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Preface to the English Edition of
the Selected Works of Ya. B. Zeldovich

There has been no physical scientist in the second half of the twentieth
century whose work shows the scope and depth of the late Yakov Borisovich
Zeldovich. Born in Minsk in 1914, he was the author of over 20 books
and over 500 scientific articles on subjects ranging from chemical catalysis
to large-scale cosmic structure, with major contributions to the theory of
combustion and hydrodynamics of explosive phenomena. His passing in
Moscow in December of 1987 was mourned by scientists everywhere. To
quote Professor John Bahcall of the Institute for Advanced Study: “We were
enriched in Princeton as in the rest of the world by his insightful mastery
of physical phenomena on all scales. All of us were his students, even those
of us who never met him.” In his range and productivity, Zeldovich was the
modern equivalent of the English physicist Raleigh (1842-1919) whose name
is associated with phenomena ranging from optics to engineering.

The breadth of Zeldovich’s genius (characterized as “probably unique”
by the Soviet physicist Andrei Sakharov) was alternately intimidating or
enthralling to other scientists. A letter sent to Zeldovich by the Cambridge
physicist Steven Hawking, after a first meeting in Moscow, compares Zel-
dovich to a famous school of pre-war mathematicians who wrote under a
single fictitious pseudonym: “Now I know that you are a real person, and
not a group of scientists like Bourbaki.”

No selection from an opus of such scope can capture its full range and
vigor. While basing ourselves primarily on the Russian edition, published
by the Soviet Academy of Sciences in 1984-1985, we were delayed repeat-
edly as important and hitherto untranslated (but frequently cited) papers
were brought to our attention as clearly warranting inclusion. Zeldovich
played a major role in re-editing the Russian edition before translation and
in choosing additional material for the present work. All told, this edition
is approximately 15% longer than the Russian edition and the second vol-
ume contains one largely new section: The History of Physics. Personalia,
including impressions of Einstein and Landau, and ending with An Autobi-
ographical Afterword.

Because he wrote in Russian during a period when relations between that
culture and the western world were at an historically low ebb, international
recognition for Zeldovich’s achievements were slower to arrive than merited.
Within the Soviet Union his accomplishments were very well recognized, in
part, due to his major contributions to secret wartime work. As the world’s

1x



X Preface

leading expert on combustion and detonation, he had naturally been drafted
early into the effort for national survival. He had written entirely prescient
papers in 1939 and 1940 (included in this volume) on the theoretical possi-
bility of chain reactions among certain isotopes of uranium. The physicist
Andrei Sakharov wrote that “from the very beginning of Soviet work on the
atomic (and later the thermonuclear) problem, Zeldovich was at the very
epicenter of events. His role there was completely exceptional.” Zeldovich
was intensely proud of his contributions to the wartime Soviet scientific ef-
fort and was the most decorated Soviet scientist. His awards include the
Lenin Prize, four State Prizes, and three Gold Stars.

As a corollary to internal recognition, of course, Zeldovich’s scientific work
was burdened by the enormous handicaps of isolation, secrecy and bureau-
cracy in a closed society, made more extreme for him by restrictions due
to defense work. He was not permitted to attend conferences outside of
the Soviet Block until August 1982 at age 68, when he delivered an invited
discourse “Remarks on the Structure of the Universe” to the International
Astronomical Union in Patras, Greece. When asked then by this Editor
when he was last out of the Soviet Union, he answered without hesitation
“sixty eight years ago,” i.e., only in a prior life. Previous to that meeting,
his access to preprints, normal correspondence, all of the human interchange
of normal scientific life, were severely circumscribed with contacts increasing
as he moved out of defense work. Then, as international relations improved,
international acclaim followed. Elected in 1979 as a foreign associate of the
U. S. National Academy of Sciences, he had already been made a member
of the Royal Society of London and other national scientific academies. De-
spite having turned relatively late in his scientific career to astrophysics, his
accumulated achievements in that area, rewarded with the Robertson Prize
of the U. S. National Academy of Sciences for advances in cosmology, put
him among the world’s leading theoretical astrophysicists.

The science is of course more interesting than the honors it wins for the
scientist. Let me note just two items from astrophysics, my own specialty,
where Zeldovich showed extraordinary vision and imagination. He argued
shortly after their discovery that quasars were accreting black holes, and that
the universe was likely to have a large-scale porous structure, anticipating in
both cases the standard paradigms for interpreting these cosmic phenomena.
In addition, he was among the first to realize that the early universe could
be used as our laboratory for very high energy physics, leaving as fossils
strange particles and cosmic microwave background fluctuations.

If the matter is more important than the recognition, it was also true, for
Zeldovich in particular, that the manner was as significant as the matter. He
always proceeded by a direct intuitive physical approach to problems. Even
in areas where his ultimate accomplishment was a mathematical formulation
adopted by others such as the “Zeldovich number” in combustion theory
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or the “Zeldovich spectrum” and the “Zeldovich approximation” to linear
perturbations in cosmology, the reasoning and approach are initially and
ultimately physical and intuitive. His view was that if you cannot explain
an idea to a bright high school student, then you do not understand it.
He backed up this conviction, and his interest in the education of young
scientists, with the book Higher Mathematics for Beginners, which presented
in a clear and intuitive way the elementary mathematical tools needed for
modern science. Here again Zeldovich was in good company; from Einstein
to Feynman, the greatest physicists have felt that they could and should
make clear to anyone who cared to listen, the excitement of modern science.

The value of Zeldovich’s papers, unlike those of most scientists, has out-
lived the novelty of his results. But, inevitably, one must question the logic
of republishing scientific papers. Is not all valid scientific work included in
and superseded by later work. Of course there is a value in collecting, for
the record, in one place the major works of a truly great scientist. The
fact that we include with each paper, commentaries (often revised from the
Soviet edition) by the author on the significance of these papers will further
enhance their value to historians and philosophers of science. But Zeldovich
was almost above all else the teacher, the founder of a school of today’s
world famous scientists and author of widely read texts at all levels. He had
strong views on how science should be done and how it should be taught. To
him, the “how” of the scientific method, of his own scientific method, was
central; it was what he most wanted to communicate in making his work
available to a broader audience.

We are happy to be able to provide a complete enlarged edition of the
works of this great scientist for the English-speaking world. We would
like to thank the Academy of Sciences of the USSR for permission to uti-
lize (a) Izbrannye Trudy: I. Khimicheskaia Fizika ¢ Gidrodinamika and
(b) II. Chastitsy, ladra, Vselennaia, but especially offer our thanks to Profes-
sors G. L. Barenblatt and R. A. Sunyaev for their dedication and expertise in
closely reading (Volumes One and Two, respectively) the entire manuscript
in its English edition.

J. P. Ostriker
19 January 1990
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PARTICLES AND NUCLEI

I NUCLEAR PHYSICS
IL. THEORY OF ELEMENTARY PARTICLES
I1I. ATOMIC PHYSICS AND RADIATION



I

Nuclear Physics

1
On the Problem of the Chain Decay

of the Main Uranium Isotope”
With Yu. B. Khariton

In this work we consider the problem of the moderation of neutrons which
form in uranium decay and of the conditions necessary for the chain decay
of uranium.

For the chain decay of the main uranium isotope to be possible it is
essential that the neutrons which form in the fission of the uranium atom
manage with sufficient probability to induce the next decay event, not only
before they leave the mass of the uranium involved in the decay [1], but also
before they are slowed to an energy below which they are no longer able to
induce decay of the main isotope.

In the present note we consider precisely this last problem. If we find
a probability v that neutrons forming with energy E, without absorption
accompanying the act of decay are slowed to the energy E,, below which
the decay of the main isotope can no longer be induced, then under optimal
conditions of a maximal mass of uranium the probability of a chain reaction
will be determined by the inequality

where v is the (average) number of neutrons arising for one neutron captured

in the energy interval E, — E,, and v is the probability that a neutron is
slowed without being absorbed (equivalent to breaking of the chain).

*Zhurnal eksperimentalnof i teoreticheskoi fiziki 9 12, 1425-1427 (1939).
2



1. On the Chain Decay of the Mawn Uranium Isotope 3

Below we carry out a calculation which accounts only for elastic neutron
scattering.

The conditions found under this assumption are necessary for an explosion
to occur, but may not be sufficient due to the presence of inelastic collisions.

Let us find the quantity v. To do this we simultaneously consider the
equation determining the variation in the mean energy of the particles in
scattering and the equation for the variation in the number of particles due
to their absorption.

Restricting ourselves, as we have said, to elastic collisions, we write

dE

s = —EuZaslc,)\z, (2a)
dN

= = -Nu) o,c;, (2b)

where E and NV are the mean energy and the number of particles, respec-
tively, u is the velocity of the neutrons, o, and o are the scattering and
capture cross-sections by the nuclei of atoms of the i-th sort, c; is the con-
centration, A; = 2m,/(m, + 1)?, where m; is the mass of the i-th nucleus,
expressed in neutron masses. Hence

dN _ NYo.c¢ _ Ny

U " ESo.on E ®)
If ¢ is independent of the energy
N, Ey v
= e = — 4
=5 (2) @
and in the general case

N, Ek

v=E =exp W(E)dInE ). (4a)
Ny Eo

In constructing the criterion of feasibility of chain reaction (1) it should
be kept in mind that the number of neutrons v entering into it is taken with
respect to one neutron captured in the energy interval E, — E,.. Thus, if the
number of neutrons produced in a single decay event is vy, then we obtain
the number v entering into (1) by the formula

_ VfO'fCU (5)
Z Jcl ci '

where the summation in the denominator includes, as in formulas (2b) and
(3), the term o scy; as well.

v



4 Part One 1. Nuclear Physics

Let us do a concrete calculation applied to the proposed use of uranium
oxide (see, for example, [1]).

We take the following values: v = 1.5,2,3 [2-4]; E, in the two versions
of the calculation is equal to 3 and 2 MeV [5); E, = 1.5 MeV [6, 7]; 050 =
21072 em?; o5y = 61072 em?; 0o = 0, 0oy = 0.5 1072 em® [7];
co : ¢y = 8 : 3 for the composition of U5Oq.

Substituting formula (1) into (4) we obtain the final table for the quan-

tities v(1 — 7).
Ey, MeV v As we see from the table, the pres-
1.5 2 3 ence of oxygen, if not completely elim-
inates, then strongly inhibits the chain
decay of uranium.

The situation for pure uranium is
completely different: in this case, in
all versions, we obtain negligible chain breaking, not exceeding 5- 102 (in
the absence of inelastic scattering) and the feasibility of explosion.

It is clear that these considerations may also be applied to the question
of the feasibility of decreasing the critical mass of uranium by surrounding
it with material which slows the diffusion of neutrons to the outside [1]. As
a result of neutron moderation for a large number of collisions (note that
the subsequent fate of the slowed neutrons is unimportant for the chain
reaction), the effectively working thickness of the neutron-isolation layer is
of order A\/M/o, where X is the free path and M is the mass of a nucleus
of the isolating material.

This last remark is related to the problem of the controllability of decay
by the effect of fast neutrons: in the immediate vicinity of the explosion
limit (critical conditions for development of the chain) a change by even
a very small additional number of neutrons arising from the fission of the
235 isotope under the action of slow neutrons can affect the behavior of
such a very sensitive system. Thus, in principle, it is possible to regulate
the decay of the main isotope using the decay of the 235 isotope under the
action of slow neutrons in conditions when this latter decay cannot possibly
lead to explosion.

All of the above calculations were carried out under the assumption that
the system is of unlimited extent, i.e., that there are no additional losses of
neutrons carried from the system by diffusion.

Comparison with Perrin’s calculations allows us to conclude that with the
decrease of v(1 — ) approaching unity, the critical size of the system grows
as [¥(1 = 4) — 1]7V/2 and the volume as [v(1 —~v) — 1]73/2,

In contrast, for (1 —+) < 1 critical conditions for chain branching cannot
be achieved for any size of the system.

We note, finally, that in light of the above individual experiments which
observe an increase in the number of source neutrons by 10-20% [8] in the

3 063 | 0.84 | 1.26
2 0.3 0.4 0.6




1. On the Chain Decay of the Main Uranium Isotope 5

presence of uranium cannot yet be considered proof of the realizability of
uranium chain decay. Such proof can be provided only by an increase of
5-10 times, corresponding to multiple chain branching, which requires using
uranium mass of the same order as the critical mass.

Institute of Chemical Physics Received
Leningrad October 7, 1939

Note added in proof. On the basis of the theory of N. Bohr and J. Wheeler
[Bohr N., Wheeler J—Phys. Rev. 56, 299 (1939)], published while the present
article was in press, we carried out a calculation of chain breaking related to
inelastic neutron scattering. Due to the absence of data on the energy levels
of uranium 238, the calculation was done for Th C, which would appear not to
introduce significant errors. The results of the calculation lead to the conclusion
that even in the case of pure metallic uranium, no chain reaction apparently takes
place.

