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Series Preface
This international series covers all aspects of theoretical and applied optics and optoelectronics.
Active since 1986, eminent authors have long been choosing to publish with this series, and it is
now established as a premier forum for high-impact monographs and textbooks. The editors are
proud of the breadth and depth showcased by published works, with levels ranging from
advanced undergraduate and graduate student texts to professional references. Topics addressed
are both cutting edge and fundamental, basic science and applications-oriented, on subject mat-
ter that includes lasers, photonic devices, nonlinear optics, interferometry, waves, crystals, optical
materials, biomedical optics, optical tweezers, opticalmetrology, solid-state lighting, nanophotonics,
and silicon photonics. Readers of the series are students, scientists, and engineers working in optics,
optoelectronics, and related fields in the industry.
Proposals for new volumes in the series may be directed to Lu Han, senior publishing editor at

CRC Press, Taylor & Francis Group (lu.han@taylorandfrancis.com).
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Preface to the Fifth Edition
Although I did eventually write this fifth edition, I never would have done it without the
encouragement and support of many friends and colleagues. It was Lu Han of Taylor & Francis
who eventually managed to push me over the edge—in the nicest possible way. And then there
are four people, whose identities are hidden from me, but, since they are all clearly expert in thin-
film optics, must certainly be people I know well. Their constructive comments based on my
proposal and initial efforts were enormously helpful. I owe them and Lu a special debt of grateful
thanks.
The field of thin-film optical coatings is still expanding andwill continue to do so as long as there

is optics. But the term expansion is really an oversimplification because there are substantial and
significant changes also taking place. We are getting better at what we do is probably the best way
to summarize them. There is a great deal of automation in our design, processes, and testing.
Computers are everywhere. But automation does not decrease the need for understanding, par-
ticularly when there is a problem, and I have still tried to make understanding the primary thrust
of this book.
The fundamentals have not changed, and so these are where we start. Then we have our well-

known antireflection, high reflectance, bandpass, and related coatings. Although the subjects of
these early chapters are still the same, their contents have been reordered and revised. The later
chapters are almost entirely reorganized. Of course, the subject has not changed to the extent that
everything needs to be completely rewritten, but I hope you will feel that the new arrangement is
more logical. It has allowedme to expand on a good number of the important topics. There are also
some older coatings that, although perhaps not often used today, are nevertheless instructive in
their designs. Then more and more, we are seeing what can be considered as optical thin-film
developments in other areas. I am thinking of metamaterials, coherent perfect absorbers, and the
like. They tend to appear in journals other than the core ones for our community, and the technical
language is often unfamiliar. Some are simply translations of what we already know well, but
others could have important implications. I have tried to explain some of these in more familiar
optical coating terms. These descriptions should not be thought of as in any way complete. They
are simply intended to show how certain aspects might be understood in the context of optical
coatings where they could eventually play some role. That there are more than 150 new figures
may give some idea of the extent of the changes.
All the additional material has to be accommodated somehow and that implies that some

material has to go. That has proved to be the most difficult task of all. Which old friends do I
remove? I am helped a little in this by the fact that old books do not completely die but migrate to
electronic versions, perhaps in the clouds. Previous editions are not lost forever. The topics I have
eliminated will still exist, although they may be a little less readily accessible.
I continue to marvel at the incredibly good fortune that so long ago led me into this wonderfully

welcoming, open, generous international optical thin-film community that has supported me all
these years. Once again, I thank you, all of you, my readers, publishers, friends, colleagues, family,
and especially my wife, Ann.

H. Angus Macleod
Tucson, Arizona
xvii
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Preface to the Fourth Edition
In some ways first editions are easier, or perhaps I should say less difficult, to prepare than
subsequent editions. By the time a fourth edition is required, there is a strong expectation among
readers of the character and content of the book. Thus, the author must somehow try to maintain
the style at the same time as bringing the book up to date. What to omit and what to include are
very difficult questions. Modern optical coating design is virtually entirely performed by com-
puter, frequently using automatic techniques. However, computers do not remove the need for
understanding, and I think it is understanding that readers look for in the book. Also, I am con-
scious that a reader, having perhaps rejected an earlier edition in favor of a later and remembering
something important in the earlier, might well expect to find it in the later. I made the decision,
therefore, to retain most of the descriptions of the earlier design techniques because of their impor-
tance in understanding how designs work. Then, although some of the applications that I describe
are rather old, nevertheless they do illustrate how optical coatings are incorporated into a system,
and so I retained them. I have tried to incorporate a reasonable amount of newmaterial throughout
the book. I added a chapter on color because it is increasing in importance in optical coatings,
and, although it is of largely academic interest, I could not resist a section on the effects of gain in
optical coatings, because I find it a fascinating topic. Then I struggled with coatings for the soft
x-ray region and, with some regret, decided not to include them at this time. It is the old design
synthesis problem: one has to stop somewhere.
I am fortunate in my friends and colleagues who have helped me immeasurably with sugges-

tions, advice, and, I have to admit it, corrections. The field of optical thin films has been very good
to me. I cannot imagine a more friendly, supportive, and open group of people than the inter-
national optical thin-film community. It sets an example the rest of the world would do well to
follow.
Thank you, all of you, my readers, publishers, friends, colleagues, family, and especially my

wife, Ann.

H. Angus Macleod
xix
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Preface to the Third Edition
The foreword to the second edition of this book identified increasing computer power and
availability as especially significant influences in optical coating design. This has continued to the
point where any description I might give of current computing speed and capacity would be
completely out of date by the time this work is in print. Software for coating design (and for other
tasks) is now so advanced that commercial packages have almost completely replaced individ-
ually written programs. I have often heard it suggested that this removes all need for skill or even
knowledge from the act of coating design. I firmly believe that the need for skill and under-
standing is actually increased by the availability of such powerful tools. The designer who knows
very well what he or she is doing is always able to achieve better results than the individual who
does not. Coating design still contains compromises. Some aspects of performance are impossible
to attain. The results offered by an automatic process that is attempting to reach impossible goals
are usually substantially poorer than those when the goals are realistic. The aim of the book,
therefore, is still to improve understanding.
During the years since publication of the second edition, the energetic processes, and particu-

larly ion-assisted deposition, have been widely adopted. There are several consequences. The
improved stability of optical constants of the materials has enabled the reliable production of
coatings of continuously increasing complexity. We even see coatings produced now purely for
their aesthetic appeal. Then the enormous improvement in environmental stability has opened up
new applications, especially in communications. Unprecedented temperature stability of optical
coatings can now be achieved. Specially designed coatings have simplified the construction of
ultrafast lasers. Banknotes of many countries inhibit counterfeiting by carrying patches exhibiting
the typical iridescence of optical coatings. Coatings to inhibit the effects of glare are now integral
parts of visual display units.
I mentioned in my previous foreword the difficulty I experienced in bringing the earlier edition

