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FOREWORD 

With the publication of the eight-volume Systems & Control Encyclopedia in September 1987, 
Pergamon Press was very keen to ensure that the scholarship embodied in the Encyclopedia 
was both kept up to date and was disseminated to as wide an audience as possible. For these 
purposes, an Honorary Editorial Advisory Board was set up under the chairmanship of 
Professor John F. Coales FRS, and I was invited to continue as Editor-in-Chief. The new work 
embarked upon comprised a series of Supplementary Volumes to the Main Encyclopedia and 
a series of Concise Encyclopedias under the title of the Advances in Systems, Control and 
Information Engineering series. This task involved me personally editing the series of 
Supplementary Volumes with the aim of updating and expanding the original Encyclopedia 
and arranging for the editing of a series of subject-based Concise Encyclopedias being 
developed from the Main Encyclopedia. The Honorary Editorial Advisory Board helped to 
select subject areas which were perceived to be appropriate for the publication of Concise 
Encyclopedias and to choose the most distinguished experts in those areas to edit them. The 
Concise Encyclopedias were intended to contain the best of the articles from the Main 
Encyclopedia, updated or revised as appropriate to reflect the latest developments in their 
fields, and many totally new articles covering recent advances in the subject and expanding on 
the scope of the original Encyclopedia. 

Software engineering is an area that has developed very quickly in recent years, in step with 
the development and wider availability of computer systems of greater power and complexity. 
Professor Derrick Morris of UMIST in Manchester , UK, and Professor Boris T a m m of the 
Estonian Academy of Sciences in Tallinn, Estonia, a former President of IFAC, have brought 
together a wide-ranging coverage of the subject of software engineering, emphasizing the 
aspects of particular relevance to control engineering, such as real-time programming. 

This volume will be of particular interest to all those with an interest in the development or 
use of software systems, both from the software engineer 's side and the user ' s side—for 
example, people working in information processing areas—and to anyone needing information 
on the theories and techniques on which the discipline of software engineering is based. 

Madan G Singh 
Series Editor-in-Chief 
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PREFACE 

The Concise Encyclopedia of Software Engineering is intended to provide compact coverage 
of the knowledge relevant to the practicing software engineer. It is hoped that it will be of value 
to new practitioners who need a concise overview and to established practitioners who need 
information about the "penumbra" surrounding their own specialities. Another anticipated 
group of readers are professionals from other disciplines who need to gain some understanding 
of the various aspects of software engineering which underpin complex information and control 
systems and the thinking behind them. 

Thus, the content has been chosen to provide an introduction to the theory and techniques 
relevant to the software of a broad class of computer applications. This is supported by 
examples of particular applications and their enabling technologies. The references in the 
articles provide an entry into the literature for more extended study. A broad overview of the 
total content can be obtained from the alphabetical list of articles on p . xiii. For those who wish 
to locate specific information there is a subject index on p . 385. 

In planning a work of this kind a major difficulty has to be faced. This is making the decisions 
on what to exclude. Clearly the subject area is too large for a concise work to provide 
comprehensive coverage at a detailed level. W e therefore chose to limit the coverage of several 
substantial topics which we believe are well covered in a concentrated way by the text books 
which underpin computer science—programming, structured programming, programming 
languages and formal methods—in order to increase the breadth of topics covered. The plan 
neither attempted to provide a substitute for standard text books, nor did it go to the other 
extreme and attempt to produce a dictionary of software engineering. 

This is not to say that topics such as those mentioned above are ignored, we hope that the 
anticipated readership will gain insight into them from what is included, and in many cases be 
motivated to carry out further study. 

Another difficulty which arises in carrying out a plan aiming for broad coverage is achieving 
this coverage, whilst minimizing overlap. W e have taken more t ime over this than originally 
planned and the need to go to print is now pressing. Many authors we would have wished to 
obtain contributions from are simply too busy, but we are enormously indebted to those who 
have contributed. N o work of this kind could succeed without the participation of so many 
experts. They have been very patient about our delays and many of them have helped us out 
of last minute difficulties by making additional contributions at very short notice. Their names 
appear at the foot of each article and in alphabetical order in the List of Contributors on p . 377. 

