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PREFACE TO THE FIRST EDITION

In the postwar years we have seen a rapid development of thermoelasticity, stimulated
by various engineering sciences. A considerable progress in the field of aircraft and ma-
chine structures, mainly with gas and steam turbines, and the emergence of new topics
in chemical and nuclear engineering have given rise to numerous problems in which ther-
mal stresses play an important and frequently even a primary role.

Thermoelasticity embraces a wide field of phenomena. It contains the theory of heat
conduction and the theory of strains and stresses due to the flow of heat, when coupling
of temperature and strain fields occurs. Thermoelasticity makes it possible to determine
the stresses produced by the temperature field, and, moreover, to calculate the distribution
of temperature due to the action of internal forces which vary with time.

The particular case of thermoelasticity in which the influence of the coupling of temper-
ature and strain fields is neglected is the basis of most quasi-static and dynamic problems
dealt with in this monograph; the influence of the coupling is considered in detail in the
Chapters IV and VIII.

We shall investigate mainly the thermoelastic problems which occur in isotropic and
homogeneous bodies, under the assumption of small displacements and linear stress-
strain laws. We assume, moreover, that the material constants are independent of temper-
ature. These assumptions are peculiar to the classical theory of elasticity and obviously
limit the applicability of the solutions obtained to certain ranges of temperature. They
make it possible, however, to investigate a large class of engineering problems.

An attempt has been made in this monograph to unify the exposition. The solutions
have been constructed consisting of two parts, the first representing the thermoelastic
displacement potential while the second one is an additional solution expressed by the
components of the Galerkin vector or the stress functions. Wherever it was convenient,
Maysel’s method was employed.

In many problems investigated in this monograph the principal point is the determina-
tion of the Green functions for stresses. Therefore the integral transforms of Fourier, Han-
kel and Laplace have consistently been used. The latter is particularly useful in solving
non-stationary thermoelastic problems.

IX



X PREFACE TO THE FIRST EDITION

The problems have been divided into two large groups — the spatial and plane problems,
each group containing both stationary and non-stationary solutions. The detailed exami-
nation of the problems is preceded by an extensive introduction to thermoelasticity (Chap-
ter I) which contains the basic relations and equations, and the methods of solution.

In Chapter XI we deal with the non-classical problem of thermal stresses in viscoelastic
bodies with linear material relations. Finally, the last chapter contains a review of new
trends in thermoelasticity. We also consider briefly thermal stresses in non-homogeneous,
isotropic and anisotropic bodies.

I wish here to express my gratitude to Doc. habil. Dr. H. Zorski, Dr. J. Ignaczak and
Dr. W Piechocki, for reading the manuscript and for many helpful suggetions.

W. Nowacki
Warsaw



PREFACE TO THE SECOND EDITION

The first edition of Thermoelasticity appeared 20 years ago, many changes, deletions and
additions therefore have been made, first of all in Chapter I dealing with the fundamental
relations and equations of thermoelasticity and in Chapter II devoted to the new trends
and new developments in thermoelasticity.

It is assumed in the static elasticity that during a slow growth of the loadings and hence
also the deformations, a complete exchange of heat with the surroundings takes place.
Furthermore, we assume that the temperature in the whole body is equal to the tempera-
ture in the natural state. In classical dynamic elasticity the corresponding assumption is
that the heat exchange occurring by means of the heat conduction, is very slow, the process
therefore is adiabatic. The theory of thermal stresses is based on a different assumption,
namely we take into account the action of heat sources and surface heating but we neglect
the changes of the temperature field due to the deformations of the body.

The above three basic assumptions lead to three different sets of differential equations
describing the fields of strain and temperature. The creation of the coupled thermoelasticity
is due to the tendency to obtain one system of differential equations describing all thermo-
dynamic processes. Chapter I treats thermoelasticity as a synthesis of the theory of elasticity
and the theory of heat conduction; some particular cases of thermoelasticity are also in-
vestigated, e.g. stationary problems, the theory of thermal stresses, classical dynamic
elasticity, etc.

Chapter XII has been completed by a brief examination of micropolar thermoelasticity,
magnetothermoelasticity and thermopiezoelectricity. In order to reduce the volume of
the book we omitted Section VI.8 concerning the application of the complex variable
method to two-dimensional problems of thermoelasticity. Finally, we reduced the list
of references to the papers which played a fundamental role in the development of thermo-
elasticity.

