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Preface

On the 25th birthday of the path-breaking book Forecasting, Structural Time
Series Models and the Kalman Filter written by Professor Andrew Harvey,
I was reflecting on the relatively scarce diffusion of unobserved component
models (UCM) among practitioners outside the academic community.

From (not only) my own experience, I know that UCM have many advan-
tages over more popular forecasting techniques based on regression analysis,
exponential smoothing and ARIMA. Indeed, being based on how humans nat-
urally conceive time series, UCM are simple to specify, the results are easy to
visualise and communicate to non-specialists (for example to the boss) and
their forecasting performance is generally very competitive. Moreover, various
types of outliers can easily be identified, missing values are effortlessly man-
aged and working contemporaneously with time series observed at different
frequencies presents no problem.

I concluded that the limited spread of UCM among practitioners could be
attributed to one or more of the following causes:

1. Lack of mainstream software implementing UCM,
2. Few books on UCM and mostly academic rather than practical,
3. Limited number of university classes in which UCM are taught.

For a long time the only ready-to-use software package for UCM was
STAMP, whose first version is contemporaneous with Harvey’s book. STAMP
is really an excellent software, but I am afraid its use outside academia is
rather limited. However, in the last few years UCM procedures have started
to appear in software systems such as SAS (since version 8.9) and Stata (since
version 12) with a larger audience also outside the academic community. Thus,
Point 1 seems to be at least partially resolved and in the future it is likely
that more and more software packages will offer UCM procedures.

As for Point 2, for more than ten years the only two books on UCM were
Harvey (1989) and West and Harrison (1989, from a Bayesian perpective),
with the only exception being the volume by Kitagawa and Gersch (1996)
which deals with similar topics but with a different approach. Again, these
books are appreciated by academic scholars but are not that accessible to
practitioners. The first decade of the new millennium witnessed the intro-
duction of two new volumes on state space modelling: Durbin and Koopman
(2001) and Commandeur and Koopman (2007). The first one is a great book,
but quite technical, with an emphasis on state space methods rather than on

XV
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modelling. The second one is introductory and, although very clear, it lacks
some topics needed in economic time series modelling.

Finally, Point 3 is not easy to verify, but it is certainly linked to the first
two points: if the first two causes are solved, then it is likely that the number
of courses covering UCM will increase both in and outside universities.

Now, if the product (the UCM) is excellent, the supporting technology
(the software) is available, then probably the product has to be popularised
in a different way. So, I reflected on how a book should be designed to achieve
this goal and concluded that such a book should

e Focus on the UCM approach rather than on general state space mod-
elling

Be oriented toward the applications

Review the available software

Provide enough theory to let the reader understand what’s under the
hood

e Keep the rigour to a level that is appropriate for academic teaching

This book has been written with those aims in mind but, of course, I am not
the one who can judge if they were achieved.

Prerequisites. It is assumed that the reader has a basic knowledge of calculus,
matrix algebra, probability and statistical inference at the level commonly
met in the first year of undergraduate programmes in statistics, economics,
mathematics, computer science and engineering.

Structure. The book is organised in three parts.

The first one covers propaedeutic time series and prediction theory, which
the reader acquainted with time series analysis can skip. Unlike many other
books on time series, I put the chapter on prediction at the beginning, because
the problem of predicting is not limited to the field of time series analysis.

The second part introduces the UCM, presents the state space form and
the related algorithms, and provides practical modelling strategies to build
and select the UCM which best fits the needs of the time series analyst.

The third part presents some real-world applications with a chapter that
focusses on business cycle analysis. Despite the seemingly economic-centric
scope of the business cycle chapter, its content centres on the construction of
band-pass filters using UCM, and this has obvious applications in many other
fields. The last chapter reviews software packages that offer ready-to-use pro-
cedures for UCM and systems that are popular among statisticians and econo-
metricians and that allow general estimation of models in state space form.

Website. Information, corrections, data and code are available at the book’s
website

http://www.ucmbook.info

T am grateful to all those readers who want to share their comments and signal
errors in the book so that corrections can be placed on the site.
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Chapter 1

Statistical Prediction

A statistical prediction is a guess about the value of a random variable Y based
on the outcome of other random variables X7, ..., X,,. Thus, a predictor' is a
(measurable) function, say p(-), of the random variables X7, ..., X,,. In order
to select an optimal predictor, we need a loss function, say £(-), which maps the
prediction error to its cost. In principle, the loss function has to be determined
case by case, but we can harmlessly assume that if the prediction error is zero
also the loss is zero and that £(-) is non-decreasing in the absolute value of
the prediction error. Indeed, it is reasonable to assume that an exact guess of
the outcome of Y will induce no losses, while the greater the prediction error,
the higher the cost.

