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PREFACE 

The basic criterion for the assessment of designs for pavement struc­
tures in highway and runway engineering, in terms of their service life 
and their operational characteristics, is their social effectiveness. Road 
surfaces must have the required bearing capacity and durability, and 
must provide for safe and comfortable driving over long periods. Spe­
cialists in transport engineering pay considerable attention to the im­
provement of material quality, reduction in the thickness of pavements, 
improvement in design methods and to other problems involved in the 
construction, operation and reconstruction of roads. 

The loading of pavement structures is principally dynamic loading 
under mobile forces, the contact of which with the surface unevennesses 
of the pavement causes a dynamic state of stress. The current state of 
pavement design, in which these structures are designed only with 
regard to static loading, is basically a consequence of the insufficient 
development of dynamic theory, of the insufficient preparation of de­
sign engineers in dynamics, and of the absence of practical solutions. 
The aim of this book is at least partly to fi l l these voids, to inspire 
interest in the problem, and to strengthen the cooperation between 
specialists from industry and theoretical and research workers. 

The starting point for developing the dynamics of pavement struc­
tures is detailed knowledge of the dynamic properties of materials and 
structures through the application and development of dynamic testing 
methods. This book summarizes data gathered over several years by the 
author and his team at the Institute of Civil Engineering and Architec­
ture at the Slovak Academy of Sciences, in the developing field of 
dynamic investigation of road surfaces and road construction materi­
als, based on the principle low-energy vibration methods. 

Systematic experimental testing of real highway pavements carried 
out over several years and of various rigid and flexible pavement struc­
tures on the test track, served as the empirical basis for identifying 
acceptable theoretical models of pavement structures that agree clo­
sely with both the dynamic behaviour of structural materials and the 



XII PREFACE 

total dynamic reaction of road pavements and airfield runways. A 
layered pavement structure can be modelled in terms of an equivalent 
plate on a subgrade. The stress states determined by using the principle 
of this model were compared with the stresses determined by using the 
layered medium for a large number of various pavement structures, and 
they have shown substantial agreement. The fundamental advantage of 
the model of an equivalent plate on a subgrade is that it makes it 
possible to deal with the decisive and typical tasks of pavement dy­
namics, which cannot be solved in a simple way by using the model 
of the layered medium. 

The aim throughout this book is to demonstrate practical application, 
and the differences between the dynamic and static approaches. I t 
contains a considerable number of numerical examples in the sphere 
of pavement evaluation and design. 

The importance of pavement dynamics is not just theoretical. As 
pavement dynamics develops, it should be able to give answers to 
the practical requirements of design engineers, and hence its impor­
tance wil l continually be increasing. 

I t is a pleasure to acknowledge the important contributions that 
Milan Pokorny and Jiff Spitalsky made during the preparation and 
development of the experimental arrangements and during the mea­
surements of highway pavements. 

Gustav Martincek 
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INTRODUCTION 

This book is an attempt to summarize and solve the problems con­
nected with a very important but often neclected subject: the dynamics 
of pavement structures. 

Chapter 1 deals with dynamic methods of diagnosis. The principle of 
the methods, the experimental technique, the measurement procedures 
and the basic theoretical assumptions make up the general framework 
of knowledge necessary for the practical application of the methods. 
Chapter 1 presents the mechanical impedance methods devised for use 
in testing viscous and elastic materials, and based on the principle of the 
forced vibration of the test bodies or the subgrade. From the point of 
view of practical applications, the main part of this chapter contains 
detailed and simplified procedures for measuring the phase velocities of 
the propagation of stress waves in flexible and rigid road surfaces, the 
interpretation of the measurement results, and methods for the deter­
mination of rigidity and elasticity characteristics of pavement sections. 
The methods described are complemented by numerous results ob­
tained from measurement of real pavement structures under construc­
tion or already completed. 

The model of an equivalent plate on subgrade, as the result of dy­
namic diagnosis, provides a dynamic theory that makes it possible to 
determine the dynamic deflection and the principal internal forces of 
real layered pavement structure. The relationships for the calculation of 
stresses in a layered pavement structure are presented in Chapter 2. 

The various variants of the dynamic theory of an equivalent plate on 
subgrade are analysed in Chapter 3. From studies of the vibration of a 
layer in contact with half-space and stress-wave propagation in a layer 
on half-space without shear contact, attention is concentrated on the 
vibration of a plate on halfspace and on the technical theory of a plate 
on subgrade using a simplified dynamic model of the soil base. The 
solutions, in integral and closed form are complemented by numerous 
numerical results. 