W. Nowacki
Warsaw, 1983
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CHAPTER 1

BASIC RELATIONS AND EQUATIONS OF THERMOELASTICITY

I.1. Principle of emergy conservation. Entropy balance

A deformation of a body is inseparably connected with a change of its heat content
and therefore with a change of the temperature distribution in the body. A deformation
of a body which varies in time leads to temperature changes, and conversely. The internal
energy of the body depends on both the temperature and the deformation. The science
which deals with the investigation of the above coupled processes, is called thermoelas-
ticity.

It should be emphasized that investigations in the field of thermoelasticity were preceded
by extensive investigations in the so-called theory of thermal stresses. The latter is a theo-
ry of the state of strain and stress in an elastic body, due to a heating, under the simplifying
assumption that the influence of the deformation on the temperature field may be neglected.

In the theory of thermal stresses which goes back to the beginnings of the theory of
elasticity, the classical heat conduction equation was used, which does not contain the
term due to the deformation of the body. Knowing the temperature distribution from the
solution of the heat conduction equation, the displacement equations of the theory of
elasticity were solved, the latter containing the known terms proportional to the tempera-
ture gradient ().

At the same time the classical dynamic elasticity was being developed, also under the
simplifying assumption that the heat exchange between parts of the body due to the heat
conduction occurs very slowly and therefore the motion may be regarded as adiabatic.

Thermoelasticity deals with a wide class of phenomena. It contains the generalized
theory of heat conduction, the generalized theory of thermal stresses, describes the temper-
ature distribution produced by deformation and finally it contains a description of the
phenomenon of thermoelastic dissipation. The cognitive merits of this theory are very
large indeed. In spite of its mathematical complexity, the thermoelasticity enables us to
examine deeper than before, the mechanism of the deformation and thermal processes
occurring in elastic bodies.

(M) J. M. C. Duhamel, Second mémoire sur les phénoménes thermo-mécaniques, J. de ’Ecole Poly-
technique, 1837, Vol. 15, p. 1.
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BASIC RELATIONS OF THERMOELASTICITY

Thermoelasticity is a new field. Although the coupling between the deformation and
temperature fields was postulated already by J. M. C. Duhamel and the extended heat
conduction equation was given by W. Voigt () and H. Jeffreys (?), the real development
of the theory occurred in the last twenty years. The starting point was the paper by
M. A. Biot (%) in which on the basis of the thermodynamics of irreversible processes the
basic relations and equations were derived and the variational theorems of thermoelasticity
were formulated.

In this chapter we present in detail the derivation of the basic relations and equations
of thermoelasticity and the methods of their solution, as well as the energy theorems and
the integration methods they imply.

We begin our considerations by deducing the constitutive relations, i.e. the relations
between the stress tensor and the entropy, and the strain tensor and the temperature.

We confine ourselves in principle to elastic isotropic homogeneous bodies. An elastic
deformation is a state such that when the forces producing the deformation are removed,
the body returns to its initial undeformed state. The isotropy means that the elastic prop-
erties of the body are independent of the direction and the homogeneity means the in-
dependence of the elastic properties of the position.

Assume that the body in its undeformed stress-free state (no external forces acting) has
a certain constant temperature T,. This initial state is called the natural state of the body.
Due to the action of external forces, i.e. body forces and surface tractions, and to the action
of heat sources inside the body or a heating (or cooling) of its surface, the body undergoes
a deformation. There arise in the body the displacements u and the temperature under-
goes a change T = J —T,, where J is the absolute temperature. The deformation of the
body is accompanied by a production of the strain ¢;; and the stress o;,. These quantities
depend on position and time. We assume that the change of temperature 7= 9 —T,
accompanying the deformation is small and that the temperature increase T does not
produce any appreciable changes of the material coefficients, both elastic and thermal.
These coefficients will be regarded as quantities independent of T.

The assumption |T/T,| < 1 is now completed by another one concerning the magni-
tude of the deformation; we assume that the squares and products of the components
of the strain ¢;; can be neglected as compared with ¢;;. Thus, we confine ourselves to the
geometrically linear thermoelasticity. The relation between the strain and displacement
has then the linear form

(1) ey =% (uy+u;0).
It is known that the strain components cannot be arbitrary and must satisfy six so-called
compatibility relations (%)

#)) Syt F e,k — et = 0, iLj,k,1=1,23.