up to date. This time the task has been even more difficult. The volume of literature has expanded
to the extent that it is almost impossible to keep up with all of it. The pressure on workers to
publish has in many cases reached almost intolerable levels. I regret I do not remember exactly
who introduced the idea of the half-life of a publication after which it sinks into obscurity but it is
clear that the half-life has become quite short. Comprehensively to review this vast volume of
material that has appeared and continues to appear would have changed completely the style of
the book. The continuing demand for the now out-of-print second edition of the book suggests that
it is used much more as a learning tool than a research reference and so my aim has been to try to
keep it so. There have been few fundamental changes that affect our basic understanding of optical
coatings and so this third edition reflects that.
I appreciate very much the help of various organizations and individuals who provided

material. Many are named in the foreword to the second edition and in the apologia to the first.
Additional names include Shincron Company Ltd, Ion-Tech Inc, Applied Vision Ltd, Professor
Frank Placido of the University of Paisley, and Roger Hunneman of the Department of Cyber-
netics, University of Reading.
Again I am grateful for all the helpful comments and suggestions from all my friends and

colleagues. The enormous list of names is beyondwhat can be reproduced here but I must mention
my debt to my old friend Professor Lee Cheng-Chung, who took the trouble to work completely
through the book and provided me with what has to be the most detailed list of misprints and
xxi



xxii Preface to the Third Edition
mistakes, and Professor Shigetaro Ogura, who was instrumental in the translation of the second
edition into Japanese. The people at AdamHilger must be the most patient people on earth. I think
finally it was my shame at so trying the endurance of Kathryn Cantley who simply responded
with encouragement and understanding that drove me to complete the work.
My eternal and grateful thanks to my wife. She did not write the book but she made sure that

I did.

H. Angus Macleod
Tucson, Arizona



Preface to the Second Edition
A great deal has happened in the subject of optical coatings since the first edition of this book. This
is especially true of facilities for thin-film calculations. In 1969 my thin-film computing was per-
formed on an IBM 1130 computer that had a random access memory of 10 kbytes. Time had to be
booked in advance, sometimes days in advance. Calculations remote from this computer were
performed either by slide rule, log tables or electromechanical calculator. Nowadays my students
scarcely know what a slide rule is, my pocket calculator accommodates programs that can cal-
culate the properties of thin-film multilayers, and I have on my desk a microcomputer with a
random access memory of 0.5 Mbytes, which I can use as and when I like. The earlier parts of this
revision were written on a mechanical typewriter. The final parts were completed on my own
word processor. These advances in data processing and computing are without precedent and, of
course, have had a profound and irreversible effect on many aspects of everyday life as well as on
the whole field of science and technology.
There have been major developments, too, in the deposition of thin-film coatings, and although

these lack the spectacular, almost explosive, character of computing programs, nevertheless
important and significant advances have been made. Electron-beam sources have become the
norm rather than the exception, with performance and reliability beyond anything available in
1969. Pumping systems are enormously improved, and the box-coater is now standard rather than
unusual. Microprocessors control the entire operation of the pumping system and, frequently,
even the deposition process. We have come to understand that many of our problems are inherent
in the properties of our thin films rather than in the complexity of our designs. Microstructure and
its influence on material properties is especially important. Ultimate coating performance is
determined by the losses and instabilities of our films rather than the accuracy and precision of our
monitoring systems.
My own circumstances have changed too. I wrote the first edition in industry. I finish the second

as a university professor in a different country.
All this change has presented me with difficult problems in the revision of this book. I want to

bring it up to date but do not want to lose what was useful in the first edition. I believe that in spite
of the great advances in computers, there is still an important place for the appreciation of the
fundamentals of thin-film coating design. Powerful synthesis and refinement techniques are
available and are enormously useful, but an understanding of thin-film coating performance and
the important design parameters is still an essential ingredient of success. The computer frees us
from much of the previous drudgery and puts in our hands more powerful tools for improving
our understanding. The availability of programmable calculators and of microcomputers implies
easy handling of more complex expressions and formulae in design and performance calculations.
The book, therefore, contains many more of these than did the first edition. I hope they are found
useful. I have included a great deal of detail on the admittance diagram and admittance loci. I use
them in my teaching and research and have taken this opportunity to write them up. SI units,
rather than Gaussian, have been adopted, and I think Chapter 2 is much the better for the change.
There is more on coatings for oblique incidence including the admittance diagram beyond the
critical angle, which explains and predicts many of the resonant effects that are observed in
connection with surface plasmons, effects used by Greenland and Billington (Chapter 8, reference
12) in the late 1940s and early 1950s for monitoring thin-film deposition.
Inevitably, the first edition contained a number of mistakes and misprints and I apologise for

them. Many were picked up by friends and colleagues who kindly pointed them out to me. Per-
haps the worse mistake was in Figure 9.4 on uniformity. The results were quoted as for a flat plate
but, in fact, referred to a spherical work holder. These errors have been corrected in this edition
xxiii
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and I hope that I have avoided making too many fresh ones. I am immensely grateful to all the
people who helped in this correction process. I hope they will forgive me for not including the
huge list of their names here. My thanks are also due to J. J. Apfel, G. DeBell, E. Pelletier, andW. T.
Welford, who read and commented on various parts of the manuscript.
To the list in the foreword of the first edition of organisations kindly providing material should

be added the names Leybold-Heraeus GmbH, and Optical Coating Laboratory Inc. Airco-
Temescal is now known as Temescal, a Division of the BOC Group Inc., and the British Scientific
Instrument Research Association as Sira Institute.
My publisher is still the same AdamHilger, but now part of the Institute of Physics. I owe a very

great debt to Neville Goodman, who was responsible for the first edition and who also persuaded
and encouraged me into the second. He retired while it was still in preparation, and the task of
extracting the final manuscript from me became Jim Revill’s. Ian Kingston and Brian McMahon
did a tremendous job on the manuscript at a distance of 3000 miles. Their patience with me in the
delays I have caused them has been amazing.
My wife and family have once again been a great source of support and encouragement.

