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Preface to first edition

Nearly all statistical packages, and many scientific computing libraries, con-
tain facilities for the empirical choice of a model, given a set of data and many
variables or alternative models from which to select. There is an abundance of
advice on how to perform the mechanics of choosing a model, much of which
can only be described as folklore and some of which is quite contradictory.
There is a dearth of respectable theory, or even of trustworthy advice, such
as recommendations based upon adequate simulations. This monograph col-
lects what is known about estimation and presents some new material. This
relates almost entirely to multiple linear regression. The same problems apply
to nonlinear regression, such as to the fitting of logistic regressions, to the
fitting of autoregressive moving average models, or to any situation in which
the same data are to be used both to choose a model and to fit it.
This monograph is not a cookbook of recommendations on how to carry

out stepwise regression; anyone searching for such advice in its pages will
be disappointed. I hope that it will disturb many readers and awaken them
to the dangers of using automatic packages that pick a model and then use
least squares to estimate regression coefficients using the same data. My own
awareness of these problems was brought home to me dramatically when fit-
ting models for the prediction of meteorological variables such as temperature
or rainfall. Many years of daily data were available, so we had very large sam-
ple sizes. We had the luxury of being able to fit different models for different
seasons and using different parts of the data, chosen at random, not systemat-
ically, for model selection, for estimation, and for testing the adequacy of the
predictions. Selecting only those variables which were very highly ‘significant’,
using ‘F -to-enter’ values of 8.0 or greater, it was found that some variables
with ‘t-values’ as large as 6 or even greater had their regression coefficients
reversed in sign from the data subset used for selection to that used for esti-
mation. We were typically picking about 5 variables out of 150 available for
selection.
Many statisticians and other scientists have long been aware that the so-

called significance levels reported by subset selection packages are totally with-
out foundation, but far fewer are aware of the substantial biases in the (least-
squares or other) regression coefficients. This is one aspect of subset selection
that is emphasized in this monograph.

ix
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The topic of subset selection in regression is one that is viewed by many
statisticians as ‘unclean’ or ‘distasteful’. Terms such as ‘fishing expeditions’,
‘torturing the data until they confess’, ‘data mining’, and others are used as
descriptions of these practices. However, there are many situations in which
it is difficult to recommend any alternative method and in which it is plainly
not possible to collect further data to provide an independent estimate of
regression coefficients, or to test the adequacy of fit of a prediction formula,
yet there is very little theory to handle this very common problem. It is hoped
that this monograph will provide the impetus for badly needed research in this
area.
It is a regret of mine that I have had to use textbook examples rather than

those from my own consulting work within CSIRO. My experience from many
seminars at conferences in Australia, North America and the UK, has been
that as soon as one attempts to use ‘real’ examples, the audience complains
that they are not ‘typical’, and secondly, there are always practical problems
that are specific to each particular data set and distract attention from the
main topic. I am sure that this applies particularly to the textbook examples
which I have used, and I am grateful that I do not know of these problems!
This is not in any sense a complete text on regression; there is no attempt

to compete with the many hundreds of regression books. For instance, there is
almost no mention of methods of examining residuals, of testing for outliers, or
of the various diagnostic tests for independence, linearity, normality, etc. Very
little is known of the properties of residuals and of other diagnostic statistics
after model selection.

Many people must be thanked for their help in producing this monograph,
which has taken more than a decade. The original impetus to develop com-
putational algorithms came from John Maindonald and Bill Venables. John
Best, John Connell (who provided a real problem with 757 variables and 42
cases), Doug Shaw and Shane Youll tried the software I developed and found
the bugs for me. It soon became obvious that the problems of inference and
estimation were far more important than the computational ones. Joe Gani,
then Chief of CSIRO Division of Mathematics and Statistics, arranged for me
to spend a 6-month sabbatical period at the University of Waterloo over the
northern hemisphere winter of 1979/1980. I am grateful to Jerry Lawless and
others at Waterloo for the help and encouragement they gave me. Hari Iyer
is to be thanked for organizing a series of lectures I gave at Colorado State
University in early 1984, just prior to reading a paper on this subject to the
Royal Statistical Society of London.
The monograph was then almost completed at Griffith University (Brisbane,

Queensland) during a further sabbatical spell, which Terry Speed generously
allowed me from late 1985 to early 1987. The most important person to thank
is Doug Ratcliff, who has been a constant source of encouragement, and has
read all but the last version of the manuscript, and who still finds bugs in my



xi

software. I of course accept full responsibility for the errors remaining. I would
also like to thank Sir David Cox for his support in bringing this monograph
to publication.

