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In fond memory of Ruben Gabriel

Kuno Ruben Gabriel, 1929-2003






Preface

This book is aimed at a wide spectrum of researchers and students
who are concerned with the analysis of tabular data, chiefly data
measured on categorical scales. In other words, all social scientists
who work with empirical data will benefit from this book, as well as
most environmental scientists, market researchers, psychologists, and
archaeologists, to name but a few, where applications of correspon-
dence analysis already abound.

The idea for this book grew out of the international conference on
correspondence analysis and related methods (CARME 2003), held at
the Universitat Pompeu Fabra in Barcelona from 29 June to 2 July
2003. A total of 88 scientific papers were delivered at the conference,
attended by 175 researchers from 18 countries, testifying to the ever-
increasing interest in this multipurpose, multicultural, and multidis-
ciplinary statistical method. The extension of correspondence analysis
to more than two variables, called multiple correspondence analysis
(MCA), and various methods related to it were so prominent at this
meeting that we decided to embark on this book project. The idea was
to gather experts in the field and to assemble and edit a single text
that encompassed the subject, especially the different approaches
taken by researchers from different statistical “schools.”

For the record, this is the third time we have embarked on a project
like this. The first book, Correspondence Analysis in the Social Sciences
(Greenacre and Blasius 1994), was edited after the first conference
organized in Cologne in 1991 and contained various methodological and
applied chapters, the latter written mostly by sociologists, in an attempt
to show the usefulness of correspondence analysis in exploring social
science data. The second book, Visualization of Categorical Data (Blasius
and Greenacre 1998), which was edited after the second conference
organized in Cologne in 1995, broadened the content to all methods that
have as their goal the graphical display of categorical data. Once again,
both statisticians and social science researchers contributed to the book,



which has been as successful as the first one in communicating a new
field of multidisciplinary research to a wider audience. The present book,
Multiple Correspondence Analysis and Related Methods, carries on this
tradition, giving a state-of-the-art description of this new field of
research in a self-contained textbook format.

A total of 40 authors have contributed to this book, and the editing
process was by no means a simple task. As in the two previous books,
our objective has been to produce a unified text, with unified presen-
tation and notation. Cross-referencing between chapters was intro-
duced, and a common reference list and index was established. In
addition, we have included several introductory chapters so that read-
ers with little experience in the field can be gently introduced to the
subject. In our selection of chapters, we tried to be inclusive as well
as exhaustive—inclusive of the different cultural origins of the sub-
ject’s development and exhaustive of the methodological and applica-
tions fields, covering the whole subject and a wide variety of application
areas. Another goal was to make the book as practically oriented as
possible and to include details about software and computational
aspects; most chapters have a “software note” at the end, and there is
an appendix at the end of the book that summarizes the computational
steps of the basic method and some related ones.

Before we move on to the acknowledgments, we feel a note of
sadness that our dear friend, Ruben Gabriel, so prominent in this area
of methodology, passed away a month before the CARME 2003 confer-
ence. Ruben was to have been one of the keynote speakers and a
contributor to this book, so it was fitting that we agreed to dedicate
this book to his memory and include him in this way in our project.
To quote from the obituary written by Jack Hall, Ruben’s colleague at
the Department of Statistics, University of Rochester:

Ruben Gabriel was born in Germany. His family fled to France in the
1930’s and then to Palestine where he was raised on a Kibbutz. He
studied at the London School of Economics and at the Hebrew University
of Jerusalem, earning a PhD in Demography in 1957. He was on the
faculty of the Department of Statistics at Hebrew University for many
years, including a term as chair, and joined the University of Rochester
as Professor of Statistics in 1975, serving as chair from 1981 to 1989
and retiring in 1997. While at the University, he also served as Professor
of Biostatistics in the Medical Center, collaborating on medical research
with faculty in many departments.

Ruben had a distinguished statistical research career, with 150 scientific
publications, and was honored as a Fellow of the American Statistical



Association and of the Institute of Mathematical Statistics and an elected
member of the International Statistical Institute. Of special note was
his “biplot,” a graphical data analytic tool to assist in the understanding
of the structure of an array of data—say of several variables on each of
several units (e.g., persons)—now widely used in data analysis in many
fields.

The CARME 2003 conference and this book would not have been
possible without the generous support of the Fundaciéon BBVA in
Madrid. In the first instance, we would like to thank this organization
and especially its director, Rafael Pardo (who also contributes to the
book), for their interest in fostering research on correspondence anal-
ysis, both on the theoretical and applied levels. We also thank the
other sponsors of the conference: the Spanish Ministry of Science and
Technology, grant MCYT2096; IdesCAT (the Catalan Statistical
Institute); DURSI (the Department of Universities, Research and
Information Society of the Catalan government); and the Faculty of
Economic Sciences of the Universitat Pompeu Fabra.

Then, to all our authors: you have been very patient with us, and
we hope that we have been patient with you! It was a long process,
but we hope that you will appreciate the fruits of your labors and
share together in the success of this venture. Our respective institu-
tions—the Department of Economics and Business at Pompeu Fabra
University, Barcelona, and the Seminar fiir Soziologie at the Univer-
sity of Bonn—have given us the academic freedom to dedicate many
hours to this task that is of our own choosing, and we thank them for
that. We also thank Martin Blankenstein (University of Bonn) for
preparing the reference list of this book and Andreas Mihlichen (Uni-
versity of Bonn) for assistance in preparing a large number of figures.
For their work on the CARME 2003 conference, we acknowledge the
assistance of Anna Cuxart, Clara Riba, Frederic Udina, Robert Diez,
and Friederika Priemer, and we thank all our colleagues and family
for providing heartfelt support.

Finally, we thank Chapman & Hall and editor Rob Calver in London
for supporting the publication of this book, and Mimi Williams, project
editor, Florida, for handling the complex task of producing this multi-
authored book in such a cooperative and friendly way.

Michael Greenacre and Jorg Blasius

Barcelona and Bonn
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1.1 Introduction

Correspondence analysis as we know it today has come a long way in
the 30 years since the publication of Benzécri’s seminal work, Analyse
des Données (Benzécri et al. 1973) and, shortly thereafter, Hill’s paper
on applied statistics, “Correspondence analysis: a neglected multivari-
ate method” (Hill 1974), which drew the English-speaking world’s
attention to the existence of this technique. In a bibliography of pub-
lications on correspondence analysis, Beh (2004) documents an almost
exponential increase in articles on the subject (Figure 1.1). However,
this bibliography focused mostly on methodological journals, and it
does not include the explosion of applications of correspondence anal-
ysis in fields as diverse as archaeology, linguistics, marketing research,
psychology, sociology, education, geology, ecology, and medicine—
indeed, in all the physical, social, human, and biological sciences.
Correspondence analysis (CA) is an exploratory multivariate tech-
nique for the graphical and numerical analysis of almost any data
matrix with nonnegative entries, but it principally involves tables of
frequencies or counts. It can be extended to analyze presence/absence
data, rankings and preferences, paired comparison data, multiresponse
tables, multiway tables, and square transition tables, among others.
Because it is oriented toward categorical data, it can be used to analyze
almost any type of tabular data after suitable data transformation, or
recoding, as exemplified by a recent book by Murtagh (2005).

= =
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[=) (=}
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(=}

'S
S

Number of published articles
S 2
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Figure 1.1 Growth in publications on correspondence analysis in selected
journals. (Based on papers in 66 statistical journals and 22 books, thus rep-
resenting a lower bound on the number of articles published. From Beh 2004).
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There are several different ways of defining and thinking about
CA, which is evident in the rediscovery of the method by so many
different authors in the last century. We like to think of CA as a type
of principal component analysis (PCA) of categorical data, where we
consider the geometric definition of PCA rather than its statistical one.
Similar to PCA, the rows or columns of a data matrix are assumed to
be points in a high-dimensional Euclidean space, and the method aims
to redefine the dimensions of the space so that the principal dimensions
capture the most variance possible, allowing for lower-dimensional
descriptions of the data. The fact that CA analyzes categorical data
rather than metric data opens up the PCA style of data analysis to a
world of new possibilities. Categorical data abound in almost all areas
of research, especially in the social sciences, where most kinds of
survey data are collected by means of nominally or ordinally scaled
categorical items.