REFERENCES

1. Perrin F.—C. r. Acad. Sci. 208, 1394 (1939).

2. Anderson H. L., Fermi E., Szillard L.—Phys. Rev. 56, 284 (1939).

3. Anderson H. L., Fermi E., Hanstein H. B—Phys. Rev. 55, 797 (1939).

4. Halban H., Johot F., Kowarskr L.—Nature 143, 680 (1939).

5. Halban H., Joliot F., Kowarsk: L.—Nature 143, 939 (1939).

6. Roberts R. B., Mayer R. C., Hafstad L. R.—Phys. Rev. 55, 416 (1939).

7. Ladenburg R., Kanner M. N., Barshall H., Van Voorhis C. C.—Phys. Rev. 56,

168 (1939).
8. Haenny C., Rosenberg A—C. r. Acad. Sci. 208, 898 (1939).



2
On the Chain Decay of Uranium

Under the Action of Slow Neutrons”
With Yu. B. Khariton

In realizing the chain decay of uranium under the action of slow neutrons
[1], it is necessary for continuation of the chain to slow neutrons created in
the act of decay with an energy of several million volts to a velocity close to
the thermal velocity at which they are sufficiently likely to cause the next
act of decay of the isotope with atomic weight 235. In the interval between
the energy of the neutrons formed and the region in which they cause decay
(continue the chain) there is a region near 25 eV of resonant absorption of
neutrons’ by the basic isotope 238; this absorption does not lead to the
appearance of new neutrons and is, consequently, a break in the chain just
as is the absorption of neutrons by any admixtures to uranium present in
the system.

However, quantitatively there is a significant difference between these two
types of chain breaking. The capture cross-sections of slow neutrons by var-
ious atoms, including the cross-section for capture by the uranium nucleus
which leads to its decay, vary identically with the energy of the neutrons
(inversely proportional to the velocity, i.e., as E~Y 2). The distribution of
neutrons among the various possible processes—absorption by various nu-
clei, absorption by uranium with its subsequent decay—does not depend on
the energy, and therefore on the velocity, of the moderated neutrons. The
probabilities of the different processes are in a constant ratio; specifically,
they are proportional to the products of the number density of the nuclei
participating in the process with the capture cross-section, measured (bear-
ing in mind its dependence on the energy, i.e., as E~1/2) for all processes
at a single energy, for example at room temperature. Thus, the number
of neutrons captured in one or another particular way is easily found by a
formula of the form

N = Nogc,

oo

*Zhurnal eksperimentalnof i teoreticheskoi fiziki 10 1, 29-36 (1940).

1The action of slow neutrons causes decay of isotope 235 whose content in uranium is
0.7%.

(1)



2. Chain Decay of Uransum Under the Action of Slow Neutrons 7

The situation is quite different with resonant capture. Qualitatively it
is clear that, due to the sharply different dependence of the cross-section
on the energy of the neutrons (compared with the capture of slow neutrons
according to the law E~!/2), the simple formula (1), which contains neither
the dependence on the initial neutron energy nor their rate of moderation,
which determines the time that they spend in the dangerous zone of res-
onant capture, cannot correctly describe the dependence of the amount of
resonance-absorbed neutrons on the number density.2 By analogy, while all
processes with cross-section ~ E~1/2 are included in parallel, resonant cap-
ture in the region of 25 eV, where the above processes in practical terms
have not yet begun, is included in series before them during the course of
slowing of the neutrons.’

In the present note we shall attempt to establish the patterns of resonant
capture and their consequences relating to chain decay on slow neutrons.

Preliminary calculations using the methods of our previous note showed
that for uranium oxide or, even more so for pure uranium, the resonant
absorption is extremely large and completely eliminates the possibility of a
chain reaction on slow neutrons.

In order to accomplish this reaction strong slowing of the neutrons is
necessary, which may be practically accomplished by the addition of a sig-
nificant amount of hydrogen. Thus the conditions for the reactions on slow
and fast neutrons turn out to be significantly different so that their simulta-
neous calculation is necessary in the closest vicinity to the critical conditions
for one of the reactions, where the system is so sensitive that even minimal
participation of the second reaction can change its behavior (see our note
2))-

Let us note the peculiarities of the forthcoming calculations.

1. The quite significant radius of scattering of neutrons by protons and
the favorable ratio of the masses make calculation of the slowing of neutrons
in scattering by the other nuclei unnecessary.

2. In each collision of a neutron with a proton the energy of the neutron
after scattering varies throughout the interval from 0 to the initial energy
before the collision. A neutron with an energy of 35-50 eV has a greater
probability of being immediately slowed to an energy less than 25 eV, after
which it cannot be resonance-absorbed. For such a strong exchange of energy
the method of the previous article, in which the change in energy after
collisions was considered to be a continuous process, is inapplicable.

3. Absorption (even very little) of thermal neutrons by protons restricts
the possible dilution of uranium with hydrogen with the aim of accelerating

2Under constant conditions (above all, composition) resonant absorption can of course
be approximately described by the introduction of an equivalent capture cross-section

of neutrons at room temperature (Joliot {5]). However, this fictive cross-section is an
unknown function of all the parameters of the system.

3Near 25 eV cross-sections proportional to £~ 1/2 are negligibly small.
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the energy exchange and decreasing resonant absorption near 25 eV. We
shall have to find the optimal proportions of uranium and hydrogen taking
both eflects into account.

4. Finally, for concrete calculations the form of the energy distribution
function of neutrons with given initial energy after one collision with a proton
is extremely important.

As may be shown in a general form, the wave function of scattered par-
ticles possesses spherical symmetry;** the other wave functions vanish in
the center and therefore enter with coefficients ~ /A, where r is the radius
of the nucleus and ) is the wavelength of the neutron, so that at the ener-
gies much less than 10° eV of interest to us they may be disregarded. The
equal probability of all directions, independent of the angle of scattering,
just as in the collision of two elastic spheres in classical mechanics, leads in
the calculation of the conservation laws to a very simple energy distribution;
specifically, it leads to equal probabilities of all values of the energy less than
the initial value:

By dE=E  o0<EB<E,
Eqo (2)
a(E)dE =0, E>E,

In the derivation of the formula we disregard the thermal energy of the
scattering protons since it is quite small compared to the energy in the
resonance region.

The cross-section of resonant capture in the presence of one level obeys
the Breit-Wigner formula:

_ B @y
7B = ”’\/;(E “EN 4 (T/2)2 ®)

In order to close this part of the task, we have extracted from expres-
sion (3) the term o,, which behaves at small E as E~Y/2 50 that the corre-
sponding cross-section may be accounted for with the others in the form (1):

B[ __app Loy 1,
6=0,+0y 0, = Ur\/jE: {(E —E 2+ (/22 EZ+ <r/2)2} ’

_ B, (L/2)?
TN EE L2

The remaining function vanishes at £ = 0, and from now one we will
consider resonant absorption to mean only this part of the capture function.

The advantage of such a definition lies in the fact that we may now rig-
orously pose the question of the probability that neutrons will be slowed
without suffering absorption at the resonant level, and this quantity is no
longer tied to the question of the fate of thermal neutrons, as it would have

(32)

**This refers to the symmetry in the system of the center of inertia of a proton at rest
and a moving neutron— Edztor’s note.
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been had we not excluded from the resonance curve the capture at small
energies.

The probabilities that a neutron will be resonantly captured in the next
collision by uranium or scattered by hydrogen are in the ratio o ¢y : 0,4y
(we do not consider all the other processes). Let us introduce the normalized
probability of capture in the next collision:

_ _ o.u(E)c
W=WE)= UCU(E)ZU + ;-]SHCH' )

We construct the equation for the joint probability ¢(FE) that we seek
for a neutron having energy E to be slowed without being captured in the
resonant region: in the first collision the neutron has a probability W of being
captured, and with probability (1 — W) may be scattered with a uniform
distribution of energy. Hence we obtain the integral equation

_ E
o(E) = =7 E) /0 o(e) de. (5)

The equation is integrated in quadratures; to do this we take the derivative
¢’ and express the integral entering into it again in terms of the quantity ¢.
Thus we arrive at the differential equation

r_ —We Wy
=% 1w (6)
and finally find
E
p=(1-W)exp (-—/ WdlnE). (7
0

At an energy E which is greater than the resonant energy, beginning from
the value at which W may be disregarded, ¢ no longer depends on E so that
the desired limiting value is

p = exp (——/OooWdlnE). (8)

For the simplest form of the dependence of the cross-section of resonant
capture on the energy

o.y(E)=00, E,<E<E,; o.y=0, E<E andE>E, (9)
formula (8) will yield
— El
p = E,
We again emphasize that our arguments and the results (7), (8) and (10)
refer exclusively to slowing by protons for which each scattering collision

leads to a uniform distribution in the energy interval from the initial value
to zero.

(10)
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For calculations with a resonance curve of the form (3) we note that for
very large values of the capture cross-section W approaches unity and then
changes very little; therefore, (3) may be replaced by the expression

0.y = const- (E — E,)2 (11)

Now it is easy to write the concrete form of the function, although we do

not need it:
W = Wyley(E — E,)"%/cyl, (12)

/WdlnE:const— cy/CHs (13)

or, denoting cy /c;; = 17, we obtain
o =e-oVev/en — gmant?, (14)

Let us turn to the consideration of uranium chain decay itself. We denote
by N the total number of fast neutrons appearing in the system in unit time
both from the source (IV,) and from the fission of uranium nuclei by slow
neutrons (/V;) so that N = Ny+ N;. The number of neutrons which arise for
each slow neutron captured (in any way) by uranium we denote by v, and
the probability that a neutron (already slowed to an energy much less than
E, = 25 eV) will be captured by uranium rather than hydrogen calculated
from a formula of the form (1), —#:

0— o.yCy _ 1 _ 1 . (15)
ey togcy 1+ Bey/cy  1+0n
We note that if we had wanted to use the number of neutrons v; arising
for each decay of a uranium atom, then, bearing in mind the possibility
of capture of neutron by uranium without decay, we would have had to
introduce in place of the general probability of capture by uranium 6 the
probability of capture with decay:

T.C
0, = v T (16)
J.uty +UcHCH 1 +,BT]

where o -
Y= ! =1- ! s
Ou 0.y
so that identically
v
8, =v0= .

Of the overall number of fast neutrons NV arising in unit time, the number
which are slowed and pass successfully through the resonant level is @N;
these, causing decay, lead to N; = vfpN new neutrons in unit time. By
definition

N = Ny + N, = Ny + vlpN, (18)

o (19)

N= - —"—
1 - vy’
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whence the critical condition [6]
V0<p = 1. (20)
Thus, the determination of optimal conditions for branching of the nuclear

chain reduces to finding the maximum of 6y as a function of 7 = ¢z /¢y,
i.e., to finding the maximum of the function
exp(—an~/%)

1+ 8n

Turning to practical calculations, it should be noted that while the quan-
tity 3, equal to the ratio of the cross-sections, is known comparatively well,
data on resonant capture in contrast have been insufficiently determined.

A numerical calculation of the quantity ¢ directly from formula (7), where
the capture cross-section was taken in the form (3) with the constants o, =
3000 - 1072, T = 0.2 and a scattering cross-section by hydrogen as Oy =
20 - 1024 leads for 7 = 1 to the quantity ¢ = 0.844, which corresponds in
the interpolation formula (14) to o = 0.168.

A direct experiment by Halban, Kowarski and Savitch [3] gives practically
the same quantity 0.84 at 7 = 62 (see note below), which corresponds to
significantly greater capture under equal conditions and a corresponding
a = 1.36.

There have been indications [4] that the simple formula (3) with a single
level is not applicable at all.*

Until the problem is clarified experimentally we have nothing but to per-
form a dual calculation with the two values:

a=10.168 and o =1.36.

In the following we take 0,5 = 0.27 - 10724, oy = 2- 1072%, and the
cross-section of idle capture by uranium as 1.2 - 10724,

From the numerical calculations we obtain respectively the position and
height of the maximum of the quantity ¢ and the minimum value of » for
which the critical inequality (20) holds. We show the detailed calculation.

From the relations between the cross-sections we find in formulae (17),
(16), (15):

(21)

g
Yo y= L _o625;, B=TH —0.0845.
vy Ocu Ocu
The function whose maximum we seek in two variants has the following
forms:

— ~-1/2 _ -1/2
10~0:0745n 10—0-6037

2 . = 22
11008457 © Y27 11008457 (22)

6o, =

41t should be noted that when a nucleus is strongly excited due to capture of a neutron,
it is natural to expect the presence of a series of resonant levels which differ from one
another by several dozen volts. This, however, will have little effect on the form of
formula (14). Thus recalculation of the experimental data using (14) will be completely
legitimate even when a series of levels is present.
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‘We compile a table of both functions:

n 62 17 8 4 2 1 12 1/4

0 0.160 0.410 0.597 0.748 0.855 0.922 0.960 0.980
v 0.980 0.960 0.942 0.918 0.885 0.840 0.785 0.710
w, 0.840 0716 0613 0501 0.377 0.521 — —
6o, 0.157 0384 0562 0.686 0.757 0.775 0.752 0.696
0p, 0.134 0284 0.366 0.374 0.331 0.231 —_ —

At o =0.168, Nmax =1, OPmax = 0.775, Vpmin = 1.29.

