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PREFACE TO THE ENGLISH EDITION

During the last half century, the mathematical sciences
underwent an essential change, by ceasing to be a quanti-
tative science and becoming a structural science. Many
people wondered whether the new mathematics would be
useful for understanding the world and for its transformations.

Nowadays, the answer to this problem is easy, by giving
as examples the mathematical linguistics, the pseudo-
Boolean programming, the theory of the programming
languages ; the promising outset of the mathematical psy-
chology, mathematical sociology and mathematical poetics
cannot be left out. But one must not forget that the first
technical discipline based on this structural mathematics
was the algebraic theory of switching circuits.

The first to introduce the idea of the use of mathemati-
cal logic in the theory of networks with contacts and
relays was the Russian physicist P. S. EHRENFEST, in a
review of the Russian translation of L. CoUTURAT’s ‘“Algeébre
de la Logique” in HypHam pyccroro (U3MKO-XNMHUIECKOTO
obmecTsa, physics section, XLII, section II, no. 10, p. 382, 1910.

EHRENFEST threw into relief the fact that the algebra
of logic could be applied to the study of circuits with con-
tacts, for instance to the study of an automatic exchange.

EHRENFEST posed the question :

“Cuemyer Ju IpHt pemieHUN 3TUX BOMPOCOB pa3 Ha Bcerga
YJ.IOBJIeTBOpHTLCH reHuaJibHRIM —a 10 OoJiblIel 9acTu IpoCTO
pYTHHHEIM cnocobom mpoGoBanuMa Ha rpaduke?

HpaB,ua JH1 49TO HECMOTpA Ha CymiecTBOBaHUE YiKe paapa—
GoranEO# ‘Anrebph-norvku’ csoero popa ‘AanreGpa pacmpe-
HeIUTeJBHBIX CXeM’ NOJKHA CYUTAThCH yTomueii?”’

the translation of which is:

¢Should we, when resolving these problems, be satisfied,
once for all, with the ingenious and in a great measure simple
solution, obtained from routine trials on graphs?

Is it reasonable, while an ‘algebra of logic’ exists, to
consider a special ‘algebra of switching circuits’ as utopian %”

NaxAsHIMA and HANzAWA published in December 1936
and in February 1937, in Japanese, in the Journal of the
Institute of Engineering and Electrocommunication of Japan,
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two papers in which several algebraic laws of series and
parallel connexions appear, which coincide with the laws of
Boolean algebra; the authors, however, do not mention
that this algebra is the Boolean algebra. The abstracts in
English appeared in 1938 —1941, in the Japanese periodical
Nippon Electrical Communication Engineering.

These papers were not widely circulated.

In 1938, V. I. SHESTAKOV sustained his Candidate thesis
at the University of Moscow :

B. U. IIIECTAKOB. HekoTopHe MaTeMaTuyeCcK1ne METOAK KOHCTPYH-
POBaHMA M YNPOIMIEHUA IBYXIIOJIOCHHIX 3JEeKTPpUUYECKHX CXeM KJlacca
A. (Some mathematical methods for the synthesis and the simplification of
electrical two-terminals of class A).

The work was printed later on:

B. U. IIECTAKOB. Anrefpa ABYXNOJIOCHHIX CXeM NOCTOEHHHIX HC-
KJIIOYUTENbHO U3 NBYXNOJIOCHUKOB (Anre6pa A—cxem) (The algebra of
two-terminal circuits constructed only Wwith two-terminals — Algebra of
A-circuits). fHypnan rexauvyeckoit dusuru t. XI, 1941 no. 6, p. 532.

B. U. IIIECTAKOB. Axre6pa JABYXNOJIOCHHX CXeM MNOCTOEHHHX
HCKIIOYUTENBHO U3 NBYXMONIOCHUKOB (Anre6pa A-cxeM) (The algebra of
two-terminal circuits constructed only with two terminals — Algebra of
A-circuits) ABroMaTHra H TejdeMexaHuka t. XV, 1941, p. 15.

Also in 1938, Claude Shannon published :
CLAUDE SHANNON. A symbolic analysis of relay and switching circuits.
Trans. A.L.LE.E., 1938, no. 57, p. 713.

In 1950, the volume of M. A. GAVRILOV appeared :

M. A. TABPUINIOB. Teopus pelleiftHO — KOHTAKTHHIX CXeM. AKageMusn
Hayx CCCP, HcTUTyT ABTOMATHKHM M TejdeMexanuku, Usg. Axagemun
Hayk CCCP, Mockpa-Jlennnrpag 1950 r.