The history of correspondence analysis can be traced back to
Hirschfeld (1935) (later changing his name to Hartley), who gave an
algebraic formulation of the correlation between rows and columns of
a contingency table. Fisher (1940) used the same ideas in the frame-
work of discriminant analysis and is also regarded as one of the
“founding fathers” of the technique. Independent from this approach,
Guttman (1941) developed a method for constructing scales for cate-
gorical data, where he treated the general case for more than two
qualitative variables. Since we are concentrating mostly on the mul-
tiple form of CA in this book, Louis Guttman should be credited as
being the originator of the ideas behind present-day multiple correspon-
dence analysis (MCA); he even used the term “principal components”
and “chi-square distance” in his description of the method (Guttman
1950a,b). In the early 1950s Hayashi (1950, 1952, 1954) built on
Guttman’s ideas to create a method that he called “quantification of
qualitative data,” and was later followed in this tradition by the “dual
scaling” ideas of Nishisato (1980, 1994). Apart from these brief historical
remarks, we direct the interested reader to various texts where the
history of CA is described, notably de Leeuw (1973), Nishisato (1980),
Greenacre (1984), and Gifi (1990).

Our personal approach, due to our belief that the geometric
approach has the most benefits, is to follow in great part the ideas
of Jean-Paul Benzécri. Benzécri, a mathematician and linguist, devel-
oped CA and MCA in France in the 1960s and 1970s as part of a
philosophy that placed the data firmly at the center of attention of
the researcher. According to Benzécri, the data are king, not the
model one might want to propose for them: one of his famous principles
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states that “the model should follow the data, not the inverse.” He
gathered around him an influential team in France who made a large
contribution to the early development of MCA-—notably, Ludovic
Lebart and Brigitte Escofier, to mention but two of the original key
coworkers. Benzécri’s original ideas are worthy of consideration
because they do represent an extreme, counterbalancing the exces-
sive attention paid to confirmatory modeling in statistics. Pretty
much at the same time, and finding the right balance between
Benzécri’s ideas and statistical practice, one of the most important
data analysis schools was developing in the Netherlands, inspired
by Jan de Leeuw in Leiden and including Willem Heiser, Jacqueline
Meulman, and Pieter Kroonenberg, to name but a few. De Leeuw
engendered a style and culture of research on MCA and related
methods that remain the strongest and most important at the present
time (for an excellent review, see Michailidis and de Leeuw 1998).
This group is best known for their collectively authored book under
the nom de plume of Gifi, published internationally in 1990, but
existing in other editions published in Leiden since 1981. In their
approach, MCA (called homogeneity analysis) is the central analyt-
ical tool that is used to embed categorical data, through optimal
scaling of the categories, into the interval-scale-based world of clas-
sical multivariate statistical analysis.

In the English-speaking world, interest in CA accelerated with the
publication of textbooks by Lebart et al. and Greenacre, both published
in 1984. In the late 1980s, several CA procedures were included in the
leading statistical software packages of the time, notably SPSS, BMDP,
and SAS. At the same time, the number of applications significantly
increased, in the social sciences especially, influenced by the work of
the French sociologist Pierre Bourdieu (see Rouanet et al. 2000), which
has been translated into many languages. With these applications and
with the further developments of the method, the number of yearly
publications in this area increased steeply. In his overview of publica-
tions in the field of CA/MCA, Beh (2004) reports just one publication
for 1973, 16 for 1983, 60 for 1993, and 112 for 2003 (the last year of
his report), as shown in Figure 1.1.

In this book we have 23 chapters on the topic of MCA, starting
from the basics and leading into state-of-the-art chapters on method-
ology, each with applications to data. There are data from social science
research (Chapters 1, 2, 3, 7, 8, 22, and the Appendix), education
(Chapters 4 and 5), health (Chapter 6), item responses in psychology
(Chapters 9 and 10), marketing data and product preference (Chapters 11
and 19), health sciences (Chapter 12), food preferences (Chapter 13),
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urban research (Chapter 14), elections in political science (Chapter 15),
credit scoring (Chapter 16), epidemiology of animal health (Chapter 17),
animal classification (Chapter 18), international comparisons
(Chapter 20), psychological experiments (Chapter 21), and microarray
studies in genetics (Chapter 23).

In this first and introductory chapter, we will start with a simple
example of CA applied to a small two-way contingency table, explain
the basics of the method, and then introduce MCA and related methods,
ending up with a short overview of the rest of the book’s contents.

1.2 A simple example

Correspondence analysis is an exploratory method based on well-
known geometrical paradigms. To provide an initial illustration of the
method, we use data from the most recently available survey from the
International Social Survey Program (ISSP 2003). The original respondent-
level data are available at the “Zentralarchiv fir Empirische Sozial-
forschung” (Central Archive for Empirical Social Research) in Cologne,
Germany (http://www.gesis.de). We start with a simple cross-tabulation
of how respondents reacted to the statement, “When my country does
well in international sports, it makes me proud to be {Country Nation-
ality}.” We chose respondents from five specific countries—U.K., U.S.,
Russia, Spain, and France—because their respective cities (London,
New York, Moscow, Madrid, and Paris) were involved in the final
decision for the summer Olympics in 2012. Respondents could give
one of five possible responses to the above question—(1) “agree
strongly,” (2) “agree,” (3) “neither agree nor disagree,” (4) “dis-
agree,” (5) “disagree strongly’—as well as various “nonresponses.”
Table 1.1 shows the frequencies, and Table 1.2 the (column) percentages

Table 1.1 Frequencies of the cross-table “international sports x country.”

U.K. U.S. Russia Spain France Total

Agree strongly 230 400 1010 201 365 2206
Agree 329 471 530 639 478 2447
Neither nor 177 237 141 208 305 1068
Disagree 34 28 21 72 50 205
Disagree strongly 6 12 11 14 97 140

Total 776 1148 1713 1134 1295 6066
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Table 1.2 Column percentages of the cross-table “international
sports x country.”

U.K. U.S. Russia  Spain France  Average

Agree strongly 29.6 34.8 59.0 17.7 28.2 36.4
Agree 42.4 41.0 30.9 56.4 36.9 40.3
Neither nor 22.8 20.6 8.2 18.3 23.6 17.6
Disagree 4.4 2.4 1.2 6.5 3.9 3.4
Disagree strongly 0.8 1.1 0.6 1.2 7.5 2.3
Total 100.0 100.0 100.0 100.0 100.0 100.0

for each country. To keep our explanation simple at this stage and to
avoid discussion about the handling of missing data, we have restricted
attention to those respondents with no missing data for this question
as well as for the other variables used in extended analyses of these
data later in this chapter. These additional variables are on other
aspects of national identity as well as several demographic variables:
sex, age, marital status, and education. The topic of missing data is
treated in Chapters 8 and 12 of this book.

Table 1.1 shows sample sizes ranging from 776 for U.K. to 1713 for
Russia. In all countries, most people either “agree strongly” or “agree”
with the statement on international sports. However, there are some
differences between the countries: whereas in Russia most people “agree
strongly,” in Spain there are fewer than 20% giving this response. On
the other hand, in France there is the largest share of respondents
(7.5%) who “disagree strongly” with the statement. Calculating the chi-
square statistic for testing independence on this table produces a value
of y2 = 879.3 (16 degrees of freedom), which is highly significant (P-value
close to 0); Cramer’s V measure of association is V = 0.190.

