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Preface

Objective

This handbook aims at providing a broad survey of the field of graph drawing. It cov-
ers topological and geometric foundations, algorithms, software systems, and visualization

applications in business, education, science, and engineering.
The intended readership of this handbook includes:

e Practitioners and researchers in traditional and emerging disciplines of the phys-
ical, life, and social sciences interested in understanding and using graph drawing
methods and graph visualization systems in their field.

e Information technology practitioners and software developers aiming to incorpo-
rate graph drawing solutions into their products.

e Researchers and students in graph drawing and information visualization seeking
an up-to-date survey of the field.

e Researchers and students in related fields of mathematics and computer science
(including graph theory, computational geometry, information visualization, soft-
ware engineering, user interfaces, social networks, and data management) inter-
ested in using graph-drawing techniques in support of their research.

Organization

The chapters of this handbook are organized into four parts, as follows.

Topological and Geometric Foundations of Graph Drawing The first part
(Chapters 1-4) deals with fundamental topological and geometric concepts and
techniques used in graph drawing: planarity testing and embedding, crossings
and planarization, symmetric drawings, and proximity drawings.

Graph Drawing Algorithms The second part (Chapters 5—-14) presents an exten-
sive collection of algorithms for constructing drawings of graphs. Some methods
are designed to draw special classes of graphs (e.g., trees, planar graphs, or
directed acyclic graphs) while other methods work for general graphs. Topics
covered in this part include tree drawing algorithms, planar straight-line drawing
algorithms, planar orthogonal and polyline drawing algorithms, spine and radial
drawings, circular drawing algorithms, rectangular drawing algorithms, simul-
taneous embeddings, force-directed methods, hierarchical drawing algorithms,
three-dimensional drawing algoritms, and labeling algorithms.

Graph Drawing Systems The third part begins by introducing the GraphML lan-
guage for representing graphs and their drawings (Chapter 16). Next, it overviews
three software systems for constructing drawings of graphs: OGDF, GDToolkit,
and PIGALE (Chapters 17-19).

Applications of Graph Drawing The fourth part (Chapters 20-26) gives examples
of the use of graph drawing methods for the visualization of networks in vari-
ous important application domains: biological networks, computer security, data
analytics, education, computer networks, and social networks.

Each chapter is intended to be self-contained and has its own bibliography.

xi
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1.1 Introduction

Testing the planarity of a graph and possibly drawing it without intersections is one of the
most fascinating and intriguing algorithmic problems of the graph drawing and graph theory
areas. Although the problem per se can be easily stated, and a complete characterization
of planar graphs has been known since 1930, the first linear-time solution to this problem
was found only in the 1970s.

Planar graphs play an important role both in the graph theory and in the graph drawing
areas. In fact, planar graphs have several interesting properties: for example, they are
sparse and 4-colorable, they allow a number of operations to be performed more efficiently
than for general graphs, and their inner structure can be described more succinctly and
elegantly (see Section 1.2.2). From the information visualization perspective, instead, as
edge crossings turn out to be the main reason for reducing readability, planar drawings of
graphs are considered clear and comprehensible.

In this chapter, we review a number of different algorithms from the literature for ef-
ficiently testing planarity and computing planar embeddings. Our main thesis is that all
known linear-time planarity algorithms fall into two categories: cycle based algorithms and
vertex addition algorithms. The first family of algorithms is based on the simple obser-
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2 CHAPTER 1. PLANARITY TESTING AND EMBEDDING

vation that in a planar drawing of a graph any cycle necessarily partitions the graph into
the inside and outside portion, and this partition can be suitably used to split the em-
bedding problem. Vertex addition algorithms are based on the incremental construction of
the final planar drawing starting from planar drawings of smaller graphs. The fact that
some algorithms were based on the same paradigm was already envisaged by several re-
searchers [Tho99, HT08]. However, the evidence that all known algorithms boil down to
two simple approaches is a relatively new concept.

The chapter is organized as follows: Section 1.2 introduces basic definitions, properties,
and characterizations for planar graphs; Section 1.3 formally defines the planarity testing
and embedding problems; Section 1.4 follows a historic perspective to introduce the main
algorithms and a conventional classification for them. Some algorithmic techniques are
common to more than one algorithm and sometimes to all of them. These are collected
in Section 1.5. Finally, Sections 1.6 and 1.7 are devoted to the two approaches to the
planarity testing problem, namely, the “cycle based” and the “vertex addition” approaches,
respectively.

Algorithms for constructing planar drawings of graphs are discussed in Chapters 6 (straight-
line drawings), 7 (orthogonal and polyline drawings), and 10 (rectangular drawings). Meth-
ods for reducing crossings in nonplanar drawings of graphs are discussed in Chapter 2.

1.2 Properties and Characterizations of Planar Graphs

1.2.1 Basic Definitions

A graph G(V, E) is an ordered pair consisting of a finite set V of vertices and a finite set
E of edges, that is, pairs (u,v) of vertices. If each edge is an unordered (ordered) pair of
vertices, then the graph is undirected (directed). An edge (u,v) is a self-loop if u = v. A
graph G(V, E) is simple if E is not a multiple set and it does not contain self-loops. For the
purposes of this chapter, we can restrict us to simple graphs.

The sets of edges and vertices of G can be also denoted E(G) and V(G), respectively. If
edge (u,v) € E, vertices u and v are said to be adjacent and (u,v) is said to be incident
to u and v. Two edges are adjacent if they have a vertex in common.

A (rooted) tree T is a connected acyclic graph with one distinguished vertex, called the
rootr. A spanning tree of a graph G is a tree T such that V(T') = V(G) and E(T) C E(G).

Given two graphs G1(V1, E1) and Ga(Va, E2), their union Gy U G is the graph G(V; U
Va, E1 U E5). Analogously, their intersection G1 N Gy is the graph G(Vi N Ve, By N Es). A
graph Gs is a subgraph of Gy if Gy UGy = Gy.

Given a graph G(V, E) and a subset V' of V, the subgraph induced by V' is the graph
G'(V',E"), where E’ is the set of edges of E that have both endvertices in V’. Given a
graph G(V, E) and a subset E’ of E, the subgraph induced by E’ is the graph G'(V', E'),
where V' is the set of vertices incident to E'. A subdivision of an edge (u,v) consists of the
insertion of a new node w and the replacement of (u,v) with edges (u,w) and (w,v). A
graph G is a subdivision of Gy if it can be obtained from G; through a sequence of edge
subdivisions.

A drawing T of a graph G maps each vertex v to a distinct point I'(v) of the plane and
each edge (u,v) to a simple open Jordan curve I'(u,v) with endpoints I'(u) and I'(v). A
drawing is planar if no two distinct edges intersect except, possibly, at common endpoints.
A graph is planar if it admits a planar drawing. A planar drawing partitions the plane
into connected regions called faces. The unbounded face is usually called external face
or outer face. If all the vertices are incident to the outer face, the planar drawing is called
outerplanar and the graph admitting it is an outerplanar graph. Given a planar drawing,
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the (clockwise) circular order of the edges incident to each vertex is fixed. Two planar
drawings are equivalent if they determine the same circular orderings of the edges incident
to each vertex (sometimes called rotation scheme). A (planar) embedding is an equivalence
class of planar drawings and is described by the clockwise circular order of the edges incident
to each vertex. A graph together with one of its planar embedding is sometimes referred to
as a plane graph.

A path is a sequence of distinct vertices vy, vs, ..., v, with k > 2, together with the edges
(v1,v2),..., (vk—1,vk). The length of the path is the number of its edges.

A cycle is a sequence of distinct vertices vy, vs,...,v;, with & > 2, together with the
edges (v1,v2),..., (Vk—1, %), (vg,v1). The length of a cycle is the number of its vertices or
the number of its edges.

An undirected graph G is connected if, for each pair of nodes v and v, G contains a path
from u to v. A graph G with at least k + 1 vertices is k-connected if removing any k — 1
vertices leaves G connected. Equivalently, by Menger’s theorem, a graph is k-connected
if there are k independent paths between each pair of vertices [Men27]. 3-connected, 2-
connected, and 1-connected graphs are also called triconnected, biconnected, and simply
connected graphs, respectively. It is usual in the planarity literature to relax the definition
of biconnected graph so to include bridges, i.e., graphs composed by a single edge between
two vertices. A separating k-set is a set of k vertices whose removal disconnects the graph.
Separating 1- and 2-sets are called cutvertices and separation pairs, respectively. Hence, a
connected graph is biconnected if it has no cutvertices and it is triconnected if it has no
separation pairs.

If a graph G is not connected, its maximal connected subgraphs are called the connected
components of G. If G is connected, its maximal biconnected subgraphs (including bridges)
are called the biconnected components, or blocks of G. Note that a cutvertex belongs to
several blocks and that a biconnected graph has only one block. The graph whose vertices
are the blocks and the cutvertices of G and whose edges link cutvertices to the blocks they
belong to is a tree and is called the block-cutvertex tree (or BC-tree) of G (see Figure 1.1
for an example).

Given a biconnected graph G, its triconnected components are obtained by a complex
splitting and merging process. The first linear-time algorithm to compute them was intro-
duced in [HT73], while an implementation of it is described in [GMO01]. The computation
has two phases: first, G is recursively split into its split components; second, some split
components are merged together to obtain triconnected components. The split operation
is performed with respect to a pair of vertices {v1, v} of the biconnected (multi)graph G.
Suppose the edges of G are divided into the equivalence classes E1, Fo, .. ., Ej such that two
edges are in the same class if both lie in a common path not containing a vertex in {v, v}
except, possibly, as an end point. If there are at least two such classes, then {v1,v2} is a
split pair. Let G1 be the graph induced by E; and G2 be the graph induced by E/E;. A
split operation consists of replacing G with G} and G, where G| and G are obtained from
G1 and G5 by adding the same wirtual edge (v1,v2). The two copies of the virtual edge
added to G and Gy are called twin virtual edges. Figure 1.2(b) shows the result of a split
operation performed on the graph of Figure 1.2(a) with respect to split pair {2,4}. The
split components of a graph G are obtained by recursively splitting GG until no split pair can
be found in the obtained graphs. Figure 1.2(c) shows the split components of the graph of
Figure 1.2(a). Split components are not unique and, hence, are not suitable for describing
the structure of G.

Two split components sharing the same twin virtual edges (vi,v2) can be merged by
identifying the two copies of v; and vy and by removing the twin virtual edges. Split
components consisting of cycles are called series split components, while split components
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Figure 1.1 A connected graph (a) and its BC-tree (b). Different line styles are used for
edges of different blocks.

that have only two vertices are called parallel split components. By recursively merging
together series split components that share twin virtual edges we obtain series triconnected
components, while by recursively merging together parallel split components that share twin
virtual edges we obtain parallel triconnected components. Split components that are not
affected by the merging operations described above are called rigid triconnected components.
Figure 1.3(a) shows the triconnected components of the graph of Figure 1.2(a).

Triconnected components are unique and are used to describe the inner structure of a
graph. In fact, a graph G can be succinctly described by its SPQR-tree T, which provides
a high-level view of the unique decomposition of the graph into its triconnected compo-
nents [DT96a, DT96b, GMO1]. Namely, each triconnected component corresponds to a
node of 7. The triconnected component corresponding to a node p of T is called the
skeleton of u. As there are parallel, series, and rigid triconnected components, their corre-
sponding tree nodes are called P-; S-; and R-nodes, respectively. Triconnected components
sharing a virtual edge are adjacent in 7. Usually, a fourth type of node, called Q-node,
is used to represent an edge (u,v) of G. Q-nodes are the leaves of 7 and they don’t have
skeletons. Tree 7 is unrooted, but for some applications, it could be thought as rooted at
an arbitrary Q-node. See Figure 1.3 for an example of SPQR-tree.

The connectivity properties of a graph have a strict relationship with its embedding
properties. Triconnected planar graphs (and triconnected planar components) have a single
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Figure 1.2 (a) A biconnected graph. (b) A split operation performed with respect to
split pair {2,4}. (c) The split components of the graph. Virtual edges are drawn dashed.
Twin virtual edges are joined with dotted lines.

@
P o
7O o—q) O 5, ©
e,
6o oWllG! o))
S Py
3

Figure 1.3 (a) The triconnected components of the same graph of Figure 1.2. (b) The
corresponding SPQR-tree. Q-nodes are represented by empty circles.

embedding up to a flip (that is, up to a reversal of all their incidence lists) [Whi32]. The
same holds for biconnected outerplanar graphs and their unique outerplanar embedding
(adding a star on the outer face yields a triconnected plane graph).

A non-connected graph is planar if and only if all its connected components are planar.
Thus, in the following, without loss of generality, we only consider the planarity of connected
graphs. Also, a planar embedding of a graph implies a planar embedding for each one of
its blocks, while, starting from a planar embedding of the blocks, a planar embedding for
the whole graph can be found [Whi32]. Thus, since the blocks can be identified in linear
time [Tar72], a common strategy, both to test planarity and to compute a planar embedding,
is to divide the graph into its blocks and to tackle each block separately.

Finally, a graph is planar if and only if its triconnected components are planar [Mac37b].
More precisely, as parallel and series triconnected components are always planar, a graph is
planar if and only if all its rigid triconnected components are planar. However, since dividing
a graph into its triconnected components is a linear but rather laborious process [HT73,
GMO1], usually planarity algorithms do not assume that the input graph is triconnected.

Also, from a planar embedding of the triconnected components of a graph, a planar
embedding of the whole graph can be obtained. This property can be exploited to explore
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the planar embeddings of a given graph when searching for some embedding with a specific
property (see, for example, [MW99, MW00, BDBD00, GMWO01, ADF*10]).

Given a plane (multi)graph G, its plane dual (or simply its dual) is the multigraph G*
such that G* has one vertex for each face of G and two vertices of G* are linked by one edge
e* if the corresponding faces in G share one edge e. Observe that the planar embedding of
G induces a planar embedding of its dual and that the dual of the dual of G is G itself.
Also, different embeddings of a planar graph G correspond to different dual graphs. Finally,
a cycle in G corresponds to a minimal cut in G* (anytime this property holds G and G*
are called abstract dual).

A graph G(V, E) is k colorable if its vertices can be partitioned into k sets Vq, Vs, ..., Vi
in such a way that no edge is incident to two vertices of the same set. A graph G(V, E)
is complete if each vertex in V is adjacent to each other.

A graph G(V, E) is bipartite if it is 2-colorable. A bipartite graph G(V1, Vs, E) is complete
if each vertex in V7 is adjacent to all vertices in V5.

1.2.2 Properties

Planar graphs have a variety of properties whose exploitation allows us to efficiently perform
a number of operations on them.

Perhaps the most renown property is the one stated by Euler’s Theorem, which shows
that planar graphs are sparse. Namely, given a plane graph with n vertices, m edges and f
faces, we have n — m + f = 2. A simple corollary is that for a maximal planar graph with
at least three vertices, where each face is a triangle (2m = 3f), we have m = 3n — 6, and,
therefore, for any planar graph we have m < 3n — 6. This number reduces to m = 2n — 3
for maximal outerplanar graphs with at least three vertices (and m < 2n — 3 for general
outerplanar graphs). Also, if n > 3 and the graph has no cycle of length 3, then m < 2n—4.
Finally, if the graph is a tree, then m =n — 1.

These considerations allow us to replace m with n in any asymptotic calculation involving
planar graphs, while for general graphs only m € O(n?) can be assumed. From a more
practical perspective, they allow us to decide the non-planarity of denser graphs without
reading all the edges (which would yield a quadratic algorithm).

The Four Color Theorem [AH77, AHK77, RSST97] asserts that any planar graph is
4-colorable and settles a conjecture that was for more than a century the most famous
unsolved problem in graph theory and perhaps in all of mathematics [Har69]. To stress
how important this property is, it suffices to observe that, apart from being considered
an important property of planar graphs, it has also been mentioned as the most notable
property of the number 4.

While 3-colorability is NP-hard even on maximum degree four planar graphs [GJS76],
every triangle-free planar graph is 3-colorable [Gro59] and such a 3-coloring can be found
in linear-time [DKT09].

Determining whether the graph contains a k-clique, i.e., a set of k pairwise adjacent
vertices, is polynomial for planar graphs, as no clique can have more than four vertices.
This problem is polynomial even in the weighted case, where each vertex is associated with
a weight and the sum of the weights of the pairwise adjacent vertices is requested to be at
least k. Observe that both these problems are NP-complete on non-planar graphs.

Graph isomorphism is linear for planar graphs [HW74], while it is of unknown complexity
for general graphs [GJ79)].

The planar separator theorem [LT79] states that every planar graph G = (V, E) admits a
partition of its n vertices into three sets, A, B, and C, such that the size of C is O(y/n), the
size of A and B is at most %n, and there is no edge with one endpoint in A and the other
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endpoint in B. Such a partition can be found in linear time and is the starting point of a
hierarchical decomposition of the graph that may lead to efficient approaches to compute
properties of the graph.

1.2.3 Characterizations

The first complete characterization of planar graphs is due to Kuratowski [Kur30] and states
that a graph is planar if and only if it contains no subgraph that is a subdivision of K5 or
K3 3, where K5 is the complete graph of order 5 and K33 3 is the complete bipartite graph
with 3 vertices in each of the sets of the partition. An equivalent later result, recasted in
terms of graph minors, is Wagner’s theorem that states that a graph G is planar if and
only if it has no K5 or K33 as minor, that is, K5 or K33 cannot be obtained from G by
contracting some edges, deleting some edges, and deleting some isolated vertices [Wag37a,
HT65]. Observe that the two characterizations are different since a graph may admit K
as minor without having a subgraph that is a subdivision of K5 (consider, for example, a
graph of maximum degree 3).

Similarly, it can be proved that a graph is outerplanar if and only if it contains no
subgraph that is a subdivision of K4 or Ky 3. Trivially, a graph is a tree if it does not
contain a subdivision (or a minor) of K.

If the graph is triconnected, a less renown but much simpler characterization can be
formulated. Namely, a triconnected graph distinct from K5 is planar if and only if it
contains no subgraph that is a subdivision of K3 5 [Wag37b, Hal43, Kel93, Lie01].

Given a graph G with no isolated vertices, the associated height-two wvertex-edge poset
< has VU F as elements, and v <g e if and only if v € V, e € E, and v is an endpoint
of edge e. The smallest number of total orders the intersection of which yields the poset
is called the dimension of the poset. Graph G is planar if and only if its corresponding
vertex-edge poset has dimension at most three [Sch89]. Unfortunately, checking if a poset
has dimension at most ¢ is proved to be NP-complete for ¢ > 3 and for ¢ > 4 if the poset
has height two [Yan82].

Edges traversing a bipartition of the vertices of G are called a cocycle. Observe that
while a cycle is a collection of edges that covers each vertex an even (possibly zero) number
of times, a cocycle is a collection of edges that intersects each cycle in an even number
of edges. A bicycle is a collection of edges that is both a cycle and a cocycle. Planarity
can be characterized in terms of the properties of the vector spaces of cycles [Mac37a],
cocycles [APBL95, LS10], and bicycles [APBL95].

