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Preface

Multiphase flow is the flow of heterogeneous mixtures of two or more phases, such as gas-liquid, solid-
liquid, or gas-solid. Multiphase flow is encountered in numerous industrial and scientific applications,
such as boiling and condensation processes, aerosol flows in the environment, gas and petroleum flows,
gas—solid and slurry flows in pipelines, particle and fiber flows in airways, fluidized bed reactors, and
nanofluids.

The first edition of the Multiphase Flow Handbook was published ten years ago with the late professor
C.T. Crowe as the editor. The handbook provided a plethora of scientific and practical information to
scientists, engineers, researchers, and students and has been useful to many. A great deal of research and
development in multiphase flow occurred since the first edition of the handbook, and a lot of additional
information is now available, especially in the area of computational modeling. The purpose of this second
edition is to provide the reader with the fundamental principles of multiphase flow and useful current infor-
mation for research, engineering design, and the classroom.

The structure of the second edition is different from that of the first: Several new chapters have been added,
primarily on the applications. The material is divided into three sections: (1) fundamentals, (2) descrip-
tions of specific types of multiphase flow and processes, and (3) significant applications. Chapters 1 and
2 pertain to fundamental concepts and numerical methods that are used in all types and applications of
multiphase flow. Chapters 3 through 13 describe general types of multiphase flow, such as gas—solid, com-
pressible multiphase flow, flow in porous media, bubble formation and cavitation, etc. Chapters 14 and 15
cover the processes of aggregation and industrial separation of particles, bubbles, and drops. Chapters 16
through 21 examine significant applications of multiphase flow from fluidized bed reactors to nanofluids to
multiphase flow with non-Newtonian fluids.

I am grateful to the many distinguished contributors who lent their expertise and spent significant time
and effort writing the chapters of this handbook within the time constraints of a publication. Jonathan Plant of
Taylor & Francis Group/CRC Press was always there to provide managerial support and advice. Jessica Vakilli
put together three of the sections from edited material supplied by the contributors. She and Kyra Lindholm
completed all the administrative work such a big undertaking requires. Dr. John Schwarzkopf assisted in the
early stages of the project. I am also indebted to Mr. Aranganathan Arunkumar of the production team of
this publication, who spent many hours putting together the chapters and sections of this handbook. Last, but
not least, I am thankful to my family, Laura, Emmanuel, Dimitri, and Eleni, for their continuous support and
encouragement for such ambitious projects.

Efstathios E. Michaelides
Fort Worth, Texas
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Editors

Efstathios E. Michaelides holds the Tex Moncrief Chair of Engineering at Texas Christian University
(TCU), Fort Worth, Texas. Prior to this, he was chair in the Department of Mechanical Engineering at
the University of Texas in San Antonio, where he also held the Robert F. McDermott Chair in engineer-
ing and was the founder and director of the NSE-supported Center on Simulation, Visualization and Real
Time Computing (SiViRT). He was also the founding chair of the Department of Mechanical and Energy
Engineering at the University of North Texas (2006-2007); the Leo S. Weil professor of mechanical engi-
neering at Tulane University (1998-2007); director of the South-Central Center of the National Institute for
Global Environmental Change (2002-2007); associate dean for graduate studies and research in the School
of Engineering at Tulane University (1992-2003); head of the Mechanical Engineering Department at Tulane
University (1990-1992). Between 1980 and 1989, he was on the faculty of the University of Delaware, where
he also served as the acting chair of the Mechanical Engineering Department (1985-1987).

Professor Michaelides was awarded an honorary MA from Oxford University (1983); the Casberg and
Schillizzi scholarships at St. Johns College, Oxford; the student chapter ASME/Phi, Beta, Tau excellence in
teaching award (1991 and 2001); the Lee H. Johnson award for teaching excellence (1995); a senior Fulbright
fellowship (1997); the ASME Freeman Scholar award (2002); the Outstanding Researcher award at Tulane
(2003); and the ASME Fluids Engineering award (2014).

Professor Michaelides was a member of the executive committee of the Fluids Engineering Division
of the ASME (2002-2008) and served as the chair of the Division in 2005-2006. Prior to this, he served
as the chair (1996-1998) of the Multiphase Flow Technical Committee. He also served as the president of
the ASEE Gulf-South Region (1992-1993 and 2015-2016); he chaired the Fourth International Conference
on Multiphase Flows (New Orleans, Louisiana, May 27 to June 1, 2001) and was the vice-chair of the Fifth
International Conference on Multiphase Flows (Yokohama, Japan, May 2004). He has published more
than 140 journal papers and has contributed more than 250 papers in national and international confer-
ences. He has also published four books: Particles, Bubbles and Drops—Their Motion and Heat Transfer
(World Scientific, 2006); Alternative Energy Sources (Springer, 2012); Heat and Mass Transfer in Particulate
Suspensions (Springer, 2013); and Nanofluidics—Thermodynamic and Transport Properties (Springer, 2014).
Professor Michaelides earned a bachelor’s degree (honors) from Oxford University and master’s and doctor-
ate degrees from Brown University.

Clayton T. Crowe was a professor of mechanical and materials engineering at Washington State University
in Pullman, Pullman, Washington. He is recognized as a leading scholar and author in fluid mechanics, and,
in particular, the area of multiphase flows. Among his achievements was the development of the particle-
source-in-cell (PSI-Cell) method for the numerical simulation of multiphase flow that has been used exten-
sively in industry and in commercial simulation software. He was the author of numerous technical articles
and of Engineering Fluid Mechanics, a widely used college textbook now in its eleventh edition. His other
publications include Multiphase Flows with Droplets and Particles, Second Edition (CRC Press, 2012), and
Multiphase Flow Handbook, First Edition (CRC Press, 2005). He received many honors for his work, includ-
ing ASME fellow, the ASME Fluids Engineering Award, and the Senior International Prize for Multiphase
Flows. Dr. Crowe passed away in 2012.
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John D. Schwarzkopf is a staff scientist within the Theoretical Design Division at Los Alamos National
Laboratory, Los Alamos, New Mexico. He has more than 10 years of experience in the application of multiphase
flows and computational code development. His work contributed to two patents and several technical articles
on the topic of multiphase and multicomponent flow applied to electronics cooling, atomization, and turbu-
lence modeling. He is a coauthor of the book Multiphase Flows with Droplets and Particles, Second Edition
(CRC Press, 2012).
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A Hamaker constant
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c Specific heat capacity

Ca> Cpoen- Mass concentration of species A, B,...
o Speed of sound in liquid

C Coeflicient (dimensionless)

Ca Capillary number
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C, Added mass coefficient

Cp Drag coefficient

Cy History term coefficient

d Diameter of small-scale features (particles, droplets, bubbles, etc.)
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e Internal energy
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§ Frequency
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Pressure

Perimeter

Collision frequency

Peclet number

Electric charge

Heat rate

Heat flux

Spherical coordinates
Cylindrical coordinates
Universal gas constant
Rayleigh number
Reynolds number
Turbulence Reynolds stress tensor
Velocity correlation function
Surface

Swirl parameter
Sherwood number
Shannon number

Stokes number

Strouhal number

Stress tensor

Mass source term
Momentum source term
Time

Temperature

Spectral energy transfer rate
Continuous phase velocity
Velocity vectors

Dispersed phase velocity
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v Terminal velocity

Vv Volume

1% Volumetric flow rate

We Weber number

X 02 Cartesian coordinates

X Lockhart-Martinelli parameter
Y Mass fraction

Mole fraction

Z Loading

z Length scale

Greek Symbols

a Particle radius
o Thermal diffusivity of fluid
o, Absorptivity
Slip parameter
Expansion coeflicient at constant pressure
Expansion coefficient at constant temperature
Specific gravity
Torque
Distance or spacing
Kronecker delta
Turbulence energy dissipation rate
Electric permeability of vacuum
Porosity
Emissivity
Dimensionless parameter
Kolmogorov length scale, amplitude
Angle
Granular temperature, dimensionless temperature, wall scattering function
Wave number, ratio of specific heats
Permeability
Expansion coefficient
Molecular mean free path
Factor of ratio
Chemical potential, dynamic viscosity
Kinematic viscosity
Density
Coupling parameter
Surface tension, standard deviation, Stefan-Boltzmann constant
6,,6,, 0, Normal or principal stresses
Response time, time scale
Shear stress
Velocity ratio
Porosity
Two-phase flow multiplier, potential
Volume fraction of continuous phase, void fraction
Volume fraction of dispersed phase
Gas mass quality
Stream function
Surface potential
Shape factor
Frequency
Chemical source for species “i”
Natural frequency
Angular velocity
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Subscripts

>

an
avg
ags

fF
1z

fr
gas, G

max
min
mom
mol

MD
nw

nuc
NB

opt
out
ONB

PB

Derivative
Annular

Average
Agglomeration
Bubble

Bulk

Continuous phase
Characteristic
Critical

Core

Coagulation
Collision
Convective
Dispersed or dense phase
Drag

Eddy or equilibrium
Effective
Equivalent

Fluid

Latent heat/enthalpy
Friction

Gas

Superficial gas
Geometric mean
Homogeneous
Harmonic mean
Indices (1, 2, 3)

In or inlet
Interface

In or inlet
Isolated

Indices (1, 2, 3)

Indices (1, 2, 3) or particle number

Lift

Liquid

Liquid only
Superficial liquid

Mixture or pertains to mass

Maximum
Minimum
Momentum
Molecular

Mean

Median

Number

Nonwetting
Nucleation

Nucleate boiling

Qil

Optimum

Out or outlet

Onset of nucleate boiling
Particle

Partial boiling region

XXiv

Nomenclature



r Relative or reduced
rad Radiation
rot Rotational
s Solid
sat Saturation
sen Sensor
sl Slip
sol Solution
ss Steady state
str Stratified
sub Subcooled
sur Surface
SM Surface mean
th Thermal
tot Total
tp Two-phase
tr Transition
vap Vapor phase
VM Volumetric mean
w Wall
w Wetting phase or water
) Ambient, far away, free stream, undisturbed
0 Initial or incident
Superscripts
* Dimensionless
0 Undisturbed field, incident or pure component at infinite dilution
’ Temporal fluctuation or spatial deviation
" Favre fluctuation
Rate
g Gas
I Image variable
inc Incident vector
m Mixture
s Sensor
S Solid
sca Scattered vector
Abbreviations
BL Boundary layer
CFD Computational fluid dynamics
CHF Critical heat flux
DNS Direct numerical simulations
MD Molecular dynamics
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Fundamentals of Multiphase Flow

Efstathios E. Michaelides and Zhi-Gang Feng

1.1  General Features of Multiphase Flows

1.2 Fundamental Definitions

1.3 Size of Particles, Drops, and Bubbles

1.4 Interactions of Fluids with Parficles, Drops, and Bubbles

1.1 General Features of Multiphase Flows

Solid, liquid, and vapor are the three natural phases of materials. Gases and ideal gases are parts of the vapor
phase where specific constitutive equations, for example, the ideal gas equation, apply. A multiphase system
contains materials of two or more phases. Multiphase flow is the flow of a mixture of phases such as gases
(bubbles) in a liquid or liquid (droplets) in gases. Liquids of different densities and solids of different crys-
talline systems are often considered as separate phases. Thus, the flow of oil droplets in water is considered
multiphase flow.

1.1.1 Dispersed Phase and Separated Flows

In dispersed phase flows, one phase consists of discrete, noncontinuous elements and the second phase con-
sists of a continuous fluid matrix. Examples of dispersed multiphase flows are the flow of bubbles in a liquid
and the flow of particles or droplets in a gaseous matrix. In a separated flow, the two phases are separated by
a single surface of contact. For example, the annular flow in a pipe, which includes a liquid layer on the pipe
wall and a vapor core, is a separated flow.

1.1.2 Gas-Liquid Flows

The motion of bubbles in liquids and the motion of droplets in gas streams are examples of gas-liquid flows.
Bubble columns are commonly used in several process industries including chemical reactions and fluid
purification processes. The atomization of a liquid to generate small droplets for combustion is important in
power generation and automotive systems. Droplet formation and impaction are important in spray form-
ing for materials processing. Steam-water flows in pipes and heat exchangers are very common in power
systems with vapor cycles, such as fossil fuel plants and nuclear reactors. Gas-liquid flows in pipes can
assume several geometric configurations ranging from bubbly flow to churn and annular flow.

1.1.3 Gas-Particle Flows

The particles in this case are either solid particles or liquid droplets. This type of multiphase flow includes
the pneumatic transport of solids, fluidized beds for solids combustion, and the burning of fuel droplets.



The operation of pollution control devices, such as cyclone separators and electrostatic precipitators, is based
on the principles of gas—solid flows. The combustion process of coal in fossil fuel power systems depends on
the dispersion and burning of coal particles. The micron-size particles in a solid propellant rocket exhaust
affect the performance of the rocket. Another type of a gas—solid flow is the motion of particles down a chute
or an inclined plane. These are known as granular flows where particle-particle and particle-wall interac-
tions determine the transport of the solid phase. In the extreme case, where the particulate phase is motion-
less, the flow becomes flow through a porous medium as, for example, in a pebble-bed heat exchanger or a
stationary bed reactor.

1.1.4 Liquid-Solid Flows

Liquid-solid flows are flows where solid particles are carried by the liquid. Oftentimes, such flows are referred
to as slurry flows. Slurries cover a wide spectrum of applications ranging from the transport of minerals
(including coal) to the flow of toothpaste. Several environmental flows and processes, such as the removal of
sediment from water and waterways, involve slurry transport. Typically, the solid particles are discrete and
for this reason, slurry flows are classified as dispersed flows. When the solids are stationary, the flow of liquid
through the solid is another example of flow in a porous medium.

1.1.5 Three-Phase Flows

Three-phase flows are also encountered in a few engineering systems. For example, gaseous bubbles rising
in slurry are three phases flowing together. Three-phase flows are met in specialized systems and have a
high degree of complexity. For this reason, not much research work has been reported in the literature on
these flows.

1.1.6 Scope of This Handbook

Before the 1980s, the design of multiphase systems was based primarily on empirical observations and
correlations of experimental data. Since the early 1980s, the design of more advanced instruments and the
application of more scientific measurement techniques have led to the measurement and quantification
of fundamental parameters that improved our understanding of multiphase systems and processes. In
parallel, the tremendous improvement of computational capacity and numerical techniques has enabled
the development of numerical models that are now reliably used to complement engineering design. The
improvements of the experimental instruments and the numerical models for multiphase flows are rapidly
growing areas of technology, which have far-reaching benefits in upgrading the operation and efficiency
of current engineering systems and processes and in supporting the development of new and innovative
technologies.

This handbook is designed to provide a background for engineers and scientists and to serve as a
source of information on current technology. This chapter introduces fundamental definitions of dis-
persed multiphase flows, including size distributions and fundamental interactions of particles, bubbles,
and drops with fluids. This chapter also addresses the current state of the art and examines commonly
used instruments and processes for measuring multiphase flows. Chapter 2 deals with the numeri-
cal modeling of multiphase flows. It includes numerical modeling methods such as direct simulation,
Lagrangian modeling, two-fluid modeling, and PDF modeling, as well as specific numerical techniques,
such as the discrete element, the immersed boundary, and the lattice Boltzmann techniques. Chapters 3
and 4 cover the fundamentals of multiphase flow in ducts and apply to engineering systems for the trans-
port of gas-liquid mixtures, pneumatic transport, and slurry transport. Chapter 5 addresses a more
recently researched area, the area of compressible multiphase flow, and includes the interactions of par-
ticles, bubbles, and drops in compressible fluids. Chapter 6 addresses the subject of chemical reactions
and combustion with drops and particles. The subject of Chapter 7 is multiphase flow and heat transfer
under microgravity and zero-gravity conditions. Chapters 8 and 9 address the boiling and condensa-
tion processes in multiphase systems and include the local and global heat transfer processes in indus-
trial boiling and condensation equipment. Chapter 10 addresses powder and granular flows, where the
forces between the solid particles or between the solid particles and the boundaries are by far greater
than the hydrodynamic forces between the particles and the interstitial fluid. The subject of multiphase
flow in porous media, such as the flow of oil and gas in rock formations and cracks, is surveyed in
Chapter 11. The complex interactions between the dispersed phase (bubbles, particles, and drops) and
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the turbulence of the continuous fluid phase are the subject of Chapter 12. Chapter 13 addresses the
dynamics of deformable bubbles and the process of bubble cavitation, which is of paramount importance
in the shipping industry. Chapter 14 addresses the fundamentals of the collision process, which may
result in the aggregation of particles and the formation or breakup of clusters. Chapter 15 addresses the
separation processes and equipment, including the removal of dust and droplets from gaseous streams.
Chapter 16 covers the flow of particles in biological systems, such as the blood stream and the respiratory
tract. Chapter 17 is devoted to the industrial systems known as fluidized bed reactors that are increas-
ingly used for chemical and combustion processes. Chapter 18 is devoted to the new application of
multiphase fluids, which are known as nanofluids. Nanofluids exhibit very high heat and mass transfer
characteristics. The formation and dynamics of spray systems is addressed in Chapter 19. The flow and
processes of aerosols, with particular emphasis on aerosol deposition, are covered in Chapter 20. Finally,
Chapter 21 addresses the fundamentals of flow and heat transfer characteristics of a dispersed phase in
a non-Newtonian fluid.

1.2 Fundamental Definitions

This section introduces parameters that are fundamental to multiphase flows. For brevity and conve-
nience, the terms discrete phase and dispersed phase will be used for the particles, drops, or bubbles,
while the terms carrier fluid and continuous phase will be used for the fluid that carries the dispersed
phase.

1.2.1 Volume Fraction and Densities

The continuum hypothesis enables one to define material properties at any point (x, y, z) despite the
fact that matter is discontinuous at the molecular level. According to the continuum hypothesis, all
properties, variables, and derivatives of the variables are defined within a limit volume, V,,, that is
big enough and contains a sufficient number of molecules so that all the variables and their derivatives
have stationary values. An extension of the continuum hypothesis may be used with dispersed multi-
phase systems to define their properties (Michaelides, 2014). The extension defines the property of an
inhomogeneous mixture at a point (x, y, z) by considering a volume, V; around the point (x, y, z). This
volume must be greater than a limit volume, V,, which is defined so that the calculated or measured
values of the properties of the dispersed phase are stationary and independent of the motion of the
dispersed phase elements (Michaelides, 2014).

Under this extension of the continuum hypothesis, the volume fraction of the dispersed phase is
defined as

ad(x,y,z):% with V' > V;, (L1)

where V, is the volume of the dispersed phase within the volume V. The volume V is the limit volume that
ensures a stationary average of the volume fraction despite the motion of the elements of the dispersed phase
(particles, bubbles, or drops).

Similarly, the volume fraction of the continuous phase is

occ(x,y,z):% with V >V, (1.2)

where V., is the volume of the continuous phase in the volume under consideration.

In gas-liquid flows, the volume fraction is sometimes referred to as the “void fraction.” From the volume
conservation principle, the total volume is occupied either by the dispersed or by the continuous phase.
This implies that, at any point of the continuum, the sum of the two volume fractions equals 1:

ac(x)yyz)+ad(x)yaz)51~ (13)

The density or apparent density of the dispersed phase is equal to the mass of the dispersed phase per unit
volume of the mixture. Similarly, the apparent density of the continuous phase is equal to the mass of the
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continuous phase per unit volume of the mixture. If the dispersed material is composed of a single chemi-
cal substance with material density p, and the material density of the continuous phase is p,, the apparent
densities of the two phases are

Pa=pscty and p.=p.oL. (1.4)

Finally, the mixture density, which is defined as the total mass of the mixture divided by the total volume, is
equal to the sum of the two apparent densities:

Pm = Pc + Pa- (1.5)

1.2.2 Phase Velocities and Superficial Velocities

The phase velocity of a phase—u, and u,, for the continuous and dispersed phases, respectively—is the actual
velocity of each phase of a multiphase flow mixture and may be defined and measured at any point of the
mixture. The superficial velocity of a phase is oftentimes used for calculations in channel flows and is defined
as the mass flow rate of the phase divided by the total channel area and the material density of the phase:

e

Us="" and U,= (L6)
Apy Ap,

It is apparent that the superficial velocity is the velocity of the phase if that phase were flowing alone and

occupied the entire channel area. The phase velocities and the superficial velocities are related through the

following volume fractions:

ud:£ and uczg (1.7)

Qg o,

1.2.3 Quality, Concentration, and Loading

The quality, which is primarily used in vapor-liquid flows, is the ratio of the mass of the gas to the mass of
the mixture. If the gas is the dispersed phase, the quality is defined as follows:

M4 _ Pa

m. +my am

x= (1.8)

The mass concentration or simply concentration of the dispersed phase is used in fluid-solid mixtures. This
is alocal variable defined at every point and is equal to the ratio of the apparent densities:

C= &. (1.9

The volume fraction, o, is used by some authors as an alternative definition of the concentration. A third
variable, the loading, is often used in fluid-solid flows. The loading is the ratio of the two mass flow rates
and is defined as follows:

z=""4 (1.10)

1.2.4 Response Times

The response times of particles, bubbles, and drops are pertinent to their interactions with fluids and the
interfacial transfer of momentum, energy, and mass. Oftentimes, the response times are called characteris-
tic times. The momentum response time, T, is of the order of magnitude of the time required for a sphere
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to respond to a change in velocity. A measure of the momentum response time for a sphere may be derived
from the equation of motion of a sphere in a fluid, which, in the absence of the transient terms, may be
written as

A e, (v Yu—v
6 Mlar 2" 4P

, (1.11)

where v is the particle velocity in the direction of the carrier fluid velocity u. The drag coefficient C,, is a func-
tion of the Reynolds number of the sphere, which is defined in terms of the relative velocity

_pedju—v|
pe

Re, (1.12)

where p is the viscosity of the continuous phase. Rearranging the terms of Equation 1.11, one obtains

dv ([ CpRe, \[ 18,
dt:( ;4 j(pddzj(u_v)' (1.13)

At the limit of vanishingly small Re,, the so-called Stokes flow, the factor in the first parenthesis, C,,Re /24,
is equal to 1. The factor in the second parenthesis has the dimension of (time)~'. The inverse of this variable
defines the momentum response time

2
Ty = @, (1.14)
18p,

With this definition of the response time, the equation of motion is simplified to

dv 1
—=—(u—-v) 1.15
dt Ty (u V) ( )

When the (uniform) fluid velocity undergoes a step from 0 to U, the solution to the last equation is

v=U{1—exp(—tH. (1.16)
Tv

Therefore, the momentum response time is the time required for a particle released from rest to reach 63% or
(1 — 1/e) of the free-stream velocity under Stokes flow conditions.

The thermal response time, T, is defined in a similar way, using a simplified form of the energy equation of a
solid sphere at the limit of vanishingly small Peclet numbers:

dT; Nul 12k,
de = Z[pdcddz j(z -T;). (1.17)

Since at vanishingly small Peclet numbers Nu = 2, the last equation defines the thermal response time

_ PdCddz
12k,

T (1.18)

where ¢, is the specific heat (at constant pressure) of the dispersed phase. When the fluid temperature under-
goes a temperature step, T, is the time required for a particle’s temperature to reach 63% or (1 — 1/e) of this
temperature step.
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A third response time may be defined for the mass transfer process from a sphere. Since the mass transfer
process is analogous to the heat transfer, the characteristic time for the mass transfer is

dZ
12D,

(1.19)

™

where D, is the diffusion coefficient of the dispersed phase species inside the continuous phase. The three
response times are related as follows:

w_2el w _12Dpa_2pag T _Prpac

= , = . (1.20)
Tr 3¢ Pr 1ty 18, 3p. v Scpe C.

The Prandtl and Schmidt numbers pertain to the properties of the continuous phase. The order of magni-
tude considerations of the two dimensionless numbers proves that the mass transfer process is by far the
slowest of the three transfer processes (Michaelides, 2014).

1.2.5 Dimensionless Numbers

The carrier fluid also has characteristic times and length scales that depend on the process under consid-
eration and the domain geometry. The ratios of the particle to fluid characteristic times and length scales
define several dimensionless numbers. These numbers are classified here according to the pertinent effects
(Michaelides, 2013a,b, 2014):

1. Viscosity effects: Three Reynolds numbers for the particles are defined with respect to the rectilinear
velocity, the rotational velocity, and the local fluid shear. In addition, a separate Reynolds number is
defined for the carrier fluid. The first three dimensionless groups are based on the particle diameter.
The last is defined with respect to the characteristic length scale of the fluid, L, and pertains to the
entire suspension. The four Reynolds numbers are defined as follows:

:M) Re =@> RerotZM’ Ref:
He ! He He He

ch‘ﬁ‘.

Re, (1.21)

2. Heat and mass transfer effects: Four Peclet numbers that correspond to the four Reynolds numbers
(Pe = Re * Pr), the Nusselt number, the Biot number, and the Sherwood number of the particles and
the suspension are defined as follows:

. i o
pe, = Pecei=V -y Ao p, _dio7]
k. k. D,
- (1.22)
Pe, - Lp.c. \u\ Ny = 2ethe  Bie dh, - _dhy
kc kc kc Dc

3. Surface tension effects: These are characterized by the Bond number, the capillary number, the
Eo6tvos number, the Morton number, and the Weber number:

BOngz‘pd_pC" Ca:uf‘ﬁ_r/‘:%’ EOZdzgpc’
c c Re, c
(1.23)
4 _._~2
Mo &63, We = M = Re,Ca.

p.C c
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4. Dimensionless property numbers: The Prandtl number, the Lewis number, and the Schmidt number,
which are pertinent to the transport properties of the fluid, are defined as follows:

Pr:Cc“C, Le:L, Se=He (1.24)
kc pchCc pch

5. Other effects: Molecular or rarefaction effects are quantified by the Knudsen number, phase-change
effects by the Stefan number, and oscillatory and transient effects by the Strouhal number:

Lmul
d

AT

s Y (1.25)
hfg

Kn= =—
i

, Ste

Of particular significance in the literature of dispersed multiphase flow is the Stokes number, St. The Stokes
number characterizes the inertia of the particle and is defined as the ratio of the momentum timescale of the
sphere to the characteristic timescale of the carrier fluid:

St="V. (1.26)
T

The characteristic time of the fluid, 7, related to a spherical particle is defined as the diameter of the
particle divided by the pertinent fluid velocity or by the rms of the velocity fluctuations in the case of
turbulence. When St < 1, the particle has ample time to respond to changes in the flow velocity and
follows closely the fluid velocity changes. When St >> 1, the particle has no time to respond to the fluid
velocity and does not follow the carrier fluid changes or fluctuations. The Stokes number is frequently
used in turbulent flows to determine the response of particles, drops, and bubbles to the turbulent veloc-
ity fluctuations.

1.3 Size of Particles, Drops, and Bubbles

While drops and bubbles are largely spherical or ellipsoidal, most particles have irregular shapes that may
not be described by one or two easily measurable dimensions. Despite this, it is often advantageous to
include in calculations the characteristic length or size of the elements of the dispersed phase. The size of a
spherical particle is equal to its diameter. The size of a nonspherical particle is subject to interpretation and
must be well defined. Following the practice of spherical particles—for which most of the analytical and
experimental work has been performed in the past—fan equivalent diameter may be defined for nonspheri-
cal particles, drops, and bubbles. The practical usefulness of the equivalent diameter is that one may cor-
relate the transport coeflicients of irregularly shaped particles, for example, drag coeflicients and heat/mass
transfer coefficients, with the known transport coefficients for spheres. Several equivalent diameters have
been proposed in the past for nonspherical particles including the diameter of a sphere that would have the
same volume, V; the diameter of a sphere that would have the same area, A; and the diameter of a sphere
that would have the same perimeter, P, projected in the direction of the motion of the nonspherical particle.
These three equivalent diameters are defined as follows:

dV:.’:’g, d, = &’ and dng. (1.27)
T T T

For a sphere, the three equivalent diameters are the same and equal to the actual diameter, d. A fourth
equivalent diameter, which is frequently used with irregular particles and aggregates, is the diameter of the
minimum sphere, in which the irregular particle will fit in. Typically, this is the longest dimension of the
particle, d,. While d, depends on the direction of the particle movement and its magnitude may vary in an
arbitrary way, for all the other measures of the size of a particle, the inequality d, < d, < d, holds, with the
equal sign applying to spheres only. Figure 1.1 shows schematically the last three diameters or sizes for a
particle that appears as an elongated parallelepiped. It may be seen in this figure that the three equivalent
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Figure 1.1

A schematic diagram of the three equivalent diameters, d,. d,, and d,, for a particle with the shape of a
parallelepiped.

diameters, which are also depicted, vary significantly in magnitude. Because of the significant variability, a
precise definition or measurement of the size of particles, bubbles, and drops must include how this size has
been defined or measured (Michaelides, 2014).

Another definition of an equivalent diameter that is extensively used with sediments and sedimentary
suspensions of particles is the “sieve diameter.” This is obtained from a sieve mesh analysis and is defined as
the maximum standard sieve mesh size (or minimum sieve aperture) through which the particles may pass
through (Leeder, 1982). Since the standard sieves do not extend to the micrometer and nanometer sizes, this
method is not applicable to micro- and nanosize particles.

Regarding shapes, the Corey shape factor has been defined as the ratio of the shortest principal axis of the
particle to the square root of the product of the longest two principal axes. The Corey factor, although widely
used in the past with ellipsoidal particles, is not related to volume or area calculations, which are important
in the calculations of the transport coeflicients. In addition, it is difficult to apply this factor to irregular
particles, where the principal axes are not well defined.

1.3.1 Fractal Dimensions of Particles and Aggregates

Fractal geometry is a recent tool that is often used to analyze the structure of irregular patterns of lines,
surfaces, and volumes. The fractal shapes are composed of self-similar parts when viewed or measured
by different length scales. For example, if we take photographs of a fractal object at different scales, as
the scale changes, we will observe that the shapes in the photographs remain the same. When viewed
and measured at the different length scales, the length and area of the fractal shape are different and,
actually, increase when the scale of measurement decreases. The classical example of a fractal shape is
the coastline of a country (Mandelbrot, 1967): one may measure the length of the coastline using a map,
using aerial photographs, using a 1 m ruler on the ground, or using a smaller ruler, whose length is one
grain of sand. The length of the coastline increases as the unit of measurement becomes smaller, and
more details are revealed and counted. Figure 1.2 illustrates an example of this concept using the so-
called Koch curve. The Koch curve is a complex, self-similar curve that evolves from a single straight
segment according to the following rule: at each stage of evolution, every straight segment of the curve
is substituted by four other straight segments of length 1/3 the length of the old segment. Two of the
new segments span the ends of the old segment. The other two segments, which occupy one-third of
the old segment’s length, form the sides of an equilateral triangle and make up the inner part of the
new segment. The process of evolution of the curve may produce an infinite number of stages, three of
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A B N=4,L;=1/3

A B N=16,L;=1/9

Figure 1.2

The length of a complex, fractal curve increases as the unit of measurement decreases.

which are shown in Figure 1.2. The end points of all the stages, A and B, are at the same distance apart
in all the stages of the pattern evolution.

Without loss of generality, we may stipulate that the segment AB is of unit length. The measure of the length
in the first stage of the curve is N = 1. In the second stage, the length scale is L, = 1/3 and the number of seg-
ments N = 4. In the third stage, the length scale is L, = 1/9 and the number of segments N = 16. In terms of the
original units, the total length of the curve is 4/3 units in the second stage, 16/9 in the third stage, and so on. For
self-similar objects, such as this curve, there is a fundamental dimension, the fractal dimension, L, which does
not change with the scale of measurement. The fundamental dimension is related to the fundamental equation
of self-similar patterns:

N=(L)", (1.28)

where N is the number of straight line segments of the scale length, L, that spans the entire length of the
curve. From the definition of the fractal shapes, N is a strong function of the scale length. The value of L;
for a straight line is 1 and for a sphere 3. All other shapes have fractal dimensions between the two limits.

It must be noted that fractal dimensions describe a shape or a surface in very general terms. They do not
define shapes and patterns and they do not contain enough information to construct them. In the case of
the Koch curve, which has L, = 1.2619, there are several other complex patterns that have the same fractal
dimension but are dramatically different in shape and complexity.

Single particles have irregular but not self-similar shapes. The fractal dimension, L, of single particles is
meaningless in most cases. Aggregates of primary particles, and especially very large aggregates of spheres,
have been observed to have complex shapes, surfaces, and perimeters, which are oftentimes approximated
as self-similar surfaces and lengths. In these cases, a fractal dimension of the aggregates, L, may be defined
using the limit of Equation 1.28 as the length scale, L , vanishes (Vicsek, 1999):

In(N
Ly =-lim n(N) 1 Sy (1.29)
In(L;)

For particle aggregates, L, is typically calculated by taking microscopic images of the aggregates at different
scales and using Equation 1.29 with the measuring length scale, L, taking several different values. Oftentimes,
optical image software performs this task (Lee and Kramer, 2004, Wang and Chau, 2009). A simpler, albeit
not as accurate method, is to measure the fractal dimension from light scattering (Bushell et al., 2002).

It must be noted that in the determination process of the fractal dimension of aggregates, the scale L, cannot
attain values that are smaller than the dimension of the largest primary particle of the aggregate. Therefore,
the determination of the fractal dimension of particle aggregates is only an approximation to Equation 1.29.
Also that for any measurement of L, to be meaningful, the variation of the measurement length scale, L, must
span at least two orders of magnitude. This implies that the method may only be used with big aggregates that
contain a very large number of primary particles (at least 500).
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The fractal dimension of the aggregates is often used to give an estimate of the porosity, €,, of the aggre-
gate (Li and Logan, 2001):

3-Ly
€p :1—(d‘”j , (1.30)

where
d is the diameter of the primary particles
d, is the diameter of the aggregate

The latter is typically assumed to be equal to the longest dimension of the aggregate, thatis, d, = d;.

Several authors have used the fractal dimension to describe the structure and morphology of particles or
aggregates of particles. Two conditions must be explicitly satisfied when one uses the fractal dimension in a
quantitative manner:

1. The original object must have a self-similar shape to make the fractal dimension, L, meaningful.
2. The 2D microscopic images or the light scattering method must be adequate for the determination
of the fractal dimension, L, of particles that are inherently three dimensional.

Because the second condition is not always satisfied, it has been observed that measurements of L, by
2D photographic images may be laden with high measurement errors. The measurement error becomes
significantly high if the measured fractal dimension is close to or greater than 2 (Vicsek, 1999).

1.3.2 Size Distributions

The sizes of particles, drops, and bubbles are important parameters that govern the flow of a dispersed mul-
tiphase mixture. In most cases, there is not a single size of these elements of dispersed flows but several
sizes, which constitute the size distribution. Because of this, it is important to have a basic knowledge of
the statistical parameters of the size distributions. A general characterization of particle size distribution is
monodisperse and polydisperse. In a monodisperse mixture, the particles’ sizes are close to a single size and
typically, the standard deviation of the sizes is less than 10% of the mean size. In a polydisperse mixture, there
is a wide range of particle sizes. Particle, drop, and bubble size distributions can also be classified as discrete
or continuous. The continuous size distribution derives from the discrete distribution as the sampling inter-
val approaches zero.

1.3.2.1 Discrete Size Distribution

For the size measurements of particles, one chooses a measuring technique, such as photography or sieve
measurements, and also chooses size intervals, Ad, which are not necessarily of equal magnitude. The size
intervals are large enough to contain a significant fraction of particles, yet small enough to yield sufficient
detail. The representative size of the particles in each interval may be defined as the diameter correspond-
ing to the midpoint of the interval. For the size measurements, the number of particles in each interval is
counted, recorded, and divided by the total number of particles in the sample. The results are plotted in
the form of a histogram (bar chart) as shown in Figure 1.3. Such histograms are identified as the discrete
number frequency distribution for the particle size. For large samples of particles, the distribution is also
referred to as the “probability density function” or “pdf.” The ordinate of the histogram is the number
frequency of the particles, fn, within a size interval. The sum of the number frequency over all the size
categories is equal to 1.
The number-average particle diameter of this distribution is defined as

dy = df.(d), (131)
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Figure 1.3

Hisfogram of the number frequency distribution of a sample of particles. The sum of the nine values of the
frequency distribution is equal to 1.

where N is the total number of intervals. The number variance is

oi= N3 (d-a) )= &;dfﬁ(df)—df. (132

i=1

The standard deviation, o,, is the square root of the variance of the sizes. Oftentimes, the ratio of the stan-
dard deviation to the average diameter is used as a measure of the spread of the distribution. A narrow dis-
tribution is characterized by the relationship ¢,,/d, <0.1, and the mixture is characterized as monodisperse.