Alan Miller
Melbourne





Preface to second edition

What has happened in this field since the first edition was published in
1990?
The short answer is that there has been very little real progress. The increase

in the speed of computers has been used to apply subset selection to an
increasing range of models, linear, nonlinear, generalized linear models, to
regression methods which are more robust against outliers than least squares,
but we still know very little about the properties of the parameters of the
best-fitting models chosen by these methods. From time-to-time simulation
studies have been published, e.g. Adams (1990), Hurvich and Tsai (1990),
and Roecker (1991), which have shown, for instance, that prediction errors
using ordinary least squares are far too small, or that nominal 95% confidence
regions only include the true parameter values in perhaps 50% of cases.
Perhaps the most active area of development during the 1990s has been

into Bayesian methods of model selection. Bayesian methods require the as-
sumption of prior probabilities for either individual models or variables, as
well as prior distributions for the parameters, that is, the regression coeffi-
cients and the residual variance, in addition to the assumptions required by
the frequentist approach; these may be that the model is linear with indepen-
dent residuals sampled from a normal distribution with constant variance. In
return, the Bayesian methods give posterior probabilities for the models and
their parameters. Rather than make Chapter 5 (the previous Chapter 6) even
larger, a new chapter has been added on Bayesian methods.
There is a major divergence between the Bayesian methods that have been

developed and those described in the first edition. Most authors in this field
have chosen not to select a single model. The underlying Bayesian structure
is that of a mixture of models, perhaps many millions of them, each with
an associated probability. The result, the posterior model, is not to take a
gamble by selecting just one model involving a subset of variables that by
chance has come out best using the data at hand and the procedures which
we have chosen to use, but it is a weighted average of all of the models with
moderately large weights (posterior probabilities) given to some models and
very small weights given to most of them. Most authors have then taken the
lesser gamble of using a Bayesian Model Average (BMA) of perhaps the top
5% or 10% of these models.
A disadvantage of using a BMA of, say the top 5% of models, is that if

xiii



xiv

we started with 50 candidate predictor models, this BMA may still use 40 of
them. An objective of subset selection in many applications is to substantially
reduce the number of variables that need be measured in the future.
For those Bayesians who are brave enough to grab hold of the single model

with the highest posterior, there is very little advice in the literature. The
problems are basically the same as with the frequentist approach. Very little
work has been done on the properties of the extreme best-fit model. Some
new ideas are given in the last section of Chapter 7.
The bootstrap aggregation (bagging) method of Breiman (1996) bears a

similarity to Bayesian model averaging. It uses bootstrapping of the original
data set. Instead of picking just one model, the models are averaged. It does
not use posterior probabilities to weight the different models found. How-
ever, if one model is found several times from different replicates, it is given
weight according to the number of times that the same model is selected. This
method came to the author’s attention too late to be covered adequately in
this monograph.
There has been little progress on algorithms to search for the globally opti-

mum subsets of regressors. Problems in global optimization are very difficult.
There has been substantial progress in recent years in finding global optima
of continuous functions. There is an excellent web site maintained by Arnold
Neumaier on this subject at the University of Vienna:

http:\\www.mat.univie.ac.at/~neum/glopt.html

However, the problem here is one of combinatorial optimization. In this field,
the algorithms seem to be for specific problems such as the travelling salesman
problem, or packing problems in one, two, or three dimensions, such as the
knapsack problem.
In the statistical literature, the new methods have been Monte Carlo meth-