At a =136, TNpax =4, 00max = 0.374, Vpin = 2.64.

The difference in the results of the calculations for the two variants de-
creases if we take into account the fact that the calculation of v itself from
experiments like those of Joliot and Fermi must also be consistently carried
out in two variants. Here the greater value of o, which is less favorable
for chain decay (yielding a smaller v), obviously leads in processing the
experimental data to an increase in the neutron output v calculated from
the observed experimental data. Thus, the quantity v8¢ in which we are
ultimately interested varies much less with the choice of one or another a.

Let us do a detailed calculation from Joliot’s experiment [5]. In order to
avoid introducing the new concept of neutron lifetime, we will now consider
the number of neutrons Ny which are absorbed by hydrogen of the solution
in both the presence and absence of uranium salt in the solution. Since
the neutron detector used by Joliot absorbs neutrons also with a probability
proportional to E~'/2, the absorption of neutrons by hydrogen is exactly
proportional to the product of the detector indication and the hydrogen
concentration.

Integrating over the entire volume we obtain for the spherically symmetric
problem

NH N/CHIT2 dT, (23)

where I is the detector reading at the given point. In a solution with a
constant concentration of the dissolved substance and, consequently, of hy-
drogen

NH ~ CH/I'I'2 dr. (24)

We find the quantity ¢y in the two solutions used by Joliot, taking as 1 the
concentration of hydrogen in pure water. For this we supplement the data
on the relative density of solutions of ammonium nitrate and uranyl nitrate
as a function of percentage of dissolved substance z taken from the physical-
chemical tables of Landolt, Bernstein and Roth with the following quantities:
the molarity of the solution according to the formula p = 1000dz/100M,
where M is the molecular weight of the compound; the water content in a
unit volume of the solution €, = d(1—2z/100); and the hydrogen content (with
respect to pure water) in the solution €, to which in the case of ammonium
nitrate is added the hydrogen content of the salt itself. Finally we find the
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desired result by graphic interpolation in the coordinates p—¢. At u=1.6
we find the hydrogen content in a 1.6-molar solution of ammonium nitrate
to be 0.982, and in the same solution of uranyl nitrate—0.893.

We have discussed these elementary calculations in such detail because in
Joliot’s note one finds the assertion that the concentrations of hydrogen in
the two solutions used by him differ by not more than 2%. These results,
which contradict our own, can be obtained either by forgetting about the
decrease in the hydrogen concentration in dissolving uranyl nitrate in water
and comparing the € of the solution NH;NO4; with ¢ = 1 for pure water,
or by forgetting the hydrogen content in the ammonium nitrate itself and
having equal water contents (or hydrogen only in the form of water) of the
two solutions. Both assumptions are obviously unfounded.

The integral on the right side of (24) is nothing other than the area under
the curve I, whose variation was determined by Joliot. According to his
data, this area increases in the ratio 1 : 1.05 when ammonium nitrate is
replaced by uranyl nitrate.

Thus, the total number of neutrons absorbed by hydrogen varies in the

ratio

0.893
—— - 1.05 = 0.955.
0.982 05 = 0.955

Consequently, when uranium is introduced, as our calculation shows, the
number of neutrons absorbed by hydrogen in fact falls.

This still does not preclude the formation of more than one neutron for
each thermal neutron absorbed by a uranium nucleus since when uranium
is introduced an immediate consequence is the quite noticeable absorption
of fast neutrons of the source as they are slowed to thermal velocity on the
resonant capture level at 25 eV.

We shall show this numerically. In the notations introduced earlier, of
the total number N of fast neutrons arising in unit time, ¢ N neutrons will
be slowed without absorption on the resonant level; the slowed neutrons are
distributed between uranium and hydrogen as 8 : (1 — 8) so that, finally,
from (19) the number of neutrons absorbed by hydrogen is

Ny = No(1 = 8)p/(1 - v8,0), (25)
rather than N, without uranium.
Equating
(1 -6)p/(1 — vlyp) = 0.955, (26)

we find ¢ at n = 62, § = 0.160 in two variants: ¢; = 0.98 (extrapolated by
calculations based on data on the capture curve) and ¢, = 0.840 (directly
measured by Savitch, Halban, and Kowarski). Finally we obtain

v, =088, v, =195 (27)

The corresponding quantities taken with respect to a single event of ura-
nium decay, under the relations taken between capture cross-sections with
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decay and idle capture of slow neutrons:
vy = 3.2v/2.0, viy =141, vy =3.12. (28)

The last number, 3.12, was calculated under the same assumptions as
Joliot used to obtain the output v; = 3.5. Thus, refining the hydrogen
content in the solution and refining the calculation (Joliot considered all
effects related to the introduction of uranium as small and systematically
discarded terms of second order) have changed the final value relatively little.

Returning to the question of interest, we find the magnitude of the cri-
terion for explosion v8yp; in the two consistently performed versions of the
calculation it turns out to be equal:

(¥00)1 max =0.88-0.775 =0.68 atn=1,
(V00)g max = 1.95-0.374 =0.73 atn =4,

This corresponds to a maximum intensity of the source due to an increase
in neutrons from uranium decay by not more than 3-4 times under the
optimal choice of uranium-water ratio.

Thus Joliot’s experimental data give a value for the product vfy which
is almost independent of the choice of « and is insufficient for chain decay
to occur.

A calculation from Fermi's experiment is difficult due to the separate dis-
tribution of uranium and water in his instrument. In any case, it would not
provide any more consoling result, and our conclusion based on experimen-
tal data about the impossibility of powerful chain decay in a uranium-water
system turns out to be related in the final analysis only to the law chosen
for variation of capture on the resonant level as a function of the ratio of hy-
drogen to uranium in the form (14); over a broad range it is independent of
the value of the coeflicient a, as is clear from comparison of the final results
of the two variants of the calculation with two widely different values of a.

From this it follows that in order to realize conditions for the chain ex-
plosion of uranium it is necessary to use for neutron moderation heavy hy-
drogen or, perhaps, heavy water, or some other substance which ensures a
sufficiently small capture cross-section. The significantly smaller scattering
cross-section compared to hydrogen and the somewhat lower effectiveness
of energy exchange may be compensated by the negligibly small capture
cross-section of neutrons and the related possibility of extreme dilution of
uranium (large 7).

Another possibility lies in the enrichment of uranium with the isotope 235.

If water (hydrogen) is used as the solvent, the quantity v becomes equal
to one when the uranium 235 content is increased by 1.9 times (from 0.7 to
1.3%) at an optimal value n ~ 8.

All that has been said above refers to a solution of uranium and hydrogen
(or water solution of uranium salt, since the effects of other nuclei may be
neglected) of infinite extent. Taking account of the finite size of the volume
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occupied by the mixture (solution) leads to lowering of the effective value of
f¢ due to diffusion of neutrons to the outside.

Near the critical conditions of explosion it may be shown that the follow-
ing relation holds:

(00)eq = 0p(1 — A/d?), (29)
where d is the characteristic size of the system, and A is a quantity which
depends on the free path.

It is clear that the achievement of critical conditions here is made more
difficult. Conversely, the greater is the quantity vy — 1, the smaller the
critical size of the system may be.

We would like to take this opportunity to express our gratitude to I. L
Gurevich, I. V. Kurchatov and I. Ya. Pomeranchuk for a number of valuable
comments in discussions of this work.

Institute of Chemical Physics Recetved
Leningrad October 22, 1939
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3
Kinetics of the Chain Decay of Uranium’
With Yu. B. Khariton

We consider the development of a chain nuclear reaction in a mass of
uranium in the transition across the critical mass. It is shown that thermal
expansion is a powerful regulating factor which makes the transition across
the limit—if such exists—completely safe. For a critical mass of 1 ton heating
to 1000° can be accomplished by adding only ~ 50 kg above the critical mass.
A gradual increase in mass above the critical value leads to an oscillatory
reaction regime whose period is inversely proportional to the square root
of the rate of uranium supply. Delayed neutrons significantly increase the
oscillation period of the reaction rate.

1. Introduction

In our previous papers [1, 2] we considered the question of the possibility,
in principle, of realizing a chain decay reaction of uranium on fast and slow
neutrons, without taking into account diffusional evacuation of neutrons,
i.e., in essence, the calculations related to an infinitely extended mass of
uranium or solution of a uranium compound in water.

It would appear (the lack of experimental data precludes any categori-
cal assertions) that by applying some technique, creating a large mass of
metallic uranium either by mixing uranium with substances possessing a
small capture cross-section (e.g., with heavy water) or by enriching the ura-
nium with the U2 isotope, which is thought to decay under the action of
slow neutrons—it will be possible to establish conditions for the chain decay
of uranjum by branching chains in which an arbitrarily weak radiation by
neutrons will lead to powerful development of a nuclear reaction and macro-
scopic effects. Such a process would be of much interest since the molar heat
of the nuclear fission reaction of uranium exceeds by 5-10 times the heating
capacity of coal. The abundance and cost of uranium would certainly allow
the realization of some applications of uranium.

Therefore, despite the difficulties and unreliability of the directions indi-
cated, we may expect in the near future attempts to realize the process.

In this paper we investigate the details of the behavior of a system in
which conditions for branching of chains of nuclear reaction have somehow

*Zhurnal eksperimentalnof i teoretichesko¥ fiziki 10 5, 477-482 (1940).
16
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been achieved. In an infinitely extended system the neutron number density
and reaction intensity then grow exponentially (see, for example, Fligge (3]):

dn

dt
until a significant portion of the substance has already reacted. If the prob-
ability of branching is 0.1, i.e., the quantity a = v;(1 ~v) — 1 = 0.1 (see
our paper [1}), or &« = vfp — 1 = 0.1 (see our paper [2]), then the inverse
time of relaxation b of equation (1) for fast neutrons turns out to be of order
107 s™%, for slow neutrons it is around 10* s™!. In general form (4]

b= auanac‘, (2)
where « is defined above, u is the neutron velocity, n, is the number of
particles of the i-th sort in a unit volume, o, is the capture cross-section of
particles of the i-th sort.

In the case of a system of finite size, the evacuation of neutrons into
the surrounding space is of course equivalent to breaking of chains. From
these considerations, analyzing the diffusion of neutrons, Perrin [5] found
the critical dimensions beginning from which a branching chain of reactions
is possible. Perrin’s calculation was generalized by Peierls [6]; he confirmed
the critical condition for the existence of a steady regime, found by Perrin,
and also analyzed the practically unimportant case of high probability of
branching and large decay cross-section in which the critical dimensions of
the system are small compared with the free path and the diffusion equation
cannot be written.

Restricting ourselves to the only interesting case when the critical dimen-
sions are significantly larger than the free path, we construct the equation of
the variation in the number density of neutrons in the absence of an outside
source:

=bn (1)

%7; =bn+ DAn, (3)
where the coefficient of difPusion is
= . 4
/\u 3}:71 o (4)
The general solution of (3) may be found in the form of a sum:
n=n(z,y,2t) = ¥@y,2)el 9", (5)

where ¢, and g; are the eigenfunctions and eigenvalues, respectively, of the
equation
DAY+ gy =0 (6)
with boundary condition 9 = 0 on the surface of the body.
From dimensionality considerations it is clear that

k.D
9=~ (7
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where k; is a dimensionless coefficient depending only on the form of the
body, d is the linear dimension of the body. In the case of a spherical form,
equating d with the diameter of the sphere we find

k, =4n%2, k= 4n® = 40. (8)
The critical condition is
k,D /D
b—g, =0 b=—:i-2—, dep = 2m\[ 7, (9)

which coincides with Perrin’s result [5].
Substituting (2) and (4), we find at the limit

d., \/Z n;o,, Z no, = j—-—%. (10)

In a mixture of constant composition in which all n; are in a constant
ratio, at the limit

d..n; = const, (11)
and the critical mass,
Mcr = dgrnz ~ ni_2’ (12)

decreases as the density increases.

2. The Kinetics of the Decay

This calculation obviously is not sufficient to give a macroscopic descrip-
tion of the process under realistic conditions.

As is clear from equation (1), far from the critical conditions, when diffu-
sional evacuation is small, the neutron number density grows exponentially
at a huge rate, increasing by e times in a time of order 10™7 s for decay on
fast neutrons, 1073 s for decay on slow neutrons. Given such rapid develop-
ment of the chain decay we can no longer put off consideration of the creation
of the supercritical conditions which are uniquely necessary for chain decay
to occur.