Analyzing Table 1.1 by CA gives a map of the pattern of association
between countries and response categories, shown in Figure 1.2. This
graphical representation, called the symmetric map, plots the principal
coordinates of the rows and columns (to be explained more fully below).
This two-dimensional map is not an exact representation of the data
because it would require four dimensions to represent this 5 x 5 table
perfectly. (We say the dimensionality of the table is four.) The two-
dimensional map in Figure 1.2 accounts for 95.6% of the total “variance”
in the table, where the measure of variance is closely related to the chi-
square statistic. The objective of CA is to represent the maximum
possible variance in a map of few dimensions, usually two dimensions.
In this case there is only a small (4.4%) proportion of variance that is
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Figure 1.2 Symmetric correspondence analysis map of Table 1.1.

not represented here and that is effectively discarded because it is
unlikely to be of interest. This strategy is identical in spirit to the coef-
ficient of determination in linear regression, where we say that the
predictors in a regression model explain a certain percentage of variance,
with the remainder unexplained and relegated to “residual” or “error”
variance. Each orthogonal axis in CA accounts for a separate part of
variance, similar to uncorrelated predictors in a regression model: in
Figure 1.2 the first axis explains 72.2%, the second an additional 23.4%.

Interpretation of the map consists in inspecting how the categories
lie relative to one another and how the countries are spread out relative
to the categories. The first (horizontal) dimension reflects a clear sub-
division of the responses toward “international sports,” with the category
“agree strongly” on the left and the other four categories on the right.
Furthermore, all categories retain their original order along the first
dimension, although the intercategory distances are different: for exam-
ple, “disagree” and “disagree strongly” are very close to each other along
this dimension, while “agree strongly” is relatively far from “agree”
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(projecting the categories perpendicularly onto the horizontal axis). The
first dimension can be interpreted as “level of pride toward achievements
in international sport,” especially focused on the contrast between
“strong agreement” and the other response categories. As for the coun-
tries, we see Russia on the left, opposing the other countries on the
right; thus of these five nations, the Russians feel most proud when
Russia is doing well in international sports. At the opposite right-hand
side of this axis, we see that the French and Spanish are the least proud
of the five nations in this respect, but there is also a big difference
between these two along the second (vertical) dimension.

The second dimension mainly reflects the outlying position of “dis-
agree strongly” as well as France compared with the other categories
and countries. As we already noted by inspecting Table 1.2, 7.5% of the
French chose this category compared with approximately 1% respon-
dents from the other countries. This contrast is so strong that it accounts
for most of the 23.4% of the variance along this second dimension.

In Table 1.2 the U.S. and U.K. have very similar response patterns,
which are not much different from the overall, or average, pattern.
Geometrically, this is depicted by these two countries lying close to
each other, toward the origin of the map. The average response pattern
is given in the last column of Table 1.2, which is the percentage
responses for the whole data set.

All features in the map are relative in the sense that we can see that
the Spanish are less proud of sporting achievement than the British, for
example, but the map does not tell us how much less. The only point
that is represented perfectly in the map is the center, or origin, which
coincides with the average for the data set at hand, so we can judge in
the map how the countries deviate from the average. To get an idea of
absolute scale, an alternative way of representing the table is the so-called
asymmetric map, where one set of points, usually the “describing variable”
(the rows in this case), is depicted in standard coordinates (Figure 1.3),
and the other set, the “variable being described” (the columns here), is
depicted in principal coordinates as before (Greenacre and Blasius, 1994:
Preface). In this map the country points, still in principal coordinates,
are in the same positions as in Figure 1.2, but the category points are
now reference points in the space depicting a 100% response in each of
the five respective categories (notice the change in scale of Figure 1.3
compared with Figure 1.2). Now the “strong agreement” point, for exam-
ple, represents a fictitious country where all respondents “strongly
agreed.” Thus we can see that Russia, for example, deviates from the
average toward strong agreement, but now we can also judge how far
away Russia is from being a country with 100% strong agreement.
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Figure 1.3 Asymmetric correspondence analysis map of Table 1.1.

Because the overall level of strong disagreement is low, this category is
very far away from the countries in Figure 1.3, but France is closer to
the strong disagreement “pole” than the others. Although enlightening
as to the absolute level of variation existing among the countries, the
asymmetric map is generally not preferred; the outlying positions of the
set of points in standard coordinates (the response categories in
Figure 1.3) force the other set of points (the countries) into a bunch at
the center of the map. In the symmetric map of Figure 1.2, the category
points—represented in principal coordinates—can be seen to lie in
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positions along the axes, which are a scaled-down version of those
in Figure 1.3. This fact, further explained in the next sections, under-
pins our interpretation of the symmetric map, which is the preferred
map in CA.

1.3 Basic method

There are several different, but mathematically equivalent, ways to
define CA. Because our approach is chiefly graphical and in the French
tradition of Benzécri et al. (1973), we see CA as an adaptation to
categorical data of PCA, which is a method for identifying dimensions
explaining maximum variance in metric data. Both methods are based
on decompositions of centered and normalized matrices, using either
the eigenvalue-eigenvector decomposition of a square symmetric
matrix or the singular-value decomposition (SVD) of a rectangular
matrix. As in Greenacre (1984), we present the theory in terms of the
SVD, which is an approach that is better equipped to show the rela-
tionship between row and column solutions. Similar to PCA, CA pro-
vides eigenvalues that are squared singular values (called principal
inertias in CA), percentages of explained variance (percentages of
inertia), factor loadings (correlations with principal axes), and commu-
nalities (percentages of explained inertia for individual rows or col-
umns). In PCA, visualizations of the results are also made, but they
are less common than in the CA/MCA framework, where the map is
the central output for the interpretation.

For the presentation of the basic CA algorithm, we use a simple
cross-table, or contingency table, of two variables with I rows and </
columns, denoted by N, with elements n;. As a first step, the corre-
spondence matrix P is calculated with elements p;; = n;/n, where n is
the grand total of N, the sample size in this case. CA analyzes the
matrix P and is not concerned with the sample size n unless aspects
of statistical inference such as confidence intervals are of interest (see
Chapter 7). Corresponding to each element p;; of P is a row sum p,
(= n; /n) and column sum p; (= n;/n), denoted by r; and c¢; respectively.
These marginal relative frequencies, called masses, play dual roles in
CA, serving to center and to normalize the correspondence matrix.

Under the null hypothesis of independence, the expected values of
the relative frequencies p; are the products r,c; of the masses. Center-
ing involves calculating differences (p; — r,c;) between observed and
expected relative frequencies, and normalization involves dividing
these differences by the square roots of r,c; leading to a matrix of
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standardized residuals 8; = ( p; - ricj)/ rc; . In matrix notation this is
written as:

S=D"2(P-rc")D;"” (1.1)

where r and ¢ are vectors of row and column masses, and D, and D,
are diagonal matrices with these masses on the respective diagonals.
The sum of squared elements of the matrix of standardized residuals,
Zi Z].sl?j = trace(SS"), is called the total inertia and is the amount that
quantifies the total variance in the cross-table. Because the standard-
ized residuals in S resemble those in the calculation of the chi-square
statistic, y2, apart from the division by n to convert original frequencies
to relative ones, we have the following simple relationship:

total inertia = x%n (1.2)

The association structure in the matrix S is revealed using the
SVD:

S =UzV' (1.3)

where X is the diagonal matrix with singular values in descending order:
G; 20y 2 ... 205> 0, where S is the rank of matrix S. The columns of
U, called left singular vectors, and those of V, the right singular vectors,
are orthonormal: U'U = V'V = I. The connection between the SVD and
the eigenvalue decomposition can be seen in the following:

S'S = VZU'UZV' = VE*VT = VAV’
SS™T=UZV'VZU' = UX*U'= UAU"

showing that the right singular vectors of S correspond to the eigen-
vectors of STS, the left singular vectors correspond to the eigenvectors
of SS', and the squared singular values o2 in X? correspond to the
eigenvalues A of S'S or SS", where A is the diagonal matrix of eigen-
values. Within the context of CA, these eigenvalues are termed prin-
cipal inertias, and their sum Y A, is equal to the total inertia since
trace(SS") = trace(STS) = trace(Z?) = trace(A).
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The SVD provides all the results we need to make CA maps. The
principal and standard coordinates can be calculated for the row and
column categories:

principal coordinates of rows: F=D'"UX (1.4)
standard coordinates of rows: A=D;/"?U (1.5)
principal coordinates of columns: G = D;2 VX (1.6)
standard coordinates of columns: B = D>V 1.7

For a two-dimensional map we would use either (a) the first two columns
of the coordinates matrices F and G for the symmetric map, (b) A and
G for the asymmetric map of the columns (called “column principal” in
SPSS, for example), or (c) F and B for the asymmetric map of the rows
(“row principal”). The proportion of inertia explained would be (62 + 63 )/
2,02, ie., (A + Ay X A, For further details about the computation of
CA, see Blasius and Greenacre (1994).