The series of Concise Encyclopedias was proposed by Madan Singh. W e are grateful to him 
for inviting us to participate. It has been comforting to find him very supportive of our efforts 
and always available to advise on problems. 

Thanks are also due to the staff at Pergamon Press for the expert guidance we have received, 
and to Colin Drayton, Helen McPherson and Peter Frank in particular, for their efficiency in 
dealing with the administrative workload. 

Finally, we must thank our own secretarial staff, Pat Cook at UMIST and Ilda Timmerman 
at Tallinn, for the work that both have put into the project. Pat Cook, in addition to producing 
many invitations and reminders and collating the responses, has been our day-to-day interface 
with Pergamon Press. Her role in assembling the material for publication has been crucial. 

D Morris and Â T amm 
Editors 

ix 
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GUIDE TO USE OF THE ENCYCLOPEDIA 

T h i s C o n c i s e E n c y c l o p e d i a is a c o m p r e h e n s i v e 
reference w o r k cove r ing all a spec t s of sof tware 
eng inee r ing . In fo rmat ion is p r e sen t ed in a ser ies 
of alphabetically arranged articles which deal concisely 
wi th ind iv idua l top ics in a se l f -con ta ined m a n n e r . 
This guide out l ines the main features and organiza t ion 
of the E n c y c l o p e d i a , and is i n t ended to he lp the 
reader to loca te the m a x i m u m a m o u n t of in fo rmat ion 
on a g iven top ic . 

Access ib i l i ty of ma te r i a l is of vi ta l i m p o r t a n c e in 
a re ference w o r k of th is k ind and ar t ic le t i t les h a v e 
therefore been se lec ted not on ly on the bas i s of 
ar t icle conten t , but a lso wi th the mos t p robab le needs 
of the r eade r in m i n d . A n a lphabe t i ca l l ist of all the 
ar t ic les con ta ined in this E n c y c l o p e d i a is to be found 
on p . xi i i . 

Articles are l inked by an extensive cross-referencing 
sys t em. C r o s s - r e f e r e n c e s to o the r a r t i c les in the 
E n c y c l o p e d i a are of t w o types : in- tex t and end-of-
text . T h o s e in the b o d y of the text are d e s i g n e d to 
refer the r eade r to a r t ic les that p resen t in g rea te r 
detai l mater ia l on the specif ic topic unde r d i scuss ion . 
They genera l ly t ake one of the fo l lowing fo rms : 

...as is desc r ibed in the ar t ic le Communication 
Networks for Control Systems. 

...the appl icat ions of these techniques (see Artificial 
Intelligence: Applications). 

The c ross - re fe rences l i s ted at the end of an ar t ic le 
serve to ident ify b road b a c k g r o u n d r ead ing and to 
direct the reader to art icles that cover different aspects 
of the same top ic . 

T h e na tu re of an e n c y c l o p e d i a d e m a n d s a h ighe r 
d e g r e e of un i fo rmi ty in t e r m i n o l o g y and nota t ion 
than m a n y o the r sc ient i f ic w o r k s . T h e w idesp read 
use of the International System of Units has determined 
that such uni t s b e u sed in th is E n c y c l o p e d i a . It has 
been recognized, however , that in some fields Imperial 
un i t s are m o r e gene ra l ly used . W h e r e this is the 
case , Imper ia l uni ts are g iven wi th their SI equiva len t 
quan t i ty and uni t fo l lowing in p a r e n t h e s e s . W h e r e 
pos s ib l e , the s y m b o l s def ined in Quantities, Units, 
and Symbols publ ished by the Royal Society of London 
h a v e b e e n used . 

M o s t of the ar t ic les in the E n c y c l o p e d i a inc lude a 
b i b l i o g r a p h y g iv ing sources of fur ther in format ion . 
E a c h b i b l i o g r a p h y c o n s i s t s of gene ra l i t ems for 
f u r t h e r r e a d i n g a n d / o r r e f e r e n c e s w h i c h c o v e r 
specif ic a spec t s of the text . W h e r e appropr i a t e , 
au thors are c i ted in the text us ing a name /da t e sys tem 
as fo l lows : 

. . .as w a s recen t ly r epo r t ed (Smi th 1990) . 

J o n e s (1988) desc r ibes . . . 