A further planarity characterization is expressed via Colin de Verdiére’s graph invariant
1(@), which in turn is based on the maximum multiplicity of the second eigenvalue of
certain Schrodinger operators defined by the graph [Col90, Col91], and states that a graph
G is planar if and only if pu(G) < 3.

Alternative characterizations can be found in the literature based on the existence of
an abstract dual graph [Whi32], on the edge poset dimension [dO96], on the relationship
among theta-graph minors [AS98], on the orientability of circuits [LH77, Che81], on the
arrangements of pseudo-lines [TT97], or on DFS traversals of the graph [dR82, dR85, SH93,
SH99, BM99, BM04].

1.3 Planarity Problems

The main planarity problem is the decision problem of recognizing planar graphs, that is, of
deciding the planarity of the input graph. Both with the purpose of exhibiting a planarity
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certificate and of producing a planar embedding for information-visualization applications,
planarity testing algorithms are usually coupled with planar embedding procedures, that
sometimes, depending on the algorithmic approach, required a considerable research effort
to be devised.

On the opposite, if the graph is not planar, the search for a non-planarity certificate is
called Kuratowski subgraph isolation [CMS08], and the research concentrated on planariza-
tion algorithms that allow us to produce a planar graph where some degree-four vertices
have been added to replace crossings [Lie01]. Since crossing number minimization is NP-
complete [GJ79] planarization algorithms use heuristics to introduce a reduced number of
dummy vertices.

Dynamic algorithms have also been devised for efficiently determining planarity and com-
puting a planar embedding of graphs where edges and vertices are added or deleted one at
a time [DT89, DT96b, GIS99, DBTVO01].

Efficient algorithms for planarity testing in parallel have been investigated in [KR88,
RR89, RR94].

1.3.1 Constrained Planarity

The problem of determining the planarity of a graph and of computing a possible embed-
ding of it can be combined with additional constraints on the desired drawing that result
in restrictions on the set of admissible planar embeddings [Tam98, GKMO08]. Typical con-
straints ask for some vertices to be on the same face (usually the outer face), some vertex
to have a specified circular ordering of its incident edges, some path to be drawn along a
straight line, etc. In the easier cases, such constraints can be enforced by replacing sets
of nodes and edges of the input graph with suitable gadgets, by launching an ordinary
planarity algorithm, and by transferring the results back on the original graph. More com-
plex cases require to efficiently explore the possible embeddings of the graph by considering
their inner structures described by their BC-trees and SPQR-trees. In [GKMO8], embed-
ding constraints that restrict the admissible order of incident edges around a vertex are
considered.

A very restrictive constraint is when the input graph G is partially embedded, i.e., when a
subgraph H of G is provided with an embedding H. In this case, the problem of determining
a planar embedding of the whole graph that extends the embedding #, if one exists, is
linear [ADFT10]. Also, if the answer is negative, an obstruction taken from a collection of
minimal non-planar instances can be produced in polynomial time [JKR11].

A constrained planarization is implied anytime an embedding that minimizes some qual-
ity measure is desired. As pointed out in [BM90, PT00, Piz05], the quality of a planar
embedding can be measured in terms of the maximum distance of its vertices from the
external face. Such a distance can be given in terms of different incidence relationships
between vertices and faces. For example, if two faces are considered adjacent when they
share a vertex, then the maximum distance to the external face is called radius [RS84]. If
two vertices are adjacent when they are endpoints of an edge, then the maximum distance
to the external face is called width [DLT84]. If two vertices are adjacent when they are
on the same face and the external face is adjacent to all its vertices, then the maximum
distance to the external face is called outerplanarity [Bak94]. If two faces are adjacent when
they share an edge, then the maximum distance to the external face is called depth [BMSS].
In [PT00, GMO04], algorithms are proposed to minimize the maximum distance of the bicon-
nected components of the graph from the external face, where two biconnected components
are adjacent if they share a cutvertex. This measure, which is also called “depth,” is a
rougher indicator of the quality of the embedding but can be computed in linear time.



1.3. PLANARITY PROBLEMS 9

In [BM90], Bienstock and Monma present an algorithm to compute the planar embed-
ding of an n-vertex planar graph with minimum maximum distance to the external face in
O(n®logn) time, which is improved to O(n*) time in [ADP11]. The considered distance
is the depth. However, it is possible to compute the radius, the width, and the outerpla-
narity of a graph by modifying and simplifying the algorithm for the minimum depth, since
such distance measures are intrinsically simpler to compute than the depth [BM90]. The
complexity bounds for computing such simpler distance measures is improved in [Kam07],
where an algorithm that computes the outerplanarity of an n-vertex planar graph in O(n?)
time is described. Simple variations of this algorithm can lead to compute the radius in
O(n?) time and the width in O(n3) time [Kam07].

1.3.2 Deletion and Partition Problems

Deleting the minimum number of edges in order to obtain a planar graph is called mazimum
planar subgraph and proved to be NP-hard in [GJ79]. Analogously, deleting the minimum
number of vertices in order to obtain a planar graph is called mazimum induced planar
subgraph and proved to be NP-hard in [Yan78].

The problem of partitioning the edges of a graph G = (V, E) into k sets E1,..., Ej in
such a way that each graph G; = (V. E;), with ¢« = 1,2,...,k is planar is called graph
thickness and is shown to be NP-hard for k£ = 2 in [Man83].

1.3.3 Upward Planarity

If the input graph G is directed, adding the requirement that the drawing of G is upward,
that is, that each edge is a curve of increasing y-coordinates, transforms the planarity
problem into the upward planarity one, which was shown to be NP-complete in [GTO01].

However, upward planarity testing turns out to be polynomial for several families of
directed graphs:

1. If the digraph G is outerplanar. This problem was shown to be O(n?) in [Pap95)].

2. If the digraph G is triconnected [BD91, BDLM94].

3. If the digraph G has a fixed embedding. An O(n?)-time algorithm was introduced
in [BDLM94], and the problem is linear in the case of embedded outerplanar
graphs ([Pap95]).

4. If the digraph G is single-source. The O(n?)-time algorithm described in [HL96]
was improved to linear in [BDMT9S].

1.3.4 Outerplanarity

Determining whether a graph is outerplanar and producing an outerplanar drawing of it is a
problem that can be solved independently or by using a planarity algorithm as a subroutine.
In fact, a graph G = (V, E) is outerplanar if and only if the graph G'(V’, E’) is planar,
where V' = V U {v} and E’ is obtained from F by adding an edge (v;,v) for each vertex
v; €V.

Deleting the minimum number of vertices from a graph in order to make it outerplanar
is NP-complete [YanT78].
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1.4 History of Planarity Algorithms

Directly applying Kuratowski’s characterization of planar graphs based on subdivisions
would yield an exponential-time algorithm while Wagner’s characterization based on minors
would give a factorial-time algorithm. The first polynomial-time algorithms for planarity are
due to Auslander and Parter [AP61], Goldstein [Gol63], and, independently, Bader [Bad64].

In 1974, Hopcroft and Tarjan [HT74] proposed the first linear-time planarity testing
algorithm. This algorithm, also called “path-addition algorithm,” starts from a cycle and
adds to it one path at a time. However, the algorithm is so complex and difficult to
implement that several other contributions followed their breakthrough. For example, about
20 years after [HT74], Mehlhorn and Mutzel [MM96] contributed a paper to clarify how to
construct the embedding of a graph that is found to be planar by the original Hopcroft and
Tarjan algorithm.

A different approach has its starting point in the algorithm presented by Lempel, Even,
and Cederbaum [LEC67]. This algorithm, also called “vertex addition algorithm,” is based
on considering the vertices one-by-one, following an st-numbering; it has been shown to be
implementable in linear time by Booth and Lueker [BL76], while a linear-time algorithm
for computing the needed st-numbering was provided in [ET76]. Also in this case, a further
contribution by Chiba, Nishizeki, Abe, and Ozawa [CNAOS85] has been needed for showing
how to construct an embedding of a graph that is found planar.

A further interesting algorithm [dOR06, dF08a, Bra09] is based on a characterization
given by de Fraysseix and Rosenstiehl [dR82, dR85] in turn based on intuitions of Liu and
Wu [Wu74, Ros80, Liu88, Liu89, Xu89]. For a long time, the algorithm has not been fully
described in the literature but had a very efficient implementation in the Pigale software
library [dO02].

However, although the planarity problem has been carefully studied in the above cited
literature, the story of the planarity testing algorithms enumerates several more recent
contributions. The motivations behind such relatively new papers are twofold. On one
side, even if the known algorithms are combinatorially elegant, they are quite difficult to
understand and to implement. On the other side, the researchers are interested in deepening
the relationships between planarity and Depth First Search (DFS). Such relationships are
clearly strong but, probably, up to now, not completely understood.

Two recent DFS-based planarity testing algorithms, whose similarities were stressed
in [Tho99], are those presented by Shih and Hsu [SH93, SH99, Hsu03] and by Boyer and
Myrvold [BM99, BM04].

The Shih-Hsu algorithm replaces biconnected portions of the graph with single nodes,
called C-nodes, whose embedding is fixed.

The Boyer and Myrvold algorithm represents embedded biconnected portions of the graph
with a data structure that allows the embeddings to be “flipped” in constant time.

1.5 Common Algorithmic Techniques and Tools

In this section, we introduce some definitions and common techniques used by the planarity
testing algorithms. The most important technique, common to almost all the algorithms,
is Depth First Search, or DFS. DFS is a method for visiting all the vertices of a graph G. It
starts from an arbitrarily chosen vertex of G and continues moving from the current vertex
to an adjacent one, as long as unexplored neighbors are found. When the current vertex
has no unexplored neighbors, the traversal backtracks to the first vertex with an unexplored
adjacent vertex.
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Figure 1.4 A DFS traversal of a graph. Thick lines represent the tree edges, while the
back edges are drawn with dashed lines. Each vertex is identified with its DFS index.

The edges by which DFS discovers new vertices of G form a spanning tree T" of G, called
Palm Tree, or DFS Tree. The root of T is the vertex at which the traversal started. The
edges of T are called tree edges, while the remaining edges of G are called back edges (or
co-tree edges).

After performing a DF'S traversal, each vertex v of G can be associated with a DFS index,
DFS(v), that is, the order in which v was reached during the DFS visit. The root of T'
has index one. For a tree edge (u,v), we have that DFS(u) < DFS(v). On the contrary,
a back edge is oriented from the end vertex with higher DFS index to the end vertex with
lower DFS index. An example DFS is shown in Figure 1.4.

For each vertex v of G, we can also define two sets of edges, called By, (v) and Boyt(v).
These sets contain, respectively, the back edges entering and exiting v. Note that each back
edge in By, (v) connects v to a descendant in the DFS tree, while each back edge in Byy:(v)
connects v to an ancestor. Given a tree edge e = (u,v), its returning edges are those back
edges that from a descendant of v (included v itself) go to an ancestor of u different from u
itself. At last, the lowpoint of a vertex v, denoted by lowpt(v), is the lowest DFS index of
an ancestor of v reachable through a back edge from a descendant of v. Analogously, the
highpoint of a vertex v, denoted by highpt(v), is the highest DFS index of an ancestor of v
reachable through a back edge from a descendant of v.

1.6 Cycle-Based Algorithms

The shared foundation of all algorithms in this section is an intuitive observation formalized
in the Jordan curve theorem: every simple closed curve divides the plane into two connected
regions, and hence there is no way to connect two points in both regions without crossing
that curve.

Acyclic (undirected) graphs are forests and therefore planar. If a graph does contain a
cycle, that cycle yields a simple closed curve in any planar drawing of it. Consequently,
each of the remaining connected parts of the graph needs to be drawn entirely in one of the
two connected regions bounded by the cycle. Deciding whether this is possible, and which
region to choose, is the essence of planarity testing and embedding, respectively.

It will take three major steps to arrive at simple linear-time algorithms based on this
observation. The first step consists in formalizing the approach in a recursive algorithm,
the second step yields a linear-time realization of the algorithm, and the third step simplifies
the second while adding a corresponding combinatorial characterization.
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Figure 1.6 The four segments of graph G of Figure 1.5 separated by cycle C.

1.6.1 Adding Segments: The AUSLANDER-PARTER Algorithm

Algorithms based on the above cycle criterion were first proposed in [AP61] (see also [Gol63,
Bad64, DETT99]).

To introduce the approach formally, consider a simple cycle C' in a biconnected graph G.
Recall that a graph is planar if and only if its biconnected components are, and that every
edge of a biconnected graph is contained in at least one cycle. Each such cycle C yields a
collection of connected, edge-induced subgraphs S;, ¢ = 1,...,k as follows. Either S; is an
edge that connects two vertices of C' that are not consecutive (i.e., a chord), or S; is induced
by the edges of a connected component of G\ C together with the edges connecting that
component to C. Each S; is called a segment and, because of biconnectivity, contains at
least two vertices of C, referred to as the attachments of S;. Note that vertices of C' may
be attachments of any number of segments. Figure 1.5 shows a biconnected graph G and a
cycle C. The segments separated by C are depicted in Figure 1.6

A cycle C of G is said to be separating if it has at least two segments, while it is called
non-separating otherwise. Of course, if G is a cycle, then C has no segments and is non-
separating. In order to recur on subgraphs, the AUSLANDER-PARTER algorithm needs to
pick a separating cycle.

LEMMA 1.1 [DETT99] Let G be a biconnected graph, let C' be a non-separating cycle
of G, and let S be its only segment. If S is not a path, then G has a separating cycle C”
consisting of a subpath of C' plus a path « of S between two attachments.

Proof: Let u and v be two attachments of S that are consecutive in the circular ordering
of C, let a be a subpath of C between u and v that does not contain any other attachment
of S to C, and let 5 be the subpath of C' between w and v different from « (see Figure 1.7
for an example). Since S is connected, there is a path v in S between u and v. Let C’
be the cycle obtained from C' by replacing @ with v. We have that « is a segment of G
with respect to C’. If S is not a path, let ¢ be an edge of S not in . There is a segment
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Figure 1.7 (a) A non-separating cycle C' whose single segment S is not a path. Replacing
subpath o with subpath « as described in the proof of Lemma 1.1 yields a separating
cycle C'.

(a)

Figure 1.8 (a) The interlacement graph for the segments induced on graph G by the
cycle C of Figure 1.5. (b) A possible bi-coloring of the interlacement graph. (c¢) The
corresponding embedding choices for the segments of G, where segments colored black are
placed inside C.

of C’ distinct from « containing e. Therefore, if S is not a path, then C’ has at least two
segments and is thus a separating cycle of G. O

We have already argued that segments must be drawn entirely in one of the two regions
created by the drawing of C. Two segments are said to be compatible, if they can be
drawn in the same region of C, and conflicting otherwise. The following lemma shows that
compatibility has a simple characterization.

LEMMA 1.2 Two segments are compatible, if and only if their attachments do not in-
terleave.

The interlacement graph of the segments of G with respect to C'is the graph whose vertices
are the segments of G and whose edges are the pairs of interlacing segments. Figure 1.8(a)
shows the interlacement graph for graph G and cycle C of Figure 1.5. If there are more
than two pairwise incompatible segments, the graph is not planar, because there are only
two regions in which they can be drawn. If G is planar, then the interlacement graph is
bipartite and two-colorable, each color corresponding to one side of C' (see Figures 1.8(b)
and 1.8(c)). We can recursively check the planarity of all subgraphs obtained from the
union of a segment .S; and C.
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The AUSLANDER-PARTER algorithm is based on the following intuitive recursive charac-
terization of planarity for biconnected graphs.

Theorem 1.1 [DETT99] A biconnected graph G with a cycle C is planar if and only if
the following two conditions hold:

o The interlacement graph of the segments of G with respect to C' is bipartite.

o For each segment S of G with respect to C, the graph obtained by adding S to C
s planar.

Proof: If the graph is planar, it is easy to see that the two conditions hold by considering
a planar drawing of it. If the two conditions hold, the proof is by construction and is based
on the fact that compatible segments do not interleave (Lemma 1.2) and, hence, can be
planarly arranged on the same side of C. a

The algorithm has three cases:

Trivial case. Graph G is a single cycle C'. This case can only occur at the beginning
of the computation and terminates it.

Base case. Cycle C separates a single segment, which is a path. This terminates the
current branch of the computation (there will be no recursion).

Recursive case. A separating cycle C can be found in G. If the interlacement graph
is not bipartite, the algorithm terminates with a non-planarity. Otherwise, re-
cursion is needed on the subgraphs composed by C' and each segment.

Here it is not necessary to describe this algorithm in more detail, because, in fact, the
subsequent ones are instantiations of this rather generic approach.

It can be shown that the number of recursions is O(n) and that the interlacement graph
has size O(n?), yielding an O(n?) time algorithm. Also, it is worth mentioning that for
a graph that turns out to be planar, the embedding is constructed bottom-up, where pla-
nar embeddings may have to be flipped, depending on which region they are placed in.
There is an interesting alternative approach presented by Demoucron, Malgrange, and Per-
tuiset [DMP64]. Instead of recursively testing segments for planarity, they start from a fixed
embedding of one cycle, and incrementally add only a path connecting two attachments of
a segment into a face of the current embedding. This approach requires a careful selection
of (facial) cycles and paths and yields a quadratic-time algorithm but is the only algorithm
known to us that does not require alterations of preliminary embeddings.

1.6.2 Adding Paths: The HopcrROFT-TARJAN Algorithm

The relative inefficiency of recursively testing augmented segments for planarity is caused
by a lack of control over the instances obtained when selecting a cycle.

By exploiting the special structure of DFS trees, Hopcroft and Tarjan [HT74] (see also [Deo76,
RND77, Eve79, Wil80]) were able to serialize the combination of trivially planar segments
(namely, paths) in a bottom-up fashion.

Let us start from a spine cycle, i.e., a fundamental cycle consisting of a path of tree
edges that start at the root of the DFS tree together with a single back edge returning
to the root. Call the subgraph consisting of only the spine cycle Gy. Next, segments are
added recursively, one path at a time, which is why the algorithm is often referred to as the
path-addition approach.

To explain the order in which paths are selected, consider the subgraph G; consisting of
the spine cycle and the first i paths, and an edge e that is incident to but not contained in G;.
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Define the segment S(e) of e to be the inclusion-maximal connected subgraph containing
e, in which no vertex of G; has degree larger than one. Moreover, define the vertex with
the lowest DF'S number in S(e) to be the lowpoint of the segment. Since G is biconnected,
S(e) contains at least two vertices of G;, which we call attachments as well. By the order
in which paths are inserted, the lowpoint of S(e) will always be an attachment.