1.4 Concepts of correspondence analysis

In this section we summarize the main concepts underlying CA, mostly
geometric concepts. Each concept will be illustrated briefly in the
context of the CA of the “international sports” example of Table 1.1
and Figure 1.2 and Figure 1.3.

1.4.1 Profiles, average profiles, and masses

As mentioned previously, CA is based on relative values; the sample
size is not important for the construction of the map. The data table
can be expressed as proportions (or percentages) relative to the row or
column margins. Table 1.2 illustrates the latter possibility, showing for
each country the percentage responses across the categories of the
variable “international sport”: for example, “U.K.: agree strongly” is
230/776 = 0.296 (or 29.6%). The columns containing the relative fre-
quencies for the single countries are called profiles, in this case column
profiles. Furthermore, we calculate average profiles as the row or col-
umn margins relative to the grand total: for example, the profile value
for “All countries: agree strongly” is 2206/6066 = 0.364 (or 36.4%). This
average column profile is given in the last column of Table 1.2. In the
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CA map, the average column profile is represented at the origin where
the axes cross.

Table 1.2 shows that Russia has a profile value in the category
“agree strongly” clearly above average (0.590 > 0.364), whereas the
respective value of Spain is clearly below average (0.177 < 0.364).
Under the condition that the two countries are well represented in
the map, which is very likely, as 95.6% of the variation is explained
by the first two dimensions, Russia should be associated strongly
with “agree strongly,” whereas Spain should be just the opposite.
That this is true has already been seen in Figure 1.3. Comparing
the column profiles with the average column profile as well as with
one another gives a first understanding of which columns (coun-
tries) should be located close to one another and which should be
separated.

Table 1.2 shows the column profiles and the average column profile.
In the same way, we could calculate the row profiles, expressing the
frequencies in each row of Table 1.1 relative to their corresponding
row total. Further, we can compute the average row profile, i.e., the
column sums (or column totals, see the last row in Table 1.1) divided
by the sample size. We could then compare the elements of the row
profiles with their corresponding elements in the average row profile,
which gives a first understanding of which row categories are in the
same part of the map and which are relatively distinct from one
another. In the map of the row profiles, the origin again reflects the
position of the average row profile.

The distinction between the presentation of the rows, i.e., dis-
cussing the differences between the row profiles compared with the
average row profile, and the presentation of the column profiles, i.e.,
discussing the differences between the column profiles compared with
the average column profile, is also reflected in the two possibilities
of visualizing the data using asymmetric maps. Figure 1.3 shows
the column profiles in a map spanned by the rows. The categories
of the rows are expressed in terms of “artificial countries,” for exam-
ple, the position of “agree strongly” reflects a hypothetical “country”
containing only respondents all strongly agreeing with the statement.
We also could calculate an asymmetric map in which the profiles of
the rows are visualized in a space spanned by the columns. Because
the differences between the countries are of central interest, this
possibility of visualization is less meaningful. Finally, and most often
done, row and column profiles are shown together (symmetric map).
However, there is a close relation between standard and principal
coordinates because there are only scale-factor differences between
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them along the axes. The standard coordinates can be obtained by
dividing the principal coordinates by the singular values (i.e., by the
square roots of the principal inertias), for example for the rows: A =
FX ' (see Equation 1.4 to Equation 1.7).

In addition to being elements of the average profile, the marginal
values described previously (denoted by r; and ¢; in Section 1.3) are also
used as weights in CA to give more or less importance to the display of
the individual row and column profiles. For this reason they are called
masses, and their dual role in the analysis will become apparent when
we explain the concepts of total variance and distance in the next two
sections.

1.4.2 Chi-square statistic and total inertia

A common way of describing the relationships in contingency tables
is the chi-square statistic, which tests for significant associations
between rows and columns. The chi-square statistic is defined as the
sum of squared deviations between observed and expected frequencies,
divided by the expected frequencies, where the expected frequencies
are those calculated under the independence model:

(n.—-n.)>? R
x> =22l],§7y where n,=n,xn, In,{i=1,2,...,1,j=1,2, ..., J}
i

y

Repeating this calculation for relative frequencies p;, we obtain
the chi-square statistic divided by the grand total n of the table:

2 — 1)

X (p;,—p;) .

5= E E 713 , where p; =T, X, (1.8)
i i

This is exactly the total inertia defined in Section 1.3, the sum of
squared standardized residuals in the matrix S of Equation 1.1. Cal-
culating the chi-square value for Table 1.1 gives y2 = 879.3 and a total
inertia of x?/n = 0.145. Comparing the total inertia with other solutions
taken from literature, the value is relatively high, which means that
there is a relatively large amount of variation in the data or, equiva-
lently, there are relatively large differences between the countries in
terms of their national pride concerning international sports.
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Table 1.3 Chi-square components of Table 1.1.

U.K. U.S. Russia Spain  France Total

Agree strongly 9.66 0.73 240.46 108.36 23.83 383.04
Agree 0.81 0.13 37.52 72.05 3.77 114.28
Neither nor 11.93 6.02 85.52 0.35 26.00 129.82
Disagree 2.31 3.00 23.51 29.59 0.89 59.30
Disagree strongly 7.92 7.93 20.60 5.66 150.70 192.81
Total 32.63 17.81 407.61 216.01 205.19 879.25

Note: The contributions to total inertia are these values divided by n = 6066.

Table 1.3 shows the chi-square components for each cell, showing
how much each column (country), each row (response category for
“International sports”), and each cell (country x response category)
contribute to the deviation from independence. The larger the devia-
tion, the larger the contribution to chi-square (equivalently, to total
inertia), and the larger will be the influence on the geometric orienta-
tion of the axes in CA. The largest deviations from independence are
due to Russia, with a contribution of 46.4% (407.61/879.25). Within
“Russia” the response “agree strongly” has a chi-square component of
240.46, 1.e., 59.0% of the inertia of Russia and 27.3% of the total inertia.
This explains why the first and most important principal axis in the CA
of Table 1.1 showed Russia and “agree strongly” clearly separated from
other rows and columns. In contrast, U.K. and especially the U.S. have
very little contribution to total inertia (3.7% and 2.0%, respectively),
1.e., they are close to the average. A comparison of the three column
profiles of U.K., U.S., and Russia with the average column profile
(Table 1.2) supports these findings: the differences between the respec-
tive profile elements are large for Russia and small for U.K. and U.S.
Furthermore, the contributions to total inertia are also reflected in the
map: U.K. and U.S. are relatively close to the origin, and Russia is
relatively far away.

With respect to the response categories, the strongest impacts on
total inertia are from “agree strongly” and “disagree strongly”: both
are relatively far away from the origin. However, although “agree
strongly” has a higher contribution to total inertia (383.04/879.25 =
0.436 or 43.6%) than “disagree strongly” (21.9%), the profile of the
latter is farther away from the origin (see Figure 1.2). This is due to
the different masses of the two response categories, as will be explained
in more detail in Section 1.4.5.
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1.4.3 Chi-square distances

In the CA of a contingency table such as Table 1.1, distances between
any pair of row profiles or between any pair of column profiles become
apparent. From Equation 1.8, we can rewrite the total inertia as

COPYEE

where p;;/c; is an element of the jth column profile: p;;/c; = n;/n.;; and r;
is the corresponding element of the average column proﬁle r; = n;/n.
This shows that the total inertia can be interpreted geometrically as
the weighted sum of squared distances of the column profiles to the
average profile: the weight of the column profile is its mass c;, and the
squared distance is a Euclidean-type distance where each squared dif-
ference is divided by the corresponding average value r;. For this reason
this distance is known as the chi-square (x?) distance. For example, from
Table 1.2, the y? distance between U.K. and the “average country” is:

d / (296 —.364)° (424 -.403)> (228-.176)° (044-.034)> (008 —.023)
= + + + +
UKo T\ 364 403 .176 034 .023

=0.205

In a similar fashion, the %2 distance between U.K. and the U.S. is:

\/ (296 —.348)° (424-.410)> (228-.206)° (044-.024)° (008-.011)’
d = + + + +
UK.US .364 .403 176 .034 .023

=0.151

In Figure 1.2 we can see that the positions of the origin, U.K., and the
U.S., closely agree with these interpoint %? distances. Similar distance
calculations can be made between the row profiles and their average
and between pairs of row profiles.