Two other approaches are used to describe the size distribution using the particle mass and volume in lieu
of the particle number as the dependent variable. Thus, for the mass distribution, the mass of each particle
is measured or inferred from measurements, and the fraction of mass associated with each size interval is
used to construct the distribution. This is known as the discrete mass frequency distribution, f,,. Using this
distribution, one may calculate the mass-averaged particle diameter and mass-averaged variance as follows:

d, = ZN:difm(d,v), (1.33)
and
S =I\]I\]_lg(di—dm)zfm(dihI\]I\]_IZ:dffm(d,-)—d,ﬁ (1.34)

The volume-averaged particle diameter and volume-averaged variance are calculated in a similar manner.
If the material density of the particles is constant, the volume- and mass-averaged distributions are identi-
cal. It must be noted that in order to achieve a reasonably smooth frequency distribution function, a very
large number of particles must be counted. Several modern optical experimental techniques make this task
feasible with relatively low effort.

1.3 Size of Particles, Drops, and Bubbles
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The cumulative number distribution that corresponds to the number frequency distribution of Figure 1.3.

Another commonly used method to quantify particle size is using the cumulative distribution, which is
the sum of the components of the frequency distribution. The cumulative number distribution associated
with size d, is

k
E )= Jd). (1.35)

The numerical value of F, is the fraction of particles with sizes less than d,. It is apparent that the cumula-
tive number distribution is equal to 0 at the very fine sizes and close to 1 at the higher end of the sizes of
the particles. The cumulative number distribution that corresponds to the number frequency distribution
of Figure 1.3 is shown in Figure 1.4. Both cumulative number and cumulative mass distributions may be
determined from the data of the corresponding frequency distribution.

1.3.2.2 Continuous Size Distributions

If the size intervals in a discrete distribution are made progressively smaller, in the limit as Ad approaches
very small values, one obtains the continuous number frequency function

o [ fuld)
f"(d)‘gblllo[ Ad j (1.36)

The number fraction of particles with diameters between d and d + d(d) is given by the differential f,(d) d(d).
The function of the continuous frequency distribution is a continuous function of the diameter as shown in
Figure 1.5. In a similar manner, one obtains the mass frequency function based on the mass distribution f,,.
If the continuous distribution is normalized, as in Figure 1.5, then the area under the continuous frequency
distribution curve is equal to 1.

The continuous cumulative distribution is obtained from the integral of the continuous frequency
distribution as follows:

d
Fn<d>=jfn(a)da. (1.37)

12
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Continuous number frequency distribution of a sample of particles.
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Figure 1.6

The cumulative distribution function that corresponds to the continuous distribution function of Figure 1.5.

The cumulative distribution function associated with the continuous distribution function of Figure 1.5
is an S-shaped curve, which is shown in Figure 1.6. The cumulative distribution of a uniform (constant)
continuous distribution is a straight line. All cumulative distribution functions approach the value 1, as the
particle size approaches the maximum size.

It must be noted that measurements of size data for particles generate discrete distributions. Continuous
distributions may be obtained for convenience by fitting empirical functions to the discrete size data.

1.3.3 Statistical Parameters of the Size Distributions

Several parameters are used with discrete and continuous size distributions. We present here the most
commonly used parameters in dispersed multiphase flow. Typically, these parameters have different values
for the number, mass, and volume distributions.

1.3 Size of Particles, Drops, and Bubbles
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1.3.3.1 Mode

The mode is the size that corresponds to the maximum of a continuous frequency function. A distribution
that has two local maxima is referred to as a bimodal distribution and it has two modes. Similarly, trimodal
and multimodal distributions may be defined, but they are seldom met in dispersed multiphase flows. The
corresponding mode for a discrete size distribution is the size that corresponds to the highest value in the
frequency histogram. For example, d; is the mode of the discrete distribution depicted in Figure 1.3.

1.3.3.2 Mean

For a discrete distribution, the mean is equal to the average and is given by Equations 1.31 and 1.33. The
mean of a continuous distribution is obtained from the integral of the size, d, multiplied by the pertinent
frequency distribution. For the continuous number distribution function, the corresponding mean is

Amax
b= [ dda) (138)

0

A similar expression applies to the continuous mass distribution mean, y,,. Sometimes, this mean is called
the arithmetic mean diameter d,,,. Other mean diameters that are used in dispersed multiphase flows are
the surface mean diameter

1/2

dimax

dors = I FTd(d) (1.39)
0
and the volume mean diameter
dimax 1/3
diny = J' Frad)| . (1.40)

1.3.3.3 Sauter Mean Diameter

The Sauter mean diameter (SMD) is encountered frequently in the spray and atomization literature and is
defined as follows:

dmax
[ @ f@da
dyy="0 . (1.41)
[ @i
0
The SMD is a measure of the volume-to-surface area ratio for particles, bubbles, and drops.
1.3.3.4 Variance
The variance of the continuous distribution with mean p is calculated from the expression
Amax Amax
o = [ (@-w) r@d@= [ drai@-p (142)
0 0

As with the mean, a variance may be defined to the number, the mass, or the volume distributions of particle
sizes. As with the discrete distributions, the variance is a measure of the spread of the distribution and the
square root of the variance is the standard deviation. A continuous distribution may be classified as mono-
disperse if 6/p < 0.1.

14
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1.3.3.5 Median

The median diameter, d,,, corresponds to the diameter for which the cumulative distribution has the value
0.5. The number median diameter, d,,,,, is shown in the cumulative distribution of Figure 1.6. A correspond-
ing value for the mass median diameter, d,,,,, may be determined from the cumulative mass distribution
function.

1.3.4 Size Distributions

While there is a multitude of distributions in the literature of statistics, this section presents the statistical
distributions that are most often used in the literature of dispersed multiphase flow.

1.3.4.1 Log-Normal Distribution

The number frequency function of the log-normal distribution is (Marshall, 1954)

mw4MWj] (143)

1 1
ﬂ@_ﬁﬁ%“{}( o

where
d,,; is the median diameter of the number distribution
o is the geometric standard deviation

The corresponding expression for the mass frequency distribution is

mwwwmj} (1L44)

1 1
= \/ﬂdccexl{_zt 5

where d,,,, is the mass median diameter. The geometric standard deviation is determined by plotting the
cumulative distribution on logarithmic coordinates. The plot is a straight line with a positive slope, and the
value for 6; may be determined from the relationship

oc=In—">, (1.45)

where
dg, is the diameter corresponding to the 84th percentile on the logarithmic plot
d,, is the median diameter, which is the diameter corresponding to the 50th percentile

The same value for o is used for the mass and number distributions. For the calculation of the several sta-
tistical parameters in this distribution, a useful mathematical relationship is

o (k) 1 fa [ 1 m@-m@anY 4@
dMexp( 5 j— ZﬁGG-([ d exp{ 2( o j} 5 (1.46)
or
&, exp( kz;é j _ Idk F(dd(d). (1.47)

These relationships may be readily used to calculate the various statistical parameters of the distribution.

1.3 Size of Particles, Drops, and Bubbles
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1.3.4.2 Upper-Limit Log-Normal Distribution

A derivative of the log-normal distribution is the upper-limit log-normal distribution (Mugele and Evans,
1951), which is frequently used to model droplet data from spray nozzles. The distribution makes use of
a maximum particle size as the upper limit of the distribution and its number frequency function is
defined as

2
In(aud) —In(dpe — d,
fn(d)=¥exp _1f In(ad) ul ) , (1.48)
\/EdGG 2 O¢
where
d oy 1s the maximum diameter in the distribution
ais a constant equal to
o= dmax ) (1.49)
dy

As with the log-normal distribution, the standard deviation may be calculated from the slope of the loga-
rithmic plot of the data.

1.3.4.3 Square-Root Normal Distribution

The number frequency function for the square-root normal distribution is given by the expression (Tate and
Marshall, 1953)

(1.50)

A
SD= pred ™ U 20 ’

where o is the variance of the square-root normal distribution. This distribution appears to fit well empirical
data from vane-type atomizers and does not have the end “tails” of a normal distribution. When using this
distribution, one must be cognizant that several relationships that were derived for the other types of normal
distributions are not applicable to the square-root normal distribution.

1.3.4.4 Rosin-Rammler Distribution

The Rosin-Rammler distribution (Mugele and Evans, 1951) is frequently used to model droplet size distri-
butions in sprays. It is expressed in terms of the cumulative mass distribution

Fm(d):l—exp{—(gjn} (1.51)

where 8 and 7 are two empirical constants, which are determined by plotting the cumulative distribution on
logarithmic coordinates. By taking twice the logarithm of Equation 1.51, one obtains

In[~In(1-E,(d)) ] = n(In(d) - In(3)). (1.52)
Therefore, n is the slope of this line and 8 can be obtained from the expression

o
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The mass frequency function of this distribution may be obtained by taking the derivative of the cumulative

distribution of Equation 1.51:
_dE,(d) _n(d)" (dY
fu(d)= dd) = 6(8) epo (5) D (1.54)

When using the Rosin-Rammler distribution, the gamma function,

r(x)= j A exp(-A)dh, (1.55)

0

is a useful tool to calculate the moments of the distribution because

RORRCIOREY

which leads to the relationship for the statistical parameters of this distribution
Id“fm(d)d(d) = 6“1“(“+ 1]. (1.57)
n
0

1.3.4.5 Nukiyama-Tanasawa Distribution

The Nukiyama-Tanasawa distribution is a more general distribution from which the Rosin-Rammler
distribution is a special case. The frequency function of this distribution is

fu(d) = Bd® exp(—Cd*), (1.58)

where B, C, and q are empirical parameters. For spray distributions, g typically varies from 1/6 to 2 with the
higher values corresponding to narrower distributions.

1.3.4.6 Log-Hyperbolic Distribution

Some empirical studies on sprays showed that neither the log-normal nor the Rosin-Rammler distribution
fits the data sufficiently well. Two droplet size distributions fitted with a Rosin-Rammler distribution may
have the same parameters, but the actual distribution may be quite different. This happens because one of
the shortcomings of both the log-normal and Rosin-Rammler distributions is the representation of the tails
of the distribution—the values of the frequency function for very large and very small values of the sizes.
A better fit for the tails of the distributions is the log-hyperbolic distribution proposed by Barndorff-Nielsen
(1977). The form of the number frequency function for this distribution is

fu(d)= Aexp[—a,/zsz ~(In(d)-p)’ +B(d—p)} (1.59)

where a, B, 8, and p are empirical parameters. It is apparent that the random variable of this distribution is
the logarithm of the particle diameter. The coefficient A is a normalization factor related to the other param-
eters by the expression

@)
2a51<1(6 (az—ﬁz))

A= (1.60)

1.3 Size of Particles, Drops, and Bubbles
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where K| is the third-order Bessel function of the third kind. The logarithm of the frequency function yields

the equation of a hyperbola:
In(f,)=In(A)- /8’ - (In(d)—p)" +B(d—p). (1.61)

For [In(d) — p]/d < 0, the slope of the asymptote is a + {3, while for [In(d) — p]/d > 0, the slope of the asymp-
tote is —a + P. Thus, when the logarithm of the frequency data is plotted versus In(d), the slopes of the two
asymptotes may be measured to determine the parameters o and p. It may be proven that the parameter p is
the mode of the distribution. The value of this parameter may be determined from data fitting. A practical
problem of the log-hyperbolic distribution for particle or drop size distributions is that if the tails are not
long enough to generate accurate values of the slopes, there is a great deal of inaccuracy in the determina-
tion of the parameters o and f. A three-parameter log-hyperbolic distribution may be used in such cases to
alleviate this problem.

1.4 Interactions of Fluids with Particles, Drops, and Bubbles

1.4.1 Infroduction

Because the sphere is the simplest, 3D shape, mass, momentum, and heat transport problems pertaining to
spheres have been the subjects of the first analytical methods as well as of the intellectual curiosity of scientists.
These problems belong to the class of the most fundamental problems in fluid dynamics, heat transfer, and
mass transfer and have attracted the attention of many mathematicians, physicists, and engineers. They are
also subjects that have numerous practical applications including combustion and propulsion, chemical reac-
tions and catalysis, mixing and separation, boiling and condensation, environmental sedimentation and resus-
pension, and biological flows. The transport of momentum, heat, and mass is of primary interest in all of these
processes, which are often expressed in terms of transport coefficients or in terms of dimensionless parameters
that are pertinent to these coeflicients. For example, the instantaneous loss or gain of mass of a sphere during
any process may be expressed in terms of the mass transfer coefficient, 4, or its dimensionless representation,
the Sherwood number, Sh, and the material properties of the sphere and the carrier fluid:

ity = by (Y, ~Y.) = ~(SHMADpy (Y, =Y. (162)

where D, is the diffusivity of the material of the sphere inside the carrier fluid. Similarly, the instantaneous
temperature change of the sphere, in the case of convective heating (when radiation is negligible), may be
expressed in terms of the heat transfer coefficient, h, or its dimensionless representation, the Nusselt number:

ey, % = Q= -nhd*(T, -T,) = ~xdNuk.d(T, - T.). (1.63)

Finally, the equation of motion of a sphere may be expressed by Newton’s second law in terms of all the
instantaneous forces that act on the sphere. These forces are the hydrodynamic force on the sphere, Fy
(which is composed of two parts, the drag and lift, F;,, and, F,), and the body or volume force, F;. The latter is
normally the gravity/buoyancy force, and the former may be written in terms of two dimensionless factors:
the drag coeflicient, Cp,, and the lift coeflicient, C;:

dv; 1
1: = Fp; + Fy; + Fgi + Fani + Fus =gnd2chD(ui _Vi)‘um _Vm‘

m

eijk(uk - Vk)Qj

VEUQ,

1
+ gndzpCCL ‘um -V

1
+ gTC(Ps —p)d’gi + Fau + Fu, (1.64)

where e;; is the permutation symbol. The added mass force, F, ,;, and the history term, F;, emanate from the
transient response of the particle and the surrounding fluid. Functional forms for the two terms are given in
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Section 1.4.3.6. For the performance of any calculations on the motion of the sphere, one would need accu-
rate information for the transport coefficients: drag coefficient, lift coefficient, heat transfer coefficient, and
mass transfer coefficient. The numerical values of these coefficients emanate from analytical or numerical
results and from experimental data.

This section intends to be a succinct presentation of analytical, experimental, and numerical results that
pertain to the transport processes involving a carrier fluid and bubbles, drops, or particles and are useful
for the performance of engineering calculations. In particular, mass transfer, momentum transfer, and heat
transfer from a particle, bubble, or drop with the carrier fluid will be examined. For a historical background
and a more extensive description of the development of these subjects, one may consult the review article by
Michaelides (2003). Of the other recent studies, the main results on the momentum transfer from a sphere to
a fluid as well as the energy and mass transfer at wide ranges of Reynolds and Peclet numbers may be found
in several treatises and monographs, such as those by Leal (1992), Kim and Karila (1991), Crowe et al. (1998),
Sirignano (1999), Michaelides (2006), and Michaelides (2014).

1.4.2 Mass Transfer
1.4.2.1 Thermodynamic Relations of Evaporation, Sublimation, and Condensation

In this section, we seek to determine the thermodynamic equilibrium relations between the carrier fluid
and a sphere that undergoes phase change. For this reason, the thermodynamic properties are assumed
to be equilibrium properties and this implies no (or very weak) heat and mass transfer within the system.
Consider a sphere of radius 4, inside a carrier gas of density p;, in a spherical system of coordinates that fol-
low the center of the sphere. The carrier gas and the sphere have different chemical composition, and their
species will be denoted by ¢ and , respectively. Mass is allowed to cross the boundary of the sphere due to
one of the processes of sublimation, evaporation, or condensation. Because of this, the gaseous phase is com-
posed of both the species I and ¢, while the sphere, which may be either solid or liquid, is composed solely of
the species . Figure 1.7 is a schematic diagram of such a process. The directions and numerical signs of the
pressure and temperature gradients in this figure are such that they correspond to the case of condensation.
The total pressure in the gaseous mixture is constant and equal to p;. The total pressure comprises two parts:
the partial pressure, or vapor pressure, of the species I, p,, and the partial pressure of the carrier gaseous
species ¢, p,. In all the transport processes that are pertinent to mass transfer, both the partial pressures are
functions of the radial direction, r:

pr=pc(r)+ pi(r). (1.65)

>
>
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pir)

A

Figure 1.7

Pressure and temperature fields developed in the vicinity of a drop carried by the fluid of different compositions.
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If the carrier phase is composed of a number of species, c1, 2, c3, ... as, for example, in the case of air, then
the total pressure is the sum of all the partial pressures of these species:

pr=)_pa(r)+ pi(). (1.66)

When the sphere is a liquid drop, the pressure in the interior of the drop would be higher than p; by the
amount contributed by the surface tension:

Pint =pr + 276 (1.67)

In most practical applications, the radius of the sphere, a, is large enough to satisfy the condition
pr>> 20/a. Hence, the internal pressure, p,,,, is approximately equal to the total pressure in the gas phase, p.
Thermodynamic equilibrium implies that the temperatures of the species / and ¢ at the surface anywhere
in the gaseous mixture are equal, that is, T.(r) = T\(r) = T(r), where r > a. The temperature inside the sphere
may be nonuniform and hence a function of the radial distance. This temperature will be denoted as T;,,(r),
where r < a.

At the surface of the sphere, there is a phase transition, for example, liquid-vapor or solid-vapor, that
normally occurs within a very short layer of molecular dimensions. The phase of the matter in this film layer
is not well defined. Hence, the material and thermodynamic properties within this molecular layer are not
well defined too. For this reason, they are depicted by the dashed lines in Figure 1.7. It is known that the
specific properties of matter exhibit a jump discontinuity within this layer, for example, from liquid-specific
enthalpy to vapor-specific enthalpy. The intensive properties of matter, temperature, and pressure exhibit a
discontinuity of lower magnitude. The discontinuity of the intensive properties is not noticeable unless the
Knudsen number of the flow is higher than 0.01 (see Section 1.4.3.5. for more details) where the molecular
effects play an important role in the behavior of the sphere.

With the exception of very fast combustion processes, in most of the practical applications involving
drops and particles that undergo mass, momentum, and heat transfer with a carrier fluid, the thermody-
namic relaxation time is much shorter than all the response times of the sphere. For this reason, thermody-
namic equilibrium is normally established fast at the interface and does not affect significantly the transport
processes. When the interface may be considered sufficiently flat for the surface tension to have negligible
impact, the partial pressure of the vapor and the temperature of the vapor at the interface are related via the
Clausius-Clapeyron equation

ap hi (1.68)

.- ,
dT T (a)[ 11 }
p.(a) p.a)

where the symbols in parentheses denote arguments of functions and the derivative must be evaluated at the
conditions of the interface r = a. Thus, T(a) is the temperature at the interface, p,(a) is the density of the spe-
cies in its vapor phase at the interfacial pressure and temperature, and p(a) is the density of the material in
the sphere, evaluated also at the interfacial pressure and temperature. Therefore, the temperature and vapor
pressure at the interface of the sphere are related by the so-called saturation relation, p, = p,,,(T). The func-
tion p,,(T) for any of the commonly used materials may be obtained in tabular form from thermodynamics
texts or in tables of properties. It must be emphasized that this thermodynamic relationship between the
prevailing pressure and temperature applies only at the surface of the sphere r = a. In general, p,(r) and T\(r)
are two independent functions that are only related at r = a.

As in the case of the pressure (Equation 1.67), the surface tension may have an influence on the satura-
tion relation. In this case, the value for the partial pressure of the vapor at the interface must be corrected
as follows:

(1.69)

pi(@)= pou(T(@) exP{ZdT(a))}_

aps(a)R,T(a)
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where the parentheses denote arguments of functions and R, is the specific gas constant for the material spe-
cies of the vapor, I, that is, R, = R/ and R = 8.314 kJ/kg>K. The term in the square brackets is sometimes
called the “Kelvin number,” Ke, and in most practical applications its value is very low (Ke < 1). Hence, in
most practical applications, p,(a) ~ p.,(T(a)). A glance at Equation 1.69 proves that the Kelvin number and
hence the effects of surface tension become significant when a — 0, a condition that is met at the last stages
of combustion, evaporation, or sublimation of a sphere.

Within the gaseous phase that comprises the vapor of the sphere and the carrier fluid, the mole fraction
of the vapor and the mole fraction of the components of the carrier fluid at any distance r > a are defined in
terms of their partial pressures as follows:

X0 =D and x.)= 2O, (1.70)

T Pr

Obviously, at any point, the condition applies that the sum of all the mole fractions in the gaseous mixture is
equal to one. At the surface of the sphere, the pressure p,(a) is equal to the saturation pressure at the prevail-
ing temperature, T(a). Hence, the mole fraction of the vapor at the interface is determined from the knowl-
edge of the total pressure and the temperature of the sphere.

The mole fraction of any species, denoted by the letter X;, and the mass fraction of this species, Y, are
related via the molecular weights, M,, of the species that are present in the gaseous mixture:

v,/M;

R

where the sum in the denominator is over all the species that are present in the gaseous phase, namely, the
carrier gas and the vapor. As in the case of the mole fractions, at any point outside the sphere, the sum of all
the mass fractions is equal to one.

In the cases of sublimation and evaporation, the variation of the intensive vapor properties T,(r) and p, ()
is in the opposite direction from the one shown in Figure 1.7. In such processes, any mass flow rate from the
sphere to the gas results in a radial velocity w from the surface of the sphere to the gas, which is described by
the following mass conservation equation:

nd X, = (1.71)

X:M;
Yj =17 a
2 XM,

2 dordw) (1.72)
dt dr

where d, when it is not part of a differential operator such as d/dt or d/dr, is the diameter of the sphere and

r is the radial coordinate. In a quasi-steady case, where the density of the carrier fluid may be considered to

be constant, the aforementioned equation may be integrated on the surface of the sphere to yield the mass

flow rate from the sphere to the fluid:

dm
— =—nd’ . 1.73
. prwl (1.73)

The velocity w is evaluated with respect to the surface of the sphere at the gas side. Since the radial velocity
w is an outward velocity with respect to a control volume that encloses the sphere, the negative sign signifies
that mass is transferred from the sphere to the fluid when w is positive.

Evaporation, condensation, sublimation, and chemical reactions are the basic processes for the mass
transfer to or from a sphere. Processes without chemical reactions will be examined in this section, while
processes with chemical reactions, such as combustion, will be mentioned briefly in the next section and
will be examined in more detail in Chapter 6. It must be recalled that when mass transfer occurs without
chemical reactions, the driving force for the process is the difference of the concentration of the species
the sphere is composed of (evaluated at the surface of the sphere) and the concentration of the same spe-
cies in the carrier fluid (evaluated far from the sphere). For example, in the case of an evaporating water
droplet in air, the driving force is the difference of the specific humidity at the surface of the sphere and
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the specific humidity of the carrier fluid, far from the sphere. The former is a function of the temperature
and pressure at the surface of the sphere, while the latter is a property of the carrier fluid. If the carrier
fluid becomes completely saturated with water vapor, there is no such difference, and hence, no evapora-
tion takes place.

The mass flux at the surface of an evaporating or condensing droplet in a binary mixture is given by
Fick’s law:

oY,
pw=—p¢D, .
B

o (1.74)

where D, is the diffusion coefficient of the species the drop is composed of in the carrier fluid.

At the surface, we also require the following condition:

Dc%:hM(Ys -Y,), (1.75)
or

where h,, is the convective mass transfer coefficient, which is analogous to the convective heat transfer coef-
ficient. For a droplet of diameter d = 24, the gradient of the mass fraction of any species at the droplet surface
is proportional to the difference between the mass fraction at the surface and in the free stream and inversely
proportional to the droplet diameter. Therefore,

oY,

(1.76)

where Y_, is the mass faction of the species in the free stream far from the droplet. A combination of the last
two equations yields

‘;—T ~ pDd(Y, —Y,). 1.77)

The parameter that makes this expression an equation is the Sherwood number, Sh, which is often deter-
mined by experiment. Thus, the following expression may be derived for the rate of mass transfer from a
sphere:

%’f _ Shrp, D.d(Y. ~Y.). (L78)

Without mass advection caused by forced or free convection processes, the pure molecular diffusion domi-
nates the mass transfer process, and hence, Sh = 2. The effect of fluid advection and relative velocity between
the droplet and the carrier fluid is frequently represented by the so-called “Ranz-Marshall relation” (Ranz
and Marshall, 1952):

Sh=2+0.6Re, Sc'*, 1.79)

where
Re, is the Reynolds number based on the relative velocity
Sc is the Schmidt number

Since the mass transfer process from a sphere is closely related to the heat transfer process via the well-known
heat/mass transfer analogy, one may also use alternative expressions for the Sherwood number, which are given
as expressions for the Nusselt number in Section 1.4.4. In particular, one may use the Sh-Nu analogy and obtain
expressions for the Sherwood number based on the numerical correlations of Section 1.4.4.2 for the heat and
mass transfer from viscous spheres at finite Reynolds numbers.
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1.4.2.2 Chemical Reactions

When chemical reactions take place, the mass transfer from the sphere is related to the reaction rate of the fuel, €.
This is expressed in units of the reaction per unit time, which are sometimes referred to as DeDonder/second.
If we assume that the spherical symmetry of the drop is retained during the processes of mass transfer and chemi-
cal reaction, the mass conservation equation for the fuel, the oxidant, and an inert component, such as nitrogen,
which may be present in the reaction, may be written as follows:

1. For the fuel, whose mass fraction is denoted by the subscript F:

0 0 b oY,
“(pd* )+ — (pud®Yp)— —| pd®*Dp —-L | =pd°E. 1.80
at(P F)+6r(pu ¥) ar(P F arj pdg (1.80)

The last term in this equation is a measure of the mass of the fuel that is consumed by the reaction.
2. For an oxidant, whose mass fraction is denoted by the subscript O:

d d d dY,
—(pd?*Yp) + —(pud*¥y) ——| pd*Dp =2
oy P Yol (pudYo) 6r(p ° ar

j = pd’For&, (1.81)

where FOF is the stoichiometric ratio of oxidant to the fuel that is consumed by the reaction.
3. For an inert component, such as nitrogen, the total mass is conserved and the right-hand side of the
corresponding equation is equal to zero:

%(pszN) ; %(puszN) —;(deDN a;f”j —0, (1.82)

4. The mass conservation equation for any product, denoted by the subscript P, which appears as a
result of the reaction, is

;<pd2yp>+;(pudm)_;(pdmﬁa’f’]:-pd«pm F1E. (1.83)

From the definition of the mass fractions for all the components of the reaction, one may also derive the
following identity, which is useful as a closure equation:

Yo+ Yo+ Yy+Y,=1. (1.84)

The mass balance for any species at the surface of an evaporating or reacting droplet may be imposed on
all the species that are present in the droplet and the gas. Because of the loss of liquid mass, there is a radial
convection at the surface that is often called “Stefan convection.” The rate of mass convection on the side of
the gas is equal to the rate of mass convection on the liquid side:

0Y;
or

MY, —pnd’D,—*|,=Md; i=0,F,N,P; (1.85)

where
the left-hand side represents the advection and diffusion at the gas side
M is the rate of mass vaporization or reaction of the droplet
the subscript i extends over the species of fuel, oxidant, inert, and products
8, is the Kronecker delta

More details on the combustion processes and methods for calculating the mass transfer from a burning
drop are presented in Chapter 6. Since the subject of mass transfer from a sphere is closely connected to
the processes of evaporation and sublimation and since the corresponding mass transfer or blowing effect
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influences significantly the momentum transfer and the hydrodynamic forces exerted on the droplet, the
relevant correlations and useful information on engineering computations will be presented in Sections
1.4.34and 1.4.44.

1.4.3 Momentum Transfer

The functional form and expressions for the steady and transient hydrodynamic force exerted by a fluid on
a sphere will be presented in this section. The hydrodynamic force is a surface force. The body forces (grav-
ity, magnetic, electric, etc.) that may act on the sphere will not be included in the analysis for brevity. These
forces are added to the hydrodynamic force and all the other forces acting on the sphere to generate the
Lagrangian equation of motion.

We consider the rectilinear flow of a viscous fluid around a sphere of radius a(d = 2a). The fluid velocity
field is nonuniform and given by the function u,(x;, f) outside the volume occupied by the sphere. If the sphere
is solid that does not rotate,* its velocity is only a function of the time, v,(t). If the sphere is composed of a
viscous fluid (as in bubbles and drops), its velocity is v,(x;, £), which signifies that there is fluid motion inside
the fluid sphere. In both cases, the governing equations for the process of mass and momentum exchange are
the continuity, or mass conservation, equation

0 .
P14 o,V i1 =0, (1.86)

and the momentum conservation equation
Ou

+U-W), (1.87)
ot

—ﬁp + vazﬁ = pf(

where U is the fluid velocity at the surface of the sphere. The last equation may be rendered dimension-
less by using the diameter, 24, as the characteristic dimension of the problem and the characteristic time
T, = 40’p/p. This yields the following dimensionless expression:

bt

T pr Vit % + Re(ﬁ*.ﬁ*g*)' (1.88)

Depending on the details of the process, the characteristic velocity for the definition of u* is either the char-
acteristic velocity of the fluid itself or the relative velocity of the sphere with respect to the fluid. This defines
two Reynolds numbers for the flow, Re and Re,:
2apy U 2ap | —v
Re= pf‘ ‘ and Re,=7pf‘ ‘
Hr Hr

(1.89)

When applied to particulate flows, Equations 1.87 and 1.88 are sometimes referred to as the “Oseen equa-
tions.” They contain the velocity at the surface of the sphere and the nonlinear advection term of the fluid
flow, which is the last term in the two equations (Oseen, 1913). When Re < 1, the nonlinear advection term
may be neglected in comparison to the viscous term. Then the momentum equation becomes linear and
reads as follows:

ou = ~
or in dimensionless form
- . ou
_v*px»_'_v*zu*:ai’:*. (191)

* If the solid sphere rotates, its interior points move according to the solid body rotation principles.
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This flow is often called “Stokes flow” or “creeping flow” (Stokes, 1851) and the last two equations Stokes
equations. Creeping or Stokes flow basically implies that the relative Reynolds number of the flow, Re,, is very
small, the viscous effects dominate the hydrodynamic force on the sphere, and the inertia effects, which are
represented by the nonlinear term of the governing equation, may be neglected. Micron-size and nanopar-
ticles satisfy this condition as well as larger particles in fluids of high viscosity and low relative velocity.

1.4.3.1 Stokes or Creeping Flow

The steady-state solution of Equation 1.90 yields the Stokes drag for the hydrodynamic force (F;, = 6navp,).
The full, transient solution of the equation is the so-called Boussinesq—Basset expression (Maxey and Riley,
1983, Boussinesq, 1885, Basset, 1888a, Michaelides, 2003), which is elucidated in Section 1.4.3.6. Although
the Stokes drag is obtained for Re, < 1, the expression for it is accurate up to Re, = 0.5 (see Table 1.1). Because
many industrial applications with small particles and drops in viscous fluids occur at Re, < 1, this type of
flow is of immense interest to engineers and scientists.

Consider the motion of a viscous fluid sphere inside the fluid of different viscosities at Re, < 1. The fluid
velocity is uniform and equal to U, far from the sphere and the no-slip condition applied on the surface
of the sphere. The center of coordinates is coincident with the center of the sphere, and the flow domain
is much larger than the diameter of the sphere. This is referred to sometimes as an “infinite domain.” The
viscous sphere problem in a fluid was solved independently by Hadamard (1911) and Rybczynski (1911) who
obtained the following analytical expressions for the stream functions inside and outside the sphere:

_ Ur*(a® —1*)sin’ 0

; 1.92
4\ +1)a’ (1.92)
and
2+ 2 3
WD:Ur sin“ 0 _(37\.+2)a+ ra -l (1.93)
2 200+Dr 2+ Dr

where A is the ratio of the dynamic viscosities, p/p.. The case of a solid sphere is given at the limit A — oo,
and the case of an inviscid sphere (a bubble) is given at the limit A — 0. It is apparent that even at this very
low relative velocity, the presence of the sphere in a flow field creates a disturbance in the velocity field of
the fluid, which is determined in the radial and transverse directions from the following last two equations:

3L+2 ?
u, =Ucos0 1—( i )a+ ha 5 (1.94)
2(A+1)r  2(A+1)r
and
3
wo=—Using|1- O+ ¥2a__ra” | (1.95)
4 +Dr  4A+1Dr

Table 1.1 Drag Coefficients of Spherical Particles Calculated by Four Different Expressions

Re, Stokes Equation 1.103 Equation 1.104 Equation 1.105
0.05 480.0 484.5 484.3 489.2
0.1 240.0 244.5 244.1 247.4
0.2 120.0 124.5 123.9 126.0
0.5 48.0 52.5 51.6 52.5
0.8 30.0 34.5 33.5 33.9
1.0 24.0 28.5 27.6 27.6
1.2 20.0 24.5 23.7 234
1.5 16.0 20.5 19.9 19.2
1.8 13.3 17.8 17.6 16.3
2.0 12.0 16.5 16.5 14.9
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It is evident that the velocity field described by these equations yields u, = 0 on the surface of the sphere and
u = U far away from the sphere. These velocity solutions can be used to determine the pressure field and the fluid
stress tensor.

Integration of the normal and shear stresses on the surface of the fluid sphere yields the total hydrodynamic
force exerted by the fluid on the viscous sphere as follows:

F, = 2malp, 22, (1.96)
A+1
The corresponding drag coefficient for the viscous sphere in Stokes flow becomes
8(31+2
Cp=— 21 ( ) (1.97)

- npU’a’ B Re,(k+1)'

The last expression yields the so-called Stokes drag for a solid sphere C;, = 24/Re, and for an inviscid bubble
Cp = 16/Re,. The corresponding expressions for the drag force are Fj, = 6maUy, for the solid sphere and
F, = 4naUy, for the inviscid bubble. The latter is sometimes referred to as the “form drag,” while the differ-
ence of the two expressions, which is equal to 2naUy,, is referred to as the “friction drag.” The form drag or
pressure drag is due to pressure distribution over the surface of the sphere, while the friction drag results
from the viscous stress at the surface of the sphere. While several authors make this distinction between the
two parts of the drag force, it must be noted that the drag force is a single entity that arises from the interac-
tions between the fluid and the sphere and not two different forces.

Spheres settling or rising under gravity at Stokes flow conditions are subjected to the gravity and buoy-
ancy force and the hydrodynamic/drag force. At steady flow, the two opposing forces are equal in magnitude
and the spheres move at constant velocity. Depending on the actual application, this velocity is known as
the “terminal, rising, or settling velocity” of the sphere. An expression for the terminal velocity of a viscous
sphere in Stokesian flow is

_2ga*(pc—ps) A+1

Vi .
e 3h+2

(1.98)

In some industrial applications, bubbles and drops do not follow the predictions of the Hadamard-
Rybczynski analysis, because of the presence of impurities that act as surfactants in the fluid. The surfac-
tants, in general, dampen the internal velocity field, thus increasing the effective viscosity of the internal
fluid. In this case, the viscous sphere behaves as a solid sphere. When the bubble or drop is in motion, the
surfactants are swept to the aft, leaving the forward surface relatively uncontaminated. This establishes
a concentration gradient on the surface of the sphere, which results in a surface tension gradient and,
subsequently, in a tangential stress that opposes the motion of the surface. The net result of this phenom-
enon is an increase in the total drag force, which is manifested in the retardation of the terminal velocity
of the viscous sphere (Levitch, 1962). In practical cases of bubble and droplet flows, one must consider
the drag given by Equation 1.96 as the lower limit of the hydrodynamic force, which is reached under
conditions of exceptional carrier fluid purity. Similarly, the terminal velocity given by Equation 1.98 is
the upper limit of the velocity that can be attained by a bubble or drop under Stokes flow (or creeping
flow) conditions.