H. Angus Macleod
Newcastle upon Tyne and Tucson, Arizona



Apologia to the First Edition
When I first became involved with the manufacture of thin-film optical filters, I was particularly
fortunate to be closely associated with Oliver Heavens, who gave me invaluable help and guid-
ance. Although I had not at that time met him, Dr. L. Holland also helped me through his book,
The Vacuum Deposition of Thin Films. Lacking, however, was a book devoted to the design and
production of multilayer thin-film optical filters, a lack which I have since felt especially when
introducing others to the field. Like many others in similar situations I produced from time to time
notes on the subject purely for my own use. Then in 1967, I met Neville Goodman of AdamHilger,
who had apparently long been hoping for a book on optical filters in general. I was certainly not
competent to write a book on this wide subject, but, in the course of conversation, the possibility of
a book solely on thin-film optical filters arose. Neville Goodman’s enthusiasm was infectious, and
with his considerable encouragement, I dug out my notes and began writing. This, some two years
and much labour later, is the result. I have tried to make it the book that I would like to have had
myself when I first started in the field, and I hope it may help to satisfy also the needs of others. It is
not in any way intended to compete with the existing works on optical thin films, but rather to
supplement them, by dealing with one aspect of the subject which seems to be only lightly covered
elsewhere.
It will be immediately obvious to even the most causal of readers that a very large proportion of

the book is a review of the work of others. I have tried to acknowledge this fully throughout the
text. Many of the results have been recast to fit in with the unified approach which I have
attempted to adopt throughout the book. Some of the work is, I fondly imagine, completely my
own, but at least a proportion of it may, unknown to me, have been anticipated elsewhere. To any
authors concerned I humbly apologise, my only excuse being that I also thought of it. I promise, as
far as I can, to correct the situation if ever there is a second edition. I can, however, say with
complete confidence that any shortcomings of the book are entirely my own work.
Even the mere writing of the book would have been impossible without the willing help, so

freely given, of a large number of friends and colleagues. Neville Goodman started the whole thing
off and has always been ready with just the right sort of encouragement. David Tomlinson, also of
Adam Hilger, edited the work and adjusted it where necessary so that all sounded just as I had
meant it to, but had not quite managed to achieve. The drawings were the work of Mrs Jacobi. At
Grubb Parsons, Jim Mills performed all the calculations, using an IBM 1130 (he appears in the
frontispiece for which I am also grateful), Fred Ritchie kindly gave me permission to quote many
of his results and helped considerably by reading the manuscript, and Helen Davis transformed
my almost illegible first manuscript into one which could be read without considerable strain.
Stimulating discussions with John Little and other colleagues over the years have also been
invaluable. Desmond Smith of Reading University kindly gave me much material especially
connected with the section on atmospheric temperature sounding which he was good enough to
read and correct. John Seeley and Alan Thetford, both of Reading University, helped me by
amplifying and explaining their methods of design. Jim Ring, of Imperial College, read and
commented on the section on astronomical applications and Dr. J. Meaburn kindly provided the
photographs for it. Dr. A. F. Turner gave me much information on the early history of multiple
halfwave filters. It is impossible to mention by name all those others who have helped but they
include: M. J. Shadbolt, S. W. Warren, A. J. N. Hope, H. Bucher, and all the authors who led the
way and whose work I have used and quoted.
xxv
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Journals, publishers, and organisations which provided and gave permission for the repro-
duction of material were

• Journal of the Optical Society of America (The Optical Society of America)

• Applied Optics (The Optical Society of America)

• Optica Acta (Taylor and Francis Limited)

• Proceedings of the Physical Society (The Institute of Physics and the Physical Society)

• IEEE Transactions on Aerospace (The Institute of Electrical and Electronics Engineers, Inc.)

• Zeitshrift für Physik (Springer-Verlag)

• Bell System Technical Journal (The American Telephone and Telegraph Co.)

• Philips Engineering Technical Journal (Philips Research Laboratories)

• Methuen & Co. Ltd

• OCLI Optical Coatings Limited

• Standard Telephones and Cables Limited

• Balzers Aktiengesellschaft für Hochvacuumtechnik und dünne Schichten

• Edwards High Vacuum Limited

• Airco Temescal (A Division of Air Reduction Company Inc.)

• Hawker Siddeley Dynamics Limited

• System Computers Limited

• Ferranti Limited

• British Scientific Instrument Research Association

• And lastly, but far from least, the management of Sir Howard Grubb, Parsons & Co. Ltd,
particularly Mr G M Sisson and Mr G E Manville, for much material, for facilities, and for
permission to write this book.

To all these and to all the others, who are too numerous to name and who I hope will excuse me
for not attempting to name them, I am truly grateful.
I should add that my wife and children have been particularly patient with me during the long

writing process, which has taken up so much of the time that would normally have been theirs.
Indeed, my children eventually began to worry if ever I appeared to be slacking and, by their
comments, prodded me into redoubled efforts.

H. Angus Macleod
Newcastle upon Tyne
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Symbols and Abbreviations
The following list gives those more important symbols used in at least several places in the text.
We have tried as far as possible to create a consistent set of symbols, but there are several well-
known and accepted symbols that are universally used in the field for certain quantities, and
changing them would probably lead to even greater confusion than would retaining them. This
has meant that in some cases, the same symbol is used in different places for different quantities.
We hope the table will make it clear. Less important symbols, defined and used only in very short
sections, have been omitted.

A Absorptance. The ratio of the power absorbed in the structure to the power incident
on it.

A Potential absorptance. A quantity used in the calculation of the absorptance of coat-
ings. It is equivalent to (1 − y), where y is the potential transmittance.

B The normalized total tangential electric field at an interface, usually the front interface
of an assembly of layers. It is also very briefly used at the beginning of Chapter 2 as the
magnetic induction.

C The normalized total tangential magnetic field at an interface, usually the front
interface of an assembly of layers.

dq The physical thickness of the qth layer in a thin film coating.
E The electric vector in the electromagnetic field.
E The total tangential electric field amplitude, that is, the field parallel to the thin film

boundaries.
E The electric field amplitude.
E The equivalent admittance of a symmetrical arrangement of layers.
F A function used in the theory of the Fabry–Perot interferometer.
F Finesse. The ratio of the separation of adjacent fringes to the halfwidth of the fringe in

the Fabry–Perot interferometer.
g g = l0/l = n/n0, sometimes called the relative wavelength, or the relative wave-

number, or the wavelength ratio. l0 and n0 are the reference wavelength and reference
wavenumber, respectively. The optical thicknesses of the layers in a coating are
defined with respect to these quantities that are usually chosen to make the more
important layers in the coating as close to quarter waves as possible.

H The magnetic vector in the electromagnetic field.
H The total tangential magnetic field amplitude, that is, the field parallel to the thin film

boundaries.
H The magnetic field amplitude.
H Represents a quarter wave of high index in shorthand notation.
I The irradiance of the wave, that is, power per unit area. Unfortunately, the standard

International System of Units (SI) symbol for irradiance is E, but to use E would cause
great confusion between irradiance and electric field. It is even more unfortunate that
I is the SI symbol for intensity that is the power per unit solid angle from a point source.
Doubly unfortunate is that the older definition of intensity is identical to the current
definition of irradiance.

k The extinction coefficient. The extinction coefficient denotes the presence of absorption.
The complex refractive index N is given by N = n − ik.