In the CA solution, the %? distances between profiles are visualized
as ordinary Euclidean distances. For example, the (squared) y2 dis-
tance between two columns j and j* is exactly equal to the (squared)
Euclidean distance X, (g;, — g,)* between the points in principal coor-
dinates in the full S-dimensional space.
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1.4.4 Reduction of dimensionality

As in PCA and in other data reduction techniques, as few dimensions
as possible are used for interpretation. Due to limitations in the graph-
ical display, in CA/MCA usually only planar maps are used, showing
pairs of dimensions at a time, although three-dimensional graphical
displays are becoming easier to use. (See, for example, Rovan 1994,
and the RGL package in the R language presented in the computa-
tional appendix of this book.) The determination of the number of
dimensions to be interpreted can be performed in various ways, similar
to PCA: (a) consider all those with eigenvalues that explain more than
average inertia, (b) examine a “scree plot” of the eigenvalues to identify
the “elbow” in the descending sequence, or (c) use the application-based
method of including all dimensions that have a coherent substantive
interpretation (see also Blasius 1994). The issue of eigenvalues and
their percentages of explained inertia is more problematic in MCA, a
subject that will be treated in detail in Chapter 2.

1.4.5 Contributions to inertia

The principal coordinate positions of the row and column points, rel-
ative to their respective averages, are given by Equation 1.4 and
Equation 1.6, respectively. Because chi-square distances are equal to
distances between the points represented in principal coordinates in
the full space, an alternative way to calculate total inertia and the
inertial contributions of Section 1.4.2 is as a weighted sum of squares
of principal coordinates. For example, multiplying the mass of the ith
row (r;) by the squared coordinate of the ith row on the sth dimen-
sion (fisz) gives the amount of inertia of row i on axis s. The sum of
these inertias over all rows and over all dimensions, i.e., 2,2, rifl.f,
gives the total inertia. The same holds for the columns, and we have
the equality:

total inertia = Zi zs rfl= Zj zs cg’ (1.9

J7s

Summing over points on single dimensions s gives the principal
inertias A;: ¥, f2 =X, ¢;8% =\, s=1, 2,..., S, again recovering the total
inertia as X, A, Summing over dimensions for a single point gives the
inertia of the corresponding row or columns. For example, the inertia
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of the ith row is 1, ZS fisz . Using these decompositions of inertia in terms
of points and dimensions, we can compute:

1. The contribution from each row or each column to total inertia.

This is the amount of variance each row or column contributes

to the geometric model as a whole (as described in Section 1.4.2

in terms of chi-square, or inertia components).

Same as item 1, but with respect to single dimensions.

3. The contribution of each dimension to total inertia, i.e., the
explained variance of each dimension.

4. The contribution of each dimension to the inertia of a row or
column, i.e., the explained variance of each dimension to a
point. The square roots of these values are often called factor
loadings because they are also correlation coefficients
between the point and the dimension.

5. The amount of explained variance of the first S* dimensions
to each row or to each column. These coefficients are called
qualities in CA, known as communalities in PCA.

ro

Together with the eigenvalues (principal inertias), these five coeffi-
cients constitute the standard numerical output in CA, as given by
such statistical packages as SPSS and XLSTAT.

Mass plays a crucial role in the inertia contributions of each row
and each column, and it must be considered when interpreting a CA
map or, even earlier, when starting to perform a CA. In the given
example, the contribution of “agree strongly” to total inertia is about
twice that of “disagree strongly” (Table 1.3), but the mass of “agree
strongly” is about 15 times higher than the mass of “disagree strongly”
(Table 1.2), resulting in a shorter distance to the origin. In general,
categories with low frequencies (i.e., with low masses) tend to be
outlying because their distribution is often quite different from the
average. In such cases these categories can contribute quite highly to
the total inertia. For example, the fifth category “disagree strongly”
has a low mass (r; = 0.023; see Table 1.2) but has a relatively high
share of the total inertia (150.70/879.25 = 0.171; see Table 1.3) owing
to its high profile value on France (97/140 = 0.693; see Table 1.1). For
this reason, categories with very low relative frequencies should be
carefully monitored in CA, and if they contribute too much to the
solution, they should be combined with other categories in a substan-
tively meaningful way.



CORRESPONDENCE ANALYSIS AND RELATED METHODS IN PRACTICE 21

1.4.6 Reconstruction of the data

In log-linear analysis, contingency tables can be reconstructed by means
of interaction effects of different order. In CA, this reconstruction is
performed by means of the margins and the bilinear decomposition
inherent in the SVD. A common feature of both techniques is that the
sparsest model is chosen. In log-linear analysis, this is the model with
the fewest interaction effects; in CA, it is the model with the fewest
dimensions. (A detailed description of the relationship between these
models is given by van der Heijden et al. 1989, 1994; see also Goodman
1991.) Exact data reconstruction in CA can be obtained using the row
and column principal coordinates and singular values on all dimensions:

P =rc" + D,FX'G'D, (1.10)

where rc' is the matrix of expected relative frequencies under inde-
pendence. Various alternative forms of this reconstruction formula are
possible, for example in terms of row standard and column principal
coordinates:

P =rc" + D, AG'D,

since A = FX ' (see Equation 1.4 and Equation 1.5).

In CA maps, where a reduced number S* of dimensions are used
(setting Ggi,; = Ogep = ... =05 =01n Equation 1.10), the data reconstruction
is not exact, approximating the data as well as the percentage of inertia
accounted for by the solution. The reconstruction formula shows how
CA can be considered as a model for the table, with parameters fitted
by weighted least squares.

1.5 Stacked tables

In the case of simple CA, described previously, the frequencies of a single
contingency table are used as input information. In this section, we describe
how CA can be used to visualize several contingency tables at a time.

As a first example of a stacked table, the variable of interest, “country,”
is cross-tabulated by several variables describing the countries, in this
case several variables on national identity; the cross-tables are stacked
one on top of each other, i.e., row-wise. One of the most famous applica-
tions of CA to such a table is given by Bourdieu (1979). In his book La
Distinction, he describes the French population, differentiated by classes
of occupation, using a large set of lifestyle indicators (for example, pref-
erences in arts and music); see Blasius and Winkler (1989).
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Table 1.4 Possibilities of stacked tables.

NI1 x Country  NI1 x Sex NI1 x Mar.Status NI1 x Edu.Level NI1 x Age
NI2 x Country  NI2 x Sex NI2 x Mar.Status ~ NI2 x Edu.Level NI2 x Age
NI3 x Country  NI3 x Sex NI3 x Mar.Status  NI3 x Edu.Level NI3 x Age
NI4 x Country  NI4 x Sex NI4 x Mar.Status NI4 x Edu.Level NI4 x Age
NI5 x Country  NI5 x Sex NI5 x Mar.Status ~ NI5 x Edu.Level NI5 x Age
NI6 x Country  NI6 x Sex NI6 x Mar.Status  NI6 x Edu.Level NI6 x Age
NI7 x Country  NI7 x Sex NI7 x Mar.Status ~ NI7 x Edu.Level NI7 x Age

We could also extend the set of tables columnwise by adding cross-
tables of “international sports” with variables such as sex, marital status,
educational level, and age group. In this case, one could describe which
of the sociodemographic characteristics are most important to explain
the responses toward “international sports.” Table 1.4 shows the possible
combinations of stacking tables for seven indicators on national identity
(NI1 to NI7) with country and four sociodemographic indicators.