The work by Bond and Newton (1928) and similar more recent studies suggest that as long as the flow may
be characterized as Stokes flow and Re, < 1, the viscous spheres behave as solid spheres in the range Eo < 4.
This E6tvos number is based on the density difference between the two fluids:

(pc —py)gd’
Pm PR

Eo= (1.99)

In the range Eo > 4, the spheres follow more closely the Hadamard-Rybczynski analysis and Equations 1.97
through 1.99. It must be noted that in the Stokes flow regime (Re, <« 1), all viscous spheres (bubbles and
drops) remain spherical, regardless of the value of the E6tvos number (for more details see Section 1.4.3.8).
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1.4.3.2 Reynolds Number Effects

1.4.3.2.1 Solid Spheres At finite Re,, the fore-aft symmetry of the flow around the sphere, which is implied
by the Stokes flow conditions, breaks down and the equations of the last section do not apply. Experimental
observations have proven that, even at low Re,, a wake is formed behind the sphere. This is a steady wake
that becomes stronger as the Reynolds number increases and the inertia of the flow around the sphere
overcomes the viscosity effects on the surface of the sphere. Experimental observations (Taneda, 1956,
Achenbach, 1974, Seeley et al., 1975), as well as numerical computations, give sufficient evidence that the
following flow descriptions or regimes, related to the presence and behavior of the wake, are observed
around a sphere:

1. Attached flow: In the range 0 < Re, < 20, the flow is attached to the sphere and there is no visible
recirculation behind it. There is a velocity defect region behind the sphere, which is the characteristic
of a weak wake. The fore-aft asymmetry of the flow becomes progressively more pronounced as Re,
increases.

2. Steady wake: The onset of wake separation occurs at approximately Re, = 20 and a very weak
recirculating wake becomes visible. The wake is very small in volume and is attached to the aft of
the sphere. As the Re, increases, the wake becomes wider and longer and its point of attachment
on the sphere moves forward. The wake is steady up to approximately Re, = 150. With the steady
wake, the separation angle is a monotonically decreasing function of Re,, while the wake length
and volume increase with Re,. An approximate correlation for the length of the wake in this flow
regime is

Ly =2a[ 0.0203(Re, ~20)+0.00012(Re, ~20)" | (1.100)

3. Unsteady wake regime in laminar flow: The onset of the wake instability occurs in the range
130 < Re, < 150, where a weak, long-period, laminar oscillation appears at the tip of the wake and
its amplitude increases with Re,. Pockets of vorticity begin to shed from the tip of the sphere and
influence the flow field downstream. The unsteady wake regime has been observed in experiments
in the range (130-150) < Re, < 270.

4. High subcritical range: This regime covers the range 270 < Re, < 3 * 10°. As Re, increases, vortices are
shed regularly from alternate sides of the sphere. At the lower end of this regime, the Strouhal num-
ber, SI, of the vortices is a monotonic function of Re, and ranges from 0.1 at Re, = 400 to approxi-
mately 2 at Re, = 6000. The following relationship between the S and Re, shows the best fit with the
data in the range 400 < Re, < 4000:

S1=1.89*10"Re*. (1.101)

In the range 4000 < Re, < 6000, there is too much scatter in the experimental data, with S/ appearing
to level at the value 0.21. In the range Re, > 6000, separation occurs at a point that rotates around
the sphere with frequency equal to the shedding frequency. The result of the wake separation above
Re, = 6000 is the drastic reduction of Sl to 0.125. In the range 6000 <Re, < 3 * 10%, Sl rises from 0.125
to 0.18, while in the range 3 * 10 < Re, < 2 * 10° Sl only rises to 0.19 (Achenbach, 1974). All the studies
indicate that in this flow regime, the wake is periodic but not turbulent. The observations by Seeley
et al. (1975) have shown that at values of Re, above 1300 small jets and eddies appeared, signifying
3D rotation of the flow. The observations confirm that, in the subcritical range, the separation point
moves forward and the angle where separation occurs is

05 =83+ 660Re; ™. (1.102)

5. Supercritical flow: The onset of the transition to a turbulent wake occurs at Re, = 2 * 10°, and the
transition is completed at Re, = 3.7 * 10°. In this range, changes in the flow pattern occur that are
referred to as “critical transition.” At Re, > 3.7 * 10°, the separation begins to move downstream and
fluctuations in the position of the separation point become evident. The free shear layer becomes
turbulent and attaches to the surface of the sphere. The most evident result of the transition is a
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sharp drop of the drag coeflicient from approximately 0.44 to approximately 0.07. It must be noted
that the transition to a turbulent boundary layer is sensitive to the intensity of the free-stream tur-
bulence and it may be accelerated by “tripping” the flow with a thin wire, a devise that has often been
used in experimental studies of turbulent boundary layers (Maxworthy, 1969). The effects of the free
turbulence on the flow field and other transient effects are presented in Sections 1.4.3.3 and 1.4.3.6,
respectively.

The first accurate determination of the hydrodynamic force on a sphere at finite Reynolds numbers is attrib-
uted to Oseen (1913). He used a simple perturbation method to calculate a first-order correction for the
steady drag coeflicient. His expression

o =24(1+3Re,j (1.103)

is valid for finite but small values of Re,. Maxworthy (1975) verified experimentally that the Oseen correc-
tion is accurate up to Re, = 0.45. This range covers many practical applications in the chemical industry,
where particles are very small and the fluids have high viscosity.

At finite values of Re,, the nonlinear advection term in the governing momentum equation (1.87) or (1.88)
is retained in the solution of the equations. This implies that the vorticity and vorticity gradients around
the sphere are transported by the advection of the fluid as well as by the molecular diffusion processes. An
analysis of the governing equations reveals that the diffusion part of the process is dominant in an inner
region surrounding the sphere with radius aRe, !, while the advection process is dominant at distances far
from this region. At the overlap of the two regions, r ~ aRe, ™, the two processes, advection and diffusion, are
of the same order of magnitude, and their effects must be calculated simultaneously. In this case, the char-
acteristic time of the advection process is a/U, while that of the diffusion process is equal to a*/v,. Because
the characteristic times are of different orders of magnitude, an analytic solution for the problems of the
transport of momentum and energy at finite Reynolds and Peclet numbers may be solved asymptotically,
usually by a singular perturbation method.

Proudman and Pearson (1956) used an asymptotic method to calculate the velocity field around a solid
sphere and around a cylinder at steady flow. This approximation enabled them to extend the Oseen result
and to calculate the steady drag coefficient to O(Re;In Re,). Their expression for the drag coeflicient is

Co =22 1+ Re,+—RefIn| X |+ o(Re?) | (1.104)
Re, 16 160 2

Expressions such as this may be used with accuracy in applications of finite but small Re, in the range from 0
to 1.5. At higher values of Re, it is advisable to use one of the empirical or semiempirical expressions for the
steady drag coeflicient that abound in the literature. One of them is the Schiller and Nauman (1933) correla-
tion, which is relatively simple and accurate:

24(1 + 0.15Re£’~"’87)
Cp = , (1.105)
Re,

This expression is recommended in the range 1 < Re, < 800. The similar and simpler expression

24 (1. 5,
Cp=——|1+—Re; 1.106
o= o1+ LR (1106

is easier to integrate analytically and is also recommended in the same range 1 < Re, < 800.

Of interest to several engineering applications is the range Re, < 2, and Table 1.1 gives the numerical
values of the drag coefficients calculated by the Stokes equation, the Oseen equation (Equation 1.103), the
Proudman and Pearson equation (1.104), and the Schiller and Nauman correlation (Equation 1.105).
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Figure 1.8

The standard drag coefficient curve for a solid sphere in steady flow.

It is observed in Table 1.1 that the Stokes drag agrees within 10% with the values of the other expressions
up to Re, = 0.5 and that the other three expressions agree within 10% up to Re, = 2 despite the fact that the
analytical equations were derived under the condition Re, < 1.

The empirical equations give rise to the standard, steady drag coefficient curve, which is depicted in
Figure 1.8 and extends to Re, = 10”. It is apparent in this figure that the steady drag coefficient of a sphere
becomes constant and approximately equal to 0.44 in the range 10° < Re, < 3 * 10°. In this range, the friction
part of the drag force is insignificant and all the contribution comes from the form drag.

A key determinant of the magnitude of the drag coeflicient is the type of the boundary layer that is
formed outside the sphere and the separation point of the flow field behind the sphere. At Re, = 3 * 105,
this boundary layer becomes turbulent and the separation point of the flow moves downstream. The
result is a sharp reduction of the form drag and hence a drastic reduction of the drag coeflicient from
0.42 to 0.07, which is typical of laminar-to-turbulent transitions. At these high values of Re,, the flow
becomes inherently unsteady because vortices are shed regularly behind the sphere. In this case, as well
as in all transient flows, the standard hydrodynamic drag on a sphere may be used (instead of the tran-
sient expressions that are presented in Section 1.4.3.6) only if the timescale of the sphere (t, = 40%p//j)
is much smaller than the timescale of the transients in the carrier fluid, T, < 7. This condition implies
that St < 1.

1.4.3.2.2 Viscous Spheres  Athigher Re,, internal circulation creates a flow field inside the viscous spheres.
This modifies the external flow field and hence the drag coefficient. Figure 1.9 (from Feng and Michaelides,
2001a) shows the streamlines (a) and vorticity (b) of these flow fields for A = 7 and Re, = 10, 100, and 500.
At first, it is evident from the streamlines that there is a fore-aft asymmetry, which is also seen in the case
of rigid spheres. Even though at Re, = 10 the recirculation region behind the sphere has not been formed,
there is an obvious velocity defect region. At Re, = 100, there is a well-defined recirculation region, and at
Re, =500, this region expands considerably and extends to a distance more than one diameter downstream.
Second, at Re, = 500, there are sharp gradients of vorticity in the outer field of the sphere, which indicate the
formation of a boundary layer. This boundary layer is characteristic of flows with Re, > 400, and its thick-
ness is of the order of Re;"”. Third, there are two counterrotating vortices inside the sphere (sometimes
referred to as “Hill’s vortices”) whose strength increases with Re,. An internal recirculation region at the
aft end of the sphere may also be formed at higher values of Re, or at lower values of A. The formation
of the internal flow in viscous spheres modifies the whole velocity field and results in the lower drag on
the spheres.

LeClair and Hamielec (1972), Rivkind et al. (1976), and Oliver and Chung (1987) used analytical and
numerical studies to derive expressions for the drag coeflicients of viscous spheres (bubbles and drops) at
relatively low Re,. Feng and Michaelides (2001a) used a two-layer concept for the computational grid and
were able to perform more accurate computations that extend to higher values of Re,, where the boundary
layer is well formed on the outside of the viscous sphere. They used their computational results to derive
simple engineering correlations for the drag coefficients in terms of the viscosity ratio up to Re, = 1000.
Figure 1.10 depicts these results for several values of the viscosity ratio, A. The standard drag coefficient
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Streamlines and vorticity around a viscous sphere with viscosity ratio 7 at Re = 10 (a), 100 (b), and 500 (c).
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Drag coefficients for viscous spheres at different values of A.

curve for solid spheres in this figure corresponds to the limit A — co. When expressed in terms of Re,, the
correlations derived by Feng and Michaelides (2001a) may be written as follows:

2-A 4N

CD(Re,,O) + Py

Cp(Re,1)= Cp(Re,,2) for 0SA<2 and 5<Re, <1000  (1.107)

and

4

Co(Rent) =5 =2

Cp(Re,,2)+ 2

Cp(Re,,®) for 2<A <o and 5<Re, <1000 (1.108)

The functions Cj,(Re,, 0), Cp(Re,, 2), and Cp(Re,, o0) are the drag coefficient for inviscid bubbles, for viscous
drops with A = 2, and for solid spheres, respectively. The following functions are recommended to be used
with the two aforementioned correlations:

(:D(Re,,o)zﬁ 22zl (1.109)
Re, JRe, Re,
Cp(Re,,2)=17.0Re;*"?, (1.110)
and
24 1
Cp(Re,,0)=—"|1+=Re?*|. 1.111
o (Re,o0) Re,( ! (L11)

In the lower range of Re,, which is not covered by these equations, the following expression is recommended:

8 342
Re, A+1

30+2

(1+0.05 3h+2
A+1

A+1

Re,In(Re,) 0<Re, <5. (1.112)

D

Re,j—0.0l

The last expression has been derived from the results of the numerical computations in a way that it reduces
asymptotically to the Hadamard-Rybczynski solution at Re, = 0 and to the Oliver and Chung expression for
very small Re,.
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The density ratio p,/p, does not influence significantly the drag coefficient of viscous spheres. Feng and
Michaelides (2001a) observed that the variation of the density ratio by two orders of magnitude had an effect
of less than 2% on the values of the drag coefficients. The maximum fractional difference of the correlations
from the pertinent computational results is 4.6%, and the standard deviation of all the fractional differences
is 2.1%. It must be noted that at the high range of Re, the wake behind the spheres is unsteady and a transient
expression for the total drag force should be used, if one is known. In such cases, the aforementioned expres-
sions may be used for the steady part of the total hydrodynamic force.

It is well known that viscous spheres at higher Re, become elongated. The drag coefficient of elongated
viscous spheres is a function of the variables that appear in the aforementioned correlations as well as of
the amount of deformation, which is characterized by the elongation or eccentricity. Correction func-
tions must be used with these correlations, such as the ones presented in Sections 1.4.3.7 and 1.4.3.8.
Experimental results by Winnikow and Chao (1966) and others on the free fall or rise of drops in liquids
show that a liquid drop will remain spherical when the dimensionless Bond number, Bo, is less than or
equal to 0.2, that is, when

We _¢d’p.—p/]

Fr c

Bo= <0.2. (1.113)

Accordingly, water droplets in air will maintain their spherical shape at values of Re, up to 470. In the case of
substances with high surface tension (liquid metals), the corresponding Re, is much larger (up to Re, = 1150
for mercury droplets in air).

1.4.3.2.3 Effect of Interfacial Velocity Slip ~ All the aforementioned results and expressions for the drag
force and the drag coefficient pertain to applications where the no-slip boundary condition applies at the
interface of the carrier fluid and the bubble, particle, or drop. It has been observed that when the size
of the elements of the dispersed phase is very small, of the order of 1000 nm and lower, there is veloc-
ity slip at the interface that modifies significantly the drag coefficient. This modification of the drag is
of immense interest in flows of nanoparticles and nanodroplets. Several authors, starting with Basset
(1888b), derived expressions for the drag modification due to interfacial slip. Basset (1888b) stipulated
that the shear stress on the sphere is proportional to the tangential slip: T = BAu,. The coefficient f is often
referred to as the “slip parameter” and the dimensionless ratio p./ap as the “slip ratio.” Feng et al. (2012)
derived a comprehensive correction to the steady drag force with slip, which applies to viscous as well as
inviscid spheres:

Fy  12Ba+3)Bo+6hu, +1(2[3a+3kBa+6kuc ]ZRe,

6mopU 3 Ba+APo+3ip. 24\ Po+ABa+3ip, ) 2
352
L [2Ba+3MBa+Ohy Re’ln(Re')+O(Ref). (1.114)
1200 Bo+ABa+3rp, | 4 2

For a solid sphere, L — oo, the last equation yields

2 3 )
o _bueti 3(Pudn e 9 Bud Ry (o) o) g
6mopn U Pa+3u. 8\ PBa+3u. ) 2 40\ Pa+3u. ) 4 2

By using dimensionless slip ratio S = p/ap, this equation can be expressed as the drag coefficient of the solid

sphere:
2
Cp=|1¥25 )24 0, 3 (1425 Re,+9(1+28j Refln(Re'j+O(Re,2). (1116)
1+3S ) Re, 16\ 1+3S 160\ 1+3S 2

The last equation reduces to the expression (Equation 1.104) derived by Proudman and Pierson (1956) when
there is no slip at the interface (S — 0).
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Under rarefied conditions, interfacial slip may occur at higher values of the Re,. Feng et al. (2012) performed
extensive numerical simulations at higher Re, and derived a correlation for the drag coefficient with slip flow,
for S between 0 and oo, at Reynolds number up to 150:

Cp =125 241 0 1500, 12 Reve7s g 02545 Rel'“’“) (1.117)
1+3S Re, 1+3S 1+3S

1.4.3.3 Effects of Flow Turbulence

Turbulence in the carrier fluid (free-stream turbulence) implies an unsteady flow field and unsteady motion
of particles, bubbles, and drops. For this reason, the effects of the free-stream turbulence are transient
flow effects. Numerous experiments on the drag for solid spheres proved that the free-stream turbulence
modifies the drag coeflicient of particles, sometimes significantly. Typical results of such experiments are
reproduced in Figure 1.11 from Clift et al. (1978). It is observed in this figure that when the relative Reynolds
number is in the range 10 < Re, < 500, the drag coefficient of solid spheres in a turbulent flow is almost
always higher than the values of the standard curve. The influence of the free-stream turbulence on the
boundary layer around the sphere and the wake behind the sphere is manifested by the sharp changes
observed at approximately Re, = 50 and the leveling of the drag coefficient curves at values that are 2-4 times
higher than the corresponding values of the standard drag curve. In the range 500 < Re, < 20,000, the drag
coefficient of a sphere is first reduced dramatically in a short range of Reynolds numbers, often reaching a
value 50% lower than the value of the standard curve (Clamen and Gauvin, 1969). Then, C, increases gradu-
ally and may reach a maximum, which is two to five times higher than the values predicted by the standard
curve. Thereafter, C;, decreases to the values of the standard curve. The sudden dip of the drag coefficients
is often attributed to the formation of a turbulent boundary on the surface of the particle. Apparently, the
transition, which in the standard drag curve occurs at Re, = 3 * 10°, is accelerated and occurs earlier when
the free stream is turbulent. Clift and Gauvin (1970) introduced the critical Reynolds number for the gas-
eous boundary layer. This is the relative Reynolds number at which the turbulent transition happens and is
given by the following expressions:

Re., =10*771*8"for I, <0.15

, (1.118)
Re, =107 for I, >0.15

where I, is the turbulence intensity based on the relative velocity of the sphere. As with all the correlations
that involve exponential expressions, the results of the two aforementioned equations must be strictly used
within the range of the experimental conditions (Re, and I,) for which they were derived.

It must be noted that the experimental uncertainty associated with the results of Figure 1.11 and Equation
1.118 is significant and that there is a considerable discrepancy with the data emanating from the different
experimental studies. Part of this uncertainty is inherent in the measurements of unsteady turbulent flows.
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Figure 1.11

The effect of the free-stream turbulence on the standard drag coefficient for a solid sphere.
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Another part of the uncertainty stems from the fact that the response of particles in a turbulent flow has
been implicitly treated as steady and not as transient process, while it is evident that the response of particles
to the turbulent eddies depends strongly on the frequency of the eddies and that the particle movement is
transient.

The presence of particles, bubbles, and drops in turbulent flows also has an effect on the intensity and
characteristics of the carrier fluid turbulence. This was observed in many relatively recent experimental
studies and is called “modulation” or “modification” of the turbulence, regardless of any transition in the
boundary layer of the particles. A great deal of work was devoted in the last 30 years on this subject, which
is treated extensively in Chapter 12.

1.4.3.4 Blowing Effects

The mass transfer from the surface of a sublimating particle or an evaporating droplet causes an outward
radial flow and hence a drastic change in the gaseous boundary layer around the sphere. This flow modifica-
tion reduces the drag coefficient from the steady value as it is given by the standard curve. The exchange of
mass from the particle or droplet to the surrounding fluid causes two significant effects:

1. The change in the viscosity of the surrounding fluid, because of temperature and composition
changes

2. A regression of the surface of the droplet, which is associated with the flow of the vapor from the
surface to the carrier fluid (Stefan convection)

Yuen and Chen (1976) conducted experiments on the drag force of evaporating drops and on the effect of the
change of the transport properties of the carrier fluid as a result of the transfer of mass from the surface of
the droplet. They concluded that their results are well represented when a reference viscosity for the carrier
fluid is used, the film viscosity, which is defined as follows:

1
M = M +5(Mw_us)a (1119)

where
o is the viscosity of the fluid far from the sphere
W, is the gas viscosity on the surface of the sphere

This equation is sometimes referred to as the 1/3 rule for the film properties. The experimental data and
analysis on the density and viscosity averages by Lerner et al. (1980) confirmed this relationship. The data
also suggested that the standard drag curve with the aforementioned correction for the viscosity may be
applied to slightly ellipsoidal drops if the equivalent diameter of the ellipsoid, d,, is used and the two axes of
the ellipsoid are within 10% of each other.

Eisenklam et al. (1967) and later Renksizbulut and Yuen (1983) examined the effects of the radial flow
and Stefan convection process away from the surface of an evaporating droplet. They recommend that the
following correction for the effect of the Stefan convection on the drag coefficient be used in calculations:

_ Cpyo

= , 1.120
1+ By ( )

D

where Cj,, is the value of the drag coeflicient in the absence of mass transfer, which is calculated from the
correlations presented in Section 1.4.3.2.

The coefficient B, is the blowing coefficient and is based on the mass transfer from the surface of the
sphere.

It is defined in terms of the mass fractions of the vapor on the surface and far away from the sphere:

By = . (1.121)
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Chiang et al. (1992) conducted a numerical study of evaporating droplets with variable transport properties
and derived a correlation for their drag coeflicients, which is valid in the range 30 < Re, < 200:

Ch= 24432 . (1.122)
(1+By) ™ (Re, /2)"™

The relative Reynolds number in this case, Re,,, is defined in terms of the gas-film viscosity (Equation 1.119)
and the free-stream gas density, Preo- I the last equation, By, is another blowing coefficient, which is based on
the thermodynamic enthalpy of the evaporating fluid:

h., —h,
BH: hsz

(1.123)

The effective latent heat of vaporization, in the denominator of the last expression, is the sum of the latent
heat of the vapor at the drop surface and the sensible heat conducted to the interior of the drop.

When the radial velocity of blowing, V,, is known or may be calculated from mass flow rate data,
Clift and Lever (1985) used a numerical analysis and derived the following relationship for the drag
coefficient:

24 1+0.545Re, +0.1Re;* (1-0.03Re, )

" Re, 1+ ARe? ’ (1.124)

D

where Re, is the blowing Reynolds number based on the radial (normal to the surface) velocity, Re, = pdV, /p,
and the functions A and B are correlated to Re,:

A=0.09+0.077exp(—0.4Re,) and B=0.4+0.77exp(—0.04Re, ). (1.125)

The last two expressions are valid in the ranges 10 < Re, < 200 and 1 < Re, < 20. At lower values of
the Reynolds numbers, Re, < 10 and Re,, < 1, the following modification in the function A(Re,) has been
recommended:

A =0.06 + 0.077exp(—0.4Re,). (1.126)

These correlations and the pertinent studies suggest that the drag coeflicient of burning and evaporating drop-
lets departs only slightly from the corresponding values without mass transfer. The blowing effects may be per-
ceived as corrections to the standard drag curve for spheres, caused by the different composition of the gaseous
boundary layer and by mass convection from the sphere.

1.4.3.5 Compressibility and Rarefaction Effects

When the carrier gas is rarefied, for example, under conditions that are prevalent in the upper atmosphere,
the length of the molecular free path, L, is comparable or even greater than the size of the particles or
drops. Therefore, the medium surrounding the particle/drop may not be considered to be a continuum,
and hence, the hydrodynamic force is not the same as in the case of continuum flows. The Knudsen
number,

L

Kn==", 1.127
] (1.127)

is a dimensionless measure of the relative magnitude of the two length scales. Continuum flows imply that
Kn < 1. Since the molecular free path of a gas is proportional to the ratio of the viscosity divided by the
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product of the speed of sound and the gas density (L,, ~ p/cp), it follows that Kn is proportional to the ratio
of the Mach number and the Reynolds number (Kn ~ M/Re). Schaaf and Chambre (1958) identified four flow
regimes to characterize rarefaction flows, and Crowe et al. (1969) showed that, in the case of rocket nozzles,
a burning particle or droplet is subjected to all four flow regimes:

1. The free molecule flow, where there are no interactions among the molecules and individual molecules
collide with the particles exchanging momentum (Kn > 10 and M > 3Re,). In this regime, the drag coef-
ficient of a sphere is equal to 2, regardless of the value of the Reynolds number.

2. The transitional flow, where the size of the particles is comparable to the size of the mean free path. Since
molecules interact by collisions, the collisions between the particles and the molecules create a distinct
flow field around the particles. The effect of this flow field and the collisions is manifested on the force
exerted by the gas on the particles (0.25 < Kn < 10,0.1 Re}” < M < 3Re,).

3. Intheslip flow regime, there is a distinct flow field around the particles. The temperature and veloc-
ity at the surface of the particle are different from the temperature and velocity on the side of the gas
close to the surface (0.001 < Kn < 0.25 and 0.01 Re}” < M < 0.1 Re;”?). This gives rise to a velocity dif-
ference (slip) between the gas and particle velocities at the particle surface. When Kn < 0.01, the flow
field around the particles may be obtained from the solution of the Navier-Stokes equations with
the stipulation of a suitable closure equation for the slip. Equations 1.114 and 1.115 were obtained
using the stipulation for the slip velocity t = fAu,.

4. The continuum flow is characterized by the absence of velocity slip on the surface of the par-
ticles (Kn < 0.01, M < 0.1 Re}?). The no-slip boundary condition applies to the surface of the par-
ticles, and the flow field is obtained by the analytical or numerical solution of the Navier-Stokes
equations.

It is intuitive that an evaporating droplet or a sublimating particle will pass sequentially through all
these flow regimes, starting in continuum flow and ending in the free molecular flow regime. However,
under ambient conditions, when Kn > 0.001, there is very small mass remaining in the particle or
droplet. Under these conditions and typical rates of evaporation, sublimation, and burning, the process
passes rapidly through the first three regimes. When treating these processes by a numerical scheme,
one has to be cognizant of this fact and to use the timescales and time steps that are appropriate to the
processes.

At high Reynolds numbers, the effects of the Mach number on the drag coefficient become significant
when M > 0.6. This is sometimes called the critical Mach number, and the flow around the particle is charac-
terized by the formation of a shock wave, which increases significantly the form drag of the particle. Hence,
the drag coefficient, which does not vary with the Mach number in the range 0 < M < 0.6, increases rapidly
beyond M = 0.6; reaches a maximum, which depends on the value of Re but is always greater than 2; and,
thereafter, decreases gradually and approaches asymptotically the theoretically predicted value of 2 for free
molecular flows (Schaaf and Chambre, 1958). At low Reynolds numbers, an increased Mach number signi-
fies that the flow is rarefied. In this case, there is a shock wave associated with the presence of the particle
and the drag coeficient decreases monotonically with M.

In general, the effect of the Knudsen number and the Mach number on the drag coefficient is given by
correction factors f(M) and f(Kn). The classic experiment by Millikan (1923) yields the following correction
factor for drops in rarefied flows, which is valid in the Stokesian flow regime:

f(Kn)=&= 1+ Kn 1.209+0.406exp[—0'447) . (1.128)
Re, Kn

The coeflicients in the last equation appear with the corrections made for the more accurate knowledge
of the molecular free path for air by Kim et al. (2005). The latter suggests that the three coefficients in the
square bracket be 1.165, 0.483, and 0.449, respectively. An assessment of several studies on the subject
reveals that these coefficients are approximately 1.15, 0.5, and 0.5 (Michaelides, 2014).
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An equation for the drag coefficient, proposed by Crowe et al. (1973) and later simplified by Hermsen
(1979), has been applied successfully to burning particles in solid propellant rocket nozzles:

3.07Vkg(Re, )M | h(M) ( Re j
Cp=2+(Cpy—2)exp| — + exp| —— |, 1.129
p=2+(Cpo=2)exp { Re, Mk P oM (1.129)
where
k is the ratio of the specific heats of the gas
g(Re) and h(M) are the empirical functions
1+ Re,(12.278 +0.548Re, .
g(Re)=—"-" ( ) and n(M)=— 17|, (1.130)
1+11.278Re, 1+M T,

In the last expressions
T.is the mean temperature of the carrier gas far from the particle
T, is the temperature of the particle

Alternatively, Carlson and Hoglund (1964) derived the following empirical relationship for the function

(M), which is used in some computations pertaining to particles in shock waves and other compressible
flow fields:

0.427 3
1+exp _M4.63 - Re%®

1+ M{3.82 + 1.286Xp(—1.25 }j\:’ ﬂ

Re,

(1.131)

It must be noted that the last three equations are correlations of experimental data and must be used within
the range of the independent variables for which the original data have been derived.

1.4.3.6 Transient Flow Effects

Most of the practical applications of dispersed multiphase flows involve time-dependent flows. When
the characteristic time of the flow transients is of the same order of magnitude as the response time
of bubbles, drops, or particles, a transient equation should be used for the exchange of momentum
between the carrier fluid and the dispersed phase. Exact analytical expressions for transient flows have
been derived for creeping flow (Stokes flow) conditions (Re < 1), and asymptotic expressions have been
derived for finite but small Reynolds numbers (Re, < 1). Semiempirical expressions, which emanate
from a combination of experimental data and analyses, have also been developed and frequently used
at high Re,.

1.4.3.6.1 Creeping Flow (Re < 1) The so-called Boussinesq—Basset equation,

t
1 d , J'd/dt(v-—u-)
E(t)=-6 i—ui) = —me— - (Vi—u;) —6 Pe | F—dn, 1.132
(t) oy (vi — u;) 2mdt(v ;) — 60" [T 0 P T ( )

which was independently derived by Boussinesq (1885) and Basset (1888a), is the first equation for the
transient hydrodynamic force acting on a solid sphere. The expression applies to creeping flow condi-
tions (Re <« 1), where the inertia terms in the momentum equation of the fluid may be neglected in
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comparison to the viscous effects. Maxey and Riley (1983) performed a more detailed analysis for a
rigid sphere in an arbitrary nonuniform flow field, whose velocity is given by the functional relation-
ship u;(x;, t). The latter is not an arbitrary function, since it must be a solution of the Navier-Stokes
equations. Maxey and Riley (1983) obtained the following expression for the equation of motion of a
sphere:

dvi 1 d a’ a
ms o, =—5mc5 Vi_ui_ﬁul}ﬁ —o6map, ViT i i

2
6 zu td/dT[Vi_ui_céui,jj)
Sk |
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d‘E + (ms - mc)gi +m. Du;

Nt—1 Dt

(1.133)

In the last equation
m is the mass of the sphere
m, is the mass of the carrier fluid that occupies the same volume as that of the sphere
The repeated index with comma (,jj) denotes the Laplacian operator and the derivative D/Dt is the total
Lagrangian derivative following the center of the sphere

All the spatial derivatives are evaluated at the center of the sphere. The left-hand side in this equation
represents the acceleration of the sphere. Of the terms on the right-hand side, the first is the steady
drag, the second is the added mass (or virtual mass) of the fluid, and third term is the history term.
The remaining terms on the right-hand side are the net gravitational or body force and the Lagrangian
acceleration term of the fluid. The Laplacian terms in all the parentheses account for the nonuniformity
of the fluid velocity field. They are second-order corrections for the curvature of the flow field and are
called sometimes the “Faxen terms.” These derivatives become zero when the fluid velocity field is uni-
form. The Faxen terms scale as a?/L?, where L is the macroscopic characteristic length of the fluid veloc-
ity field, and in most applications of dispersed multiphase flows, where a/L < 1, they are small enough
to be neglected.
It must be noted that the derivation of the last equation is based on the following assumptions:

e Spherical shape

e Infinite fluid domain initially undisturbed
e No rotation

* Rigid sphere (p/p, < 1)

e Zero initial relative velocity

» Negligible inertia effects (Re, < 1)

If the initial relative velocity is different than zero, the following expression/correction replaces the history
term (Michaelides, 2003, 2006):

2
d/d{v'—u-—au'}
) t 1 1 6 5] 2 ] .
6mg ch' do+ 6nau [v;(0) ul(O)]’ (1134)
VTV, ) t—1 \/nvr_t

where the quantity v,(0) — u;,(0) represents the initial relative velocity at time t = 0.

Integrodifferential equations, such as (1.133), do not have an explicit analytical solution for the depen-
dent variable (v)). Since they are implicit in their dependent variable, they must be solved numerically by an
iteration method and this requires a great deal of computational resources in both memory and CPU time
with repetitive calculations, such as the Lagrangian computations of a large group of particle trajectories.
Michaelides (1992) and later Vojir and Michaelides (1994) devised an analytical method to convert such
first-order implicit integrodifferential equations to second-order integrodifferential equations, which are
explicit in the dependent variables v; (or T, in the case of temperature).
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For viscous spheres (drops and bubbles) in a carrier fluid, there are two timescales for the motion of the
fluid inside the sphere and the motion of the external fluid. For this reason, an analytical expression for the
equation of motion, similar to Equation 1.133, is impossible to be derived in the time domain. Galindo and
Gerbeth (1993) derived an expression for the hydrodynamic force on a viscous sphere under creeping flow
conditions in the Laplace domain, which is as follows:

o o Xl _ (Xc+1)2f(Xs)
F=—6map, [ v, u,]{9 +(y,+1) [xf—xftanh(xs)—Zf(xs)]k+(xc+3)f(xs)}' (1.135)

The overbar in the last expression denotes functions in the Laplace domain; y represents the two dimension-
less timescales, also in the Laplace domain,

2 2
Y= ’& and y,= f& (1.136)
Vr Vi

and the function f(y) is defined as follows:
f(x)=(x* +3)tanh(y) - 3. (1.137)

Transient flow with tangential slip at the interface occurs with nanoparticles, submicron-sized drops, and
colloidal particles, as well as larger drops and particles in rarefied gases. Michaelides and Feng (1995) per-
formed a study that included the effect of the viscosity ratio, A, and also allowed for the existence of a finite
tangential velocity slip at the interface. The analysis proved that an expression for the complete hydrody-
namic force may only be obtained Laplace domain:

F'=—6map,| v(s)~u(V(£),9) ]
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where the variables y, and y, are the same as in expression (1.134) and f is the same slip parameter that was
defined earlier in Equation 1.114 for the steady drag coeflicients.

When there is no slip on the surface of the sphere, that is, p — o0, Equation 1.136 reduces to the Galindo
and Gerbeth equation (1.133). Remarkably, the case of a sphere with perfect slip, f = 0, and the case of
an inviscid sphere, A = 0, are equivalent and result in the same equation of motion. This equation was
first derived for an inviscid bubble by Morrison and Stewart (1976) in an implicit integrodifferential form.
Therefore, if extremely small particles and drops in the last stages of vaporization/combustion are to be
modeled by a continuum approach with finite velocity slip at their interface, then the values of their drag
coefficients would be between the theoretical values for the drag coefficients of bubbles and the drag coef-
ficients of rigid particles.

Parmar et al. (2011) examined the effects of fluid compressibility on the transient motion of a solid sphere
in a compressible flow. They performed an analytical study at Re, << 1 and expressed the effects of the fluid
compressibility by a correction function, which depends on Kn and the ratio of the bulk to the dynamic
viscosities. In a companion study, Ling et al. (2011a,b) determined the effects of the unsteady terms on the
dispersion of small particles in shock waves. The results of the two studies show that the transient term
contributions to the hydrodynamic force and heat transfer coeflicients of the particles are significant. At the
early stages of the blast wave, when particles are traveling in the expansion fan, the gas density surrounding
the particles is larger. This makes the transient components of the hydrodynamic force and the rate of heat
transfer to be of the same order of magnitude as the steady terms. Consequently, the error from neglecting
the transient terms in such applications may become significant.