() W. Voigt, Lehrbuch der Kristallphysik, Teubner, Leipzig, 1910.

(?) H. Jeffreys, The thermodynamics of an elastic solid in Proc. Cambr. Phill. Soc., 1930.

(3®) M. A. Biot, Thermoelasticity and irreversible thermodynamics, J. Appl. Phys., 1956, Vol. 27, p. 240.
(%) J. S. Sokolnikoff, Mathematical theory of elasticity, New York, 1956.
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The basic problem consists in deducing the constitutive relations, i.e. the relations
connecting the components of the stress tensor o, the entropy S, the components of the
strain tensor ¢; and the temperature J .

Observe that the mechanical and thermal state of the medium at a certain instant of
time, is completely described by the distribution of the deformations ¢;; and the tempera-
ture . Thus, in an isothermal change of state we are faced with a process both elastically
and thermally reversible. However, in processes in which the temperature varies in time
we deal with two coupled processes, namely the reversible elastic process and the irrevers-
ible thermodynamic process. The latter is due to a spontaneous and hence irreversible
process of heat transfer by means of heat conduction.

The thermoelastic changes cannot be described by means of the classical thermody-
namics valid for equilibrium states; we must use the relations of the thermodynamics of
irreversible processes.(!) (?)

The point of departure of our considerations is the first and second law of thermody-
namics. The first law, the law of energy conservation, has the form

3) %(%+x>=$+%%

Here % is the internal energy, # the kinetic energy, % the power of external forces and Q
is the increment in time of the quantity of heat absorbed by the body. Equation (3) is
the energy balance. It states that the increment in time of the sum of the internal and
kinetic energies is equal to the sum of the power of the external forces and the heat ab-
sorbed by the body.

The power of the external forces is given by the formula

@ # = [X,0,dv+ [pvda,
1 4 A

where X is the vector of the body forces, p is the vector of surface tractions occurring on
the surface 4 bounding the body, v = du/d¢ is the vector of the displacement velocity.
The components p; of the vector p are connected with the stress vector by the relations

(5) p,-=0'j,nj.

Here n; is the component of normal — of the surface 4. We assume that the normal n
is directed towards the exterior of the body.

The kinetic energy appearing in (3) is expressed by the integral

(6) x=§fu,v,dv,

14

(%) S. R. de Groot, Thermodynamics of irreversible processes, Amsterdam, 1952.
(® L. Prigogine, Etude thermodynamique des phénomenés irreversibles, Liége, 1947.
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and the non-mechanical power Q has the form
@) 6=— [amnda+ [wav.
A 14

Here q is the vector of the heat flux and W the quantity of heat generated in unit time and
unit volume.
Making use of the Gauss-Ostrogradski theorem we obtain from (7)

®) d=- [@.-wav.
| 4
We introduce now the internal energy U per unit volume
9) ¥ = [vav.
14

Substituting (4)—(9) into the energy balance (3) we obtain
(10) [(ub+U)aV = [X,v,dv+ [ poda— [(g.~W)dV.

| 4 1 4 A 14
Since

pi=0;n,, Af gnyvdA = Vf(aﬂ v),;dV,
Equation (10) takes the form
(11) Vf[U—(a,,_,+x,—gb,) Di— 0y Uy g+ qua— W] dV.
Equation (11) should be valid for every part of the body; thus we arrive at the local prin-
ciple of energy conservation

(11) U= (G +Xi—ov) v +0,0,,—q+W.

We now demand that the expression (11°) be invariant with respect to a rigid motion of
the body.()
Consider first the rigid displacement

(12) v — U;‘*‘b( )

where b, is an arbitrary constant vector. We assume that during a rigid displacement the
quantities U, ¢, o,;, X, q;, W remain constant. Introducing (12) into (11’) we obtain

(13) U= (i+by) (651,;+ X —ov)+050,;— 9+ W.
Subtracting (11’) from (13) we have
b(oy,;+X;—a%) = 0.

() A. E. Green, R. S. Rivlin, Arch. Rat. Mech. Analysis, 17 (1964), 113.
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This equations should be satisfied for an arbitrary value of b,. Thus, we arrive at the equa-
tions of motion

(14) O'J,J"'X;"‘Qbi =0.