L Represents a quarter wave of low index in shorthand notation.
xxix



xxx Symbols and Abbreviations
M Represents a quarter wave of intermediate index in shorthand notation. Also used for a
matrix element or to indicate an array of matrix elements.

N Denotes the complex refractive index n − ik.
n The refractive index or, sometimes, the real part of refractive index.
n* The effective index of a narrowband filter, that is, the index of an equivalent layer that

yields a shift of its fringes in wavelength, by the same amount as the peak of the
narrowband filter, when tilted with respect to the direction of incidence.

p Packing density, that is, the ratio of the solid volume of a film to its total volume.
p p-Polarization, that is, the polarization where the electric field direction is in the plane

of incidence. It is sometimes known as TM for transverse magnetic.
R The reflectance. The ratio at a boundary of the normal components of reflected and

incident irradiance or, alternatively, the ratio of the total reflected beam power to the
total incident beam power.

s s-Polarization, that is, the polarization where the electric field direction is normal to the
plane of incidence. It is sometimes known as TE for transverse electric.

T The transmittance. The ratio of the normal components of transmitted and incident
irradiance or, alternatively, the ratio of the total transmitted beam power to the total
incident beam power.

TE See s for s-polarization.
TM See p for p-polarization.
x, y, z The coordinate axes. In the case of a thin film or surface, the z-axis is usually taken

positive into the surface in the direction of incidence. The x-axis is usually arranged in
the plane of incidence, and the x-, y-, and z-axes, in that order, make a right-handed set.

�x, �y, �z The three color matching functions that define the CIE 1931 Standard Colorimetric
Observer.

X, Y, Z The tristimulus values. They are the three basic responses defining a color.
x, y, z The chromaticity coordinates, X/(X+Y+Z), Y/(X+Y+Z), and Z/(X+Y+Z). Usually, z is

omitted because they are normalized to add to unity.
X + iZ The complex surface admittance.
y The characteristic admittance of a material given in SI units (siemens) by NY, that is,

(n − ik)Y and in units of the admittance of free space Y by N or n − ik.
Y The surface admittance, that is, the ratio of the total tangential components of magnetic

and electric field at any surface parallel to the film boundaries. Y = C/B.
Y The admittance of free space (2.6544 × 10−3 S).
y0 The characteristic admittance of the incident medium.
ym or ysub The characteristic admittance of the emergent medium or substrate.
a The absorption coefficient, given by 4πk/l, usually in units of cm−1.
a, b, g The three direction cosines, that is, the cosines of the angle the direction makes with the

three coordinate axes.
b Symbol for 2πkd/l, usually with reference to a metal.
g The equivalent phase thickness of a symmetrical arrangement of layers.
D The relative retardation. It is given by jp − js ± 180° in reflection and jp − js in

transmission, where the normal thin-film sign convention for jp is used.
D hp/hs, where h is the modified tilted admittance. The quantity is used in the design of

polarization-free coatings.
d The phase thickness of a coating, given by 2π(n − ik)d/l.
e Indicates a small error in the discussion of tolerances etc.
e The permittivity of a medium.
h The tilted optical admittance.
ϑ The angle of incidence.
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k Sometimes called the wavenumber, k is given by 2π(n − ik)/l, where l is the free space
wavelength. Note the confusing use of the term wavenumber. It is also applied to n.

l The wavelength of light. In the book, except at the very beginning of Chapter 2, it
always indicates the wavelength in free space.

l0 The reference wavelength. The optical thicknesses of the layers in a coating are defined
with respect to the reference wavelength that is usually chosen to make the more
important layers in the coating as close to quarter waves as possible.

n The wavenumber. n = 1/l and is frequently expressed in units of inverse centimetes
(also sometimes known as kayser. The SI unit is strictly inverse meters or m−1).

n0 The reference wavenumber, 1/l0.
μ Permeability. Used in the early part of Chapter 2.
r The amplitude reflection coefficient; also used as electric charge density in the early

part of Chapter 2.
t The amplitude transmission coefficient.
j Phase difference, often in reflection or transmission.
y The potential transmittance T/(1 − R) or the ratio of the quantities Re(BC*), evaluated

at two different interfaces. It represents the net power emerging from a system divided
by the net power entering and is unity if there is no loss.
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1
Introduction

When this book was first written, the question of the title arose.Optical Thin Filmswas the obvious
choice, but the publisher feared that it might then be confused with some other existing titles, and
so, eventually to avoid confusion, Thin-Film Optical Filterswas chosen and has remained the name
through four editions and, now, into a fifth. It was never intended that the subject should be
limited to the narrow designation of filters but should encompass as much of the field of optical
thin films as possible. This is still the intention, but in a work of this size, it is not possible to cover
the entire field of thin-film optical devices in the detail that some of them may deserve. The
selection of topics is due, at least in part, to the author’s own preferences and knowledge.
The intention of the book has always been to form an introduction to thin-film optical coatings

for both the manufacturer and the user. The topics covered are a mixture of design, manufacture,
performance, and features important in applications. It begins with enough of the basic mathe-
matics of optical thin films for the reader to carry out thin-film calculations. The aim has been to
present, as far as possible, a unified treatment, and there are some alternative methods of analysis
that are not discussed.
When the book first appeared, there were just a few books available that covered aspects of the

field. Now the situation has changed somewhat, and there is an array of relevant books. Some of
these are listed in the bibliography at the end of this chapter. However, the half-life of a work these
days is so short that knowledge can actually disappear. It is well worthwhile to take the time to go
back to some of the earlier books. Heavens [1], Holland [2], Anders [3], and Knittl [4] are just some
of those that will repay study, and they are listed in the bibliography along with some more recent
volumes.