1.4 Interactions of Fluids with Particles, Drops, and Bubbles

39



1.4.3.6.2 Finite but Small Reynolds Numbers Sano (1981) used an asymptotic analysis to derive an expres-
sion for the transient hydrodynamic force acting on a rigid sphere at small but finite values of Re,, when the
sphere undergoes a step change in its velocity, from 0 to v;:

1 1 3 16 172
E(t)=3nduv;s H(t*)+ —8(t*)+ + —Re,|| 1+ ——— |erf{0.5Re,t*
® ”f{ (% 0 o "6 H Reft*zJ ( )

TR S — exp(—lReft*j—Sm +9Refln(1Rer] +O(Re?). (1.139)
(mt*)"“Re, Re;t* 4 3(nt*)"“Re, | 160 2

The time variable in this equation is made dimensionless by dividing with a characteristic time based
on the properties of the viscous fluid, 7, = a’p,/j. The expression in the square brackets results from
the contribution of the outer velocity field and is a consequence of the advective terms in the Oseen
equations. For this reason, it has been referred to as the “Oseen contribution.” It appears that the most
important effect of the higher Re, on the hydrodynamic force is on the history term. The last term of the
Oseen contribution cancels the third term in the right-hand side, (nf)-'/2. The remaining transient his-
tory terms decay exponentially. This rate of decay is faster than the decay of the transient terms of the
creeping flow equation. From the physical point of view, this occurs because the finite velocity difference
allows for the faster advection and evolution of the vorticity field around the sphere. While in the creep-
ing flow case the vorticity field around the sphere was transported by viscous diffusion alone, which is a
slower molecular process, in the case of advection, the finite velocity “carries” the vorticity field far from
the sphere with the characteristic velocity of advection. With the faster decay of the transient terms, a
spherical particle does not retain any “memory” of its initial velocity, which is characteristic of the t-!/?
rate of decay.

Mei et al. (1991) conducted such a numerical study on the motion of a rigid spherical particle in the range
0 < Re, < 50 when the free-stream velocity fluctuates with a small amplitude. The results of this study show
that, in the low-frequency limit, the history term of the hydrodynamic force decays faster than the conven-
tional #1/2 rate. Subsequently, Mei and Adrian (1992) obtained an analytical solution for the motion of a
solid sphere, which is valid at very low frequencies (S! < Re, < 1). Their results revealed a different history
term for the hydrodynamic force acting on the particle, which may be written as follows:

t
J‘ (dv;/dr)— (du;/dr) i, (1.140)
. 4 ‘ ( )‘ 3 1/2
u\t
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a 2av .\ fu
where f;; is a function, which has been correlated from the numerical data
fir =0.75+0.105Re,. (1.141)

It is evident that, at short times, this history term matches the asymptotic behavior of the typical history
term at creeping flow, /2, while at long times the term decays asymptotically as t2. With this functional
form of long-term decay, the sphere does not retain any memory of its initial velocity. Lovalenti and Brady
(1993) confirmed this in a more general study on the transient flow of particles.

1.4.3.6.3 High Reynolds Numbers: The Semiempirical Equations While all the known analytical expres-
sions for the transient hydrodynamic force on particles, bubbles, or drops apply to low Re,, many engineering
applications occur at higher ranges of this parameter: slurry transport and practical pneumatic conveying
systems operate in the range 10! < Re, < 10%; drops in combustion processes may reach Re, up to 10% bubble
columns in chemical processes operate in a range of Re, from 0 to 10%, depending on the properties of the
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carrier fluid; and particulate flows in the environment may reach relative, Re,, up to 10*. Since there is no
applicable theory, other than some asymptotic studies that only lead to approximate analytical expressions
for the hydrodynamic force at Re, > 1, experimental data and empirical correlations have been used for
the calculation of the steady as well as for the transient hydrodynamic force and the corresponding drag
coefficient.

The steady flow empirical relations for the drag coefficients of a solid or a viscous sphere have been
presented in Section 1.4.3.2 and are summarized in the standard drag curve of Figure 1.8. Following the
practice used for the steady term, Odar and Hamilton (1964) proposed modifications and correlation
functions that extend to the transient terms of the hydrodynamic force. They essentially treated the three
terms of the Boussinesq—Basset expression as separate forces and associated each one of them with a cor-
rection factor or function that accounts for the higher Re,. Their equation is

. d(vi —u;)
1 d(‘Vi —M,‘) 2 J. d’C
E=cCc6map (v; —u;)) + Ax—m————+ b —dr, 1.142
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where the functions C,, A,, and A, are the empirical functions determined by experiments. Odar and
Hamilton used the Schiller and Nauman (1933) correlation for the coefficient C, (Equation 1.104) and
reduced their experimental data to derive the following expressions for the added mass and history term
coeflicients:

AAZI.OS_& and AH:2.88+L23> (1143)
0.12+ Ac? 1+ Ao)
where Ac is the dimensionless acceleration number
=
Ac="1"Y1 (1.144)
dV,‘
2a
dt

Bataille et al. (1990) measured independently the added mass coefficient for bubbles and concluded that,
within the experimental error of the measurements, the added mass coeflicient A, is consistently equal to
1 up to Re, = 1000, even when some of the bubbles are not exactly spherical. Also Auton et al. (1988) and
Mei et al. (1991) confirmed analytically that the potential flow solution, which yields the value A, = 1 for the
added mass coefficient, is correct and that neither the Reynolds number nor the acceleration number has a
significant impact on this term. Based on these analytical and experimental observations, Michaelides and
Roig (2011) reinterpreted and recorrelated the original data by Odar and Hamilton (1964) and determined
that for A, = 1, the correct expression for the history coefficient is

Ay = 6.00— 3.16[1 ~ exp(~0.14Re,SI" )2'5 } (1.145)

A more thorough discussion on the use of the semiempirical expressions as well as the results of several
other analytical, computational, and experimental studies is that by Michaelides (2003, 2006).

1.4.3.7 Deformable and Irregular Particles

Simple experiments based on sedimentation have shown that the drag coefficients for nonspherical particles
are significantly different from those of spheres. Shape factors have been proposed for the quantification
of the effect of nonsphericity of particles, bubbles, and drops. Wadell (1933) suggested that the volume-
equivalent diameter of a sphere, d,, or the area-equivalent diameter be used as the characteristic length of
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the particles for the determination of the drag coefficient. These two diameters may be given in terms of the
volume and the projected area of the irregular particle as follows:

dy =3/6Vin and d,=./4A,/n (1.146)

where
V is the total volume of the particle
A, is the projected area of the particle in the direction of the flow

For the determination of d,, one must have information on the orientation of the particle during the flow.
Wadell (1933) suggested that a shape factor, ¥, may be defined as a dimensionless measure of the irregularity
of the particle:

2 1/3 2/3
W:Z—Z:#. (1.147)
14 14

Since the drag coefficient is defined in terms of the projected area of the particle, the shape factor may be
used to correct for the irregular shape of particles according to the following expression:

WCpA =(CpA). (1.148)

The quantity in the parenthesis in the last expression pertains to the characteristics of a sphere, defined in
terms of the volume-equivalent diameter, d.

While Equation 1.148 may be used as a first approximation for a correction to the steady drag coeflicient
for particles that are nearly spherical, several other researchers (Haider and Levenspiel, 1989, Hartman and
Yates, 1993) determined that when particles are very elongated and the correction factors are very large, this
equation introduces significant errors in the determination of the drag coeflicient. For this reason, another
quantity, the circularity, which is also called surface sphericity, ¢, was introduced:

LY (1.149)
PP

where P, is the projected perimeter of the particle in its direction of motion, which is an easier parameter
to measure in particles than the projected area. The circularity suffers from the drawback that it yields the
same value for some 3D and 2D objects. For example, spheres and disks that fall on their flat sides have the
same circularity, while their drag coefficients differ significantly.

Expressions for the drag coeflicients of irregular particles have been derived by several researchers for
different types and shapes of particles, including Pettyjohn and Christiansen (1948), Masliyah and Epstein
(1970), Lasso and Weidman (1986), Haider and Levenspiel (1989), and Hartman and Yates (1993). Each
one of these correlations applies to a specific type of particles (e.g., disks, pyramids, prisms) or to a group
of shapes. Chhabra et al. (1995) conducted an experimental study and determined the drag coefficients of
chains of agglomerates of spheres in viscous fluids at relatively low Reynolds numbers (Re, < 2.5). They con-
cluded that in all cases the drag of the irregular agglomerate is higher (up to 50%) than the drag of a sphere
with diameter d,. Madhav and Chhabra (1995) presented experimental data for the terminal velocity and the
drag coeflicients of spheres, cylinders, needles, and prisms in the range 1 < Re, < 400.

More recently, Tran Cong et al. (2003) performed an experimental study that included several types of
irregular particles: spheroids; prisms; star-shaped; H-shaped; elongated bars and cylinders; X-shaped; and
cross-shaped. They correlated their data using several suitable functional forms and concluded that the fol-
lowing expression not only correlates the data best but also agrees very well with the correlations of the others:

0.687
chﬁd—A 4 00 d—ARe, + 0.42 . (1.150)
Re, d, \/Z dy d “116
Je 1+4.25x104[d"Re,j

\%
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This is valid in the ranges 0.15 < Re, < 1500, 0.80 < d,/d, < 1.50, and 0.4 < ¢ < 1.0. These ranges cover most
of the irregularly shaped particles in engineering applications.

1.4.3.8 Deformable Bubbles and Drops

Oftentimes, bubbles and drops become spheroidal. Lawrence and Weinbaum (1986, 1988) conducted an ana-
lytical study on the transient motion of a rigid spheroid of revolution with small eccentricity, under creep-
ing flow conditions. The results of this study are applicable to bubbles and drops if the internal circulation
has negligible effect. The study used essentially the method employed by Maxey and Riley (1983) with the
added complexity of domain decomposition to account for the eccentricity and extended to the second-order
expansion in terms of €. The resulting expression for the transient hydrodynamic force on the spheroid is

. 2\ ed(vi—u;)ld
E:—67‘[Mfa (Vi_ui) 1_E+378 4 a 1_&4_818 J. (V1 uz) Td‘[
5 175 ) Jvmn 5175 )) N

az € 2682 d(‘V,- _ui) 8&82 ! d(‘l/,' —u,-)
’ 9V[ T5 s J & 175y - G(t—r)dr (1.151)

The function G of the last term is a frequency-dependent term:
G(t)ZImﬂf?e“”erfc\/&}, with ¢:§(1+i\/§). (1.152)

The first three terms of (1.149) are similar to the steady drag, the history, and the added mass term of the
Boussinesq-Basset equation. Their form is the same as the form of the corresponding terms of Equations
1.132 and 1.133 with the correction terms due to the eccentricity of the spheroid. However, the last term of
Equation 1.151 does not have a counterpart in the Boussinesq-Basset expression. The term depends on the
eccentricity as well as the frequency of variation of the velocity of the fluid and vanishes asymptotically
as €2. This is a new history integral term, which emanates from the elongated shape of the immersed object.
The presence of such terms in an equation derived under the creeping flow assumption is another indica-
tion that the transient Boussinesq-Basset and Maxey-Riley expressions are significantly modified when
there are departures from the assumptions these equations were derived from and which were listed in
Section 1.4.3.6. Given that the modifications are on the functional form of these expressions, simple empiri-
cal corrections of the three terms of the hydrodynamic force would not be sufficient for the development of
the correct transient expressions.

The motion of bubbles and drops in viscous fluids at finite Re, creates surface stresses that deform the
spherical symmetry of these objects. This has a very important effect on the transport coeflicients, because
the shape of an object is one of the primary determinants of the hydrodynamic force, the heat, and the
mass transfer coefficient. The physical properties of the bubbles/drops and the carrier fluid, such as surface
tension and viscosity, play an important role in the deformation of the bubbles and drops as well as in the
determination of their shapes. For bubbles freely rising in a column of water under the action of gravity,
Haberman and Morton (1953) concluded that the following variables determine their shape:

The terminal velocity, v

The characteristic length, defined as the diameter of the volume-equivalent sphere, d,,
The density of the carrier fluid, Py

The viscosity of the carrier fluid, p

The surface tension, ¢

The gravitational acceleration, g

Sk W=

Three independent dimensionless groups may be derived from these six variables:

1. The Reynolds number, Re = p,d,v/j, or, equivalently, the relative Reynolds number, Re,
2. The EotvOs number, Eo = gpfd\zf/c
3. The Morton number, Mo = gu}%/pfc 3
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Figure 1.12

The shape map of the deformed bubbles. (Reproduced from the data of Bhaga, D. and Weber, M.E., J. Fluid
Mech., 105, 61, 1981.)

Another dimensionless group that appears often in the literature, the Weber number, is defined by the rela-
tionship We = pp?d,/c, or We = Re*(Mo/Eo) 2.

When experiments are carried in a constant gravitational field, such as laboratories on the Earth’s surface,
the list of the important variables is reduced to five. This leaves only 2D groups that would determine the
shape of bubbles. This pair may be one of the combinations (Re, Eo), (Re, Mo), or (Eo, Mo).

It is standard practice to reduce experimental observations on the shape of bubbles and drops in the
so-called shape maps with two of the aforementioned dimensionless groups as coordinates. Such a shape-
map has been constructed from the data by Bhaga and Weber (1981) and is reproduced in Figure 1.12.
The acronyms on the map are

e s:spherical

e scc: spherical cap with steady, closed wake

e sco: spherical cap with open unsteady wake

e oe: oblate ellipsoidal

 oed: oblate ellipsoidal disk (very elongated and wobbling in motion)
e oec: oblate ellipsoidal with cap in the bottom

e sks: skirted with steady skirt

e skw: skirted with wavy unsteady skirt

It is apparent in this figure that while there is a complexity with the conditions on the shapes of bubbles, in
general, bubbles assume the spherical shape at low Reynolds numbers, regardless of the value of the E6tvds
number. Also, bubbles are spherical at intermediate values of Re,, when Eo < 1. Bubbles become ellipsoidal
at intermediate values of E6tvos numbers and high Re,. Finally, bubbles assume the shape of a spherical cap
at high Eo and at relatively high Re.,.

While a shape map, such as that given earlier, which represents static or steady conditions, is useful
in determining the shape of flowing bubbles, recent experimental studies on the subject suggest that the
method of the creation and release of bubbles also affects their shape, their drag coefficients, and their trajec-
tories. Tomiyama (2001) observed that when bubbles are released with small initial deformation, their shape
remains very close to spherical, their drag coeflicient is higher than expected, and their motion is rectilinear
or zigzag on a plane. However, when the bubbles are released with high initial deformations as ellipsoids,
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their shape continues to be ellipsoidal, their drag coefficient is higher, and their motion is helical or rec-
tilinear. In a similar study, Wu and Gharib (2002) also concluded that the initial method of the release of
bubbles (whether they are released from a narrow or from a wide tube) plays a role in the eventual shape, the
rise velocity, and the drag coefficient. Apparently, the shape oscillations that occur after a bubble is detached
from the nozzle are strong enough to disperse the contaminants and to render the bubble surface clean, at
least in the initial stage of the bubble trajectory. In most practical cases, the surrounding water contains
a sufficient concentration of contaminants for the bubble surface to become immediately contaminated.
However, in the case of very pure systems such as the ones used in the study by Wu and Gharib (2002), the
recontamination process of the surface was very slow, the bubbles’ surface remained clean for the duration
of the experiment, and the bubbles remained spherical at significantly higher values of Re,.

The drag coefficient of inviscid spheres (bubbles) is of importance in practical applications, such as
boiling, aeration, and water purification. In this case, the surfactants and contaminants in the water
that finally line up on the interface of the bubble and the carrier fluid also play an important role in the
determination of the drag coefficient of bubbles. Among the various studies on the drag coefficients,
Tomiyama et al. (1998) studied the rise of bubbles in a wide range of Reynolds and E6tvos numbers and
derived the following expression for the drag coefficients of clean uncontaminated bubbles:

Cp = max{min £(1+0.15Ref‘687),ﬁ ,LEO ) (1.153)
e, Re, ) 3E0+12

This expression is consistent with the correlations of the numerical data that were given in Section 1.4.3.2,
Equations 1.107 through 1.112. It must be noted that when the bubbles become bigger, their shape becomes
ellipsoidal. Consequently, the drag coefficient of bubbles depends strongly on the surface tension, which is
a determinant of their shape. In the case of elongated bubbles, their drag coefficient is independent of Re,
and is given by the last expression in Equation 1.153, which is a simple function of the E6tvés number. This
expression is valid for fairly large hemispherical bubbles, up to 3 cm in diameter.

Because the surfactants in the gas—fluid interface play a major role in the friction part of the drag force
and contaminants/surfactants accumulate on this interface, the degree of contamination of the liquid is
an important factor in the determination of the drag coeflicient of bubbles. The data by Sridhar and Katz
(1995) suggest that small bubbles in filtered water, which may be characterized as contaminated, behave
as solid spheres, and their drag coeflicients are very well correlated by the Schiller and Nauman (1933)
expression (Equation 1.104) up to Re, = 85. In the case of grossly contaminated bubbles, such as those
involving tap or industrial water, Loth (2000) recommends the Oseen expression (Equation 1.102) for
Re, < 1 and the following expressions, which are based on data from Clift et al. (1978):

Cp = 2—4(1 +0.1935Re*™), 1<Re, <78 and Cp= 24 (140.03875Re,), 78<Re, <300.  (L154)

Re, Re,

Beyond this range of Re, it is very likely that the bubbles are not spherical, and hence, their shape is the
major factor that influences the drag coefficient. It must be noted that the drag coeflicient expressions for
clean and grossly contaminated conditions may be considered as the lower and the upper limits for the drag
coefficients of bubbles. The actual value of the drag coeflicient of bubbles is expected to be between these
two limits.

1.4.3.9 Lift Effects and Transverse Forces

The drag force is always acting in the direction of the motion of the particle, and its magnitude is mono-
tonically increasing with the relative velocity of the sphere. Particle rotation combined with finite relative
velocity or fluid velocity gradients (shear) induces a transverse component in the hydrodynamic force on the
sphere, which is often called the “lift force.”

When the rigid, spherical particle travels in an inviscid fluid with a relative velocity and also rotates with
respect to the far field of the flow, the velocity asymmetry around the particle induces a transverse pressure
difference on the surface of the sphere, which generates the Magnus force (Magnus, 1861):

Fri = mop e (e —vio) ] (1.155)
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where €2, is the relative rotation of the particle with respect to the inviscid fluid. The term in the square
brackets represents the vector product of the relative rotation and the relative velocity vectors. It is apparent
that the direction of the Magnus force is perpendicular to the plane of the relative velocity and the axis of
rotation.

The functional form of the lift force in a viscous fluid is influenced by the Reynolds number. In this case,
the magnitude of the lift force is often expressed as a function of a dimensionless lift coefficient, C,,;, which
is correlated with experimental data. While many expressions have appeared in the past, the investigation
by Oesterle and Bui-Dinh (1998) appears to be based on accurate data and is recommended to be used for

the lift coeflicient of a sphere rotating in an infinite fluid:

E
= % =0.45+ (RER - 0.45jexp(—0.05684Re%4Re?‘3) for Rey <140, (1.156)
Qlfi—v| R

r

where Re, is the Reynolds number based on the relative rotational speed of the sphere

oo
2

Rey (1.157)

The lift coeflicient is, in general, a monotonically decreasing function of Re, and increases with the dimen-
sionless rotation parameter, (Q|d)/(|ii—v)). This is a dimensionless measure of the rotational speed of the
particle. Experiments at low values of the rotation parameter suggest that C, ,, may become negative (Tanaka
et al,, 1990). This is most likely due to a higher relative velocity on one side of the sphere and a premature
transition to turbulence of the boundary layer on that side. As a consequence, the wake behind the sphere
deflects in a direction that is opposite to what is expected in rotating flow. This reverses the direction of the
lift force.

Saffman (1965, 1968) considered the case of a very small sphere in a shear flow at the limit of vanishing
Reynolds numbers (creeping flow). He derived an expression for the lift force due to shear, which is

2
FLFW “pcuc(ﬁ—ﬁ)x?, (1.158)
¥

where 7 is the fluid velocity shear evaluated at the center of the sphere. The direction of this force is the
perpendicular direction to the plane defined by the relative velocity vector and the shear vector. Sufficient
conditions for the validity of the aforementioned expression are very low Re, as well as:

1/2

V—i|< ()", ya’lv>1 and o’

fz\ <1, (1.159)

The last three conditions imply one of the following alternatives:

a. Either very low particle velocity, shear, and angular rotation for the particle
b. Extremely high kinematic viscosity for the fluid if the particle has finite velocity, shear, or angular
rotation

The first alternative is compatible with the assumptions implied in the derivation of the transient Basset—
Boussinesq equation. The second alternative implies very high viscosity in combination with finite shear or
rotation and is not strictly compatible with the implied conditions of the transient equation. It must be noted
that although Saffman’s result (Equation 1.158) is occasionally referred to as the “Saffman force,” it is not a
separate force from the Magnus force but a special case of the latter at the limit Re, — 0. For this reason, the
lift force must be only accounted once in computations of particle dynamics.

The lift force developed on a sphere is very much weaker than the longitudinal drag force. However, the
transverse lift plays a dominant role in the lateral migration of bubbles, drops, and particles toward the walls
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of cylindrical pipes as well as in dispersion processes. This occurs because in most engineering systems
particles, bubbles, and drops have to travel relatively very short distances in order to approach the walls of
a pipe or a channel and, hence, a weak force would be sufficient to induce a lateral motion that covers such
short distances. These weak transverse forces contribute significantly to radial diffusion and dispersion, wall
deposition, mixing, and separation processes.

Tsuji et al. (1985) measured experimentally the shear-induced lift on bubbles and concluded that the
expression by Saffman yields satisfactory results for the magnitude of the force. McLaughlin (1991) extended
the theoretical analysis by Saffman to higher Re, and derived a correction to the expression by Saffman,
which shows that the magnitude of F,; decreases with the increase of Re,. McLaughlin’s expression for the
lift force is as follows:

9 .
Fis :—ufaz‘v—u‘ &](8), (1.160)
T 293

where € is the dimensionless velocity ratio & = \/yu;/py/ ‘17 - ﬁ‘ and the function J(g) is given in tabular form
by McLaughlin (1991). Two approximate asymptotic expressions for this function are J(e) = 2.255 — 0.6463/¢?
for e > 1 and J(e) = 32n%e’In(e?) fore <« 1.

The numerical results for the shear lift force exerted on a sphere obtained by Dandy and Dwyer (1990)
were reduced to a useful correlation by Mei (1992):

FL Re
Cs=——"77"">—>=(1-0.3314 exp| ——— |[+0.3314 for Re, <40
LS 6.44pfa2'y1/2V71/2 ( \/E) P( 10) \/E
Cis =0.0524,/BRe, for Re, > 40, (1.161)
d\Vxiu
where p= ‘QX?‘.
Z‘u—v‘

The parameter p in the last equation is a dimensionless measure of the shear. The recommended range
of this correlation is 0.005 < f < 0.4, and Mei (1992) showed that this empirical equation fits well
McLaughlin’s results.

There is no widespread agreement on the magnitude of the lift coefficients. The experimental results by
Sridhar and Katz (1995) suggest that at least for bubbles, the magnitude of the lift component of the hydro-
dynamic force is higher than the values predicted by the two aforementioned expressions. Another experi-
mental study by Tomiyama et al. (1999) for bubbles in shear flows concluded that the lift coefficient of larger
bubbles depends on the surface tension too and included the E6tvés number in the correlation. Tomiyama
etal. (1999) also concluded that rising bubbles tend to accumulate close to the walls if their radii are less than
6 mm, while bigger bubbles with a > 6 mm migrate toward the center of the apparatus.

The lift of growing or receding bubbles and drops close to a wall is very important in the boiling, conden-
sation, and evaporation processes, because the global rate of the heat transfer greatly depends on the amount
of vapor in contact with the wall or in the immediate vicinity of the wall. In convective boiling systems, such
as heated pipes, the lift due to shear facilitates the detachment of small spherical bubbles from the wall and
subsequently the nucleation and the commencement of the growth process of other bubbles. Thorncroft
etal. (2001) studied the growth and detachment of bubbles from a surface and concluded that the growth of
a bubble, whose radius is a function of time, a(f), close to a wall enhances the lift force exerted by the shear.
In their analytical and computational study, Thorncroft et al. (2001) derived the following expression for the
lift, due to the shear:

2 2 2
1. - 1.46] 3
Fsuzz”‘V(”i—vi)npf"z(t)ym{{w} +LY“2} } , (1.162)

where ] is a scalar function of the dimensionless shear rate and Re,. The augmented lift force in this case
facilitates the detachment of the bubble from the wall, reduces the amount of vapor close to this wall, and
thus contributes to the enhancement of the heat transfer from the wall to the bulk fluid.
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Figure 1.13

The effect of the flow of suspended particles on the lift and drag on a stationary particle.

The transverse force on particles is also influenced by the advection of other particles in the flow.
The shear-induced lift on solid spheres attached or deposited on a boundary, in the presence of other spheres
in the flow field, known as suspension flow, was studied numerically by Feng and Michaelides (2002a). Their
results show that the instantaneous hydrodynamic force exerted by the suspension flow on a solid particle
attached to a wall is increased by a factor of 2—4 by the presence of similar particles, which are carried by the
fluid. This effect is depicted in Figure 1.13, which shows the instantaneous lift on an embedded sphere, when
other spheres in the suspension pass by it. This augmentation includes both the lift and the drag components
of the hydrodynamic force and is caused by the interactions of the suspended spherical particles with the
stationary particle when they are in the range of 0-5 diameters. As a result of this type of hydrodynamic
interaction, a particle that lies on a horizontal plane may be lifted and become part of the suspension flow
without any physical collisions with other particles.

Regardless of the method of evaluation of the lift component, the ratio of the transverse component to
the longitudinal component of the hydrodynamic force, F;/Fp, is of the order of d(y/v)?, which is typically
a very small number. Despite this, the transverse component of the hydrodynamic force is important in
engineering because it causes the lateral migration and dispersion of spheres and plays an important role
in several applications, such as bubble detachment from the pipe walls during boiling, particle sedimenta-
tion, and resuspension in water as well as particulate and aerosol dispersion in the atmosphere. The accurate
knowledge of the transverse component of the transient hydrodynamic force is of importance in calcula-
tions that pertain to such processes, even though the method of the determination of the drag component
is not fully compatible with the assumptions used for the determination of the lift. It is common practice in
such calculations to superpose an expression for the transverse or lift component, such as Equation 1.153 or
Equation 1.158 with an expression for the transient hydrodynamic force in the longitudinal direction, such
as Equation 1.133, and compute the longitudinal and transverse motion of particles, bubbles, and drops. The
result of such a superposition is that the transient hydrodynamic force on a sphere appears to have a lateral,
albeit steady, component in addition to the longitudinal component. Although the superposition is not justi-
fied on analytical grounds, it is very convenient to use and the results obtained appear to be accurate. When
one uses this superposition, it is important to ensure that the necessary conditions for the validity of the
expressions used for the several components of the hydrodynamic force are not violated. This implies that
there is very low relative velocity and that the local shear is low.

The influence of mass transfer from the sphere (evaporation or sublimation) on the lift has been inves-
tigated experimentally and numerically. A numerical study by Kurose et al. (2003) determined that in lin-
ear shear flow, the outflow from a sphere acts in a way to push the sphere toward the lower flow velocity
side. Thus, a negative lift is developed at high Reynolds numbers. This counteracts the positive lift on the
sphere, which is directed toward the higher velocity side. According to Kurose et al. (2003), the diffusion
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and reaction rates are strongly affected by the outflow velocity and the fluid shear because of the deforma-
tion of the vortices that appear behind the evaporating sphere. This suggests that surface evaporation and/or
reaction influences significantly the lateral motion of drops and hence the concentration field of the drops.

1.4.3.10 Effects of the Boundaries

The effect of a wall, in general, is to retard the motion of particles in both the parallel and the perpendicular
direction to the wall, thus reducing the rate of mass transport. In addition, the presence of particles and
bubbles in boundary layers and mixing layers significantly modifies the stability and transport properties of
these layers. The motion of particles, bubbles, and drops in the vicinity of a boundary is important in many
practical applications especially those related to boiling of liquids and the transport of particulates and slur-
ries. In particulate transport processes, particle collisions with the walls cause pipeline erosion and particle
adhesion to the walls, scale buildup, and oftentimes pipeline clogging.

Faxen (1922) was the first to consider the motion of a particle in rectilinear motion parallel to a wall
and to derive an expression for the hydrodynamic force on a spherical particle. He used the method of
reflections for the movement of the sphere under creeping flow conditions and obtained an asymptotic
solution for the total force acting on a sphere, which settles along the centerline of an orthogonal cylinder.
The ratio, &, of the particle diameter, d, to the diameter of the cylinder, D, (E = d/D) is the most important
parameter that affects the hydrodynamic force. Faxen’s expression for the hydrodynamic force is given in
terms of a wall drag multiplier, K,,,;. This is the ratio of the steady hydrodynamic force to the Stokesian
force the same sphere experiences in an unbounded flow. By using the same method, Bohlin (1960)
obtained a higher-order approximation for the wall drag multiplier, which may be written as follows:

1
1-2.014435+2.088777=°-6.94813=°—1.3725° +3.872% —4.195"+ ...

(1.163)

wall =

Haberman and Sayre (1958) developed a theoretical method to compute the wall correction factor, K,,,;, for
spheres settling in cylinders up to very high values of =, and later Paine and Scherr (1975) computed the
values for K,,;. Their results are tabulated in the range 0 < 2 < 0.9. A comparison between the expression
by Bohlin (Equation 1.160) and the exact theory by Haberman and Sayre (1958) shows that the last equa-
tion yields accurate results only up to & = 0.6. There are also several experimental studies pertaining to the
settling of a sphere along the centerlines of orthogonal circular cylinders or plane walls. Among them, the
experimental studies by Iwaoka and Ishii (1979) and Miyamura et al. (1981) demonstrate good agreement
with the theoretical predictions by Faxen (1922), Bohlin (1960), and Paine and Scherr (1975).

Happel and Brenner (1986) considered creeping as well as inertia flows for the settling of a sphere in a
cylinder and stipulated that the total effect on the hydrodynamic force is a simple linear combination of the
separate effects of proximity to the outside boundary and inertia:

K= Kwall + Kinertia -1 (1164)
where
K, is the effect of the wall at creeping flow conditions as calculated by an expression similar to (1.160)
K, eriia 18 the additional correction factor due to inertia at higher Re,

The last equation simply implies that the drag on a sphere is composed of two additive terms: one term is
due to the effect of the cylindrical boundary and the other to flow inertia. The latter is usually obtained
from one of the empirical correlations for the drag coefficient at higher Re,, such as the one by Schiller
and Nauman (1933). Equation 1.164 is a conjecture, partly based on the experimental data by Fayon and
Happel (1960). The data set pertains to a diameter ratio, &, in the range of 0.1250-0.3125 and the Reynolds
numbers in the range 0.1-40.

Feng and Michaelides (2002b) conducted a more general numerical study in the ranges 0.1 < Z < 0.8 and
0 < Re, < 35 for cylindrical as well as for prismatic enclosures. They concluded that the two effects of inertia and
of flow confinement are not additive and may not be linearly combined as Equation 1.164 implies. Because of
this, in calculating the hydrodynamic force on a sphere, it is more accurate to use computational and experi-
mental results, which are not restricted by the conjecture (1.161). One of the significant results by Feng and
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Table 1.2 Wall Correction Factors for Various Orthogonal Rectangular Prisms

LIW=1.0

E(=dIW) 02 0.3 0.4 05 06 0.7 0.8 0.9

K 172 230 318 501 803 1398 279  61.8
LIW=15

E(=dIW) 0.3 0.4 0.5 0.6 0.7 0.8

K 1.90 247 3.32 4.46 6.11 9.24
LIW=20

E(=d/W) 0.3 0.4 0.5 0.6 0.7 0.8

K 1.73 2.12 2.67 3.33 437 5.76
LIW=5.0

E(=d/W) 0.3 0.4 0.5 0.6 0.7 0.8

K 1.53 1.75 2.11 2.48 3.06 3.78

Michaelides (2002b) is that at the higher values of the parameter, E > 0.5, the effect of inertia is less than 10%
of the total correction factor, K. Table 1.2, which is reproduced from this study, shows the total correction
factor, K, for a sphere of diameter, d, when it falls in a rectangular prismatic enclosure whose cross section
has length, L, and width, W. The results shown are for Re, < 1.

It must be noted that the effect of boundaries on settling spheres is different in the case of prismatic
enclosures than in circular cylinders, because secondary flows are induced in the corners of the prisms.
Even though the secondary flows are relatively weak, they affect considerably the hydrodynamic force on
the spheres.

The asymmetrical velocity and pressure fields due to walls cause the radial migration of particles in
pressure-driven flows in pipes and small capillaries away from the wall. Cox and Brenner (1967) expressed
the effect of a vertical wall on a particle using the concept of a migration velocity of a sphere that is falling
freely close to a wall. An analytical expression for the migration velocity is as follows:

_6nV;?
\%

V. Iy, (1.165)

where
V, is the terminal velocity of the sphere in a stagnant, unbounded fluid
I, is an integral of Green’s function for the point force representing the sphere

The last expression is valid under the conditions Re, < a/l,, < 1, where [, is the distance of the center of the
sphere from the wall. The implications of this condition are that the sphere is relatively far from the wall and
the flow field is Stokesian (creeping flow). Later, Cox and Hsu (1977) calculated analytically the integral, I,
for spheres and derived the following expression for the migration velocity:

V.= ReV, (1.166)
64

which is also valid under the condition Re, < a/l,, < 1. A close look at the last expression reveals that the
migration velocity of the sphere is independent from its distance from the wall. This does not constitute a
paradox, because the expression is valid only at distances sufficiently far from the wall as required by the
condition a/l,, < 1.

Vasseur and Cox (1976) derived analytically another expression for the lateral migration velocity of
a sphere:

savi( v Y v Y"?
V, =" — | +2.219| — . (1.167)
8 v |\LV, LV
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The terms in the two parentheses are obviously the inverse of a Reynolds number, which is based on the dis-
tance of the center of the sphere from the wall. The last expression was later confirmed by the experimental
data of Cherukat and McLaughlin (1990) to be valid up to Re, = 3.0.

The repulsive effect of the wall on particles is very important in the distribution of phases in dispersed
flows in pipes as well as in sedimentation-resuspension processes with particles. The effect has been dem-
onstrated in a number of experimental and numerical studies, such as the one by Segre and Silberberg
(1962) with neutrally buoyant spheres. They concluded that neutrally buoyant particles in a pressure-
driven Poiseuille flow (pipe flow) experience a radial force and tend to align at 0.6 pipe radii away from
the centerline. This shows that there exists an equilibrium position, where the radial force is zero and
where particles tend to accumulate. Two-dimensional numerical studies have also concluded that there
is an equilibrium position for cylinders at a distance of 0.4234 half-channel width away from the center-
line. Inamuro et al. (2000) concluded that this distance is the same for both a single cylinder and a group
of naturally buoyant cylinders in pressure-driven channel flows. Mortazavi and Tryggvason (2000) also
studied the lateral migration of 2D drops in Poiseuille flows and determined that drops either move half-
way between the pipe centerline and the wall, as Segre and Silberberg (1962) also observed, or they oscil-
late around an off-center equilibrium position. In a study involving the resuspension of particles in simple
shear flow over a flat plate, Feng and Michaelides (2003) concluded that particles, which are slightly heavier
than the fluid, do not settle down on a flat surface, but reach an equilibrium position at a certain height
from the plane and then drift with the main flow at this vertical position without settling. Their numeri-
cal results are shown in Figure 1.14, where the lower facing triangles denote particles that settled under
gravity and the upper facing triangles denote particles that drifted at a vertical equilibrium distance. The
dividing line separates the settled particles from the particle that reach the equilibrium position, which is
usually at a height less than a single diameter from the flat surface. Feng and Michaelides (2003) derived
the following expression for the line that separates the settled from the suspended particles:

2 0.59
Re, A G NS (1.168)
Ky Pr

At a given shear Reynolds number heavier particles settle, while lighter particles move to an equilibrium
position and stay suspended in the flow, even though they may be heavier than the fluid. Patankar et al.
(2001) also examined the behavior of particles close to the wall in a Poiseuille flow and observed a similar

—_
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Figure 1.14

Settling or suspended particles with the density ratio and Reynolds number as parameters. The symbol A is for
suspended and V is for seftled particles.
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behavior for the particles. They developed a corresponding expression for Re, and the density ratio, which
may be written as follows:

2
P 1223648 L _Rel, (1.169)

Pr d’prg

Equation 1.168 applies to shear flows over flat plates, while (1.167) applies to pipes and channels, where
Poiseuille flows are more likely to occur. It must be noted that neither of the last two equations takes into
account turbulence in the flow nor turbulent bursts that result in the advection of particles and the resus-
pension of groups of particles.