ods, particularly those that have been used by people developing software for
Bayesian subset selection. So far, these methods have all been local optimiza-
tion methods, but with a stochastic element, which gives a chance of breaking
away and finding a better local optimum. So far, only an exhaustive search
incorporating branch-and-bound (also known as leaps-and-bounds) is avail-
able, giving a guarantee that the global optimum has been found. This is only
feasible for up to about 30 or so predictors. Despite claims to the contrary, the
Monte Carlo methods give absolutely no guarantee that the optimum that has
been found is any more than a local optimum. The two-at-a-time algorithms
from a random start, which are described in Chapter 3, appear to be the best
available at the moment.
The flood of theoretical papers on the asymptotic properties of stopping

rules continues unabated. Scant recognition is given to this literature in this
monograph, even though an issue of Statistica Sinica was almost entirely de-
voted to this subject. See Shao (1997) for a survey of this vast literature.
The problems in this field are essentially small sample problems. In this re-

gard, there have been a number of advances. Several modifications to Mallows’
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Cp have been proposed. These are described in Chapter 5. Also a modifica-
tion to Akaike’s AIC by Hurvich and Tsai (1989) seems to give good results.
Perhaps the most important development in this area is the Risk Inflation
Criterion (RIC) of Foster and George (1994). In those applications in which
there are typically large numbers of available predictor variables, such as me-
teorology and near-infrared spectroscopy, users of subset selection procedures
have typically used F -to-enter values of the order of 10 rather than the default
value of 4 used in the stepwise regression algorithm of Efroymson or the value
of approximately 2 which is implicit in the AIC or Mallows’ Cp. The RIC
appeals to extreme-value theory to argue that when the number of available
predictors, k, increases then the largest value of the F -to-enter statistic from
variables that are not in the true model will increase as well. In a way, this is
looking at the asymptotics in k rather than those in n.
As far as estimation of regression coefficients is concerned, there has been

essentially no progress. Chapter 6 outlines some progress that has been made
with a similar problem, that of estimating the mean of the population that
yielded the largest sample mean. For instance, suppose we plant 40 different
varieties of potatoes, and choose the one which produced the largest yield per
hectare in our experiment. It is probably fortuitous that this variety came
out best, and it is likely that its true yield is lower than in our experiment,
but how much lower? (Note: There is a huge literature in this field on the
design of such experiments, and on maximizing the PCS, the probability of
correct selection, but very little literature on the estimation problem.) The
most important contributions in this field known to the author are those of
Venter and Steel (1991), and Cohen and Sackrowitz (1989).
For the moment, the best method of estimation that can be recommended

for estimating regression coefficients when the same data are used for both
model selection and estimation, is to bootstrap the standardized residuals.
The model selection procedure is then applied to the bootstrap replicates.
The regression coefficients are estimated for the model that has been chosen
with the original data, but the difference is noted between the bootstrap
replicates in which the same model is selected, and for all cases. The regression
coefficients from the original data set are then adjusted by this difference. This
method is described in the bootstrap section in Chapter 5. There is no current
theory to back up this method. This is not a satisfactory situation, but nobody
seems to have found anything better.
In the mathematical derivations in this edition, there is even more empha-

sis upon QR-orthogonalization than in the first edition. Most statisticians
learn about principal components (PC), which are closely related to the sin-
gular value decomposition (SVD) that is much better known to numerical
analysts. These methods (PC and SVD) yield orthogonal directions that usu-
ally involve all the predictor variables. The orthogonal directions of the QR-
orthogonalization involve an increasing number of the predictors. The first
column of the Q-matrix is in the direction of the first column of the X-
matrix. The second column is that part of the second column of X that is
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orthogonal to the first column, after scaling. The third column is that part of
the third column of X that is orthogonal to the first two columns, again after
scaling. This orthogonalization makes far more sense in the context of subset
selection than the PC/SVD decompositions.