Translations : Relaisschalttechnik fiir Starkstom- und Schwachstrom-
anlagen. VEB Verlag Technik, Berlin, 1953. Teoria releovych kontaktovych
schemat reolozili M. Novotny. E. Prager, Praha, SNTL, 1952.

Shortly afterwards, it was followed by the Harvard Univer-
sity volume t and by that of W. KEISTER, ALISTAIR RITCHIE

and WASHBURN t1.
From 1950 on, the theory of switching circuits developed
vertiginously. We cannot mention all the books dedicated

t Synthesis of electronic computing and control circuits, by the
Staff of the Computation Laboratory of Harvard University, vol. 27, 1951.

Translation into Russian :

CuHTe3 2JeKTPOHHHX BHYHCIATENbHHX ¥ YNP3BIAKIIUX CXeM.
Mocksa, 1954, Wax. Unocrp. JIut. 1954.

tt WiLriaM KEISTER, ALISTAIR RiTcHIE, SETH H. WasHBURN. The
Design of Switching Circuits. The Bell Laboratories Series. D. van Nostrand
Company Inc., Princeton, New Jersey, Toronto, New York, London. 1st.
Ed. Sep. 1951 ; 2nd Ed. Feb. 1952; 3rd Ed. Jan. 1953 ; 4th Ed. May 1955;
5th Ed. March 1956.
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to it and not even as much as a part of the published articles,
but we cannot omit to mention the volumes of R. GREA
and R. HicoNNETt, of S. H. CALDWELL', of P. Nas-
LNttt and of Rico RicHItttt. From 1960 forward, the
bibliography of the books published on this subject is
particularly abundant.

This first application of structural mathematics to
technics constitutes an indisputable success.

The Romanian mathematicians undertook the study of
this theory as early as 1949; a survey followed by a bib-
liography of these researches are given on pp. 677 sqq and
687 sqq of this volume; the titles of the books and of the
papers are translated into English.

There were four suitable methods for studying the
switehing circuits.

One of them was in the way open by V. I. SHESTAKOV and
CLAUDE SHANNON : the use of Boolean algebras. All the above
mentioned books made use of this method that had something
surprising : it made the connection between mathematical
logic and the theory of switching circuits. It was very im-
pressive for an enthusiast of mathematical logic to meet
again its formulae in a circuit with contacts and relays,
with diodes, triodes, transistors, as well as with cryogenic,
hydraulic or pneumatic elements. Several books published
by Romanian researches are using this method. Their list
is given on pp. 687 sqq.

The second method used the still less estimated : many-
valued logics. The amazement became complete, when one
met again the modern discussions on the tertium non datur

t R. Gréa, R. HiconNer. Etude logique des circuits electriques et
des systemes binairs. Berger-Levrault, Paris, 1955. Translation into English.

R. A. HiconNET and R. A. GREA. Logical design of electrical circuits,
McGraw-Hill, New York.

1t Samuer H. CarpwerL. Switching circuits and logical design.
John Wiley, 1958.

111 Pierre NasrLiN. Circuits a relais et automatismes a séquences.
Paris, Dunod, 1958.

1+ Rico RiGHI. Algebra booleana. Lezioni tenute all’Instituto supe-
riore delle Poste e Telecomunicazioni. Mimeographed under the super-
vision of A. Vighi, Rome, 1960.

Rico RiGHI. Algebra booleana con applicazioni alla teoria degli automa-
tismi a contatti. Lezioni tenute all’Instituto superiore delle Poste e Tele-
comunicazioni.

Rico RigHI. Algebra di Boole ed applicazioni, parte prima. Edizioni
scientifiche Siderea. Roma, 1967.
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or the Aristotelian naval battle in the hazards of the
switching circuits. To this method, I devoted a volume printed
in Frencht.

The third method makes use of graph theory. Issued
from the studies on electrical circuits, it was to be expected
that the combinational topology as well as the graph theory
should not be forgotten by those who studied any category
of electrical circuits. The method was much used in many
researches. The Romanian investigators and chiefly PAUL
CONSTANTINESCU, ST. PANA, I. MUNTEAN, L. LivovscHI and
I. ToMEscU contributed equally by applying this method.

The fourth is the method of Galois fields. The concept
of Galois field belonged to the theory of numbers but now-
adays it belongs to algebra. At all events, nobody could
ever have presumed that it should build a technical disci-
pline. That is the method made use of in this book.

Since the theory is not too wide-spread among those
who do not make a special study of algebra, I endeavoured
to expose it leisurely and completed it with immediate exam-
ples and applications. The author hopes that the book could
be accessible without any schooling.