Chapter 4 presents studies performed in order to determine the state 
vector components under dynamic loading of a half-plate on subgrade, 
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of a plate strip on subgrade, of a plate on subgrade with joints and of a 
plate on inhomogeneous subgrade. A l l these problems have been 
solved by the reduction of a partial differential equation to an ordinary 
one using Fourier's integral transformation and by the application of 
the method of initial parameters. Numerous results of parametric nu­
merical study have made it possible to compare the extreme values of 
flexural moments and subgrade reactions under particular schemes of 
dynamic loading for rigid and flexible pavements. 

The typical problem of pavement dynamics is the dynamic interaction 
of the equivalent plate with the subgrade under a moving load. These 
problems are solved in Chapter 5 for a load moving along the boundary 
of a half-plate on subgrade. The solutions of the influence of periodical 
and isolated unevennesses under a moving load and load system with two 
degrees of freedom and the effect of a moving random load with exten­
sive numerical data give well-arranged material for evaluating of the 
dynamic behaviour of rigid and flexible pavement structures. 

Chapter 6 deals with the dynamic response of the equivalent plate 
with free boundaries on an unbounded soil base. Starting from derived 
fundamental solutions for the subgrade and a plate on subgrade, the 
boundary integral equations according to the theorem of reciprocity 
and their solution using boundary elements are presented with the 
numerical application on a square and rectangular plate on subgrade. 
The analysis of the dynamic response of a bounded plate resting on 
unbounded subgrade using the method of boundary elements confirms 
that the dynamic increment under a harmonic and pulse load is signifi­
cant and that the derived procedures make it possible to obtain the 
corresponding dynamic coefficients. 

The method of boundary integral equations offers us the possibility 
of studying very interesting problems concerning the influence of arbi­
trarily shaped holes in a plate on subgrade during the propagation of 
vibration. The results of the theoretical and numerical analysis are 
given in Chapter 7 and they confirm that the influence of the hole 
causes the concentration of vibration about the hole. The concentra­
tion is significant, especially at resonance frequencies, when the hole 
becomes an amplifier of vibration. 

The dynamic response of an unbounded plate on a non-linear soil-
base under stationary and pulsed loads is the subject of Chapter 8. 
Many numerical applications make it possible to evaluate the influence 
of non-linearity on the dynamic behaviour of an equivalent plate on 
subgrade. 

The effects of vibration-isolating barriers in the soil base in the case 
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of vibration propagation evoked by traffic is analysed in Chapter 9. The 
application of the method of boundary elements for various kinds of 
barrier from different materials, trench barriers or sheet piling barriers 
offers advanced procedures for evaluating the vibration-isolating effect 
in the screening zone behind the barrier. 

This book is probably the first attempt to summarize and solve 
systematically the main problems of pavement dynamics. I t should be 
of interest not only to readers who are acquainted with the problems of 
pavement dynamics, but to students and skilled practising engineers as 
well. 
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1 

DYNAMIC DIAGNOSIS 
OF PAVEMENT STRUCTURES 

Dynamic diagnostic methods are based on the principle of the direct 
and indirect measurement of stress-wave velocities and their damping 
in the material medium. 

Usually the vibration sources used have a small excitation energy. 
The testing is therefore non-destructive as the resulting dynamic stres­
ses are slight and cannot affect the state of the original medium. 

However, it is quite possible to use dynamic methods with a large 
excitation energy, which can be used to evaluate the bearing capacity of 
pavement structures and replace the static loading tests [1.1 - 1.3]. 

Dynamic testing can be classified according to the nature of the 
vibration process used into stationary vibration methods and pulse 
(impact) methods. 

Stationary vibration methods use sources, that generate harmonic 
vibration at a specific frequency and inject it into the object under 
test. The applied frequency can be swept from the lowest frequencies 
to high ultrasonic frequencies. 

The dynamic response of the object under test varies according to 
whether it is a bounded body, with dimensions comparable with the 
wavelength of the vibration process, or whether its dimensions are so 
large that it can be considered as an unbounded medium. 

For a test sample that is a bounded body, a state of stationary forced 
vibration wil l arise characterized by amplitude and the phase of vibra­
tion motion at an arbitrary point of the sample. As the excitation 
frequency is changed, so the amplitude and phase angle of the resulting 
vibration wil l change and the phenomena of resonance and anti-reso­
nance wil l result in extreme or significant values. Measurement of these 
extreme or significant amplitudes, together with the phase angles and 
corresponding frequencies, wil l provide parameters that can be used to 
assess the viscoelastic material characteristics of the test specimen. 