QR-factorizations are not only accurate methods for least-squares calcula-
tions, but they also lead to simple statistical interpretations.
An important property of the QR-orthogonalization is that the projections

of the dependent variable on these directions all have the same standard devi-
ation, equal to the residual standard deviation for the full model. This means
that the projections, which have the same units as the dependent variable
whether that be pounds or kilometres per hour or whatever units have a sim-
ple interpretation to the layman. In contrast, the analysis of variance, which is
often applied to examine the fit of nested models, has units of, say (pounds)2

or (kph)2. How often are the units shown in an analysis of variance?
A little time spent understanding these least-squares projections could be

very rewarding. Summing squares of projections leads to much simpler math-
ematical derivations than the grotesque expressions involving the inverses of
parts of X′X-matrices multiplied by parts of X′y products. On the nega-
tive side, the order of the predictor variables is of vital importance, when the
predictors are not orthogonal.
The basic planar rotation algorithm is important as the fast way to change

from one subset model to another, simply by changing the order of variables
and then omitting the later variables. A deficiency of most of the attempts
to use Bayesian methods has been that most of them have used very slow
methods to change from one model to another. A notable exception in this
regard is the paper by Smith and Kohn (1996).
Much of the fear of ill-conditioning or collinearity seems to stem from a

lack of knowledge of the methods of least-squares calculation, such as the
Householder reduction, or of Gram-Schmidt-Laplace orthogonalization, or of
Jacobi-Givens planar rotation algorithms. Those who are tempted to leave
out predictors with correlations of, say 0.8 or 0.9, with other predictors, or
to average them or use principal components of the moderately highly corre-
lated variables, may want to consider Bayesian Model Averaging as another
alternative. Those who are just nervous because of accuracy problems are
probably still using methods based upon the normal equations, and should
switch to better computational methods. If high correlations worry you, try
looking at near-infrared spectroscopy. I had one set of data for which the
majority of correlations between predictors exceeded 0.999; many exceeded
0.9999. Correlations less than 0.999 were sometimes a warning of an error in
the data.
I have retained my speed timings performed in the 1980s using an old

Cromemco computer. Though ordinary personal computers now run these
tests perhaps a thousand times faster, it is the relative times that are of
importance.
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Software in Fortran for some of the selection procedures in this book can
be downloaded from my web site at:
http://www.ozemail.com.au/~milleraj/

Finally, I would like to acknowledge my gratitude to CSIRO, which has
continued to allow me to use its facilities as an Honorary Research Fellow
after my retirement in 1994. I would like to thank Ed George for reading the
first draft of Chapter 7, even though he was in the process of getting married
and moving home at the time. I would also like to thank Mark Steel for his
comments on the same chapter; I have used some of them and disagree with
others. Rob Tibshirani persuaded me to pay more attention to bootstrapping
and the lasso, and I am grateful to him.

Alan Miller
Melbourne





CHAPTER 1

Objectives

1.1 Prediction, explanation, elimination or what?

There are several fundamentally different situations in which it may be desired
to select a subset from a larger number of variables. The situation with which
this monograph is concerned is that of predicting the value of one variable,
which will be denoted by Y , from a number of other variables, which will usu-
ally be denoted by X ’s. It may be necessaryto do this because it is expensive
to measure the variable Y and it is hoped to be able to predict it with suffi-
cient accuracy from other variables which can be measured cheaply. A more
common situation is that in which the X-variables measured at one time can
be used to predict Y at some future time. In either case, unless the true form
of the relationship between the X- and Y -variables is known, it will be neces-
sary for the data used to select the variables and to calibrate the relationship
to be representative of the conditions in which the relationship will be used
for prediction. This last remark particularly applies when the prediction re-
quires extrapolation, e.g. in time, beyond the range over which a relationship
between the variables is believed to be an adequate approximation.

Some examples of applications are:
1. The estimation of wool quality, which can be measured accurately us-

ing chemical techniques requiring considerable time and expense, from re-
flectances in the near-infrared region, which can be obtained quickly and
relatively inexpensively.

2. The prediction of meteorological variables, e.g. rainfall or temperature, say
24 hours in advance, from current meteorological variables and variables
predicted from mathematical models.

3. The prediction of tree heights at some future time from variables such as
soil type, topography, tree spacing, rainfall, etc.