Walls also retard the movement of spheres that travel perpendicular to them. Regarding these flows,
Brenner (1961) obtained asymptotically a first-order correction for the drag coefficient of a small rigid sphere
moving toward the wall and concluded that the Stokes drag coefficient, f, increased by a factor:

-1
f= 24C/12e =o.625[ldj , (1.170)

where [, is the distance from the center of the sphere to the wall. Brenner’s results indicate that the hydro-
dynamic force on the particle increases dramatically when the particle approaches very closely the wall.
This is related to the thin fluid layer that develops between the particle and the wall. Draining such thin lay-
ers, where viscous effects dominate, is a very slow process. In this case, the hydrodynamic force opposing
the motion of the sphere becomes very large and the particle velocity drops significantly. The study by Kalio
(1993) indicates that the influence of the wall on the drag of the particles is important when the particle
is within 20 diameters from the wall. The experimental and computational study by ten Cate et al. (2002)
confirmed this rapid and significant increase in the drag coefficient of settling spheres, which are within one
diameter from a horizontal wall.

It must be pointed out that the analytical expressions of all transverse components of the hydrodynamic
force and of the effect of the walls on the motion of a sphere are not based on a rigorous derivation of the
transient equation of motion, but on specific analytical, experimental, and numerical studies, most of which
were performed at steady flow conditions. One has to be aware that the rectilinear transient equations of
motion mentioned in Section 1.4.3.6 implicitly assume that there is no rotation of the sphere, no significant
shear in the flow, and the sphere is in an unbounded fluid, which essentially means far from any wall or
other boundary. The addition of the lift or of any wall effect on a rigorously derived transient equation for the
rectilinear motion of a particle must be viewed as an ad hoc assumption. Such assumptions are frequently
used, because practice has shown that they produce reliable results on the average movement of particles. It
must be remembered, however, that such assumptions, even though justified by validation with experiments
or other means, have practical limitations.

1.4.3.11 Thermophoresis and Turbophoresis

When particles, bubbles, or drops are present in a fluid where a temperature gradient is applied, they
experience molecular impulses that are stronger on the side of higher temperatures. This induces stronger
Brownian motion in the hotter regions of the flow domain than in the colder ones. As a result, the particles,
on the average, migrate to the colder regions of the flow domain, as was first observed by Tyndal (1870).
A constant temperature gradient creates the steady average movement of an ensemble of particles, bubbles,
and drops to the colder regions of the flow domain, a phenomenon called “thermophoresis.” The latter is
expressed quantitatively in terms of a thermophoretic velocity, v,,, or of a thermophoretic force, F,, (Epstein,
1929, Brock, 1962, Talbot et al., 1980). The directions of the thermophoretic force and thermophoretic veloc-
ity are opposite to the temperature gradient, and their magnitudes are

vT

Vip = —Kq,&E and F,= —6nufc(xK[p (1.171)

Pr Lo Prie

The function K,, depends on the Knudsen number, K,,(Kn), and on the properties of the fluid and the
solid particles. By considering the velocity slip as well as a temperature slip of particles in gases, the
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following expression for K,,, in terms of the thermal conductivities, and the Knudsen number, Kn, was
derived by Brock (1962):

‘- 2C, (ky +2k.Kn)
? 7 (1+6C,Kn) 2k + k. + 4k.C,Kn)’

(1.172)

The parameters C,, C,,, and C, are determined empirically from the flow field around the particles and the
discontinuities on the fluid—particle interface. Talbot et al. (1980) used the velocity slip expression that was
recommended by Millikan (1923) and derived empirical correlations for these parameters. Experimental
data and engineering practice have shown that reasonable results may be obtained by treating these param-
eters as constants with the numerical values for gases C, = 1.17, C,, = 1.14, and C, = 2.18 in the range Kn < 0.1.
For liquids, McNabb and Meisen (1973) showed that the magnitude of the thermophoretic force is much
lower, approximately 17% of the values predicted by Equations 1.171 and 1.172.

However, a disadvantage of the last two equations becomes obvious: when the equations are used for lig-
uids with highly conducting particles (nanofluids), the thermophoretic velocity becomes vanishingly small,
because K, < 1 and k; < k, for typical nanofluids. Since thermophoresis is a consequence of the Brownian
movement, its effects are significant in very small particles, bubbles, and drops in the submicron range and
becomes insignificant for larger particles of mm sizes. Michaelides (2015) used a stochastic Lagrangian
method to derive the functional relationship for the dimensionless thermophoretic coeflicient of spherical
particles K,, that appears in the last two equations:

-B -B
K,= A(O‘) v, = —A[QJ oy, (1.173)
Qo ) psls

where o, = 1 nm appears to correlate well all the combinations of particle types and base fluids. One of the
advantages of the last expression is that it has been derived specifically for liquids, where typically K, <« 1
and applies to all types of spheres including the highly conducting spheres of nanofluids. The pairs of coef-
ficients (A, B) for 20 common combinations of particles and fluids used in nanofluids are given in Table 1.3.

It must be noted that an implicit assumption of Equation 1.171 and all similar expressions of thermo-
phoresis is that the effect of a temperature gradient on the motion of the particle is decoupled from all the
other forces that act on the particle, such as lift forces and effects of boundaries. Also, although the ther-
mophoretic force is a weak force and has a vanishing effect on larger particles, it may become the dominant
force for very small nanoparticles, where gravity—as well as all other volume/body forces—is very weak.
A glance at Equation 1.171 proves that the ratio of the thermophoretic to the force of gravity varies as o2
and that the thermophoretic force would be dominant on nanoparticles in a gravitational field with a strong
temperature gradient. Because of this, thermophoresis has often been used for the collection of nanopar-
ticles on collection surfaces (Leung and Crowe, 1993). Nevertheless, the thermophoretic force is weak and
this collection method takes very long time. It also requires precise equipment and suppression of any flow
instabilities. Artificial centrifuging is a more effective method to concentrate and collect nanoparticles
(Michaelides, 2014).

It must be emphasized that the thermophoretic force is a consequence of the molecular collisions, which
also cause the Brownian motion. The thermophoretic and Brownian forces are not independent forces to be
accounted separately in the Lagrangian simulations of particle motion. The simple inclusion of the Brownian

Table 1.3 Pairs of Coefficients (A,B) for the Correlation of Equation 1.173
for Several Spherical Particles in Common Fluids

Water Engine Oil Ethyl Glycol R-134a
Aluminum (1264, 1.417)  (3.0920,1.242)  (14.615,1.869) (4401, 1.774)
Aluminum oxide (1227,1.434)  (7.1026,1.579)  (5.1095,1.621) (6270, 1.819)
CNT (945.5,1.263)  (5.8044, 1.445)  (3.6765,1.406) (8580, 1.894)
Copper (2039, 1.870) (7.1391,1.724)  (2.3558,1.587) (4191, 1.659)
Gold (3155, 1.799) (6.6483,1.917)  (4.2431,1.672) (2721, 1.603)
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force in the Lagrangian simulations of particle motion in fluids with temperature gradients will reproduce
the thermophoretic velocity as the steady drift velocity of the particles toward the colder regions of the system.

Turbophoresis is a phenomenon similar to thermophoresis and results from the gradients of turbulence
intensity, which develop in boundary and shear layers. In this case, the particle is subjected to a higher
force on the side where turbulence is higher. Thus, the net turbophoretic force acts in the direction opposite

to Vu'*. Analysis and experiments have shown that in a wall boundary layer, the process of turbophoresis
tends to bring the particles closer to the wall, where the turbulent fluctuations are weaker. However, when
the particle concentration at the wall becomes high, the accumulation of particles and the more frequent
interparticle collisions cause a drift velocity away from the high particle concentrations. The balance of the
two driving forces, turbulence and concentration, leads to an equilibrium condition. Portela et al. (2002)
concluded that the local equilibrium predict well the particulate concentration, except when very close to
the wall (y* < 20) where the turbulent fluctuations are very weak and turbophoresis cannot even be defined
in a physically meaningful way.

1.4.4 Heat Transfer

While the development of the equation of motion for a sphere was based predominantly on analytical work
followed by corrections derived from experiments, most of the analyses on the subject of heat transfer are
based on Fourier’s work (Fourier, 1822). His treatise, which was preceded by his seven shorter articles on
heat conduction, has been subsequently supplemented by numerous experimental studies that have pro-
vided semiempirical correlations for the rate of heat transfer or, equivalently, for the Nusselt number. For
this reason, the subject of heat transfer from spheres is based primarily on correlations that stem from
experiments or, in the recent past, from numerical studies.

The governing equations for the heat transfer and for the mass transfer are strictly similar. For this rea-
son, the solution of one equation also yields the solution of the other equation by simple substitution of
the corresponding dimensionless numbers. Therefore, all the results, analytical, experimental, or computa-
tional, for the heat transfer coeflicients are also applicable to the pertinent mass transfer coefficients.

An important parameter in the study of convective heat and mass transfer from spheres is the Peclet num-
ber (for heat or mass transfer), which accounts for the heat or mass advected by the fluid. The Peclet number
is analogous to the Reynolds number in the equation of motion and is defined as follows for the cases of heat
transfer and mass transfer, respectively:

Pe=dpsc,Ulks (or Pe=Re* Pr) and Pey = dFU, (1.174)

where
U is the characteristic velocity of the fluid
c,ris the specific heat capacity of the fluid
k;is the conductivity of the fluid
D is the diffusivity of the fluid

The Prandtl number, Pr, is the dimensionless group of the fluid properties, Pr = p,c,/k. When there is
relative motion between the sphere and the fluid, which is characteristic of most advection processes,
the magnitude of the relative velocity is used as the characteristic velocity U in the expressions for the
Peclet number as in Equation 1.22. The Nusselt number, the Sherwood number, and the Biot number,
which are also given in Equation 1.22, are other dimensionless groups frequently used in heat transfer
from particles, bubbles, and drops.

1.4.4.1 Creeping or Stokes Flow

Asin the case of momentum transfer, creeping flow or Stokes flow implies Re, < 1. Since Pe, = Re, * Pr, unless
Pr for the sphere is very large, as is the case of some organic oils, this condition also implies that Pe, <« 1, or
at least that Pe, < 1. Heat convection comprises two parts, conduction and advection. Since in creeping flows
the advection is negligible, the conduction part dominates in the convection process. Therefore, studies that
implicitly or explicitly assume that Pe, << 1 or Re, < 1 essentially neglect the effects of the advection part of
the process and are treating the conduction part of the process alone.
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The solution of the conduction equation (or Pe, < 1) yields the following expression for the steady flow
Nusselt number:

Nu=2. (1.175)

Acrivos and Taylor (1962) conducted a study on the heat transfer from a solid sphere, analogous to the study
by Proudman and Pierson (1956) for the equation of motion. They implicitly assumed a Stokesian flow
around a sphere and derived an asymptotic heat transfer solution, which is valid at higher order of Pe,. With
the corrections in the coefficients (Acrivos, 1980), their expression for the steady Nu, which is applicable in
the ranges Re, < 1 and Pe, < 1, is

Nu=2+ L6 4 Lpgy, Per Pe, (1.176)
2 4 2 2

+0.2073P¢? + iPef In

Acrivos and Taylor (1962) also proved that the functional relationship Nu(Pe,) obtained for creeping flow
is less sensitive to an increase of Re, than the corresponding functional relation for the drag coeflicient,
Cp(Re,), of solid spheres. Therefore, it is generally accepted that the last equation is valid not only under
creeping flow conditions but also when Re, is finite but small.

Acrivos and Goddard (1965) also derived an asymptotic solution for high Pe, assuming a Stokesian
velocity distribution. Their expression, which is valid for Pe, > 5, is

Pe 1/3
Nu= 1.249(2') +0.922 (1.177)

In the case of viscous spheres, with viscosity ratio, A, Levich (1962) derived an asymptotic first-order solu-
tion for a liquid sphere at very large Pe, and Re, < 1:

Nu= | 4Per 1.178)
3n(l+A)

Feng and Michaelides (2000b) under the assumption of a Stokesian velocity profile around a viscous sphere
(drop or bubble) solved numerically the energy equation and derived the following correlation for the heat
transfer coeflicients:

0.322+- 0.113
0.3612+1

Nu =1.49Pe, . (1.179)

It must also be pointed out that the implicit conditions for the use of the last three expressions are as
follows: Re, < 1 and Pe, > 1. These conditions are satisfied for spheres with Pr>> 1. Several organic liquids,
including gasoline and engine oil, satisfy these conditions.

More recently, Feng (2014) used a combined regular and singular perturbation method to solve the heat
and mass transfer from a slightly deformed sphere at low but finite Peclet numbers in Stokes flow. The
deformed sphere was assumed to be axisymmetric, and its shape is described in the spherical coordinates
(1, 0, d) by a power series of a small parameter ¢ (|e| < 1) as follows:

r:1+siann(cose)+O(82). (1.180)

n=0

Here, the origin of the spherical coordinate system is at the center of the undeformed sphere, P,(cos 6) is the
Legendre polynomial of nth order, and b, are constants of order O(1). The correction to the Nusselt number
due to the deformation of the sphere was obtained through a regular perturbation method, while the correc-
tion to Nu number due to the small Peclet number was obtained through a singular perturbation method.
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The analytical solution for the averaged Nusselt number in terms of the Peclet number and the deformation
parameter is

Nu=2+ %Pe, + ipef In Pe, +0.03404Pe? + ipef In Pe, + eA(Pe,) + O(g*) + O(Pe?), (1.181)

where

3 1 1721 1 611 3 1
A(Pe,)=2by +byPe, +| —by——b, |Pe’InPe, + by+—b + b, |-] =b,——b, |In2 |Pe?
(Pe,) o T Opl'€ (40 zozjene |:(24000 1 2)( o 802jn:|e

16 8400 16

3 1
+| =by——Db, |Pe] In Pe,. 1.182
(on- o] (1182)

In the case of a spheroid with its surface described in Cartesian coordinates by,

2 2 2
Xy +Z -1 (1.183)
[A+e)] ¢

If we choose the semiaxis ¢ as the reference length (c = 1), the surface points of the spheroid are described
by the equation

2 2 2
r=1+8|:3Po(c059)—3Pz(cose):|+0(8 ) (1.184)

If e > 0, the spheroid is an oblate; if € < 0, it is a prolate; if € = 0, it reduces to a sphere. By letting b, = 2/3 and
b, = -2/3, the Nusselt number becomes

Nu=2+ %Pe + ipe2 In Pe + 0.03404 P’ + %P@ In Pe

+8‘:§+ %Pe +%Pe2 In Pe+0.33714P¢* +135Pe3lnpe} +0(e*)+0(Pe’). (1.185)

1.4.4.2 Reynolds Number Effects

1.4.4.2.1 Solid Spheres Among the correlations of experimental data that have been used for the steady
heat transfer from a solid sphere due to forced convection without mass transfer on the surface, for example,
in the absence of evaporation, sublimation, or chemical reactions, are the expressions derived by Ranz and
Marshal (1952) and Whitacker (1972), which may be written, respectively, as follows:

Nu=2+0.6Re>’Pr’* (1.186)

and

Nu=2+(0.4Re* +0.06Re?*)Pr* . (1.187)

These correlations are valid for solid spheres only and may be used up to Re, = 10*.

In many heating and cooling applications involving dispersed flows, the convective heat transfer is of a
mixed type, with the free convection part induced by the different temperature of particles. Since the free
convection takes place in the direction of gravity and the forced convection is arbitrary, the directions of the
free and forced convection are not necessarily the same. The overall heat transfer of a sphere resulting from
the mixed flow is significantly influenced by the direction of the forced flow. Musong and Feng (2014) exam-
ined numerically the mixed convection from a heated sphere at an arbitrary incident flow angle in laminar
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flows at moderate Reynolds numbers (1 < Re, < 100) and Richardson numbers (1 < Ri < 5). Based on the
simulation results, they developed a correlation for the mixed convection with incident angles in the range
0<0<m/2:

Nu = aRe’Ri®*"®” + cRe“Ri***0 + nRe/ Ri**/ — gRe'"Ri"® — kRe", (1.188)

where a = -0.0208, b = 0.4851, ¢ = 0.0250, d = 0.05, n = 1.436, f = 0.3642, g = 0.2534, h = —0.722, k = —0.2602,
and m = 0.2412. The units of the incident angle 6 are radians.

1.4.4.2.2 Viscous Spheres Feng and Michaelides (2000a, 2001b) conducted two numerical studies on the
subject of heat transfer from viscous spheres without mass transfer at the interface and derived useful and
accurate correlations, with Re, and Pe, as independent variables. The first study pertains to high Re, and any
Pe, and the second to any values of Re, and Pe,. Their results in correlation form are summarized in the fol-
lowing equations:

1. Atsmall but finite values of Re, (0 < Re, < 1) and Pe, > 10, the expression for the Nusselt number is

1.65(1— f( Re,
Nu(X,Pe,,Re, )= [0‘651Pe5’2 4 0991 Pei”)(l +a(Re,))+ (1= /(Re.)) + 2 s
1+0.951 1+A 1+0.950 1+A
where the function f(Re,) is defined as

_ 0.61Re,
Re, +21

f(Re,) +0.032. (1.190)

2. As with the drag coefficient in Section 1.4.3.2, for higher Re, and Pe,, the analysis of numerical
data revealed that the most accurate correlations of the numerical data are obtained when the
general expression for Nu is given in terms of the following three functions, which pertain to
specific values of the viscosity ratio A:

a. The correlation for an inviscid sphere (A = 0), which is given by the following expression:

Nu(0,Pe,,Re, ) =0.651Pe!?| 1.032+ 0-61Re: | [} 6o Q61Rer | (1.191)
Re, +21 Re, +21

b. The Nusselt number expression for a solid sphere (A = ):

Nu(o0,Pe;,Re, ) =0.852Pe,”* (1+0.233Re/* ) +1.3—0.182Re{*. (1.192)

c. The corresponding function for a sphere with A = 2, which was derived from the numerical
results:

Nu(2,Pe;,Re, ) =0.64Pel*" (1+0.233Re}™ ) +1.41-0.15Re/ ™. (1.193)

Accordingly, the final correlations for the heat transfer coefficients are given by the following expressions in
the two ranges of the viscosity ratio, 0 <A <2and 2 <\ < c0:

Nu(Pe,,Re,,\) = %Nu(Per,Re,,O) +%Nu(Pe,,Re,,2)

for 0<A<2 and 10<Pe, <1000 (1.194)
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and

Nu(Pe,,Re,,k) = ﬁNu(Pe,,Re,,Z) + %Nu(Pe,,Rer,OO)

for 2<A <o and 10< Pe, <1000. (1.195)

For smaller values of Pe, < 10, it was not possible to obtain a simple correlation of the numerical results, Nu(Pe,,
Re,, M), with any satisfactory degree of accuracy. For this reason, for applications in the range 0 < Pe, < 10, it is
recommended that one uses the numerical results in the original publication (Feng and Michaelides, 2001b),
which are given in tabular form and their accuracy is only limited by the numerical accuracy of the method.
As in the case of the hydrodynamic force on a viscous sphere, it was determined that for a fixed value
of Re, and viscosity ratio, A, the variations of the density ratio, p,/p, have only a minimal effect on the
external flow field. When one considers the governing equation for the heat or mass transfer processes
and the pertinent boundary conditions, one will conclude that the density ratio (as well as the internal
Reynolds number, Re;) does not affect appreciably the corresponding transport coefficients, 4 and h,;, and,
consequently, the Nusselt and Sherwood numbers. This was verified numerically by Feng and Michaelides
(2001a,b) for both the hydrodynamic force and the rate of heat transfer: the influence of the density ratio
on the heat transfer coefficient is less than 0.1%. This is of the same order of magnitude as the numerical
uncertainty of the computations and much lower than the required accuracy for engineering calculations.

1.4.4.2.3 Interfacial Velocity Slip and Temperature Difference ~ All the aforementioned expressions for Nu
are based on the no-slip velocity condition at the interface as well as on the assumption that the tempera-
tures of the sphere and the fluid at their interface are equal. It has been experimentally observed that when
the size of particles is comparable to the mean free path of the base fluid, there is a significant discontinuity
of both the velocity and the temperature at the solid-fluid interface. The effect of the two discontinuities is to
decrease the magnitude of the convective heat transfer. The velocity discontinuity at the interface is modeled
as in Equations 1.114 and 1.115. The discontinuity at the solid-liquid interface is usually modeled in terms
of an accommodation coefficient, C = f(T), defined in terms of the molecular collisions on the surface of the
sphere. Accordingly, the temperature discontinuity at the solid-liquid interface is expressed by the following
boundary condition:

2(2-C)L
T, -T, r_a:(cl’j(g)mala;f_ (1.196)
Y (C"+lj§Pr 4
¢

In most cases with liquids, the ratio of the specific heats of the fluid, c,/c,, is approximately equal to 1. When
the mean free path is expressed in terms of the Knudsen number, the last equation becomes

2(2-¢)akn Ty

Tr =T, |,eg=
d S‘Hl ¢pr or

(1.197)

Brun (1982) also derived an expression for the heat transfer from a sphere using this thermal boundary condi-
tion and verified his solution with experimental data and other analytical results. Feng and Michaelides (2012)
used an asymptotic method and derived a solution to the more general problem of heat transfer from solid
spheres with velocity and thermal slip at the interface. Their expression agrees with the expression by Brun
(1982) for a solid sphere with thermal slip only and with the experimental data by Mikami et al. (1966) in the
range 0.01 < Kn < 2. This general expression for the viscous spheres is

Nu= 2 + L 5 Pe, + fs 2Peﬂn(Pe,)—i—*2
L+, 2(1+1,) 4(1+1,) 2(1+2,)

2 2
| 7156+ 148, —152) + 3410 f, +129 7 +528)f; —0.06+0.58), Pe?+%Pe?ln(Pe,)+o(Pe3),
960(1+2A, ) 16(1+1,)

(1.198)
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where f, is a dimensionless parameter related to the dimensionless velocity slip, S = 2 /pox:

f _ Ba+2p,  1+28

. 1.199
Bo+3u., 1+3S ( )

This parameter is evident in the expression for the drag force on a solid sphere with slip, Equation 1.114. A, is
another dimensionless parameter that characterizes the thermal slip as modeled by Equation 1.197:

2(2—(;)@

Ar = .
¢ Pr

(1.200)

Because ), is always positive, the effect of the thermal slip is to reduce Nu and by extent the convective heat
transfer coeflicient of the solid sphere. Equation 1.198 reveals that the velocity slip affects the heat trans-
fer process only at the higher values of Pe,. Since velocity and temperature discontinuities are observed
only with very small spheres of submicron dimensions, where the internal circulation effects are restricted,
Equation 1.200 is also a good approximation to the heat (and mass) transfer from viscous spheres as well.

1.4.4.3 Effects of Rotational Motion

The problem of convection heat (or mass) transfer over a heated rotating sphere in a fluid is a classical prob-
lem that has been studied extensively in the past. There are several studies found in the literature focusing on
the development of experimental techniques to measure the mean heat transfer rate or the average Nusselt
number. Kreith et al. (1965) studied the cooling and heating of a solid sphere in several fluids including oil,
water, and air. They correlated their measurements for the forced convection heat transfer with the follow-
ing equation:

Nu=0.43Pr"*Re%. (1.201)

Tieng and Yan (1993) studied the mixed convection of a rotating sphere in air. They considered the mixed
convection as a resultant effect composed of both free and forced convections. Their results for forced con-
vection at large Reynolds numbers also supported this correlation. However, for smaller Re they suggested
a new correlation:

Nu=2+0.175Re%®, Re,,, <33,320, Pr=0.71 (1.202)

This is a similar expression as the one initially proposed by Farouk (1985) for the Nusselt number of forced
convective heat transfer of a rotating sphere in air. Dorfman and Serazetdinov (1973) used boundary layer
theory and derived analytically a similar relation to Equation 1.201, but with a smaller coeflicient of 0.33.

The correlations in Equations 1.201 and 1.202 were obtained for flows of Reynolds number above 1000,
where a boundary layer is formed at the surface of the sphere. These correlations show that the Nusselt
number is proportional to Rejs, a characteristic arising from laminar boundary layer theory. For flows of
small to moderate Reynolds numbers where the boundary layer theory may not be valid, these correlations
are not applicable.

Feng (2014) employed a direct numerical simulation approach combined with immersed boundary
method (IBM) to study the convective heat transfer of a heated rotating sphere in otherwise stationary air
at low to moderate Reynolds numbers. The sphere is assumed to have a constant temperature; the Prandtl
number of air is chosen to be 0.72; the flow Reynolds numbers in study range from 0 to 1000. Figure 1.15
shows the relationship between the mean Nusselt numbers and Reynolds numbers. The correlations by
Kreith et al. (1965), by Tieng and Yan (1993), and by Dorfman and Serazetdinov (1973) are also plotted in the
figure. It can be seen that these correlations fail to predict the mean Nusselt numbers correctly at Re < 500.
At Reynolds number between 0 < Re < 500, the simulation data are best fit by the following correlation, as
seen in Figure 1.15:

Nu=2+0.00051Re-, Pr=0.72, 0<Re,, <500. (1.203)
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Figure 1.15

Mean Nusselt number versus Reynolds number of rotation for 0 < Re,,; < 1000.

1.4.4.4 Effects of Flow Turbulence

As in the case the drag coefficient of particles, free-stream turbulence causes an increase in the heat transfer
coefficients. Early experimental studies by Raithby and Eckert (1968) in grid-generated turbulence show that
Nu increases rapidly with the turbulence intensity up to I, = 1% when Re, is of the order of 10°. The Nusselt
number subsequently increases, but only linearly with I.. When Re, is of the order of 10%, Nu is proportional
to I, in the whole range of the investigations. Based on several sets of available experimental data, Clift et al.
(1978) suggest the following correlation for the increase in the heat transfer coefficient:

I
Nu _ 1.0+4.8*%107* ——Re’¥, (1.204)
Uy rc

where
Nu, is the Nusselt number in the absence of free-stream turbulence
I, is the turbulence intensity
I is the critical turbulence intensity

The latter is defined in a way that it makes the Reynolds number of the particle, Re, equal to the critical
Reynolds number, which was defined in Equation 1.118. From that expression, one may derive the following
expression for the critical turbulence intensity, I :

I, =[5.477-logo(Re,) | /15.8 for I, <0.15
(1.205)
and I, =[3.71-logo(Re,)]/1.75 for I, >0.15.

A more recent study on the effect of free-stream turbulence by Yearling and Gould (1995) conducted with
evaporating droplets of water, ethanol, and methanol yields the following dependence of Nu on the intensity
of turbulence:

Nu

Uy

=1+3.41"%%. (1.206)

Since Yearling and Gould (1995) considered evaporating droplets, Nu is the Nusselt number with the blow-
ing effects, which is given by Equation 1.210. The film properties must be used for all the properties of the
materials in the last equation.
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1.4.4.5 Blowing Effects

Blowing effects are important for burning droplets when the timescale of burning (mass transfer from the
droplet) is of equal or lesser order of magnitude than the timescale for energy transfer. As in the case of
momentum transfer, corrections to the heat transfer coefficient have been developed. These corrections take
into account the change of the properties of the gaseous boundary layer and the phase change on the surface
of the sphere. The two dimensionless numbers, blowing factors or transfer numbers, B, and B,,, which were
defined in Equations 1.121 and 1.123, account for the heat and mass transfer effects on the surface of the
sphere. These factors are used in corrections for the empirical and analytical correlations on heat and mass
transfer from the surface of a constant volume sphere.

Since the origin of the two blowing factors is the radial mass transfer from the surface of the sphere to the
carrier fluid, it is evident that the two are not independent. Abramzon and Sirignano (1989) conducted an
analytical study on the evaporation of drops and derived expressions for these blowing factors to be used in
engineering calculations. In the case of a fuel droplet that burns in air, they derived the following relation-
ship between the two blowing factors:

B,=(1+B,)" -1 (1.207)
The exponent n represents the ratio
k «/Re,/2
"2 F(By)
Cpr 1 (B (1.208)
¢y Le +k Re,/2
2 F(By)

In the last equation
¢,r is the specific heat of the fuel vapor
c,ris the specific heat of the carrier gas
Le is the dimensionless Lewis number
k is an empirical coefficient equal to 0.848
Fis a function of the corresponding blowing factor

)7 log(1+ B)

F(B)=(1+B B

(1.209)

When there is thermodynamic equilibrium and the properties of the material satisfy the conditions
Pr = Sc = 1, the two transfer coefficients are equal: B, = B, (Sirignano, 1999).

Abramzon and Sirignano (1989) obtained semianalytical expressions for the Nusselt and Sherwood num-
bers for a drop with mass transfer on its surface. Chiang et al. (1992) improved on that study by relaxing some of
the most restrictive assumptions and conducting numerical computations on the vaporization of drops. They
derived a more general and, very likely, more accurate correlations for the heat and mass transfer coefficients:

Rel:438 p 0619 (1.210)

Nu=1275(1+By) """

and
—0.568 1 0.385c .0.492
Sh=1.224(1+By ) " Rey’®Scy'™. (1.211)

Both the Reynolds and Schmidt numbers, Re,, and Sc,,, must be calculated using the film transport coef-
ficients, defined by Equation 1.119 and, in the case of Re,, the free-stream gas density, py, far from the
droplet. One may use the aforementioned correlations with the heat and mass transport equations to derive
the following expressions for the rate of heat and mass transfer of vapor from the surface of a spherical drop:

Q=1.275nkfd(7} _Tw)(1+BH Rel:438 pr0619
tin=1.224mdpD(Y. ~ Y. ) B (14 Bur ) " Rep™*Sciy™”.

)—0.678

(1.212)
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An alternative method to calculate the heat and mass transfer from a drop is to use another empirical rela-
tionship, which is derived from the experimental results by Renksizbulut and Yuen (1983). They correlated
their experimental data on the heat transfer from a sphere with mass transfer at its surface by the expression

_ 2+0.584Re, Pr’¥

Nu
(1+ By )0'7

(1.213)

This yields the following expressions for the rates of heat and mass transfer from the surface of the
spherical drop:

2+0.584Re’>Pr3?
(1 + By )0‘7

Q=nk,d(T, - T..) (1.214)

and

2+0.584Pe% S

115, (1.215)

Ti1=7'Cdpr(Y5—YOO)

All the fluid properties in the last four equations that define the Nusselt, Prandtl, and Schmidt numbers are
the film properties defined by Equation 1.119. In addition, the relative Reynolds and Peclet numbers Re,, and
Pe,, are defined in terms of the gas-film viscosity as in Equation 1.119 and the free-stream gas density, py,,
which is far from the droplet. It is evident from an inspection of these equations that their functional form
and coeflicients are very similar. It has been confirmed (Sirignano, 1999) that the results of the two expres-
sions do not differ substantially.

1.4.4.6 Transient Effects

Michaelides and Feng (1994) conducted a study on the transient energy equation for spheres, which is analo-
gous to the one by Maxey and Riley (1983) for the equation of motion. The implicit and explicit assumptions
for this study are similar to the assumptions for the derivation of the equation of motion and may be sum-
marized as follows:

Spherical shape

Infinite fluid domain

No rotation

Highly conducting (Bi <1 or k/k, < 1)
Zero initial relative temperature
Negligible advection (Pe, < 1)

me 0 o

For a rigid, isothermal sphere in a time-variable, nonuniform fluid temperature field T(x; ?), the final form
of the transient Lagrangian energy equation is

1
t d/dT‘:Ts _Tf _6a2Tf’jj:|

A DT, 1
M5 Cps dT. =—mycyf f—4TEakfl:T5 —Tf —asz)jj:l —4Tl',a2kf dt, (1.216)

L ° o [y

where

c,rand ¢, are the specific heat capacities of the fluid and the sphere, respectively

o;in the denominator of the last term is the thermal diffusivity of the fluid, which is equal to k/psc,;

The differential operator D/Dt represents the Lagrangian derivative with a reference system of coordinates
at the center of the sphere

The temperature T} is the temperature function of the fluid far from the sphere

The left-hand side of the aforementioned equation denotes the change in the temperature of the sphere
due to the heat transfer

62

1. Fundamentals of Multiphase Flow



The first term in the right-hand side is analogous to the inertia term in the momentum equation and
accounts for the (Lagrangian) change in temperature of the mass of displaced fluid. The second term is
the usual conduction term from the sphere to the fluid and is analogous to the steady drag term of the
equation of motion. This term represents the rate of heat transfer due to the bulk temperature difference
between the fluid and the sphere. It is similar to the well-known conduction term that appears in texts,
with the inclusion of the Laplacian derivative, which accounts for any nonuniformities of the temperature
field. The Laplacian terms are analogous to the Faxen terms of the equation of motion and scale as a?/L.
In most of the practical applications where the particle radius is significantly smaller than the character-
istic dimension of the fluid and a*/L* < 1, these corrections are insignificant and may be neglected. The
last term in the energy equation is a history integral, which results from the diffusion of the temperature
gradients in the fluid temperature field and is also corrected for the nonuniformity (curvature) of the
temperature field. It is apparent that this history term depends on the temporal as well as the spatial varia-
tion of the temperature field and is exactly analogous to the history term of the equation of motion. This
history term may account for a significant part of the transient heat transfer to a sphere, as it may be seen
in Figure 1.16.

It must be pointed out that the added mass term in the equation of motion derives from the pressure gra-
dient term in the momentum equation. Since the governing equation for the energy transfer does not have a
term equivalent to Vp, there is no term corresponding to the added mass term in the transient energy equa-
tion. The absence of the added mass term is the main difference in the functional forms of the equations of
motion and temperature variation under creeping flow conditions as well as at finite Reynolds numbers. It is
apparent that there is not a mathematical similarity between the transient equations of motion and energy
for particles, drops, or bubbles. However, there are several analogous results in the momentum and heat
exchange processes for viscous and solid spheres.

As with the equation of motion, the assumption of equal temperatures at the interface may be relaxed.
In this case, the history term is substituted by the expression

1
t d/dTl:Ts —Tf _6a2Tf'jj:l

. [naf(t - r)]m

T.(0)—T(0)

JTCaft ’

Gay and Michaelides (2003) conducted a numerical study to compute the effect of the history term on the heat
transferred to a sphere at creeping flow conditions by considering three types of variation of the carrier fluid
temperature: (1) a step change, (2) aramp change, and (3) a sinusoidal variation. The main parameters for this

47Ta2k 7

dv+4ng’ky (1.217)
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Figure 1.16

The effect of the thermal Stokes number on the heat fransfer from rigid particles with and without the
history term.
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study are the volumetric heat capacity ratio f = p,/p,c,, and a thermal Stokes number, St,, which is defined
as the ratio of the thermal timescale of the particle T, = a’pc/k; to the characteristic timescale of the fluid:

_alpesm

St
t kf

(1.218)

The history term is of importance in the computations of the heat flux when the ratio of the volumetric heat
capacities, p, is between 0.002 and 0.5. This is the range of liquid-solid flows and droplet flows in heavier
gases. The study found almost no effect of the history term on the heat transfer for bubbles, which are in the
range f > 10. Typical result of these computations for a sinusoidal oscillation of the fluid temperature field
with frequency w is depicted in Figure 1.16 (from Gay and Michaelides, 2003). This figure demonstrates that
neglecting the history term in the energy equation may lead to an underestimation of the instantaneous rate
of heat transfer by as much as 35%, a significant fraction for most engineering computations.