I f the harmonic exciting force is acting on an unbounded medium, 
such as a soil base or a structure with large dimensions like a pavement 
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structure, the process of stress-wave propagation will occur. The ampli­
tude of the stress-waves diminishes with distance because of dispersion 
and damping. Measurement the stress-waves velocities and the corre-

D Y N A M I C D I A G N O S T I C M E T H O D S 

A. M E T H O D S O F S T A T I O N A R Y 
V I B R A T I O N 

B. P U L S E (IMPACT) 
M E T H O D S 

P R I N C I P E : 

forced vibration 
of testing elements 

K I N D O F V I B R A T I O N 
P R O C E S S : 

stress wave 
propagation 

propagation of 
dynamic pulses 

longitudinal 
vibration 

torsional 
vibration 

flexural 
vibration 

longitudinal 
waves 

shear 
waves 

flexural 
waves 

surface 
waves 

propagation of 
wide-band pulses 

propagation of 
narrow-band 

pulses 

M E T H O D S : 

resonance methods 

methods of 
mechanical 
impedance 

fatigue tests 

method of 
phase 

velocity 

impact methods 

ultrasonic pulse 
methods 

methods of 
group velocities 

phase method of pseudostationary 
stress waves 

Fig. 1.1. Dynamic diagnostic methods. 
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sponding amplitudes of vibratio n provides parameters for assessing of 
the viscoelasticity and other characteristics of the tested structure. 

The dynamic response of a medium or structure under pulse-impact 
force is the resultant effect of the spectrum of stress waves propagated 
in the medium. In practice the velocity of pulse propagation and the 
amplitude of vibration are used as parameters of the quality and prop­
erties of the tested structures or medium. 

The various dynamic diagnostic methods are set out in Fig. 1.1. 

1.1 Stress-wave velocity measurement 
method 

The method used to measure the velocity of the propagated stress 
waves is derived from the method of dynamic non-destructive testing, 
which is particularly advantageous for assessing the properties and 
characteristics of plane structures and elements. 

The distinguished English specialist R. Jones in the sphere of non­
destructive testing started to use stress-wave velocity measurement to 
assess the elasticity characteristics, and thickness of pavement struc­
tures over time and under the influence of traffic [1.4 -1 .6] . References 
[1.7 - 1.9] refer to the intensive investigation and search for possible 
applications of the stress-wave velocity method. The results of our 
investigations, in which the theoretical and methodical investigations 
are summarized, are given in references [1.10 - 1.15]. 

1.1.1 Principle of method and experimental 
technique 

The method is based upon the principle of phase-velocity measure­
ment, in which the phase difference is measured between the vibration 
of the source, which transmits sinusoidal stress waves of a set frequency 
into the test object, and the vibration of the pick-up. The pick-up is 
placed at various distances from the source, and a phase difference of 
360° corresponds to change of a pick-up distance of about one wave­
length. 

The phase velocity of stress-wave propagation, c, is related to the 
frequency / by the relationship 
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c = / A . (1.1) 

The apparatus for measuring phase velocities is shown schematically 
in Fig. 1.2. The generator consists of (1) an electrodynamic or magne-
tostrictive vibrator, (2) a power amplifier, and (3) a sinewave generator 
whose frequency can be set at anything from 20 Hz to 25 kHz. The 
evaluation part consists of (4) an accelerometer, (5) a narrow-band 
filter and (6) a phasemeter that can measure from 0° to 360° ± 1° . 
The apparatus has a suitable power supply. 

3 CO 3 CO 
t 

2 5 

Fig. 1.2. Schematic diagram of apparatus for measuring phase velocities. 

I t can be seen from equation (1.1) that the decisive parameter is the 
wavelength Λ. Its determination can be realized in several ways. 

First, i f the wavelength Λ is small in comparison with the dimensions 
of the object, so that it is possible to take readings at a number of point, 
Λ is determined as follows. 

1. The vibrator is acting at one point of the object. 
2. The pick-up is moved along a selected line, and the phasemeter is 

used to determine the phase difference between the vibrator and the 
pick-up that corresponds to k times an angle of 360°. 