Taking into account equation (14) we obtain a considerably simplified law of energy bal-
ance (11'), namely

(15) [.] = 0y v,-,,—q“+W.

This expression should be invariant with respect to a rigid rotation of the body. We as-
sume that

(16) U= 0 —Eu X 2y U1y > U — 8 2, 2 = const.
Substituting from (16) to (15) we have
a7 U= 05V, ;=8 Q) —qi+W.

Subtracting (15) from (17) and taking into account the invariance of the quantities U,
6,1, 91y W we obtain

Qeno; =0, Q #0.
This result proves that the stress tensor is symmetric, i.e.
(18) Oy =0y
Observe that
v,y =¥ (W +ity,)+3 @y —iy,) = &y+ay.

Here &;; = 0¢;;/0t, &, is defined by the relation (1), and @;; = dw,,/dt is the time deriva-
tive of the rotation tensor w,;. Since the stress tensor o, is symmetric and the tensor w;
is antisymmetric, we have o, @, = 0.

Thus, we have the local relation

(19) U= Oij SU—qi.g‘l‘ W-
Consider now the local entropy balance
(20) TS = —qu+W,

where S is the entropy per unit volume and unit time. Let us integrate (20) over the volume
of the body. Then

. g’

SdV= . f qdi a qi 5 f
[oarm— [(£) e [ 2Zear [
1 4 14 14

or

1) fsav_—f"‘"'dA f"'f‘d +f—dV
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The increment of the entropy in time consists of two basic parts. The first is described
by the surface integral constituting the increase (or decrease) of the entropy due to the
heat flux through the surface A. Thus, this integral describes the heat exchange with the
surroundings. The volume integrals are due to the entropy production in the volume V.
The first integral is the entropy produced in ¥ by the heat exchange while the second
is the entropy produced by the action of the heat sources.

Let us now return to the relation (20) written in the form

ds _ q: q. 7 . w
(22) 9 <9F> 77 Y7
Here, too, the first term refers to the heat exchange with the surroundings while the two
remaining ones describe the entropy production in an elementary volume of the body.

The local statement of the second law of thermodynamics of irreversible processes
leads to the Claussius~-Duhem inequality

q;: 7,
23) e e
or
ds q; w
- >
o9 g, (9_) Lry

In what follows it will be more convenient to introduce the Helmholtz free energy F
= U—~S7 which depends on the variables ¢;; and J. Thus, we are led to the equation

(25) F=U-S7—-SF =o0,8,-ST —ST —q,,+W.
Eliminating the heat sources from the inequality (24) and equation (25) we obtain
. . . T
(26) —(F+5F)+0,, &,— q'g_-' >0.
We have
. OF oF . oF .
(27) F = a” 8U+ 6.79—4-7','7’“

where we assumed that F = F (g, 7, 7). Introducing (27) into (26) we arrive at the
inequality

oF oF oF a7 .
_ — >=0.
(28) (UU 68,1)8” (S+ ag.)f-l- ag.i .7— g,_ = 0

This inequality should be satisfied for all rates Eips T s T .1~ Hence the coefficients of the
above variables must vanish:

OF oF OF

(29) 0'U=—é8—u', S=~—&—7.—, —6_.7'_,,=0'
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The relation (29); implies that the free energy is independent of the temperature gradient.
We are therefore left with the inequality

_ 4: 7 . ~
30) 7 =0,

which is satisfied if we assume that
(31) q; = _ll.l'q-,j'

The above is the Fourier law of heat conduction for an anisotropic body. The quantity
Q = —q, 7, should be a positive definite quadratic form

(32) Q= —4q; ..7,1 = A‘jg—'i .9-_1.

In view of Silvester’s theorem, the considered inequality imposes additional restrictions
on the symmetric tensor of heat conduction 4;;. For an isotropic body we have

(33) q[= —2'09-,1’ }Lo>0.

Let us now expand the free energy F(e;;, 7) into the Taylor series in the vicinity of
the natural state (¢;; = 0, 7 = T,)

oF
(34 Fep 7) = FO T+ F0 T o SO (7 gy
e, 0T
1 [ 0%F(0,T,) 0%F (0, T,) 0%F (0, Tp) 2
E( Je,, On & 8“+2_5s_,16.7 a7 —T,) + Y (T -To)*) + ...