The time of occurrence of processes which bring about the transition to
critical conditions, e.g., the time of approach of two uranium masses, each
of which separately is in the subcritical region with respect to chain decay,
is hardly likely to be even comparable with the time required for the reac-
tion to get going. We may expect, therefore, that in reality in all cases we
shall have to deal with conditions which are quite close to critical. On the
one hand, it is necessary to consider the start-up and acceleration of the
reaction not under given conditions (of unknown origin), but in the grad-
ual transition of critical conditions corresponding to some concrete setup of
the experiment. the approach of two uranium masses, addition of uranium
powder, etc. On the other hand, in the immediate vicinity of the critical
conditions the behavior of the system is extremely sensitive to factors whose
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effect could be neglected far from the limit. As examples of such factors
which need investigation we may note uranium consumption and the ap-
pearance of new nuclei capable of capturing neutrons in decay, the thermal
expansion of the uranium mass being used as a result of the release of decay
energy; the release of some small (~ 1072) amount of all neutrons with a
delay of about 10 s after decay. The effect of all these factors on the critical
conditions, in themselves insignificant, turns out to be decisive in the case
when the system is so close to the critical conditions that the effect, for
example, of thermal expansion or the release of neutrons which have been
delayed by a half-period of 10 s, can carry the system from the supercritical
to the subcritical region or vice versa.

The kinetics of the development of chain decay are decisive in judging
one or another path for practical energy or explosive use of uranium decay.
Hasty conclusions made without regard for the considerations above [3],
for example on the extreme danger of experiments with large masses of
uranium and the catastrophic consequences of such experiments (counting on
complete decay of all the uranium nuclei) do not correspond to reality. Also
unnecessary, it appears, are special additives such as cadmium to control the
process (7, 8. In all the works cited the specifics of the reaction, its extreme
sensitivity near the limit, were ignored.

Let us turn to setting up the equations. It is important for us to note that
in the general formula (5) directly below the limit and in the supercritical re-
gion the coeflicient of the first eigenfunction (with the smallest characteristic
number) is incomparably larger than all the other coefficients. Disregarding
the latter, we come to the conclusion that, in practical terms, throughout
the region of interest to us the spatial distribution of neutrons remains self-
similar and is described by the first eigenfunction of the Poisson equation of
our problem (6). Because of this in what follows we do not need to consider
the dependence of the neutron number density on both coordinates and time,
which would at best lead to an equation in partial derivatives. Instead, in
our investigation of the kinetics of the reaction we will limit ourselves to
consideration of the dependence on one variable—time—of the coefficient of
the first eigenfunction or of the total number of neutrons in the system.

For constant external conditions the exponential growth (or decrease) of
the total number of neutrons (proportional to the coefficient of the first
eigenfunction) with time in the absence of an external source,

N= /ndv, n = cyeP'Y(z,y,2), N = NyeP* (13)
corresponds to the differential equations
on dN
= o o =pN, (14)
k,D kiu
= — = . — — l
p b d2 ay E :nzac, 3d2 Z nios, ( 5)
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The supply of neutrons by an external source is introduced with a coeffi-
cient 3 which depends on the position of the source; this last, however, even
in the least favorable case is not much smaller than the ratio of the free path
to the dimensions of the system, i.e., in any case is not less than several one

hundredths:
dN

E = pN + Bm, (16)
where m is the intensity of the source—the number of neutrons per second,
B is the already-mentioned coefficient. Together with this we introduce into
the analysis the rate of change of the quantity p itself, which characterizes
the distance from the limit: p < 0 in the subcritical region, p > 0 in the
supercritical region:
prial aN, (17)
here ¢ characterizes the rate at which uranium is added, the approach of
two masses of uranium, or another process by means of which we carry
the system through the critical conditions. In contrast, the coefficient o
describes the self-regulation of the system, its departure from the limit as
a result of the consequences of uranium decay due to consumption of the
material, thermal expansion of the system in connection with the release of
energy in decay. The numerical values of ¢ and o under given experimental
conditions are easily found from the definition of p in formula (15) which
reveals the dependence of p on the dimensions and form of the system, the
uranium concentration, and so on.

We introduce, finally—for the first time in our paper—consideration of
delayed neutrons.

The observed half-period ~ 10 s is, apparently, the half-period of the pro-
cess of g-transformation of one of the fragments which form in the decay; the
evaporation of a neutron from a nucleus which has gained sufficient energy
as a result of the B-transformation occurs, according to existing conceptions,
in a time not exceeding 1073 s. Denoting by I the number of nuclei capable
after S-transformation of discarding one neutron, we write the equation

— = (9N - fl, (18)

where f is the probability of the 8-decay of interest, 10~! s™!, according to
what we have said, gV is the number of decay events occurring in unit time,
¢ is the probability (dimensionless) of formation in the decay event of the
neutron-active nucleus of interest.

In equation (16) an additional term appears

dN

v =pN + Bm + £(nfl, (19)

which results precisely from the “delayed” neutrons.
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The number of delayed neutrons arising in a single 3-decay event is de-
noted by 5. The product {7 is the experimentally determined ratio of the de-
layed neutron output to the number of decays which have occurred (~ 1072).

The factor £ has been introduced to account for the fact that delayed
neutrons have a different energy distribution and therefore are equivalent
with respect to causing further decay by the primary neutrons which formed
in the decay process with a delay of 10713 s. The magnitude of ¢ does not
differ from 1 in working on slow neutrons, and is not smaller than 1072 in
working on fast neutrons due to the presence of a concentration 1072 of
isotope U233,

Let us first consider the system (18) and (19) assuming constant p. We
find the solution in the form

N = Ae" + B, l=Ce"+E.

For the quantity v we obtain the quadratic equation

(y=p) v+ f)—(néfg=0. (20)
The critical condition v = 0 in which we are interested will be reached at
p = —¢{nCg, (21)

i.e., earlier than the limit is reached in the absence of delayed neutrons,
p=0.
Substituting the expression for (15) and recalling that b = vg we obtain

H,D
p=vg-—5 =—£ng. (22)

It is clear that the critical radius changes by no more than 1% in accor-
dance with the small output of delayed neutrons.
We further write

&\ 1
(dp)Fo — L+(nkg/f 23)

This quantity turns out to be significantly smaller than unity in decay on
both fast and slow neutrons. Physically this means that in the region where
delayed neutrons are necessary for the realization of a branching chain, i.e.,
(n€f < p < 0, a process at an equal distance from the limit develops more
slowly—in the absence of delayed neutrons, obviously, it would be
dy
b, Zl; =1

Calculations of particular cases in which integration of the equations is
relatively simple (for example, a steady regime, small oscillations, etc.) have
convinced us of the feasibility of the following approximate interpretation of
the influence of delayed neutrons: equation (19) is replaced by

dN

. —~N
% = + Bm,
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with

bo(d) e
dt  \dt) ' dt  1+(née/f 1+(nég/f

in accord with (17) and (23).
Let us consider several particular solutions which illustrate the properties
of the system.
Disregarding the release of neutrons by the external source, which is quite
small for any macroscopic process, we find the stationary state
v=0, c=aN, N ¢

stationary — ;

The stationary number of neutrons is such that 4 = 0 is maintained despite
the supply of uranium (the term c). At constant density and form in the
stationary state, the amount of uranium decaying in unit time, accurate to
within a numerical factor close to one, is equal to the amount of uranium
supplied.

It turns out, however, that, for example, for a solid mass of uranium
weighing 1 ton the decay of 1073 g of uranium will heat the uranium to a
temperature of about 1000°, which corresponds to an expansion of about 1%.
This expansion resulting from the decay of 10~3 g of uranium compensates
for the effect on the limit of the addition of 50 kg of uranium so that in this
temperature interval natural regulation through the density leads to burning
of a 1.5-10~8 part of the amounts supplied. Conversely, when heat is removed
from a mass of uranium which has heated to 1000°, its temperature falls to
room temperature only after 10'2 kcal has been removed, i.e., after ~ 50 kg
of the uranium has burned (in fact it occurs earlier due to the effect of other
regulating factors).

An analysis of small oscillations about the stationary state gives us the

period of these oscillations:
—or /1+Czéf/g,

which characterizes the relaxation time of the system. In the absence of a
supply of neutrons by an external source these oscillations turn out not to
decay. The equation is integrated in the variables ¥ — N by separation of
variables even at large amplitudes:

Nmax = Nstationary In Nstationary / Nmin ’

The period here of the oscillations varies only logarithmically. The order
of magnitude of the period of oscillation and of the relaxation time of the
system, e.g., at a critical mass of 10 g and supply of 10 g/s, are around
0.1 s (for fast neutrons). It is not difficult to estimate the initial amount of
neutrons from which oscillations will begin (cycles in the y — N plane) when
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the limit is reached: in order of magnitude this amount is

Nmin = Bmr = IBmV Lt ngf/g

equal to the product of the supply rate (source intensity) and the relaxation
time. Accordingly
N = & famt (1 N Eﬁ)
max - 2q c3 g /]
It turns out here that taking account of the neutrons of the source leads to
gradual decay of the oscillations.

When the uranium supply is abruptly cut off, or two uranium masses
suddenly stop their approach, the amount of uranium which burns “by in-
ertia” as the neutron number density falls as a result of the departure from
the limit—this amount is equal to the average amount which burns over the
relaxation time in the stationary supply regime.

Let us summarize the results of this last part of the work.

A chain disintegration** of uranium, unlike the combustion of explosives
and other similar processes, practically instantaneously stops when the sys-
tem moves back from the super- to the sub-critical region without affecting
the remaining amount of uranium, which is quite close to the critical value.

When the process runs isothermically the amount of uranium which de-
cays in unit time is equal to the amount supplied.

In the adiabatic process as a result of thermal expansion the amount
burned is ~ 108 times less than that supplied.

The relaxation time of the process, inversely proportional to the square
root of the rate of uranium supply, of order 10% s for a supply ~ 50 kg/hr
and at a critical mass of about 1 ton, is approximately 10 times larger
than that which would result in the absence of delayed neutrons. These
numbers refer to chain decay on fast neutrons. The formulas obtained are of
course applicable to decay on slow neutrons as well. Such properties of the
system (above all the regulation via thermal expansion) make experimental
investigation and energy production use of uranium decay safe. Explosive
use of chain decay requires special devices for a very fast and deep transition
to the supercritical region and decrease in the natural thermal regulation.

Institute of Chemical Physics Recetved
Leningrad March 7, 1940
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Commentary

The discovery in 1938~1939 of the fission of uranium nuclei, which led eventually
to the development of nuclear energy, heralded a new, extraordinarily fruitful stage
in Ya. B.’s scientific activity. His interests became concentrated on the study of
the mechanism of fission of heavy nuclei and, what proved especially important,
on the development of a theory of the chain reaction of uranium fission. On
these subjects during two years (1939-1940) Ya. B., in collaboration with Yu. B.
Khariton, performed three basic studies which are of enormous, fundamental value.
The papers of this cycle are the foundation of the modern physics of reactors and
nuclear power, they are widely known and do not require special commentary—just
a short summary of the results is eloquent enough.

Ya. B.’s interest in problems of nuclear physics, and then in the physics of
elementary particles, was also stimulated by the discovery of the phenomenon of
fission of heavy nuclei and by practical work in nuclear power.

We shall comment on each paper in turn.

Paper 1. The conditions for the appearance of a chain fission reaction of the
main isotope of uranium are considered, taking into account the slowing of neu-
trons below the threshold of U*®. The basic text of the article considers only
elastic moderation of neutrons. At the same time the authors, taking plausible
values for the number of secondary neutrons from fission, conclude that chain re-
action, practically speaking, is impossible in uranium oxide, and possible in pure
uranium. However, in a note added in proof the authors report that a calculation
carried out by them on the basis of the Bohr-Wheeler theory of inelastic scattering
(moderation) of neutrons shows that even in the case of metallic uranium a chain
reaction is impossible. Thus the impossibility of a chain nuclear reaction on fast
neutrons in natural uranium was shown.

In this same paper, for the first time, an estimate is given for the thickness of
the reflector for fast neutrons in the case of threshold fission.