Feng and Michaelides (1997) performed a study on the transient energy equation for a spheroid of eccen-
tricity e, which is analogous to the study by Lawrence and Weinbaum (1986) for the drag on a spheroid. They
derived the following equation for the heat transfer from a spheroid:

L * *
Q(t*):-m{(uig-;yjm*-T: )+(1+;*g-§gzj I didv (T —T.) 4«

n(t*—r*)
(. 2 pr 4 [x( 4
14202\ P, 24 /EJ' Ao et =t L (1.219)
3 9 D’ 45 30 dat*

where all the variables are in dimensionless form and the function G’(f) depends on the frequency of varia-
tion of the fluid temperature field

G'(t):Im[ nd)emt*erfc(JGDt*)J and @ =3¢ (1.220)

The last term in Equation 1.219 depends entirely on the eccentricity and the frequency of variation of the
external temperature field. The kernel of this term does not necessarily follow the +'/? decay of the typical
history term in creeping flows and depends on the frequency of the variation of the velocity of temperature
fields. Feng and Michaelides (1997) showed that when the frequency of variation of the velocity and tem-
perature fields is not high, the contribution of this new history term to the total heat flux is much smaller
than the contributions of the other transient terms.

Feng and Michaelides (1998a) also performed a study on the energy equation of a particle with arbitrary
motion and in an arbitrary temperature field with finite but small inertia. This study is analogous to the one
performed by Lovalenti and Brady (1993) for the equation of motion, and its results are expressed in terms
of Pe, and SI. Details of the transient hydrodynamic force and heat transfer of particles, bubbles, and drops
at finite Re, and Pe, may be found in Michaelides (2006).

1.4.4.7 Radiation Effects

Thermal radiation is the mode of heat transfer through which electromagnetic energy is continuously
emitted and absorbed by a system. This energy exchange applies to the system under observation as well
as all the other systems in its surroundings. For a sphere whose surface temperature is T,, the emitted
radiation energy is equal to

Q" = oend®T, (1.221)

where
o is the Stefan-Boltzmann constant, 5.669 * 108 W/m? K*
€ is the emissivity of the sphere
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The emissivity of a blackbody is equal to one. Similarly, the sphere absorbs heat from all the objects in its
surroundings. In the simple case where the sphere is enclosed by a single medium of temperature T, the
sphere absorbs thermal radiation equal to

2, = cand T2, (1.222)

where o is the absorptivity of the sphere. In general, the absorptivity and the emissivity of a material are
functions of its temperature and are equal in magnitude: a(T,) = (T).

The net rate of energy that enters the sphere as a result of thermal radiation is equal to the difference of
the two aforementioned equations and, in analogy with the convection mode of heat transfer, may be given
in terms of a radiation coefficient,

s — Qi = oend’ (T = T.") = nd’hyg (T, — T.): (1.223)

The radiation coeflicient is a strong function of temperature. It is obvious that when the temperature differ-
ence of the sphere and its surroundings is sufficiently high, the net energy exchanged by radiation is signifi-
cant and may actually surpass the energy exchange due to the other two modes of heat transfer, conduction
and convection. The total rate of heat entering the sphere is the sum of the convection and radiation:

QT = Tcdz(hrad + h) (Too _Ts) (1224)

It must be pointed out that in the case of radiation one has to account not only for the carrier gas but also
for all the boundaries and other objects in the vicinity of the sphere. The sphere exchanges radiation with
any other object or surface that it “sees.” In the general case, when this body is surrounded by many objects,
including other similar bodies in the same carrier fluid, the determination of the net thermal radiation or
the thermal radiation coeflicient must be carried out by carefully evaluating the effects of all the surfaces
in the surroundings and the shape factors of these surfaces. This may become a challenging task. A more
extensive description of the processes and the methods used for the determination of radiative heat transfer
may be found in a specialized treatise on the subject, such as the one by Siegel and Howel (1981).

An interesting consequence of radiation heat transfer with particles is that radiation may cause a signifi-
cant deviation of the temperature of the particle from that of the surrounding fluid and in extreme cases
natural convection from a particle. Let us consider a spherical particle in a fluid stream of temperature T;
and velocity u, inside a long channel whose walls are at a different temperature T,,. The particle reaches an
equilibrium temperature, which is defined by a zero net heat gain at its surface and is characterized by equal
and opposite magnitudes of the convection and radiation. In the simplest case of blackbody radiation and a
nonabsorbing gas, this equilibrium yields the following expression for the temperature of the particle:

h.T¢ + hyadT,

hCT _Ts :hra Tt _Tw :>T5:
(Ty = T5) = hyaa( ) Bt b

(1.225)

This analysis implies that the particle temperature will be close to the temperature of the gas, T, only when
h,> h,,,. On the contrary, the particle temperature will be close to that of the surrounding boundaries, T,,
when h, < h,,;. In all cases, the particle will reach an intermediate temperature, which is not equal to the
temperature of the fluid, T, that surrounds it. Several interesting effects may occur if the temperature differ-
ence between fluid and particles, T, — T, becomes significant: natural convection and buoyancy effects will
develop around the particles and the particles will experience an upward draft. The draft affects both the
particle motion and the heat transfer from it. If this natural convection is strong enough, the particles may
even be carried upward with the locally buoyant fluid (Feng and Michaelides, 2008, 2009).

1.4.5 Effects of Concentration

Most of the analytical, experimental, and numerical results presented in the previous sections were derived
for single particles, bubbles, and drops. However, the majority of practical applications involve the flow of
groups of interacting particles, bubbles, or drops. Interactions of these objects and the formation of clusters
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and aggregates with correlated motions play an important role on the value of the hydrodynamic force and
heat transfer. It is accepted, in general, that one may use the results and apply the theory of single particles,
bubbles, and drops in a flowing mixture if the mixture is dilute, that is, if the concentration of the mixture
is less than 6.5%. In dispersed mixtures like this, spheres are separated on the average by one diameter.
Intermediate concentrations are in the range 6.5% < C < 30%. In this range, particle-to-particle interactions
are as important in the determination of all the transport coefficients as particle-to-fluid interactions. In
applications with very dense concentrations, C > 30%, particle interactions are the main mechanism for the
transport processes and particle-fluid interactions are of lesser importance. Therefore, the effect of concen-
tration on the transport coefficients is of paramount importance in engineering processes.

Regarding the steady hydrodynamic force, Richardson and Zaki (1954) carried one of the earlier series of
experiments on the sedimentation of particles in a quiescent fluid, which is bounded by a channel of diame-
ter D. By correlating the settling velocity of the particles to the concentration of the mixture, they concluded
that the drag coeflicient of a single sphere must be multiplied by a correction factor equal to

(1-0)F (1.226)

where
C is the concentration of solids
exponent K is a weak function of the Reynolds number
K was correlated as follows:

Re, 0.2 K =4.65+19.5d/D

0.2<Re, <1 K =(4.35+17.5d/D)Re; "

1<Re, <200 K =(4.45+18d/D)Re;"! (1.227)
200 < Re, <500 K =4.45Re;™!

Re, >500 K =2.39.

It is apparent that the exponent K may attain any value in the range 2.4-5.7. Later experimental data by Rowe
(1961) with arrays of solid spheres in water and air determined that the drag coeflicients are better correlated
with the single constant K = 3.

Another correlation, which is widely used in fluidization systems, is the one by Wen and Wu (1966). They
included the effects of Re, on the terminal velocity of a single particle and derived a correlation for the effect
of concentration that is independent of the Reynolds number:

Cp=Cpe(1-C) % withK=3.7. (1.228)

Wen and Wu (1966) recommend the Schiller and Nauman expression for the drag coefficient at zero concen-
tration, Cp, = 24(1 + 0.15Re,*%%7)/Re,.

Di Felice (1994) used several sets of data available in the literature, including those by Richardson and
Zaki (1954) and Wen and Wu (1966), to develop a more general and probably more accurate expression for
the drag coeflicient. He derived the following correlation, which is applicable in the range 1072 < Re, < 10*

15-logRe,) ] (1.229)

CD=CDO(1_C)7K withK=3.7—0.65exp{—( 5

The subject of interacting particles, bubbles, and drops is rather difficult to investigate experimentally,
but ideally suited for computational simulations, where different initial conditions may be examined
and statistical results are relatively easy to derive. Modern computational techniques and more power-
ful computers have allowed the accurate modeling of groups of spheres with the flow properties of solid
particles, bubbles, or drops to be studied in numerical experiments. Finite element methods and the lattice
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Boltzmann method (LBM) have enabled scientists and engineers to perform thought experiments of groups
of interacting spheres and, thus, to obtain the effect of interactions on the hydrodynamic force exerted on
individual spheres under specific and well-defined conditions. In particular, the LBM and its derivative,
the IBM (Feng and Michaelides, 2004b, 2005), are ideally suited methods for the determination of the
interaction of groups of particles, drops, and bubbles of any shape and material properties. These recently
developed methods have enabled the simulation of processes involving very large groups of particles, of the
order of tens of thousands.

Kaneda (1986) used an asymptotic method to derive the steady component of the hydrodynamic force
on an array of solid spheres at small but not vanishing Re, and very low concentrations. He developed the
following relationship for the average drag coefficient, C,,:

Cp =1+ (2/3)C" +(\2/40)C"*Re?, (1.230)

which is valid at distances where the inertia of the sphere is important. In the case of flows with several inter-
acting objects, inertia becomes important at distances far from the Brinkman screening length. In the case of
an array of spheres, the Brinkman screening length is equal to C'2, and hence, the range of applicability of
this expression is C2 > Re,. Kaneda (1986) also concluded that in the opposite limit, (C? < Re,), the Oseen
correction to the Stokes drag (1 + 3/16Re,) should be used for the average drag coeflicient of the spheres.
Working with arrays of two-dimensional particles in flows at small but finite Re, and using the LBM, Koch
and Ladd (1997) and Rojas and Koplik (1998) also confirmed that the Oseen relationship for the steady com-
ponent of the hydrodynamic force applies to particles at small but finite Re,.

Koch and Sangani (1999) used the LBM for a packed bed of particles and performed calculations on the
rectilinear drag coeflicients with fixed arrays of spheres. Their system is essentially a well-organized porous
medium. They found out that the steady drag component may be scaled as Re,? in high-concentration
suspensions and depends on the concentration. Koch and Sangani (1999) obtained the following relation-
ship for the steady hydrodynamic force in dense concentrations, C > 40%, applicable to finite but small
values of Re,:

CD :CDo(C)‘f‘CDl(C)Re%- (1231)

The first function of this expression, which is the equivalent of the dimensionless Stokes drag force, is

1+3(C/2)"* +2.11CInC +16.14C
14+0.681C —8.48C* +8.16C°

Cpo(C)= (1.232)

The ratio of the functions Cp,/Cp, in this study diminishes with the increasing concentration of the solid
particles. Hence, the second term in Equation 1.231 is very small in comparison to the first term at suffi-
ciently high values of C. Because of this, Koch and Sangani (1999) claimed that the nonlinear behavior of
the steady part of the average hydrodynamic force for close-packed arrays is difficult to be observed with the
currently available experimental means.

Koch and Hill (2001) also performed computational studies using the LBM at higher Reynolds numbers
and concluded that the steady component of the hydrodynamic force increases linearly with Re, according
to the following correlation:

Co=Con(C)+] 0.0673+0.212C +0.0232(1-C) " |Re, (1.233)

where the function Cp,(C) is the same as in Equation 1.231. Koch and Hill (2001) concluded that this expres-
sion agrees very well with experimental results and empirical relations derived in the past for packed beds
of particles.

Bubbles are modeled as inviscid and weightless spheres moving in a medium, which is often idealized as
an inviscid fluid. Because in the case of bubbles the added mass term is by far greater than the other com-
ponents of the hydrodynamic force, such spheres accelerate as if their masses were equal to the mass of the
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fluid occupying half of their volume, that is, fluid of mass m, = 2/3np,a’. For swarms of bubbles moving in a
fluid with concentration C, the added mass coefficient, A ,, is a function of the concentration of the bubbles.
Zuber (1964) used the simple theory of a bubble in a cell model for the flow of groups of bubbles to obtain
analytically the following correction to the added mass coefficient:

1+2C
A= . 1.234
e (1.234)

This expression is very simple to use in repetitive computations, and according to Sangani et al. (1991), it
is sufficiently accurate and applies to a wide variety of conditions. Van Wijngaarten (1976) performed an
asymptotic analytical study in the case of a swarm of bubbles that are impulsively accelerated and concluded
that, with accuracy of the order of C?, the added mass coefficient of a group with concentration C is equal to

A, =142.76C +O(CH). (1.235)

A great deal of knowledge on the behavior of interacting bubbles has been recently developed as a result of
computer simulations. Spelt and Sangani (1998) performed such a simulation to determine the influence of
the fluid pseudo-turbulence—the velocity fluctuations in the carrier fluid, due to the motion of particles and
bubbles—on the hydrodynamic force and the drag coeflicient of a swarm of bubbles. They concluded that
there is a weak dependence of the added mass coeflicient on the fluid velocity fluctuations, but a significant
dependence of the added mass on the bubble concentration. Their final expression, valid for C < 0.3, is

- 1HECT025CL, (1.236)

where J, is a dimensionless measure of the temporal velocity fluctuations of the fluid. With a similar analy-
sis, Spelt and Sangani (1998) obtained the following expression for the steady viscous drag coefficient for a
swarm of bubbles in a viscous fluid:

_1+0.15C] 4

oy (1.237)

D

1.4.5.1 Porous Particles

Large groups of interacting particles, clusters, and aggregates in dense flows may be approximated and
treated as porous media. The permeability and porosity of such a porous media depend on the concentra-
tion. Similarly, clouds or large groups of smaller spheres may be approximated as larger porous spheres that
are transported in a fluid medium. Jones (1973) obtained an expression for the steady hydrodynamic force
on a porous sphere at creeping flow conditions:

20°(1+2n8™) (1.238)

E =6maus(u; —v; >
i )2Q2+3+6ng+6ng“

where
€ is the inverse of the dimensionless permeability of the sphere ({ = a/k!/?, with k being the permeability
of the sphere)
1 is a dimensionless constant that depends on the properties of the porous medium

The permeability, «, of a group of particles that form a porous medium is related to the porosity and, by
extent, to the concentration, C, by the so-called Carman-Kozeny equation:

3
o (1180?2 7 (1.239)
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Feng and Michaelides (1998b) used an asymptotic expansion and extended this result to finite Reynolds
numbers, Re,, by developing corrections for Re, up to the order Re;. Their final expression for the drag force
of such porous spheres is

2(1+njcz 3[1+nj§2 9[1+nj ¢t
) 5 1+ Re, 5 +Re? ln(Re,) 5

S
4’1C+2Q2+3g+1 4 411C+2C2+3%+1 10(4n€+2C2+3n+1
g

E =6mau;(u; —v;

(1.240)

2[1+”Jc2 3[1+”JQ2 9[1+"] ¢t
CD—2—4 5 1+ Re, 5 +Re,21n(Rer) 5

_ +0(Re?)
Rer gncaoc2 13041 4l anc+202+30 41 10 4nc+202 +30 41
C C k

2

Re, is based on the diameter of the whole cloud of small spheres and on the average relative velocity of the cloud.
The last equation yields the correct behavior in the extreme cases of zero and infinite permeability: for a solid
sphere (k — 0), this expression yields the hydrodynamic force expression obtained by Proudman and Pearson
(1956) (Equation 1.103), while at low permeability (k — 0), it yields the result by Joseph and Tao (1964). At
creeping flow, it yields the expression for the drag force that was first predicted by the study of Saffman (1971).

Looker and Carnie (2004) studied the transient hydrodynamic force of an oscillating porous sphere with
velocity slip at its interface (a condition that was also studied by Saffman, 1971). They derived an asymptotic
expression for the transient hydrodynamic force on the porous sphere with slip, valid up to the order of k'/2.
Most of the results of this study may also be derived from the fundamental equation of a sphere with slip at
its interface, Equation 1.138.

Nomenclature

Latin

a Particle, droplet radius (m)

A Area (m?)

By Blowing factor

By, Blowing parameter

c Specific heat

¢ Specific heat at constant pressure (J/kg-K)
c, Specific heat at constant volume (J/kg-K)
C Concentration

Cp Drag coefficient

C, Lift coefficient

d Particle, droplet diameter (m)

d, Area-equivalent diameter (m)

dy Volume-equivalent diameter (m)

D Diffusion coefficient (m?/s)

D Pipe/channel diameter (m)

f Frequency distribution (continuous)

jA Frequency distribution (discrete)

F, Cumulative distribution

F Force (N)

Fp,Fp,; Drag force vector (N)

F,,F,; Lift force vector (N)

98 Gravity vector (m/s?)

h Specific enthalpy (J/kg), heat transfer coeflicient (J/m?-K)
hy, Latent heat of evaporation (J/kg)

Nomenclature
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Mass transfer coefficient

Heat of combustion

Turbulence intensity

Thermal conductivity (J/m-K)

Ratio specific heats

Molecular mean free path

Distance to wall

Characteristic length (m)

Mass (kg)

Mass flow rate (kg/s)

Molecular weight (kmol/kg)
Number density (1/m?)

Pressure (Pa)

Heat transfer rate (W)

Radius vector

Gas constant (kJ/kg-K)

Universal gas constant (kJ/kmol K)
Dimensionless slip

Temperature (K)

Time (s)

Phase velocity of fluid (m/s)
Superficial velocity of phase “a” (m/s)
Velocity component in x-direction (m/s)
Velocity vector, continuous phase (m/s)
Characteristic velocity (m/s)
Velocity vector, dispersed phase (m/s)
Volume (m?)

Migration velocity (m/s)

Settling velocity (m/s)

Terminal velocity (m/s)

Relative velocity (m/s)

Relative velocity vector (m/s)
Coordinate vector (m)

Quality, coordinate direction (m)
Mole fraction

Coordinate direction (m)

Mass fraction

Vertical coordinate direction (m)
Loading

Absorptivity

Volume fraction of phase “a”
Density ratio

Slip parameter

Shear, rate of strain
Additional term of the Nusselt number
Added mass coefficient

History term coeflicient

Emissivity

Inverse of the dimensionless permeability
Dimensionless constant

Angle, azimuthal angle (°)

Permeability

Viscosity ratio

Dynamic viscosity (N/m-s), mean value
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v Kinematic viscosity (m?/s)
E Particle-cylinder diameter ratio
p Density (kg/m?)

Pon Mixture density (kg/m?)
c Surface tension (N/m)

c Standard deviation

c Stefan-Boltzmann constant
Ty Velocity response time (s)
Tr Thermal response time (s)
T, Collision time (s)

¢ Velocity ratio

U] Stream function

b Shape factor for particles
Q Angular velocity (1/s)
Subscripts

c Continuous phase, cluster
cr Critical

d Dispersed phase

f Fluid

GM Geometric mean

HM Harmonic mean

m Maximum, mass

M Magnus, median

n Number

p Particle

r Relative

s Solid

S Dimensionless slip ratio
SM Surface mean

T, t Thermal

VM Volumetric mean

w Wall

0 Circumferential, tangential direction
00 Free stream

Dimensionless Numbers

Ac Acceleration number
Bo Bond number

Eo Eo6tvos number
Kn Knudsen number
Le Lewis number
Ma Mach number
Mo Morton number
Nu Nusselt number
Pe Peclet number

Pr Prandtl number
Re Reynolds number

Re Shear Reynolds number

Re, Relative Reynolds number
Re, Rotation Reynolds number
Sc Schmidt number

Sh Sherwood number

Sl Strouhal number

St Stokes number

We Weber number

Nomenclature
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2.1 Overview of Numerical Approaches
Eric Loth

2.1.1 Classification by Particle Reference Frame

While continuous-flow computational fluid dynamics (CFD) formulations are generally considered in
an Eulerian reference, the dispersed-phase characteristics (velocity, concentration, diameter, etc.) can be
treated with either Lagrangian or Eulerian representations. This difference of the reference frame for dis-
persed phase is the key division between the different multiphase numerical methods. The Lagrangian rep-
resentation for particles is a natural approach since the particle positions are declared and updated along
the particle paths. These paths are defined by the center of mass of the particle (or center of mass for a
cloud of particles) as shown in Figure 2.1a. This approach can include wall collisions and other trajectory
information in a straightforward manner. In contrast, the Eulerian approach for the particles considers cell-
averaged particle characteristics based on the continuous-phase grid nodes (Figure 2.1b). This approach is
efficient in terms of predicting particle concentration.

The two different approaches (Lagrangian and Eulerian) lead to significantly different formulations and
numerical constraints. The Lagrangian approach leads to ordinary differential equations (ODEs) along the par-
ticle path but requires interpolation of the continuous-phase properties to the particle centroids. In contrast, the
Eulerian approach leads to partial differential equations (PDEs) for the particle characteristics on an Eulerian
grid but requires a continuum assumption for the particle characteristics. These two approaches are, respec-
tively, discussed in the following two sections.

2.1.1.1 Lagrangian Approach for the Dispersed Phase

2.1.1.1.1 Lagrangian Particle Equation of Motion Since the dispersed phase is treated in terms of individual
particle paths (or a group of particles), the Lagrangian method is also sometimes referred to as the “discrete”
approach. When coupled with an Eulerian representation of the continuous phase, this combined treatment is
termed the “Eulerian-Lagrangian” approach.
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Figure 2.1

Particle velocity vectors in different reference frames in the context of an Eulerian continuous-phase grid:
(o) Lagrangian vectors based on particle positions and (b) Eulerian particle velocity vectors based on average
over a control volume centered at a discrete grid node used to store fluid properties and particle properties.

In the Lagrangian methodology, ODE:s for the particle properties are based on particle path derivatives.
The differential equations for particle position (x,), velocity (v), mass (m,), and internal energy (e,) are sum-
marized as follows:

% =v @.1)
m, % =Ryoay + Eur +Eon (2.2)
‘[ZP =m, (2.3)
m, ‘%’ = Qp + M yfiphase 2.4)

The RHS of Equation 2.2 contains the body force (F,,q,), the fluid dynamic surface force (F,,,), and the
collision force with other particles or walls (F_;). The RHS of Equation 2.3 contains the mass transfer
rate to the particle (m,,, which is positive when the particle mass is increasing). The RHS of Equation 2.4
contains the heat transfer to the particle (Qp, which is positive when the particle temperature is increas-
ing) and enthalpy for phase change (f,,). The particle specific energy is equal to the product of the

particle specific heat at constant pressure and particle temperature (e, = ¢, ,T,). If there is negligible mass
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or heat transfer (e.g., if temperature variations are small), the last two ODEs are not needed. The models
for these RHS terms are listed as follows.

For a steady uniform continuum surrounding fluid moving past a single solid spherical particle at finite
Reynolds numbers, the momentum RHS term (of Equation 2.2) neglecting collision effects can be modeled as

P 3 Dug 1dv
ody +Eur = =3ndpefw+peV, || 21 |g+ > — B2 ——— (2.5)
Fhosy S {[pf jg 2 Dt 24t
W(t)EV(t)—U@p(t) (2.6)
fo14 Reld | Rep (2.7)
1+Re, 60
Re, = PWd 2.8)
M
In these expressions,
d is the particle diameter
W is the fluid viscosity
w is the particle relative velocity
pris the fluid density
v, is the particle volume
p, is the particle density
g is the gravitational acceleration
ug, is the undisturbed fluid velocity (seen by the particle and interpolated to the particle centroid)
Re, is the particle Reynolds number
The RHS terms for mass and energy transfer (of Equations 2.3 and 2.4) can be modeled as
m, = -ndp SpO@,eSh (2.9
In(1+S
Sh=(2+0.6-Re}” -SC}“)M (2.10)
Sp
Qp =ndks (Trep — T, )Nu (2.11)
In(1+S
Nu=(2+0.6-Rel? ~1>rf”3)M (2.12)
Sp

In these expressions,
Sp is the Spalding number
0,4 is the mass diffusivity of the particle matter into the surrounding fluid
Sh is the Sherwood number
Sc; is the Schmidt number
K is the fluid thermal diffusivity
T, is the fluid temperature extrapolated to the particle centroid
Nu is the Nusselt number

These RHS terms neglect effects of lift, history force, collisions, internal recirculation, turbulence, and three-
way coupling. Additions and corrections for these effects are described by Crowe et al. (1998, 2012), Loth
(2000), and Michaelidis (2006, 2014).

2.1 Overview of Numerical Approaches
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2.1.1.1.2 Numerical Interpolation from Eulerian Grid To numerically integrate the particle ODEs, one
must obtain the fluid properties interpolated to the particle centroid, for example, u,, and Ty,,. These prop-
erties can be interpolated numerically from the Eulerian nodes of the continuous phase. For example, if the
continuous-phase discretization is based on grid shape functions @, then the “unhindered” fluid velocity
extrapolated to the particle centroid is given by

u@p(xp)t): uj(t)q)j(xp) (213)

j=1

In this equation, Ny, is all the number of computational cells associated with a particle location. The use of
the shape function allows the velocity of all surrounding nodes to be included in the evaluation of u,,. This
is shown schematically in Figure 2.2a for a 2D grid.

To predict particle concentration with a Lagrangian particle approach, the distribution of discrete par-
ticle positions must be translated into discrete volume averages. This can be accomplished by averaging all
the respective particle volumes (V,,;) whose centroids are within a discrete cell volume (V,). Denoting this
sum of particles in a cell as N, the particle number density (n,) and particle volumetric fraction (¢,) can
be given as

n,=—— 2.14
PV, (2.14)
Npp
1 NPA<VP>
Og=—" Vpj=—"—"—" (2.15)
VA; » Vi

The RHS of Equation 2.15 uses angled brackets, that is, <..>, to indicate a cell-based ensemble average. This
cell-based ensemble averaging is illustrated in Figure 2.2b, and similar equations can convert Lagrangian
particle velocities and temperatures to cell-averaged Eulerian particle velocities and temperatures. To ensure
that ¢4 can vary spatially as a continuum, the mixed-fluid volume should encompass many particles so that
the concentration is continuously differentiable in space, that is,

N, >1 fora well-posed continuum particle concentration (2.16)
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(a) Interpolate ug, at particle location (b) Collect ¢4 for cell volume

associated with a node

Figure 2.2

Schematic of Lagrangian point-force particles in a 2D Eulerian continuous-phase grid showing (a) interpo-
lation of fluid velocity of the surrounding nodes to the particle position at x, and (b) summation of particle
volumes in a computational volume to compute volume fraction associated with a node x;.
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If a continuum of particle concentration is not required, a more relaxed discrete concentration require-
ment can be imposed specifying that ¢4 < 1. Using the particle diameter (d) and assuming an isotropic grid
(Ax = Ay = Az), this inequality can be roughly expressed as

d <Ax for a well-posed discrete particle concentration (2.17)

If the grid is anisotropic, the RHS of this inequality can be replaced with grid length scale, for example,
(AxAyAz)"3 or the minimum of the three grid scales. This criterion ensures that the interpolation used in
Equation 2.13 is reasonable assuming that the flow gradients within a given computational cell are small.
Thus, the particle size is limited for a given discretization of the continuous phase. Approaches not bound
by this constraint will be discussed in Section 2.1.3.

If the number of physical particles is very high (e.g., hundreds of particles per computation cell), it may
be impossible or inconvenient to track all of the particles with individual Lagrangian ODEs. An alterna-
tive approach is to use representative Lagrangian particles called “parcels.” These representative particle
groups are essentially a small cloud of particles that are all modeled with the same Lagrangian trajectory
and are also sometimes called “computational particles” or “superparticles.” If we denote N, as the number
of physical particles in a parcel and N, as the number of parcels in a cell, the particle concentration can be
evaluated as

L N (N V)

1
(I)d = \/A;NPPJVPJ = T (218)

Further denoting v, as the velocity of the parcel, the corresponding ODEs for the trajectory and momentum
are given as

d
NPP( ;p ) =Nppve (2.19)
l{Vp
NPPmP ? = NpP (Fbody + Fsur + Fcoll) (220)
Npd- .
PiTmP =N,pr, (2.21)

In this expression, all the particles in a parcel are assumed to have the same properties (i.e., diameter, tem-
perature, and mass). If there is no mass transfer, breakup, or coalescence, the number of particles per parcel
will be constant along its trajectory. In this case, the aforementioned trajectory and momentum equations
for a single parcel are the same as those for a single particle (i.e., Equations 2.19 through 2.21 normalized
by N, is the same as Equations 2.1 through 2.4). Thus, the parcel approach is much more computationally
efficient as the number of equations reduces as the number of particles per parcel increases, for example,
N,p = 100 allows the number of computed trajectories to be reduced 100-fold. This is the key benefit of the
parcel approach. However, there is an upper limit to how many particles per parcel can be used. In particu-
lar, if the parcel cloud is too large, there can be a substantial variation of continuous-phase flow variables
across its length so that Equations 2.13 and 2.18 are not reasonable.

The parcel cloud volume (V) is the mixed-fluid volume occupied by the particles and the surrounding
fluid. If the particle and surrounding fluid are both incompressible and there is no loss of particles (N,
remains constant), the parcel “cloud” volume will stay fixed along its trajectory and be initialized based on
the initial particle concentration prescription (¢g,,;)

V,N
V; = volume occupied by particlesand fluid for a parcel = ——*" (2.22)
d,inj

2.1 Overview of Numerical Approaches
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To ensure that particles associated with a parcel will, on average, be physically within the computational cell
(to be consistent with Equation 2.18), the parcel cloud volume should be smaller than the host computational
cell volume, that is,

Vp <V, fora well-posed continuum particle concentration (2.23)

If particle concentration is needed, this criterion (combined Equation 2.22) places an upper bound on the
number of particles per parcel (N,;) at the point of injection as well as anywhere the parcel will travel.

2.1.1.2 Eulerian Approach for the Dispersed Phase

2.1.1.2.1 Eulerian Dispersed-Phase Equations of Motion In the Eulerian approach, the particle con-
centration and momentum are solved with transport equations in a manner similar to the density and
momentum for the continuous phase. To allow this, we assume that the particle concentration (n, or ¢y)
can be described as a continuum (the requirements for this will be discussed later). Based on this assump-
tion, the conservation equations for the Eulerian dispersed-phase mass, momentum, and energy can be
derived. For continuity, the rate of mass change in a control volume is equal to the mass flux through
its boundaries and any mass source term within the control volume. Written in PDE form and ignoring
particle collisions, the governing equations for particle mass, momentum, and energy (per unit volume of
the mixed-volume fluid) can be obtained in conservative form (Crowe et al., 1998) as

a(“;:n") +V(myn,v) =n,m, (2.24)

a .
(m;tnpv) +V+(m,un,vv ) =n, (Boqy + By +10,v) (2.25)
a(mgzpep)+V(mpnpepv):np [QP +mpﬁphase+mpe1,] (2.26)

Note the conservative form results in a RHS mass transfer term for the momentum and energy equations.
These Eulerian equations can be rewritten in terms of particle volume fraction as

3(apy .
((Jf;tp)—‘_v((l)dppv)zfzmp (2.27)
oberv) ($4Pyv) = P (g + By +10pv) (2.28)
ot A
0 o
(%;Peﬁ +V(appepv) = %[Qp 10, (e €, ) | (2.29)

P

The RHS values for these equations are given by Equations 2.5 through 2.8.

Once the Eulerian conservation equations are discretized, each (cell-averaged) node in the computa-
tional domain will include cell-averaged particle-phase variables. When coupled with an Eulerian repre-
sentation of the continuous phase, this overall multiphase treatment is termed the “Eulerian-Eulerian”
or “two-fluid” approach. Importantly, this approach allows the dispersed-phase PDEs to be treated with
the same discretization techniques as used for the continuous-phase PDEs. It also conveniently allows the
same grid for both phases so that the grid resolution is equivalent (Ax; = Ax,). Because of this, the aver-
age interphase coupling terms are treated in the same manner for both phases so that Eulerian-Eulerian
approaches are especially efficient and accurate when two-way coupling effects are present (to be discussed
in Section 2.1.1.2.2).
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2.1.1.2.2 Dispersed-Phase Continuum Approximation A formal derivation of the Eulerian dispersed-
phase equations requires careful consideration of the spatial and temporal averaging limits and the
assumption of small but finite particle size. As such, the reader is particularly referred to details given by
Drew (1983), Zhang and Prosperetti (1994), Crowe et al. (1998), and Prosperetti (2007). There are subtle
differences among these derivations in these sources that are particular to different assumptions. However,
a key tenant for the Eulerian description of the dispersed phase is that the particle properties (such as
concentration, velocity, or temperature) can be approximated as a continuum at the grid scale. This is gen-
erally known as the “particle-phase continuum” assumption (Drew and Passman, 1999) and requires that
changes in grid cell position or further refinements in grid cell do not fundamentally alter the predicted
particle concentration distribution.

The particle-phase continuum assumption is related to the number of physical particles per compu-
tational cell (N,). To demonstrate this, consider two neighboring control volumes with a particle con-
centration defined as n,; and n,;,, as shown in Figure 2.3a. In this case, one may apply a Taylor series
expansion to express the number concentration at node i + 1 in terms of the value and gradients at node
i+ 1/2 using a forward shift (Ax/2) as

Ax( on, 1(Ax Y[ &n, 3
i =Npiap+—| —— +— — +0O(Ax) ... 2.30
Npiv1 = Np sy 5 ( o jm/z 2!( ) ) [8}(2 " ( X) (2.30)
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Figure 2.3

Two-dimensional Eulerian grid that contains discrete particles in adjoining computational control volumes:
(@) Nga > 1 allowing a continuum approximation and () N, , ~ 1 so that a continuum approximation is not
appropriate.

2.1 Overview of Numerical Approaches

85



The last term on the RHS term corresponds to all terms of Ax? or higher. Comparing this result to a similar
expansion for n,; but with a backward shift (-Ax/2) yields

(anpj :MJFO(AX)Z 2.31)
0X )i Ax

By dropping the second RHS term (which corresponds to terms of order Ax? or higher), we obtain a
second-order finite difference expression. Such expressions can be used to discretize the spatial gradients
for the Eulerian approach, for example, Equations 2.24 through 2.26. If the computational cell volume con-
tains many particles as shown in Figure 2.3a, the number density will vary smoothly between cells and will
not depend significantly on the exact volume position, that is, it will be continuously differentiable. A much
different result arises if N, is no longer large. In this case, the grid resolution is on the order of the local
interparticle spacing (Ax ~ [, ), which leads to discontinuities in particle concentration depending on where
the grid cell is taken. For example, n,;,, = 1 while n,; = 0 as in Figure 2.3b. This leads to uncertainty with
respect to the spatial gradient of particle concentration. This uncertainty can be quantified for uniformly or
randomly space particle positions. If the particles are uniformly spaced, the error of number density (U/n,) is
proportional to the number of particles

Un, 1

2.32)
n, N

Thus, 10 particles are needed to achieve 10% accuracy. For a random Gaussian distribution of particle positions,
the error is proportional to the square root of the sample size

tn, 1 (2.33)

P Y NPA

Thus, 100 particles per cell are needed for an uncertainty of 10%. In either case, if N, is order unity, the
error in n, will be on the order of 100% as shown in Figure 2.3b.