The simplest case is the CA on a single table, for example, NI1 x
Country, which has been shown previously in Figure 1.2 and Figure 1.3.
The next possibility is to add other indicators of national identity, as
shown in the first column of Table 1.4. Another possibility is the column-
wise stacking, as shown in the first row in Table 1.4. The third and most
complex possibility is to analyze all 35 cross-tables as a single matrix
input to CA. Before we analyze this complex table, we show the CA
solution of the stacked table with country as column variable and seven
statements toward national identity as row variables. These statements
are (in the order as given in the questionnaire, the first letter indicating
the variables in the forthcoming figures):

a. I would rather be a citizen of {Country} than of any other
country in the world.

b. There are some things about {Country} today that make me
feel ashamed of {Country}.

c¢. The world would be a better place if people from other coun-
tries were more like the {Country nationality}.

d. Generally speaking, {Country} is a better country than most
other countries.

e. People should support their country even if the country is in
the wrong.

f. When my country does well in international sports, it makes
me proud to be {Country nationality}.

g. I am often less proud of {Country} than I would like to be.
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All variables have five categories as previously: (1) “agree strongly,”
(2) “agree,” (3) “neither nor,” (4) “disagree,” and (5) “disagree strongly”
(the number indicating the category in the figures).

Compared with the CA on the simple table where the two-dimensional
solution accounts for 95.6% of the variation, the two-dimensional
solution of the stacked table accounts for only 72.0%, even though
the dimensionality of the stacked table is also four. In Figure 1.4,
four of the seven “agree strongly” responses (questions b, e, f, and g)
are located on the negative side of the first dimension; the remaining
three (questions a, ¢, and d) are on the negative part of dimension 2.
For the countries, Russia is on the same side of dimension 1 as strong
agreements to “there are some things about Russia today that make
me feel ashamed,” “people should support their country even if the
country in the wrong,” “... international sports ...,” and “I'm often less
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Figure 1.4 Symmetric CA map for stacked table of “national identity” indi-
cators by “country.”
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proud of Russia than I would like to be,” which suggests a mixture of
pride toward achievement in international sports and a critical reflec-
tion toward their own country and their own attitudes. In contrast,
the respondents from the U.S. agreed relatively strongly to statements
that reflect national pride: “I would rather be a citizen of the U.S. than
of any other country in the world,” “the world would be a better place
if people from other countries were more like Americans,” and “gener-
ally speaking, the U.S. is a better country than most other countries.”

The first dimension mirrors mainly a contrast between agreement
and disagreement toward the statements b, e, f, and g, whereby the
“disagree strongly” responses for e and f are located on the positive side
of dimension 2. The second factor reflects the contrast between a strong
agreement toward statements that suggest a kind of superiority of the
home country and a strong disagreement toward most of the other
statements on national identity (including the critical ones). It can be
concluded that, of the five nations analyzed here, Americans are most
proud of their country, whereas the French are the least proud. The
British are close to the center, i.e., close to average. The Spanish are
closest to some disagreement on national identity, but they relatively
often avoid the choice of the strongest disagreement.

The first column of Table 1.5 shows the decomposition of inertia over
the seven subtables of the stacked table. Total inertia of the stacked
table is 0.1646, which can be shown to be the average of the inertias of

Table 1.5 Decomposition of inertias (/N = 6066) for all cross-tables.

Marital Educational Age

Country Sex  Status Level Groups Average
Citizen of 0.1690 0.0003 0.0258 0.0279 0.0544  0.0555
country
Feel ashamed of 0.1898 0.0068 0.0096 0.0306 0.0098  0.0493
country
World would be 0.0978 0.0029 0.0131 0.0502 0.0291 0.0386
better

Country is better 0.1289 0.0029 0.0093 0.0188 0.0204 0.0361
than others

People should 0.1754 0.0009 0.0165 0.0377 0.0268 0.0515
support country

Well in international 0.1450 0.0001 0.0114 0.0295 0.0108 0.0394
sport

I am often less 0.2465 0.0031 0.0145 0.0155 0.0127  0.0585
proud of country

Average 0.1646 0.0024 0.0143 0.0300 0.0234  0.0469
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the seven subtables: (0.1690 + 0.1898 + .- + 0.2465)/7 = 0.1646. The
largest differences between the countries are in the responses toward
statement g, “I am often less proud ...,” which corresponds to the sub-
table making the highest contribution to this average.

We now analyze the complete data matrix, extending the previous
data set columnwise by stacking the sets of cross-tables with a number
of sociodemographic characteristics. The final table is a supermatrix
containing seven variables stacked row-wise and five variables stacked
columnwise. The seven variables on national identity have been cross-
tabulated with the following variables (with abbreviations as used in
Figure 1.5):

Country: U.K., U.S., Russia, Spain, France — as already done

Sex: male (m), female (f)

Marital status: married (mar), widowed (wid), divorced (div),
separated (sep), single (sin)

Education: no formal education (E1), lowest formal education
(E2), above lowest formal education (E3), higher secondary
(E4), above secondary (E5), university (E6)

Age groups: till 25 (A1), 26 to 35 (A2), 36 to 45 (A3), 46 to 55
(A4), 56 to 65 (Ab), 66 and older (A6).

In total there are 24 sociodemographic categories, including the
countries, so the resulting table of frequencies is 35 x 24. The CA map
is given in Figure 1.5.

The dimensionality of the solution of the stacked table is determined
by the minimum of the I rows and < columns minus the respective
number of variables, i.e., min(l — @,; J — @.) = min(35 — 7; 24 — 5) = 19,
where @, = number of row variables and . = number of column
variables. Total inertia of this supertable is 0.0469, which is again the
average of the inertias of the 35 subtables (Table 1.5) (see Greenacre
1994). The first dimension explains 37.2% of the total variation, the
second another 31.2%. Because the solution has 19 dimensions, 68.4%
explanatory power for the first two dimensions is reasonable and is quite
close to the previous solution. However, total inertia is—compared with
the previous solution—relatively low because there are many cross-
tables in the supermatrix with low levels of association.

Comparing the solutions of the row-wise stacked table with “country”
as column variable and the supertable containing 35 cross-tables
shows that, on the level of the responses toward national identity,
there are almost no differences; the general structure of the response
categories 1s the same. The same holds for the countries; they keep
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Figure 1.5 Symmetric CA map based on 35 tables, stacked row-wise and
column-wise.

their relative positions in the two-dimensional space. In addition to
the previous solution, one only can add some findings for the additional
sociodemographic variables considered in Figure 1.5. For example,
respondents 66 years and older (A6) and widowed persons (wid) are
relatively often proud to live in the country where they live. Young
people (A1), singles (sin), as well as respondents with a university
degree (E6) have relatively often a low national identity. Furthermore,
attitudes toward national identity seem to be uncorrelated with sex:
there are almost no differences between males and females (compare
their location close to the origin in Figure 1.5).
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As already noted, in the complex table total inertia is the average
value of the 35 subtables. Table 1.5 shows the inertia of all 35 tables
as well as the average inertias of the sociodemographic characteristics
and of the seven national identity indicators. It can be seen that the
highest inertias belong to the cross-tabulations with country, i.e., the
most variation in the data is caused by country differences. Further,
there are almost no sex differences for the seven items on national
identity, although there are some findings that might be worthwhile
to report. For example, the association between “sex” and “interna-
tional sport” is much smaller than the association between “sex” and
“feel ashamed of country.”

1.6 Multiple correspondence analysis

In the previous examples we analyzed the relation between two
variables or between two different sets of variables. In this section,
we are interested in the relationships within a set of variables, for
example, the interrelationships between the statements on national
identity. Thus, for example, we could find out if there is an association
between a “strong agreement toward international sports” and a
“strong agreement toward people should support their country.” In
the previous analysis of stacked tables, we could only see whether
these categories had the same association with sociodemographic
variables.