Now assume that the DFS tree was re-built to determine lowpoints and biconnected
components. When exploring the tree once again, but this time by traversing edges with
lower lowpoints first, we are effectively performing a recursive traversal of segments in
which segments with lower lowpoints are traversed first. This order is crucially important
for our ability to test efficiently whether segments are conflicting, because it ensures that the
attachments of a segment are visited in order of non-decreasing lowpoints. We can therefore
place lowpoints on a stack and remove them from the top of the stack during backtracking,
thus maintaining in the stack all attachments in the order in which they appear in the lower
part of the segment-defining cycle not yet backtracked over. Recall that two segments are
compatible if their attachments do not interleave.

Again, we do not go into further details, because the approach is further simplified below.
We just note that the algorithm can actually be implemented to run in linear time, but
that this is quite difficult and that it took many years until this test was complemented by
an embedding phase [MM96] (which runs in linear time).

Part of the difficulty is in the absence of a characterization of planarity that is closely
tied to the workings of the algorithm.

1.6.3 Adding Edges: The pE FRAYSSEIX-OSSONA DE MENDEZ-ROSENSTIEHL Al-
gorithm

While we have argued that the test of Hopcroft and Tarjan implements that of Auslander
and Parter by recursively building up segments one path at a time, it turns out that the
original approach can be further simplified by interpreting it on an even more detailed level,
adding one edge at a time.

This does not only simplify the algorithm, it also yields a characterization of planarity that
provides a less procedural proof of correctness and a straightforward embedding. Therefore,
following the approach of [Bra09], we first recall the characterization and then revisit the
algorithm.

Consider a connected undirected graph which needs not to be biconnected, and let G =
(V,T @ B) be the directed graph obtained from a DFS, where T is the set of tree edges
and B the set of back edges. We say that G is a DFS-orientation of the original graph.
Note that this is not a procedural definition, since such an orientation is characterized by
consisting of a rooted spanning tree such that each non-tree edge defines a directed cycle.
As each back edge returns to an ancestor of its source, it implicitly defines a cycle, which
is called fundamental cycle. A back edge (u,v) is a return edge for each tree edge of its
fundamental cycle, with the exception of the first tree edge exiting v.

DEFINITION 1.1 [dOR06] Let G = (V,T W B) be a DFS-oriented graph. A partition
B = LW R of its back edges into two classes, referred to as left and right, is called left-right
partition, or LR partition for short, if for every vertex v with incoming tree edge e and
outgoing edges e, es

e all return edges of e; ending strictly higher than lowpt(es) belong to one class
and
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e all return edges of es ending strictly higher than lowpt(e;) belong to the other
class.

Intuitively, the partition of the back edges into classes L and R corresponds to orienting
the fundamental cycles in such a way that those closed by back edges in L are counterclock-
wise while those closed by back edges in R are clockwise.

Theorem 1.2 A graph is planar if and only if it admits an LR partition.

Necessity of the condition of Theorem 1.2 is straightforward: given a DFS tree and a
planar embedding of the graph it suffices to assign each back edge to the classes L or
R, depending on whether the fundamental cycle it closes is counterclockwise or clockwise,
respectively. Sufficiency is shown by constructing a planar embedding from a given LR
partition. First, observe that in an LR partition it can be assumed that all return edges
from a tree edge e that return to lowpt(e) are on the same side. Such a LR partition is
called aligned. If a partition is not aligned, an equivalent aligned partition can be found.

In order to obtain a planar embedding, the LR partition is extended to cover also outgoing
tree edges and, for each vertex v, a linear nesting order is defined on its exiting tree edges.
This order contains both right and left outgoing edges of v mixed together: restricted to
the right outgoing tree edges it gives their clockwise order around v and restricted to the
left outgoing tree edges it gives their counterclockwise order around v. The final embedding
for each vertex v is obtained by suitably interleaving outgoing tree edges with back edges
entering v.

The extension of the LR partition to tree edges is straightforward. If a tree edge has
some return edges (i.e., its source is neither the root nor a cut vertex), it is assigned to the
same side as one of its return edges ending at the highest return point. Otherwise, the side
is arbitrary.

To determine the linear nesting order for tree edges outgoing v, suppose first that all back
edges belong to R and consider a fork consisting of tree edge e = (u,v) and outgoing tree
edges e and ey exiting v. If both e; and ey have some return edges, v is a branching point
of at least two overlapping fundamental cycles sharing e. Since both cycles are clockwise
(all edges belong to R), they must be properly nested in order to avoid edge crossings. As
the root of the DFS tree is assumed to be on the outer face, we have to put es clockwise
after e (i.e., inside the cycle defined by it) if and only if the lowpoint of e; is strictly lower
than that of e5. The same holds if both have the same lowpoint but only es is chordal, i.e.,
has another return point above it. On the contrary, if both L and R are not empty, it can
happen that both e; and ey are chordal. In this case the tie is broken arbitrarily, because
in any planar embedding these two edges must be on different sides.

Let e = (v,w) be a tree edge. We denote by L(e) (R(e), respectively) the sequence
of incoming back edges entering v from descendants of w ordered in such a way that if
by = (z1,v) and by = (x2,v) are two such back edges, and if (2, z), (z,y1), and (z,y2) is the
fork of the two cycles closed by by and by, then by comes before bs in L(e) (R(e), respectively)
if and only if (z,y;) comes before (z,y2) ((z,y1) comes after (z,ys), respectively) in the
adjacency list of x.

DEFINITION 1.2 Given an LR partition and a vertex v, let elL,...,elL be the left

outgoing tree edges of v, and ef, ..., el its right outgoing tree edges. If v is not the root,

let u be its parent. The clockwise left-right ordering, or LR ordering for short, of the edges
around v is defined as follows:
(u,v), L(ef' ), e, Ref), ..., L(e1), ef , R(eT), L(ef), e, R(er’), ..., L(ef?), e, R(e)Y),

r/yEro T
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where (u,v) is absent if v is the root.

The following lemma shows the sufficiency of the left-right planarity criterion of Theo-
rem 1.2 (the proof by contradiction can be found in [Bra09]).

LEMMA 1.3 Given an LR partition, its LR ordering yields a planar embedding.

Hence, the search for a planar embedding of the input graph boils down to the search
for an LR partition of its back edges. Fortunately, from the definition of LR partition
directly come two constraints that have to be satisfied by back edges in L and R classes.
Let by = (uy,v1) and ba = (uz,v2) be two back edges with overlapping fundamental cycles
and let (u,v), (v,w1), (v, ws) be their fork.

1. by and by belong to different classes if lowpt(wsy) < v1 and lowpt(wy) < vs.

2. b; and by belong to the same class if there is an edge €/ = (x,y), with « €
C(b1) N C(by) and y & C(by) N C(ba) such that lowpt(y) < min{vy,ve}.

Of course, if a pair of back edges is subject to both the constraints above, no LR partition
can exist and hence the graph is non-planar. By exploiting the constraints a quadratic pla-
narity test and embedding algorithm can be found immediately. Namely, build a constraint
graph, analogous to the interlacement graph of the AUSLANDER-PARTER algorithm, where
each back edge is a vertex and each constraint is an edge, labeled “—1” if the two back
edges have to belong to different classes and labeled “+1” if they have to belong to the
same class. After contracting “+1” edges, test if the constraint graph is bipartite.

In order to transform this quadratic-time algorithm into a linear one, the constraint
graph cannot be explicitly built and the tentative assignment of back edges to the L and
R classes may be changed several times during the computation, which is structured as
a further traversal of the DFS tree. Details of the linear-time algorithm can be found
in [dORO06, dF08a, Bra09].

1.7 Vertex Addition Algorithms

Given a planar drawing I of a graph G(V, E), we could delete one vertex at a time from I"
to obtain a sequence of smaller planar drawings ending with a single isolated vertex. The
intuition that this process could be suitably reversed yields the so-called “vertex addition”
algorithms.

We classify in this family the LEMPEL- EVEN-CEDERBAUM, the SHIH-HSU, and the BOYER-
MyYRvVOLD algorithms, although we know that some authors proposed a different classifica-
tion for their approach. The similarities between the SHIH-HSU and the BOYER-MYRVOLD
algorithms were already pointed out in [Tho99], while a common view encompassing all the
three algorithms was envisaged by Haeupler and Tarjan in [HT08].

Vertex addition algorithms start from an initial graph G; composed by one isolated
vertex v. At each step i = 2,...n, a new vertex v; is added to the graph and the subgraph
G;(V;, E;), induced by the current vertices V; = {v1,...,v;} CV, is considered. Two kinds
of operations are performed: first, G; is checked for planarity; second, some data structures
are updated in order to allow analogous checks to be efficiently performed at step ¢ + 1.

A key feature, common to this family of algorithms, is that the order in which the vertices
are added is not arbitrary. Let G;(V;, E;) be the subgraph of G induced by the vertices
Vi =V —V; that have still to be added to the graph. All the algorithms based on vertex
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Figure 1.9 Properties of Lemma 1.4. (a) The embedding I" where the connected subgraph
Gy is highlighted. (b) The embedding T, of G,. By Property (), v, v7, and vg fall into
f*. By Property (8), fi1 and fy are also faces of I'. By Property (), the cutvertex vy is
on f*.

addition require that G; is connected for i = 1,...,n, that is, the vertex addition order is
a leaf-to-root order for some spanning tree of G. LEMPEL-EVEN-CEDERBAUM’s algorithm,
for example, requires that the vertices are added in the order given by an st-numbering;
in the SHIH-HSU and in the BOYER-MYRVOLD algorithms, the order is that of a reverse
DFS traversal of the graph. The importance of this requirement is stated by the following
lemma.

LEMMA 1.4 Let G(V, E) be a planar, connected graph and let {V,, V;} be a bipartition
of the vertices in V' such that the graph G,(V4, E}) induced by Vj, is connected. Consider
any planar embedding I' of G and denote by I', the planar embedding I restricted to G,.
The following properties hold:

(a) Vertices of Vj, are on the same face f* of T',.
(B) Each face f of 'y, with f # f*, is also a face of T'.
() If G is biconnected, cutvertices of G, are also incident to face f* of I'.

Proof:  Property («) trivially descends from the fact that G} is connected and T' is a
planar embedding of G. Property (3) is also trivial. Suppose for a contradiction that
f # f* is a face of ', but not a face of I'. Observe that f is a cycle of I' and, since it
is not a face of T, it contains at least one edge e = (u,v) of T" that is not an edge of T',.
If both v and v belong to V,, we have a contradiction as e belongs to the graph induced
by V, but it is not in I',. Otherwise, if one among u and v is not in V,, we have again a
contradiction since Property («) ensures that f = f*. This proves Property (). Suppose
that G is biconnected. If v is a cutvertex of G, then there is a face f of I', that is incident
at least two times on v. Since v is not a cutvertex of I'; face f is a face of I';, but is not a
face of T, and Property (8) ensures that f* is the only face of T'y, that has this property. O

An example that shows the three properties of Lemma 1.4 is depicted in Figure 1.9.
Property () was also proved in [Eve79, Lemma 8.10] for the special case of connected
subgraphs induced by an st-numbering.

Let ¢ be a function ¢ : V' — {1,...,n} that assigns a different index to each vertex
of G. We say that v is a proper numbering of G if for each ¢ we have that the subgraph
G(V;, E;) induced by V; = {v | ¥(v) > i} is connected. In order to simplify the notation
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in the remaining part of this chapter, we denote by v; the vertex for which (v;) = i.
Vertex addition algorithms require that vertices are considered in the order imposed by a
proper numbering, hence exploiting at each step the properties of Lemma 1.4. Namely,
Property (a) guarantees that vertices and edges can be added to a single face f* of T,
which can be assumed to be the outer face. Property (8) implies that once a vertex or edge
is closed inside an internal face of T'; it does not need to be considered again (this is a key
point to ensure linearity). Finally, Property () justifies the usual assumption, common to
most vertex addition algorithms, that G is biconnected.

Properties () and (5) lead to the following lemma.

LEMMA 1.5 Let % be any proper numbering of a planar, connected graph G. Denote by
G; the subgraph of G induced by vertices in V; = {v | ¥(v) < i}. There exists a sequence
of planar embeddings I'; of G;, with ¢ = 1,...,n, such that, fori =1,...,n—1, all internal
faces of I'; are also internal faces of T';; 1.

Proof: Let I'), be a planar drawing of G with v, on the external face and let I';, with

i =1,...,n — 1, be the embedding of G; obtained from T, by removing the vertices v;,
with j = ¢+ 1,...,n. Vertex v, is on the external face of I';, by definition. Since G; is
connected, vertex v; is also on the external face of T'; for any i =n —1,n —2,...,1. Also,

Vo =A{v1,...,v;—1} and V,, = {v;} is a bipartition of the vertices of G; of which I'; is a planar
embedding and G(V, @) is trivially connected. Lemma 1.4 applies and by Property (53)
we have that all the faces of I';_; with the exception of f* are also faces of I';. Since the
external face of I';_; is not a face of I';, any other internal face f of I';_; is also a face of
T';. Finally, as the external face of I'; contains v;, which does not belong to G;_1, face f is
an internal face of T';. O

Provided that G is planar, Lemma 1.5 can be exploited for devising an incremental
planarity algorithm that, starting from I'y, i.e., the trivial embedding of the isolated vertex
v1, computes I';, with ¢ = 2,...,n, by adding at each step a vertex v; on the outer face of
I';_1, until an embedding I',, of the whole graph is produced. Also, Lemma 1.4 provides
an indication of what are the properties that these I'; should have. Namely, call outer
vertices of G; the cutvertices of G; and the vertices of G; adjacent to v;y1, Vita, ..., VUn.
Properties («) and () of Lemma 1.4 state that if G is biconnected, which can be assumed,
each I'; necessarily has its outer vertices on the outer face.

Still, computing the sequence of I';, with ¢ = 1,...,n, is not an easy task. First, G; may
be not connected. Second, it is easy to see that not any embedding of G; with its outer
vertices on the external face is equivalent to any other. In fact, given a planar graph G,
there may exist a planar embedding I'; of G; that has the outer vertices of G; on the external
face but is not obtainable from some planar embedding of G by vertex deletion (Figure 1.10
provides an example).

Hence, although we know that, starting from any proper numbering i of G, the planarity
of G implies the existence of a sequence of planar embeddings I'; satisfying the conditions of
Lemma 1.5, we do not know how to find such a sequence, and choosing a wrong embedding
I'; along the way would lead to a failure of the whole process even if G is planar. The
following lemma comes in help.

LEMMA 1.6 In any planar embedding of a biconnected graph G where vertices vy, va, .. ., vg
share the same face, they appear in the same circular order up to a reversal.
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Figure 1.10 A planar graph G with subgraph Gg highlighted. (a) and (b) show two
planar embeddings of Gg, both with the outer vertices of Gg on the external face. The
embedding in (a) is compatible with a planar drawing of G while the embedding in (b) is
not.
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Figure 1.11 (a), (b) Two planar embeddings of a biconnected graph where vertices
vy, Vg, v3, and vy (highlighted in the figure) share the same face. Vertex v is added as
in the proof of Lemma 1.6.

~

Proof: The statement is trivial for k£ = 2, 3, since any circular sequence of 2 or 3 labels is
equal to any other up to a reversal. Consider two planar embeddings IV and I'” of G such
that vertices vq, v, . .., vk, with k > 4, share the face f in I and f” in T (see Figure 1.11(a)
and 1.11(b) for an example). The proof is based on the trivial observation that a dummy
vertex v can be inserted into both f’ and f” and planarly connected to vy, vs, ..., vs. Since
G is biconnected, the cycle face f’ is simple (see Figure 1.11(a)). Hence, the subgraph
composed by the edges and vertices of f’ and v is a wheel (dashed lines in Figs. 1.11(a),
1.11(b), and 1.11(c)) and admits a unique planar embedding up to a reversal. It follows
that the circular order of the edges around v is the same in IV and in I'” up to a reversal.
O

Lemma 1.6 applied to each block of Gj is stated in [Eve79, Lemma 8.12] for the special case
of subgraphs induced by st-numberings. When iteratively computing a planar embedding
for GG, the practical use of Lemma 1.6 is that, although in general no definitive choice can
be made on the embedding of GG;, something can be said about the embedding of its blocks.
Namely, apart from a possible flip, an embedding for them can be computed that is always
compatible with a planar embedding of the whole graph, provided it exists. Surprisingly,
this is the only thing that can be safely computed for the embedding of G;. All the more
so, this little amount of information suffices for computing analogous embeddings for the
blocks of G;11, and, since G,, = G is biconnected, at the last step a planar embedding I';, of
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the whole graph is obtained. Finally, the following lemma shows that if the process stops,
the graph is not planar.

LEMMA 1.7 Let G be a graph and let ¥ be any proper numbering of G. Denote by G,
with ¢ = 1,...,n the subgraph of G induced by vertices in V; = {v | ¥(v) < i} and by
B}, B, .. .,Bf"' the b; blocks of G;. For a given k, 1 <k <n—1,let I'(B]), 1 < j < by, be
arbitrary embeddings of Bi with the outer vertices of G, on their outer faces. If the blocks
of G41 cannot be embedded such that the outer vertices of G4 are on the outer face and
I'(B]), 1 < j < by, are preserved up to a flip, then G is not planar.

Proof: Suppose for a contradiction that G is planar and that there is no planar embedding
for all its blocks Bi 410 1 < j < by, such that the outer vertices of Gy1 are on the outer
face and the blocks of Gy are embedded, up to a flip, as in F(Bi), 1 < j < bg. Since G
is planar, by Lemma 1.5, there is a pair of planar drawings I'; of Gy and 'y, of Giy1,
both with their outer vertices on the outer face. By Lemma 1.6 the outer vertices of each
block of G}, appear in the same order, up to a reversal, both in I'(Bj), 1 < j < b, and in
[';4,- Hence, all embeddings F(Bi) can be inserted into I'y | ; yielding a planar embedding
for the blocks Bi+17 1 < j < by, such that the outer vertices of Gj1 are on the outer face:
a contradiction. O

Lemma 1.7 proves the soundness of the vertex addition approach. In fact, it shows that
iteratively building a planar embedding of the input graph G is not only a sufficient condition
for the planarity of G, which is obvious, but also a necessary condition, as G is not planar
if one step of the iterative process cannot be accomplished. Usually, in the vertex addition
literature, the non-planarity of the input graph in case of failure of the proposed algorithms
is proved by a complex case analysis, spread all over the description of the algorithm steps,
aimed at identifying a subgraph isomorphic to K5 or K3 3 for each possible cause of failure.
Instead, Lemma 1.7 provides a direct proof of the correctness of the approach that avoids
the use of Kuratowski’s theorem, as claimed in [HT08].