In the Galois fields, all computations are made exactly
as everybody has learned them in college algebra. That
is why, each time such a caleulation is to be made, this
method is very convenient. For instance, every one can try
to develop the computations from Chap. XXVIII, § 4;
Chap. XXIX, §§ 2, 3; Chap. XXX, §§ 2, 3, 4; Chap. XXXI.

Besides, the method offers the advantage of being uni-
formly applicable to various types of finite automata. Thus,
the same methods used for studying the switching circuits
with ordinary relays or with tubes can be used for the
study of circuits with bistable relays or with polarized relays.
However, though the method is suitable to the study of the
operation of these circuits, it is not to the study of the struc-
tural problems, such as the problem of the structural
synthesis of a two-terminal with contacts, neither to a circuit
with tubes, transistors etc., nor to the study of their
simplification.

The Romanian researches in this domain were under-
taken by a mixed group formed by the Mathematical Ins-

¥ Gr. C. MoisiL. Théorie structurelle des automates finis. Paris,
Gauthier-Villars, 1967.
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titute of the Academy of the Socialist Republic of Romania
and the Mathematical Department of the Bucharest Uni-
versity. LEON LivovscHI and the author gave lectures and
lessons on this problem, as early as 1949. With GH. IoANIN
we worked since 1953, and together with PAUL CONSTAN-
TINESCU, MARIANA COROI-NEDELCU and C. Porovici we started
to make a methodical work, by meeting ourselves in a.
research seminar since 1954.

In this seminar participated also E. GoIrLAv, IULIAN
Pop, and a little later SERGIU RUDEANU, then ToMA GASPAR,
I. MunTEAN, 1. Frrorri, I. ToMescu, V. CAzANEscu, Ivo
ROSENBERG from Brno, JEAN CHINAL and M. DENOUETTE.
from Paris.

The author thanks all these collaborators, mathemati-
cians as well as engineers, for their contributions to this se-
minar, the result of which led to settling quite a number of
problems in the theory of switching circuits.

Nor can the author forget that, since a long time ago,.
he collaborates with the research group that, under the
guidance of M. A. GAVRILOV, is working at the Moscow
Institute of Automatics and Telemechanics. VALENTINA Os-
TIANU of this Institute, possessing quite as well both the Ro-
manian and the Russian languages, beside knowing the
algebraic theory of switching circuits, had a large contri-
bution by making known in Moscow the works of the Bucha-
rest group.

The author does not forget any more the warm interest.
shown towards the Romanian research group by Rico
RiGHI from Rome, MARIO VILLA from Bologna, W. NOWACKI
from Warsaw, J. KoZESNIK from Prague, JEAN VILLE, MAX
Namy, P. NASLIN et M. PELEGRIN from Paris, J. KUNTZMAN
from Grenoble, thanks to whom he was able to give at Rome,
Varenna, Bologna, Warsaw (Jablonna), Paris and Grenoble
general lectures on the subject and to publish several books
containing his own researches.

Since the publication of the Romanian edition, many
years ago, no other book applying the method of the Galois
fields was published. That is why this volume had toundergo
no modifications ; the few observations to the unchanged
text are given in the Addenda, pp. 671 sqq.

March 1968 Gr. C. MOISIL



PREFACE TO THE ROMANIAN EDITION

The algebraic theory of switching circuits is, no doubt,
one of the most unexpected applications of mathematics.

The whole of classical mathematical physics, relativistic
and quantum, deterministic and probabilistic, uses infinitesimal
analysis a8 a mathematical instrument, from the respectable
differential and integral calculus to the glamorous functional
analysis; the physical magnitudes are continuous and the
mathematical instrument is the analysis of this continuity ;
the jumps introduced by quantum mechanics are mathema-
tically subordinated to this type of description. Technology
utilizes such physical laws and the theory of Differential Equa-
tions, both ordinary or with partial differential coefficients,
with its entire development, covers this domain in which, from
the abstract mathematician to the designing engineer, a unity
of interests is manifest for certain chapters of mathe-
matics.

The algebraic theory of switching circuits exceeds
widely this frame. The variables associated with various
automation elements, contacts, push-buttons, lamps, relays
of different sorts,rotary switches, electronic tubes, transistors,
cryotrons, magnetic cores — assume a finite number of values.
Often they take on two values: a contact is closed or open,
a lamp is switched on or off. The essential feature is not,
however, the fact that the variables have two values, but that
their domains are finite.

It is therefore not the classical Calculus which will be
employed in the study of such electri¢ circuits, but that
chapter of mathematics which, by its history, is much more
related to the finite : abstract algebra.

In 1910, in a review of the Russian translation of Cou-
turat’s book ‘“‘L’Algébre de la Logique”’, the Russian physicist
EHRENFEST put forward the idea of applying a chapter of
algebra — the algebra of logic —to the study of contact
networks.