Therefore, a large number of particles per cell are needed for an accurate instantaneous Eulerian repre-
sentation of n, or ¢y, that is,

n

Npa>>1 for approximate Eulerian particle concentration “continuum” (2.34)

Thus, 10 or more particles in a cell are a practical lower bound for this approximation. Concentration con-
tinuum can be more rigorously specified by stating that the grid spacing should be much larger than the
particle-particle spacing, that is,

Ax> /[, , foran Eulerian particle concentration “continuum” (2.35)

This requirement reflects a lower bound for the computational grid size for which the concentration and its
gradients are well defined.

In a sense, the requirement of Equation 2.35 is similar to the continuum assumption for a single-phase
flow that requires a large number of molecules within a fluid control volume, that is,

Ax > [; ; fora fluid “continuum” on an Eulerian grid (2.36)

Since the mean free path for most fluids is extremely small (e.g., on the order of nanometers), the require-
ment of Equation 2.36 is readily met for most CFD grids while that of Equation 2.35 is more conservative
and more likely to be constraining.
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It should be noted that the continuum approximation constraint for instantaneous concentration
(Equation 2.35) may be relaxed if just the mean or properties are of interest. For example, consider the time-
averaged number density obtained from an unsteady simulation over a number of time steps (N,,) as

Nat

_NPA _ 1
Vi VaNy &=

n Npa(to +kAt) (2.37)

If the total number of particles considered all times (the summation on the RHS) is large, then n,, can be
considered as a continuum in the mean sense, even if N, at a given instant is small or even zero. For exam-
ple, a mean can be based on 0.1 particles in a cell (equivalent to a 10% probability that one particle is in the
cell at any given time). Similar reasoning can be used if a time-averaged Reynolds-averaged Navier—Stokes
approach is employed. As such, the uncertainty of Equation 2.33 only arises if one wishes to convert this
probability into an instantaneous realization. Using a time average such as this allows the constraints of
Equations 2.18 and 2.34 to be relaxed, but the continuum approximation still requires that the cell volume
be well posed (Equation 2.17) so that

d<Ax fora mean particle concentration “continuum” (2.38)

This more relaxed criterion allows a smaller computational grid size as compared to Equation 2.35.

2.1.1.3 Eulerian Approach for the Continuous Phase

For two-way and three-way coupling, the continuous-phase mass, momentum, and energy must incorporate
interphase transfer of mass, momentum, and energy interphase to the particles as sinks into the single-phase
equations. In particular, these conservation equations must also take into account that the continuous-phase
mass only occupies part of the mixed-fluid volume, for example, the continuous-phase fluid mass per mixed-
fluid volume is (1 — ¢4)p;. Application of the Reynolds transport theorem to this quantity yields the continu-
ous-phase continuity equation, where the interphase mass transfer is included as a sink term

o|1-
W+V[(l_¢d)pr]:_?zmp (2.39)

The RHS is thus equal and opposite to the source term used for the particle-phase Eulerian transport of
Equations 2.27 through 2.29.

2.1.1.3.1 Continuous-Phase Momentum Conservation with Two-Way Coupling The same principle applied to
mass conservation for Equation 2.39 can be applied to the continuous-phase momentum by defining the inter-
phase force (F,,) as the interphase momentum transfer from the continuous fluid to a single particle. This force
is equal but opposite to the force that a particle exerts on the fluid (—F, ), which is the sink term for continuous-
phase equation. However, the fluid stress acts on a volume regardless of whether the volume is occupied by a
particle or by fluid element. As such, it is not part of the interphase force, which can then be written as

Fint= surf—Vp(—Vp+V~‘cij) (240)
Ou; Ou; 2

T = —+—1-=8;V-u 2.41
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The fluid stress term on the RHS of Equation 2.30 is the sum of the pressure gradient and that of the viscous
stress. A rigorous derivation and discussion of the term is given by Prosperetti (2007).

Applying the Reynolds transport theorem to describe the change in continuous-phase momentum per
unit volume yields

ola=dolpru] _g)td)pfu] +V - [(A—a)pruu] = (1—da)peg +(1—¢a)[ V- 15— Vp | _%(Fi"t +1h,v) (2.42)

2.1 Overview of Numerical Approaches

87



The first and second terms on the RHS are the body and fluid stress forces applied to the continuous-phase
mass per unit volume, while the third term stems from Equations 2.40 and 2.41.

A coupled continuous-phase energy equation can be similarly obtained by employing the same assump-
tions used for particle energy transport (Equations 2.9 through 2.12) and by neglecting effects associated
with particle volume or shape changes

a[(l_d:;t)memt] +V[(1-da)prewu] =1—a)pru-g —%(F‘m V)

_,_W —V~[(1—¢d)Pu]+Tij a(g)dvi) -pV ~(¢dV)

j j

- %[Qp + 10, (Aphase €, ) + (V- v)] +V [k VT] (2.43)
P

The LHS terms on the first line include the Eulerian and convective changes in the total fluid energy, while
the RHS terms on this first line include the work associated with moving the fluid against the body force
and against the particle interphase force. The RHS terms on the second line include work against the fluid
stress forces, while those on the third line arise from heat and mass transfer as well as the thermal dif-
fusion within the continuous-phase volume. The thermal diffusion is based on an effective conductivity
(K.4)> typically taken to be the mixed-fluid conductivity (£,,). This mixed-fluid conductivity is based on the
volume fraction weighted values from the particles and from the continuous phase:

keff = km e d)dkp + (1 - (I)d)k_f (244)

This approximation is appropriate if the particles have a small thermal response time compared to the
timescale of temperature changes in the fluid. On the other hand, a very long particle thermal response
time will limit the thermal diffusivity to only that conducted through the continuous phase, that is,
Koy — (1 — &K Since the differences in thermal conductivities for most substances do not vary widely, the
difference between these two limits is small for most dispersed flows (¢4 < 10%). As such, Equation 2.44 is
both common and generally reasonable (Crowe et al., 1998, Elghobashi, 2006).

Finally, the terms in the third line include interphase energy coupling due to heat and mass transfer, the
kinetic energy losses due to generation of particle mass, and the work required to move the particles based
on interphase force and fluid stress force. A more detailed derivation and accounting of these terms is given
by Crowe et al. (1998).

2.1.1.3.2 Influence of Dispersed-Phase Reference Frame The Eulerian transport equation given earlier for
the continuous phase can be paired with dispersed-phase equations in the form of either the Lagrangian
ODEs or Eulerian PDEs. In both cases, the key is determining the cell-averaged volume fraction at the
continuous-phase nodes. If the particles are treated with an Eulerian approach, the interphase coupling
terms can be obtained directly via the particle concentration predicted from Equations 2.27 through 2.29.
For example, the interphase force per unit volume evaluated at the fluid node i is simply

“Mquﬁwmom&mﬂ (2.45)
V, : V,

P pi

This Eulerian-Eulerian formulation is numerically convenient since communication of data between the
phases occurs at coincident node locations so that there is no interpolation error.

For Lagrangian particles, the coupling to a continuous-phase node can be computed based on the
computational volumes associated with the nodes as shown in Figure 2.2b. For example, the interphase
force coupling term for particle and parcel approaches can be given as

Npa

b 1 & 1
DB | =D Bui= o D Nppia (2.46)
Vo ) Ve Va4
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In this expression, V, ; is the volume associated with node x; that contains N, number of particles per cell if
individual trajectories are followed or (as given by the RHS) contains N, parcels per cell with N, particles
per parcel. To ensure that the coupling to the continuous phase can be described as a continuum, the con-
straint of Equation 5.14 must be placed on the number of Lagrangian particles or a similar constraint based
on the number of parcels as

Npy>1 for Lagrangian parcels with two-way or three-way coupling (2.47)

For example, four or more particles or parcels per element are typically needed for accurate two-way cou-
pling. As a result, the Eulerian-Lagrangian approach can be an order of magnitude less efficient for two-way
coupling as compared to the Eulerian-Eulerian approach (Druzhinin and Elghobashi, 1998, 1999).

2.1.2 Classification by Relative Velocity Magnitude

There is a second type of classification that is based on increasing particle relative velocity and includes
mixed-fluid, weakly separated, and separated-fluid treatments. The separated-fluid treatment generally
assumes that the continuous phase and dispersed phase have distinct transport equations and is described
earlier for the Eulerian-Lagrangian approach and the Eulerian-Eulerian approach. The separated-fluid
approach places no restriction on the magnitude of the relative velocity but can require significant computa-
tion to compute the associated surface forces. In contrast, the mixed-fluid approach assumes that the rela-
tive velocity be negligible compared to the fluid velocity (w/u — 0). Finally, the weakly separated approach
is intermediate to the other two approaches as it assumes a small but finite relative velocity (w/u < 1). These
mixed-fluid and weakly separated approaches are discussed later and are advantageous to use when the test
conditions are appropriate because they generally only require one momentum PDE for both phases.

2.1.2.1 Mixed-Fluid Approach
The mixed-fluid approximation assumes that the dispersed phase and the continuous phase are in local

kinetic and thermal equilibrium, that is, the relative velocities and temperatures between the two phases are
negligible in comparison to variations of the overall flow field

u

for kinetic and thermal equilibrium assumption
T —
M -0
T,

p

(2.49)

Using these assumptions, the mixed-fluid values are set equal to the respective continuous phase and
particle values at the centroid locations for the mixed-fluid approach, that is,

U, (3,0 =] uey(x,t) = v(x,t) | (2.50)

mixed-fluid treatment
T (3,8) =[ T(x,t) = T, (x,1) | (2.51)

This is equivalent to assuming negligible momentum and thermal inertias (zero response times), which
is consistent with particles for which all the relevant Stokes numbers are much less than unity, for example,
Sty « 1 for the macroscopic flow or St, « 1 for turbulent flow. Therefore, the mixed-fluid approach is only
reasonable for very small particles (equivalent to an immiscible mixture distributed throughout a domain).
Since the velocities and temperatures of both phases are now assumed to be represented by single values,
this mixed-fluid approach has also been termed the locally homogeneous flow approach (Faeth, 1987), the
single-fluid scalar transport approach, and the modified-density approach.

Since both phases move at the same velocity, the overall mixture can be described to have a mixed-fluid
density that is simply the mass of all phases per unit volume and can be related to the volume fraction as

Pm =PpPa +pe(1—da) (2.52)

2.1 Overview of Numerical Approaches

89



As aresult, the mixed-fluid approximation results in a single set of conservation equations for the flow mixture
(as opposed to one set for the continuous phase and one set of the dispersed phase). In particular, the transport
of mass, momentum, and energy can be obtained by applying Equations 2.50 and 2.51 to both the Eulerian
dispersed-phase and continuous-phase equations and then summing the two sets of equations together

OPm
2+ 4 v(p,u,)=0 2.53
ot +V(pmiin) 29
a(P;t“m) + V- (Putttt) = pug = Vp+V - T (2.54)
7@(pmem)+v( e u)—(‘r i — 6»-)aum’i+V-(kaT )
ot Pm€mU ) = Tm,ij — POjj 3 j m (2.55)

The second and third equations include a mixed-fluid viscous stress tensor (t,, ;) that can be written in terms

of a mixed-fluid viscosity

m,ij

Ou,,; aumj 2
T = | i DImi_ 25 gy 2.56
§=H [5}(, aXi 3 ! j ( )

A key benefit for this approach is that the relative velocity and momentum ODE need not be employed (the
same is true for the relative particle temperature and energy transfer ODE). Thus, the presence of the particle
is only realized through the modification of the mixture density (p,,).

These aspect differences between the mixed-fluid and separated-fluid approaches are illustrated in
Figure 2.4. Some key aspects of the mixed-fluid approach are especially relevant. First, the mixed-fluid set
of equations is inherently a two-way coupled system since all phases act in concert and collision effects are
ignored since u =v. Second, a single set of equations (without interphase momentum and energy transfer for-
mulations) allows significant numerical simplicity, which should be used whenever appropriate (Equations
2.48 and 2.49). Third, the mixed-fluid approach generally uses the Eulerian reference frame for both phases,
that is, an Eulerian-Eulerian approach. Figure 2.4 shows that the mixed-fluid method and the separated-
fluid method are quite different. However, there is an intermediate method, as described later, which retains
some of the features of each of these two distinct approaches.

2.1.2.2 Weakly Separated Approach

A hybrid approach between that of separated flow and mixed-fluid flow is the weakly separated approach or
also called the “partially mixed” method. This approach is useful to describe motion of small particles whose
dynamics are primarily controlled by the surrounding flow but which have a small but significant settling
velocity. The simplest and most common version of the weakly separated method assumes that the particle
relative acceleration is negligible in comparison to the fluid acceleration. This assumption allows a finite rela-
tive velocity that can be approximated by the terminal velocity

V(X,t) = Uap(X,t) + Wierm (2.57)

This is also called the “terminal velocity” approach and can be used for flows with slow sedimenta-
tion or rise. If the particle is considered to be in thermal equilibrium T, = T, the dispersed phase
only requires a mass transport equation given by either the Eulerian particle concentration PDE or a
Lagrangian position ODE

O dap .
( adt P) +V|:¢dpp(u@p + Wierm ):| = 3‘: my (258)
d
gp =Uep + Wierm (259)
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Figure 2.4

Comparison of mixed-fluid and separated-fluid treatments for a computational cell based on an
Eulerian-Eulerian approach.

Thus, Equation 2.57 effectively serves as the momentum equation for the particles. This method is thus nearly as
efficient as the mixed-fluid method but captures mean relative velocity effects. However, this approach cannot
capture any effects associated with an initial particle velocity or due to a collision with a wall or another particle.

2.1.3 Classification by Particle Size Relative to Grid Size

As discussed earlier, there are three main approaches for multiphase numerical treatments based on particle
size: point force, distributed force, and resolved surface. The choice is related to the capability in predicting
the surface forces acting on the particle (F,,,), which is needed for the separated-fluid treatment as discussed
earlier. These forces are also needed if two-way and three-way coupling effects are to be included for the
continuous-phase fluid solution. In determining F, ., there are three primary approaches: the “point-force”
representation for particles smaller than the grid scale (d < Ax), the “distributed-force” representation for
particles on the order of the grid scale (d ~ Ax), and the “resolved-surface” representation for particles much
larger than the grid scale (d » Ax). These are discussed in the following three subsections.

2.1.3.1 Point-Force Approach

The point force (also referred to as the “point mass” or “point volume”) has the advantage of eliminating the
need to simulate the detailed flow around the particle. For an Eulerian treatment of the dispersed phase, the
relative velocity is defined at the grid nodes

w(x;,t) = v(x;,t) —u(x;,t) (2.60)

Once the unhindered flow characteristics are known, a point-force equation can be used to describe the sur-
face forces based on a linear combination of drag, lift, added mass, history, fluid stress, and so on. The fluid
dynamic forces on the particle can be obtained with empirical or theoretical treatments.
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Different representations for particle freatment based on particle size in relation to continuous-fluid grid resolu-
tion for () a point-force representation and (b) a distributed-force representation.

The continuous-phase characteristics in either case do not include the fluid disturbances associated with
individual particles. This indicates that the particle should be smaller than the length scales associated
with continuous-phase gradients. Since this is also true for the discretization of the continuous phase, it
yields a size criterion based on computational resolution

d < Ax for point force with one-way coupling (2.61)

A more rigorous criterion would be d « Ax (Figure 2.5a) such that the particle will see only very weak
continuous-fluid gradients over the length scale associated with its diameter. Since the continuous-phase
computational resolution must be small enough to provide grid-independent results, the point-force tech-
nique is limited to particles that are smaller than any spatial features to be resolved in the computational
domain. For example, a direct numerical simaultion (DNS) description of turbulent flow requires that the
particle diameter be smaller than the friction length scale if in the laminar sublayer (d* < 1) or less than the
Kolmogorov turbulent microscale (d < 1) if in the outer portion or above the boundary layer.

2.1.3.2 Distributed-Force Approach

The distributed-force technique is employed when the particle diameter is on the order of the spatial resolu-
tion of the continuous phase, that is,

d ~ Ax for distributed-force treatment (2.62)

In this case, the variations in the flow properties in the region of the particle should be considered since
the fluid interactions between the two phases occur over distances extending several particle diameters. As
such, the coupling should extend over a region larger than a single grid cell (Figure 2.5b). To include the
surface force on the particle, there are two distributed-force methods: “spatially averaged” and “semire-
solved.” The spatially averaged approach approximates the unhindered conditions (e.g., u,,) by surface and
volume averages in the vicinity of the particle as opposed to using a single interpolated point at the centroid.
This approach is generally limited to d < 3Ax without two-way coupling but d < Ax with two-way coupling.
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In contrast, the semiresolved approach directly integrates two-way coupling effects and thus allows for
larger particles (or finer resolutions) based on 3Ax < d < 10Ax. Note that both techniques share a similar
approach for distributing the interphase force on the fluid.

For two-way coupling, there are many variants of the distributed-force technique. To impart F, , over a
region (instead of at a point), a force distribution function (Z;) can be used about the vicinity of the particle
as illustrated in Figure 2.5b. Similar distributions can be applied for mass and heat transfer. The distributed-
force technique is thus a hybrid between the point-force approach and the resolved-surface approach, the
latter of which is discussed later.

2.1.3.3 Resolved-Surface Approach

For very large particles, the resolved-surface approach can be used if the detailed local flow over the particle
surface is numerically discretized and computed. This approach resolves the fluid surface stresses so that
they may be computationally integrated to compute the resulting fluid dynamic forces on the particle. This
method is also called the “full DNS” approach and requires the computational resolution to sufficiently
describe the detailed stress distribution over the particle surface, for example,

d» Ax for resolved-surface treatment (2.63)

This criterion requires many fluid nodes per individual particle, for example, hundreds or thousands depend-
ing on the particle geometry, Reynolds number, and so on. As such, this technique is only reasonable when
there are few particles in the computational domain. However, this technique has the advantage of allowing
complex particle geometries and incorporating detailed nonlinear flow fields around the particles (Figure 2.6).

Since the surface force is obtained from the surrounding flow, it does not require any force decomposition
in terms of lift, drag, added mass, history, fluid stress, and so on since all these effects are directly incorporated
by the discrete surface integration. In particular, no assumptions of particle shape, particle Reynolds number,
particle or flow acceleration, surface conditions, flow gradients, and so on are required for the use of this for-
mulation. Thus, there is no need to determine u,, and no empirical or analytical force expressions for F,, are
required. Furthermore, in the case of a fluid particle (e.g., drop or bubble), the internal fluid dynamics may also
be directly simulated using internal discretization (this can be important since the recirculation can affect the
surface stresses). Also note that two-way coupling, three-way coupling, and four-way coupling are automati-
cally included in the resolved-surface approach since the interstitial fluid and contact dynamics can be fully
resolved as well. As such, the resolved-surface technique is the most desirable in terms of accuracy as it allows
the most physically realistic surface force method but is also the most computationally intensive approach.

There are two primary treatments for the resolved-surface method that depend on how the interface
between the particle and the continuous phase is treated: the “gridded interface method” (GIM) and the
“immersed interface method” (IIM). These two approaches are illustrated in Figure 2.6 (where the outward
normal of the interface is n) and are overviewed in the following sections.

2.1.3.3.1 Gridded Interface Method The GIM approach is typically used when the particle shape is simple (e.g., a
sphere or an ellipsoid) so that the grid resolution over the surface is straightforward. In this case, the interface
between the particle and the surrounding fluid is discontinuous, that is, infinitely thin (Figure 2.6b). The bound-
ary condition on a solid particle surface is typically specified as a no slip for continuum conditions. For an uncon-
taminated fluid particle with significant recirculation, the particle interior should also be discretized.

Once the flow field around the particle surface is known and described by the resolved velocity and
pressure (U and P), the surface force can be determined by numerically integrating the pressure and the
continuous-phase shear stress over the discretized surface elements

Ni

Fsur = Z(_Pn + Tresolved,ijnj )k AAp,k (264)
k=1
ouU; auU; 2
Tresolved,ij =MHs +t 781JV ° Uj (265)
[ an aXi 3

In this equation, AA is a discrete particle surface area element, while U and P are the resolved velocity and
pressure, that is, the values on the particle surface that take into account the particle’s volume and impact
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Figure 2.6

Resolved-surface approaches showing (a) schematic of particle in a computational domain along with
(b) near-surface close-ups of a GIM mesh, and (c) that of an IIM mesh superimposed on the marker function
distribution.

on the flow. This resolved-surface force can be combined with Equation 2.1 to move the particle to the next
position with a new velocity and acceleration.

2.1.3.3.2 Immersed Interface Method The IIM is fundamentally based on a structured Eulerian grid for the
computational domain that does not need to coincide with the particle surface. This allows the flow PDEs to be
solved efficiently on simple Cartesian grids. A popular IIM category is the continuous interface methods that
can be applied if the particle is a fluid. The approach introduces a nonphysical interface thickness (3,) as shown
in Figure 2.6¢. Instead of letting the flow properties between the particle and the surrounding fluid jump discon-
tinuously (as is physically appropriate) across the molecularly thin interface, the CIM smoothly distribute these
flow properties of velocity, density, and viscosity across a finite thickness interface that is several grid cell thick.
This smooth distribution is accomplished with a “marker function” (7) that is defined as the fraction of the
computational cell occupied by particle matter. This function 7 equals 0 outside of the particle, varies smoothly
from 0 to 1 across this interface, and equals 1 inside the particle. This function assumes that a computational cell
volume is much smaller than the particle diameter. This function is distinct from the continuum-based volume
fraction that assumes a computational volume much larger than the particle diameter. This marker function can
then be used to define the “one-fluid” density that tends to the physical values outside the interface as

p=(1-F)pc +Fpy (2.66)
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Similarly, the velocity fields of both phases are represented by a one-fluid velocity (U,,) that reverts to the
correct physical limits outside of the interface but takes on a nonphysical (numerically convenient) value
within the interface

F=0 U, — U (outside of the particle) (2.67)
0<¥ <1 U, — V; (within particle interface) (2.68)
F=1 U, — V (inside of the particle) (2.69)

This formulation provides a single set of continuum PDEs for the entire domain based on U, using the one-fluid
density and viscosity. This allows for solutions on a simple Cartesian grid (which generally allows the fastest
computation for a given number of grid points). Note that the finite interface thickness is nonphysical but is con-
structed to be as thin as possible while still allowing a stable continuum variation of velocity, density, and viscos-
ity across the grid. This typically results in a prescribed thickness of 2-4 computational cells depending on the
magnitude of the density ratio (although specialized sharp interface methods can reduce this thickness to one
computational cell). A distinct advantage of the one-fluid approach is that the surface force of Equations 2.64
and 2.65 is satisfied (in contrast to the GIM). As such, this one-fluid approach avoids the ODEs needed to update
particle velocity and rotation and complexities associated with gridding along the particle surface.
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2.2 Direct Numerical Simulations of Gas-Liquid Flows
Gretar Tryggvason

An analytical solution of the equations governing multiphase flows is the ultimate reference to which exper-
imental results and approximate models can be compared to. Unfortunately, analytical solutions for multi-
phase flows are few and limited to very simple systems. Solutions of the equations using numerical methods
have, since the latter part of the last century, come to the rescue, and it is now possible to obtain accu-
rate solution for a wide range of parameters, where analytical solutions, even approximate ones, cannot be
found. Numerical solutions have, however, done much more than simply provide solutions where analytical
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techniques do not work. It is now possible to solve the governing equations for the unsteady motion of sys-
tems that approach the complexity that was only addressable by experiments earlier. The emergence of direct
numerical simulations (DNS) has changed multiphase flow research in fundamental ways, and yet, it is clear
that so far we have only started to explore the full potentials of this approach. It is useful for the purpose of
the present discussion to define DNS as simulations of unsteady complex flow with a large range of scales
where every continuum spatial and temporal scale is fully resolved. The early computations of the Rayleigh-
Taylor instability, gravity currents, and droplet splatting by the marker-and-cell (MAC) method—impres-
sive as those were—are therefore not DNS by the present definition, since the range of length and timescales
was so limited. For single-phase flows, DNS generally require the flow to be turbulent, but for multiphase
flows the unsteady motion of different phases can lead to the expected range of scales.

In many industrial and natural processes, multiphase gas-liquid flows consist of one phase in the form
of well-defined bubbles or drops dispersed in another continuous phase. Bubbly flows occur in boiling heat
transfer, cloud cavitation, aeration and stirring of reactors in water purification and wastewater treatment
plants, bubble columns and centrifuges in the chemical industry, cooling circuits of nuclear reactors, the
exchange of gases and heat between the oceans and the atmosphere, and explosive volcanic eruptions, just to
name a few examples. Similarly, drops are found in sprays used in atomization of liquid fuels, painting and
coating, emulsions, and rain. Understanding the evolution and properties of dispersed flows is therefore of
major technological as well as scientific interest.

For engineering applications involving a large number of bubbles and drops, computational modeling usu-
ally relies on equations that describe the average flow field. The two-fluid model, where separate equations
are solved for the dispersed and the continuous phase, is the most common approach. Since no attempt is
made to resolve the unsteady motion of individual particle, closure relations are necessary for the unresolved
motion and the forces between the particle and the continuous phase. Closure relations are usually determined
through a combination of dimensional arguments and correlation of experimental data. The situation is analo-
gous to computations of turbulent flows using the Reynolds-averaged Navier—Stokes equations where momen-
tum transfer due to unsteady small-scale motion must be modeled. For details of two-fluid modeling, see
Drew (1983), Ishii (1975), Drew and Lahey (1993), and Zhang and Prosperetti (1994). For the turbulent motion
of single-phase flows, DNS, where the unsteady Navier-Stokes equations are solved on fine enough grids to
tully resolve all flow scales, have had a major impact on closure modeling. The goal of DNS of multiphase flows
is similar. In addition to information about how the drift Reynolds number, velocity fluctuations, and bubble
dispersion change with the properties of the system, the computations should yield insight into how bubbles
and drops interact, both with each other and with the continuous phase. The simulations should show whether
there is a predominant microstructure and/or interaction mode, and if the flow forms structures that are much
larger than the size of the dispersed particles. Information about the microstructure is essential for the con-
struction of models of multiphase flows and can also help to identify what approximations can be made.

In this section, we first review briefly the various numerical techniques developed for the DNS of mul-
tiphase flows and then discuss a few results, focusing mostly on disperse flows of gas bubbles in liquids.
Although the focus is on simulations of complex systems with a broad range of scales, most of the methods
used are applicable to much simpler systems and, indeed, the methods have been developed and tested for
such problems. Thus, some references to computations of simple problems—even if they are not DNS by the
definition used here—are unavoidable.

2.2.1 Simple Flows (Re = 0 and Re = x)

In the limit of high and low Reynolds numbers, it is sometimes possible to simplify the flow description
considerably either by ignoring inertia completely (Stokes flow) or by ignoring viscous effects completely
(inviscid, potential flow). Early attempts to understand the collective motion of bubbles, drops, and solid
particles therefore focused on these limits. For undeformable spheres, it is, in both these limits, possible
to reduce the governing equations to a system of coupled ordinary differential equations for the particle
positions. For Stokes flows, several authors have examined the properties of suspensions of solid particles
in shear flows (see Brady and Bossis, 1988, for a review of early work), but studies of inviscid systems are
more limited. Sangani and Didwania (1993) and Smereka (1993) examined the behavior of many bubbles
in periodic domains, specifying the rise velocity to prevent continuing acceleration. They observed that the
bubbles tended to form horizontal “rafts,” particularly when the variance of the bubble velocities was small.
As this “rafting” is generally not observed experimentally, the results cast considerable doubt on the utility
of the potential flow approximation for the interactions of many bubbles. This is somewhat unexpected since
for single bubble this approximation is rather good (see, however, Harper, 1997) for a discussion of bubbles
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rising in-line). Deformable bubbles and drops can be simulated using boundary integral techniques in both
the Stokes and the inviscid limits. Several authors have examined suspensions of very viscous drops, includ-
ing Li and Pozrikidis (2000) and Zhou and Pozrikidis (1993), who followed the dynamics of 2D drops in a
channel, and Loewenberg and Hinch (1996) and Zinchenko and Davis (2000) have examined fully 3D drops.
The boundary integral method for Stokes flow has been described in detail in the book by Pozrikidis (1992),
and Pozrikidis (2001) gives a detailed summary of various applications. Unlike Stokes flow, inviscid models
are generally only suitable for a transient short-time evolution since eventually viscous dissipation becomes
important (see Chahine and Duraiswami, 1992, for early work). Although studies of flows in the limits of
zero and infinite Reynolds number played an important role in early work on multiphase flows, their role
is now much diminished, although there are situations where they constitute important limiting cases.

2.2.2 Methods for Finite Reynolds Number Flows

For intermediate Reynolds numbers, it is necessary to solve the full Navier-Stokes equations. The first
method to allow computations of multifluid flows was the MAC method developed at Los Alamos by Harlow
and collaborators. In Harlow and Welch (1965), the method was introduced and two sample computations
of the so-called dam breaking problem shown. Several papers quickly followed: Harlow and Welch (1966)
examined the Rayleigh-Taylor problem and Harlow and Shannon (1967) studied the splash when a drop
hits a liquid surface. As originally implemented, the MAC method assumed a free surface, so there was
only one fluid involved. This required boundary conditions to be applied at this surface and the fluid in the
rest of the domain to be completely passive. The Los Alamos group quickly realized, however, that the same
methodology could be applied to two-fluid problems. Daly (1969b) computed the evolution of the Rayleigh—
Taylor instability for finite density ratios, and Daly and Pracht (1968) examined the initial motion of den-
sity currents. Surface tension was then added by Daly (1969a), and the method was again used to examine
the Rayleigh-Taylor instability. The MAC method quickly attracted a small group of followers that used it
to study several problems: Chan and Street (1970) applied it to free surface waves, Foote (1973) and Foote
(1975) simulated the oscillations of an axisymmetric drop and the collision of a drop with a rigid wall, and
Chapman and Plesset (1972) and Mitchell and Hammitt (1973) simulated the collapse of a cavitation bubble.
Although the MAC method was designed specifically for multifluid problems (hence the M for Markers!),
it was also the first method to successfully solve the Navier-Stokes equation using the primitive variables
(velocity and pressure). The staggered grid used was a novelty, and today, it is common practice to refer to
any method using a projection-based time integration on a staggered grid as a MAC method.

The next generation of methods for multifluid flow evolved gradually from the MAC method. It was already
clear in the Harlow and Welch (1965) paper that the marker particles could cause inaccuracies, and among the
number of algorithmic ideas explored by the Los Alamos group, the replacement of the particles by a marker
function soon became the most popular alternative. Thus, the volume-of-fluid (VOF) method was born. VOF
was first discussed in a refereed journal article by Hirt and Nichols (1981), but the method apparently originated
a few years earlier. While the results were generally superior to those of the MAC method, early VOF results
showed considerable irregularities at the interface between the different fluids. In the 1980s and early 1990s,
better advection methods (Youngs, 1982) and new ways to find surface tension (Brackbill et al., 1992) improved
the results significantly. Fairly advanced VOF methods are now available, and many commercial CFD codes
include the option of simulating free surface or multiphase flows using the VOF method. For a review of VOF
methods, see Scardovelli and Zaleski (1999) and Tryggvason et al. (2011). Other methods, based on similar
ideas but advecting the marker function in a different way, include the level set method (reviewed by Osher and
Fedkiw, 2001, and Sethian, 2001) and the CIP method of Yabe and collaborators (see Yabe et al., 2001).

While the MAC methodology and its successors were being developed, other techniques were also being
explored to capture fluid interfaces. Hirt et al. (1970) describe one of the earliest use of structured boundary-
fitted Lagrangian grids. This approach is particularly well suited when the interface topology is relatively
simple and no unexpected interface configurations develop. In a related approach, a grid line is aligned with
the fluid interface, but the grid away from the interface is generated using standard grid generation tech-
niques such as conformal mapping or other more advanced elliptic grid generation schemes. Such a method
was used by Ryskin and Leal (1984) to compute the steady rise of buoyant, deformable, axisymmetric bub-
bles. Ryskin and Leal assumed that the fluid inside the bubble could be neglected, but Dandy and Leal (1989)
and Kang and Leal (1987) extended the method to two-fluid problems and unsteady flows. Several authors
have used this approach to examine relatively simple problems such as the steady-state motion of single par-
ticles or moderate deformation of free surfaces. Fully 3D simulations are relatively rare, and it is probably
fair to say that it is unlikely that this approach will be the method of choice for very complex problems such
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as the 3D unsteady motion of several particles. Similar comments apply to methods based on resolving the
fluid by unstructured grid that are updated to ensure that the interface coincides with a grid line.

Several hybrid methods combine the ideas discussed earlier in a variety of ways. Front tracking, where
the interface is marked by connected marker points but a fixed grid is used for the fluid within each phase
has been particularly successful. In the method of Tryggvason and collaborators (Unverdi and Tryggvason,
1992, Tryggvason et al., 2001), the tracked front is used to advect a smoothed marker function and to com-
pute the surface tension. The method is therefore very similar to methods that work directly with a grid-
marker function, but the advection of the interface is greatly improved. For other implementation of similar
ideas, see van Sint Annaland et al. (2006), Hao and Prosperetti (2004), Hua and Lou (2007), and Muradoglu
and Kayaalp (2006). Other methods have been designed to capture the interface more accurately. These
include the method of Glimm and collaborators (Glimm and McBryan, 1985) where the fixed grid is modi-
fied near the front to make a grid line follow the interface, as well as more recent “sharp-interface methods”
(such as Fedkiw et al., 1999, Ye et al., 1999, Lee and LeVeque, 2003). The increased accuracy does, however,
come at the cost of a considerably increased complexity, and it is not clear at the time of this writing what
the impact of these new methods will be on the DNS of finite Reynolds numbers flows.

The most recent addition to the collection of methods capable of simulating finite Reynolds number
multiphase flows is the lattice Boltzmann method (LBM). Although there have been some doubts about the
accuracy and correctness of the LBM, it seems now clear that they can be used to produce results of accu-
racy comparable to more conventional methods. It is still not clear whether the LBM is significantly faster
or simpler than other methods (as sometimes claimed), but most likely these methods are here to stay. For a
discussion see, for example, Shan and Chen (1993).

Although there are many possible ways to solve the Navier-Stokes equations for multiphase flows, the
most successful approaches have been based on the so-called one-fluid formulation, where one set of equa-
tions are solved for the whole flow field and the phase boundary is treated as an embedded interface by
adding the appropriate source terms. These source terms are in the form of delta functions localized at the
interface and are selected to provide the correct matching conditions at the phase boundary. Although the
integral form is often used as a starting point, here we write the “one-fluid” Navier-Stokes equations for
incompressible flows in the following differential form:

agitu +Vpuu=-Vp-pg+V-u(Vu+ VuT)+Icm6(x —Xg)ds. (2.70)
f

Here,
u is the velocity
p is the pressure
p and p are the discontinuous density and viscosity fields, respectively
o is a 3D delta function constructed by repeated multiplication of 1D delta functions
K is twice the mean curvature
n is a unit vector normal to the front

Formally, the integral is over the entire front, thereby adding the delta functions together to create a force
that is concentrated at the interface, but smooth along the front. x is the point at which the equation is evalu-
ated and x; is the position of the front. In most cases, the flow is assumed to be incompressible, so Equation
2.70 is supplemented by

V-u=0. (2.71)

When combined with the momentum equation, this leads to an elliptic equation for the pressure. The single
field formulation naturally incorporates the correct mass, momentum, and energy balances across the inter-
face and integration of the conservation equations across the interface directly yields the standard jump
conditions.