Observe that, since the internal faces of the blocks are preserved in the final embedding
of G, at each iterative step of the vertex addition algorithms the embedded blocks may be
flipped and composed together, but they are never inserted one into the other. Hence, all
vertex addition algorithms make use of suitable data structures to describe the subgraph
G; that has been explored so far and in particular the embedding of its blocks. These
data structures allow for permuting the blocks around the cutvertices and for flipping the
blocks in constant time. In the LEMPEL-EVEN-CEDERBAUM algorithm, the data structure
is Booth and Lueker’s PQ-tree. The SHIH-HSU algorithm uses PC-trees. The BOYER-
MYRVOLD algorithm uses the bicomp data structure. The purpose of these data structures
is analogous: they allow us to flip a portion of the graph (a block) in constant time; they
allow us to permute (or to leave undecided) the order of the blocks around a cutvertex until
the blocks are merged together.

1.7.1 The LEMPEL-EVEN-CEDERBAUM Algorithm

The LEMPEL-EVEN-CEDERBAUM algorithm was the first one to exploit the vertex addition
paradigm [LEC67] (see also [Eve79, BFNdO04]). It is no surprise, therefore, that in order
to ease the computation several simplifying assumptions are made. First, but this is usual,
the input graph is assumed to be biconnected. Second, the description of the algorithm
in [LEC67] only checks the planarity of the input graph, without actually computing a planar
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embedding if it exists. This gap was closed by Chiba, Nishizeki, Abe, and Ozawa [CNAO85]
some decades later. Third, a proper numbering of the vertices of G is required that also
ensures that G;, the graph induced by V;, is connected. Namely, given any edge (s,t) of
a biconnected graph G(V, E) with n vertices an st-numbering of G is a function ¢ : V —
{1,...,n} that assigns to each vertex a different index, such that: (i) ¢¥(s) = 1; (ii) ¥ (t) = n;
and (iii) any vertex except s and ¢ is adjacent both to a lower-numbered and to a higher-
numbered vertex. This strong constraint, which implies that both the st-numbering and its
reversal are proper numberings, fostered the search for a linear-time algorithm to actually
compute an st-numbering of a biconnected graph. Such an algorithm was not known when
the approach was introduced (the time complexity of the algorithm used in [LEC67] is
O(nm) [ET76]), and was finally found in [ET76].

Working of the algorithm

A bush is a single-source connected planar directed graph that admits a planar embedding,
called a bush form, where all vertices of degree one are on the outer face.

Let G be a biconnected graph, let ¥ be an st-numbering of G, and let GG; be the graph
induced by vertices {vy,...,v;}. Graph G can be assumed to be directed, where each edge
is oriented from the vertex with the lower value to the vertex with higher value of ¥ (see
Figure 1.12(a) for an example). Denote by B; the graph G; augmented with the edges of G
incident to the outer vertices of G;. These edges are called virtual edges, while the leaves that
they introduce in B; are virtual vertices. Virtual vertices are labeled with the same indexes
they have in GG, and multiple instances of the same vertex are kept separate in B;. Since
G; is determined by an st-numbering, B; is connected. Observe that a planar embedding
of B; with the virtual vertices on the outer face corresponds to a planar embedding of G;
with the outer vertices on the outer face. Hence, if G is planar, by Lemma 1.5 B5; is a bush.
See Figure 1.12 for an example of a graph G; and the corresponding bush B;. A bush form
I'p, is usually represented by drawing all the virtual vertices on the same horizontal line
(dashed line of Figure 1.12(b)).

((Vgo [(V6°Vs5)+(VsoVy)] oVg )

Figure 1.12 (a) A directed planar graph. Labels correspond to an st-numbering of the
vertices. The highlighted area is the subgraph Gj induced by {v,vs,v3}. Observe that,
due to the st-numbering, both G5 and G — G are connected. (b) The bush form Bs.

Bush form I'g, contains a planar embedding of all biconnected components of G;, and
Lemma 1.7 ensures that such embeddings can be kept fixed up to a flip when searching for
a planar drawing of G.
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The strategy of the algorithm is that of focusing on the virtual vertices of B; and of
encoding the linear order that they have in I's, into a suitable algebraic expression ¢(I's;)
that implicitly represents all their permutations compatible with a planar embedding of B;
with virtual vertices on the outer face.

The definition of €(I'g,) can be inductively provided as follows. Let v be the source of I'g.
If T' is a trivial bush form consisting of a single directed edge (v, u) then e(I'g) = u. Other-
wise, if v is a cutvertex splitting I'z into bush forms by, bs, ..., by, let €(b1),e(bs), ..., e(bg)
be the corresponding expressions for by, bo, ..., br. The algebraic expression associated with
I'pis e(I'p) = (e(b1) oe(bz) o...0e(by)). Observe that any permutation of by, ba, ..., by is
compatible with a planar embedding of B. Finally, if v is not a cut vertex of I'g, consider
the biconnected component b of I'g including v and let uy, uso, ..., u; be the cut vertices of
B belonging to b. Observe that each subgraph of I'g routed at u;, with i = 1,...,k, is a
bush form b;. Let €(b1),e(bs),...,e(br) be the corresponding expressions for by, b, ..., bg.
The algebraic expression associated with I'z is e(T'g) = [e(b1) + &(b2) + ... + (bx)]. Ob-
serve that flipping the biconnected component b corresponds to flipping the expression
[E(bk> + E(bkfl) + ...+ E(bl)].

Figure 1.13 illustrates an example of permutations and flipping in a bush form.

( [(V6°Vs)+(VsoVy)] oVyoVg ) (V4 o [(V4°Vs5)+(Vs50Vg)] oVg )

Figure 1.13 (a) A permutation of the bush form of Figure 1.12(b). (b) A flip of the bush
form of Figure 1.12(b).

Given a bush form I'g,, the reduction operation changes the embedding of B;, by per-
muting bush forms attached to cut vertices and by flipping biconnected components, and
produces a bush form 1"237, where all virtual vertices labeled v;; are consecutively disposed.
If this is not possible, then there is no way of adding vertex vi4+1 to the embedding while
keeping all outer vertices of G;_1 on the outer face, and by Lemma 1.7 the graph is not
planar. If this is possible, then a substitution operation is performed on I'g,, obtaining a
drawing I'g,,,. Namely, the virtual vertices labeled v;y1 are merged together, and for each
edge (viy1,v;) exiting v;+1 a new virtual vertex v; is introduced and connected to v;1.

In the original description of the LEMPEL-EVEN-CEDERBAUM algorithm, these opera-
tions are not actually performed. Instead, it is shown that the reduction operation on
I'g, corresponds to an equivalent transformation on £(I'g,) that produces an algebraic ex-
pression £(I' ) where all the variables v;;1 are consecutive. Analogously, the substitution
operation corresponds to the removal of the sequence of variables v;,1 which are replaced

by (vj, ovj, 0...0wj, ), where vj,,...,v;, are the vertices directly attached to v;41.
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Data structures

The problem of efficiently identifying the flips and the permutations needed to reduce I'p,
(or, equivalently, needed to normalize £(I's,)) is solved in [BL76], where the PQ-tree data
structure is introduced. Intuitively, a PQ-tree is a data structure corresponding to the
syntax tree of the expression £(I's,). Namely, a PQ-tree is a rooted, directed, ordered tree
with three types of nodes: P-nodes, Q-nodes, and leaves. For each o operation (e10€q0. . .0¢;)
in g, the corresponding PQ-tree has a P-node with children PQ(eq),..., PQ(ex). Also, for
each + operation (€1 0 €3 0...0¢) in g, the corresponding PQ-tree has a @-node with
children PQ(ey),..., PQ(er). The children of a P-node can be arbitrarily permuted, while
the order of the children of a Q-node can be reversed. In [BL76], it is shown how a bottom-
up computation starting from all leaves labeled v, is sufficient to compute a sequence of
permutations and flips that consecutively disposes all v;11 leaves. Only the smallest subtree
that contains the v;; leaves is traversed.

1.7.2 The SHiH-Hsu Algorithm

The SHIH-HSU algorithm either constructs a planar embedding of the input graph G or fails
and outputs the information that G is not planar [SH93, SH99] (see also [Hsu01, Boy05]).
The proper numbering 1 of the vertices of G used by the SHIH-HSU algorithm is obtained
by a DFS traversal of G. Namely, vertices are considered in reverse DFS order, where
the root r of the DFS tree has 1(r) = n. Therefore, differently from the LEMPEL-EVEN-
CEDERBAUM algorithm, although the graph G;(V;, E;) induced by V; = {v | ¥(v) > i}
is always connected, the graph G;(V;, E;) induced by vertices in V; = {v | ¥(v) < i} is
not guaranteed to be connected. At step 1, graph G; has vertex vy only. At a generic
step 4, with ¢ = 2,...,n, an embedding I'g, is obtained from the embedding of I, , by
adding vertex v; together with all edges connecting it to vertices with lower values of ).
The strategy used by the SHIH-HSU algorithm is that of characterizing those configurations
that determine a non-planarity, and by giving a recipe to build I', otherwise.

As G; is not necessarily connected, at each step 7 a planar embedding of each connected
component of G; is encoded into a data structure called PC-tree. A PC-tree T is a rooted,
ordered tree with two types of nodes: P-nodes and C-nodes. While the neighbors of a
P-node can be arbitrarily permuted, C-nodes come with a cyclic ordering of their adjacency
list, which can only be reversed. Intuitively, P-nodes represent regular nodes of an em-
bedded partial graph, while C-nodes represent biconnected components. Consider a planar
embedding of a connected component C' of graph G; such that the outer vertices of C' are on
its outer face. The PC-tree T associated with C' can be easily obtained from C by replacing
each biconnected component of C' with a C-node connected to the outer vertices of it in the
same circular order as they appear on the border of the biconnected component. In order
to simplify the tree, each C-node representing a trivial biconnected component composed of
a single edge connecting two cutvertices v; and vy, is replaced with a single edge attached to
the two P-nodes corresponding to v; and vi. Let r be the root of the connected component
C, i.e., the vertex of C' with higher value of 1. Observe that r is an outer vertex of C' and
always corresponds to a P-node of its PC-tree.

The PC-trees associated with G; represent all the planar embeddings of GG; such that each
connected component of G; has its outer vertices on the outer face. In particular, if G; is
connected, the correspondence between its single PC-tree 7 and the PQ-tree of G; used by
the LEMPEL-EVEN-CEDERBAUM algorithm is apparent, since the former is obtained from
the latter by removing leaves and replacing Q-nodes with C-nodes.
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Working of the algorithm

At step 1, graph G only has one isolated vertex labeled v; and its PQ-tree is a single
P-node associated with vertex v;.

At a generic step i, graph G;_; has been already processed and its PC-trees have been
computed. When the new vertex v; is added, all tree edges and back edges connecting v;
to G;_1 are considered. Suppose that only a tree edge (v;,u) exits from v;. In this case,
only the PC-tree corresponding to the connected component of G;_; needs to be updated.
Otherwise, if v; has more than one child w1, ug, ..., ug, then v; is a cutvertex of GG;; a new P-
node is introduced for it and suitably attached to the PC-trees of the connected components
C1,Cs,...,Cy of G;_1 containing uq, us, . .., ug, respectively, producing a single PC-tree for
the new connected component of GG;. Consider a child u of v;. The PC-tree T corresponding
to the connected component containing u can be attached to v; in a way that is independent
of the PC-trees corresponding to the other children of v;. Hence, for simplicity of description,
we will assume that v; has a single child u.

Let C be the connected component of G;_1 containing u. If no back edge from C attaches
to v;, then the P-node introduced for v; is attached to the P-node representing r in 7;, and
step ¢ concludes. Otherwise, suppose some vertex of C' has some back edge to v;. Since
the input graph is biconnected, nodes of 7;_; either have highpt = i or have lowpt > i, or
both. Call relevant node each node w of T;_; such that highpt(w) = i and lowpt(w) > i.
It is easy to see that the parent of w either is r or is a relevant node in its turn. Hence,
relevant nodes form a subtree of the PC-tree rooted at r. By leveraging the relevant nodes
subtree, it is possible to efficiently check the planarity of G; and to compute the PC-tree
updated with the P-node for .

Namely, call terminal nodes the leaves of the subtree of the PC-tree composed by relevant
nodes. We have the following lemma.

LEMMA 1.8 If 7 has more than two terminal nodes, then G; (and hence G) is not
planar.

Therefore, if G is planar, 7;_; has one or two terminal nodes and the relevant nodes
subtree of T;_; is either a path or a Y-shaped tree, respectively (see Figure 1.14).
Also, observe that an edge exiting a relevant node may be of five different types:

(i) a tree edge to another relevant node;
(ii) a back edge to v;;
(iii) a tree edge to a subtree whose back edges are all type-(ii) edges; or
(iv) a back edge to a node v; with j >
(v) a tree edge to a subtree whose back edges are all type-(iv) edges.

Subtrees attached to edges of type (iii) are called i-subtrees, while subtrees attached to
edges of type (v) are called i*-subtrees. In Figure 1.14, i-subtrees are represented with black
triangles and i*-subtrees with white triangles.

The SHIH-HSU algorithm either identifies a non-planarity or finds a planar arrangement
of the back edges to v; and the i-subtrees to produce a new C-node that represents the block
determined by the additions of the back edges to v;. The algorithm considers four main
cases, depending on whether some relevant node is a C-node, and depending on whether
T:—1 has one or two terminal nodes.

The easiest case is when 7;_; has exactly one terminal and all the relevant nodes are
P-nodes. In fact, in this case all i-subtrees and back edges to ¢ can always be embedded
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(a)

Figure 1.14 (a) Relevant nodes of 7;_; have one terminal. (b) Relevant nodes of T;_;
have two terminals.

29 oo
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Figure 1.15 (a) The example of Figure 1.14(a) after contraction. The double border
identifies C-nodes. (b) The example of Figure 1.14(b) after contraction.

on one side of 7;_1, and the embedded part can be replaced with a C-node, as shown in
Figure 1.15(a).

The case when 7;_; has exactly one terminal and some relevant node is a C-node, is
analogous, with the difference that the constraints enforced by C-nodes (whose adjacency
list can only be flipped) have to be taken into account and may cause a non-planarity
whenever, no matter how they are flipped, they force one i-subtree (or back edge to v;) to
be outside the new block or one i*-subtree (or back edge to v;, with j > 4) to be inside it.

The most difficult case is when 7;_; has two terminal nodes «' and u”. Let m be their
common ancestor, P be the unique path in 7;_; from «’ to ", and P’ be the path from r
to m. If all relevant nodes are P-nodes, then we have the following planarity criterion:

LEMMA 1.9 Graph G; is planar if and only if any node internal to P’ has edges of type

(i), (ii), or (ii).

In fact, it is easy to see that if the conditions of Lemma 1.9 are satisfied a new block can
be planarly embedded, its border being composed by path P and two paths from the two
terminal nodes to v; and containing all i-subtrees and back edges to v;. Such a block is
replaced by a C-node as shown in Figure 1.15(b). Again, if some relevant node is a C-node,
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its constraints on the embedding need to be taken into account and yield a more intricate,
although not difficult, case.

Data Structures

A tricky point of the SHIH-HSU algorithm is when a newly identified block has to be replaced
with a C-node. To understand why this operation is critical, consider that, in order to have
a linear-time algorithm, each node of the PC-tree should have a pointer to the parent node.
Such a pointer is used, for example, when, starting from the current vertex v;, its incoming
back edges are considered and i-subtrees are traversed moving from child to parent. This
operation is needed to identify the relevant node subtree and its terminals. Observe that
i*-subtrees cannot be traversed without losing linearity. Also, even identifying them by
browsing the adjacency list of a relevant node would have the same result. If the block was
naively replaced by a C-node structure as shown in Figure 1.15 the pointers to the parent
of a possibly linear number of children would have to be updated.

Perhaps the easiest way to address this problem is that of encoding the neighborhood of C-
nodes with a strategy analogous to that used in [BM99, BM04], which allows us to efficiently
traverse the boundary of a block in parallel and flip it when needed [Hsu01, Hsu03, BENd04].
A second approach, inspired by the analogous operation on Q-nodes of PQ-trees [LEC67],
is that of borrowing the parent pointer from sibling to sibling. The two approaches turn
out to be similar, since browsing siblings of a C-node in search for the parent pointer is
equivalent to traversing the corresponding block border [Hsu01, Hsu03].

1.7.3 The BoyEr-MyRrvoLD Algorithm

The BOYER-MYRVOLD algorithm [BM99, BM04] (see also [Tho99, BCPD04, HT08]) has
several features in common with the SHIH-HSU algorithm, so much so that the two have
been sometimes identified [Tho99, HT08]. The proper numbering ¢ of the vertices of G used
by the BOYER-MYRVOLD algorithm is again a reverse DFS order. The general strategy is
that of explicitly maintaining a “flexible” planar embedding of each connected component
of G; with the outer vertices on the outer face. This embedding is “flexible” in the sense
that each block can be flipped in constant time, whatever its size, while the permutation of
the blocks around cutvertices is left undecided. In order to achieve this, each block of G;
is maintained separately from the others in a special structure, and the cutvertex that has
higher value of ¢ in one block B, called the root of B, has a pointer to the corresponding
cutvertex in the parent block.

Working of the algorithm

The algorithm described in [BM99] was simplified in [BMO04]. First, we describe the primitive
version in [BM99], which, in our opinion, is more intuitive. Second, we sketch the differences
with [BMO04].

The computation starts with an initial set of blocks corresponding to the tree edges of the
DF'S tree of G (see Figure 1.16). Hence, it could be argued that this is not a vertex addition
algorithm, since all vertices are in place from the first iteration. Actually, a vertex v; with
index higher than the current iteration ¢ is ignored until iteration j is reached. Vertices are
considered in reverse DFS order, starting from v; and ending with the root v,, of the DFS
tree (see Figure 1.16(a)). If vertex v; has no incoming back edges, no operation is needed
at iteration i.

So, for example, running the algorithm on the example of Figure 1.16(b) would not
perform any operation at steps 1,2,...,8, as vertices vy,va,...,vs don’t have incoming
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Figure 1.16 (a) The same DFS tree of Figure 1.4, where vertices are labeled with their
reverse DFS index. (b) The BOYER-MYRVOLD algorithm starts by creating a block for each
edge of the tree.

Figure 1.17 The BOYER-MYRVOLD algorithm on the DFS tree of Figure 1.16(a). (a)
When vertex vyg is considered the back edge (vg,v10) needs to be embedded. (b) The
embedding of back edge (vg,v10) corresponding to the choice of the red path from vg to vig
along the borders of blocks shown in (a).

back edges. Otherwise, if v; has some incoming back edges, the strategy of the algorithm
is that of deciding how to embed them by exploring the borders of the current blocks of
G;—1. To give an intuitive example Figure 1.17(a) represents Gg. At iteration 10 vertex
v10 is considered by the algorithm and the back edge (vg,v10) needs to be embedded. In
the embedding choice shown in Figure 1.17(b), the red path inside the closed face of the
new block can be identified in Figure 1.17(a) as the red path going from vg to vy along
the borders of the blocks. The approach of the BOYER-MYRVOLD algorithm is that of first
choosing suitable paths for the back edges returning to v; and then using such paths to
close a new block and update the data structures. Hence, each iteration has two phases:
Path searching and Block embedding (in [BM99, BM04] these phases are called Walkup and
Walkdown, respectively, but the tree is drawn upside down with respect to the convention
used here).
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Figure 1.18 Properties of the admissible path to v;. The lower vertex is the currently
processed one while outer vertices of G; are drawn black. The red path is not admissible,
as it traverses an outer vertex of G; (a cut vertex of G; in this example).