This new case, which is reminiscent of principal component analysis,
involves all the cross-tables of a set of variables, such as the national
identity indicators, with themselves. Assembling all these cross-tables
into a square supermatrix of cross-tables, we obtain what is known in
CA literature as the Burt matrix, which we denote by C. Alternatively,
a data structure known as the indicator matrix can be constructed
based on the original data. The indicator matrix, denoted by Z, is a
respondents-by-categories table with as many rows as respondents
(6066 in our example) and as many columns as response categories
(35 for the seven national identity indicators). The elements of Z are
zeros apart from ones in the positions to indicate the categories of
response of each respondent (Z is often called a matrix of dummy
variables). The Burt matrix is related quite simply to the indicator
matrix as follows: C = Z'Z. If the usual CA algorithm is applied to an
indicator matrix or to a Burt matrix, the method is called multiple
correspondence analysis (MCA). In MCA there is no distinction
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between describing variables and variables to be described, as is the
case in simple CA of single or stacked tables. In MCA all variables
have the same status. The relationship between the analyses of C and
Z in MCA is discussed in depth in Chapter 2. In the following, we
illustrate the method by analyzing the 6066 x 35 indicator matrix Z
that codes the responses to the seven national identity questions. The
graphical solution is given in Figure 1.6.

Inspecting Figure 1.6, we see that the first dimension contrasts
the strong agreements and the strong disagreements (positive part)
from the middle categories (negative part). With two exceptions
(statements b and g), the second dimension contrasts the positive
statements from the negative ones. Therefore, it can be seen as an
overall dimension toward national identity, with a relatively high
national identity in the positive part and a relatively low national
identity in the negative part. The variables a, c, d, e, and f form a
horseshoe, a typical structure we usually find in ordered categorical
data (for more details, see Chapters 2 and 4). However, there are two
points to be mentioned. First, neither item b, “there are some things
...,  nor item g, “I am often less proud...,” fulfill this structure, and
maybe even worse, the most-opposite categories “b1” and “b5” as well
as “gl” and “g5” are close to each other. One reason for this finding
might be that a significant number of respondents misunderstood
the direction of the question, which would result in such a structure
(Blasius and Thiessen 2001b). Another reason is that two dimensions
are not sufficient to mirror the structure of these two variables
adequately. In a higher-dimensional solution “b1” and “b5” as well
as gl and g5 might be far away from each other. Second, the horse-
shoe belongs to the first dimension, i.e., the second dimension is more
important for substantive interpretation. This might be caused by
the joint analysis of the data from five countries, where respondents
in different countries may understand the single questions (slightly)
differently (see Chapter 20).

Notice that we have not indicated the percentages of inertia
explained in Figure 1.6. There are several methods of scaling the
solution in MCA that change the fit (see Chapters 2 and 3), but the
overall structure of the variable categories in the space remains
the same and, hence, the substantive interpretation too. Using the
indicator matrix as input, the measure of fit in terms of explained
inertia is heavily underestimated. Various solutions to this problem
are proposed in Chapter 2 (see Section 2.3.4).
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Figure 1.6 MCA map of indicators on national identity.
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1.7 Categorical principal component analysis

In the previous sections we discussed CA and its extension to stacked
tables and MCA. There are several situations in which the variable
categories are ordered, for example, ordered from “agree strongly” to
“disagree strongly,” as in our example. Where MCA does not impose
any constraints on the data, principal component analysis (PCA) has
linear constraints, i.e., it assumes that the categories are ordered and
that the distances between the categories are constant. Categorical
principal component analysis (CatPCA), also known as nonlinear PCA
(NLPCA), can be understood as a technique intermediate between
(linear) PCA and (nonlinear) MCA. In its most utilized form, CatPCA
takes into account the ordering of the categories but allows the inter-
vals between categories to vary. CatPCA is the PCA of a data matrix
of categorical data where the category values (1 to 5 in the example
on national identity) are replaced by optimal scale values on each
dimension. (For more details, see Chapter 4 as well as Gifi 1990 and
Heiser and Meulman 1994.) The optimal scaling process allows order
constraints to be imposed so that ordered categorical variables get
increasing, or at least nondecreasing, quantifications in the low-
dimensional solution space (usually two dimensional). When the order-
ing of the categories in CatPCA is not consistent with the implied
ordering, this manifests itself in the form of tied optimal quantifica-
tions for two or more subsequent categories. Unlike classical PCA and
unlike MCA, the number S* of dimensions required must be specified
in advance because the solutions are not nested.

The results of a CatPCA are mapped in the form of straight lines
through the origin for the respective variables, with the response cate-
gories indicated on each vector (see Figure 1.7). The first dimension of
the CatPCA to the seven indicators on national identity accounts for
34.6% of the variation, and the second accounts for another 23.3%; thus
57.9% of the variation is explained with the first two dimensions. The
axes are labeled on the “agree strongly” responses, with the ticks showing
the categories. Figure 1.7 shows that the distances between the succes-
sive categories are different. With respect to questions b and g, the last
two categories (“disagree” and “disagree strongly”) are tied (shown by an
empty circle). In all questions, the largest difference is between “agree
strongly” and “agree.” As already shown in the MCA solution (Figure 1.6),
questions b, “there are some things about ...,” and g, “I am often less
proud ...,” seem to measure something different than the other five
questions, appearing almost uncorrelated with them. Furthermore, ques-
tions a, ¢, and d, all three measuring pride toward country as part of
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Figure 1.7 CatPCA map of indicators on national identity.

one’s national identity, are very close to each other. More details on the
theory and practice of CatPCA are given in Chapter 4.

1.8 Active and supplementary variables

For simple CA, MCA, and CatPCA, it is possible to project categories
of additional variables on an already existing solution configuration.
These additional variables are called supplementary variables, some-
times also referred to as “illustrative” or “passive” as opposed to the
“active” variables of the analysis that determine the solution space.
Supplementary variables have no influence on the geometric orientation
of the axes; rather, they support and complement the interpretation
of the configuration of active variable categories. One can think of
supplementary points as additional points in the row or column profile
spaces; these points have zero mass and thus play no role in the
analysis apart from interpreting their positions.

To display supplementary points, we use the so-called transition
formulas that relate row and column solutions, which are derived from
the linear relationships between left and right singular vectors in an
SVD. For example, to obtain the principal coordinates F of the row
points from the principal coordinates G of the column points, we have
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from Equation 1.1, Equation 1.3, Equation 1.4, and Equation 1.6 the
following relationship:

G=D/P'Fx* (1.11)

The matrix D;'P"contains the column profiles of Table 1.2 (but
written here as relative frequencies as row vectors), while FX' is the
matrix of row standard coordinates, denoted by A in Equation 1.5.
This shows the barycentric relationship between rows and columns in
CA: the column points (in principal coordinates) are weighted averages
of the row points (in standard coordinates). This formula allows any
additional column profile to be displayed on the map by computing its
position as a weighted average of the row (standard) coordinates using
its profile elements as weights. A similar transition formula can be
obtained that allows supplementary row points to be displayed.

1.9 Multiway data

In CA of stacked tables and MCA, only two-way interaction effects are
taken into account in determining the solution. These methods are often
described as being joint bivariate in this sense. In some situations, how-
ever, higher-order interactions need to be taken into account. A
common approach to analyzing multiway data is to code two or more
variables interactively, which we illustrate in the context of the
national identity data. We saw in Section 1.5 that there was little
difference between average male and female attitudes. But there could
exist some larger male—female differences in certain countries that are
masked by the comparison of all males with all females. To visualize
male—female differences for each country in terms of their attitudes
to national identity—in other words a three-way interaction—we
would create a new “interactive” variable called “country-gender” with
10 categories (5 countries X 2 genders) and then use this variable
instead of the separate country and gender variables. Examples of
interactive coding are given by Greenacre (1993a), who investigates
whether the choice of a car depends on income group in combination
with age group, as well as Carlier and Kroonenberg (1998), who exam-
ine the connection of region and profession at different points in time
on the basis of data from official statistics. In Chapter 21 a data set
with a four-way structure is analyzed, and two variables are interac-
tively coded so that the data structure becomes three-way.
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1.10 Content of the book

The aim of this book is to present introductory and state-of-the-art
material on MCA and related techniques, both from a methodological
and an applications perspective. Information on this topic is currently
scattered, not all of it is in English, and the information has not been
unified notationally or directly compared. Some literature is very sta-
tistical, while other works are only applications-oriented and lack
important details on the methodology and general rules of interpreta-
tion. This volume is a compromise between statistical methodology
and applications and is designed to explain the methodology to social
scientists and other researchers in an intuitive, example-based way.
At the same time, it provides statisticians and other methodologists
with the theoretical background for understanding MCA and methods
related to it. The book is subdivided into five parts: Introduction,
Multiple Correspondence Analysis, Analysis of Sets of Tables, MCA
and Classification, and Related Methods. Here we give a brief overview
of these parts and the chapters comprising them.