T h e c o n t r i b u t o r s ' n a m e s and the o rgan iza t ions to 
w h i c h they are aff i l iated appea r at the ends of all the 
a r t i c l e s . Al l c o n t r i b u t o r s c an b e f o u n d in the 
a lphabe t i ca l Lis t of C o n t r i b u t o r s , a long wi th the i r 
full pos ta l add res s and the t i t les of the ar t ic les of 
w h i c h they are au tho r s or c o a u t h o r s . 

T h e mos t impor tan t informat ion source for locat ing 
a par t icular topic in the Encyc loped ia is the mul t i level 
Subjec t Index , w h i c h has been m a d e as comple t e 
and fully se l f -cons i s ten t as pos s ib l e . 

xi 
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A 
Abstract Data Types 
A n important factor in the design of software infor-
mation systems is the modelling of real-world entities 
or objects. A model of an object will embody the 
essential characteristics which make it an object of that 
kind. For instance, if we were creating a model of a 
vehicle, we would give it characteristics such as wheels, 
a body, an engine, a gearbox, brakes and so on. 
Fur the rmore , individual instances of this model may 
have three or four wheels , a conventional or hatchback 
body, and a four- or five-speed gearbox. At t r ibutes are 
not confined to those of the static (unchanging) variety. 
Other at tr ibutes of a vehicle are its speed, acceleration, 
gear employed and engine rotat ion, which are dynamic 
in na ture . In software terminology, these models are 
known as types. 

In the modell ing of objects , many different levels of 
detail can be perceived. A software system to simulate 
the road handling of a motor car will need detailed code 
and data structures to imitate the grip of the car 's tires 
on the road. A t a much higher conceptual level, the 
designer of software to simulate a driver controlling the 
car along a particular stretch of road may want to 
program the car to change gear at a particular point . 
This designer should not need to have any knowledge 
of the detailed modelling of the gear system, and the 
effect that changing gear has on factors such as tire 
grip. Ra the r , the moto r car should appear as an 
abstract object to which certain well-defined oper-
ations, such as change_gear, can be applied. 

Abstract da ta types are based around this "need- to-
know" principle. The concept of abstract data types is 
concerned with 

(a) hiding details of the modelling of an entity that are 
irrelevant to the clients interacting with it, a tech-
nique known as information hiding; and 

(b) only allowing communicat ion with instances of 
the type through operat ions with well-defined 
interfaces. 

1. Abstract Data Type Definition 

A n abstract da ta type is a mathematical model of an 
entity together with a set of operat ions defined on that 
model . It has two components : a specification and an 
implementat ion. 

1.1 Specification 

A n abstract da ta type specification states how an 
instance of that type appears to any external clients that 
use it, and is essentially composed of five par ts . 

(a) A name used to denote the type. This name 
usually refers to the entity being model led. 

(b) T h e sets used by the operat ions . 

(c) The syntax of the operat ions ( i .e . , how they are 
denoted grammatically). 

(d) The semantics of the operat ions ( i .e . , what the 
operat ions mean) . 

(e) Constraints on values of the type (if any) . 

T h e specification of the operat ions should be unrelated 
to the representat ion of the abstract data type in any 
particular programming language. For example , they 
are commonly defined as mathematical functions, a 
technique explored in Sect. 2 . 1 . 

Opera t ions can be placed into three main categories: 

(a) constructor operat ions , which create an instance of 
the type ; 

(b) operat ions that take a type instance as an argu-
ment , and return a modified instance to the client; 
and 

(c) inquiry operat ions , which return information 
about the state of an object . 

1.2 Implementation 

The implementat ion of an abstract data type is an 
emulation of the specification that allows the type to be 
represented on a real machine. It defines the represen-
tational details of the data structures used to implement 
the type, together with the code for each of the oper-
ations in the type specification. The implementat ion of 
the operat ions should comply with their semantic defin-
itions in the specification. However , proving that an 
implementat ion is correct with respect to its semantic 
specification is a nontrivial task, requiring a mathemat i -
cal description of the implementat ion language. 

As long as the interface the operat ions present to 
clients remains fixed, the implementat ion can be 
changed at will, without having repercussions on the 
clients. This is an important benefit of using abstract 
da ta types, as it allows the implementer to explore the 
speed/space/ t ime trade-offs of different algorithms, 
as well as removing any knock-on effects of code 
maintenance . 