Here F (0, Ty) is the energy of the natural state, which we assume to be equal to zero.
Moreover, we assume that the quantities 0F (0, T)/0¢,; and 0F (0, T,,)/0F vanish; they
constitute the stress and the entropy in the natural state, respectively. Thus

(35) Fepp T)=3%ciptyea—Biye; T-3mT?+ ..,
where
_ _0*F (0, T,) 0%F (0, T,) 0%F (0, Tp)
T=9-T, Cum—m“—s Biy = T e, 0T m= - —Fr -

Retaining in the expansion (35) the quadratic terms only we obtain from (29)

oF
(36) Oy = Je.. — Cum ea—PBiy T.

1)

Observe that

00y _ doy; \
37 ( deu )r = Cijki > (—67 . = —=By.

Equation (36) is the law of elasticity, the so-called Duhamel-Neumann relation for
an anisotropic body. The constants ¢, and B;, refer here to the natural state of the body,
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i.e. the istothermal state. The constants ¢y, are the elasticity constants for an anisotropic
body and S, as we shall see later, relate to its elastic and thermal properties.
For an isotropic body the free energy has a far simpler form, namely

(3%) F(eiy T) = peyy&y+3 A enn— 8 T-3 mT? .

This relation follows from the following considerations. Since the free energy is a sca-
lar, every term in the right-hand side of (38) is a scalar, but from the components of the
strain tensor only two independent second order scalars can be constructed, namely ¢; ¢,
and the square of the dilatation & &,,. The third term in the right-hand side of (38) con-
tains the invariant ¢,. This is due to the fact that from the tensor ¢;; only one scalar can
be constructed, namely the dilatation &,. The material constants u, A appearing in equa-
tion (28) (for a homogeneous body) are the Lamé constants. The quantities y and m will
be defined later.

The form (38) of the free energy can also be derived introducing into (35) the following
isotropic tensor quantities

39 Cipt = B (O 051+ 05)+ 20,5000, Biy = Vdyy.
Observe that the relation (38) leads to the Duhamel-Neumann relation
oF
(40) Oy =3 — = 2ue;+ (e —yT) 04y,
1

valid for a homogeneous isotropic body. Performing the contraction of the stress tensor
we obtain

(41) o =3(K—yT), K=21+2pu.
Solving equation (40) with respect to ¢;; and (41) with respect to &, we have
Y 1 Ao
(42) 8,j=3—KTalj+ﬁ<Uu—mf;—lau),
A L
(43) = T+ 3K

Consider now a free expansion of a volume element with no tractions on its boundary.
Equation (42) and (43) lead to the relations

(44) 8?1 = "3%(— Téy;, 821: = T.

s
K
It is evident that a change of volume is proportional to the temperature 7, the proportion-

ality coefficient being the coefficient of the volume expansion « = 9/K. Denoting by «,
the coefficient of linear volume expansion, we obtain the following form of the relation (44):

44" ey = o Téy, 9, = 3, T.
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These relations express the property of an isotropic body, namely an elementary volume
of a body undergoes during increase of the temperature a volume change only, the shape
of the volume remaining the same.

We have thus defined the quantity y = (34+2u) «, = 3K, appearing in the expression
(38) for the free energy and in the Duhamel-Neumann relations (40). Observe that the
formulae (40) and (41) imply the relations

aau _ 68,‘,‘ _ 1 58,‘,‘ _
“3) (Tf),—“””’ (F)‘ﬁ (—aT‘),‘3“"

It should be emphasized that the quantities u, A, K appearing in the formulae (40)-(45)
refer to the isothermal state.
Frequently the following form of equations (42) and (43) is used:

, 1 v,
(42) 811 = atTéu'f'z—G'(O'u—'l—fl:‘,‘éu),
(43" bk = 30 T+ =2 6.

Solving (42') with respect to the stresses we have

, v 1+v
(40) 0'”=2G[8ij+ 'I_—zv(skk— " a,T)é,j:l,

where G = p is the shear modulus, v is the Poisson ratio and E is the Young modulus;
we have

13242 A
G = N E=—, _—_—
# A+ V=20
and

_ vE _ E
T Awna-2 *Tzaqwy

Let us now return to the expression for the free eneregy (38). We neglect here all powers
higher than the second in ¢;; and collect all terms depending on the temperature in one
term C(T); thus we confine ourselves to the expression

A

A
(46) F(Eu, .7-) = W&, 8”+ 78,‘” Epn— Ve T+C(T) N T= F—To .