Paper 2 is pioneering and classical in the highest sense of the word. The basic
content of the work may be summarized as follows.

a) The clear introduction of resonant absorption of U**® as one of the deter-
mining factors in the coefficient of multiplication in systems on slow neutrons
(uranium + moderator).

b} The formulation of the history of one generation of a neutron and the
derivation of the famous expression for the multiplication coefficient in an infi-
nite medium: K, = vpf, where v is the number of secondary neutrons per event
of capture of a thermal neutron by uranium, ¢ is the probability of avoiding reso-
nant capture in the process of moderation, and @ is the cocfficient of consumption
of thermal neutrons.
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¢) The derivation of an equation for ¢ which relates it with the resonant cross-
sections of U**® for a hydrogen moderator. The equation for ¢ is easily generalized
for a non-hydrogen moderator (4 > 1), but the solution is more complicated since
it leads to equations in finite differences. The paper does not do this.

d) The introduction of the effect of self-shielding of uranium atoms. A square
root law is obtained for the dependence of the resonance absorption on the con-
centration. The later-understood possibility of reducing resonance absorption by
heterogeneous (block-wise) placement of uranium in the moderator is based on the
existence of two effects, one of which is the self-shielding of uranium atoms dis-
covered in the present paper (internal regions of a block do not participate in the
absorption). The second effect, not considered in this paper, is that only resonance
neutrons formed directly near the block are absorbed. The remaining neutrons in
the process of moderation will exit the dangerous resonant zone before they reach
the block.

e. A detailed recalculation of Joliot’s experiments is performed, with the con-
clusion that it is not possible to obtain a self-supporting chain fission reaction in
a system of natural uranium + light water at any concentration. A homogeneous
mixture is of course assumed. On this basis the paper makes the very important
assertion, later fully justified, that new moderators must be used and proposed
the use of heavy water and graphite due to the smaliness of the absorption cross-
sections of thermal neutrons by deuterium, carbon and oxygen (see below).

Regarding the points d) and e), more detailed explanations should be given.

1. In a number of isotopes, including Pu239, there is a deviation from the 1/v
law in the thermal region, however at the time this was unknown. For U**® which
is considered in the paper the 1/v law holds.

2. Accounting for reaction on fast neutrons, which is mentioned in the paper but
not carried out, becomes more important in a heterogeneous (block) system. The
corresponding coefficient u attains 1.03 — 1.04 and is quite significant for reactors
with graphite and water cooling moderation.

3. Formula (11) is valid only for large uranium concentrations (omission of the
factor T /4 in the denominator of the Breit-Wigner formula). An exact solution

of equation (8) gives
no,(1+ 77‘7 /90.)
P |

J0:
E 1 / — I
2 E101 no, J0: > Nos ( )

in the case of strong levels (self—shleldmg), and

T I'; o
lncp:—Q-Z——’i—aol <« no, (11)

-1/2

—Ilng

IIZ

EO‘L Nos

in the case of weak levels.

The context of the paper corresponds to taking only strong (self-shielding) levels
of resonance absorption into account.

For hydrogen at concentrations cy/c, = 62 and even 17 levels in the region
100-200 eV should be considered using the exact formula.
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4. Subsequent measurements significantly changed the values of the constants.
For current values of the constants ¢ ~ 0.6 at cy/c, = 1. However, the estimate
taken in the article is much more realistic than the completely incorrect estimate
of A. Khalban and L. Kovarskii at which even a heavy-water reactor could not
work on natural uranium.

The ratio of the cross-sections of fission and capture in uranium on thermal
neutrons is taken close to the current value. But o, itself for natural U is 2.4 times
smaller than the true value (3.2 barn instead of 7.5 barn), while for hydrogen it
is only 20% lower. Therefore sharply lowered values of 6 are obtained. Now the
optimum is close to cu/c, = 3 and {¢0}nax = 0.69, i.e., the minimum enrichment
for a homogeneous system at u = 1.02 corresponds to v = 1.43 for K, =1, i.e.,
enrichment of order 1%:

0= 8.96

%% g =0.77:
896109 0% »=0TT

ppd =0.707, K, =1.01.

Finally, we note that self-shielding of resonance levels of capture leads to the
advantageousness of using uranium in the form of bodies (blocks) several centime-
ters in size. The block-effect was discovered in the USSR by 1. I. Gurevich and
I. Yu. Pomeranchuk in 1945, after the paper by Ya. B. and Yu. B. Khariton. The
block-effect noticeably increases K, and is extremely important for work with re-
actors which use natural unenriched uranium. At the same time, the introduction
of the block-effect has not changed the very important qualitative conclusions of
the paper here. Even when the size of the blocks is made optimal, natural (unen-
riched) uranium with ordinary (light) water in an infinite system does not attain
criticality.

We note that in a review article in UFN' Ya. B. and Yu. B. Kbariton indicated
substances which should be investigated as moderators, including helium, heavy
water (D,0) and carbon. As we know, heavy-water and graphite reactors are in
practical use.

Paper 3, like paper 2, is classic and pioneering. For the first time the kinetics
of the chain decay of uranium were considered in detail in the transition to the
supercritical state. We note here the most important results.

a) Most important in the paper is the consideration of the role of delayed neu-
trons in the kinetics of the chain reaction. In the interval of effective multiplication
coeflicients (given by K = K P, where P is the probability that a neutron will
be absorbed rather than leave the system),

1<K<1+4, (I

where 3 is the fraction of delayed neutrons, the kinetics become very soft and are
primarily determined by the periods of the delayed neutrons. The authors pro-
duce a complete system of kinetic equations with delayed neutrons from which, in
particular. follows the equation of the so-called “inverse clock” which characterizes
the rate of acceleration of the reactor; this last was not directly obtained in the
paper. This brilliant idea explains the fact that a nuclear reactor proved to be an
easily regulated system, which in turn was one of the basic factors ensuring the
success of atomic energy (all reactors work in the interval (II1)).

1Zeidovich Yu. B., Khariton Yu. B.—UFN 23, 329-357 (1940).
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b) Also prophetic in the paper is the statement of the possibility of the ap-
pearance of new, strongly absorbing nuclei. The well-known phenomenon of the
“ijodine well” in reactors is related to the accumulation of an isotope of xenon which
absorbs thermal neutrons at a record rate (Xelss: o. = X2 /10=3- 10° barn).

c) The effect of heating of the uranium on the kinetics is considered in detail
and it is shown that thermal expansion is an effective regulating factor.

d) Fluctuations near the equilibrium position are studied which, in the absence
of external sources, prove to be non-decaying.

e) Finally, the conditions for generation of a strong explosion follow directly
from the paper—significant supercriticality in the initial state and multiplication
on fast neutrons. These conclusions, not explicitly formulated, were fully used by
the authors in subsequent work.

Let us note that a correct estimate of the critical mass of U** was given by
the authors together with I. I. Gurevich as early as 1941. It was also noted then
that in the distant past the content of U was greater than now, which ensured
the appearance of the chain reaction. This is contained in the second part of
the review,2 submitted in 1941 but published only in 1983 in connection with the
eightieth birthday of I. V. Kurchatov. As is known, signs of a chain reaction which
occurred 2 billion years ago were discovered in a uranium deposit in Oklo (Gabon,
Africa).

Overall, the papers 1-3 are unique in world literature. Similar papers in other
countries were not published until the Geneva conference in 1955.

An introduction to the subsequent development of the ideas presented in these
articles may be found in the books The Physical Theory of Neutron Chain Reactors®
and Theoretical Foundations and Calculation Methods for Nuclear Power Reactors.*

2 Zeldovich Ya. B., Khariton Yu. B—UFN, Part 1 25, 381-405 (1941); Part 2 139,
501-527 (1983).

3 Weinberg A., Wigner E. The Physical Theory of Neutron Chain Reactors. Chicago
Univ. of Chicago Press (1958).

4 Vartolomei G. G., Bat’ G. A., Baibakov V. D., Altukhov M. S. Osnouvy teorsi 1
metody rascheta iadernykh energeticheskikh reaktorov [Theoretical Foundations and Com-
putational Methods for Nuclear Power Reactors]. Moscow: Energila, 511 p. (1982).
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On the Theory of Disintegration of N uclei’
With Yu. A. Zysin

The possible state of a nucleus at the moment of its disintegration into
two approximately equal nuclei is considered. A calculation of the energy
of two ellipsoids of rotation in contact refutes Ya. 1. Frenkel’s arguments
in favor of the existence of significantly non-spherical nuclei. The order of
magnitude of the energy of ellipsoids found allows us to satisfactorily de-
scribe the observed formation of several fast neutrons for each disintegration
event as evaporation of these neutrons by fragments excited in the process
of fission.

Bohr’s theory describes a nucleus as a drop of liquid with uniform charge
density which gives rise to the electrostatic energy. The short-range attrac-
tive forces of nuclear particles specify their particular evaporation heat and
also the surface tension of the drop.

In 1939 a very important success of the theory was the description of the
fission discovered by L. Meitner and O. Frisch [1] of heavy nuclei under neu-
tron bombardment into two approximately equal fragments with the release
of huge—even for radioactive processes—amounts of energy (100-200 MeV)
and the formation of several neutrons (“neutron dust”) for each disintegra-
tion event. This last peculiarity is of particular interest since it opens the
possibility in principle of the chain decay of macroscopic amounts of ura-
nium (2]. The theory of the decay, which has been especially thoroughly
developed by three physicists—N. Bohr (Denmark), J. Wheeler (USA) and
Ya. I. Frenkel (USSR) (3], considers the stability of a spherical uniformly
charged drop of incompressible fluid possessing a specific surface tension.

As it turns out, the spherical form becomes instable with respect to small
deformations when the ratio of the electrostatic energy E to the surface
energy O is

E/O > 2. (1)

All three of the above authors then consider two contacting spherical
nuclei which have resulted from the division of the original nuclei. It is
not difficult to find that the energy of two contacting spheres of half the
volume is equal to or less than the energy of the original sphere if for the

*
Zhurnal eksperimentalnol i teoreticheskol fiziki 10 (8), 831-834 (1940).
28
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//;0’ a{ \’

Fig. 1 Fig. 2

latter’
E/O > 2.42. (2)

Let us introduce some parameter a which describes the process of division;
for convenience in the graphical representation we choose a such that for a
spherical nucleus a = 0. At the moment when the two nuclei which have
formed are in contact at a point (which is a necessary stage of the division),
a = 1; finally when the two nuclei have separated by an infinite distance,
a=2.

For the value

2< E/O < 242 (3)

the above calculations lead to the form of the curve of the energy variation
during decay shown in Fig. 1 with solid lines.

The left segment O A is the result of the calculation of small deformations
of the drop at E/O > 2, the right, BC—of a calculation of the energy of
the two spheres as a function of the distance. By comparing the solid lines
shown in Fig. 1 two substantially different conclusions may be made.

1. Connecting the two solid segments with a smooth curve (the dashed
line OABC), we necessarily obtain the minimum energy at a < 1. Physically
this means that heavy nuclei have a stable non-spherical form (Frenkel).

2. The other possibility is decay through a form which differs from two
equal contacting spheres—“a tidally perturbed form” (Bohr and Wheeler).
If this form corresponds to a sufficiently small energy (point D in Fig. 1),
then the basis for conceptions of stable nonspherical forms disappears.

The calculations of the present paper relate precisely to the energy at the
moment of decay, i.e., to finding the ordinate of the point D, a = 1.

It is easy to see that pear-shaped forms possess the minimum energy for
a given charge and volume at the moment of contact.

1The number 2.17 cited by Frenkel is the result of an arithmetic error since the corre-
sponding formula in his article

AW = E(1 — 2372 —5.21/3/24) — (2V/3 — 1)

is written correctly. Cf. also the graph of the function f*(z) (the above-cited work by
Bohr and Wheeler, Fig. 4): f*(z) =0 at = = 1.2, where x = E/20 is Bohr’s parameter.
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However, even a calculation for ellipsoids of revolution elongated along
the line of centers (Fig. 2) gave sufficiently definite qualitative results.

A cross-section of the ellipsoids is depicted by the solid lines in Fig. 2.
Let us denote the length of the large semiaxis by ¢, and the length of the
smaller one by b. For a given ratio c/b, we easily find each of the semiaxes
from the condition of conservation of volume:

2cb? = 13, 1)

where r, is the radius of the original nuclei.
We find the surface energy from the well-known formula

O = 2rwab (g + % arcsin 6) , (5)

where £ = /1 — b%/c2.

We determine the electrostatic energy of an individual ellipsoid by the
formula )

3 (/22 (1+e) 6
10 ce (1-¢)

It is somewhat more complicated to find the mutual energy of the ellip-
soids. An exact analytical calculation for the mutual energy of two ellipsoids,
carried out on the basis of the method proposed by Laguerre for the partic-
ular case of two uniform elongated ellipsoids of rotation, led to the formula

_9_(e/2)2 +1 ol dtdtydp (1 —t2)(1 — t3)
Pz = ./ / /0‘ 2¢ — tV/e® — b2 — ty\/c? — b2 @)

The evaluation of this formula led to a quite cumbersome expression con-
taining more than 100 terms. The calculation, which was carried out for
¢/b = 2, agreed within 3% with the corresponding data of the approximate
method given below, which was used for all the calculations.

If one also takes into account that the mutual energy comprises only a
part of the total energy, then the possible error in the calculation of the total
energy will be of the order of a fraction of a percent. For given charge (e/2)
of each ellipsoid and given distance between the centers 2c¢, the electrostatic
energy of interaction is easily found from the two limiting cases:

at b = ¢ spheres, the thin lines in Fig. 2,

F =

(e/2)?