The idea was rediscovered at a later date. In 1936
NAKASHIMA and HANZAWA published in Japanese a series of
papers not widely circulated.
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In 1938, V.I. SHESTAKOV in his doctorate thesis at the
University of Moscow showed how to apply the rules of the
algebra of logic to networks with contacts and relays. She-
stakov’s discovery developed by M. A. GAVRILOV initiated
a large number of researches in this domain, in the USSR.

In the same year 1938 CLAUDE SHANNON, unaware of
Shestakov’s work, published a study in the A.I.LE.E. Transac-
tions in which the algebra of logic is presented as the instru-
ment for investigating networks with contacts and relays.
Shannon’s work was the starting point of American research
in this domain.

In the following twenty years the theory developed and
flourished on a large scale.

In Romania, since 1953, several mathematicians and
engineers have formed a group which deals with these problems.

So far, several treatises have been published in which the
theory is presented. The first is the volume published by
M.A. GAVRILOV “Teopus peneiiHo KOHTaKTHHX cxeM’’ in1950,
it was translated into German in 1953, ‘“Relaisschalttechnik
fiir Stark- und Schwachstromanlagen”, and into Czech. This
volume was the fundamental book employed by the Roma-
nian investigators.

The works of AIKEN, KEISTER-RITCHIE-WASHBURN,
GREA — HIGONNET, TOUCHAIS, GAVRILOV, CALDWELL and
NasLIN followed.

The Romanian Academy has started the publication in
Romania of a series of ‘Monographs on the algebraic
theory of switching circuits”. The first volume ‘“Scheme cu
comandd directd cu contacte girelee’” (‘‘Combinational net-
works with contacts and relays’’) was published recently.
Volumes dealing with the sequential operation of networks
with ordinary relays and with the operation of circuits with
electronic elements are in course of preparation.

We have no knowledge of mimeographed survey works
issued in other countries. In the Romanian People’s Republic
there appeared the lectures delivered by the author in Novem-
ber-Feebruary 1953 —1954 at the I.C.E.T.t and those deliver-
ed by him in the ‘“Lectures on automation”, organized by the
Commission of Automation of the Academy and by the
A.S.I.T.t* in 1958.

t Electrotechnical Research Institute
t1 Scientific Association of Engineers and Technicians

2 — c. 5245
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The aim of the present volume is in the main to show the
contributions brought by the author and his co-workers up to
August 1%¢, 1957. Chapters 1—23, 28 —31 were completed
by April 1%, 1957 and Chapters 24 —27 by August 1%,
1957. The author has endeavoured to keep the bibliographic
notes up to date.

The characteristic features of the investigations carried
out by the Romanian group are pointed out below.

In the first place the author and his co-workers make use
of various algebraic tools; it is not only the Boolean algebra,
whose primordial interest is not overlooked, which is applied
in this volume, but algo the theory of finite fields ( Galois fields)
i3 widely used. The computations in a finite field are made in
agreement with the established rules of classical algebra, this
being of a considerable advantage. In addition, this enables
the whole automaton to be conceived as a unit. Accordingly,
the author was able to broach problems of general theory,
such as those included in Chapters 23 —31: the problem
of synthesis with given programmes for the output ele-
ments, the problem of classification, etc. The author holds
the view that this method is efficiently adaptable to comput-
ing machines.

In this volume, in order to maintain the unity of the book,
other algebraic means such as, for instance, multi-valued
logic, have not been employed.

In the second place, this group of research workers has
emphasized the importance of the sequential operation of the
automata. The opposition between ‘‘combinational cir-
cuits” and ‘‘sequential circuits’ is essentially just another
aspect of the difference between statics and dynamics.

In the description of sequential operations, the variables
associated to the current are separated from those associat-
ed to contacts. The recurrence relations which describe
operations of the network have also been met with, explicitly
or implicitly, in the work of V. I. SHESTAKOV, D. HUFFMAN,
H. GRENIEWSKI and D. BASILEVSKI, developed at the same
time or subsequently to our work. In our studies, these equa-
tions appear as proceeding from the elimination of the current
variables from two systems of equations: one system by
which the current is determined in terms of the position of
the contacts, and another system, introduced by the author,
the study of which is peculiar to the research work of our
group. In this system the position of the contacts of an ele-
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ment at a given instant is determined by the state of the
currents and contacts of that element in the preceding instant
(or instants). This system, we have called the ‘‘characteristic
equations’® system, must be established for each secondary
element considered : relay, polarizing relay, rotary switch, ete.

The characteristic equations, introduced by us in 1954,
have enabled us to study networks with various types of
secondary elements. The study of networks with secondary
elements other than ordinary relays is a third characteristic
feature of the investigations carried out in Romania.