Let’s start from the Path searching phase. Suppose that some back edges enter v; from
vertices ui,us,...,u;. For each j, with j = 1,...,k, the algorithm searches for a path p;
from u; to v; with the following properties:

1. Vertices and edges of p; are on the boundary of the blocks of G;_;.

2. Each vertex of p; that is the root of a block is followed by the corresponding
cutvertex in the parent block, until v; is reached.

3. Each vertex of p; that is different from the entry point and the root of the current
block is not an outer vertex of G; (see Figure 1.18(a)).

Also, two paths (i.e., two embedding choices) may be incompatible with each other.
Namely, let p; and p,, be two paths to v; and let b be a block b traversed by them. The
following compatibility properties are enforced:

1. If p; and p,, don’t share edges of b, they do not share edges in any other block
(see Figure 1.19(a)).

2. Paths p; and p,, do not share edges of b if they traverse two other distinct
outer blocks, where an outer block is one containing an outer vertex of G; (see
Figure 1.19(b)).

3. If p; and p,,, don’t share edges of b and the root 7, of b is different from v;, then
rp is not an outer vertex of G; (see Figure 1.19(c)).

The above properties guarantee that when the new block is closed, no outer vertex of G;
falls inside a face of the block.

In order to be linear, the algorithm does not explicitly compute all the paths p;, for
7 =1,..., k. In fact, if two paths share one edge, the second path can follow the same route
toward vy used by the first one without the need of checking the above properties. Also,
whenever a path enters a block b, it searches both sides of b in parallel, searching for the
root 7, of b. In this way, the shorter admissible path to r, is found by exploring at most
twice the number of its edges. Since the edges used by the paths will be closed inside some
face of the new block, they are never explored again in a subsequent iteration, and the total
number of steps required by the algorithm for the computation of such paths is linear.
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Figure 1.19 Compatibility properties of the paths to v;. The lower vertex is the currently
processed one while outer vertices of G; are drawn black. (a) Two compatible paths not
sharing edges in any block they traverse. (b) Two admissible paths coming from two distinct
outer blocks. (c¢) Two non-admissible paths.

If the Path searching phase does not detect a non-planarity, the Block embedding phase
starts. This is a simpler phase in which, starting from v; and moving along the boundary
of G;_1, the blocks traversed by the paths are merged together and the back edges are
embedded based on their corresponding paths to produce a planar embedding for G;.

The simplified version of the algorithm described in [BMO04] is based on the same two
phases, Path searching and Block embedding. However, the check for the paths’ compat-
ibility, which in the primitive version were demanded to the first phase are moved to the
second phase, which may, therefore, also detect a non-planarity.

Data Structures

The tricky point of the BOYER-MYRVOLD algorithm is when two blocks, traversed by a
path, are merged together. It may happen that a path traverses the child block clockwise
and the parent block counterclockwise, or viceversa. Fortunately, it can be shown that the
properties of the paths guarantee that if one path does so all other paths comply with this
embedding choice. However, in order to merge the two blocks, one of them needs to be
flipped, and reversing the adjacency lists of all the vertices of the block may result in a
linear-time operation that would yield a quadratic planarity algorithm. In order to solve
this problem, the authors introduced a suitable data structure, called bicomp, that allows
us to flip a block in O(1)-time, whatever its size. Such a data structure is based on circular
lists that do not have a predefined orientation.

Namely, suppose that the list items of a circular list instead of having the usual next
and prev pointers have two generic pointers ref1 and ref2 which could be used arbitrarily
to store a reference to the next or previous list item. Suppose, also, that you maintain a
reference to the last element encountered while traversing the list. If you want a reference
to the next element you compare this reference with refl and ref2 and choose the one
that is different from it. Hence, the circular list is traversed in the direction that is decided
by the first step. If the circular order of the list has to be reversed, it suffices to begin the
traversal in the opposite way.
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Of course, if the clockwise direction of the adjacency list of each vertex of a block is
independently chosen, this would not necessarily produce a planar embedding. However, it
is not difficult to devise some convention to transfer the orientation of the adjacency list
of one vertex to the adjacency lists of the neighboring vertices. For example, it may be
prescribed that if in the adjacency list of vertex v; the list item of vertex v; uses refl as
next and ref2 as prev, the same choice is made for the list item of v; in the adjacency list
of v; (in [BM99, BM04] a less intuitive, but more practical, convention is adopted).

Hence, when two blocks are merged and their common cutvertex is identified, the two
adjacency lists of the cutvertex can be suitably joined in such a way to implicitly reverse
all the adjacency lists of one of the two blocks.

1.8 Frontiers in Planarity

1.8.1 Simultaneous Planarity

A recent variant of the planarity problem asks for the simultaneous embedding of two
graphs on the same set of vertices V. Namely, a simultaneous embedding of G1 = (V, Ey)
and Gy = (V, E3) consists of two planar drawings I'; and I'y of G; and G, respectively,
such that any vertex v € V is mapped to the same point in each of the two drawings.
When I'; and T's are required to be straight-line drawings, this problem is called geometric
simultaneous embedding. When edges common to E; and Fs are required to be represented
by the same Jordan curve in I'; and I'y this problem is called simultaneous embedding with
fized edges (or SEFE, for short). The above definition can be easily generalized to k graphs

Geometric simultaneous embedding turns out to have limited usability, since testing
whether two planar graphs admit such an embedding is NP-hard [EBGJ"07] and since a geo-
metric simultaneous embedding does not always exist for two outerplanar graphs [BCD*07],
for two trees [GKV09], and even for a tree and a path [AGKN12].

Conversely, for several classes of graphs the computation of a simultaneous embedding
with fixed edges, if any, can be performed in polynomial time [EK05, DL07, Fra06, FGJT08,
JS09, ADF*10, HJL10, ADF*11], although the general problem is of unknown complex-
ity. Refer to Chapter 11, “Simultaneous Embedding of Planar Graphs,” for an in-depth
exploration of this research area.

1.8.2 Clustered Planarity

The user’s need of drawing some set of vertices near one to the other naturally leads to the
requirement of drawing them inside the same simple closed region of the plane. This target
is pursued by clustered planarity where the containment relationship among regions and
vertices is described by an arbitrary hierarchy. More formally, a clustered graph C(G,T)
is a graph G and a rooted tree T" whose leaves are the vertices of G. A c-planar drawing
of C(G,T) is such that G is planarly drawn and each internal node v of T is drawn as a
simple closed region R(v) such that:

e R(v) contains the drawing of the graph G(v) induced by the vertices that are
leaves of the subtree rooted at v;

e R(v) contains a region R(u) if and only if u is a descendant of v in T}

e any two regions R(v1) and R(v2) do not intersect if v4 is not an ancestor or a
descendant of vo; and

e an edge e does not cross the boundary of a region R(r) more than once.
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Restrictions on the c-planarity testing problem studied in the literature include: (i) as-
suming that each cluster induces a small number of connected components [FCE95b,
FCE95a, Dah98, GJLT02, GLS05, CW06, CDF*08, JJKLO0S]; (ii) considering only flat
hierarchies, where all clusters different from the root of T" are children of the root [CDPP04,
DFO08b]; (iii) focusing on particular families of underlying graphs [CDPP04, CDPPO5,
JKKT08]; and (iv) fixing the embedding of the underlying graph [DF08b, JKKT08].

Although the general problem is of unknown complexity, it has been shown to be
polynomial-time solvable in the following cases:

e If the subgraph G(v) induced by each cluster v is connected the clustered graph
is called c-connected. The algorithm proposed in [FCE95b, FCE95a] is quadratic.
Linear-time algorithms are described in [Dah98, CDF*08]. The case when
each cluster induces at most two connected components has been investigated
in [JJKLOS].

e The results [BKMO98, Bie98] on “partitioned drawings” of graphs can be inter-
preted as linear-time c-planarity tests for non-connected flat clustered graphs
with exactly two clusters. The same result (flat clustered planarity for non-
connected graphs with exactly two clusters) is shown in [HN09] where the prob-
lem is modeled as a two-page book embedding.

e Gutwenger et al. presented a polynomial-time algorithm for c-planarity testing
for almost connected clustered graphs [GJLT02], i.e., graphs for which all nodes
corresponding to the non-connected clusters lie on the same path in T starting
at the root of T, or graphs in which for each non-connected cluster its parent
cluster and all its siblings in T are connected.

e Cortese et al. studied the class of non-connected clustered graphs such that the
underlying graph is a cycle and the clusters at the same level of T also form a
cycle, where two clusters are considered adjacent if they are incident to the same
edge [CDPP04, CDPP05]. The c-planarity testing and embedding problem is
linear for this class of graphs.

e Goodrich et al. introduced a polynomial-time algorithm for producing planar
drawings of extrovert clustered graphs [GLS05], i.e., graphs for which all clusters
are connected or extrovert. A cluster p with parent v is extrovert if and only if v
is connected and each connected component of p has a vertex with an edge that
is incident to a cluster which is external to v.

e Jelinkova et al. presented a polynomial-time algorithm for testing the c-planarity
of “k-rib-Eulerian” graphs [JKKT08]. A graph is k-rib-Eulerian if it is Eulerian
and it can be obtained from a 3-connected planar graph with k vertices, for some
constant k, by replacing some edges with one or more paths in parallel.

1.8.3 Decomposition-Based Planarity

Since a graph is planar if and only if its triconnected components are planar, it is somehow
surprising that all known linear-time planarity algorithms require at most the biconnectivity
of the input graph. It could be asked whether the triconnectivity of the graph could be
leveraged in order to obtain planarity algorithms that are easier to understand and to
implement. A triconnected graph has several helpful properties with this respect: if it is
planar, it admits a single planar embedding up to a flip (in contrast, a biconnected graph
admits an exponential number of embeddings); if it is not planar and it is different from
Ks, it contains a subdivision of K3 3.
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An intriguing research line in this direction is that of exploiting construction sequences:
it is well known that a triconnected graph can be reduced by means of sequences of
planarity-preserving transformations to graphs as simple as a wheel [Tut6l] or as a
K, [Tut66, BG69]. Such transformations, if reversed, yield construction sequences that
could be possibly exploited to find a planar embedding of the input graph starting from a
planar embedding of the reduced graph. The polynomial-time planarity algorithm described
in [BSW70] uses the reduction sequences described in [Tut61]. The reduction sequences
described in [Tut66, BG69] have been used to give a short proof of Kuratowski’s theo-
rem [Kel81, Tho81], while their application to planarity algorithms has been only recently
investigated in [Sch12].
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2.1 Introduction

In many respects, crossing minimization is an exceptional problem in the wide range of
optimization problems arising in automatic graph drawing. First of all, it is one of the most
basic and natural problems among these, and, at the same time, very easy to formulate:
given a graph, draw it in the plane with a minimum number of crossings between its
edges. In fact, this problem is much older than automatic graph drawing. Crossing number
problems were first examined by Turdn when he worked in a brick factory during the
Second World War. This work motivated him to search for crossing minimal drawings of
the complete bipartite graph K, ,,,, without success. Later, Zarankiewicz gave a rule for
creating a drawing of K, ,, with 2 |[Z-1]|2 ]| 21| crossings, but his proof of optimality
was shown to be incorrect. Still today, this is an open question. The same is true for the
crossing number of K.

Besides its theoretical relevance as a topological problem, crossing minimization has many
practical applications. In automatic graph drawing, it is well known that the readability
of a two-dimensional graph layout strongly depends on the number of edge crossings. This
was verified by empirical studies of Purchase [Pur97]. In fact, the main information given
by an abstract graph is whether two vertices are connected by an edge. This information
should be easily recognizable. In particular, it should be easily possible to trace the edges
in the drawing. This task is complicated by the presence of crossing edges, as they distract
the concentration of the human viewer. See Figure 2.1 for a comparison.

Another important application for the crossing minimization problem is VLSI (very large
scale integration) design. In this context, the problem was first discussed in depth. The

43
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Figure 2.1 Different drawings of the same abstract graph with different numbers of edge
crossings (51, 12, and 4, respectively). Most aesthetic criteria like few edge bends, uniform
edge lengths, or a small drawing area favor the first two drawings. However, with respect
to the number of edge crossings the last drawing is preferable.

aim of VLSI design is to arrange transistors on two-dimensional chips. Certain transistors
need to be connected by wires, which have to be routed on the chip. Every crossing of two
wires causes additional costs for realizing the chip, so that a small number of such crossings
is desired to reduce these costs as far as possible.

An outstanding property of the crossing minimization problem is its hardness. It was
shown by Garey and Johnson [GJ83] that this problem is NP-hard; see Section 2.3. However,
several optimization problems arising in the area of automatic graph drawing are NP-
hard and have nevertheless been solved in practice. In contrast, crossing minimization is
extremely hard also practically. So far, exact approaches can only solve relatively sparse,
medium sized instances within a reasonable running time; see Section 2.4. This is drastically
shown by the fact that even the crossing numbers of the complete graphs K, are unknown
for n > 13.

Given the NP-hardness of the general problem, many restricted versions of crossing min-
imization have been considered, in the hope of finding polynomial time algorithms in these
cases. However, in most cases, the problem remains NP-hard. Examples are bipartite
drawings or linear embeddings; see Section 2.3. In practice, however, some of the resulting
problems become easier as the degrees of freedom are reduced.

Besides considering special cases, it is natural to ask for approximation algorithms. How-
ever, up to now, only for graphs with bounded degree it was possible to find algorithms
yielding provably near-optimal solutions; see Section 2.6. On the other hand, no negative
results about approximability are known.

Currently used approaches to the general crossing minimization problem are of heuristic
nature. The state-of-the-art approach for general crossing minimization is the planarization
method, which is described in detail in Section 2.5. The main idea is to split up the problem
into two steps: in the first step, a planar subgraph is computed. The aim in this step is to
find a subgraph with as many edges as possible. In the second step, all edges not contained
in this subgraph are reinserted into the drawing. Whenever an edge is inserted, the produced
crossings are replaced by dummy vertices, so that the result is a planar graph again. Having
added all edges in this way, a planar drawing algorithm can be used to compute a layout
of the graph; see Chapters 6 and 7. After this, the dummy vertices are removed. For
both steps of the planarization approach, a variety of possible algorithmic realizations has
been discussed; see Section 2.5. This approach is also particularly interesting with respect
to approximation algorithms, as it can be shown that certain insertion algorithms in fact
approximate the crossing number in case of special graph classes; again see Section 2.6.
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The second step of the planarization approach can also be realized in many different
ways; see Section 2.5.3. Usually, it is again solved heuristically; edges are reinserted one
after another, each with a minimal number of new edge crossings. It was shown recently
that one can add a single edge optimally over all possible embeddings of the planar graph
constructed so far.

After 60 years of research in different areas of mathematics and computer science, the
crossing minimization problem is still far from being fully explored, both theoretically and
practically. On the theoretical side, the most interesting open problems in our opinion are
the crossing numbers of the complete graphs, including Turdn’s brick factory problem, as
well as the approximability of crossing minimization. Practically, one can hope for new and
better heuristic methods or faster exact approaches. At this point, we can only report on
the status quo. We hope that parts of this chapter will become obsolete sooner or later.

2.2 Crossing Numbers

A drawing of a graph G = (V, E) in the plane is a mapping of each vertex v € V to a distinct
point and each edge e = (v,w) € E to a curve connecting the incident vertices v and w
without passing through any other vertex. A common point of two edges in a drawing that
is not an incident vertex is called a crossing. The crossing number cr(G) is defined to be
the minimum number of crossings in any drawing of G.

In their paper “Which Crossing Number Is It, Anyway?”, Pach and Téth define two
further possibilities on how to count the number of crossings in a graph (see [PT00]).

DEFINITION 2.1 Let G = (V, E) be a simple graph.

1. The pairwise crossing number of G, denoted with per(G), is the minimum number
of pairs of edges (e1,e2) € E X E, e # e3 such that e; and es determine at least
one crossing, over all drawings of G.

2. The odd-crossing number of G, denoted with ocr(G), is the minimum number of
pairs of edges (e1,e3) € E X E, e1 # eg such that e; and e cross an odd number
of times, over all drawings of G.

It is clear that ocr(G) < per(G) < cr(G), and we know that cr(G) cannot be arbitrarily
large if ocr(G) is bounded. More precisely we have that cr(G) < 2(ocr(G))?. Only after
some years, an example was conceived by Pelsmajer et al. [PSS06], showing that there in
fact exist graphs with ocr(G) # cr(G). Yet, it is still unknown whether per(G) = cr(G).

Another well-studied variant of the crossing minimization problem is the rectilinear cross-
ing number cry(G), which is defined to be the minimum number of crossings in any drawing
of a graph G where all edges are drawn as straight lines. Bienstock and Dean proved in
[BD93] that for graphs with crossing number at most three, the rectilinear crossing number
and the usual crossing number coincide. They could further show that there are graphs Gy,
such that cri(Gy) is arbitrarily large, even if cr(Gy) is only four.

As a generalization of the rectilinear crossing number, Bienstock introduced in [Bie91]
the concept of the t-polygonal crossing number.

DEFINITION 2.2 Let G = (V,E) be a graph. A ¢-polygonal drawing of G, for t > 1, is
a good drawing where every edge is drawn as a t-polygonal line, i.e., a polygonal line with
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at most ¢t segments. The t-polygonal crossing number cry(G) is defined as the minimum
number of crossings in any t-polygonal drawing of G.

A good drawing is a drawing that satisfies the following conditions:

1. no edge crosses itself
2. adjacent edges do not cross one another
3. non-adjacent edges cross each other at most once

Bienstock also showed that there cannot be a polynomial time algorithm for producing
optimal ¢-polygonal drawings of G unless P = NP and that there is no fixed ¢ such that
cr(G) = cr(G) for any graph G.

An even more restricted version of the crossing number problem is the linear crossing
number: We call a drawing of a graph a linear drawing if all vertices lie on a straight line
and edges are drawn as semicircles above and below this line. It is easy to see that the
crossing number resulting from this drawing style is an upper bound for cr(G). Surprisingly,
there is a further connection to the general crossing number problem, as was shown by
Nicholson [Nic68]. He proved that any drawing in the plane with a minimum number of
crossings can be converted into a linear drawing with an equivalent crossing structure such
that all vertices are placed on a horizontal line and edges are drawn as a series of semicircles
while successive semicircles lie on different sides of the horizontal line.