1.1 Early History

History is impossibly complicated, and we can have only an imperfect view of it, told generally
through the medium of an historian who will, because of culture changes, attempt to interpret it in
a way the intended audience can understand. The history of technology is no exception. To
simplify the telling, we will usually pick certain events and individuals and connect them as a kind
of series, one depending on the other. Technology, however, develops over a very broad front,
rather like the advance of the tide. It depends on a network of effort. If one individual does not
make a required advance, another certainly will. Technology adopts the advances it needs at the
time and ignores those that it does not. Over and over again, we find that discoveries credited to a
particular individual were actually anticipated by others, but the timewas not right, and so little or
no notice was taken of them. The abbreviated account of the history of the subject that follows is no
exception. A true account is beyond us, and so we pick a few events and a few individuals and
connect them, but there are many other routes through history. This one is based on the prefer-
ences and limited knowledge of your author.
1



2 Thin-Film Optical Filters
Thin metal layers were known from very early times, but if we consider interference as the
hallmark of modern thin-film optics, then the earliest of what might be called modern thin-film
optics was the work of Robert Boyle and Robert Hooke on colors exhibited by materials in thin-
film form. Sir Isaac Newton [5] related the colors to exact measurements of film thickness and
ct on a firm quantitative base with his brilliant technique now know
nation of the colors is nowadays thought to be a very simple matte
single thin film of varying thickness. However, at that time, th
as not sufficiently far advanced. Newton struggled with his concep
e now understand is a half wavelength, but it was a further 100 y
Royal Society, Thomas Young [6] enunciated the principle of the interference of light and pro-
duced a satisfactory explanation of the effect. As Henry Crew [7] has put it, “This simple but
of a bitter personal attack, against which he had the greatest difficulty defending himself. Rec-
ognition came slowly and depended much on the work of Augustin Jean Fresnel [8], who, quite
independently, also arrived at a wave theory of light. Fresnel’s discovery, in 1816, that two beams
of light that are polarized at right angles could never interfere established the transverse nature of
light waves. Then Fresnel combined Young’s interference principle and Huygens’s ideas of light
propagation into an elegant theory of diffraction. It was Fresnel who put the wave theory of light
on such a firm foundation that it has never been shaken. For the thin-film worker, Fresnel’s laws,
governing the amplitude and phase of light reflected and transmitted at a single boundary, are of
major importance. Knittl [9] reminded us that Fresnel already knew that the sum of an infinite
series of rays is necessary to determine the transmittance of a thick sheet of glass and that it was
Simeon Denis Poisson, in correspondence with Fresnel, who included interference effects in the
summation to arrive at the important results that a half-wave-thick film does not change the
reflectance of a surface and that a quarter-wave-thick film of index (n0n1)

1/2 will reduce to zero
the reflectance of a surface between two media of indices n1 and n0, results extended to oblique
incidence by Fresnel. Fresnel died in 1827, at the early age of 39.
In 1873, the great work of James Clerk Maxwell, A Treatise on Electricity and Magnetism [10], was

published, and in his system of equations, we have all the basic theory for the analysis of thin-film
optical problems.
Meanwhile, in 1817, Joseph Fraunhofer [11] made what are probably the first ever antireflection

coatings. It is worth quoting his observations at some length because they show the considerable
insight that he had, even at that early date, into the physical causes of the effects that were pro-
duced. The following is a translation of part of the paper as it appears in the collected works:

Before I quote the experiments which I have made on this I will give the method which I have made use of to
tell in a short time whether the glass will withstand the influence of the atmosphere. If one grinds and then
polishes, as finely as possible, one surface of glass which has become etched through long exposure to the
atmosphere, then wets one part of the surface, for example half, with concentrated sulfuric or nitric acid and
lets it work on the surface for twenty-four hours, one finds after cleaning away the acid that that part of the
surface on which the acid was, reflects much less light than the other half, that is it shines less although it is
not in the least etched and still transmits as much light as the other half, so that one can detect no difference on
looking through. The difference in the amount of reflected light will be most easily detected if one lets the
light strike approximately vertically. It is the greater the more the glass is liable to tarnish and become etched.
If the polish on the glass is not very good, this difference will be less noticeable. On glass which is not liable to
tarnish, the sulfuric and nitric acid does not work. . . . Through this treatment with sulfuric or nitric acid some
types of glasses get on their surfaces beautiful vivid colors which alter like soap bubbles if one lets the light
strike at different angles.
placed the subje n as Newton’s
rings. The expla r, being due to
interference in a e theory of the
nature of light w t of the interval
of fits that as w ears before the
idea of light as a wave would be accepted. On November 12, 1801, in a Bakerian Lecture to the

tremendously important fact that two rays of light incident upon a single point can be added
together to produce darkness at that point is, as I see it, the one outstanding discovery which the
world owes to Thomas Young.”
Young’s theory was far from achieving universal acceptance. Indeed Young became the victim
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Then, in an appendix to the paper added in 1819:

Colors on reflection always occur with all transparent media if they are very thin. If for example, one spreads
polished glass thinly with alcohol and lets it gradually evaporate, towards the end of the evaporation, colors
appear as with tarnished glass. If one spreads a solution of gum-lac in a comparatively large quantity of
alcohol very thinly over polished warmed metal the alcohol will very quickly evaporate, and the gum-lac
remains behind as a transparent hard varnish which shows colors if it is thinly enough laid on. Since the
colors, in glasses which have been colored through tarnishing, alter themselves if the inclination of the
incident light becomes greater or smaller, there is no doubt that these colors are quite of the same nature as
those of soap bubbles, and those which occur through the contact of two polished flat glass surfaces, or
generally as thin transparent flakes of material. Thus, there must be on the surface of tarnished glass that
shows colors, a thin layer of glass that is different in refractive power from the underlying. Such a situation
must occur if a component is partly removed from the surface of the glass or if a component of the glass
combines at the surface with a related material into a new transparent product.

It seems that Fraunhofer did not follow up this particular line into the development of an
antireflection coating for glass, perhaps because optical components were not, at that time, suf-
ficiently complicated for the need for antireflection coatings to be obvious. Possibly the important
point that not only was the reflectance less but the transmittance also greater had escaped him.
In 1886, Lord Rayleigh [12] reported to the Royal Society an experimental verification of

Fresnel’s reflection law at off-normal incidence. In order to attain a sufficiently satisfactory
agreement between measurement and prediction, he had found it necessary to use freshly pol-
ished glass because the reflectance of older material, even without any visible signs of tarnish, was
too low. One possible explanation, which he suggested, was the formation, on the surface, of a thin
layer of different refractive indices from the underlying material. He was apparently unaware of
the earlier work of Fraunhofer and of the identical difficulties experienced by Malus and by
Brewster in determining the polarizing angle, or Brewster angle, of glass.
Then, in 1891, Dennis Taylor [13,14] published the first edition of his famous book On the