T h e distinction be tween specification and implemen-
tation is most apparent with imperative languages. 
O the r programming paradigms (see Sect. 3.3) allow an 
abstract data type to be almost entirely defined by its 
specification, with a minimum of representat ional 
information. 

2. Abstract Data Type Specification Techniques 

There are two prominent methods of specifying 
abstract da ta types: algebraic specification and oper-
ational specification. These are described below. 

1 



Abstract Data Types 

2.1 Algebraic Specification 

Algebraic specification (otherwise called axiomatic spe-
cification) is probably the most common way of specify-
ing abstract data types. Some notat ional languages exist 
that use this method to define abstract data types, 
notably O B J (Goguen and Ta rdo 1986), Clear (Burstall 
and Goguen 1981), and Larch (Gut tag et al 1985). 

Using the algebraic specification technique, the oper-
ations on an abstract data type are specified as mathe-
matical functions. The prominent feature of this 
method is that the operat ions are defined in terms of 
each other . N o operat ions external to the type being 
defined are employed. 

The classic object to illustrate this technique is a 
stack. A stack is a list to which items can be added or 
removed from one end only. Notice that the essential 
propert ies of a stack say nothing about the type of 
objects that will reside in the stack. A stack which held 
integers could still be specified by an abstract da ta type , 
but this would introduce factors into the specification 
that were unrelated to the intrinsic propert ies of a 
stack. A n abstract data type that has operat ions that 
are not constrained to work with particular types is 
known as a generic type. 

Clients using the stack abstract da ta type may wish 
to: 

(a) create a new stack; 

(b) place ("push") i tems onto the stack; 

(c) remove ("pop") i tems from the stack; 

(d) access the top value on the stack; 

(e) test whether the stack is empty. 

These operat ions can be denoted by the functions I η it, 
Push, Pop, T o p , and Empty respectively. A n algebraic 
specification of an abstract data type has the constit-
uents described in Sect. 1, with the operat ions being 
defined as mathematical functions. The section of the 
specification that distinguishes the algebraic method is 
the definition of the operat ion semantics. This section 
consists of axioms, which relate the functions to each 
other . 

Figure 1 shows the algebraic specification for the 
Stack type. Notice that the stack being defined here is 
unbounded. Any constraints on the size of the stack 
would be placed in a fifth section. Also , the special 
value error is used to indicate that an invalid argument 
has been given to a particular operat ion. Er ro r hand-
ling poses awkward problems in abstract da ta types. 
One solution is to add the special value error to the 
domain of the Stack set. In this case, to be sufficiently 
rigorous, the action of operat ions should also be 
defined when they receive error as an argument—for 
example: Pop (error) = error. 

A n important consideration is whether the set of 
axioms that specify the stack operat ions is complete . In 
other words , is there a possible function call that could 
be made for which the result cannot be determined 

Type Stack 

Sets Stack, Item, Boolean 

Operations 
Init ( ) - • Stack 
Push (Item, Stack)-* Stack 
Pop (Stack) Stack 
Top (Stack) -»Item 
Empty (Stack) -> Boolean 

Axioms 
Empty (Init ()) = True 
Empty (Push (v, s)) = False 
Top (Push (v, s)) = ν 
Top (Init ()) = error 
Pop (Push (v, s)) = s 
Pop (Init ()) = error 

Figure 1 
Algebraic specification of a stack 

from the axioms? Also , is there a possible state that a 
stack can be in that cannot be inferred from the 
axioms? Answering no to ei ther of these questions 
means that the axioms are incomplete . This example is 
so simple that it can be recognized by inspection that 
the axioms cover all eventuali t ies; however , most 
abstract da ta types are much more advanced in terms of 
complexity, requiring formal proof of completeness. 

More than a cursory glance at the axioms is required 
to realize that the object being modelled in Fig. 1 is 
indeed a stack. A problem with specifications of this 
kind is that they are very far removed from most 
people 's intuitive ideas of the object they represent . A 
consequence of this is that it requires substantial skill to 
create specifications of more complex objects. 

