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PREFACE

T h is  b o o k le t  re p ro d u ces  w ith  s l i g h t  changes a 

c o u rse  o f  l e c t u r e s  d e l iv e r e d  in  P r in c e to n  d u rin g  th e  

S p rin g  term  19^6. I t  would be m is le a d in g  to  c a l l  i t  a 

th e o r y  o f  tr a n s c e n d e n ta l  num bers, ou r know ledge co n 

c e rn in g  tr a n s c e n d e n ta l  numbers b e in g  n a rro w ly  r e s t r i c t e d .  

The t e x t  d e a ls  w ith  a few  s p e c i a l  tra n sce n d e n cy  problem s 

o f  some i n t e r e s t ,  but i t  i s  more th a n  a  mere c o l l e c t i o n  

o f  s c a t t e r e d  ex am p les, s in c e  i t  in v o lv e s  a method w hich  

m ight be u s e f u l  in  th e  se a rc h  o f  more g e n e r a l  r e s u l t s .

C a r l  Ludwig S i e g e l .

A p r i l ,  19^9 
P r in c e to n , New J e r s e y .
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CHAPTER I

THE EXPONENTIAL FUNCTION

The most w id e ly  known r e s u l t  on tr a n s c e n d e n ta l  

numbers i s  th e  tra n s ce n d e n cy  o f  x proved b y  Lindemann 

in  1882. H is method i s  based on H e rm ite f s p r e v io u s  work 

who d is c o v e r e d  th e  tra n s ce n d e n cy  o f  e in  1873.  B oth  
r e s u l t s  a re  c o n ta in e d  in  th e  g e n e r a l  Lindemann- 

W e ie r s tr a s s  theorem  w hich  w i l l  be proved in  §12.  We 
s h a l l  s t a r t  w ith  some s im p le r  p ro b le m s, nam ely th e  

i r r a t i o n a l i t y  o f  e and *  and r e la t e d  q u e s t io n s .

§ 1 . The i r r a t i o n a l i t y  o f  e 

The u s u a l p r o o f  o f  th e  i r r a t i o n a l i t y  o f  e runs as 

f o l l o w s . From th e  s e r ie s

we g e t  th e  d e co m p o sitio n

e k!

( n = i , 2 , .

S in ce
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2 I . THE EXPONENTIAL FUNCTION
we f in d  th a t

th e r e fo r e

0 < r n  < ( n + 1 )!

Put

n! Rn = a n , n! r n = bQ,

th e n  th e  number a n i s  i n t e g r a l  and

n

f o r  n = 1 , 2 , . . . .  T h is  p ro ves  th a t  n! e = a n + bn and, 
a  f o r t i o r i , n  e i s  n e v e r  an  in t e g e r .  In  o th e r  w o rd s, e 

i s  i r r a t i o n a l .
The p r o o f  i s  s t i l l  s im p le r , i f  we use th e  s e r ie s  

f o r  e ” 1 in s te a d  o f  e .  Then

- i  „ lzlLk  .  -
"  n * »n' k! ' ' n '  f e s T  k!

( n = l , 2 , . . . )

and

r\ /  ( <\ %n+i — 1___  _ 1 /  1___
0 < ( 1 } n (n+1 )! ( n+2)! + ••• \  (n+1 )!

D e fin in g
n! *  ̂ = a nI p =n n* n n

we see  th a t  a n i s  i n t e g r a l  and



§1 . THE IRRATIONALITY OP e . 3

0 < (-1  )n+\  < s h - C  1.

— 1 — 1
T h e re fo re  n !e  = «n + 3 n a n d ,a  f o r t i o r i ,  n ,e  i s  n e v e r
an in t e g e r .

We can  p ro ve  a l i t t l e  m ore, nam ely t h a t  e i s  r o t
p

th e  ro o t o f  a q u a d r a tic  e q u a tio n  ax + bx + c = 0 w ith  

i n t e g r a l  a ,  b , c ,  not a l l  0 . C o n sid e r  th e  e x p r e s s io n

En = n! (ae + ce 1 )

w ith  i n t e g r a l  a and c ,  not b o th  0 . Then

En = Sn + Rn’ Sn  = ^ n  + Rn = abn + CV

w here Sn i s  i n t e g r a l  and th e  a b s o lu t e  v a lu e

i i v  i £ i abn i * i c ? n i < i i s n n J - ,

so th a t

I Rn I < 1

f o r  a l l  n ^ > 2 |a| + | c | .  On th e  o th e r  hand we have th e  

r e c u r s io n  fo rm u la

“ V i  " Rn = a (n b n -i - V + CV 0 n -1 '  3 n>

= a  + (-1 )nc .

I t  fo l lo w s  t h a t  a t  l e a s t  one o f  th e  th r e e  numbers 

^ 1  , Rn+1 i s  d i f f e r e n t  from  0 , s in c e  o th e rw is e  
a+c=o, a - c =0 and a=0 , c=0 . T h is  .shows th e  e x is t e n c e  o f  
a  p o s i t i v e  in t e g e r  v such th a t  E  ̂ i s  not i n t e g r a l ,  and 

t h e r e fo r e  th e  number