E ,= % ) (8)
at b — 0, “sticks”, the dashed lines in Fig. 2,
_ (e/2)?

27 174c 9)

In the interval of interest,
0<b<e (10)
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E/O ¢/b
1 2 3 4 )

2.60 3.581 3.414 3.318 3.312 3.493
2.40 3.402 3.254 3.118 3.180 3.293
2.20 3.231 3.095 3.038 3.050 3.05
2.00 3.047 2.939 2.898 2.918 2.929
1.80 2.869 2.779 2.755 2.789 2.807
1.70 2.778 2.70 2.686 2.723 2.747
1.65 2.734 2.659 2.650 2.69 2.718
1.60 2.689 2.620 2.614 2.658 2.687
1.40 2.511 2.462 2473 2.527 2.565

we interpolate according to the formula

(e/2)?
E1’2 = .
v3.04¢? + 0.96b°

The form of formula (11) reflects the very simple conceptions of the de-
pendence of the energy E) , on b; the coefficients in (11) are chosen such
that both limiting expressions (8) and (9) are satisfied.

The results of the calculations are summarized in the table. For various
ratios E/O of the original nucleus (Column 1) we show the energies with re-
spect to the surface energy of the original nucleus of two contacting ellipsoids
resulting from it for various values of ¢/b=1,2,3,4,5.

As is clear from the table, the minimum energy is attained in the interval
of E/O under consideration at

(11)

3<§<4. (12)

This energy is less than the energy of the original nucleus at £/0 > 1.65.
A nucleus for which relation (3) holds cannot be in the form of a sphere.
It also cannot decay through the form of two contacting spheres. However,
our calculation shows that decay through two elongated contacting ellipsoids
is not prohibited.
For the interval
165 < E/O <2 (13)

our data on the change in energy in the process of decay are shown in Fig. 3
where all notations are taken from Fig. 1.

The segment OM A (where M is the maximum of the energy) is borrowed
from Bohr. The position of the point D, which corresponds to two ellipsoids,
is taken from our data. Since in the interval (13) D is located below B,
there is no basis for assuming the presence of any additional maxima in
the interval. If we restricted our attention to the spheres (segment BC),
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we would reach completely different conclusions having no connection with
reality.
If we consider non-symmetric pear-shaped forms rather than ellipsoid
we will undoubtedly decrease the lower
boundary (13).
E f Finally, comparing the energy at the

]

point D with the energy at the point
M, but not at the point O (Fig. 3) we
must obtain Ep < E,, for any value
of E/O.

It is interesting that after separation
by a large distance the energy of two
ellipsoids, naturally, proves larger than

Fig. 3 the energy of two separated spheres
(see the positions of the points F and C at a = 2 in Figs. 1 and 3).

The energy difference at ¢/b ~ 3.5, E/O ~ 1.8 attains about 0.078 0 (O
is the surface energy of the original nucleus), i.e., around 42 MeV for each
nucleus that forms.

The excitation energy of the nucleus will first of all be directed to evap-
oration of neutrons. For a comparatively small binding energy of neutrons
in the nuclei of the fragments with an anomalous ratio of the charge to the
mass one could thus explain the release of a large number of neutrons per
fission event, as well as the observed, sometimes very large energies of the
neutrons [4].

In fact, even in the case when the fission occurs through the form of two
contacting ellipsoids, their form changes as they move away from one an-
other. Calculations of the part of the energy of deformation of the fragments
which goes to kinetic energy and the part which in the form of excitation
energy may be used for the evaporation of neutrons, is the task of nuclear
fluid dynamics, an area which is completely undeveloped.

Our elementary calculations have one meaning—they indicate the order
of magnitude of the possible energy of excitation.

In any case, evaporation of neutrons by excited fragments seems more
likely to us than the mechanism proposed by N. Bohr and J. Wheeler. They
note that in the division of one droplet into two, there usually form several
small droplets at the point where the connection breaks and they identify
neutrons precisely with these small droplets.

b O
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Commentary

A calculation is performed of the energy of two fragments in contact at the
moment of decay of a nucleus undergoing fission. The form of the splitting nucleus
is modeled using two ellipsoids in contact. An estimate is obtained of the difference
in the energy between nonspherical contacting fragments and spherical fragments
flying apart which is transformed into excitation energy (thermal energy) of the
fragments (~ 40 MeV). The magnitudes of this energy are sufficient to explain the
release of fission neutrons by evaporation from the excited fragments. Thus, the
authors propose a new mechanism for the emission of secondary fission neutrons
which differs from that considered by N. Bohr and J. Wheeler, who assumed that
the neutrons are emitted by the “neck” at the moment of fission.

Even the first experiments by J. Fraser and J. Mllton1 on the angular distri-
bution of neutrons (the authors studied the fission of U by thermal neutrons)
showed a clear correlation between the direction of neutron emission and the direc-
tion of motion of the fragments and in this way completely confirmed the validity
of the Zeldovich-Zysin mechanism.

Subsequent experiments and theoretical calculations continued and deepened
the picture of emission of fission neutrons. Thus J. Terrell, 2 recalculatlng the dis-
tribution curves of the energy and masses of the fragments for v’ , U™ and
Cf 52, estimated the number of secondary neutrons v as a function of the frag-
ment mass and showed that the v of a light fragment is larger than that of a
heavy fra.gment An investigation by H. Bowman, S. Thompson, J. Milton and
W. Swiatecki’ was devoted to the study of the dependence of the number of sec-
ondary neutrons on the mass of the fragment its critical energy, and the angle of
emission for the spontaneous fission of cf® . Using the measurement of the flight
time of the neutrons and fragments, they found a strong correlation between the
directions of motion of the fragment and neutron and measured the ratios of the
numbers of neutrons emitted from a light fragment, a heavy fragment and at an
angle of 90° to the direction of motion of the fragments. These ratios turned out
to be equal to 9 : 5 : 1. In a paper by R. Vanden Bosch® it was shown that the
experimentally observed kinetic energy and number of fission neutrons require for
their explanation the introduction of a shell-like dependence of the rigidity of the
fragments with respect to quadrupole deformation (rigidity is defined to be the co-

1Praser J. S. A., Milton J. C. D.—Phys. Rev. 93, 818-824 (1954).
2 Terrell J—Phys. Rev. 127, 880-904 (1962).

3Bowman H., Thompson S., Milton J., Suratecks W.—Phys. Rev. 129, 2120-2147
(1963).
4 Vanden Bosch R.—Nucl. Phys. 46, 129 (1963).
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efficient ¢ in the expression for the quadrupole energy of deformation: E = ca® /2).
Subsequent calculations have usually used the method of Strutinskii to account for
shell corrections.

Thus, this paper by Ya. B. and Yu. A. Zysin gave the correct mechanism for the
emission of secondary fission neutrons and stimulated a large number of experimen-
tal and theoretical studies on the physics of fission (see the collection Achievements
of the Physics of Nuclear Fission).5

We should remark separately on the statement at the beginning of the article
about “refuting Ya. I. Frenkel's arguments in favor of the existence of significantly
non-spherical nuclei.” Today it is well known that nonspherical nuclei exist and
that, in fact, Ya. I. Frenkel was right. It is also true, however, that this is related
to shell rather than electrostatic effects, and also that nuclear fission is not a proof
of nonsphericality.

5 Uspekhi fiziki deleniia tader [Achievements of the Physics of Nuclear Fussion].
Collection of Papers. Moscow: Atomizdat, 307 p. {1965).



5
Storage of Cold Neutrons’

The idea of retaining slow neutrons has been mentioned many times,
but the corresponding experiments have not yet been performed, and the
literature does not contain even rough estimates pertaining to this problem.

It is known that slow neutrons experience total internal reflection in glanc-
ing incidence on the surface of most substances. At sufficiently low velocities,
the neutrons cannot penetrate in such a substance even under normal in-
cidence. Thus, for carbon with a density ~ 2 g/cm?® the critical neutron
velocity is close to 5 m/s, for beryllium it is approximately 7 m/s. Let us
place neutrons in a cavity surrounded on all sides by graphite. The neutrons
of speed higher than critical will rapidly leave the cavity, but neutrons of
less than critical speed are blocked in the cavity and vanish only as they
decay, with a half-life of approximately 12 minutes. Such slow neutrons will
penetrate into the wall only a depth on the order of their wavelength; taking
into account dimensionless factors, the depth is ~ 10~® cm. Therefore if the
cavity has a considerable volume, the fraction of the time that the neutrons
stay in the material of the shell is quite small; for a one-cubic-meter cavity
this fraction is ~ 1077,

The capture cross section of carbon (4.5x10™%7 cm? at v = 2.2x10° cm/s)
obeys the 1/v law and corresponds to a neutron lifetime in carbon of ~ 0.01 s
regardless of its velocity. For neutrons in a cavity we obtain an absorption
time of 0.01/107"s = 10° s = 1 day. Slow neutrons will also be lost, as
they acquire energy by collision; obviously, however, this process is greatly
suppressed, because the neutrons are for the most time in the cavity and
not in the material of the shell.

The most difficult feat is to obtain a sufficient number of such neutrons.
For a Maxwellian distribution at room temperature, the fraction of such
neutrons is on the order of 1078,

It is advisable first to cool the neutrons in a volume filled with liquid
helium, and then the fraction of the necessary neutrons increases to 107°.
As a result of the long life of the slow neutrons in the cavity, their number
density after a few seconds becomes equal to the Maxwellian equilibrium
density. The principal difficulty is connected with the need for having a
large volume of liquid helium, because of the long range of the neutrons in
helium (50 cm).

*
Zhurnal eksperimentalnof i teoreticheskoi fiziki 36 (6), 1952-1953 (1959).
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With a fully moderated neutron flux of 102 cm™%s~! from a reactor,
the flux of neutrons emitted with a temperature of 3°K can amount to
10! em™2s7!, which corresponds at an average velocity on the order of
2 x 10* cm/s to a density of 5 x 106 cm™3 of thermal neutrons, including
50 cm™3 slow ones (with velocity less than 500 cm/s). Thus, under the
most favorable assumptions, it is possible to accumulate up to 5 x 107 slow
neutrons in a cavity 1 m® in volume.

By placing a graphite partition over the opening that joins the cavity with
the liquid helium it is possible to remove the cavity with slow neutrons from
the reactor and make the measurements at a small background.

It may prove advantageous to use a palliative variant without helium, by
cooling neutrons, say, to 70°K and accumulating up to 10° neutrons. We
note that the index of refraction of the moderator should be less than the
index of refraction of the cavity material, or else the moderator will not
admit necessary neutrons in from the vacuum, and consequently will not let
any out.

An experiment of this type is quite difficult, but it seems that it can give
experimenters a valuable method of investigating the interaction of slow
neutrons with substances introduced into the cavity. By introducing an
(n, ) absorber of neutrons into the cavity, it is easy to measure the number
of neutrons left intact at the instant of observation.

We note that the neutrons in the cavity can be effectively heated to a
speed above critical by mechanical displacement of the graphite surfaces at
a speed of several meters per second.

The theory of the coeflicient of refraction and the total internal reflection
of neutrons is well known; we note only that it remains valid also at those
small energies, at which the absorption cross section, following the 1/v law,
becomes equal to or greater than the scattering cross section. It is easy to
verify that the imaginary part of the pseudo-potential, the part describing
the absorption, is small compared with the real part, which describes the
scattering. Their ratio is equal to /@o,/);, where A, is the wavelength of
the neutron for which o, = ¢,. Consequently, in the case of total internal
reflection, absorption does not change the exponential law of damping of the
wave function of the neutron in the medium.
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Commentary

A method is proposed for containment of very slow neutrons in a cavity, based
on the fact that, beginning from some critical energy (velocity) the refraction index
of the neutrons attains a zero value and complete internal reflection of neutrons
occurs at any angle of incidence. “Zeldovich’s nuclear bottle” opened an area
of neutron physics which is now undergoing rapid development—the physics of
ultra-cold neutrons (UCN).1 Using UCN measurements are made of the electrical
dipole moment of a neutron (to date only an estimate of its upper bound has been
achieved) in connection with the violation of symmetry in time reversal, the lifetime
of the neutron, related states of the neutron in matter and much more. All of this
has its roots in this ground-laying paper by Ya. B. We note also another method—
the magnetic method of neutron containment,2 proposed by V. V. Vladimirskil
shortly after the paper by Ya. B. Vladimirskii’s method may prove more convenient
for the exact determination of the probability of beta-decay of a neutron. However,
for certain important physical experiments a magnetic field, which interacts with
a neutron, is inadmissible. This relates to the measurement of the electrical dipole
moment of a neutron and to the detection of neutron-antineutron oscillations.

1Shapiro F. L.—In: Nuclear Structure Study with Neutrons. Plenum Press, 259 p.
1974).
( )2 Vladimarskit V. V.—ZhETF 39, 1062-1070 (1960).