A loss function can be symmetric about zero (i.e., £(—z) = ¢(x)) or asym-
metric. In the former case positive and negative errors of equal modulus pro-
duce the same loss, while in the latter case a different weight is given to positive
and negative prediction errors. While there can be many reasons for the loss
function to be asymmetric (cf. Example 1.1), the most used loss functions
are generally symmetric. In particular the quadratic loss function fo(z) = 22
is for practical reasons the most frequently used in time series analysis and
statistics in general.

Example 1.1 (Asymmetric loss function).

Suppose that for a firm that produces sunglasses, the variable costs of
producing one pair of glasses is 1 Euro, and its wholesale value is 20
Euro. If one pair of sunglasses is produced but not sold the firm will
have to pay 1 Euro per piece for storage and recycling costs.

Every year the firm has to decide how many pairs of glasses to pro-
duce and in order to do this it needs a prediction of sunglasses sales for
that year. The cost of the prediction error will be higher if the predicted
sales are lower than the actual, in fact for each produced pair of glasses
the cost of not selling them is just 2 Euro (production cost plus stor-
age/recycling) while the cost of not producing them when they would

INotice that the term predictor is also commonly used for each of the variables
X1,...,Xm on which the prediction is based. We will avoid this second meaning of the
term to prevent misunderstandings.
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sell is 19 Euro of lost profits (20 Euro of lost sales revenues minus 1 Euro
of production cost).

In formulas, let us call Y the unknown future value of the sunglasses
demand, Y its prediction and £ =Y — Y the prediction error. Then,
the loss function for this problem is given by

19FE for E >
(B) = 9 or E>0
2F for E < 0.

Intuitively, by observing this cost function one can expect that it is
convenient to build predictions that tend to be positively biased so that
negative errors (less costly) are more frequent than positive ones (more
costly).

A predictor is optimal if it minimises the expected loss (i.e., the expectation
of the loss function) among the class of measurable functions.

Definition 1.1 (Optimal prediction). Let Y, X,...,X,, be random
variables defined on the same probability space, M be the class of
(X1,...,Xm)-measurable functions and ¢(-) be a non-negative loss func-
tion; then the predictor ¥ = p(X1,..., X)), with p € M, is optimal for
Y with respect to the loss ¢ if

E(Y -Y) :;Ienjam(y —p(X1,.., X))

In particular the quadratic loss function f2(x) = 22 is for practical reasons
the most frequently used in time series analysis and statistics in general. By
using this loss function one assumes that the loss grows quadratically with the
prediction error, and positive and negative errors of the same entity correspond
to equal losses. As it will become clear from the next lines, the quadratic loss
function has many mathematical advantages that make it a good choice if no
better reasons suggest to the use of different loss curves.

In the rest of the book, predictions will always be made with respect to
the quadratic loss function unless otherwise specified.

1.1 Optimal predictor

We are now in the condition to derive the optimal predictor under the
quadratic loss function.



OPTIMAL PREDICTOR )

Theorem 1.1 (Optimal predictor under quadratic loss). Let
Y, X1,..., X be random wvariables with finite variance, then the optimal
predictor for Y based on Xi,...,X,, with respect to the quadratic loss
function, ly(x) = 22, is the conditional expectation E[Y|X1,. .., X,,].

Proof. We have to show that there is no other measurable function
p(X1,...,X,) that has smaller expected loss than E[Y'|X,..., X,,]. The ex-
pected (quadratic) loss of the optimal predictor (mean squared error) is

MSEyy = B{Y —E[Y|Xy,..., X} ".

If we compute the expected loss of the generic predictor and subtract and add
the optimal predictor E[Y| X7, ..., X,,] we can write the mean squared error

of p(-) as

2
MSE,., =E{Y —E[Y|X1,..., Xp] + E[Y|X1,..., Xp] = p(X1, .., Xon)}
2
= MSEop + E{E[Y|X1,..., Xpn] — p(X1,..., Xm)}",

since, by Property 2. of Theorem 1.2 below, we have

]E{ <Y —E[Y|X4, ... ,Xm}> <E[Y|X1, oy Xom] = p(X1, . .,Xm)> } = 0.