Adjustment and Testing of Telescopic Objectives and mentioned that, “As regards the tarnish which
we have above alluded to as being noticeable upon the flint lens of an ordinary objective after a
few years of use, we are very glad to be able to reassure the owner of such a flint that this film of
tarnish, generally looked upon with suspicion, is really a very good friend to the observer, inas-
much as it increases the transparency of his objective.”
In fact, Taylor [15] went on to develop a method of artificially producing the tarnish by chemical

etching. This work was followed up by Kollmorgen [16], who developed the chemical process still
further for different types of glasses.
At the same time, in the nineteenth century, a great deal of progress was being made in the field

of interferometry. The most significant development, from the thin-film point of view, was the
Fabry–Perot [17] interferometer described in 1899, which has become one of the basic structures
for thin-film filters.
Developments became much more rapid in the 1930s, and indeed, it is in this period that we can

recognize the beginnings of modern thin-film optical coating. In 1932, Rouard [18] observed that a
very thin metallic film reduced the internal reflectance of a glass plate, although the external
reflectance was increased. In 1934, Bauer [19], in the course of fundamental investigations of the
optical properties of halides, produced reflection-reducing coatings, and Pfund [20] evaporated
zinc sulfide layers to make low-loss beam splitters for Michelson interferometers, noting, inci-
dentally, that titanium dioxide could be a better material. In 1936, John Strong [21] produced
antireflection coatings by the evaporation of fluorite to give inhomogeneous films, which reduced
the reflectance of glass to visible light by as much as 89%, a most impressive figure. At the same
time, Alexander Smakula at the Carl Zeiss company, in Jena, developed antireflection coatings
that were kept secret because of their military implications. Then, in 1939, Geffcken [22] con-
structed the first thin-film metal–dielectric interference filters. A fascinating account of Geffcken’s
work is given by Thelen [23], who described Geffcken’s search for improved antireflection coatings

and his creation of the famous quarter–half-quarter design.



4 Thin-Film Optical Filters
Several factors were probably responsible for this sudden expansion of the field. Optical sys-
tems, particularly photographic objectives were becoming more complex, bringing a need for
antireflection coatings. Telescopes and binoculars, especially for military applications, were also
much improved by antireflection coatings. Then the manufacturing process was also becoming
more reliable. Although sputtering was discovered about the middle of the nineteenth century,
and vacuum evaporation around the beginning of the twentieth century, they had not yet been
adopted as useful manufacturing processes. One difficulty was the lack of really suitable pumps,
and it was not until the early 1930s that the work of C. R. Burch on diffusion pump oils introduced
the oil diffusion pump. This enormously helped, although, particularly in Germany, mercury
diffusion pumps were still used very effectively for some time.WorldWar II saw a great expansion
in the production of antireflection coatings. This certainly accelerated developments, but the
expansion would have taken place without any war, because optics had now reached the stage
where coatings were necessary. Since then, tremendous strides have been made. Modern optics
without coating is unthinkable. It is almost impossible to imagine an optical instrument that
would not rely on optical coatings to assure its performance. Filters with greater than 100 layers
are not uncommon, and uses have been found for them in almost every branch of science and
technology.

1.2 Thin-Film Filters

First of all, we assume for the purposes of this section that the materials in thin-film form are free
from absorption or other loss. Then to understand in a qualitative way the performance of thin-
film optical devices, it is necessary to accept several simple statements. The first is that the
amplitude reflectance of light at any boundary between two media is given by (1 − r)/(l + r),
where r is the ratio of the optical admittances at the boundary, which, in the optical region, is also
the ratio of the refractive indices. The reflectance (the ratio of irradiances) is the square of this
quantity. The second is that there is a phase shift of 180° when the reflectance takes place in a
medium of lower refractive index than the adjoining medium and zero if the medium has a higher
index than the one adjoining it. The third is that if light is split into two components by reflection at
the top and bottom surfaces of a thin film, then the beams will recombine in such a way that the
resultant amplitude will be the difference of the amplitudes of the two components, if the relative
phase shift is 180°, or the sum of the amplitudes, if the relative phase shift is either zero or a
multiple of 360°. In the former case, we say that the beams interfere destructively, and in the latter,
constructively. Other cases where the phase shift is different will be intermediate between these
two possibilities.
The antireflection coating depends on the more or less complete cancellation of the light
multiple beams, as in the subsequent chapters of this book, but for the moment, we adopt an
approximation. We assume that although the reflection at the front surface has diminished
the transmitted light a little, we shall completely neglect that loss. Then for complete cancellation
of the two beams of light, they should be 180° out of phase and their amplitudes should be
equal, which implies that the ratios of the refractive indices at each boundary should be equal, i.e.,
n0/n1 = n1/nm, or n1 = (n0nm)

1/2. This shows that the index of the thin film should be intermediate
between the indices of air, which may be taken as unity, and of the substrate, which may be taken
reflected at the upper and lower of the two surfaces of the thin film for its operation (Figure 1.1).
Let the index of the substrate be nm; that of the film, n1; and that of the incident medium, which
will in almost all cases be air, n0. For a completely accurate calculation, we should consider

as at least 1.52. At both the upper and lower boundaries of the antireflection film, the reflection
takes place in a medium of lower refractive index than the adjoining medium. Thus, to ensure that
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FIGURE 1.1
Single thin film.
to the square root of that of the substrate and of optical thickness one-quarter of a wavelength. As
will be explained in the chapter on antireflection coatings (Chapter 4), there are other improved
coatings covering wider wavelength ranges involving greater numbers of layers.
Another basic type of thin-film structure is a stack of alternate high- and low-index films, all one-

quarter wavelength thick (see Figure 1.2). Light reflected within the high-index layers will not
suffer any phase shift on reflection, while that reflected within the low-index layers will suffer a
change of 180°. It is fairly easy to see that the various components of the incident light produced by
reflection at successive boundaries throughout the assembly will reappear at the front surface all
in phase so that they will constructively recombine. This implies that the effective reflectance of the
assembly can be made very high indeed, as high as may be desired, merely by increasing the
number of layers. This is the basic form of the high-reflectance coating. When such a coating is
constructed, it is found that the reflectance remains high over only a limited range of wavelengths,
depending on the ratio of high and low refractive indices. Outside this zone, the reflectance
abruptly changes to a low value. Because of this behavior, the quarter-wave stack, as it is called, is
used as a basic building block for many types of thin-film filters. It can be used as a longwave-pass
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Transmitted light
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FIGURE 1.2
made one-quarter wavelength.
A simple antireflection coating should, therefore, consist of a single film of refractive index equal
the relative phase shift is 180° so that the beams cancel, the optical thickness of the film should be
Multilayer.
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filter; a shortwave-pass filter; a bandstop filter; a straightforward high-reflectance coating, for
example, in laser mirrors; and a reflector in a thin-film Fabry–Perot interferometer (Figure 1.3),
which is another basic filter type described in some detail in Chapters 6 and 8. Here, it is sufficient
to say that it consists of a cavity layer, sometimes called a spacer layer, that is usually half a
wavelength thick, bounded by two high-reflectance coatings. Multiple-beam interference in the
cavity layer causes the transmission of the filter to be extremely high over a narrow band of
wavelengths around that for which the cavity is a multiple of one-half wavelength thick. It is
possible, as with lumped electric circuits, to couple two or more Fabry–Perot filters in series to give
a more rectangular shape to the pass band.
Our assumption of vanishingly small absorption and other losses so that the films are com-