A fourth characteristic of our researches is the attention
devoted to the so-called multi-position contacts. V. I. SHES-
TAKOV and A. DUSCHEK have introduced their study; such
multi-position contacts are associated with numerous secon-
dary elements. Moreover, elements which vary continuously
can be replaced approximately by multi-position contacts. This
fact is significant in the author’s concept of the mathematical
theory of continuous automation in relation to the discrete
case. Sometimes the mathematical theory of servo-mechanisms
is opposed to that of circuits with contacts and relays.
The author does not believe that this opposition should refer
to the object of the study, but only to the problems which
are under analysis. The algebraic theory, when sufficiently
developed, shows the general concept of the automaton, as
well as the position and connections of the various elements,
while the quantitative study of the stability of operation is
incumbent upon the infinitesimal theory.

The author takes the liberty of giving certain indications
on the research carried out in Romania after the ultimate
elaboration of this volume.

The author has successfully carried out the study of what
he calls the ‘“actual operation’ of relays. This study is of im-
portance since in certain cases it is necessary to take into con-
gideration the transient position of the contact armature.
This is mainly done by means of three-valued logic. Five
valued logic is likewise applied in this study.

The author has also studied bridge networks. A. G. LUNTS
has shown that the study of the multi-terminals with contacts
and possibly with rectifiers is algebraically translated by the
study of matrices with their elements in a Boolean algebra.
However, when the multi-terminals also have secondary and
output elements,the problem takes on a more delicate character.
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Numerous examples are given in the book of V. N. ROGINSKII
and A. [I. KHARKEVICH ‘‘Peseiinnie cxeM B TesedoHmn’’,
The investigations of M. A. GAVRILOV concerning multi-
terminals and their transformations have not yet been alge-
braically interpreted. It is necessary to include in this study
the networks with several current levels. This set of problems
is, at present, in the process of being worked out.

Finally, the author has studied circuits with electronic
elements : triodes, pentodes, transistors, eryotrons. On the
one hand, Sheffer’s functions have been studied in order to
simplify the circuits ; on the other hand, the analysis of the
sequential operation of the electronic circuits is achieved
by methods similar to those applied to networks with elec-
tromagnetic elements.

This volume is intended, as will be seen when reading it,
for mathematicians who desire to study an interesting modern
application of algebra, which is highly -useful to engineers
working in the domain of automation with contacts and relays.
Furthermore, it will also prove of practical use to those work-
ing in the field of computers. The technician must, however,
not expect fo find practical indications as the author claims
no technical ability of any kind.

Fortunately, the gaps left by my technical insufficiency
were filled up by the contribution of several engineers who
attended a free course on the algebraic theory of switching
circuits.

Our group received considerable assistance from the
group led by M. A. GAVRILOV, doctor of technical sciences of
the Institute of Automation and Telemechanics of the
USSR Academy of Sciences.

The present volume has been read with particular atten-
tion by C. POPOVICI ; many omissions were corrected thanks to
his conscientiousness and competence.

May 1959 Gr. C. MOISIL
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CHAPTER 1

INTRODUCTION

1. Congruences of integers

It is said that two integerst a and b are congruent modulo
m (m being an integer) if the difference a— b is divisible by
m, i.e. if it is a multiple of m. If @ and b are congruent modulo
m, we shall write
a=b (mod m).

This means that there exists an integer k¥ such as
a — b =km.
If @ and b are not congruent modulo m, we write
a =% b (mod m).

Example 1. Modulo 2 : any integer ts congruent to 0 or
1; in other words : for any integer a, we have
a=0 (mod 2)
or
a=1 (mod 2),
but
01 (mod 2).

For, if a is even, a = 2h and the first congruence is valid.
If a is odd, a = 2h + 1 and the second congruence is valid.

Example 2. Modulo 3 : any integer s congruent to 0 or 1
or 2; in other words : for any integer a, we have
a =0 (mod 3)
or
a=1 (mod 3)
or
a= 2 (mod 3).

t By integer we understand a positive or negative integer including 0.
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For, any number divided by 3 gives as remainder 0
or 1 or 2, 1i.e. it is of the form 3A or 3k + 1 or 3h + 2.
One can see that

0% 1 (mod 3),
0 2 (mod 3),
12 (mod 3).

Example 3. Modulo 4 : any integer is congruent to 0 or 1
or 2 or 3; in other words : for any integer a, we have

a=0 (mod 4)
or

a=1 (mod 4)
or

a =2 (mod 4)
or

a=3 (mod 4).