3. The distance / that corresponds to the phase difference k.2n is 
determined. 

4. The wavelength Λ is given by the relationship Λ = l/k. 

Second, i f the wavelength is large and, because of the dimensions of 
the object or the power of the apparatus, measurements can only be 
made at a distance equalling one or a few wavelengths, then Λ is 
determined as follows. 

1. The measuring line is set on the object and divided into an abscissa 
with equal intervals, such as 20,10 or 5 cm. 

2. The vibrator is placed at the starting point of the measuring line. 
3. The pick-up location is changed to each of the discrete points of 

divided line in turn. 
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4. The phase difference is measured for every pick-up location. 
5. The values of the phase angle are in a linear relationship with the 

pick-up distances and the slope of this linear relationship determines 
the average value of wavelength Λ. 

Figure 1.3 shows a typical relationship between the measured phase 
angle φ and distance /. The results were obtained on the cement con­
crete plate of a pavement structure. The frequency of the vibration was 
/ = 28 000 Hz and the intervals of the points on the measuring line 
were 2.0 cm. 

Fig. 1.3. Measured phase angle φ versus distance /. 

Various disturbances can arise during the measurement process. The 
measurement precision is influenced by the nature of the pick-up's 
acoustic contact with the object at discrete points of the measuring 
line. This influence manifests itself as deviations in the linear relation­
ship of ψ versus /, as shown in Fig. 1.3. 

Other reasons for disturbance exist in the bounded dimensions of the 
test object. The interference of direct and reflected waves, or the inter­
ference of waves of various kinds manifest themselves as a wave-like 
disturbance of the linear relationship of ψ and /. This can be seen in 
Fig. 1.4 for a duralumin plate and longitudinal waves of frequency 
/ = 18 000 Hz. 

The interference of direct and reflected waves in a bounded test 
object can give rise to standing waves at resonant frequencies. In 
such a rare case the measurement of wavelength is difficult. 
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0 10 20 30 40 I (cm) 

Fig. 1.4. Influence of reflected waves on relationship 
of phase angle to distance. 

The third way in which the wavelength can be determined is by mea­
suring the phase difference between the vibrations of two pick-up's the 
positions of which are constant [1.16]. This method makes it possible to 
automate measurement. The apparatus is shown schematically in Fig. 
1.5. Two accelerometers (1,2) with the same phase-frequency character-

4 1 — 2 

I ι 
ι ι 

Fig. 1.5. Schematic diagram of apparatus for measuring phase difference. 

istic are placed in contact with the tested object at a constant distance L . 
The outputs of the accelerometers are connected to the inputs of the 
phasemeter (3). The vibrator (4) transmits harmonic stress waves with 
frequency / into the tested medium. By the successive changing of fre­
quency in the range f\ — fn the phase difference Αφ of accelerometer 
vibrations is measured. The distance L has to fulfil the condition 
L < Λι, i f Λχ is the wavelength corresponding to the frequency f\. 
By changing the frequency/, the phase difference Αφ changes too. The 
phase difference Αφ = 2π corresponds to the frequency when the wave-



DYNAMIC DIAGNOSIS OF PAVEMENT STRUCTURES 7 

length Λ is just equal to the distance L . The variation of Αφ versus 
frequency / (Fig. 1.6) makes it possible to determine the wavelength Λ 
on the basis of the measured value Αφ = k2n in the frequency range 
(fx, /„) . The wavelength is determined by the expression 

Fig. 1.6. Variation of phase difference Αφ with frequency. 

1.1.2 Theoretical assumptions 
The theory underlying the problem of stress-wave propagation in a 
plane and layered medium is based on the assumption of a wider 
application of the phase velocity method. 

Many questions of stress-wave propagation are known, especially in 
the geophysical literature, but the problems of layered pavement struc­
tures on a subgrade are theoretically so complex that they do not allow 
for exact numerical results to be obtained. This section can only outline 
the basics of the subject. For more detail, the reader is referred to 
special monographs, such as [1.17] and [1.18]. A study of the many 
problems of stress-wave propagation that are necessary for dynamic 
non-destructive diagnosis can be found in [1.13]. 

Dilatational and shear waves in unbounded media 

I t is well known that dilatational and shear waves propagate in a homo­
genous isotropic and elastic unbounded medium. They propagate with-
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out dispersion: that is, their velocity does not depend on the frequency 
or the wavelength. 

The velocity of dilatational waves, ci , is determined by the relation­
ship 

in which Ε is the modulus of elasticity, ρ is the density of the material 
and μ is Poisson's ratio. 