It is interesting to see that the complexity of the linear crossing number problem stays
the same, even if we fix the ordering of the vertices of V' (this is the so-called fized linear
crossing minimization problem). Masuda et al. proved in [MNKF90] that even this variant
is NP-complete.

2.2.1 Known Bounds

No matter which definition or variant of the crossing number problem is used, its solution
seems to be a difficult task. Even though crossing numbers have been investigated exten-
sively in the past, useful theoretical results are rather limited. One of the first major results
has been claimed in 1953 by Zarankiewicz (and, independently, by Urbanik) as a solution to
Turan’s brick factory problem, which in fact asks for the crossing number of the complete
bipartite graph K, ,.

er(Kna) = 51" 50 (conjecture) (21)

Over ten years later, an error in the induction argument of Zarankiewicz’s proof was
unveiled, which is still unremedied. Hence, the correctness of equation (2.1) is still un-
known. The conjecture is derived from the following drawing rule for complete bipartite
graphs K., , = (AU B, E): place the vertices in vertex set A at coordinates (i(—1)*,0)
for all i = 1,...,m and the vertices of vertex set B at coordinates (0,j(—1)7) for all
j=1,...,n. All edges are drawn as straight lines. Figure 2.2 shows a sample drawing
of K¢ with 36 crossings. Even though the correctness of equation (2.1) could never be
verified, the provided drawing rule gives us an upper bound Z(m,n) for cr(K,, ). Recently,
de Klerk et al. [KMP*06, KPS07] devised a method for computing asymptotic lower bounds
for cr(K,, ) based on semidefinite programming. They show that

lim EEma) 5 504 ™

n—oo Z(m,n) m—1"
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Figure 2.2 A drawing of K¢ with 36 crossings using Zarankiewicz’s rule.

Figure 2.3 A drawing of Kg with a minimum number of 18 crossings.

As for complete bipartite graphs, there is also a conjecture for the number of crossings
of the complete graph K,, with n vertices.

() = S22 (conjecture) (2.2

Constructions of corresponding drawings [GJJ68] show that also this conjecture yields an
upper bound Z(n) on cr(K,). For complete graphs on up to ten vertices, its correctness
has been verified by Guy [Guy72]. Pan and Richter [PRO7] have extended this verification
to K11 and Ki5. We show a sample drawing of Kg with a minimum number of 18 crossings
in Figure 2.3. For K,,, the best-known asymptotic lower bound is again due to de Klerk et
al. [KMP06]:

lim or(Kn)

noe Z(n)

> 0.83.

The crossing number of a graph G with n vertices cannot exceed the crossing number
of the complete graph K, hence Z(n) also marks an upper bound for general graphs.
Unfortunately, it is the only known upper bound. A simple lower bound can be obtained
from Euler’s formula. Since any planar simple connected graph G = (V, E) cannot have
more than 3|V| — 6 edges, clearly cr(G) > |E| — 3|V| + 6. If, in addition, G contains no
triangle, then cr(G) > |E| —2|V]| + 4.
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In 1983, Leighton used induction on the number of vertices to show the following theorem;
see [Lei83].

Theorem 2.1 Let G = (V, E) be a simple graph. If |E| > 4|V, we have

w

1 |E|
> — — .
cr(G) > 100 [V (2.3)

Ajtai et al. obtained the same result independently with a smaller constant of % in
[ACNS82]. One of the best-known results has been derived by Pach and Téth [PT97]. For
any simple graph G = (V, E), cr(G) satisfies

1 |E|3
G)> —— —= —09|V]. 2.4
or(G) 2 33.75 |V|? 09V (24)

Apart from bounds with respect to the number of vertices and edges, several approaches to
obtain tight lower bounds based on different graph properties can be found in the literature.

A simple example is the skewness sk(G) of a graph G. It is defined as the minimum
number of edges that must be removed from G in order to obtain a planar subgraph.
Clearly, the crossing number of a graph cannot be smaller than its skewness. Hence, we
have that

cr(G) > sk(G) . (2.5)

Cimikowski showed in [Cim92] that there is a family of graphs with skewness one, but
an arbitrarily high crossing number. An example is shown in Figure 2.4. Computing the
skewness is equivalent to the mazimum planar subgraph problem, which was shown to be
NP-hard by Liu and Geldmacher in [LG77] in general. For certain classes of graphs, i.e.,
complete and complete bipartite graphs, the skewness is known. We can derive it for
K,, from Euler’s formula and the observation that every maximal planar graph is also a
maximum planar subgraph of K,,. Hence, the skewness for complete graphs K, is given by

n(n —1)

sk(K,) = 5

— 3n + 6, (2.6)

and we can use similar arguments to derive the skewness for complete bipartite graphs as

sk(Kppn) =mn—2(m+n)+4. (2.7)

Figure 2.4 Construction of graphs with skewness one and arbitrarily high crossing num-
ber.
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Another bound can be obtained from the bisection width bw(G). For any disjoint partition
of the vertex set V into sets V; and Va, we denote the edges (v1,v2) with v1 € V7 and vy € V3
by E(V1,V2). The bisection width bw(G) is defined as follows:

bw(G) = min {|E(V1, Va)|}.
[Vil,| Ve >

More intuitively, the bisection width is the minimum number of edges that must be removed
from G in order to partition the graph into two separate components with nearly equal size.
The first known bound for the crossing number based on the bisection width goes back to
Leighton. He proved the following theorem [Lei84].

Theorem 2.2 For any graph G = (V, E) of bounded degree, we have
cr(G) + V] = Qbw(G)?) .

Pach, Shahrokhi, and Szegedy [PSS96] use the bisection width to show the following,
more general, result, which can be used to derive a lower bound for cr(G).

Theorem 2.3 Let G = (V, E) be a simple graph with |V| > 2 vertices, and let k > 1 be
an integer. If G has a drawing with at most k crossings, then

|B| < 3|V|(10log, [V])*2 .

A very similar parameter is the cutwidth cw(G). Let ¢ : V. — {1,2,...,|V]|} be an
injection. We define cw(G) as follows:

ew(G) = minmax |[{(u,v) € B ¢(u) < i < ¢(v)}].

As a graphical interpretation, consider an injection of the vertices to the horizontal line and
draw edges on one side of this line using semicircles. For each injection, we can “cut” the
horizontal line between a pair of consecutive vertices such that the number of edges between
each of the segments is maximized. The minimum value over all possible injections is the
cutwidth. So far, the following relations are known (see [DV02], [PSS96], [SV94]; here d(v)
denotes the set of neighbors of vertex v):

er(G) + %6 ; 16(v)]? > 41—0bw2(G), (2.8)
(G + 1 3 B0 2 eew?(G) (2.9)
veV

Unfortunately, the computation of both parameters bw(G) and cw(G) is NP-hard.

Both the bisection width and the cutwidth can be seen as a measure for the “non-
planarity” of a graph. This applies also to the thickness O(G), which is defined as the
minimum number of planar graphs whose union forms G. The only families of graphs
whose thickness is known are complete graphs, complete bipartite graphs, and hypercubes.
Mansfield proved in [Man83] that the determination of ©(G) is NP-hard in general. There
is a simple connection between thickness and crossing number:

O(G) <cr(G)+1

So far, all those bounds are only of limited use. Either their quality is poor or their
computation often exceeds practical limits. The investigation of tighter bounds could help
to improve practical applications and lead to more insight into the crossing minimization
problem.
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2.3 Complexity of Crossing Minimization

Crossing minimization is not only one of the most important problems arising in automatic
graph drawing, it is also one of the hardest. This is true both in practice and in theory:
until recently, not a single exact algorithm being able to solve instances of nontrivial size
had been devised. In fact, even for a graph as small and regular as K13, the minimal number
of crossings is still unknown. For a discussion of exact crossing minimization approaches,
see Section 2.4.

2.3.1 NP-hardness

On the theoretical side, it is a well-known fact that the general crossing minimization
problem is NP-hard. More precisely, consider the following crossing number problem:

Given a graph GG and a nonnegative integer K, decide whether there is a drawing
of G with at most K edge crossings.

In 1983, Garey and Johnson proved that this problem is NP-complete [GJ83]. In the
following, we reproduce their proof. It is based on a transformation of the NP-complete
optimal linear arrangement problem:

Given a graph G = (V, E) and a nonnegative integer K, decide whether there is
a one-to-one function f:V — {1,...,[V|} with }5, ) cp|f(v) — f(w)] < K.

The corresponding optimization problem is thus to order the vertices of G such that the
total length of edges is minimal, where the length of an edge is defined as the distance of
the two adjacent vertices in this ordering.

As an intermediate step in the proof, Garey and Johnson show the NP-completeness of
the bipartite version of the crossing number problem for multigraphs, the bipartite crossing
number problem:

Given a bipartite multigraph G = (V1, V5, E) and a nonnegative integer K,
decide whether there is a drawing of G inside the unit square such that all
vertices of V; lie on the northern boundary, all vertices of V5 lie on the southern
boundary, and the number of edge crossings is at most K.

In the following, we will call such drawings bipartite drawings for short. It is interesting
that, contrary to widespread belief, the NP-completeness of the bipartite crossing number
problem for simple graphs was long open—it was shown only very recently [Sch12].

Theorem 2.4 The crossing number problem is NP-complete.

It is easy to see that this problem is in NP: for every edge of G, one can guess all crossings
involving this edge, and their order along the edge. To answer the question whether such
a guessed crossing configuration is feasible, one can place dummy vertices on all chosen
crossings and test the resulting graph for planarity. Clearly, the result is positive if and
only if the given crossing configuration can be realized by some drawing of G.

The proof of completeness consists of several reduction steps and is split up into three
separate lemmas in the following.

LEMMA 2.1 The optimal linear arrangement problem can be reduced to the bipartite
crossing number problem in polynomial time.
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Proof: The rough idea of the reduction is as follows: every vertex is doubled and the
linear ordering is modeled on two parallel layers (the northern and southern boundary of
the unit square) at the same time, with edges leading from one layer to the other. By a
large number of artificial edges connecting corresponding pairs of vertices, the ordering is
forced to be the same on both layers. The distance between two adjacent vertices in the
linear ordering problem is then essentially proportional to the number of artificial edges
crossed.

More formally, the transformation is defined as follows: Let an instance for the optimal
linear arrangement problem be given, consisting of a graph G and an integer K, and as-
sume V = {v1,...,v,}. We then construct an instance G’ = (V1, Vs, E; U E3) and K’ of
the bipartite crossing number problem as follows:

i = {wli=1,...,n}

Vo = {w;|i=1,...,n}

E, = {|E)? copies of (u;,w;)|i=1,...,n}
By = {(us,w;)| (vi,v;) € E with i < j}
K' = |BK - |B)+|B? -1

This construction is obviously polynomial. We have to show that the graph G admits a
linear ordering with total edge length at most K if and only if the bipartite multigraph G’
admits a bipartite drawing with at most K’ crossings.

If a linear ordering f of G with total edge length at most K exists, we construct a
bipartite drawing as follows. We place vertex w; on position (f(v;)/(n + 1),1) and vertex
w; on position (f(v;)/(n+ 1),0). Furthermore, we draw all edges as straight lines; bundles
of parallel edges are drawn as nearly straight lines without mutual crossings; see Figure 2.5
for an example.

AN =

Figure 2.5 Reducing the optimal linear arrangement problem to the bipartite crossing
number problem. Bold grey lines represent bundles of |E|? edges each.

In the constructed drawing, no artificial edge from FE; will cross any other edge. More-
over, an edge (u;,w;) € Fy crosses exactly |f(v;) — f(v;)| — 1 bundles of |E|? edges each.
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Consequently, the total number of such crossings is

S BP(1fw) = fe)l = 1) = [BF Y (I/@) = fw)| = 1) < |BE(K - |E)) .

(ui7wj)€E2 (’Uﬂl))EE

The remaining crossings in the constructed drawing can only occur between pairs of edges
in E,, so that their total number is at most |E|?> — 1. Summing up, the total number of
edge crossings in our drawing is at most |E|*(K — |E|) + |E|? -1 = K'.

For showing the other direction, assume that a bipartite drawing of G’ with at most K’
crossings is given. Then define f(v;) as the position of vertex u; in the order of vertices on
the northern boundary of the unit square. We claim that the linear ordering f leads to a
total edge length of at most K. To see this, first observe that the order of vertices on both
boundaries must be the same, as otherwise two bundles of |E|? edges each would cross each
other, leading to |E|* > K’ crossings. Because of that, for each edge (v;,v;) with i < j, the
distance |f(v;) — f(v;)| is at most one more than the number of crossings of (u;, w;) with
any edge bundle, so that

Y f@) = fw) < B[+ K'/|EP = |E|+ (K - |E) + 1 - 1/|Ef <K +1.
(v,w)EE

As the left-hand side of this inequality is integer, it is at most K. ]

LEMMA 2.2 The bipartite crossing number problem can be reduced to the general
crossing number problem for multigraphs in polynomial time.

Proof: Let G = (V4,V2,E) and K be an instance of the bipartite crossing number
problem. We construct a multigraph G’ as follows: we add two vertices v and w to G.
Moreover, we connect u with all vertices of V; by K +1 edges each. Analogously, we connect
w with all vertices of Vo by K + 1 edges each. Finally, we add K + 1 edges connecting u
and w. Now we claim that G has a bipartite drawing with at most K crossings if and only
if G’ has a general drawing with at most K crossings.

The basic idea of this construction is that w.l.o.g. no bundle of K +1 edges will be crossed
by any other edge, and that by this the crossing minimal bipartite drawings of G correspond
to the crossing minimal general drawings of G’. In particular, it is clear that a bipartite
drawing of G with at most K crossings yields a drawing of G’ with at most K crossings by
placing the vertices u and w outside the unit square; see Figure 2.6.

For showing the other direction, a drawing of G’ with at most K crossings has to be
converted into a bipartite drawing of G with at most K crossings. For this, a sequence of
so-called normalization steps is applied in order to transform the original drawing of G’ into
one of the type of Figure 2.6 without increasing the number of edge crossings; deleting the
vertices u and w then yields the desired drawing of G. This part of the proof was the most
technical one in the original presentation; we give a simplified version here.

In the first normalization step, multiple crossings between one pair of edges and crossings
between edges incident to a common vertex are removed in the obvious way. In particular,
every bundle of K + 1 edges connecting the same pair of vertices now defines a sequence
of K regions in the drawing.

In a second step, one can obtain a drawing such that none of these bundle regions contains
any vertex of G’ or is crossed by any edge of G’. Indeed, for a fixed v € Vi, consider the
edge e connecting u and v that in the current drawing has the minimum number of crossings
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Figure 2.6 Reducing the bipartite crossing number problem to the general crossing num-
ber problem for multigraphs. Bold grey lines represent bundles of K + 1 edges each.

with other edges. Then one can reroute all edges (u,v), i.e., all edges parallel to e, along
the same route as e. This yields a new drawing of G’ with at most as many edge crossings
as before. Repeating this for every v € V; and analogously for w and every v € V5, we get
a drawing without vertices in the bundle regions. Now it follows that no edge can cross
any of these regions. The reason is that such an edge would have to cross all K + 1 edges
of a bundle, as no vertices are contained in the bundle regions and multiple crossings were
eliminated in the first normalization step.

Clearly, the drawing resulting from these two normalization steps is topologically equiv-
alent to one of the type displayed in Figure 2.6. O

LEMMA 2.3 The crossing number problem for multigraphs can be reduced to the cross-
ing number problem for simple graphs.

Proof: For the given multigraph, place an artificial vertex in the middle of every edge.
The result is a simple graph with the same crossing number as the original multigraph. O

In the above scheme, we observe that the graph for which deciding on the crossing number
is NP-hard requires two distinct vertices u and v of very high degree. One may think that
they are central to the construction. Yet, using a different reduction strategy from optimal
linear arrangement, Hlinény showed in [HIi06]:

Theorem 2.5 The crossing number problem remains NP-complete even when restricted
to cubic graphs, i.e., graphs where every vertex has degree 3.

Theorem 2.4 shows that the crossing number problem is NP-complete. In particular, the
crossing minimization problem is NP-hard, i.e., the problem of constructing a drawing of
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a given graph with a minimal number of edge crossings. Nevertheless, one might hope for
polynomial time algorithms at least for special classes of graphs, or for situations where the
class of allowed drawings is restricted.

However, no interesting special class of graphs is known for which crossing minimization
can be done in polynomial time. Exceptions are the classes of graphs for which a constant
bound ¢ on the number of crossings is given a priori, see Section 2.3.2, but this is a purely
theoretical result in that this bound is not at hand in general and the running time increases
heavily with the constant c.

The results also remain mostly negative if we restrict the set of feasible drawings by
additional conditions. For instance, the problem is still NP-hard (even for simple graphs)
if we require that

e the drawing is bipartite and the vertex order on one of the layers is fixed [EW94].

e all vertices have the same vertical coordinate and edges are drawn as semicircles.
This is the so-called linear crossing minimization problem [MKNF86]. This prob-
lem remains NP-hard even if the horizontal order of vertices is fixed [MNKF90].

e the vertices lie on the unit circle and edges are drawn as straight lines. This is
the circular crossing minimization problem [MKNF8T].

However, we would like to point out that practically the problem might become consider-
ably easier with the degrees of freedom for the drawing decreasing. To give an example, the
bipartite crossing minimization problem with one layer fixed is NP-hard but can be solved
quickly in practice [JM97]. By now, also reasonably sized general multi-layer crossing mini-
mization instances can be tackled effectively with integer linear and semidefinite programs;
see [CHIM11] for an overview.

2.3.2 Fixed Parameter Tractability

In the last section, we reproduced a proof by Garey and Johnson showing that it is NP-hard
to decide whether a given graph G can be drawn with at most K edge crossings. We can also
consider the situation where K is not given as part of the input but as a fixed parameter.
It is then easy to see that one can decide in polynomial time whether a drawing of G with
at most K crossings exists: broadly speaking, one could check all possible configurations
of the up to K crossings, replace the chosen crossings by dummy vertices, and check the
resulting graph for planarity. We can answer the original question affirmatively if and only
if we find any planar graph in this way.