2.2 Operational Specification 

Operat ional specification differs from algebraic specifi-
cation in that the semantics of the operat ion of a type 
are specified in terms of o ther operat ions outside its 
domain. Essentially, a mathematical model of the type 
is constructed (hence this technique is also called con-
structive specification), and the operat ions are defined 
in terms of that model . T h e external operat ions used 
may be those of another abstract data type, or they may 
be well-defined mathematical opera t ions , such as those 
of Boolean algebra. 

A characteristic of this method is that it specifies the 
semantics of operat ions in terms of precondit ions (con-
ditions that must be t rue before applying the opera t ion) 
and postcondit ions (those that will be t rue after the 
opera t ion) , together with invariants (conditions that 
are always t rue) . Some notat ional techniques based on 
this method are V D M (Jones 1986) and Ζ (Spivey 
1989). 

Figure 2 shows the specification of the semantics of a 
stack in V D M . Mathematical ly, a stack can be rep-
resented by a sequence. T h e sequence opera tors of 

2 



Abstract Data Types 

Stack = seq of Element 

INIT () r : Stack 
post r = • 

P U S H (e : Element, st : Stack) r : Stack 
post r = [e]^*st 

R E A D (st : Stack) r : Element 
pre s t^D 
post r = head st 

P O P (st : Stack) r : Stack 
pre s t^D 
post B e e E lement . [e]"

> ,
r = st 

E M P T Y (st : Stack) r : Bool 
post r<=>st= D 

Figure 2 
VDM specification of a stack 

concatenat ion and head extraction that the stack 
operat ions use are of a fundamental na ture , and are 
presumed to be well unders tood. 

3. Programming Language Support for Abstract 

Data Types 

3.1 Imperative Languages 

The first language to incorporate a means of support ing 
abstract data types was C L U (Liskov et al. 1977). More 
modern languages such as A d a (Sommerville and 
Morrison 1987) and Modula-2 (King 1988) have given 
more consideration to abstract data types at the lan-
guage design stage. 

As earlier stated (Sect. 1.2), the model of execution 
of imperative languages has to emulate the operat ion 
functions. Owing to the inherent na ture of imperative 
languages, they do not always implement operat ions as 
functions. Often, operat ions that change the state of a 
type instance will not create and return a new type 
instance, but will use side-effects to modify the original 
instance belonging to the client. 

A d a will be used to exemplify the handling of 
abstract da ta types in imperative languages. A n 
abstract da ta type in A d a is composed of two par ts . 

(a) A specification part declares the name of the type 
and the parametr ic interface of the operat ions that 
are used to manipulate type instances. This is the 
only par t that is visible to clients of the type. 

(b) A n implementat ion par t is the algorithmic defini-
tion of the opera t ions , and is not accessible to 
clients. All the representat ional details of the type 
should be encapsulated in this section. 

The specification part of an A d a abstract data type 
lacks a means of stipulating what the type operat ions 

generic 
type Stack_Elt is private; 
package Stack is 

type S is private; 

procedure Init (A_Stk : in out S); 
procedure Push (value : in Stack_Elt; A_Stk : in out S); 
procedure Pop (A_Stk : in out S); 
function Top (A_Stk : in S) return Stack _Elt; 
function Empty (A_stk : in S) return BOOLEAN; 

private 
type Stk; 
type S is access Stk; 

end Stack; 

Figure 3 
Ada specification of a stack 

should do ( i .e . , their semantics) . The Anna system 
(Luckham and von H e n k e 1985) goes some way 
towards this end by allowing A d a programs to be 
augmented with full specifications. 

T o illustrate abstract data type definitions in A d a , 
the stack will again be used. The set of stack operat ions 
discussed in Sect. 2.1 leads to the A d a specification 
shown in Fig. 3. 