The velocity of shear waves, c2, is given by 
/ G \ 1 / 2 

i f G is the shear modulus of elasticity. 
The motion of mass particles in shear-wave propagation is perpendi­

cular to the direction of wave propagation. 

Surface stress waves on the half-space 

The stress waves that propagate on the half-space surface and diminish 
with depth are termed, surface Rayleigh waves. In the isotropic, homo­
genous and elastic half-space they propagate without wave dispersion, 
and their velocity CR is given by the frequency equation 

κ6 - 8K4 - (24 - 16μ2

0)κ2 + (16μ§ - 16) = 0 (1.5) 

if 

κ — —- (1.6) 

and 

2 1 -2μ 
μ° = 2(ΓΊΪ ( 1 / 7 ) 

The velocity of surface-wave propagation, CR, is always smaller than 
the velocity of shear waves, c2. The values of the velocity ratios CR/C2 

and CR/CQ in relationship to Poisson's ratio μ are given in Tab. 1.1. The 
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velocity Co of longitudinal waves in a one-dimensional medium is given 
by the very well-known relationship CQ = Λ/Ε/ρ. 

Table 1.1. Values of the velocity ratios. 

μ 0 0.10 0.20 0.30 0.40 0.50 

CR/C2 0.874 0.892 0.910 0.927 0.941 0.953 
CR/CQ 0.618 0.601 0.587 0.575 0.562 0.549 

By using the method of phase velocities on pavement structures, the 
measured velocities at very high frequencies correspond to the velocity 
CR of the surface layer medium, if the wavelength Λ is small compared 
with the surface layer thickness. 

Symmetrical and asymmetrical stress waves 
in a plate with free surfaces 

In an isotropic elastic plate (layer) with free surfaces, wave propagation 
is partly symmetrical, in view of the neutral plane of the plate (long­
itudinal waves), and partly asymmetrical (flexural waves). 

The longitudinal stress waves are defined by the frequency equation 

tanh(j/i/2) _4n2h2/A2(qh/2)(sh/2) 

t a n h ^ / 2 ) " Γ ^ Λ 2 / Α 2 + ( , Λ / 2 ) 2 
(1.8) 

where 

qh h 
Τ _ 7 Γ Λ 

2\ 1/2 
(1.9) 

sh 
~2 

nh ^ 1 / 2 
(1.10) 

The frequency equation (1.8) is fulfilled by a series of dispersion 
curves of phase velocity c. The velocity c of stress-wave propagation 
depends upon the ratio of plate thickness h to wavelength Λ. The 
variation of the first three branches of phase velocity versus the ratio 
h/A is shown in Fig. 1.7. 
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The first, fundamental branch of phase velocity begins from the value 
of velocity in the two-dimensional medium, C3 , by a large wavelength Λ 
according to the relationship 

Succesively with the shortening of the wavelength the phase velocity 
c becomes smaller, and at very short values Λ is approaching the value 
of the surface-wave velocity, CR. 

The dispersion of flexural waves is determined by the frequency 
equation in the form 
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tanh (qh/2) An2h2 / A2{qh/2)(sh/2) 
tanh (sh/2) n2h2/A2 + (sh/2)7 

(1.12) 

The curves for the first three branches of phase velocity c are drawn 
in Fig. 1.8. The fundamental curve of the phase velocity starts at zero for 
h/A —> 0. The phase velocity increases with increasing h/A, and are 
approaching the value CR at very short values of Λ or as h/A oc. 

2.0 

1.5 

1.0 

0.5 

C . S \ / E 7 P 

μ = 0.29 

\Jclc0 ^ 

f 
1.0 2.0 h / Λ 3.0 

Fig. 1.8. Dispersion curves of phase velocity for 

asymmetrical stress waves in a plate. 

The fundamental dispersion curve of the phase velocity for flexural 
waves in a plate is decisive for application to pavement structures. 