Even if the above algorithm runs in polynomial time for fixed K, the obvious drawback is
the strong increase in running time for increasing K: if implemented in the straightforward
way, the runtime is O(|V| - |E[*£). For a long time, it was an open question whether the
problem is fized-parameter tractable, i.e., whether the problem can be solved in O(f(K) -
[V|¢) running time for some function f(K) that is independent from the instance and some
constant ¢ that is independent from K. This question was answered by Grohe in 2001
with ¢ = 2 [Gro01]. However, the running time of Grohe’s algorithm is O(22p(K)|V|2),
where p is a polynomial, and hence grows strongly with K. Thus, the relevance of this
algorithm is rather theoretical than practical. Kawarabayashi and Reed [KRO07] improved
on this result by giving a linear algorithm, i.e., ¢ = 1; yet f(K) remains too large for any
practical application.
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2.4 Exact Crossing Minimization

Exact methods to solve the crossing minimization problem constitute the youngest research
field we are discussing in this chapter. The development showcases various algorithm engi-
neering aspects of algorithm development, as its iterative improvements were always based
on the analysis of the bottlenecks of the earlier approaches. The first approach [BEJT05]
already lay the setting used in the subsequent developments: it relies on mathematical pro-
gramming in combination with branch-and-cut. Yet, its applicability was limited to very
small graphs. By introducing column generation schemes into the branch-and-cut frame-
work, its central ILP model, which we will describe in detail below, was later brought into
the realm of applicability [CGM09, BCET08] to some real-world graphs. The currently best
exact approach replaces a key concept (the so-called simple crossing number) of the first
formulation by integrating multiple linear-ordering problems instead [CMBO08]. This leads
to a mathematically more complex model but offers the advantage of fewer variables on the
one hand, and the possibility for even stronger column generation strategies, on the other
hand. Together with other developments like strong upper bounds (cf. Section 2.5), pre-
processing strategies like the non-planar core reduction [CG09], and efficient extraction of
multiple Kuratowski subdivisions (see below) at once [CMS08], we are now in the position
to compute the exact crossing number of sparse graphs with up to 100 vertices. Figure 2.4
gives an overview of the algorithmic progress over the last years, comparing the various
algorithms on the way to the currently most successful one. For a more detailed description
of all exact algorithms discussed in the following, see [Chi08].

A linear program (LP) is an optimization problem consisting of continuous variables,
a linear objective function, and linear constraints. The “father” of linear programming,
George B. Dantzig, proposed the following standard model:

maximize ¢! x

subject to Ax <b
x>0

where ¢ € R, A € R™*", and b € R™. The lincar function ¢'z : R® — R is called
the objective function and the inequalities in the system Ax < b are called constraints. A
vector Z that satisfies the system of inequalities Ax < b is called a feasible solution of the
LP. Moreover, & is called an optimal solution if ¢ & > ¢ 2’ for all feasible solutions z’.

Linear programs proved to provide a powerful tool for various optimization problems in
the past and extensive research led to efficient algorithms able to solve them in polynomial
time, e.g., the simplex [Chv83], the ellipsoid [GLS88], and the interior point method [RT97].
However, additional constraints that require some or all of the variables to be integer, render
the problem NP-complete in general [GJ79].

Anyway, (mized) integer linear programs are widely used to solve NP-hard combinato-
rial optimization problems in conjunction with polyhedral combinatorics, which aims at
describing combinatorial optimization problems as linear programs and solving these with
special-purpose methods. A key feature therefore is the possibility to alternatively describe
the convex hull of the feasible points and extreme rays of a problem by a system of linear
inequalities. For an introduction into this field, the interested reader is referred to [Pul89].

Before introducing the ideas of the ILP formulation presented in this section, we have to
mention Kuratowski’s theorem, which is one of the most important results in the field of
planarity testing providing a full characterization of planar graphs based on the complete
graph K5 and the complete bipartite graph Ks 3.
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Figure 2.7 Success ratio (i.e., percentage of instances solved to provable optimality) in de-
pendency to the graphs’ size (number of vertices). Benchmark set: Rome library [DGLT97],
see also Section 2.5. Different lines give different development steps of the algorithms; each

instance was given 30 minutes of computation time unless specified otherwise.

S is the

first implementation of [BEJT05], S+ a more efficient reimplementation of the same al-
gorithm. SA and SC denote the subdivision-based algorithms as considered in [CGMO09],
with algebraic pricing and the combinatorial column generation scheme, respectively. Fi-
nally, SC+ and OC denote the latest implementations of the subdivision-based and the
ordering-based ILPs, respectively, with combinatorial column generation and all further
described improvements, as presented in [CMBOS].
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Theorem 2.6 A finite graph is planar if and only if it contains no subgraph that is a
subdivision of K5 or Ks 3.

We can obtain a subdivision S of a graph G by repeatedly replacing edges e by a path
of length two. As a consequence of Theorem 2.6, at least two edges belonging to each
Kuratowski subdivision have to cross. Based on this observation, we can try to address
the crossing minimization problem using mathematical programming in the following way:
we introduce a zero-one decision variable x. ¢ for each pair of edges (e, f) € E x E that
encode the crossings in an associated drawing: edges e and f cross each other if and only
if £, ¢ = 1. For each subdivision of K5 or K33, we can add constraints that force at least
one of the involved variables to one.

Mutzel and Jiinger [MJO01] pointed out the problems with this formulation. To our knowl-
edge, there is no known polynomial time separation algorithm to identify the constraints of
this type that are violated by a given fractional solution. Moreover, those constraints are
not strong enough since it is not guaranteed that there is a realizing drawing if at least one
of the involved crossing variables is one in every Kuratowski subdivision. Another severe
problem of this formulation is the NP-hardness of the realizability problem [Kra91]:

E
Given a vector z € {0, 1}(2), does there exist a drawing consistent with x?

In order to efficiently answer this question, we also need to know the order of the edge
crossings for a particular edge e. This additional information can be exploited by the intro-
duction of a dummy vertex for each crossing and the application of a linear-time planarity
testing algorithm to test the existence of a realizing drawing in polynomial time. Despite
all these drawbacks, it is interesting that under certain conditions the above-described con-
straints, as well as similar ones, in fact constitute facets of the polytope defined by the
convex hull of the feasible solutions [Chill].

2.4.1 Subdivision-Based Formulation

One way to work around the realizability problem is the reduction to simple drawings. We
call a drawing simple if each edge crosses at most one other edge. As for planar graphs, we
can find a bound for the maximum number of edges of graphs that admit a simple drawing.
More precisely, Pach and Té6th show the following theorem [PT97]:

Theorem 2.7 Let G = (V, E) be a simple graph drawn in the plane so that every edge is
crossed by at most k others. If 0 < k < 4, then we have

IE| < (k+3)(|[V]-2). (2.10)

They could further prove that this bound cannot be improved for 0 < k < 2 and that for
any k > 1 the following inequality holds:

|E| < V16.875k|V| ~ 4.108Vk|V| . (2.11)

Furthermore, Bodlaender and Grigoriev prove in [BG04] that it is NP-complete to determine
whether there is a simple drawing for a given graph G. If there is such a drawing, we denote
the minimum number of crossings among all simple drawings of G by crs(G).

It is easy to see that cr(G) < crs(G). We cannot state equality because there are graphs
G such that crs(G) > cr(G). Consider the sample graph in Figure 2.8. The left drawing
shows an optimal drawing with two crossings while the right drawing shows an optimal
drawing among all simple drawings with three crossings.
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Figure 2.8 An optimal drawing of a graph with two crossings (left) and an optimal simple
drawing of the same graph with three crossings (right). Both drawings were produced with
the exact algorithm presented in this section.

o

: dl dZ dl—Z dl] :

Figure 2.9 Edges are replaced with a path of length ¢ by inserting £ — 1 dummy vertices.

Given an integer ¢ and a graph G = (V, E) such that ¢ > |E|, we can create a graph
G* = (V*, E*) by replacing every edge e € E with a path of length ¢. Figure 2.9 shows
an example that illustrates this transformation. The graph G* contains a total number of
[V| + (¢ — 1)|E| vertices and ¢|E| edges.

It is easy to show that G can be drawn with n crossings if and only if there is a simple
drawing of G* with n crossings. Therefore, it is “sufficient” to solve the crossing min-
imization problem restricted to simple drawings in order to solve the “general” crossing
minimization problem. Since the transformation obviously can be done in polynomial time,
the NP-completeness of the corresponding decision problem for simple drawings follows im-
mediately from the proof by Garey and Johnson; see Section 2.3. Since an edge e = (u,v)
never crosses itself or an adjacent edge in an optimal drawing it is sufficient to replace e
with a path of length |E| — |0(u)| — |d(v)] — 1.

Let G = (V, E) be a graph and let D C E x E be a set of unordered pairs of edges. We
call D realizable if there is a drawing of G such that there is a crossing between edges e and
f if and only if (e, f) € D. Furthermore, D is called simple if for every e € F there is at
most one f € E such that (e, f) € D.
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For every graph G and every simple D, Gp denotes the graph that is obtained by in-
troducing a dummy vertex d. ; for each pair of edges (e, f) € D: in other words, de s is
the unique vertex when identifying the two vertices arising from subdividing both e and f.
Note that Gp is only well defined if D is simple. For both edges e; and es resulting from
splitting e, we set é; = é3 = e, analogously for f. Given a subgraph H = (V' E’) C Gp,
we denote with H C F the subset of original edges of G involved in the subgraph H of Gp,
ie., H=1{é|eec E'} CE. In the following, H will usually be a Kuratowski subdivision.
We call the path corresponding to a single edge of the underlying K5 or K3 3 a Kuratowsk:
path. By H'2 ¢ H? we will then denote the edge pairs (e, f) where e and f belong to
different, nonadjacent Kuratowski paths. Hence, these are the only edge pairs that may
actually form a crossing meaningful to the Kuratowski subdivision H.

COROLLARY 2.1 Let D be simple. Then D is realizable if and only if Gp is planar.

Using a linear-time planarity testing algorithm, we can test in time O(|V| + |D|) whether
D is realizable, and compute a realizing drawing if so.

DEFINITION 2.3 For a set of pairs of edges D C E x E, we define

Tef = 0 otherwise.

PROPOSITION 2.1 Let D be simple and realizable. For an arbitrary set of pairs of
edges D' C Ex E of G = (V, E) and any subdivision H of K5 or K33 in Gp/ the following
inequality holds:

Com: Yy, ah=1- > (1-z). (2.12)

(e,f)eHI2I\D’ (e,f)€EHRIND!

Proof: Suppose inequality (2.12) is violated. Since every IEQ 5 € {0,1}, the left-hand side
of the inequality must be zero and the right-hand side must be one, which means that

zl; 0 forall (e, f) € HZ\ D', and
zl; 1 forall (e,f) e HA N D' .

It follows from the definition of 2P that H2 N D’ = H2 N D, in other words, Gp agrees
to Gpr on the subgraph induced by H, so that H is also a forbidden subgraph in Gp, i.e.,
a subdivision of K5 or K3 3. It follows from Kuratowski’s Theorem that G'p is not planar.
This contradicts the realizability of D by Corollary 2.1. O

Theorem 2.8 Let G=(V,E) be a simple graph. A set of pairs of edges D C E x E is
simple and realizable if and only if the following set of conditions holds:

nge{o,l} Ve feE e#f
Yieptli <1 VeckE
Cp.i for every simple D' C E x E
and every forbidden subgraph H in Gps
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Proof: It is easy to see that the constraints from the second row are satisfied if and only
if D is simple. It remains to show that a simple D is realizable if and only if the conditions
Cpr g from the last row hold. For a realizable D, every Cp/ g is satisfied according to
Proposition 2.1.

We have to show that any set of pairs of edges D that is not realizable violates at least
one of the constraints Cp g. It follows from Corollary 2.1 that Gp is not planar if D is
not realizable and we know from Theorem 2.6 that there exists a subdivision H of K5 or
K33 in Gp. Let D' = D and consider the constraint Cp p:

Com: >, zh>1- > (-2 (2.13)

(e,f)eHEIN\D (e,f)eHIZIND

It follows from the definition of 2” that every xg F € H \ D is zero, hence the left-hand
side of inequality (2.13) is also zero. Since HZIND C D we also know that e pyermnp(l—
xgc) is zero and the right-hand side of Cp g is one. Thus, Cp g is violated. O

Since we can compute a corresponding drawing for a simple and realizable D in polynomial
time, we can reformulate the crossing minimization problem for simple drawings as

Given a graph G = (V, E), find a simple realizable subset D C E x E of minimum
cardinality.

This leads to the following ILP-Formulation. We use z(F') as an abbreviation for the term
Z(e,f)EF Le,f-

minimize z(E x E)
subject to

ZfeExe,fgl Vec FE

c(HPI\ D) —2(HA N D) >1—|HZ ND'| for every simple D' and every
forbidden subgraph H in Gp/

zer €{0,1} Ve feFE

Given a simple set of crossings D we can easily check if D is realizable by applying a
planarity testing algorithm to Gp. If the answer is “no” we also get a forbidden subdivision
H of Gp and we can separate an additional constraint Cp p according to the proof of
Theorem 2.8 that excludes D.

2.4.2 Ordering-Based Formulation

The above subdivision-based formulation requires up to €(|E|?) variables, as every edge
may have to be subdivided into Q(] E|) segments. The currently best-performing ILP model
avoids this subdivision and instead considers linear ordering problems on each edge. Recall
that the reason for the graph extension was to be able to model the order of the crossings,
in order to obtain a tractable realizability problem. The ordering-based ILP formulation
achieves this by explicitly computing an ordering of the edge crossings.

Consider an arbitrary, fixed orientation of the given graph G, i.e., for each undirected
edge we decide on one of the two possible directions. As in the original (problematic)
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approach, we introduce Q(|E|?) many binary variables z. r, one for each edge pair e, f,
which should be 1 if the two indexed edges cross. The objective function is simply the
sum over all these variables. We then introduce binary variables y. 7, € {0,1} for all edge
triples e, f,g. This results in only Q(|E|®) additional variables. A variable y. r, should be
1 if and only if the edge e is crossed by both edges f and g, and the crossing with f occurs
prior to the crossing with g, w.r.t. the fixed edge orientation. Conceptually, the variables
Ye,.,-, Wwhen properly bound to their corresponding x variables, then form the variables of
a linear-ordering problem with the additional property that some elements need not to be
ordered at all. We can achieve this via

Te,f 2 Ye,fog
Te,g 2 Ye,f.g
L4 YefigtYegf = TeftTeg
Ye,f,g + Ye,g,f < 1
Ye,f,g T Ye,g.h T Ye,n,f < 2

over the suitable edge indices. The first two constraints guarantee that the x variables
(counting the crossing in the objective function) are set whenever a corresponding y variable
is set. The third constraint ensures that whenever there are two crossings occurring on the
same edge (here: on e), their relative order has to be specified. Then, we have to ensure
in the fourth constraint that this order is unique. The last constraint, known as a 3-cycle
constraint, ensures that the order given by the y variables is in fact a linear, i.e., acyclic,
order.

Using this setup it remains to introduce Kuratowski constraints much like the ones de-
scribed for the subdivision-based formulation. Recall that D’ in the subdivision-based
formulation described a simple set of edge crossings. Similarly, we now consider a (tech-
nically more involved) crossing shadow (X,)) instead. It can be thought of as a minimal
description of a not-necessarily realizable crossing situation. Le., X' () lists = variables (y
variables, respectively) that should be set. The “minimality” of this description is achieved
by avoiding to list an x variable if a corresponding y variable in ) already induces that it
has to be set. Similarly, we use the transitivity property of a linear ordering, and, e.g., do
not include the variable ye rn if Ye f.g and ye 4.p are already in Y. For a concise definition,
we refer the reader to [CMBO08]. Considering all possible crossing shadows (X,Y) and all
thereby induced Kuratowski subdivisions H, we can require:

e(HP)=1- ) (1-a) = (1-y)

r’'eX y' ey

2.4.3 Branch-and-Cut-and-Prize

For a practical implementation, we can omit variables in some cases. The graph GG can be
split up into its blocks first, which can be solved separately. The crossing number of G is
equal to the sum of the crossing numbers of its blocks. Furthermore, it is easy to show
that adjacent edges do not cross in an optimal drawing and no edge crosses itself, i.e., we
can restrict ourselves to good drawings. Furthermore, we may apply more sophisticated
preprocessing strategies like the non-planar core reduction [CG09], which further shrinks
the graph based on its triconnectivity structure. Thereby, it may be necessary to introduce
integer weights w : E — N on the edges. A crossing between the edges e and f should
then be counted as w(e) - w(f), which is easily achievable in both above ILP formulations
by using these products as the coefficient for the respective x variables.
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L := {initial problem} {L denotes the list of unsolved problems}
repeat

Choose a subproblem II € L and set L := L\ {IT}

repeat

Let & be an optimal solution for the linear relaxation of II
if Z is not feasible for IT then
Separate violated inequalities and add them to the LP
end if
until no more violated inequalities can be found
if no feasible solution for II could be found then
Split II into subproblems and add them to L
end if
until L = ()
Print the best found feasible solution

Figure 2.10 An overview of the branch-and-cut approach.

Because of the exponential number of constraints, we cannot create them in advance and
solve the ILP in a single step. A well-suited method for this class of ILPs is the branch-
and-cut approach. The basic structure of a branch-and-cut based algorithm is outlined in
Figure 2.10. The referred linear relaxation of Il can be easily obtained by dropping the
integrality constraints, i.e., variables are allowed to be fractional.

In the case of zero-one integer linear programs, the set of unsolved subproblems L is
organized as a binary tree, called the branch-and-bound tree. Each subproblem corresponds
to a node in the tree and the list of unsolved problems L is represented by its leaves. If we
need to split a problem II into subproblems, we choose a fractional branching variable and
create two new subproblems by setting the branching variable to zero and one, respectively.

Whenever we split a problem into two subproblems by setting the branching variable to
zero and one, respectively, we can compute a local lower bound. This is the best value
for the objective function that can be obtained subject to the assignments of values for the
branching variables up to the root node. If this value is greater than the global upper bound,
we can discard all descendants of the current subproblem since they can never improve the
current feasible solution.

A severe problem of this approach is the separation problem: “Given a class of valid
inequalities and a vector z € R"™, either prove that z satisfies all inequalities in the class,
or find an inequality which is violated by z.” Although we can easily separate violated
inequalities for integral solution vectors according to the proof of Theorem 2.8, the problem
becomes severe within the branch-and-cut framework since we have to deal with fractional
values.

This problem can be solved heuristically by rounding variables to either zero or one,
but one cannot guarantee that there is no violated inequality if the graph realizing the
crossing D or (X,)) is planar. In this case, we have to select a branching variable and
split the current problem into two subproblems by setting the branching variable to 0 and
1, respectively.

The major bottleneck when following this approach then remains the large number of
variables, rendering both approaches useless as such. Yet the concept of column generation
turns out to allow drastic speed-ups of the algorithms. Conceptually, and somewhat similar
to the separation approach, we start with a small subset of the variables. After solving the
LP relaxation, we not only have to solve the separation problem (“is our solution too good
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because some constraints are missing?”), but also the pricing problem: “Is our solution too
bad because some variables are missing?” Observe the difference in the obtained bounds
when constraints or variables are missing, which, in general, leads to weaker bounding
strategies than applicable to pure branch-and-cut approaches.

Following the traditional approach based on the Dantzig-Wolfe decomposition [DW60],
we can solve the pricing problem in a purely algebraic way by computing the reduced costs
of the variables not already in the model and adding them based on their sign. It turns out
that this approach, denoted by algebraic pricing, already speeds up the computation, but
we can do much better.