6
Quasistable States

with Large Isotopic Spin
in Light Nuclei’

We consider an odd nucleus A with one excess neutron, with a minimum
value of isotopic spin T = 1/2 in the ground state, and with a neutron
binding energy Q. The excited states of the nucleus A™ with excitation
energy F > @ have as a rule a rather large probability of neutron emission,
i.e., a large width I, of the process A* — B+n, where B is an even nucleus.

Let the ground state of the nucleus B have T = 0, and let the state
B* with T = 1 have an excitation energy A. We assume that the nu-
cleus A has an excited state A3 with T = 3/2 and excitation energy E;
such that @ < E3 < @ + A. The decay of A; to B* + n is energeti-
cally impossible, while the decay of Aj into B 4+ n proceeds via a change
in isotopic spin and should therefore have an anomalously small width T',,.
The state A3 is quasistable and should appear in a unique manner in the
scattering of neutrons by nuclei B, and also in the photoeffect A + v =
B+n.

When n is scattered by B the isotopic spin of the system in the initial
state is T = 1/2, and it is usually assumed that states with T = 3/2 should
make only a small contribution to the scattering cross section. However, if
a quasistate exists, then sharp scattering resonance takes place at a neutron
energy £ = E; — ), with a maximum cross section

2J +1
RSN Ly
(Y

The low probability of the process, connected with the disturbance of
the isotopic spin, manifests itself not in a reduction in the scattering cross
section. but in a reduction of the width of the resonance scattering. There-
fore observation of resonance is quite possible if the neutrons are sufficiently
monochromatic.

At resonance the increase in the scattering cross section will be accompa-
nied by an increased probability of the process B(n,v)A. since o,, /o, =

*Zhurnal eksperimentalnof i teoreticheskol fiziki 38 (1), 278-280 (1960).
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I', /T, and an anomalously small ', should give] an anomalously large
I',/T,. Incidentally, the inequality I',/T, < 1 remains in force, since
T, ~ €2, when the isotopic spin is disturbed by the Coulomb interaction,
like ', which contains, however, other small factors, (v/c)*, (R/X)", and
h/McX)¥ in degrees that depend on the type of transition (for El: u = 2,
v=2,and w=0; for M1: u=v =0, and w = 2, etc.).

The existence of a quasistable A3 should lead to a narrow resonance in the

reverse process2 A(7,n)B and also to resonant scattering of v by A. Inciden-
tally, owing to the inequality ' /T, < 1, the latter process can apparently
not be observed.

The state A3 forms an isotopic multiplet with the ground state of the nu-
cleus with three excess neutrons, and, by introducing a known Coulomb
correction, it is possible to determine the expected position of the qua-
sistable level. Thus, knowing the masses [1] of the boron isotopes B'? and
B!3, it is possible to determine the energies of the corresponding states
of C2%* (T = 1) and CJ3* (T = 3/2). The result (in our notation) is
E; = 11.2 MeV at Q = 4.95 MeV and A = 11.54 MeV. Consequently,
the level C3* should be quasistable, since its energy is insufficient for decay
into C3>* +n.

One should expect a narrow resonance in the scattering of n by C'? at
E, =11.2—-4.95 = 6.25 MeV, corresponding to a neutron energy of 7.20 MeV
in the laboratory system.

From the similarity between C'? in the state with T = 3/2 and the ground
state of B!3 one expects C1%* to be in the state 3/2~, which leads to a scatter
of neutrons in the state P, on C'2, with a cross section

2J+1
25 +1

A relatively narrow resonance was observed experimentally [2] at E, =
6.30 MeV, along with a superposition of two resonances at E, = 7.4 and
8.7 MeV.

The state of interest to us can be investigated by studying the angular
distribution and polarization of the scattered neutrons. On the other hand,
at least in principle, there is a possibility of ascertaining the existence of the
unknown isobars by resonance in the scattering of neutrons by stable nuclei.
Thus, narrow resonance in neutron scattering on Be!® or C1* could denote

the existence of stable (with respect to emission of neutrons) nuclei Li*! or
B,

47 )\? = (0.8 barn

‘A; — A + 7 is allowed, I, has a normal value.

2It is possible that the best method of observing the quasistable level is to let the
reaction proceed against the continuous spectrum of bremsstrahlung and to determine
the maxima in the spectrum of the emitted neutrons from the time of flight, using a
pulsed ~ source.
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I take this opportunity to express my gratitude to V. I. Goldanskif for
discussions.
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Commentary

This paper was the first to indicate that since the isotopic spin in light nuclei is
a sufficiently good quantum number, the decay of a level with T = 3/2 per nucleus
to a state with 7' = 0 and a neutron should be forbidden.

Generalizing the idea of the paper, one may say that it was the first to point
out the possibility of the existence of peculiar “isospin isomers”—narrow nuclear
levels which are higher than the bonding energy of a nucleon, but which decay
not through strong, but through electromagnetic interaction since the release of
a nucleon from these levels is possible only through a change in the isotopic spin
(AT =1).

Unfortunately, the paper proposes far from the best means of populating such
narrow levels—through neutron scattering or the photo-effect. This means has
still not been realized.

However, as was first shown by V. I. Goldanskii, “isospin isomers” should be
clearly evident in processes of release of ﬂ+-delayed prcotons1 and proton pa»irs2 in
the form of so-called analog states, populated at superallowed (AT = 0) [3+-decay
of the mother-nuclei, for example, *>Ar — 301" — p+328 or 2 TAIZPL 2Mg" —

= T=2
2p + 20q1}1e0. Many such examples have indeed been observed in experiments. The

paper also predicts the existence of nuclei "Li and °B which are stable with
respect to neutron decay; these were later discovered in experiments.

1 Goldanskii V. L.—Dokl. AN SSSR 146, 1309-1311 (1962).
2Goldanskit V. I—Pisma v ZhETF 82, 572-574 (1980).



7
New Isotopes of Light Nuclei

and the Equation of State of Neutrons’

The limits of stability (relative to nucleon emission) of light nuclei are con-
sidered. The existence (in the sense of stability against decay with emission
of a nucleon) of the following nuclei is predicted: He®, Be!?, O3, B13:17:19,
C16720 N1821 Mg20. The problem of the possibility of existence of heavy
nuclei composed of neutrons only is considered. The problem is reduced to
that of a Fermi gas with a resonance interaction between the particles. The
energy of such a gas is proportional to w?/3, where w is its density. The
accuracy of the calculations is not sufficient to determine the sign of the
energy and answer the question as to the existence of neutron nuclei.

The problem of the possible isotopes has been treated by Nemirovskii [1,
2] for 8 < Z < 84, and by Baz (3] for the region 17 < A < 40. The former
uses the one-particle approximation, with an attempt to find the dependence
of the parameters of the well on the numbers of neutrons and protons. For
nuclei with an excess of protons Baz bases his discussion on the experimental
data on the mirror nuclei (with excess of neutrons) and on the well-known
expression for the Coulomb energy. For nuclei with an excess of neutrons he
extrapolates the binding energy in a series of nuclei with constant isotopic
spin.

These papers predict the existence of many as yet unknown g-active iso-
topes. In the table given below the isotopes so predicted are enclosed in
dashed-line squares. One of them (O?°) has very recently been observed
experimentally [4].

In the present paper (Sec. 1) we make additional predictions in the region
of the lightest nuclei; the isotopes so predicted are enclosed in solid-line
squares in the table. We point out particularly the conclusion that there is
a large probability that He® exists. For nuclei with an excess of neutrons
the writer has tried to take the effect of shells and the pair interaction of
neutrons into account as accurately as possible.

In Sec. 2 the question is raised of the existence of nuclei composed solely
of neutrons. In the limiting case of a large number of neutrons, by using
the data on resonance in the 'S scattering, one can find the general form of
the dependence of the energy on the density of the nuclear matter, but the

*Zhurnal eksperimentalnoi i teoreticheskol fiziki 38 (4), 1123-1131 (1960).
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accuracy of the first approximation obtained in this paper is insufficient to
give a definite answer to the question of the existence of such nuclei.

1. Light Nuclei

Following the method of Baz [3], one easily convinces oneself that there
should exist a nucleus O3 with a proton binding energy not smaller than
1.2 MeV and with 3*-decay energy 16 to 17 MeV. Using the data [4] on
the mass of O2°, we conclude that the mirror nucleus Mg should exist
with proton binding energy not less than 2.7 MeV and 3%-decay energy
about 7 MeV. The existence of O'%, Ne'®, and Mg!? is not excluded (empty
spaces in the table);1 the corresponding mirror isotopes Be!?, C¢, and N9
are predicted in this paper (see later argument), but their energies cannot
be predicted with enough accuracy to give a definite conclusion about 02,
Ne'®, and Mg!®. The isotopes Ne'”, Na!®, Mg?!, and Mg?? are predicted by
Baz.

Regarding all the other nuclei in the upper right-hand part of the table
we can assert with assurance that they are unstable against emission of a
proton, i.e., they do not exist, which is shown in the table by the minus signs
in all the upper celis.

Let us turn to the nuclei with an excess of neutrons. A nucleus with
an excess of neutrons does not exist in the case in which all the discrete
levels are already filled up with neutrons. An important point here is that
the nuclear forces fall off rapidly with distance, and therefore the number
of levels in the field of the nuclear forces is limited (in contradistinction,
for example, to the case of the Coulomb field). With the spin taken into
account the number of levels is always even; therefore if a nucleus exists
containing an odd number of neutrons (2n + 1), then there is also a place
for a subsequent (2n 4 2)-nd neutron. On account of the mutual attraction
of a pair of neutrons the binding energy of the (2n + 2)-nd neutron is always
larger than that of the preceding (2n + 1)-st neutron.

In each cell of the table that corresponds to an experimentally known
isotope there is written the binding energy of the last neutron. It is easily
verified that in all cases E,,,, , > E,, ,,. Therefore the existence of the nuclei
Be!? and C'® definitely follows from the existence of Be!! and C!5. As a
rough estimate, the binding energy of a neutron in Be!? is about 2-3 MeV,
and the B-decay energy is 12-13 MeV; for C6 these values are 3-4 MeV and
8-9 MeV, respectively.

It is much harder to settle the existence of other isotopes. Extrapolation

}These nuclei may be unstable with respect to the emission of two protons at once. On
the other hand, at the limit of stability the expression for the Coulomb energy of the last
proton, 1.2(Z —1)A~1/3, gives too large a result; for example, in the pair Li®~B8 we have
for Li® the binding energy Q,, = 2 MeV and for B8 the value Qp = 0.2 MeV, so that the
difference is 1.8 MeV, whereas by the formula we would get 1.2 x 4 x 7~1/3 = 2.5 MeV.
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for fixed isospin [3] T is not reliable, since it involves comparison of neutrons
that are in different shells.

For the lightest nuclei the idea of a smooth dependence of the parameters
of the well on N and Z (1, 2] does not take sufficient account of the indi-
vidual peculiarities of the shells. We shall try to make maximum use of the
experimental data. It is known from the scattering of neutrons by He* that
for the partial wave Py, there is a resonance at the energy +1.0 MeV (i-e.,
in the continuous spectrum) with width 0.55 MeV (which corresponds to an
He?® lifetime of 1072! s). The nucleus He® does not exist, and consequently
there is no discrete bound state of a neutron in the field of He*.

In the same sense, the dineutron does not exist, since from experiments
on the scattering of neutrons by protons it is known that in the 1S state,
which is allowed for two neutrons by the Pauli principle, the attraction is
not sufficient for the formation of a bound state. Therefore the He® nucleus
is a remarkable system of three particles (n +n + He?), which are not bound
together in pairs, but all three together form a bound system. Quite crudely
we can imagine that He® consists of two neutrons in the state (P, /2)2 in

the field of He*. The energy of interaction between the two neutrons (about
—3 MeV) is more than enough to compensate for the positive energy of each
neutron in the state Py, (+1 MeV) in the field of He*.

The Py, shell has four places in all. Therefore we can raise the question

of the possibility of He” and He®. According to Kurath [5], in the limit of
small range of the forces and weakly bound nucleons, and for large radius
of the orbits of the shell (r, < r;, L = 3K, in his notation), one gets a
simple result: if the energy of interaction of two neutrons is B, then the
energy of the interaction of three neutrons is also B, and the energy of the
interaction of four neutrons is 2B, i.e., the neutrons combine in pairs, as it
were. From this there follows the conclusion that He” does not exist, but
He® exists; the expected binding energy of a neutron is 0.5-0.8 MeV, and
the S=decay energy is about 12 MeV. It would be extremely desirable to
verify the existence of He® experimentally and determine its binding energy.

How accurately the rule of the combining of neutrons in pairs in a single
shell around a doubly magic (closed) core holds experimentally can be seen
from two examples.

1) The filling up of the d;, shell on the closed 0! (see table). We quote
the binding energies (in megavolts). The subscript on E is the number of
neutrons in the dy 5 shell (the upper index is the atomic weight):

E{" =415 E}¥ =807, E} =396 FE?=7165.