Based on the results of detailed measurements of phase velocity in 
concrete and asphalt pavements it has been proved that the phase 
velocity corresponds to the characteristic course of this fundamental 
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dispersion curve. Naturally, the pavement structure is in contact with 
the subgrade and so the problem arises of how this contact influences 
the variation of the dispersion curve. Because of the difficult numerical 
solution of this problem, the influence of the subgrade was investigated 
experimentally on two-dimensional models and in a state of plane 
stress. The results of experiments on Duralumin models of various 
widths / in contact with an acrylic plane medium are plotted in Fig. 
1.9. The variations of the dispersion curves of phase velocity for the 
first two branches of symmetrical waves ( Α χ , ^ ) and the first two 
branches of asymmetrical waves {βι,Β2) are identical to the theoreti­
cal courses for stress wave propagation in two-dimensional models with 

\ 
\ 

1 \ 
\ \ 

V \ 

ο I = 0.6 cm 
V 1=1.0 cm 
0 I = 2.5 cm 
• t = 5.0 cm 

0 I = 7.5 cm 

0 I = 15 cm 

\ 
\ 
\ 

\ 
Μ 

\ 

V -<Α· 

f % 
V 
1 

t l i 
Λ Μ Λ r ? 

1 

C3l 

Β / 

0 0.5 1.0 1.5 

Fig. 1.9. Results of experiments on Duralumin models of various width I in contact with 
an acrylic plane medium. 
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free boundaries for the values l/A > 0.10 — 0.15 In the range of ratios 
l/A < 0.10 — 0.15 the courses of the experimental dispersion curves are 
different; the fundamental dispersion curves (A\,B\) are approaching 
the value of Rayleigh waves CRU of the acrylic medium. 

These results clearly prove that the fundamental dispersion curves 
for a plate with free surfaces may also be used for a plate on a subgrade 
for h/A > 0.15. A t lower frequencies (that is at larger wavelength) the 
influence of the subgrade manifests itself in a marked change of the 
curves and the phase velocities approach the velocity of surface waves 
in the subgrade medium. 

Because of the basic importance of the fundamental dispersion curve 
for flexural waves in a plate for the dynamic diagnosis of pavement 
structures, it is helpful to present the possibility of its calculation in 
an elementary way. We have established according to the theory of 
flexural vibration of the plate, considering the influence of shear and 
rotational inertia [1.14], relationships that give results identical to the 
values gained by the numerical solution of the transcendent equation 
(1.12). 

The phase velocity c of the fundamental dispersion curve for flexural 
stress waves in the plate is given by the relationship 

where 

if 

(c/c0)2=p-Vp2-q (1.13) 

A2 

ρ = φ1{μ)+-^φ2(μ) (1.14) 

φ ι { μ ) = ^ ^ ) + 4 ^ ( L 1 5 ) 

^0.87 + 1.12/A2 

l + μ ) ( L 1 7 ) 
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and 

2(1-μη(1 + μ) 

(1.18) 

Table 1.2 lists the values of the ratio c/co as related to the ratios h/A 
and Poisson's ratio. The ratio c/co = 0 for h/A = 0 and for h/A —> oo 
C/CQ is given by 

c 
co 

K>0 

2(1 + μ ) 

1/2 
(1.19) 

Table 1.2. Values of the fundamental dispersion curve of flexural waves in the plate 
versus h/A and Poisson's ratio μ. 

h/A 0.1 0.2 0.3 0.4 0.6 0.8 1.0 1.5 2.0 3.0 

μ = 0 0.197 0.314 0.390 0.455 0.511 0.548 0.565 0.590 0.598 0.603 

μ = 0.1 0.192 0.313 0.389 0.448 0.509 0.541 0.560 0.580 0.592 0.596 

ϊ_ μ = 0.2 0.188 0.308 0.387 0.443 0.501 0.535 0.550 0.572 0.579 0.585 
c° μ = 0.3 0.185 0.307 0.381 0.438 0.499 0.528 0.545 0.560 0.566 0.571 

μ = 0.4 0.182 0.306 0.368 0.433 0.496 0.524 0.540 0.557 0.562 0.567 

μ = 0.5 0.179 0.298 0.355 0.428 0.494 0.518 0.528 0.537 0.542 0.545 

Shear stress waves in a layer on subgrade 

Shear stress waves in a layer on subgrade with thickness h and with the 
polarization of the particles in motion in a horizontal plane are char­
acterized by the frequency equation 

G\di sin d\h — Gudu cos d\h = 0 (1.20) 

where 

1/2 

(1.21) 
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( c 2 \ 1 / 2 

du=h —) · (1-22) 

Gi is the shear modulus of elasticity for the layer medium, Gn is the 
shear modulus of the subgrade material, /o is the wave number, and C21 , 
c 2 i i are the velocities of shear waves in an unbounded medium of the 
layer or subgrade, given by 

(1.23) 