Equations 2.70 and 2.71 are usually solved on a regular staggered grid using a projection method for
the time integration. The spatial and temporal accuracy are usually of second order, although sometimes
higher-order time integration is used and the advection terms are treated by methods that are more robust
than centered differences such as QUICK, ENO, or WENO. The elliptic pressure equation is generally solved
by a multigrid iteration or Krylov subspace methods.
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This solution strategy is, in particular, used in most implementations of VOF, level set, and front-tracking
methods. What distinguishes between the various methods is how the marker function identifying the dif-
ferent fluids is updated. For flows where the material properties are constant in each fluid, a marker function
is usually used to identify the different fluids. The marker moves with the fluid velocity:

%:aﬂﬂl.v]{:o, (2.72)
Dt ot
where
H(x) = lTn ﬂqul. (2.73)
01in fluid 2

The density and viscosity are then set as functions of H, usually by
p=p2+(p1—p)H(x) and p=p,+( —p)H(x) (2.74)

Other material properties are set similarly, when needed. Sometimes, the density is used as a marker func-
tion and other variables set as functions of the density.

In the VOF method, the marker function is advected directly, using specialized techniques to ensure
that the interface stays sharp and well defined. In level set methods, a smooth function is advected and
the interface identified by the zero contour line. The marker function is then constructed by mapping the
smooth function into a function that transitions relatively sharply from one value to the other. To keep the
mapping well behaved, the smooth function is readjusted periodically to keep it close to a distance function
in the vicinity of the interface. In both VOF and level set methods, surface tension must be computed from
the marker function on the fixed grid. In front-tracking methods, the phase boundary is tracked by con-
nected marker points (the “front”) that are advected by the flow velocity, interpolated from the fixed grid.
The gradient of the marker function becomes a delta function when the change is abrupt across the bound-
ary. To transfer the front singularities to the fixed grid, the delta functions are approximated by smoother
functions with a compact support on the fixed grid. At each time step, after the front has been advected, the
marker function is reconstructed by integration of the smooth grid-delta function. The surface tension is
computed on the front, distributed to the grid, and then added to the nodal values of the discrete Navier—
Stokes equations.

Many reviews are available that discuss computational methods for multiphase flows. Early reviews
that discuss the many possible approaches include Hyman (1984) and Floryan and Rasmussen (1989), and
more specialized treatment can be found in Scardovelli and Zaleski (1999) for VOF methods, Anderson
et al. (1998) for phase field methods, and Osher and Fedkiw (2002) who discuss level set methods. The
book by Shyy et al. (1996) also covers several aspects of computations of multiphase flows. Several arti-
cles about various aspects of computations of multiphase systems and related problems can be found in a
special issue of the Journal of Computational Physics (volume 169, 2001). More recent coverage, focusing
on VOF and front-tracking method, can be found in Tryggvason et al. (2011).

2.2.3 Bubbly Flows

One of the major applications of DNS of multiphase flows has been of bubbly flows. Studies of many
interacting bubbles in periodic domains can be found in Esmaeeli and Tryggvason (1998, 1999) who sim-
ulated the unsteady motion of several 2D and 3D bubbles and Bunner and Tryggvason (1999, 2002a,b)
who examined 3D systems with a much larger number of bubbles. The results of these simulations have
helped clarify various aspects of the bubble interactions. One of the fundamental questions was, in par-
ticular, if relatively modest number of bubbles in fully periodic domains could be used to model homo-
geneous bubbly flows. The simulations showed that relatively low-order statistics, such as the average
rise velocity of the bubbles and the pair probability distribution, converge rapidly with increasing size
of the simulated domain, but other quantities, like the self-diffusion coeflicient, converge much more
slowly. The results also showed that for nearly spherical buoyant bubbles at modest Reynolds numbers
that the dominant interaction mode is the “drafting, kissing, and tumbling” mechanism described by
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Fortes et al. (1987). Thus, a bubble behind another bubble is drawn into the wake of the bubble in front,
once in the wake it catches up and collides with the one in front and the two bubbles then “tumble” and
move apart. This collision mode is inherently a finite Reynolds number effect, since two buoyant bubbles
in Stokes flow do not change their orientation unless acted on by the third bubble and bubbles in poten-
tial flow repel each other if they are rising in an in-line configuration. The results also helped clarify the
very different dynamics of nearly spherical bubbles that tender to line up side by side and more deform-
able ones that often rose one behind the other.

A number of recent studies have also focused on bubbles in laminar and turbulent flows in channels
(Luetal., 2005, 2006, Lu and Tryggvason, 2006, 2008, 2013). The results show that for clean bubbles in verti-
cal channels, the flow structure is determined by the lift force on the bubbles. Nearly spherical bubbles in
upflow are pushed to the walls, resulting in a bubble-rich wall layer and a lower void fraction in the middle,
while in downflow the bubbles move away from the wall and the void fraction in the middle increases. For
steady-state flow, this results in a very simple model for the void fraction. The removal of bubbles from the
core region in upflow decreases the mixture density, and eventually, the weight of the mixture balances
the imposed pressure gradient and the transfer stops. For downflow, the addition of bubbles to the core
decreases the mixture density and again, the transfer continues until the buoyancy of the mixture matches
the weight of the mixture. Thus, in both cases, the void fraction at steady state in the channel core is eas-
ily found, and if the average void fraction is known, then the void fraction in the wall layer for upflow and
the thickness of the bubble free wall layer for downflow can be computed. The lift on deformable bubbles is
generally either small or in a direction opposite to nearly spherical bubbles, so bubble-rich wall layers are
not seen, in agreement with experimental studies. Simulations of the transient evolution toward the steady
state have shown that while the lateral migration of bubbles occurs relatively fast, the velocity takes longer
to adjust to the changes in the void fraction distribution.

As computer power increases, it is possible to examine both larger and more complex systems. In
Figure 2.7, one example of a relatively large-scale simulation of bubbles in a turbulent channel flow is shown.
The domain size is 2 X 4 X T computational units in the streamwise, wall-normal, and spanwise direction,
respectively, resolved by about 0.4 billion grid points. The physical parameters are selected such that the
Morton number is equal to 5.75 x 107'° and the void fraction is about 3%. The bubbles come in four sizes,
with the smallest bubbles having a diameter of 0.16 in computational units, and the largest one with a diam-
eter of 0.44. The majority of the bubbles are small, and we expect the smallest bubbles to accumulate at the
wall. The flow is driven upward by an imposed pressure gradient, giving a friction Reynolds number of
Re* =500. The bubbles are initially distributed nearly uniformly across the domain but as they start to rise,
the smaller bubbles start to migrate toward the walls and form a dense wall layer. In the figure, the bubbles
are shown at a relatively early time, where many of the small bubbles have moved to the wall, but there are
still several small bubbles in the middle, along with most of the larger bubbles. The bubbles are shown along
with the vorticity, visualized using the A, method (Jeong and Hussain, 1995), where dark and light color
indicates rotation in the opposite direction. Near the wall, most of the vortices are aligned with the flow and
usually come in pairs, where nearby vortices have opposite rotation. Although bubbles moving toward the
walls disrupt the vortices there, some have survived, at least at the time plotted here. The figure also shows
that the vorticity shed by the large bubbles is responsible for the majority of the vorticity in the interior of
the channel. Figure 2.8 shows a close-up of the bubbles and the vortices near the right wall, where we have
selected a different value for the isocontour of A,.

For other simulations of various aspects of bubbly flows, see, for example, the LBM studies by Takada et al.
(2000, 2001) and Sankaranarayanan et al. (2002); VOF simulations by Rabha and Buwa (2010); and computa-
tions using a front-tracking method similar to the one used for the results in Figure 2.7 by Dijkhuizen et al.
(2010a,b). Large-scale simulations using a finite element flow solver coupled with a level set method to advect
the phase boundary can be found in Bolotnov et al. (2011) and Bolotnov (2013).

Although bubbly flows have received considerable attention, the interface topology is often much more
complex, particularly if the void fraction is high. Not only can the interface topology be very complex, but
the interfaces may undergo repeated coalescence and breakup. Modeling such flows is still very primi-
tive, but DNS should be able to provide considerable light on the various processes governing the flow.
Topology changes in multiphase flows occur through two primary mechanisms: films that rupture and
threads that break. Methods that track the indicator function identifying the different fluids directly on
an Eulerian grid (such as VOF or level set methods) lead to coalescence or breakup whenever the film or
the thread is underresolved, but front-tracking methods will generally not allow a change in topology. If
the interface is tracked, it is possible to either prevent or allow topology changes. Generally, threads that
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Figure 2.7

One frame from a simulation of many bubbles of different sizes in a turbulent channel flow. The bubbles and
the vortical structures, visualized by A, = -2, along with contours of the vertical velocity in the bottom horizontal
plane and the back vertical plane. (Courtesy of Dr. Jiacai Lu, University of Notre Dame, Notre Dame, IN.)

break are by far the easier to deal with than the rupture of thin films. The diameter of threads goes to
zero in a finite time, and the evolution is governed by the Navier—Stokes equations so that no additional
physical modeling needs to be included. In addition, the breakup is very fast, so even if the final stage is
not well resolved, that often does not have a significant effect on the overall flow dynamics. Thus, thread
breakup is generally handled easily by most methods. Film draining and rupture are more complex, since
the topology change takes place due to short-range attractive forces that are usually not included in the
simulations. The attractive forces lead to an instability that results in holes that are then enlarged either
by the formation of other holes that merge with the first one or by the enlargement of the original hole by
rim breakup involving the formation of very small drops that are difficult to resolve. While methods that
track the indicator function directly often produce ruptures that look plausible, the rupture is an artifact
of the finite resolution, and in some cases, it is found that refining the grid postpones the rupture and
prevents the solution from converging. It is possible that in some cases it does not make a big difference
whether the rupture is physical or due to the resolution, but, in general, the importance of capturing the
rupture accurately is not well understood. When the interface is tracked by connected marker points, it is
necessary to explicitly add a strategy to rupture the interfaces when they are close enough, but at least it is
possible to control when rupture takes place and when it does not. Thus, it should be possible to examine
how sensitive the overall evolution of the flow is to how the rupture takes place, even if a complete rupture
model is not included.
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Figure 2.8

A close-up for the results shown in Figure 2.7, showing bubbles and vortical structures near the right wall. Here,
A, = =1. (Courtesy of Dr. Jiacai Lu, University of Notre Dame, Notre Dame, IN.)

Figure 2.9 shows results from two simulations of 40 bubbles in a channel flow. The bubbles are initially
placed in a rectangular channel of size © x 2 x ®/2 computational units in the streamwise, wall-normal,
and spanwise direction, respectively, resolved by a 192 x 128 x 96 grid. The bubble diameter is selected
such that the void fraction is 13.6%. The flow is initially turbulent, with a friction Reynolds number of 128.
All parameters except the surface tension are the same for both runs, giving a Morton number of 2.41 x
107'2 for the high surface tension case and 1.54 x 10~ for the low surface tension case. The initial E6tvos
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A few frames from two simulations of the evolution of several bubbles placed in an initially turbulent chan-
nel flow, when the bubbles are allowed to coalesce. In the top frames the surface tension is high and in the
bottom frames the surface tension is low, so the bubbles break up after the initial coalescence. (Courtesy of
Dr. Jiacai Lu, University of Notre Dame, Notre Dame, IN.)
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number is 0.2 for the first case and 8.0 for the second case. As the bubbles rise, they collide and coalesce if
the liquid film between them becomes sufficiently thin. For the high surface tension case, the bubbles keep
coalescing until there is only one large bubble left (the two bubbles in the last frame will eventually become
one), but for the high Weber number the bubbles first coalesce and then breakup again, eventually leading
to a mixture of bubble sizes. Here, the thin films are ruptured if they become thinner than a third of a grid
spacing, thus making the results similar to what we would expect from a VOF or level set computation.

While simulations of bubbles undergoing topology changes are just starting, many authors have exam-
ined the atomization of liquid jets, where the topology changes are critical for the formation of drops.
Such studies include air-assisted breakup due to the coinjection of air as well as the breakup due to cross
flow (Ménard et al., 2007, Desjardins et al., 2008, Gorokhovski and Herrmann, 2008, Lebas et al., 2009,
Desjardins and Pitsch, 2010, Herrmann, 2011). The breakup remains the main challenge in these simula-
tions and in spite of very large grids (Shinjo and Umemura, 2010, 2011) or the use of locally refined grids
(Fuster et al., 2009), the breakup is generally dependent on the grid resolution and the smallest drops are
underresolved. Thus, several authors have proposed hybrid approaches, where very small drops are mod-
eled as point particles whose motion is modeled by empirical correlations for the drag force and ordinary
differential equations are solved for the velocity and location (Herrmann, 2010, Tomara et al., 2010). The
challenge is when to convert a fluid blob resolved on a grid to a point particle, and sometimes back again,
in such a way that all conservation principles are satisfied.

2.2.4 Outlook

DNSs of multiphase flows have come a long way during the last decade. It is now possible to follow the
motion of hundreds of bubbles, drops, and particles at finite Reynolds numbers in simple geometries for
sufficiently long time so that meaningful averages can be computed. Much remains to be done, however. At
higher Reynolds numbers, the number of grid points required to resolve each bubble and the flow around
them increases and the cost of doing simulations with many bubbles increases. With larger computers,
such simulations will become increasingly more feasible. The formation of bubbles and drops, as well as
coalescence, must also be addressed and except for a few simulations of the breakup of drops in well-
defined flows, little has been done. These problems are, nevertheless, well within reach.

As DNS of multiphase flows become more common, the need for advances in the development of
the theoretical framework for modeling such flows is also becoming more urgent. Current models have
mostly been developed in an environment where relatively little has been known about the details of
the flow, and for the most part, these models are far behind what is available for single-phase turbulent
flows. While our abilities to simulate directly more and more complex multiphase systems will certainly
increase dramatically in the next few years, it is important to realize that our desire to compute will
always be ahead of what we can do by DNS. Thus, the condensation of knowledge obtained by DNSs
into reduced or averaged models that allow faster predictions will remain at the core of multiphase flow
research for a long time to come. Given the experience from modeling turbulent single-phase flows, it
is likely that many such models will involve resolving the large-scale motion but modeling the small-
est scales. Efforts to develop such large eddy simulation-like model have just started (Labourasse et al.,
2007, Toutant et al., 2008, 2009, Vincent et al., 2008).

Although much more can be done for two-fluid disperse systems, it is the longer-term development of the
ability to compute the coupled motion of complex systems that will bring about the full impact of DNS. Most
engineering fluid systems include a large number of physical phenomena such as fluid flow, evaporation,
solidification, and chemical reactions, and simulations of the full systems will allow unprecedented insight.
Real bubbles are, for example, rarely clean, and it is well known that surfactants change the behavior of a
single bubble significantly. Extensions of various of methods to include surfactants can be found in James
and Lowengrub (2004), Muradoglu and Tryggvason (2008), Booty and Siegel (2010), and Muradoglu and
Tryggvason (2014), and results for a single bubble show significant effects, including changes in the lift force.
However, DNS studies of the collective dynamics of many contaminated bubbles remain to be done. Heat
transfer has been examined by Deen and Kuipers (2013), who showed that the passage of a small group of
bubbles generally increases the local heat transfer, and by Tanaka (2011) and Dabiri and Tryggvason (2015)
examined the motion of many bubbles in turbulent channel flows and showed that the bubbles enhance the
overall heat transfer, both for nearly spherical bubbles that form wall layers and for more deformable ones
that stay away from the walls. Mass transfer and reactions require us to solve additional advection/diffusion
equations that include source terms when there are reactions, but the large range of scales, due to low mass
diffusivities and fast reactions, introduce significant challenges. Similarly, several authors have simulating
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boiling flows (for early work for relatively simple systems, see Juric and Tryggvason, 1998, Son and Dhir,
1998, Shin and Juric, 2002, and Esmaeeli and Tryggvason, 2003). The main challenge for most of these sys-
tems is that the different physical processes take place on very different temporal and spatial scales. While
adaptive grid refinement can, in principle, be used for most of those cases, the reality is that that approach
will quickly consume all the available grid points. In some cases, the small-scale motion is relatively simple,
because surface tension and viscosity are significant, and the dynamics is well described by analytical mod-
els. When applicable, it is tempting to couple an analytical model of the small-scale motion with a full simu-
lation of the larger-scale motion. The point particle approximation for small bubbles and drops is perhaps
the best example, but a similar approach has also been used for nucleate boiling (Son and Dhir, 1998) and
mass transfer (Aboulhasanzadeh et al., 2012). Although we defined DNS as simulations where all continuum
length and timescales are fully resolved, and one can argue that we do not really have a DNS if some scales
are treated differently, it is likely that as our problems become more complex, our numerical strategies must
allow for more flexible approaches. As additional physical processes are incorporated into our mathemati-
cal models, we are also likely to be faced with increased uncertainty in the mathematical models used to
describe the new physics, rendering traditional DNS less applicable.
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2.3 The Laftice Boltzmann Method
Cyrus K. Aidun, Dennis E. Oztekin, Yuanzheng Zhu, Tomas Rosén, and Fredrik Lundell

2.3.1 Infroduction and Basics of Lattice Boltzmann Method

The lattice Boltzmann method (LBM) is a computational tool that has been growing in popularity since its
development due to the simplicity with which it is implemented and the ease with which it can be scaled
to parallel processing systems. The method was introduced in the late 1980s (Higuera and Jimenez, 1989)
and addressed a number of problems with its predecessor, the lattice gas automation method (Frisch
et al,, 1987). New variations of the method are being developed constantly, extending range of applicable
problems for LBM. This constant development creates opportunities for new investigations on a variety
of fronts.

This chapter will focus primarily on four areas that have been under intense study recently as fields
of research that lend themselves well to newer lattice Boltzmann variants. The first section will focus
on fluid-solid interaction. Here, the bounce-back boundary condition will be discussed, along with the
newer external boundary force (EBF) method for treating solid interfaces. Following this, there will be a
section about the suspension of deformable capsules and then a section about the suspension of deform-
able fibers. Finally, there will be a section on the methods by which lattice Boltzmann deals with liquid-
gas problems.

2.3.1.1 Brief Background

All of lattice Boltzmann research is based on the Boltzmann equation, which states

F Leyry EO O
ot +C Vf " mP aC {at }collision (275)

In this equation,
F is the term of body forces
m,, is the particle mass
§ is the velocity of the particle
f1is the density distribution function, that is, for some position and some time, the number of par-
ticles per volume, or density p, with a velocity between § and ¢ + d€. From this definition, we can
write

p= j.fdc (2.76)

The moment of this equation can be taken to get a very important relationship in recovering the conserva-
tion of momentum:

pu= [t @.77)

Here, it is very important to distinguish #, the macroscopic fluid velocity, from &, the particle velocity.
The macroscopic fluid velocity is the property that is commonly utilized in fluid mechanics; as such, this is
the property that is typically solved for in the following sections. The particle velocity is only the velocity
of a single particle; if it is assumed that the individual particles only move along a discretized grid, this will
be reduced to the aptly named lattice velocity, e,. This will be presented later. Before any discretization can
occur, the Boltzmann equation needs to be reduced to a usable form. First, the forcing term is dropped. Later
in the chapter, more numerically friendly methods of including the force will be discussed. The next term
that needs to be addressed is the rate of change of the density distribution due to the collision of particles.
This is the right-hand side of the Boltzmann equation displayed earlier. To address this term, the Lattice
Bhatnagar-Gross-Krook, LBGK, approximation (Bhatnagar et al., 1954) is applied. This approximation
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introduced an equilibrium density distribution function f*4, which is a function of velocity and density, and
a relaxation time 7, which is a function of viscosity. The approximation becomes

{af} il (2.78)
collision

ot T

With this, the Boltzmann equation is put into a usable form and is ready for discretization.

2.3.1.2 Discreftization

The most immediate effect of the discretization is allowing the expansion of the derivative term remain-
ing on the left-hand side of the Boltzmann equation. With these simplifications, the Boltzmann equation
is reduced to

s+ ent +1= i) == [ )= 70| = C(fi (1)) (2.79)

where the subscript k denotes the lattice direction and C s the collision operator. The lattice direction represents
which path from the lattice node a given particle might be taking. For reference, the lattice arrangements used in
this study are D2Q9 and D3Q19. Where the notation DxQy means there are x dimensions and y lattice arrange-
ments. D2Q9 is commonly used two dimensional arrangement which includes the node itself, the four cardinal
direction, and its four diagonals. D3Q19 is a common three dimensional arrangement which includes the node
itself, its six cardinal directions, and the twelve diagonals that lie on the three planes normal to the cardinal
directions. From this equation, commonly called the evolution equation, the equilibrium density distribution
function can be determined in a number of ways; however, the most general way is demonstrated by He and Luo
(1997). This derivation starts with a Maxwell-Boltzmann distribution and takes a Taylor expansion about the
macroscopic velocity. The result is

2 2
I (xt)=— P {1+6“k”—3‘f’<+9ek”} (2.80)
c C C

(ZTCCZ )D/Z 2 2 4

Here,
D is the number of dimensions being modeled
c is called the lattice speed, which is the distance between two adjacent nodes divided by the time of a
single time step.

2.3.2 Fluid-Solid Interaction

In this section, we will discuss how fluid-solid interaction can be modeled in Lattice Boltzmann, LB, simu-
lations. As an example, we will consider a single solid particle suspended in the fluid domain and describe
two methods for coupling the solid and fluid motion.

2.3.2.1 Standard Bounce-Back Method

The standard bounce-back (SBB) method for simulating particles in flows was described by Aidun et al.
(1998) and will be summarized in this section.

Consider a particle at a position X() with a certain velocity U(f) and angular velocity Q(f) at time
instance t. The particle has mass m and inertial tensor I. The position, orientation, and geometry of the
particle determine the location of the particle boundary I'(f). Using the SBB method, the following steps
are performed:

1. Each link k is classified according to the boundary I'(f) (see Figure 2.10). The link in the opposite
direction of k is denoted k’. The link is
a. A boundary link (BL) if it is crossing the particle boundary
b. A regularlink (RL) otherwise
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Real particle boundary, I'(t)
Real particle boundary at previous time step, I['(t-1)

— Effective particle boundary

Solid boundary node, (SBN)

Recently covered particle node, (CN)

Fluid boundary node, (FBN)

Recently uncovered fluid node, (UN)

Definitions and classifications of the standard bounce-back method for a D2Q9 arrangement.

Note that the effective boundary of the particle is defined by the halfway point of the BLs and thus

gets a staircase shape.

A solid node (SN) if the node is inside I'(t) and all links are RLs

e B0 TP

P t)=— Zp(x+ek,t)

Ny keRL

ulx,t)=U@)+ Q1) x[x—X()]

where N, is the amount of RLs for the UN and x € UN.

. Collision step:

fu(x,1,) = Cfi(x,1)

where C is the collision operator described in the previous section.

. Propagation step:

felxt,) if k'€ BL

fi(x+ey,t,) otherwise

fk(x,t+1):{

. The lattice nodes are classified according to the boundary I'(¢) (see Figure 2.10). The node is
A fluid node (FN) if the node is outside I'(t) and all links are RLs

A fluid boundary node (FBN) if the node is outside I'(f) and has one or more BLs

A recently uncovered node (UN) if the node is outside I'(f) but was inside I"(t — 1)

A solid boundary node (SBN) if the node is inside I'(f) and has one or more BLs
A recently covered node (CN) if the node is inside I'(f) but was outside I'(t — 1).
. Den51ty and velocity are corrected for UNs:

(2.81)

(2.82)

(2.83)

(2.84)
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6. The correct fluid density is obtained at each node through

(x,t +1) Zkfk(x’tﬂ) (2.85)
plx,t+1)= .
- 22 K'eBL Buaay (t)-

where B, =1/3, B, ¢ = 1/6, and B,_; = 1/12 in the D3Q19 lattice arrangement. The velocity of the wall
uy, crossing the BL k’ € BL, is obtained through

we () = U() + Q(t) {x + %ek, _ X(t)} (2.86)

7. 'The modification of the distribution function components is obtained through

£, t +1)+2p(x,t +1) Bty (£)- € if ¥ e BL
fulxt+1)= ij( )+2p( )Byuy(t) - ey 2.87)
filx,t+1) otherwise
8. The force and torque contributions on the particle from the BLs are obtained through
FkBL(x-i-;ekr,t+;j:2ekr[fk(x,t+l)+ 0%, ¢ +1)Byate (£ - e ] (2.88)
TE x+le t+l = x+le —X(t) | xR x+le t+l (2.89)
k 2 k'> 2 2 k k 2 k> P .

where k' € BL.
9. The force and torque contributions on the particle from the recent CNs are obtained through

o (x,t N ;j =Y R e (2.90)

PR
TCN(x t+1j—[x—X(t)]><FCN(x t+1j (2.91)
) B = 5 B .

where x € CN.
10. The force and torque contributions on the particle from the recent UNs are obtained through

P (x,t + ;J — (e, u(x,t) (2.92)

UN l A « FUN l
T (x,t+2j—[x X(t)]xF (x,t+2j (2.93)

where x € UN.
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11. The force and torque contributions are summed together according to

1 BL 1 1
Flt+—|= E| x+—eut+— |+
SR CETREY

xeFBN k'eBL
CN ]- UN 1
+ZF PR +ZF PR (2.94)
xeCN 2 xeUN 2
Tr41 )= Z ZTkBL x+lekr,t+l +
2 4 2 2
xeFBN k'eBL
1 1
+ ) TN x4+ |+ Y T x6+— 2.95
IRNCEIDRNCE 299

12. Force F(t) and torque T(f) on the particle are found through averaging with the previous time step:

1 1 1

F(t)_z{F(t+2j+F(t—2ﬂ (2.96)
1 1 1

T(t)_Z[T(t+2j+T(t—2ﬂ (2.97)

13. The new particle position X(t + 1), velocity U(t + 1), angular velocity Q(t + 1), and orientation are
found through numerical integration of the particle equations of motion:

mY _ oy (2.98)
dt
I. dg;(t) +QOX[I-Q)]=T() (2.99)

14. The particle boundary I'(t + 1) is updated according to the new particle position and orientation.

2.3.2.2 External Boundary Force Method

The EBF method is an improved way of simulating particles in flows using LBM and was described by
Wu and Aidun (2010a). Instead of having the particle defined on the fixed Eulerian fluid grid, the particle
is defined by an overlapping Lagrangian grid that can move freely in the domain. The nodes in the fluid
domain are denoted as x* € I1;and the nodes in the particle grid are denoted (for the jth node) xjeTl,.
Each node in the particle grid is associated with an area element of size AA; and gets a characteristic
volume Av; = AA}”. The best results are obtained by keeping AA; ~ (Ax)?, with Ax as the node spacing in
the fluid grid.

Fluid quantities are mapped onto the particle grid by using a discrete delta function as defined by Peskin

13[(1 + cos(nxn(l + cos(nyn(l + cos[mjD, | x|<2Ax
D(x)=< 64Ax 2Ax 2Ax 2Ax (2.100)

0, | x|>2Ax.

(2002):
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Figure 2.11

lllustration of the principle of the external boundary force method; the mapping of fluid quantities onfo a particle node of inves-

tigation is done through a discrete delta function.

Again, we consider a particle with mass m, inertial tensor I, position X(t), velocity U(f), and angular
velocity Q(t) at time instance ¢. The following steps are performed when using the EBF method:

1. Propagation step:

Flx®,0) = fulx + et —1) (2.101)

2. The precollisional distributions fk(xe,t) are used to calculate the fluid velocity u(x¢,t), which is then
mapped to the particle grid through (see Figure 2.11):

u(x,t) = Z u(x*,6)D(x° — x})(Ax)’. (2.102)

x‘elly
3. The force acting on the particle node is calculated through
FF(x),t)= fF(x},t)- Av; = polu(xf,t) U, (x,t =1)]- Av; (2.103)

with f%(x},t) as the force density at the jth particle node, p, as the reference fluid density, and
U, (x},t —1) as the jth particle node velocity at time ¢ — 1.
4. The particle force F(f) and torque T(f) are determined by summing the contributions from the

nodes:
F(r)= Y FF(xr) (2.104)
7
T(H)= Y (xj—x")xFF(x},t) (2.105)
J;FS j) ]

where x* is the center of gravity of the particle.
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5. The new particle position X(t + 1), velocity U(t + 1), angular velocity Q(t + 1), and orientation are
found through numerical integration of the particle equations of motion:

m @YD _ ey (2.106)
dr
I % +QO)X[I-Q1)]=T(t) (2.107)

6. The force acting on the FNs from the particle is determined by

gx',) == fF(x,HD(" ~x)Av, (2.108)
xﬁ-el’s
7. Collision step:
fi(x,t)= ka(x,t) +3w,g(x",t) - (2.109)

where C is the collision operator, w, = 1/3, w,_, = 1/18, and w,_ 4 = 1/36.

Even though the EBF method has many advantages over the SBB method, one drawback of EBF is that the
code gets unstable as the particle density becomes significantly lighter than the density of the surrounding
fluid. For simulating a particle with p, < p, the SBB method is a better choice.

2.3.2.3 Example: Single Prolate Spheroid in Linear Shear Flow

One of the several advantages of the SBB and EBF methods is the ability to efficiently study nonspherical
particles in flows with inertia. In many industrial applications, for example, in papermaking, the particles
of interest are elongated and thus highly nonspherical fibers. The quality of the final product is dependent
not only on the spatial distribution but also on the orientation distribution of fibers. This, in turn, is depen-
dent on the orientational dynamics of the fibers due to local velocity gradients in the flow of paper pulp.
Consequently, it is important to understand how a single fiber behaves in a linear shear flow. The easiest
way of going from a spherical particle to a fiber is to consider a prolate spheroid, which can be seen as a
sphere that is elongated along a line. This line is thus an axis of rotational symmetry s = (s,, s, s,) and also
determines the particle orientation. The aspect ratio of the particle is given by r, = I/w, where [ is the particle
length and w is the equatorial diameter.

Considering a single prolate spheroid in a linear shear flow (illustrated in Figure 2.12a), there are two
dimensionless quantities governing the orientational dynamics. The fluid inertia is quantified by the particle
Reynolds number Re, =yl/v (y is the shear rate and v is the kinematic viscosity), and the particle inertia
is quantified by the Stokes number St = (p,/p)) Re, (p, and p;are the solid and fluid densities, respectively).

Without any inertia (Re, = St = 0), Jeffery (1922) found that the prolate spheroid is rotating in one of an
infinite amount of periodic orbits determined by the initial orientation (see trajectories of (s,, s,) in Figure
2.12b). Using the EBF method, the flow problem was investigated by Rosén et al. (2014, 2015). It was found
that there are several dynamical transitions that occur when increasing Re,, which leads to different stable
rotational states as described in Table 2.1 and illustrated in Figure 2.12c. Depending on the choice of Re, and
St, certain rotational states are stable, and it is found that there are 13 distinct regimes in the Re,/St param-
eter space according to Figure 2.13. This parameter space furthermore looks qualitatively the same (i.e., the
same sequence of transitions with increasing Re, and/or St, but quantitative values are different) for any
prolate spheroid with r, = 26 but is believed to be even qualitatively valid for a wider range of ,.

In regimes II-1V, the planar states (rotating or tumbling) coexist with a nonplanar state (Log-rolling,
inclined rolling, inclined kayaking, or kayaking). In these regimes, there is an unstable limit cycle that
separates the initial orientations leading to the planar and nonplanar rotation, respectively (see Figure 2.12),
for example, a particle initialized at rest with an orientation inside the unstable limit cycle will enter a non-
planar rotation.
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Figure 2.12
(o) A prolate spheroid is placed in a linear shear flow. The particle orientation is given by the direction of

its symmetry axis, s. (lb) Trajectories of (s,.s,) at Re, = St = 0 for a particle with r, = 4 given by Jeffery (1922).
(©) Schemaittic frajectories of (s,,s,) of stable rotational states at Re, > 0. (1) Tumbling or rotating. (2) Log-rolling.
3) Inclined rolling. (4) Inclined kayaking. (5) Kayaking. (6) Steady state; An unstable limit cycle separates the

nonplanar states (2-5) with the coexisting planar state (1).

Table 2.1 Description of the Rotational States of the Prolate Spheroid

in Shear Flow

Rotational State (Abbr.) Definition

Rotational State
Tumbling T 5,=0,s=s(t),7,>7,
Rotating R 5,=0,s=s(t),7,<7,
Steady state S s,=0, s = const.
Log-rolling LR s,=1,s = const.
Inclined rolling IR 0<s,<1,s=const.
Inclined kayaking IK 0<s,<1,s=s(t),(s)#0
Kayaking K 0<s,<1,s=s(t),(s)=0

7, is the period of the rotation and 7, = (mhy)-(r, + r;l +2).
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Figure 2.13
Stable rotational states of a prolate spheroid of r, = 4 in alinear shear flow as found by Rosén et al. (2014, 2015);

in regions with two stable states, the final state depends on initial conditions; and the steady state is created in
a saddle-node bifurcation af Re, = Re.. The abbreviations of rotational states are found in Table 2.1.
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At Re, = Re,, a steady state is created through a saddle-node bifurcation. This state will exist at all Re, > Re,.
However, if St is high enough, the particle can gain enough angular momentum for a planar rotation to
coexist with the steady state.

One of the main difficulties with the presented methods in this section (SBB and EBF) is the fact that
there is no local grid refinement close to the particle surface. At higher Re,, boundary layers need to be
resolved around the particle to get quantitative results of critical Reynolds numbers (e.g., Re.) that are inde-
pendent of grid resolution. On the other hand, increasing resolution to fulfill the desired accuracy might be
computationally unfeasible due to the uniform grid. Fortunately, the qualitative dynamics and the sequence
of bifurcations are independent of resolution using the EBF method as long as w > 6Ax (Rosén et al., 2015).
The conclusion is that these methods are excellent tools for exploring unknown qualitative features of non-
spherical particles in flows, but methods with local grid refinement are desirable for obtaining quantitative
results at higher Re,,.

2.3.3 Suspension of Deformable Particles and Capsules

The dynamics of deformable capsules, vesicles, and soft particles have been of continued interest to the sci-
entific community. Deformable particles exhibit much more complex dynamic behavior than rigid particles.
Also, treating them as rigid solids will not properly capture the micro and macroscopic properties.

In suspensions, these complex dynamics affect the rheology of the bulk flow, creating non-Newtonian
flow characteristics. For example, one of the most intensely studied deformable capsules, the red blood cell
(RBQC), is the major constituent of blood. As the local shear increases, so does the deformation of RBC, which
results in a decreased suspension viscosity. This effect causes the shear-thinning behavior of blood.

2.3.3.1 Coupling Lattice Boltzmann with Finite Element Method

MacMeccan et al. (2009) introduced a method to simulate both deformable solid particles and deformable
fluid-filled membranes, namely, capsules. This method couples the LBM for the fluid phase to a linear-elastic
finite element analysis (FEA) describing particle deformation.

For deformable solid particles, the shear elastic number (Goddard Miller, 1967, Pal, 2003), N.e = py -/G,,
governs particle deformation, where p is the fluid dynamic viscosity, y is the fluid shear rate, and Gy is the
particle shear modulus. For fluid-filled elastic capsules, the capillary number, Cag = py - R/G,,, governs parti-
cle deformation, where R is the particle radius and G, is the effective membrane shear modulus (G, = G- ¢,
for membranes with thickness, t,,).

In both cases, deformable solid particle and fluid-filled elastic capsules, the trajectory and deformation of
an elastic deformable particle are governed by Cauchy’s equation,

Dpsus _ g 1 (2.110)
Dt

in which the left-hand side is the material derivative of solid momentum and T is the elastic stress tensor.
A transient FEA is chosen to calculate the time evolution of deformable particles in suspension, which inte-
grates virtual work over the volume of the element:

Jtr(E@T)dV=JX-F”dA+IX-deV 2.111)

where
X is the elemental virtual displacements
€ is an elemental virtual strain due to virtual displacements
F'" are the traction stresses on the surface
F? is the body stresses
A is the surface area
V is the volume

In this method, linear-elastic solid elements are used to model solid deformable particles such as platelets,
and linear-elastic shell elements are used to model deformable fluid-filled membranes such as RBCs. The
linear-elastic solid element is shown in Figure 2.14a with four nodes, and the linear-elastic shell element is
shown in Figure 2.14b with three nodes.
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