Making use of the relations (29), in view of the expression (46) for the free energy we
obtain

oF
47) Oy =g = 2pe;+ (Mg —yT) 6y -
1y
_oF aC (T)
“8) S=-Z7 1z
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It remains to determine the second term of the relation (48). Since S = S (g;;, ) we have

oS i
4 =|—-—
( 9) ds (aeu) d8”+ (ag.) d7 .

The quantity I (:%) is the measure of heat generated in a unit volume of the body

during a change of the temperature at a constant strain. We denote this quantity by c,(*)
and call it the specific heat at constant strain.
On the other hand, in view of (48)

d2c(T
(50) dS = ydey— —6—9’(7)— a7,
whence
(s a2C(T)
(51) C, = .7.(—3—?) - T = 6.72 .

We now integrate the above expression twice with respect to . Since in the natural state
F=0 and S = 0 the integration constants vanish and we obtain the integral

(52) C(T) = f 47 f €07
The term 6C(_7_‘l appearing in (48) takes the form
_ dc (T)
37 ¢ log— T
Hence
T
(48" S = yeu+c, log (l-l- T) T =T+T,.
1]

We have introduced before a restriction for the temperature increase, |T/T,| < 1. Expand-
ing log (1+7/T,) into an infinite power series and retaining the first term only, we arrive
at the following formulae for the free energy and the entropy:

A
(53) F = pe; &+ — 8k Enn— Ve T— T?,
2 ..To
c!
(54) S = '}’Ekk'f' T T.
o

Comparing (38) and (53) we find that m = c,/To.

(*) Observe that ¢, = gc where c is the specific heat referred to the unit mass of the body.
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I.2. The fundamental differential equations of thermoelasticity

In a solid the heat transfer occurs by means of the heat conduction understood as the
heat transfer from places with higher temperature to places with lower temperature. This
process is spontaneous and irreversible, connected with an entropy production. The equa-
tion of heat conduction can be derived from the entropy balance

(1) : .75' = —'q"(‘l‘W.
Introducing into (1) the Fourier law of heat conduction [see (33) in I. 1]
¥)) g=—42T = —2T,,

and the constitutive relation for the entropy [the formula (54) in I. 1]

ce
©)) S = e+ T, T,

we obtain the equation
(4) y(}'ékk'l' '—,;—;T) =).o T:”'I" w.

The above equation is non-linear. We linearize it by replacing in the left-hand side I
by T, which is permissible in view of the assumption |7/T,| < 1 and thus we arrive at
the heat conduction equation in the form

1 . o w ).o yT()
5 y—— T— = — — =720 = )
( ) T,:i % T Ny Ao s % c, s n }'0

In what follows, for convenience we shall use the following form of the heat conduction

equation:

(6) (VZ— ii) T—néy = — %, = il .

Observe that the extended heat conduction equation contains a term coupling the tempera-
ture increase with the rate of dilatation of the body.

The heat conduction equation is completed by the equation of motion in displacements.
Let us introduce into the equations of motion

O 65,5+ X = ol

the Duhamel-Neumann relations

®) 01y = 2pg;+ (A6 —yT) 0y -
Expressing the strain in terms of the displacement

© &y =¥ (uy+uy)

we arrive at the following form of equation (7):

(10) puy j;+A+p) uy 0+ X, = yT 4+ iy .
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Equations (5) and (10) constitute a complete set of the differential equations of thermo-
elasticity. The equations in this set are coupled. The equations of motion contain besides
the displacement u, the temperature increase 7" whereas the heat conduction equation
contains besides the temperature T the rate of dilatation &,.

Equations (5) and (10) can also be written in the vector form

(11) uVu+(A+p) graddivu+X = ygrad T+o i,
10 - 0
2~ 2 ) 1= = — 2
12) (V " 6t> T-ndiva o

The sources of the deformation and of the coupled temperature field are body forces
and heat sources, or the external forces and the thermal interactions of the solid with its
surrounding medium. The strain field and the temperature field, arise as a result of the
action of any of these sources. We have yet to state the boundary and initial conditions
for the system of equations (11) and (12).