Example 4. Modulo m : any integer is congruent to one
of the numbers 0,1, 2,..., m — 1; no two of the numbers
0,1,..., m—1 are congruent modulo m.

Here are a few immediate properties of congruence.

Theorem I. Any integer is congruent with dtself with
respect to any modulus ; in other words : whatever the integers
a and m are, we have :

= a (mod m).

For, a —a = 0 = 0- m, therefore the above definition
is satisfied.

Theorem 11. If

a=> (mod m),
then
b= a (mod m).

For, if a=1"> (mod m), then a — b = km, k being an
integer, hence b — a = (—k) m, hence b—a is the multiple
(—%) m, and hence b =a (mod m).
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Theorem I11. If
a=1>b (mod m),
and
b =c¢ (mod m),
then
a = c (mod m).

For, if a=b (mod m), there exists an integer h such that

a—b=hn
and if b =c¢ (mod m), there exists an integer k¥ such that
b —c¢ =km,

therefore,
a—c¢=(a—0b)+ (b —c)=(h+ k) m,
and h + k is an integer, therefore a = ¢ (mod m).

Consequence. Two integers congruent to a third are con-
gruent to one another. In other words : if we have

a = c¢ (mod m),

b = ¢ (mod m),
then
a

Il

b (mod m).
Indeed, let

1l

a = c¢ (mod m),
b= c (mod m).

The latter congruence gives, by virtue of Theorem II,
¢ = b (mod m).

This, together with the first congruence gives, by virtue of
Theorem III,
a=>b (mod m).

Theorem IV. Congruences with respect to the same
modulus may be added term by term ; in other words : if
a=1> (mod m),

¢c=d (mod m),
then
a+c=b-+d(mod m).
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Indeed, the two congruences show that a — b= hm, and
¢ — d = km, h and k being integers, hence

(atc)—(+d)y=(a—0b)+ (¢c —d) = (h + k)m
which justifies the last congruence.

Example 1. Let us determine to which integer a + b is

congruent modulo 2.
If a=0, b=0 (mod 2), then a + b =0 (mod 2).
If a=0, b=1 (mod 2), then a + b=1 (mod 2).
If a=1, b=0 (mod 2), then ¢ + b =1 (mod 2).
Ifa=1,b=1 (mod 2), thena +b=1+1
=0 (mod 2).

These results can be tabulated

+, 0 1

0f o0 1

110

writing the number congruent to a-+b in row a and column b.
This table is called the addition table modulo 2.

Example 2. Let us determine to which integer a + b is
congruent modulo 3. The result is given by the table

+ ‘ 01 2
0} 0 1 2
1(1 2 0
212 01

made up as above. Its justification is easy; for instance,
24+ 2=4=1 (mod 3).

Example 3. Let us determine to which integer a + b is
congruent modulo, 4. The result is given by the table

+|0123

0] 0 1 2 3
1({1 2 3 0
22 3 0 1
313 01 2
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Example 4. Let us determine to which integer a 4 b is
congruent modulo 5. The result is given by the table

01 2 3 4

-+

|

0l 0 1 3 4
1)1 2 4 0
212 3 4 01
3/3 4 01 2
4401 23

Theorem V. Congruences may be multiplied term by
term. In other words: if

a=b (mod m),
¢ =d (mod m),
then

ac = bd (mod m).

Indeed, the two congruences show that & — b = hm, and
¢ —d =km, hence a =b + hm, and ¢ =d + km, hence
ac = bd + (bk + dh + hkm)m, hence, bk + dh + hkm being
an integer, ac = bd (mod m).

Example 1. To which integer is ab congruent modulo 2 ?
The result is given by the table
| 01

00 0
01

Indeed,
if a=0, b=0 (mod 2), then ab=0-0=10 (mod 2);
if a=0, b=1 (mod 2), then ab=0:1=0 (mod 2);
if a=1, b=0 (mod 2), then ab=1-0= 0 (mod 2);
if a=1,b=1 (mod 2), then ab=1-1=1 (mod 2).
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Example 2. To which integer is ab congruent modulo 3¢
The result is given by the table

{ 0 1 2
0] 0 0 0
210 2 1

Example 3. To which integer is ab congruent modulo 4?
The result is given by the table

|0123
0’0()()()
1‘0 3
210 2
310 1

Example 4. To which integer is ab congruent modulo 5%
The result is given by the table

01 2 3 ¢
00 0 0 0 O
1101 2 3 4
210 2 4 1 3
310 3 1 4 2
410 4 3 2 1

Theorem VI. We have
—r=m — x(mod m).

This property is obvious. It allows us to write the
integer to which — « is congruent, the result being a positive
integer.