The two classical implementat ions of a stack are as 
an array and as a linked list. The latter is used for the 
implementat ion shown in Fig. 4. 

package body Stack is 
type Stk is record 

Val : Stack_Elt; 
Next : S; 

end record; 

procedure Init (A_Stk : in out S) is 
begin 

S : = null; 
end Init; 

procedure Push (Value : in Stack_Elt; A_Stk : in out S) is 
begin 

A_Stk : = new Stk'(Value, A_Stk); 
end Push; 

procedure Pop (A_Stk : in out S) is 
begin 

A_Stk : = A_Stk.Next; 
end Pop; 

function Top (A_Stk : in S) return Stack_Elt is 
begin 

return A_Stk.Value; 
end Top; 

function Empty (A_Stk : in S) return BOOLEAN is 
begin 

return A_Stk = null; 
end Empty; 

Figure 4 
Ada implementation of a stack 
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Abstract Data Types 

abstype 'a Stack = ΝEW_STACK | PUSH of 'a Stack 
with 

fun Init () = NEW_STACK 
fun Push (v, s) = PUSH (v, s) 
fun Pop (PUSH (v, s)) = s 
fun Top (PUSH (v, s)) = v 
fun Empty (NEW_STACK) = true 
I Empty (PUSH (v, s)) = false 

end; 

Figure 5 
SML specification of a stack 

3.2 Object-Oriented Languages 

Object-oriented languages are based on the concept of 
classes. Classes are analogous to abstract da ta types, 
and consist of definitions of the data structures needed 
to represent an instance (or an object) of the class, 
along with the operat ions that can be performed on an 
instance. Smalltalk (Goldberg and Robson 1983) is 
perhaps the supreme example of a pure object-oriented 
language. More recent languages such as C + + (Spivey 
1989) and Eiffel (Moyer 1988) are based on imperative 
languages, but accommodate object-oriented concepts 
such as classes. They include facilities to restrict the 
interaction with a class instance to a strict set of 
operat ions. 

3.3 Functional Languages 

Modern functional languages such as SML (Wikstrom 
1988) and Haskell (Hudak et al. 1990) have extensive 
abstract data type facilities, which have close associa-
tions with algebraic specification. Functional languages 
allow abstract data types to be declared in terms of 
constructor operat ions , which are used to construct 
instances of the type, and functions, which are used to 
inspect and manipulate the instances. Representa t ional 
details of abstract da ta types are minimized or excluded 
altogether. Genericity of abstract da ta types is also a 
feature of modern functional languages. The SML 
language is used in Fig. 5 to specify a generic stack 
abstract data type. T h e Stack type is declared to have 
two constructor operat ions: N E W _ S T A C K and P U S H . 
N E W _ S T A C K creates an empty stack, while P U S H 
takes a stack as an argument and produces a new stack. 
These constructor operat ions are not directly accessible 
to clients of the type—all interaction with a type 
instance must be m a d e by using the visible functions 
Init, Push, Pop, T o p and Empty, which are defined 
in terms of the constructors. No te that no a t tempt 
at handling errors (e .g . , trying to evaluate P O P 
( N E W _ S T A C K ) ) has been made . T o accommodate 
error-handling, an extra constructor called E R R O R 
could be added to the Stack type, and the operat ions 
defined over it, as described in Sect. 2 . 1 . 

See also: Data Structure and Algorithms; Knowledge 
Representation; Procedural Programming Languages 
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Algorithms for Graphs 
Graphs have applications in nearly all areas of science, 
and have been studied by pure and applied researchers 
for hundreds of years. Owing to their suitability for 
modelling many aspects of computat ion, they have also 
been scrutinized, since the advent of the electronic 
computer , from an algorithmic point of view; a study of 
the resources ( i .e . , t ime and space) required to solve 
certain problems concerning graphs has been under-
taken. For example , it has been shown that even the 
most simply stated graph problem may require an 
inordinate amount of t ime to solve (longer than the age 
of the universe) , and upon this analysis many banks 
base their secret codes for the transfer of funds. Not 
only do graphs model aspects of computing science but 
the p rogrammer uses them explicitly as data structures 
within programs, and also in the design phase of pro-
grams. Algori thms for manipulat ing graphs can then be 
appl ied—to facilitate the fast retrieval of da ta , for 
example, or to establish possible redundancies in some 
design. 