pletely transparent is true in the great majority of cases. Since no energy is lost, the filter char-
acteristic in reflection is the complement of that in transmission. This fact is used in the
construction of such devices as dichroic beam splitters for color separation in, for example, color
projection engines.
This brief description has neglected the effect of multiple reflections in most of the layers, and for

an accurate evaluation of the performance of a filter, these extra reflections must be taken into
account. This involves extremely complex calculations, and an alternative, and more effective,
approach has been found in the development of entirely new forms of solution of Maxwell’s
equations in stratified media. This is, in fact, the principal method used in Chapter 2 where basic
theory is considered. The solution appears as a very elegant product of 2 × 2 matrices, each matrix
representing a single film. Unfortunately, in spite of the apparent simplicity of the matrices, the
calculation by hand of the properties of a given multilayer, particularly if there are absorbing
layers present and a wide spectral region is involved, is an extremely tedious and time-consuming
task. The preferredmethod of calculation is to use a computer. This makes calculation so rapid and
straightforward that it makes little sense to use anything else. Even pocket calculators, especially
the programmable kind, can be used to great effect. However, despite the enormous power of the
modern computer, it is still true that skill and experience play a major part in successful coating
design. The computer brings little in the way of understanding. Understanding is the emphasis in
the bulk of this book. There are many techniques that date back to times when computers were
expensive, cumbersome, and scarce, and alternatives, usually approximate, were required. These

Reflected light =
combination of many
beams

Incident
light

Transmitted light =
combination of many
beams

High-reflectance
multilayer

Spacer layer

High-reflectance
multilayer
FIGURE 1.3
Fabry–Perot filter showing multiple reflections in the spacer or cavity layer.
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would not be used for calculation today, but they bring an insight that straightforward calculation
cannot deliver, even if it is very fast. Thus, we include many such techniques, and it is convenient
to introduce them often in an historical context. The matrix method itself brings many advantages.
For example, it has made possible the development of exceedingly powerful design techniques
based on the algebraic manipulation of the matrices. These are also included. Graphical techniques
are of considerable usefulness in the visualization of the properties of coatings. There are many
such techniques, but in this book, we pay particular attention to one such method known as the
admittance diagram. This is one that your author has found of considerable assistance over the
years. It is an accurate technique in the sense that it contains no approximations other than those
involved perhaps in sketching it, but it is normally used as an aid to understanding rather than as a
calculation tool.
In the design of a thin-film multilayer, we are required to find an arrangement of layers to give a

performance specified in advance, and this is much more difficult than the straightforward cal-
culation of the properties of a given multilayer. There is no precise analytical solution to the
general problem. The normal method of design is to arrive at a possible structure for a filter, using
techniques to be described, which consist of a mixture of analysis, experience, and use of well-
known building blocks. The evaluation is then completed by calculating the performance on a
computer. Depending on the results of the computations, adjustments to the proposed design may
be made and then recomputed, until a satisfactory solution is found. This adjustment process can
itself be undertaken by a computer and is usually known by the term refinement. A related term is
synthesis, which implies an element of construction as well as adjustment. The ultimate in synthesis
is the complete construction of a design with no starting information beyond the performance
specification, but it is normal to provide some starting information, such as materials to be used
and, possibly, total thickness of coating or a very rough starting design.
The successful application of refinement techniques largely depends on a starting solution that

has a performance close to that required. Under these conditions, it has been made to work
exceedingly well. The operation of a refinement process involves the adjustment of the parameters
of the system to minimize a merit coefficient (in some less common versions, a measure of merit
may be maximized) representing the gap between the performance achieved by the design at any
stage and the desired performance. The main difference between the various techniques is in the
details of the rules used in adjusting the design. A major problem is the enormous number of
parameters that can potentially be involved. Refinement is usually kept within bounds by limiting
the search to small changes in an almost acceptable starting design. In synthesis with no starting
design, the possibilities are virtually infinite, and so the rules governing the search procedure have
to be very carefully organized. The most effective techniques incorporate two elements, an
effective refinement technique that operates until it reaches a limit and a procedure for compli-
cating the design that is then applied. These two elements alternate as the design is gradually
constructed. Automatic design synthesis is undoubtedly increasing in importance in step with
developments in computers, but it is still true that in the hands of a skilled practitioner, the
achievements of both refinement and synthesis are much more impressive than when no skill is
involved. Someone who knows well what he or she is doing will always succeed much better than
someone who does not. This branch of the subject is much more a matter of computing techniques
rather than fundamental to the understanding of thin-film filters, and so it is largely outside the
scope of this book. The book by Liddell [24] and the more recent text by Furman and Tikhonravov
[25] give good introductory accounts of various methods. The real limitation to what is, at the
present time, possible in optical thin-film filters and coatings is the capability of the manufacturing
process to produce layers of precisely the correct optical constants and thickness, rather than any
deficiency in design techniques.
The common techniques for the construction of thin-film optical coatings can be classified as
physical vapor deposition. They are vacuumprocesseswhere a solidfilm condenses from the vapor
phase. The most straightforward, and the traditional method, is known as thermal evaporation,
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and this is still much used. Because of the defects of solidity possessed by thermally evaporated
films, there has, in recent years, been a shift, now accelerating, toward what are described as the
energetic processes. Here, mechanical momentum is transferred to the growing film, either by
deliberate bombardment or by an increase in the momentum of the arriving filmmaterial, and this
addedmomentum drives the outermost material deeper into the film, increasing its solidity. These
processes are briefly described in the later chapters of the book, but muchmore information will be
found in the books listed in the bibliography at the end of this chapter.
Then some words of explanation might be useful. Except for some deliberately simplified, and

therefore approximate, techniques that will be positively identified, the theory that will be pre-
sented of our thin-film interference effects is exact and of perfect precision so that any numerical
results can reflect the precision of the numerical data that are entered. However, in almost the
entire field of thin-film activity, we do not have perfect precision. For example, characteristic
values of material parameters fluctuate with deposition conditions and are difficult to measure
with extreme accuracy. Reflectance and transmittance measurements are similarly limited. Thus,
although the theory can accommodate any degree of precision that we might wish, in practice, we
are rather limited by our imperfect knowledge and the behavior of our real samples. We reflect this
in our calculations in this book where we will frequently suggest numerical values for our
demonstrations that will rarely be of greater precision than two places of decimal for refractive
indices. In particular, we will assume a value of the refractive index of air as unity, although in
reality, air has a very slightly higher index, at around 1.00029, that varies with factors such as
humidity, composition and temperature, and wavelength. Thus, our air will be indistinguishable
from vacuum in our numerical results. This is common practice in the thin-film field. The theory
will certainly support whatever precision the user should require.
In Chapter 2, which deals with theory, it will become clear that an optical material is charac-