The boundary conditions may be of various types. Thus, the thermal boundary condi-
tion expresses the action of the surrounding heat environment on the body and may take
on the bounding surface A the following forms:

1) The temperature T is prescribed on A in terms of position and time

(13) T=k(x,t), xe€Ad,t>0.
2) The temperature gradient 97/dn is given on A in terms of position and time
oT

(14) W=k(x,t), xed,t>0.
3) The function
(15) (%+a)T(x,t)=f(x,t), xed,t>0

is given; here « is a constant.

Condition 2) corresponds to a flow of heat through the surface 4. The case 0T/dn = O
describes a thermal insulation over the surface bounding the body. Finally, condition
3) refers to a free heat exchange over the surface 4. There occur also cases of mixed bound-
ary conditions in which, over different parts of the surface, different boundary conditions
take place.

Furthermore, on the surface 4 external loadings p, (i = 1, 2, 3) may be given, or else
the displacements %, may be prescribed in terms of position and time. In the former case
we have

(16) p,(x, t)=0'ﬂ ny =u(ll,,j+u“) n,+(l€,‘k—'yT) n;, XEA, t >0,
while in the latter case the boundary conditions take the form

a7 u, = Ulx,1), xeAd,t>0.
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As before, mixed boundary conditions may occur, on a part of the surface 4 tractions
being given, while on the remaining part the displacement being prescribed. In solving
the differential equations of thermoelasticity we must state the initial conditions. For
the temperature the initial condition consists in prescribing its distribution at the initial
instant ¢ = 0 in terms of position, i.e.

(18) T(x,00=1(x), xeB,t=0,.
The deformation of the body is determined at the initial instant by the functions
(19 u(x,0) = g«(x), x,0)=f(x), xeB,t=0,i=123,

where [, g,, f; are known functions.

L3. The wave equations of thermoelasticity

Consider now the system of differential equations of thermoelasticity in the vector
form

1) uViu+(A+p) graddiva+X = ygrad T+oi,
1 . Q
2 2T = -2
2 v3T x7 ndiva -

Assume first that the heat sources and the body forces are absent. Then equations (1)
and (2) are homogeneous. Performing the operation of rotation on equation (1) and de-
noting by Q the rotation of the vector u, we arrive at the wave equation

1 1/2
3) (Vz - —26,2) Q=0, Q=culu, ¢ = (£> .
c3 e

Evidently, the vector Q is propagated with the velocity ¢, of the transverse wave without
producing a temperature change. Volume elements of the body do not undergo dilatation;
only shears occur and they do not lead to any temperature change. The rotational wave
is not damped and does not undergo dispersion.

Let us now apply to the homogeneous equation (1) the operation of divergence. In-
troducing the notation e = divu we obtain the wave equation

1/2
) (Vz—ciz6,2>e=mV2T, cl=(}“+2ﬂ> , m L
1

0 T a2

which describes the dilatational wave. It follows from (4) that the latter is coupled with
the temperature T and hence with the homogeneous equation (2)

©) (VZ- %a,) T—né = 0.

The coupling of the above equations indicates that the propagation of the dilatational
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wave is accompanied by a generation of heat. In a dilatational wave the energy is partly
converted into heat producing temperature changes.

Eliminating from equations (4) and (5) the function T we arrive at the following wave
equation describing the propagation of dilatational waves in a thermoelastic medium

(6) [<v2- 1 a,) (VZ— -17 63) —nm V26,] e=0.
b4 ct

We shall see later that the dilatational wave undergoes damping and dispersion.
Let us now return to the non-homogeneous equations (1) and (2) and let us decompose
the displacement and the body force vectors into their potential and solenoidal parts

) u=grad ¢+curl¥, div¥ =0,
) X = o(grad 8+curly), divy=0.

The assumptions (7) and (8) served in the classical dynamic elasticity for the decomposition
of the vibrations into their longitudinal and transverse modes. The potential & refers to
longitudinal vibrations connected with volume changes in the body; the motion of the
particles taking place in the direction parallel to the direction of the wave propagation.
The vector ¥ on the other hand refers to the propagation of transverse waves producing
changes of shape only. The assumptions (7) and (8) in the thermoelastic medium lead also
to the decomposition of waves into longitudinal and transverse, for substituting the rela-
tions (7) and (8) into equations (1) and (2) leads to the relations

9) <v2—%a,> T—n V¢ = —%,
1 1
2~ _p2 = P
(10) (V a 6,)(D mT 5 3,
1 ., 1
2 [
1) (V 2 a,)\v -