In a combinatorial column generation scheme, we refrain from computing reduced costs,
but try to incorporate our problem-specific knowledge to obtain more efficient strategies. In
particular, our special-purpose generation schemes allow us to overcome the aforementioned
bounding problem, and retain the fact that the LP-relaxation always gives a lower bound
to the problem, even when constraints and variables are missing.

We start with the observation that in most practical applications, most of the edges
will not be crossed at all or are only involved in one crossing. On these edges, we do not
have any ambiguity with the order of crossings, and the realizability problem is easy. The
central idea for the combinatorial column generation scheme for both formulations can be
roughly described as such: we start without any special constructions to avoid crossing-
order ambiguities, i.e., we do not subdivide the edges for the subdivision-based formulation
and do not introduce any y variables for the ordering-based formulation. Recall that the
crossing order only becomes crucial when considering Kuratowski constraints; these are only
generated via separation on a rounded solution. So, we use the branch-and-cut framework
as outlined above. Whenever the separation routine considers a rounded solution where
two or more edges cross the same edge, and their order is hence ambiguous, we introduce
the necessary variables and constraints from the original model which are necessary to
decide this order. Then, the LP relaxation is recomputed. We refrain from discussing
the relatively technical details of which variables or subdivisions are necessary, and refer
to [CGMO09] and [CMBO0S] for the two formulations instead. The interesting part is that
adding variables in such a way will never decrease the objective function.

Overall, the currently most efficient approach from the practical point of view is the
ordering-based formulation, together with its combinatorial column generation scheme, the
aforementioned preprocessing strategies and upper bounds obtained via the strong pla-
narization heuristic that we will discuss in the following section. Furthermore, the separa-
tion routine is improved by not looking for single Kuratowski subdivisions in the rounded
solution, but by applying an algorithm that obtains several such subdivisions in one pass
requiring only linear time in input and output size [CMS08, CMSO07]. This allows to solve
sparse real-world graphs with up to 100 vertices to provable optimality within reasonable
time bounds on average hardware; cf. Figure 2.4. Yet the subdivision-based formulation
allows extensions to other crossing number concepts where a pair of edges crosses multiple
times, e.g., the simultaneous crossing number [CJS08].

2.5 The Planarization Method

2.5.1 Overview

The most prominent and practically successful method for solving the crossing minimiza-
tion problem heuristically is the planarization approach. This approach was introduced by
Batini, Talamo, and Tamassia in [BTT84] and can be viewed as a general framework that
addresses the problem with a two-step strategy. Each step aims at solving a particular
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optimization problem for which various solution methods are possible. Let G = (V| E) be
the graph for which we want to find a crossing minimal drawing. Then, the two steps to be
executed are:

1. Compute a planar subgraph P = (V, E,) of G. The objective is to have as many
edges in P as possible.

2. Reinsert the edges not contained in the planar subgraph, i.e., insert the edges in
E\ E, into P. During this edge insertion process, edge crossings that occur when
inserting an edge are replaced by dummy vertices with degree four, so that the
graph remains planar. The objective is to keep the number of dummy vertices
(and thus the number of crossings in the final drawing) as small as possible.

Figure 2.11 shows an example with the different stages of the approach. In this case, the
planar subgraph contains all but one edge (edge (2,5) is missing) and the final drawing of
G has only a single crossing.

The outcome of the planarization procedure is a planar graph G, = (V U Vg, E,) such
that every planar drawing of G, implies a drawing of G with at most |V;| crossings. Hence,
we also say that G, is a planarized representation of G with (at most) |Vy| crossings. We
can obtain such a drawing of G as follows. First, we compute an embedding of G),. Then,
we have to distinguish two situations for each dummy vertex v € V; (see Figure 2.12). If
the corresponding edges of G, say, e and €', cross each other, then v in fact represents a
crossing between e and ¢’ in the drawing of G. Otherwise, ¢ and €’ just touch and we can
save a crossing.

The two optimization problems we have to solve in the planarization approach are the
mazimum planar subgraph problem (MPSP) and the edge insertion problem (EIP). Both
problems are NP-hard and are usually solved in practice by applying heuristic approaches.
One reason for that is that even an optimal solution of MPSP in the first step and of EIP in
the second step does not yield a crossing minimal solution in general. We show an example

(c) Planarized representation G, of G. (d) Final drawing of G.

Figure 2.11 A sample application of the planarization method.
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Figure 2.12 (a) The edges e and €’ cross at dummy vertex v; (b) e and €’ just touch at v.
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Figure 2.13 A wall with width 8.

(see [GMWO05]) where the maximum planar subgraph contains all but one edge, but even an
optimal solution of the edge insertion problem results in arbitrary many crossings, whereas
a crossing minimal drawing has only two crossings.

We define a wall graph as follows. A wall with width k consists of the vertices x, y, 21, . . ., 2k,
the edges (z;,2;41) for 1 < i < k, and the edges (z, z;) and (y, z;) for 1 < i < k; see Fig-
ure 2.13 for an example of a wall with width 8. The vertices x and y are called the poles of
the wall. A wall with width greater than 2 is a triconnected planar graph.

For an even number m > 2, the graph G, is constructed in the following way; compare
Figure 2.14(a). We start with a ring of walls W1, ..., Wgs with width m + 1, where the poles
of adjacent walls in the ring are identified. We denote the pole vertices with w1, ..., wg such
that the poles of Wy are w; and ws, and so forth. For each wall W}, the other two vertices
on the boundary are denoted with u} and uS; see Figure 2.14(a). Moreover, the edges

J
e1 = (u$,w3), ea = (u§,ws), ez = (ub,uf), and eq = (u},u}) are added, m/2 vertices are
inserted by splitting edge (uf,w,) and m/2 vertices are inserted by splitting edge (wy,u?),
and every created split vertex is connected with vertex wy by an edge hj, 1 < j < m. We
want to insert edge (v, ve) with vy := u} and vy := u}, and we call the graph after addition
of this edge G,.

By construction, G,, is triconnected and planar. In particular, G,, has only two embed-
dings which are mirror images of each other. It is easy to see that an optimal insertion
of edge (v1,v2) crosses m edges, namely, hq,...,h,, since passing through a wall would
require at least m + 1 crossings. On the other hand, there is a drawing of G}, with only 2
crossings as shown in Figure 2.14(b). Here, only the two crossings e; with es and es with
e4 occur, independent of the choice of m.

In summary, this construction shows that the planarization approach may yield arbi-
trarily bad solutions even if both steps are solved optimally. On the other hand, practical
experience has shown that it leads to excellent results in many applications even if each
step is only solved heuristically. In the sequel, we address the two optimization problems—
finding a planar subgraph and reinserting a set of edges—in detail, and discuss various
solution methods.
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Figure 2.14 (a) The graph G,,; each shaded region represents a wall with width m + 1.
The dashed edge (ut,u}) is the edge to be inserted. (b) A drawing of the graph G/, with
only two crossings.

2.5.2 Planar Subgraphs

In many practical applications, we expect that a graph G = (V, E) can be made planar by
removing only a few edges. Therefore, it is reasonable to use a planar subgraph with as
many edges as possible as a starting point for crossing minimization. A maximum planar
subgraph of G is a planar subgraph with the maximum number of edges among all planar
subgraphs of G. If, in addition, a weight w, is given for each edge of G, a mazimum weight
planar subgraph is a planar subgraph P = (V| E’) of G such that the sum of all edge weights
> ecr We of P is maximum. Hence, a maximum planar subgraph is a special case of the
weighted version with w, = 1 for every edge e € G. In both the weighted and the unweighted
case, the problem of finding such a subgraph is NP-complete as shown in [LG77, GJ79].

Jinger and Mutzel [JM96] presented a branch-and-cut algorithm for finding a maximum
weight planar subgraph. An overview of the branch-and-cut approach can be found in
Section 2.4.

Let Pg be the set of all planar edge-induced subgraphs of G. For each planar subgraph
P = (V,F) € Pg, we define its incidence vector x© € R¥ by setting xI = 1 if e € F and
XL = 0if e ¢ F. This yields a 1-1-correspondence of the planar subgraphs with certain
{0, 1}-vectors in R¥. The planar subgraph polytope PLS(G) of G is defined as the convex
hull over all incidence vectors of planar subgraphs of G:

PLS(G) := conv{x’ e RF | P € Ps} .

Let w € RF be a vector assigning a weight to each edge. The problem of finding a maximum
weight planar subgraph can thus be written as the linear program

max{w'z | 2 € PLS(G)},

since the vertices of the polytope PLS(G) are exactly the incidence vectors of the planar
subgraphs of G. In order to apply linear programming techniques, PLS(G) has to be
represented as the solution of an inequality system. Because of the NP-hardness of the
problem, we cannot expect to find a full description of PLS(G). Jiinger and Mutzel show
several facet-defining inequalities of the polytope, including Kuratowski inequalities, which
are based on the fact that a planar graph contains no subdivision of K5 and K3 3, and Euler
inequalities, which are based on the maximal number of edges in a planar graph given by
Euler’s formula. Further facet-defining inequalities can be found in [JM96].
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Require: graph G = (V, E)
Ensure: maximal planar subgraph P of G

P := a spanning tree of G
F:=FE\E(P)
for all e € F' do
if PUe is planar then
P:=PUe
end if
end for

Figure 2.15 A simple algorithm for computing a maximal planar subgraph.

Using these inequalities, a branch-and-cut algorithm can be derived that adopts the
planarity testing algorithm by Hopcroft and Tarjan [HT74] for cutting plane generation
and as lower-bound heuristic. Computational results show that the algorithm is able to
provide a provably optimal solution quite fast if the number of edges to be deleted is small.
However, the method is quite complicated to understand and to implement. Moreover, if
the number of deleted edges exceeds 10, the algorithm usually needs far too long to be
acceptable for practical computation.

Since finding a maximum planar subgraph is hard, the problem of finding just a maximal
planar subgraph has received much attention. A mazimal planar subgraph of G = (V, E) is
a planar subgraph P = (V, E \ F) of G such that adding any edge of F' to P destroys the
planarity, i.e., P U e is not planar for every e € F.

A widely used standard heuristic for finding a maximal planar subgraph is to start with
a spanning tree of GG, and to iteratively try to add the remaining edges one by one; see
Figure 2.15. In every step, a planarity testing algorithm is called for the obtained graph.
If the addition of an edge would lead to a nonplanar graph, then the edge is disregarded;
otherwise, the edge is added permanently to the planar graph obtained so far. After |F|
planarity tests, we obtain a maximal planar subgraph P of G. Planarity can be tested
in linear time; see Chapter 1, or [HT74, BL76, BM04]. Hence, the running time of the
procedure is O((1 + |F|)(|]V| + |E|)).

This incremental approach can be made more efficient by using incremental planarity
testing algorithms. Di Battista and Tamassia [DT96] presented an algorithm that tests in
O(log |V|) time if an edge can be added while preserving planarity, and that performs the
required updates of the data structure when adding an edge in O(log |V|) amortized time.
The algorithm uses the data structures BC-tree and SPQR-tree equipped with efficient,
dynamic update operations. A BC-tree represents the block-cutvertex tree of a connected
graph G which consists of the interrelation of the blocks (B-nodes) and cutvertices (C-nodes)
of G. Tt has an edge (¢, B) if ¢ is a cutvertex of G contained in block B. SPQR-trees have
been introduced by Di Battista and Tamassia in [DT89]. They represent the decomposition
of a biconnected graph into its triconnected components, which essentially consists of serial
(expressed by S-nodes), parallel (P-nodes), and simple, triconnected structures (R-nodes).
Additionally, Q-nodes represent the original edges of G. The specific structures of tree
nodes are given by skeleton graphs that are associated with each node. Using these data
structures, a maximal planar subgraph can be found in O(|E|log|V]) time. SPQR-trees
are also useful in a static environment for the representation of all planar embeddings of
a graph. The static data structure can be built in linear time [HT73, GMO01] using an
algorithm for dividing a graph into its triconnected components.
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The running time for incremental planarity testing has been improved by La Poutré [La 94]
to O(a(|E|,|V])) amortized time per query and update operation. This yields an almost
linear time algorithm for the maximal planar subgraph problem that runs in O(|V| + |E| -
a(|E|,|V])) time. Here, a(z,y) denotes the inverse Ackermann function, which means that
a(z,y) is a function that grows extremely slowly. A linear time algorithm for finding a max-
imal planar subgraph is given by Djidjev [Dji95]. This algorithm uses BC- and SPQR-trees
and applies a fast data structure for online planarity testing in triconnected graphs.

Jayakumar et al. [JTS89, JLM98] proposed a method for computing a planar subgraph
that is based on PQ-trees. The PQ-tree data structure has been developed by Booth and
Lueker [BL76] for solving the problem of finding permissible permutations of a set U. The
permissible permutations are those in which certain subsets S C U occur as consecutive
subsequences. Drawbacks of this planar subgraph algorithm are that it cannot guarantee
to find a maximal planar subgraph, and that the theoretical worst-case running time is
O(|V|?). However, in practice it is usually very fast and the quality of the results can
be improved by introducing random events and calling the algorithm several times. The
algorithm starts by computing an st-numbering of G, which determines the order in which
the vertices are processed. A simple but useful randomization is to choose a random edge
(s,t) for each run.

The trivial approach for finding a planar subgraph consists of computing a spanning tree.
If G is a graph with n vertices and ¢ components, then this approach has an approximation
factor of z7=¢- > % for MPSP, since a spanning tree of G contains n — ¢ edges, and a
planar graph with ¢ components has at most 3n — 6¢ edges by Euler’s formula. Surpris-
ingly, we cannot guarantee a better approximation factor than that of the spanning tree
approach if we demand that the computed subgraph must be maximal planar; see [DFF85].
Calinescu et al. [CFFK98] present an algorithm with approximation factor 4/9 that runs
in O(m3/2nlog6 n) time, where m is the number of edges of G. For the maximum weight
planar subgraph problem, the simple approach is to compute a maximum weight spanning
tree, which gives an approximation factor of 1/3, and the best algorithm [CFKZ03] achieves
an approximation factor of 1/3 +1/72.

2.5.3 Edge Insertion

The planar subgraph P computed in the first step of the planarization approach is a good
starting point for finding a planarized representation G, of G with few crossings. In practice,
we expect that only a small number of edges has to be inserted into P in order to obtain
Gp. However, the edge insertion step fixes the crossings in the final drawing, and the choice
of the edge insertion technique may have a significant impact on the quality of the final
solution. Ziegler and Mutzel [MZ99, Zie00] have shown that even a restricted variant of
the edge insertion problem is NP-hard: The constrained crossing minimization problem
(CCMP) asks for the minimum number of crossings required for inserting a set of edges into
a fixed embedding. They also present a branch-and-cut algorithm to solve CCMP. However,
experiments show that it can only solve instances to provable optimality if there are less
than 10 edges to be inserted.

Gutwenger [GM04, Gut10] has conducted an extensive study on crossing minimization
heuristics, including different methods for edge insertion. Figure 2.16 shows the general
framework for edge insertion used in this study. It contains three essential parts leaving
room for enhancement:

Single edge insertion: The edges are inserted into the planarized representation in-
dividually one after the other. The simple approach for inserting a single edge e
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Require: planar subgraph P = (V, Ep) of G = (V, E)
Ensure: planarized representation Gy of G

Let E\Ep:{el,...,ek}

best := oo

for i := 1 to nPermutations do
Let o be a randomly chosen permutation of {1,...,k}
G,:=P

for j:=1to k do
Insert edge e, ;) into Gy
end for

Determine a set R C E of edges for which postprocessing shall be applied

repeat
for all e € R do
Remove edge e from G,
Insert edge e into G,
end for
until number of crossings in G, has not decreased

current := number of crossings in G,
if current < best then

G, = Gy; best := current
end if

end for

Figure 2.16 Edge insertion with postprocessing and permutation.

is to fix an embedding II of G, and to insert e into I1I. However, the choice of II
may have a considerable influence on the number of edges that e has to cross. A
more sophisticated algorithm introduced by Gutwenger et al. [GMWO05] is able
to insert e with the minimum number of crossings among all embeddings of G,,.

Postprocessing: After all edges have been inserted, a simple postprocessing technique

tries to improve the current solution. It determines a set of edges R which have
one or more crossings and repeatedly tries to find a better insertion path for each
of them by removing an edge from G, and inserting it again. Variants for the
choice of R include all edges, only the edges ei,...,eg, or some portion of the
edges with the most crossings (see [Gut10] for more details).

An alternative approach combines the edge insertion with the postprocessing.
Instead of performing the remove-reinsert strategy after all edges have been in-
serted, we can perform this strategy after each edge insertion. The idea behind
this variation is to keep the number of crossings low as early as possible. We call
this strategy incremental postprocessing.

Permutation: The order in which the edges ey, ..., e, are processed also affects the

final number of crossings. Calling the complete edge insertion process several
times with different, randomly chosen permutations of the edge list eq,..., e
may significantly improve the solution. The parameter nPermutations in the
algorithm determines the number of permutation rounds.
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Apart from the choice of some parameters like the number of permutation rounds or
the selection of the edges for postprocessing, the challenging part of the algorithm is the
insertion of a single edge. We consider the two variants—insertion with fized and with
variable embedding—in more detail.

Fixed Embedding. Suppose, we want to insert edge e = (v,w) into the planar graph G,,.
Let II be a fixed embedding of G,,. We construct the extended dual graph G* of II with
respect to e as follows. The vertices of G* are the faces of II plus two new vertices v* and
w* representing v and w. For each edge €’ in Gy, we have an edge in G* connecting the two
faces separated by €’ (if €’ is a bridge, we have a self-loop in G,). Additionally, we have an
edge (v*, f,) for each face f, adjacent to v, and (w*, f,,) for each face f,, adjacent to w.

We observe that inserting e into II corresponds to finding an (undirected) path from v*
to w* in G*. If such a path has length ¢, then we can insert e with ¢ — 2 crossings, since
the first and the last edge on this path do not produce a crossing. Therefore, in order to
insert e into II with the minimum number of crossings, we have to find a shortest path
from v* to w* in G*. This is possible in linear time using a simple breadth-first search
traversal starting at v*. Figure 2.17 shows a nontrivial example. Here, we want to connect
the vertices 1 and 2. The dashed vertices and edges belong to the extended dual graph.
The optimal solution highlighted in bold crosses four edges.

Though we can easily find a crossing minimal solution if the embedding of G, is fixed,
the drawback of this method is that fixing an unfavorable embedding may result in an
arbitrarily bad solution. Figure 2.18(a) gives an example of such a family of graphs Gy
with embeddings I'y,. The black fat lines in this figure denote bundles of k& + 1 parallel

Figure 2.17 Edge insertion with fixed embedding by finding a shortest path in the ex-
tended dual graph.



