRydx = a+dx+b=a+b—b+dx+b= Lyyplydx = Lgp, where
d=a+b, op=1010, [z =-b+z+0b. O