A real solution of the frequency equation (1.20) exists if c 2i < c 2n, 
and in such a case Love's waves propagate at the surface of the system. 
The variations of the first three dispersion curves are plotted in Fig. 1.10 
for C 2 I I / C 2 I = 2.437. I t can be seen that the phase velocities of stress-
wave propagation are approaching to the velocity of shear waves in the 
layer, as h/A increases. 

c_ 

2.0 

1.0 

\ 1c_ f c _ \ 

0 0.5 1.0 1.5 h/Λ 2.0 

Fig. 1.10. Dispersion curves of Love's stress-wavevelocities in a layer on subgrade. 
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The other case is more important for pavement structures, when the 
plate or layer medium is stiffer than the subgrade medium. Then only a 
complex solution can be established, as the energy dispersion in the 
subgrade has to be included. The numerical solution of the frequency 
equation (1.20) indicates that the results are very similar to the results 
for the plate or layer with free surfaces. The contact with the subgrade 
manifests itself as energy dispersion in the subgrade, but the influence 
on the velocities is visible only at the lowest frequencies for the ratios 
h/A < 0.1, when the phase velocities are approaching the velocity of 
shear waves in the subgrade [1.19,1.20]. 
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Fig. 1.11. Dispersion curves of shear stress waves in a layer on subgrade. 

The first two dispersion curves for phase velocity c and dispersion 
coefficient ao are plotted in Fig. 1.11. 

The problems of stress-wave propagation described above are only 
typical basic tasks, which can help in the understanding of wave disper-
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sion and propagation in connection with the application of the method 
of phase velocities to pavement structures. 

Of course, pavement structures are complicated multilayered sys­
tems on subgrade. The analysis of stress-wave propagation in such 
systems and numerical solutions are difficult. The other aspect of the 
behaviour of real pavement structures is the viscoelasticity of the ma­
terial, especially in bitumen layers, cohesive soil layers and in the sub-
grade. These characteristics and the non-homogeneity of the materials, 
influence the results obtained by the assumption that the pavement 
layers and subgrade are elastic, isotropic and homogeneous media. 

1.2 Mechanical impedance methods 

The generally known resonance method belongs to the category of 
dynamic non-destructive methods. I t presents a system of procedures 
for the determination of the modulus of elasticity of materials on the 
basis of measured natural frequencies of specimens or elements in 
various geometrical forms. Usually the fundamental natural frequen­
cies are measured, which serve in the calculation of the elasticity 
characteristics using the corresponding theoretical relationships of 
vibration theory. I t is possible to assess the logarithmic decrement 
of vibration as a damping characteristic after the width of the reso­
nance curve. 

These procedures can be applied without difficulty on concrete, 
ceramic and similar materials, but they fail when used for testing ma­
terials with distinct viscoelastic behaviour such as the bituminous ma­
terials of road construction or cohesive soil material. The considerable 
damping of such materials causes the resonance zone to weaken, and it 
may be suppressed to a such extent that the measurement cannot be 
realized. 

The testing of viscoelastic materials on the principle of the forced 
vibration of specimens is possible by another way, using mechanical 
impedance methods . 

1.2.1 Complex modulus of elasticity 

The typical property of the viscoelastic behaviour of materials is the 
dependence of their elastic and damping characteristics on temperature 
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and loading time with respect to the frequency of the dynamic loading 
process. 

The analysis of the dynamic response of structures made from vis­
coelastic materials, the theory of design and quality control require the 
assessment of their viscoelastic properties over a large range of tem­
peratures and frequencies. 

There are various formulations of viscoelastic behaviour in linear 
viscoelasticity, but the conception of complex modulus is the most 
useful [1.21 - 1.23]. Provided that the sinusoidal variable stress acts 
upon the element from the linear viscoelastic material, then the defor­
mation of the element alters in time with the same frequency but a 
phase in arrears. 

I f the stress σ is expressed by the relationship 

where σο is the stress amplitude and ω is the angular frequency, then the 
strain ε is given in the form 

where φ is the phase angle. 
The complex modulus of elasticity E* established according to the 

relationships (1.24) and (1.25) is expressed by the equation 

(1.24) 

ε — (1.25) 

£ * = £ 1 + i £ 2 = - = - e ^ (1.26) 
ε εο 

The real part of the complex modulus, E\, is given by 

E\— — cos φ (1.27) 

and the imaginary part, E2, is given by 

smc .̂ (1.28) 

The absolute value of the complex modulus of elasticity is the ratio of 
stress and strain amplitudes expressed by the relationship 
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\E*\=^=(El + E*)1/2. ( L 2 9 ) 