Example 1. To which integer is — congruent modulo 27
We have
— 0=0 (mod 2),
—1=1 (mod 2).
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We group these results in the table
xl 01
——:cl 01
Example 2. To what is — x congruent modulo 3?
The result is given by the table
x| 01 2
—ao 21
Example 3. To what is — « congruent modulo 4? The
result is given by the table
x] 01 2 3
—xo0 3 21
Example 4. To what is— x congruent modulo 5? The
result is given by the table
701 2 3 4

—1}04321

Theorem VII. Congruences can be subtracted term by
term. In other words : if

a =b (mod m),

¢ =d (mod m),
then
a—c=b—d (mod m),

since from ¢ =d (mod m), we deduce ¢ = d + km, hence
—¢= —d+ (— k)m, hence —c= — d (mod m), hence
a—c=Za+(—c)=b+(—d)=b —d (mod m).

This theorem will not be used frequently since we can
replace — x by m — 2.

Hereafter, we shall denote by J/(m) the set formed by
the m numbers

0,1,...,m — 1.

If p is primef, §/(p) will be called GF (p).

t For the importance of the case of a prime modulus, cf. Chapter 18,
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For instance &F (2) is made up of 0 and 1; GF (3) is
made up of 0, 1, 2; &F (5) of 0, 1, 2, 3, 4; however, the set
made up of 0, 1, 2, 3 will be called /(4).

With the numbers

0,1,...,m —1

we can, in accordance with the Theorems IV, VII and V,
carry out operations of addition, subtraction, multipli-
cationt and obtain tables like the ones in the foregoing
examples.

Example 5. Let us determine the number to which a+b
is congruent modulo m. The result is given by the table

-+ ! 0 1 2 3 4... m—3 m-—2 m—1
0 0 1 2 3 ‘4... m—3 m-2 m-1
1 1 2 3 4 5... m—2 m-—1 0
2 2 3 4 5 6... m—1 0 1
3 3 4 5 6 7 0 1 2
4 4 3 6 7 8 1 2 3
m—-3 | m—3 m—2 m—1 0 1... m—6 m—5 m-—4
m—2 | m—2 m—1 0 1 2... m-5 m—4 m-3
m—1 m—1 0 1 2 3... m—4 m-—-3 m-—2

This arithmetic, which we can call “arithmetic modulo
m”’, does not coincide with the usual arithmetic of integers.
Indeed, on the one hand, only m elements enter into this
arithmetic instead of an infinity of integers. On the other
hand, the addition, carried out according to the above table,
is not the usual addition. For instance, this addition yields

t We consider the elements 0, ..., m—1 as given elements for which
we define two operations that we have denoted by ““ 4 and ¢.”
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2 4+ (m—1) =1. The same applies to multiplication, which
is not the usual multiplication. Nevertheless the computa-
tions modulo m are easy to perform.

On the other hand, when we have to carry out a series
of operations practically, we can perform them without any
difficulty, by replacing any number obtained by its remain-
der modulo m. For instance, modulo 3,

E=[2+3+2)1+2+1)+1+2+2)]1+1)
=(7-4 +5)2=(1-1 + 2)-2 (mod 3),
since 7=1, 4=1, 5 =2 (mod 3). Hence
E=(1+42)-2=0 (mod 3).

On the other hand, all the rules of computation regar-
ding addition, subtraction and multiplication, e.g. changing
the order of the terms of a sum, changing the order of the
factors in a product, the substitution in a sum of a number
of terms by their sum, the substitution in a product of a
number of factors by their product, the suppression of
brackets, are all valid in arithmetic modulo m. These rules
are transcribed by

a+b=0>b+4 a, ab = ba,
a+b+c=(a-+b+c=a-+ (b+ec),
abc = (ab)c = a(bc),
a(b+c) = ab + ac.

The validity of these rules will not be proved in this
book. The reader can verify them for m = 2, 3, 5, with the
help of the tables on pages 26 — 28.

With respect to the following rules: a product is not
null unless one of its factors is null, and from ax=ay (a5 0)
we deduce =y, which is not always valid, we refer the
reader to page 373 of this book.

t We shall use the ‘="' sign between the abstract clements 0... m—1
ind the ““=’’ sign between the ordinary integers ..., —1, 0, 1..., m—1,
n, m+1, ... This ambiguity of the signs of ““0”... “m — 17 will not lead
o any difficulties in what follows,

Likewise, we shall use the ‘“= (mod m)” sign when remembering the
nodulus m.
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2. Variables associated to elements of switching eireuits

A variable which can take on = values will be called
n-valued (two-valued, three-valued, four-valued, five-
valued, etc.).