1.10.1 Introduction

The first four chapters of the book contain the main concepts and the
theoretical background of CA, MCA, and some of the related methods
discussed and applied in the subsequent chapters. In these four chap-
ters we provide an overview of these techniques and show how they
are related to one another. In this first chapter we have already given
an overview of CA of a single table and of stacked tables between two
sets of variables, and a brief introduction to MCA. We have introduced
the basic geometric concepts of profiles, masses, inertia, chi-square
distances, and the reduction of dimensionality, all of which are impor-
tant for the understanding of CA and the interpretation of CA maps.
We also focused specifically on the measure of variance in the tables,
1.e., the total inertia, and we showed how, in the multiple case, total
inertia is equal to the average of the inertias of the tables constituting
the stacked matrix. This is an aspect that is useful in the understand-
ing of MCA.

In Chapter 2, Michael Greenacre discusses in detail some ways to
generalize simple CA to MCA. He starts with the case of canonical
correlation analysis, which leads to a solution that maximizes the cor-
relation between the row variable and the column variable of a two-way
contingency table. The extension to the multivariate case involves apply-
ing a more general definition of correlation among sets of variables,
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leading to a version of MCA also known as homogeneity analysis. The
geometric version of this is shown to reduce to the CA of the data
coded as an indicator matrix or a Burt matrix. In both cases, a large
amount of the total variance is induced purely by the data coding;
hence, Greenacre proposes an adjusted version of MCA as the method
of choice, where the coordinates have been rescaled to better estimate
the fit of the solution. Joint correspondence analysis is also treated
here, in which the effects of the main diagonal blocks in the Burt tables
are excluded. The methodology is illustrated extensively using empir-
ical data on attitudes toward science from the International Social
Survey Program (ISSP).

Chapter 3, written by John Gower, aims to show similarities (and
dissimilarities) between a number of techniques that are all concerned
with two-way arrays. Two-way arrays can be of many different types:
for example, tables of values on a single variable observed on a two-
way classification, two-way contingency tables, square correlation
matrices based on metric data, indicator matrices, and Burt tables.
All techniques to analyze two-way arrays have in common either a
decomposition in terms of simple structures such as main effects plus
interactions or the singular-value decomposition. Gower discusses and
compares principal component analysis, correspondence analysis, and
multiple correspondence analysis. He also compares the fit measures
for each of these techniques and the effect of scaling of the axes on
the final solutions. For his empirical example he uses data from the
ISSP on national identity.

Chapter 4, written by Jan de Leeuw, is a state-of-the-art description
of nonlinear principal component analysis (NLPCA), also known as
categorical principal component analysis. De Leeuw starts with an
explanation of PCA and extends it to the nonlinear case, providing
algorithmic details that are needed to understand the background of
the method. Furthermore, he shows the relation with MCA (or homo-
geneity analysis, in the Dutch terminology) as well as with multiple
regression, and an alternative way of performing NLPCA using a
logistic approach. He demonstrates the methodology using mainly a
Dutch data set on primary schoolchildren.

1.10.2 Multiple correspondence analysis

The next seven chapters are on multiple correspondence analysis,
showing this methodology from several different points of view. Chap-
ter 5 by Henry Rouanet gives the French view of PCA and MCA,
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especially the role played by Jean-Paul Benzécri in the methodological
development of these methods, and goes on to cite the influence of
Pierre Bourdieu on their application. This approach to PCA and MCA,
known as analyse des données in French, is called “geometric data
analysis” (LeRoux and Rouanet 2004a). He starts with an explanation
of PCA and extends it to MCA, where he gives the basic rules of
interpretation. As examples, he uses two data sets, one from the judg-
ment of basketball experts on high-level potential players and one from
the Education Program for Gifted Youth.

In Chapter 6, Shizuhiko Nishisato discusses different aspects of
the correlational structure of multichoice data from the view of dual
scaling. Dual scaling of multivariate categorical data leads to the same
solution as MCA, but it is part of a general framework of data scaling
used in many different contexts. This chapter shows how the method
can capture both linear and nonlinear associations between the vari-
ables. Further, Nishisato gives an overview on forced classification of
dual scaling, which can be understood as a procedure for discriminant
analysis for categorical data. As an empirical example, he uses a small
data set from a health survey.

Chapter 7, written by Ludovic Lebart, is dedicated to validation
techniques in MCA. One of the criticisms of MCA is that it does not
involve techniques for statistical inference. However, there are sev-
eral methods to validate the findings statistically, two of which are
discussed in this chapter. The first is based on external validation,
which involves external data, usually included as supplementary or
passive variables, leading to cross-validation of the results. The other
possibility is based on internal validation, using resampling tech-
niques such as the bootstrap and other Monte Carlo methods. Lebart
illustrates the different techniques using a British data set in which
the respondents were asked about their standard of living and expec-
tations for the future.

In Chapter 8, Michael Greenacre and Rafael Pardo discuss the
application of subset correspondence analysis to the case of MCA. The
idea here is to concentrate on some response categories of the variables
only, excluding others from the solution. For example, missing
responses on several questions can be analyzed alone, or substantive
responses excluding missing values can be analyzed and mapped. In
the former case, patterns of missing values can be explored on their
own, focusing on their relationships with sociodemographic character-
istics. In the latter case, the advantage of this method would be to
keep all information that is available in the study and not lose any
respondent data, as happens when applying listwise deletion of cases.
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The authors demonstrate their methodology using ISSP data about
attitudes toward women in the labor force.

In Chapter 9, Matthijs Warrens and Willem Heiser discuss the
scaling of unidimensional models with MCA. The objective of this
chapter is to determine what information on the parameters can be
obtained from the application of MCA when exact unidimensional
models are used as gauges, or benchmarks. The authors discuss eight
possible models—where each model is either deterministic or proba-
bilistic, dichotomous or polytomous, and monotonic or unimodal— and
how these models are related to MCA. In the literature, these models
are known under names such as Guttman and Rasch scales. The
authors show the structure of these models and how they are gen-
erated, as well as the MCA solutions of simulated item-response
data.

Chapter 10, written by Wijbrandt van Schuur and Jorg Blasius,
has a similar purpose as Chapter 9 by Warrens and Heiser. Different
item-response data—for example, dominance and cumulative data,
proximity or unfolding data—give certain graphical patterns when
mapped by MCA. This allows the authors to differentiate between
unfolding and Rasch data, for example, on the basis of the results of
an MCA. After discussing some of the typical patterns that these
models provide, the authors apply MCA to two data sets that are
labeled as dominance and unfolding data. Whereas data on religious
beliefs from the Dutch World Value Survey form a dominance structure,
as expected, there is no evidence that the unfolding data form an
“unfolding structure.”

In Chapter 11, Yoshio Takane and Heungsun Hwang discuss the
topic of regularization in the MCA context. Regularization can be
considered as an important and general way to supplement insufficient
data by prior knowledge or to incorporate certain desirable properties
in the estimates of parameters in the model. Because MCA does not
always provide estimates that are on average closest to the population
parameters, the authors propose an alternative estimation procedure
for MCA, called regularized MCA. Using two small data sets taken
from the literature, the authors compare the regularized solution with
the ones obtained by MCA.

1.10.3 Analysis of sets of tables

Chapters 12 through 15 deal with different sets of data to be analyzed
simultaneously. In Chapter 12, written by Herbert Matschinger and