4. The fitting of splines or polynomials, often in two or more dimensions, to
functions or surfaces.
The emphasis here is upon the task of prediction, not upon the explanation

of the effects of the X-variables on the Y -variable, though the second problem
will not be entirely ignored. The distinction between these two tasks is well
spelt out by Cox and Snell (1974). However, for those whose objective is not
prediction, Chapter 4 is devoted to testing inferences with respect to subsets
of regression variables in the situation in which the alternative hypotheses to
be tested have not been chosen a priori.

Also, we will not be considering what is sometimes called the ‘screening’
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problem; that is the problem of eliminating some variables (e.g. treatments or
doses of drugs) so that effort can be concentrated upon the comparison of the
effects of a smaller number of variables in future experimentation. The term
‘screening’ has been used for a variety of different meanings and, to avoid
confusion, will not be used again in this monograph.

In prediction, we are usually looking for a small subset of variables which
gives adequate prediction accuracy for a reasonable cost of measurement. On
the other hand, in trying to understand the effect of one variable on another,
particularly when the only data available are observational or survey data
rather than experimental data, it may be desirable to include many variables
which are either known or believed to have an effect.

Sometimes the data for the predictor variables will be collected for other
purposes and there will be no extra cost to include more predictors in the
model. This is often the case with meteorological data, or with government-
collected statistics in economic predictions. In other situations, there may be
substantial extra cost so that the cost of data collection will need to be traded
off against improved accuracy of prediction.

In general, we will assume that all predictors are available for inclusion or ex-
clusion from the model, though this is not always the case in practice. In many
cases, the original set of measured variables will be augmented with other
variables constructed from them. Such variables could include the squares of
variables, to allow for curvature in the relationship, or simple products of
variables, to allow the gradient of Y on one regressor, say X1, to vary linearly
with the value of another variable, say X2. Usually a quadratic term is only
included in the model if the corresponding linear term is also included. Simi-
larly, a product (interaction) of two variables is only included if at least one
of the separate variables is included. The computational methods which will
be discussed in Chapter 3 for finding best-fitting subsets assume that there
are no restrictions such as these for the inclusion or exclusion of variables.

In some practical situations we will want to obtain a “point estimate” of
the Y -variable, that is, a single value for it, given the values of the predictor
variables. In other situations we will want to predict a probability distribution
for the response variable Y . For instance, rather than just predicting that
tomorrow’s rainfall will be 5 mm we may want to try to assign one probability
that it will not rain at all and another probability that the rainfall will exceed
say 20 mm. This kind of prediction requires a model for the distribution of
the Y -variable about the regression line. In the case of rainfall, a log-normal
or a gamma distribution is often assumed with parameters which are simple
functions of the point estimate for the rainfall, though the distribution could
be modelled in more detail. Attention in this monograph will be focussed
mainly on the point estimate problem.

All of the models which will be considered in this monograph will be lin-
ear; that is they will be linear in the regression coefficients. Though most of
the ideas and problems carry over to the fitting of nonlinear models and gen-
eralized linear models (particularly the fitting of logistic relationships), the
complexity is greatly increased. Also, though there are many ways of fitting
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regression lines, least squares will be almost exclusively used. Other types of
model have been considered by Linhart and Zucchini (1986), while Boyce,
Farhi and Weischedel (1974) consider the use of subset selection methods in
optimal network algorithms.

There has been some work done on multivariate subset selection. The reader
is referred to Seber (1984) and Sparks (1985) for an introduction to this sub-
ject. For more recent references, see the paper by Brown et al. (2000).

An entirely different form of empirical modelling is that of classification
and regression trees (CART). In this the data are split into two parts based
upon the value of one variable, say X1. This variable is chosen as that which
minimizes the variation of the Y -variable within each part while maximizing
the difference between the parts. Various measures of distance or similarity
are used in different algorithms. After splitting on one variable, the separate
parts of the data are then split again. Variable X2 may be used to split one
part, and perhaps X3, or X2 or even X1 again, may be used to split the other
part. Such methods are usually employed when the dependent variable is a
categorical variable rather than a continuous one. This kind of modelling will
not be considered here, but it suffers from the same problems of overfitting and
biases in estimation as subset selection in multiple regression. For discussion
of some of these clustering methods, see e.g. Everitt (1974), Hartigan (1975),
or Breiman, Friedman, Olshen and Stone (1984).