Variables associated to contaets. A contact can have
two positions : open or closed. We shall associate to a contact
(Fig. 1) a variable @ to which we assign two values, 0
and 1, namely :

a = 0, if the contact is open,

a = 1, if the contact is closed.

We may say that we associate to a contact a variable
in GF(2).

Variables associated to a relay contact armature. An
ordinary relay consists of an electromagnet which attracts
an armature with contacts (Fig.2).When no current passes
through the relay winding, the armature is in a position I,
where some of the con-

- o SN —) O
tacts x~ are closed, oth- x-
ers £%, are open. When o =
current passes through .
the winding, the arma- __o o—or ——do—gp—
—o0 o——a=0
— pu— b
T O~ a=7 I 1
Fig. 1 Fig. 2

ture, attracted by the electromagnet, takes another posi-
tion, /I, where the z~ contacts are open, while the z*
contacts are closed.

We shall assign three variables to this armature. The
variable x will indicate the position of the armature :

x = 0, if the armature is at rest, i.e. in position I;

x =1, if the armature is attracted, i.e. in position II.
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The variable zt is associated to the contacts 2+,
which are called closing contacts. It can be seen that

xt = 0, if the closing contact is open, that is if the
armature is at rest (position I), that is if z = 0;

xt =1, if the closing contact is closed, that is if the
armature is attracted (position II), that is if z = 1.

The variable 2~ is associated to the contacts x~ which
are called opening contacts. It can be seen that we have:

2~ =1, if the opening contact is closed, that is if the
armature is at rest (position I), that is if ¢ = 0;

xz~ = 0, if the opening contact is open, that is if the
armature is attracted (position II), that is if = 1.

It can be seen that there exists a correspondence among
the 3 variables z, z*, #~ given by the table

x l 0 1
zt| 0 1
z=| 1 0

It can also be seen that we have
zt = 2 (mod 2).

It can be seen, by comparing this table with the table
of Example 1, page 26, that we have

"=z + 1 (mod 2).

A relay of the type described above will be called an
ordinary relay with ideal contacts. The above discussion
shows us that a variable x in GF (2) will be associated to
the armature of an ordinary relay with ideal contacts; the
variable xt which describes the situation of the closing con-
tacts is given by

T = 2 (mod 2)

and the variable x~ which describes the situation of the opening
contacts is given by

rz-=a + 1 (mod 2).

However, let us note that, while being attracted, the
irmature has a transient position, in which both the closing
ind the opening contacts are open (Fig. 3).

- ¢.5245
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Likewise, when the armature comes back to its rest
position, the change from position III to position I is
through the transient position II where all the contacts

p———O0p— —0 o—
L
— o— O— P
——— -——‘ —-—: b
I I zZ
Fig. 3

are open. This type of relay is called an ordinary relay with
real contacts.

We see that in order to describe the position of its
armature it is necessary for the variable to take on three
different values, hence : we shall associate a variable in GF (3)
to the armature of an ordinary relay with real contacts.

There are relays for which one cannot consider only one
transient position of the contacts, namely relays in which

U S S
11 iy
' | I ow .I B |

Fig. 4

p——

there are two electromagnets (Fig. 4); if the current flows
through the winding of the electromagnet A4, the armature is
attracted by this electromagnet and takes on position I ; if
the current flows through the winding of the electromagnet B,
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the latter attracts the armature, which takes on position 17 ;
if the current does not flow through any of the windings,
the armature remains in the position I or II in which it
was ; if the current stops flowing before the armature has
reached one of the positions I or II, it comes to position I
if it was in position IIT; if it was in position IV however,
it comes to position II. That is the actual operation of
bistable relays.

Polarized relays are also made, the armature of
which, being magnetic, is attracted or repelled by the
relay electromagnet according to the direction of the
current flowing through the winding (Fig. 5).

For such a relay, the contact armature will have three
positions : “at rest”, ‘“‘attracted” and ‘‘repelled”. This type
of relay will be called a polarized relay with ideal contacts.
We see that a variable in &F (3) must be associated to the
armature of a polarized relay with ideal contacts.

—0 o— —o—0-
O——Q
o—————0
pD——C
—_——O— —( o— —3 Pp—
o——(
p———(
p—C
—C ———— —0 o0—
(N’ 4 | —
[ 1.\“ ]
I I I
Fig. 5

If, however, we must take into account the tran-
sient positions, the latter will be two in number: a tran-
sient position between the ‘‘at rest’’ and the “attracted’’
position and another between the “at rest” and the “repelled’’
position ; hence, for these relays, which we call polarized
relays with actual contacts, we shall have to consider five posi-
tions of the armature, and hence we shall associate a variable
in &F (5) to the armature of a polarized relay with actual contacts.