^ 0 

I f the ratio of the imaginary and real parts of the complex modulus is 
indicated by the damping factor <5E according to the relationship 

E2 

6E = tan</? = — (1.30) 

the complex modulus of elasticity is given in the form 

Κ1τ = Εω1τ(1 + ίδΕ) (1.31) 

and its absolute value is 

\Ε>ωίΤ\=ΕωίΤ(1 + %γ'2. (1.32) 

The subscripts ω and Τ refer to the value of complex modulus at a given 
frequency ω and temperature T. The coherence of the damping factor 
<SE and the logarithmic decrement ΰ is determined by the approximate 
expression 

ϋ « 7T<SE. (1.33) 

The viscoelastic behaviour of a material for a given temperature is fully 
defined by the assessment of the values 6E and \E*\ for all frequencies. 

The complex shear modulus or complex bulk modulus can be ex­
pressed in a similar way. 

1.2.2 Function of mechanical impedance 

The mechanical impedance at the driving point of the harmonic vibrat­
ing system is defined as the ratio of the exciting force to the velocity of 
motion at this point. I t is the so-called mechanical impedance of the 
driving point and is a complex function. 

I f the motion velocity is related to another point, the complex ratio of 
the driving force and the motion velocity determines the so-called 
mechanical transfer impedance. 
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The inverse value of the mechanical impedance determines the me­
chanical mobility. 

From the point of view of contemporary measurement techniques it 
is more advantageous to assess a normalized mechanical impedance^*, 
which is defined [1.22] as the ratio of the harmonic variable force F to 
the product of acceleration a at the driving point of the vibrating object 
and the object mass Μ 

(1.34) 

Ζ* is a dimensionless complex function, the behaviour of which depends 
on the shape and dimensions of the vibrating object, and on the kind of 
vibration, and the elasticity and viscosity of the object material. 

Mechanical impedance by flexural vibration 

By using the flexural forced vibration of a tested object the most ad­
vantageous scheme in practice is the flexural vibration of a cantilever 
element at the free end of which a harmonic force F is acting, or a test 
specimen with free ends and the exciting force F in the middle of the 
specimen length. (Fig. 1.12). 

Fig. 1.12. Schematic diagram of mechanical impedance methods using 
flexural vibration of elements. 

The cantilever testing element is satisfactory for bituminous pave­
ment materials with appreciable damping. Normalized prismatic ele­
ments with dimensions 5 X 5 X 30 cm or cylindrical elements may be 
used. 

Many studies [1.24 - 1.29] have been performed in which the charac­
teristics of the complex modulus of elasticity are determined after var-
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ious schemes of element vibration, in which the amplitudes of force and 
deformation or deflection and the phase angle of the vibration process of 
these quantities are measured. A l l these procedures, theoretically often 
reduced in the system with one degree of freedom, have a common 
feature in that they can be applied only for very low frequencies below 
the fundamental natural frequency of the test element. Our effort is to 
prepare methods and procedures for the assessment of viscoelastic char­
acteristics that would give the possibility of evaluating viscoelastic para­
meters in a wide frequency range by using just the resonance and anti-
resonance frequencies of the tested element [1.30 - 1.35]. 

The normalized mechanical impedance for a cantilever element in 
flexural vibration without the influence of shear and rotational inertia is 
given by the relationship [1.14] 

1 + cosh rfl cos η* I 

where 

/i*/(cosn*/cosh/i*/ — sin/7*/sinh/7*/) 

" , = M = ί Γ Τ ^ Γ ( 1 3 6 ) 

(1.35) 

if / is the length of the cantilever element, r is the radius of inertia of the 
cross section to the axis perpendicular to the vibration plane and 

For use in practice it is preferable to establish the normalized me­
chanical impedance according Timoshenko's more accurate differential 
frequency of motion [1.36]. 

The variations of the calculated absolute value of normalized me­
chanical impedance in dB depending on the frequency parameter nl for 
the values of damping factor δ = 0.05 and δ = 0.5 are plotted in Fig. 1.13 
The normalized mechanical impedance presents minima and maxima. 
The minima of the function 20log |Z*|, i.e. 7?i,/?2,/?3,... represent reso­
nances and correspond to the natural frequencies of an element that is 
clamped at the bottom and free at the top. The maxima ^ 1 , ^ 2 , ^ 3 , . . . 

represent anti-resonances and correspond to the natural frequencies of 