When the noise in the data is sufficiently small, or the quantity of data
is sufficiently large, that the detailed shape of the relationship between the
dependent variable and the predictors can be explored, the techniques known
as projection pursuit may be appropriate. See e.g. Huber (1985), Friedman
(1987), Jones and Sibson (1987), or Hall (1989).

1.2 How many variables in the prediction formula?

It is tempting to include in a prediction formula all of those variables which
are known to affect or are believed to affect the variable to be predicted. Let
us look closer at this idea. Suppose that the predictor variable, Y , is linearly
related to the k predictor variables, X1 , X2 , ... , Xk; that is

Y = β0 +
k∑

i=1

βiXi + ε, (1.1)

where the residuals, ε, have zero mean and are independently sampled from
the same distribution which has a finite variance σ2. The coefficients β0, β1,
... , βk will usually be unknown, so let us estimate them using least squares.
The least-squares estimates of the regression coefficients, to be denoted by b’s,
are given in matrix notation by

b = (X′X)−1X′y,

where
b′ = (b0, b1, ..., bk),
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X is an n × (k + 1) matrix in which row i consists of a 1 followed by the
values of variables X1, X2, ..., Xk for the i-th observation, and y is a vector
of length n containing the observed values of the variable to be predicted.

Now let us predict Y for a given vector x′ = (1, x1, ..., xk) of the predictor
variables, using

Ŷ = x′b

= b0 + b1x1 + ... + bkxk .

Then, from standard least-squares theory (see e.g. Seber (1977) page 364), we
have that

var(x′b) = σ2x′(X′X)−1x .

If we form the Cholesky factorization of X′X, i.e. we find a (k + 1)× (k + 1)
upper-triangular matrix R such that

(X′X)−1 = R−1 R−T ,

where the superscript −T denotes the inverse of the transpose, then it follows
that

var(x′b) = σ2(x′R−1)(x′R−1)′, (1.2)

Now x′R−1 is a vector of length (k + 1) so that the variance of the predicted
value of Y is the sum of squares of its elements. This is a suitable way in
which to compute the variance of Ŷ , though we will recommend later that
the Cholesky factorization, or a similar triangular factorization, should be
obtained directly from the X-matrix without the intermediate step of forming
the ‘sum of squares and products’ matrix X′X.

Now let us consider predicting Y using only the first p of the X-variables
where p < k. Write

X = (XA, XB),

where XA consists of the first (p + 1) columns of X, and XB consists of
the remaining (k − p) columns. It is well known that if we form the Cholesky
factorization

X′
AXA = R′

ARA,

then RA consists of the first (p + 1) rows and columns of R, and also that
the inverse R−1

A is identical with the same rows and columns of R−1. The
reader who is unfamiliar with these results can find them in such references
as Rushton (1951) or Stewart (1973), though it is obvious to anyone who tries
forming a Cholesky factorization and inverting it so that the factorization
down to row p and the inverse down to row p are independent of the following
rows. The Cholesky factorization of X′X can be shown to exist and to be
unique except for signs provided that X′X is a positive-definite matrix.

Then if xA consists of the first (p + 1) elements of x and bA is the cor-
responding vector of least-squares regression coefficients for the model with
only p variables, we have similarly to (1.2) that

var(x′
AbA) = σ2(x′

AR−1
A )(x′

AR−1
A )′ ; (1.3)
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that is, the variance of the predicted values of Y is the sum of squares of the
first (p + 1) elements that were summed to obtain the variance of x′b, and
hence

var(x′b) ≥ var(x′
AbA).

Thus the variance of the predicted values increases monotonically with the
number of variables used in the prediction - or at least it does for linear models
with the parameters fitted using least squares. This fairly well-known result is
at first difficult to understand. Taken to its extremes, it could appear that we
get the best predictions with no variables in the model. If we always predict
Y = 7 say, irrespective of the values of the X-variables, then our predictions
have zero variance but probably have a very large bias.