Thus, MSE,.) is the sum of a fixed number and a non-negative term which is
zero if and only if p(X7, ..., X,,) = E[Y| X1, ..., X,,] with probability one. O

The following properties of the conditional expectation will be useful
throughout the entire book.

Theorem 1.2 (Properties of the conditional expectation). Let Y, X
and Z be random variables (or vectors) with finite expectation and g(-) a
function (measurable with respect to X ) such that Eg(X) exists, then

1. (Linearity) ElaY + bZ + | X] = «E[Y|X] + bE[Z|X] + ¢, with a,b,c
constants;

. (Functions of conditioning variables) E[Y g(X)|X] = E[Y|X]g(X);

. (Independence with the conditioning variables) E[Y|X] = E[Y] when Y
is independent from X ;

. (Law of iterated expectations) BE[Y] = E{E[Y|X]};

. (Orthogonality of the prediction error) E{(Y — E[Y|X]) g(X)} = 0;

. (Law of total variance) Var[Y] = E[Var(Y|X)] + Var[E[Y| X]].

Lo
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Proof. We prove the theorem point by point.

Linearity. Being the conditional expectation, an integral, linearity of the ex-
pectation is just a consequence of the linearity of the integral.

Functions of conditioning variables. For any value x that the random variable
X can take, the expectation E[Y g(X)|X = z] is equal to g(z)E[Y|X = 2] as,
given X = z, g(X) becomes the constant g(z). Since this holds for all the
values z in the range of X, the result follows.

Independence with the conditioning variable. Under independence of Y and X,
the joint distribution of (X, Y) is the product of the two marginal distributions
and, thus, the (conditional) distribution of (Y| X) is equal to the marginal dis-
tribution of Y. Therefore, the expectation of (Y|X) and Y is equal.

Law of iterated expectations. For a general proof of Property 1, refer to any
measure-theoretic book on probability (for instance Shorack, 2000, Chapter
8), we provide a proof only for the case of absolutely continuous random vari-
ables using elementary probability notions:

V)= [ [ fwaydeay= [y [ 16l0)f@) deay
— [ 1@ [ vt dyds = [ F@ EYIX = o) ds

= E{E[Y|X]}.

The change in the order of integration is allowed by the assumption of finite-
ness of the expectations of X and Y. The reader should try to replicate this
proof for X and Y discrete random variables.

Orthogonality of the prediction error. Using Properties 1, 2, and 4 we have
E{(v ~ E[Y|X)) g(X)} = B [E{(¥ ~ EY|X]) o(X)|X}]
=E [E{Y —E[Y|X] |X}g(X)]
=E[{E[Y|X] - E[Y]|X]}g(X)] =0

Law of total variance. Using Property 5, we can write
Var[Y] =Var[Y — E(Y|X) + E(Y|X)] = Var[Y — E[Y|X]] + Var[E(Y|X)].
Using Property 4, the first addend after the last equal sign can be written as
VarlY — E[Y|X]] = E[(Y — E[Y|X])?] = E[E(Y|X — E[Y|X])?] = Var[Y |X].
O

1.2 Optimal linear predictor

Sometimes, instead of looking for an optimal predictor among the class of all
measurable functions, it can be easier to limit the search to a smaller class of



OPTIMAL LINEAR PREDICTOR 7

functions, such as linear combinations. As will be clear from the next lines, the
advantage of basing the prediction of Y on the class of linear combinations of
the random variables X1, ..., X,, (plus a constant) is that (under quadratic
loss) the covariance structure of the random variables Y, X1, ..., X,, is all that
is needed to compute the prediction.

Let X = (Xl, .. .,Xm)T, Hny = E[Y}, Hx = E[X}, EXX = E[(X —
pa)(X = px)'], Byx = E[(Y — py)(X — px)] and Exy = Zjy. As the
next theorem states, this information is sufficient and necessary to compute
the optimal linear predictor.

Theorem 1.3 (Optimal linear predictor). Let Y, X1,..., X, be random
variables with finite variance, and let L be the class of linear functions
{Bo+ B1X1+ ...+ BmXm : (Bo,B1y- -+, Bm) € RMTLY: then the optimal
predictor in the class L with respect to the quadratic loss function, ly(x) =

22, is the linear predictor

PY|X1,..., Xn] = py + Zyx D5 (X — px),

where, if Xxx is singular, E)_(lx is to be substituted with a generalised
wnverse. The optimal linear predictor is unique.

In time series, there is no standard symbol for the linear prediction (or
linear projection), thus, we will use P[Y'|X] that recalls the conditional expec-
tation notation.