There are no data on Ey and Eg, which finish the filling of the shell; the
nuclei O%' and 0?2 have not yet been observed.
2) The filling up of the f;/, shell on Ca’, which has closed shells (this

2The mass data are taken from review articles [6~8].
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example has been treated partially by Nemirovskii [2]). The binding energies
are:

Eill E%Z Eé13 E;M ng) Egﬁ Ef,i?' EélS
8.3 11.4 8.0 11.4 74 11.0(7)° 6.87% 108

At the end of the filling-up of the f; , shell the binding energy E falls

sharply: E§® = 5.1. Since He? is a closed doubly magic nucleus (and an even
more stable one than O'® and Ca®°), these examples speak convincingly for
the existence of He®.

If the proton shell is not filled, then F drops off extremely sharply within
the range of the given neutron shell; we may imagine that the first neutrons
unite in pairs with the “free” protons (those outside the closed shells), and
later neutrons can no longer do this. As an example let us consider the dj /2

shell of Ne'®*—a nucleus with two protons beyond O6. We have:

E® E2 EX E2 EZ E¥*
114 16.9 6.8 10.4 5.2 8.9

If the proton shell falls short of being closed by one, two, or three protons,
the binding energy of the neutrons is decreased as compared with the binding
to a closed shell (cf. C'?, N', and O'7 in the table). But within the limits
of a given neutron shell (on a core with holes in the proton shell) F varies
little, in contradistinction to the case in which excess protons are present.

We give examples of the filling of the f,, shell with neutrons in nuclei
with unfilled proton shells:

Nucleus K33: Ef=79 E#=100 E’?=74 EP=108
Nucleus Ar3S: E¥ =67 E’=97 E'=61

Thus we can formulate the rule that on nuclei with closed proton shells
and with holes in the proton shell (but not on nuclei with excess protons),
the binding energies of the odd neutrons are practically constant within the
limits of a given neutron shell. The binding energies of the even neutrons
are also constant within the limits of a given shell, but are larger by the
amount of the pairing energy. Carrying this rule over to the ds, shell, we
come to the conclusion that the experimental fact of the existence of bound
ds , states in the nuclei C'® and N6, N17 guarantees the possibility of filling
up the entire d;;, shell, to C?° and N2!, respectively.

An examination of the binding energies of neutrons in the table reveals a
regular increase of E in each row, with increase of the number of protons (the
single exception is the pair Li®~Be®, which is due to the special structure
of B®). Extrapolation of E to the left along the rows makes probable the

3The nucleus Ca%® has not been studied, so that one knows experimentally only the
sum EA4% 4+ E47 = 17.8; the separate terms in the table are obtained by interpolation.
6 7 ’ P
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existence of B'%, and from this—by the principle of the constancy of the
binding energy in a shell—of B!” and B'®. The existence of the nuclei
with odd numbers of neutrons, B!4, B¢ B!® remains questionable. With
considerable assurance we can assert that the odd (in n) nuclei Be!3, Beld,
Be!?, Lil® do not exist.

On the whole, however, the assertions that can be made reliably about
nuclei with excess neutrons not known to exist are extremely weak. From
studies of scattering only the nonexistence of n? and He® is quite accurately
proved. From principles of the pair interaction of neutrons it is obvious that
n3 and He” do not exist. There is no longer such certainty regarding H®
(HS is entered in the table with a question mark), and the hypothesis that it
exists has been suggested [9]. We note that if n* and H° existed, then there
would be isotopically similar quasi-stable systems H* with T = 2 and He®
with T = 3/2, which would manifest themselves in the scattering of n by T
and of n by He?; this situation has been examined in detail in a separate
note [10]. At present there are no experimental data in the required range
of neutron energies.

Unlike the upper right-hand part of the table, which is almost solidly filled
with minus signs (“does not exist”), in most of the cells of the lower left-hand
part we can put neither a minus nor the symbol of a nucleus (“exists”). The
obscurity of the problem of the limits of existence of isotopes with excess
neutrons is a consequence of the fact that the limiting case is not clear; it is
not known whether a heavy nucleus composed solely of neutrons could exist.

2. The Neutron Liquid

The problem of the limiting number of neutrons that can adhere to a
heavy nucleus has been considered by Wheeler [11]; he came to the conclu-
sion that for Z ~ 90-100 the maximum mass number is A ,, ~ 500-600.
Wheeler used the Weizsécker formula; Nemirovski (2] correctly criticizes this
formula near the limits of existence, and therefore, Wheeler’s conclusions are
not reliable.

Let us consider the extreme case of a very large nucleus consisting of
neutrons alone. If it does exist, it surely does so only with a density much
smaller than that of ordinary nuclei. Let us first examine the properties
of a neutron liquid of small density; these properties are determined by
the pair interactions of the neutrons at small energies (up to a few MeV).
In this region only the interaction of pairs of neutrons in the 1S state is
of importance, and here this interaction is completely determined by the
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scattering length4 (cf., e.g., [12]):
dlnp\* 13
a=—|— =-19-10""cm;

the sign corresponds to the absence of a bound state, and the quantity a
corresponds to the so-called energy of a virtual level (i is the reduced mass,
equal to M/2):

h2
v = 2ua?
We cite here the well-known calculation [13, 14] of the energy of interac-
tion of particles in the continuous spectrum, confining ourselves at once to
the S wave. As usual, we consider first a spherical box for r = r; —r,, where
r, and r, are the coordinates of the two particles, i.e., we set ¥(r) = 0 at

|r| = R. Without interaction the normalized S-wave function in such a box
is

=0.11 MeV.

o= sin(nnr)
™/2rR
With an interaction corresponding to scattering with the phase shift o we
have
v = sinfe + R™Y(n — a/m)7r)
rV2rR ’

which corresponds to a change of the energy of the n-th state given by

h2nra
AE, = _W
Let us eliminate the auxiliary quantities R and n from the expression for

AE,. The state under consideration is characterized by the momentum of

the relative motion
_ hnw

P, R
and the density at the coordinate origin in the unperturbed motion

2
pu(0) = ¥2(0) = 215

Let us express AE, in terms of p and p(0); after this we can set R — oo,
n — oo, and forget about n. We get
2rh3ap(0
up
We express the phase in terms of the scattering length:

_1fap
=—tan" ! = }.
[0 an (h)

4For pp-scattering ¢ = —17.2, and for np-scattering a = —23.7; we assume that a
depends linearly on the product of the magnetic moments.
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For F < E , ap < h we have

2
0

a=®  ap=_2h7en0), 2)

h r

for E> E,, ap > h we get
2K35(0

a=", AR = _T 1 p0) (3)

2 U

Let us apply the expressions (2) and (3) to a Fermi gas consisting of neutrons
only with mean density w. We single out one neutron with a definite spin
direction. At the point where this neutron is located, the density of other
neutrons with the same spin direction is zero by the Pauli principle; if there
were no interaction, the density of the other neutrons with antiparallel spins
would not differ from that of those with parallel spins on the average over all
space; that is, w(0) = w/2. We recall that w is the total density of neutrons
with both spin directions and that the formula for AE contains just the
density in the state without interaction.”

We still have to take into account the fact that the change of energy AE
relates to a system of two particles; in order not to include the interaction
of each pair twice, we recall that the decrease of the energy of one particle
is AE/2. We finally find that if for a pair of particles in the S state
AE = kp(0), where k is a coeflicient that depends on the momentum, then
the change of the energy of all the gas in unit volume on account of the
interaction is

|5
]

U=— (4)

here k is averaged over the Fermi distribution.

The Fermi distribution is characterized by the boundary momentum py,
the boundary energy 'y, and the total kinetic energy £ of all the gas in unit
volume; as is well known,

2

3 pf
3
L P S (5)
3m2p3’ 1072h3 M~

When we average k we get a result which depends on the ratio of E s to
the energy E, of the virtual level. For E, < E, the quantity k is constant

5 Another possible approach is based on the fact that the statistical weights of the
triplet and singlet are in the ratio 3 : 1; a given neutron interacts with only 1/4 of the
others. But in the singlet state without scattering the density at the coordinate origin
is twice as large as the average density throughout the volume, since in the singlet state
only even angular momenta ! are possible, and therefore the S state, the only one that
contributes to p(0), makes up twice as large a fraction of all singlet states as in the case of
different particles. We finally find (1 is the index for the singlet) w(0) = 2&; = 2(w/4) =
w/2, which agrees with the result obtained in the text.
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and (u = M/2)
wh2aw?
U= —177—.
In the limiting case E; > E,, we must average over the Fermi distribution
p~ !, where p is the momentum of the relative motion of two particles. We
have

1 1
P=u(vy—vy) = §M(V1 —Vy) = ‘2‘(131 - P2)- (7)

Using the electrostatic analogy6 we easily find

S — 6 — 12

Pi—Pl = Pl=1—, 8

PPl = o ®)
and finally,

_ _37r2l’L3uJ2 _ 2p° _ _45 9)

~ Bupy  1572A3M 3

This is a remarkable result: the interaction energy is a constant multiple of
the kinetic energy.

If we take these results literally, we get the following physical conclusions
about the dependence on the density of the average energy of a neutron,
E,(w) = (£ + U)/w: at small density, in the limit

3
Ey=:E,>0, B~ w3, (10)
the interaction is proportional to a higher power of w (first) at the density

wp that corresponds to E; = 5E,, the energy E; goes to zero, and then
changes sign and at larger densities

1
B, =-2E,<0, B ~ w23, (11)

This expression holds for’ w > wy = a~3. From this it follows that a nucleus
can exist that consists of neutrons only, with a binding energy given by —E;.

This treatment does not give the equilibrium density, since according to
(11) as the density increases E; continues to decrease (E, is negative and its
absolute value increases). To find the equilibrium density and the binding
energy at this density we must bring in the effective range of nuclear forces
and the interaction in states with ! # 0. Qualitatively, however, the fact of
the existence of neutron nuclei itself follows just from the change of sign of
E,, which is obtained from a calculation at the density w, = a™>. Since a
is extremely large, we have w, ~ 0.00lw,,, where w, is the density of ordi-
nary nuclei. In a state corresponding to the density w, for which £; = 0

SFor any body, 7'1—21 = f frl"zl dvy dvg = fcpl dvy = P, where ¢ is the potential for
unit charge density, which satisfies the equation Ag = —47 inside the body and Ay = 0
outside the body.

7 A consistent calculation on the assumptions made above gives a value of the coefficient
very close to unity.
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the boundary kinetic energy E; is about 0.5 MeV, so that the contribution
from { # 0 and the influence of the effective range are negligible; thus the
assumptions about the interaction of the neutrons that were the basis for the
calculation are very well satisfied at w = w,. We note that if the existence of a
range of values of w in which E; < 0 is confirmed, then the surface tension of
the neutron liquid will give a definite critical size of the neutron droplet, i.e.,
a minimum number of neutrons for which the existence of a neutron nucleus
is possible. Therefore if it is proved that bound states n?, n® or n® do not ex-
ist, this does not by itself exclude the existence of the heavier neutron nuclei.

Nevertheless the main result—the change of sign of E,—is by no means
to be regarded as established, since only the pair interaction of the neutrons
bas been considered and no account has been taken of the influence of the
other neutrons on the wave functions of the interacting pair. The result is
doubly unreliable because for w > w, the desired quantity E; is the small
difference of two nearly equal quantities:

- - 3 4 4_
E,=E+U. E=(E, U=-E=-F (12)

For w > wy, £y > E,, the scattering does not depend on the length a, and
we can set @ = oo, a” ! = 0, i.e., consider resonance scattering. Then the
problem contains no dimensionless parameters. From dimensional consider-
ations it follows that in this region

The formula (11) for E; is in agreement with this requirement. But then
the correction to E; because of the influence of a third neutron on the wave
functions of a given pair is also proportional to E £ le, depends on the same
power of the density and can differ from E; and E) only by a numerical co-
efficient. This case is not like the usual one; in the Fermi gas at absolute
zero with resonance scattering one cannot expand in a series of powers of
the density.

We have not found the corrections for the interactions of three and more
particles; it is quite possible that they will change the sign of E) in the region
w < wy. We know that E; > 0 for w < wy. On the other hand, for values
of w approaching the density of ordinary nuclei it is to be expected that
the energy will lie above that calculated from the resonance § scatteringA8
Therefore, if from an exact solution of the problem of the Fermi gas with res-
onance interaction it is found that E, > 0, this will mean that the existence
of nuclei composed of neutrons only is impossible.

We note that the expression (11) for E, found by using the pair inter-
action is not the mathematical expectation of the energy, calculated with

8By the method described above we would get for nuclear matter consisting of equal
numbers of neutrons and protons, with the Coulomb interaction neglected, the result

L1 = —4E: for the ordinary nuclear density this would give a binding energy ~ 60 MeV,
many times the experimental value.



