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Preface

The topology asso cia ted  with a singular point of a complex curve has  

fascinated  a number of geom eters, ever sin ce  K . B r a u n e r *  showed in 

1928 that each such singular point can be described in terms of an asso

ciated  knotted curve in the 3-sp h ere. R ecently  E . B R IE S K O R N  has brought 

new in terest to the subject by discovering sim ilar exam ples in higher dimen

sion s, thus relating algebraic geometry to higher dimensional knot theory 

and the study of exotic spheres.

This manuscript will study singular points of complex hypersurfaces 

by introducing a fibration which is  asso cia ted  with each singular point.

As prerequisites the reader should have some knowledge of b asic al

gebra and topology, as presented for example in LANG, A lgebra  or VAN 

DER WAERDEN, Modern A lgebra , and in SPANIER, A lgebraic Topology  .

I want to thank E. Brieskorn, W. C asselm an, H. Hironaka, and J .  Nash 

for helpful d iscu ssion s; and E . Turner for preparing notes on an earlier 

version of this m aterial. Also I want to thank the National Scien ce Foun

dation for support. Work on this manuscript was carried out at Princeton  

U niversity, the Institute for Advanced Study, The U niversity of California  

at L o s Angeles, and the U niversity of Nevada.

See the Bibliography. Proper names in cap ital letters w ill always indicate 
a reference to the Bibliography.
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§1. INTRODUCTION

L et f ( z j , z n + 1) ke a non-constant polynomial in n + 1 complex 

variables, and let V be the algebraic se t con sisting  of all (n+ 1 )-tuples

z = ( z l f . . . , z n + 1)

of complex numbers with f(z) = 0 . (Such a se t is called  a com plex hyper- 

su rfa ce .)  We want to study the topology of V in the neighborhood of some 

point z ° .

We will use the following construction, due to BRAUNER. In tersect 

the hypersurface V with a small sphere S£ centered at the given point z ° . 

Then the topology of V within the disk bounded by S£ is clo se ly  related  

to the topology of the se t

k = v n sg .

(Compare § 2 .1 0  and § 2 .1 1 .)

As an example, if z °  is a regular point of f (that is if some partial 

derivative d i/d z j does not vanish at z ° )  then V is a smooth manifold of 

real dimension 2n near z ° . The intersection  K is then a smooth (2 n — 1)- 

dimensional manifold, diffeomorphic to the (2n — l)-sp h ere , and K is em

bedded in an unknotted manner in the (2n+ l)-sp h ere  S£ . (See § 2 .1 2 .)

By way of con trast, consider the polynomial

f(z l , z 2 ) = zP  + z 2q 

in two variables, with a critical point (d i/d z  ̂  = d i/d z 2 = 0 ) at the origin. 

Assume that the integers p, q are relatively  prime and > 2.

3