Notice that if Xxx is singular, its generalised inverse® is not unique,
but, as the theorem states, the projection P[Y | X] will be unique. This means
that there are more choices of the vector (5o, ..., 8) that yield the identical
prediction.

2

Proof. We need to minimise the following MSE with respect to 3
MSEs =E[(Y - 8" X)(Y - B'X)"],

where we have set X = (1,X1,...,Xn)". If we define Qxx = E[XXT],
Qyx =E[YX "] =QJy, we can write

MSEB = E(Yz) + ﬂTQXXﬂ —2QyxB.

By setting equal to zero the derivative with respect to 3, we obtain the system

2If A is a matrix, its generalised inverse is a matrix B such that ABA = A. Every
matrix has at least one generalised inverse.
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of normal equations

iMSE

B
28T Qxx —2Qyx =0"

/BTQXX = QYX7

which is a system of m + 1 linear equations in n + 1 unknowns. Thus, if Qxx
is invertible there is only the solution 3 = Q;(lxﬂ xvy; otherwise there are
infinitely many choices of 3 that solve the system.

To prove the uniqueness of the optimal linear prediction also when the
matrix Qx x is non-invertible, consider two arbitrary solutions of the linear
system, say ,6 and ,6', and the distance between the predictions ,BTX and
BTX:

E[BTX-8TX)BTX-87X)"| = (87 - B9xx(8-B)
= (Qyx — Qvx)(B-B) =0,

where we used the fact that both coefficient vectors satisfy the above normal
equations. This zero mean-square distance implies that BTX and ,@TX' are
equal with probability one.

Notice that the optimal linear predictor in the theorem is expressed in
a slightly different form. There, we have B-coefficients that solve X x x 31 =
SxY and By + pxB1 = py. We can see the equivalence of the two systems
of normal equations if we write Qxx3 = xy in blocks as follows:

1 Hx } [50] _ { Hy }
ux Exx+pxpx| | Sxy +uxpy |’

From the first line we obtain 3y = puy — p 3831 and, substituting in the second
block we get,

px(py — mxB1) + ExxBi + uxpxb = Sxy + mxpy,
which simplifies to X xx3 = X xvy. O

Notice that if instead of predicting the scalar Y we need to predict the
vector Y = (Y1,...,Y) ", we have a set of k independent optimisations, and
the prediction formula in Theorem 1.3 simply generalises to

Y = py + By xBxx(X — px).

We provide a list of properties that the optimal linear predictor enjoys in
the more general case in which Y is a vector.



OPTIMAL LINEAR PREDICTOR

Theorem 1.4 (Properties of the optimal linear predictor). Let all the
conditions and the notation of Theorem 1.3 hold, a, b, ¢ be constants, Z
be a random vector with finite variances; then the optimal linear predictor
satisfies the following properties

1. (Unbiasedness) E[Y —P[Y|X]] = 0;

2. (Orthogonality of the prediction error) E[(Y —P[Y|X]) X ] = 0;

3. (Mean square error of the prediction) MSEu, = XZyy —
Sy x Bk Exy;

4. (Linearity) PlaY + bZ + | X] = aP[Y | X]| + DP[Z| X] + ¢;

5. (Law of iterated projections) P[Y | X] = P{P[Y|Z, XHX},

6. (Projection on orthogonal variables) if BE(X —pux)(Z —pz)" = 0 then

PIY[X, Z] = py + PIY — uy|X] + P[Y — py| Z];
7. (Updating)

PY|Z,X]=P[Y|X]+P[Y - P[Y|X]|Z - P[Z|X]]
=PlY|X]+ 2YZ|X§3§1Z|X(Z — P[Z|X])

with

Syzix = E[(Y - PY|X])(Z - P[Z|X))"],
Sz21x =E[(Z - PZ|X])(Z - P[Z|X])"].

If we call MSEy |x the mean square error of P[Y|X], then the MSE
of PIY'|Z, X] is given by

MSEy \zx = MSEy|x — 2YZ|X222|X2ZY\X-

Proof. For notational compactness, let By x = 3y x E;(lx.

Unbiasedness.

E{Y —py —Byx(X — px)} = py — py — Byx(px —px) = 0.

Orthogonality.
E{[Y — py —Byx(X —px)] X'} =

E{[(Y — py) = Byx(X — px)|[(X — px) + px]' } =
Yyx —ByxZxx +E{Y — MY}M)T( +E{Y - PY|X]}py =0