1. Basic Definitions 

This article a t tempts to show how solutions to algorith-
mic problems in graph theory are of considerable 
importance to many practical problems arising in 
software engineering. It begins by giving the basic 
graph-theoretical definitions relating to this paper and 
presents a brief introduction concerning the importance 
of polynomial t ime algorithms as compared to expo-
nential t ime algorithms. It then examines three specific 
problems concerning graphs (and digraphs) before 
giving applications of algorithms for solving these prob-
lems in software engineering. The problems encoun-
tered in this paper are sufficiently complex that to 
present an algorithm for the solution of one of them 
(and the proof of correctness) would take up too much 
space. Consequent ly , the algorithms presented are 
relatively simple and are given in a colloquial s tyle— 
that is, as an English description. We emphasize an 
understanding of the graph-theoretical problem and the 
applications of any algorithm for the solution of the 
problem, as opposed to detailing actual algorithms, 
although references are given as to where appropr ia te 
algorithms may be found. 

A graph G = (V,E) of size η consists of a set V of η 
vertices, usually numbered 1 to /t, and a set Ε of 
(undirected) edges, each edge being a pair of vertices. 
A graph can be represented diagrammatically by draw-
ing points to represent the vertices and lines joining 

points to represent the edges. A directed graph, or 
digraph, is similar except that each (directed) edge is an 
ordered pair of vertices, with the edges of a digraph 
represented diagrammatically as arrows from one 
vertex to another . Notice that in a graph an edge 
between vertex / and vertex y is also regarded as an edge 
between vertex y and vertex /, but in a digraph this is 
not so. In a digraph, it might be the case that there is an 
edge between vertex / and vertex y but none between 
vertex j and vertex /. A vertex / of a graph or a digraph 
is called a neighbor of a vertex j if there is an edge 
between vertex j and vertex /. 

A graph (or digraph) lends itself very well to 
computer representat ion. The two main represen-
tations of a graph G are as an adjacency matrix or as a 
series of linked lists. A n adjacency matrix is a two-
dimensional array Μ of size n, with M[/, y] = 1 if there is 
an edge between vertex / and vertex y, and 0 otherwise 
(notice that Μ is symmetrical when G is a graph, but 
need not be so when G is a digraph). The linked-list 
representat ion consists of η linked lists, one for each 
vertex, with list i detailing the neighbors of vertex i. 
The linked-list representat ion tends to be used when it 
is known that there are O(n) edges in the graph; that is, 
when the graph is "sparse" . 

Having defined graphs and digraphs, we now 
consider algorithms concerning graphs. The ability of 
graphs to model many real-life situations, coupled with 
the fact that they may be easily manipulated by a 
computer , has made the study of graph algorithms a 
flourishing field. However , even with modern-day 
computers , the best algorithms found so far for com-
pleting some of the (seemingly) most simple of oper-
ations on graphs are not practical, even for graphs of 
relatively small size. For example , it should be clear 
that one can write a computer program that determines 
whether there is a tour , along adjoining edges, of all the 
vertices in a graph. It is unknown whether there is such 
an algorithm that yields the answer within a polynomial 
(in the size of the graph) number of operat ions; that is, 
in "polynomial t ime ." All such algorithms currently 
available use an exponential number of operat ions; that 
is, they run in "exponential t ime" (an exponential 
function of η blows up relatively soon, compared to a 
polynomial one) . 

A decision problem is a problem consisting of a set of 
instances (e .g . , the set of all graphs) with a subset of 
yes-instances (e .g . , the set of graphs that have a tour of 
all vertices). A n algorithm solves some decision prob-
lem if it determines whether a given instance is or is not 
a yes-instance of the problem. We denote the class of 
problems solvable in polynomial t ime by P, and the 
class of problems solvable in exponential t ime by 
E X P T I M E . There is another class of decision prob-
lems, N P , containing Ρ and contained within 
E X P T I M E , that contains many of the exponential-t ime 
decision problems not known to be solvable in polyno-
mial t ime, and also many of the decision problems 
encountered in graph theory and computer science in 
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Figure 1 
An optimally colored graph (where r — red, b = blue 
and g = green 

general . It is not known whether the inclusions 
P c N P c E X P T I M E are strict: moreover , it can be 
shown that there are certain decision problems in N P , 
termed NP-complete problems, with the proper ty that 
if it can be shown that any NP-complete problem is in 
P, then the classes of problems Ρ and N P necessarily 
coincide. There are o ther problems, not necessarily 
decision problems (e .g . , the problem of obtaining a 
tour of all vertices in a graph) nor necessarily belonging 
to the class N P , with the property that if any of these 
problems can be solved in polynomial t ime, than Ρ and 
N P coincide: these are te rmed "NP-hard" problems. 