Introducing the following notations for the differential operators

0 =Vi- 02, 2=12, D=Vi-—j,
Ca

we represent the system of equations (7)—(9) in the form

(12) DT—3 V2d = — —S-
(13) 026 = mT— 0-1%— s,

1
(14) Y =—-—51%.
c2
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Eliminating from the above system the temperature 7 we obtain two wave equations

(15) (2D —nmd,V?) d = —%Q-—lz—ps,

1
(16) OEY = - %
2

The first of the above equations describes the longitudinal dilatational wave, while the
second describes the transverse wave.

Consider first wave propagation in an infinite thermoelastic medium. Assume that
there act heat sources and body forces in a bounded region, described by the potential
X = g grad 9, x = 0). only. In this particular case ¥ = 0 in the entire medium; in an
infinite thermoelastic body there are dilatational waves only, described by equation (15)
and the potential @.

After having determined a particular solution of equation (15), we find the displacement
and the strain from the relations

(17) ut=al¢, 8,J=a‘aj¢, e=V2¢.

The knowledge of the function @ makes it possible to calculate the temperature T from
the formula (10). The stresses are found from the Duhamel-Neumann relations if we
express the strain entering these relations by means of (17) and make use of equation (10).
" Thus, we obtain

(18) 01y = 2u (0, 0, ®—8,; V*®)+¢ (6—-9) §,, .

Observe that the right-hand side of equation (15) contains the causes of generation
of the longitudinal waves, i.e. the heat source and the potential part of the body forces.
The action of the forces X = g grad 3 produces an effect analogous to that of heat
sources. We shall find later when investigating in detail longitudinal waves, that these
waves are damped and undergo a dispersion.

If in an infinite thermoelastic space heat sources are absent (Q = 0) and, moreover,
8 =0, X = g curl x then there exist transverse waves only, described by equation (16),
propagated with velocity c,; these waves are not damped and do not produce any tem-
perature changes. Since in this case ® = 0, T'= 0 and e = V?® = 0 the entropy S also
vanishes. The displacements connected with the transverse wave are given by the formulae

19) Uy = 0,93—03%,, Uy =2039,—0,vp;, Uy =019,—0, 9, .
The stresses are calculated by means of the formulae
(20) O3 = 2[18,] .

In principle, in a bounded body there exist simultaneously longitudinal and transverse
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waves. In this case the solution of equations (12)-(14) consists of two parts, namely the
particular solutions 7', &', v’ of the non-homogeneous equations

(1) DT —n V3¢’ = — %
, 1
(22) I:Ifd>=mT—?9,
1
2 g 1
(23) 0Oz ¥ = - 5 %>
53
and the general solutions T, ¢, »” of the homogeneous equations
(24) DT"--nV2¢" =0,
(25) D% ¢”—mT” —_ 0 ,
(26) 3% =0.

The functions 77, @', v’ can be assumed to be the particular solutions in an infinite space
or else to be functions which satisfy a part of the boundary conditions on the surface 4
bounding the body. The solution 7/, ®", y"’ is chosen in such a way that the functions
T=T+T", ® =¢'+d", y = ' +y" satisfy all boundary conditions.

Consider again the homogeneous system of the differential equations of thermoelas-
ticity (1) and (2)

27 uVau+(A+p) graddivu = y grad T+,
(28) VZT—%T= ndiva.

The heat conduction equation has been written in such a form that the term containing
the time derivative of the dilatation is in the right-hand side of the equation. We shall
confine our considerations to an infinite thermoelastic medium. We regard the function
1 div u as a heat source in the classical heat conduction equation. Making use of the Green
function of the latter we can represent the solution of equation (28) with the homogeneous
initial condition in the form

' 2 0 ..
29) TP, 1) = W:’/ZFT{ ofdr’;{(t—t)‘mexp <— ——4,‘(9‘_1_)) —a?dlv udV (),
02 =(x—=&)(x,—&), x=(x,%x3), B=E>.

Integrating by parts the expression (29) and substituting (27) we arrive at the following
integro-differential equation for u

(30) uV?u+(A+p)graddiva—gii

t
N, | e [dive 2| (= o-2exp ( — — &
= - gon grad J drBJ diva = [(t 7) exp( =D dv (§).