If the true model is as given in (1.1), then

bA = (X′
AXA)−1X′

Ay

and hence

E(bA) = (X′
AXA)−1X′

AXβ

= (X′
AXA)−1X′

A(XA, XB)β
= (X′

AXA)−1(X′
AXA, X′

AXB)β
= βA + (X′

AXA)−1X′
AXBβB,

where βA, βB consist of the first (p+1) and last (k−p) elements respectively
of β. The second term above is therefore the bias in the first (p+1) regression
coefficients arising from the omission of the last (k − p) variables. The bias in
estimating Y for a given x is then

x′β − E(x′
AbA) = x′

AβA + x′
BβB

− x′
AβA − x′

A(X′
AXA)−1X′

AXBβB

= {x′
B − x′

A(X′
AXA)−1X′

AXB}βB (1.4)

As more variables are added to a model we are ‘trading off’ reduced bias
against an increased variance. If a variable has no predictive value, then adding
that variable merely increases the variance. If the addition of a variable makes
little difference to the biases, then the increase in prediction variance may
exceed the benefit from bias reduction. The question of how this trade-off
should be handled is a central problem in this field, but its answer will not be
attempted until Chapter 5 because of the very substantial problems of bias
when the model has not been selected independently of the data. Note that
the addition of extra variables does not generally reduce the bias for every
vector x. Also, the best subset for prediction is a function of the range of
vectors x for which we want to make predictions.

If the number of observations in the calibrating sample can be increased,
then the prediction variance given by (1.3) will usually be reduced. In most
practical cases the prediction variance will be of the order n−1 while the biases
from omitting variables will be of order 1 (that is, independent of n). Hence,
the number of variables in the best prediction subset will tend to increase
with the size of the sample used to calibrate the model.
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We note here that Thompson (1978) has discriminated between two predic-
tion situations, one in which the X-variables are controllable, as for instance
in an experimental situation, and the other in which the X-variables are ran-
dom variables over which there is no control. In the latter case the biases
caused by omitting variables can be considered as forming part of the residual
variation and then the magnitude of the residual variance, σ2, changes with
the size of subset.

At this stage we should mention another kind of bias which is usually ig-
nored. The mathematics given above is all for the case in which the subset of
variables has been chosen independently of the data being used to estimate
the regression coefficients. In practice the subset of variables is usually chosen
from the same data as are used to estimate the regression coefficients. This
introduces another kind of bias which we will call selection bias; the first
kind of bias discussed above will be called omission bias. It is far more dif-
ficult to handle selection bias than omission bias, and for this reason, all of
Chapter 6 is devoted to this subject. Apart from a few notable exceptions, e.g.
Kennedy and Bancroft (1971), this topic has been almost entirely neglected
in the literature.

The question of how many variables to include in the prediction equation,
that is of deciding the “stopping rule” in selection, is one which has developed
along different lines in the multiple-regression context and in the context of
fitting time series, though it is the same problem. In neither case can an
answer be given until selection bias is understood, except for the rare situation
in which independent data sets are used for the selection of variables (or of
the order of the model in fitting time series) and for the estimation of the
regression coefficients. This will be attempted in Chapter 5.

1.3 Alternatives to using subsets

The main reasons for not using all of the available predictor variables are that,
unless we have sufficiently large data sets, some of the regression coefficients
will be poorly determined and the predictions may be poor as a consequence,
or that we want to reduce the cost of measuring or acquiring the data on
many variables in future. Three alternatives that use all of the variables are
(i) using ‘shrunken’ estimators as in ridge regression, (ii) using orthogonal (or
nonorthogonal) linear combinations of the predictor variables, and (iii) using
Bayesian model averaging.

The usual form in which the expression for the ridge regression coefficients
is written is

b(θ) = (X′X + θI)−1X′y

where I is a k×k identity matrix, and θ is a scalar. In practice this is usually
applied to predictor variables which have first been centered by subtracting
the sample average and then scaled so that the diagonal elements of X′X
are all equal to one. In this form the X′X-matrix is the sample correlation
matrix of the original predictor variables. There is a very large literature on