2. Examples of Algorithms 

We now consider some problems concerning graphs 
and digraphs for which a "good" ( i .e . , polynomial t ime) 
algorithm might be required (although it may be the 
case that we have yet to find one ) , and we present some 
applications of the algorithms within certain areas of 
software engineering. T h e reader is referred to A h o et 
al. (1974) and Garey and Johnson (1979) for more 
information on measuring the t ime complexity of an 
algorithm ( i .e . , how fast it runs in terms of the size of 
the input) ; and to Hara ry (1969), Christofides (1975), 
Minieka (1978) or Golumbic (1980) for more infor-
mation on graphs and their algorithms. 

2.1 Coloring Graphs 

A (proper) coloring of a graph G is an assignation of a 
color to each vertex of G such that if two vertices are 
joined by an edge then they have different colors. A n 
optimal coloring is a coloring using the least number of 
colors possible: an optimally colored graph is shown in 
Fig. 1. It has been shown (cf. Garey and Johnson 1979) 
that the problem of obtaining an optimal coloring of an 
arbitrary graph is NP-hard , and so all known algorithms 
run in (at least) exponential t ime. 

A n algorithm for obtaining an optimal coloring of 
an arbitrary graph (which is bet ter than the obvious 
"try-all-possibilities" algorithm) can be found in 
Christofides (1975). However , owing to the 
NP-hardness of the problem, we shall consider an 
approximate algorithm running in polynomial t ime— 

that is, an algorithm that gives a good, but not neces-
sarily opt imal , coloring ( i .e . , the number of colors used 
is usually near to optimal) . Consider the following 
algorithm: 

Color the vertices in turn , with colors represented by 
the positive integers, such that a vertex is colored by 
the integer of lowest value not used by its colored 
neighbors. 

This algorithm can be shown to run in 0(n
2
) t ime, but 

the number of colors used is highly sensitive to the 
order in which the vertices are colored. (The reader is 
referred to Gibbons (1985) and Garey and Johnson 
(1979) for a discussion concerning approximate 
algorithms.) 

Ano the r me thod for obtaining polynomial-time opti-
mal coloring algorithms is to restrict the class of graphs 
to which the algorithm applies. As we shall see, it is 
often the case that the graphs arising from a real 
problem are of a specific type. In a following appli-
cation, the class of interval graphs is considered, where 
an interval graph G has a set of vertices V correspond-
ing to some intervals of the real line (or of some well-
ordered set) and there is an edge between two vertices 
if and only if the corresponding intervals intersect. Not 
all graphs can be realized as interval graphs. It has been 
shown—see , for example , G u p t a et al (1982)—that 
interval graphs can be optimally colored in polynomial 
t ime. For examples of other classes of graph for which 
there exist polynomial-t ime optimal coloring algor-
i thms, the reader is referred to Appe l and H a k e n 
(1977a), Appe l and H a k e n (1977b), Garey and 
Johnson (1979), Tucker (1984), Hsu (1986), and 
Stewart (1989). 

As an example of when a graph-coloring algorithm 
might be required, consider the following problem. 
Tasks {tu. . . ,tn} are to be executed using some avail-
able processors, and we need to assign some processor 
to each task so that the tasks are completed as quickly 
as possible. It is known that each available processor is 
capable of completing any task within one unit of t ime. 
However , these tasks are such that each requires con-
tinual read-only access to some port ion of the memory 
Μ shared by the processors, and any memory cell 
of Μ may be read by only one processor at once. 
Consequently, when a processor is involved with some 
task and has access to the relevant area of memory , no 
other processor can access that memory port ion. 

Deno te the por t ion of memory required by the task t{ 

as Mh In order to allocate processors to tasks, form a 
graph G on η vertices, with the vertex i corresponding 
to task th Join two vertices / and / with an edge if and 
only if Mt and Mf have at least one memory cell in 
common. This implies that the tasks i, and t} cannot be 
executed in parallel by different processors. Now color 
the graph G, and note that if two vertices have the same 
color then the corresponding tasks may be completed 
simultaneously. A n optimal coloring of G clearly corre-
sponds to completing the tasks in the shortest amount 
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