terized by two different physical parameters, its refractive index and its characteristic admittance,
both of which may be complex. In the optical region, from soft X-rays to the far infrared, in other
words, the region that interests us throughout this book, the characteristic admittance is pro-
portional to the refractive index, the constant of proportionality being the characteristic admit-
tance of free space. The refractive index is unitless, while the SI unit of admittance is the siemens.
By changing the units of the characteristic admittance to units of the free space admittance, the
numerical value of characteristic admittance becomes equal to the refractive index. Therefore, a
specification of refractive index is also a specification of characteristic admittance. When dis-
cussing the properties of a thin film, therefore, there is no need slavishly to state both quantities.
The theoretical expressions will indicate the correct choice. Unless it is important that we distin-
guish between the two parameters, we shall usually follow normal practice in tending to use
refractive index when referring to a material.
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2
Basic Theory
The next part of the book is a long and rather tedious account of some basic theory that is necessary
in order to make calculations of the properties of multilayer thin-film coatings. It is perhaps worth
reading just once or when some deeper insight into thin-film calculations is required. In order to
make it easier for those who have read it to find the basic results or for those who do not wish to
read it at all, to proceed with the remainder of the book, the principal results are summarized in
Section 2.9.

2.1 Maxwell’s Equations and Plane Electromagnetic Waves

For those readers who are still with us, we begin our attack on thin-film problems by solving
Maxwell’s equations together with the appropriate material equations. In isotropic media, these
are

curlH = ∇�H = j + ∂D=∂t, (2:1)

curlE = ∇� E = − ∂B=∂t, (2:2)

divD = ∇ ·D = r, (2:3)

divB = ∇ · B = 0, (2:4)

j = sE, (2:5)

D = eE, (2:6)

B = μH, (2:7)

where the symbols in bold are vector quantities. In anisotropic media, Equations 2.1 through 2.7
become much more complicated with s, e, and μ being tensor rather than scalar quantities.
11
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Anisotropic media are covered by Yeh [1] and Hodgkinson and Wu [2]. They are discussed quite
briefly in Chapter 15.
The International System of Units (SI) is used as far as possible throughout this book. Table 2.1

shows the definitions of the quantities in the equations together with the appropriate SI units.
To the equations, we can add

e = ere0, (2:8)

μ = μrμ0, (2:9)

e0 = 1= μ0c
2� �
, (2:10)

where e0 and μ0 are the permittivity and permeability of free space, respectively. er and μr are the
relative permittivity and permeability, respectively, and c is a constant that can be identified as the
or H, and so the phenomena are linear. Note that there is a branch of optics dealing with non-
linear effects, but the electromagnetic power density necessary for the production of such effects
is usually enormous, and the materials, rather special. Such effects are outside the scope of this
book.
Linear implies that the response to the sum of a set of stimuli is the sum of the responses to each

stimulus separately. Thus, we can divide any arbitrary electromagnetic wave into components
that can be separately considered. The usefulness of this approach lies in the fact that what we call
a harmonic wave, that is a wave with a sine or cosine profile, propagates through any dispersive

TABLE 2.1

Electromagnetic Parameters

Symbol Physical Quantity SI Unit Symbol for SI Unit

E Electric field strength Volts per meter V/m

D Electric displacement Coulombs per square meter C/m2

H Magnetic field strength Amperes per meter A/m

j Electric current density Amperes per square meter A/m2

B Magnetic flux density or
magnetic induction

Tesla T

r Electric charge density Coulombs per cubic meter C/m3

s Electric conductivity Siemens per meter S/m

μ Permeability Henrys per meter H/m

e Permittivity Farads per meter F/m

TABLE 2.2

Physical Constants

Symbol Physical Quantity Value

c Velocity of light in free space 2.99792458 × 108 m/s

μ0 Permeability of free space 4π × 10−7 H/m
e0 Permittivity of free space = 1/(μ0c

2) 8.854187817 × 10−12 F/m
velocity of light in free space. e0, μ0, and c are important constants, the values of which are given in
Table 2.2.
In the normal way the parameters in Equations 2.8 through 2.10 do not depend on either E
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medium with no change of frequency and, therefore, retains its shape and has a precise velocity.
There is a complete body of theory, known as Fourier, that permits a profile to be broken down
into a set of sine and/or cosine functions. Thus, we use the harmonic wave as our basic compo-
nent, and the collection of harmonic components that makes up our primary wave is known as its
spectrum. We are quite used to breaking any light input into its spectrum and following the
spectral components through the system separately, and this is the way we will normally operate
in this book. In our theoretical analysis, therefore, we will concentrate on a single, general, spectral
component, that is a harmonic wave, and we will usually derive what is known as the spectral
performance of our coatings. Also we will tend to use the simplest type of harmonic wave, the
linearly polarized, plane, harmonic wave.
The following analysis is brief and incomplete. For a full, rigorous treatment of the electro-

magnetic field equations, the reader is referred to Born and Wolf [3].
First, we assume an absence of space charge so that r is zero. This implies

divD = e ∇ · Eð Þ = 0, (2:11)

and solving for E,

∇� ∇� Eð Þ = ∇ ∇ · Eð Þ −∇2E = −μ
∂

∂t
∇�Hð Þ = −μs

∂E
∂t

− μe
∂2E
∂t2

, (2:12)

i.e.,

∇2E = eμ
∂2E
∂t2

+ μs
∂E
∂t

: (2:13)

A similar expression holds for H.
First of all, we look for a solution of Equation 2.13 in the form of a linearly polarized plane

harmonic wave (or plane polarized, a term meaning the same as linearly polarized), and we choose
the complex form of this wave, the physical meaning being associated with either the real or the
imaginary part of the expression:

E = E exp iw t − z=vð Þ½ � (2:14)

represents such a wave propagating along the z-axis with velocity v. E is the vector amplitude
and w is the angular frequency of this wave. Note that since we are dealing with linear phe-
nomena, w is invariant as the wave propagates through media with differing properties. The
advantage of the complex form of the wave is that phase changes can be dealt with very readily by
including them in a complex amplitude. If we include a relative phase j in Equation 2.14, then it
becomes

E = E exp i w t − z=vð Þ + jf g½ � = E exp ijð Þ exp iw t − z=vð Þ½ �, (2:15)

where E exp(ij) is the complex vector amplitude. The complex scalar amplitude is given by
E exp(ij), where E = |E |. Equation 2.15, which has phase j relative to Equation 2.14, is simply
Equation 2.14 with the amplitude replaced by the complex amplitude.
In Equation 2.14, we chose to place the time variable first and the spatial variable second in the

argument of the exponential. This is a convention, because we could have chosen the alternative of
the spatial variable first. However, to reverse the direction of the wave in this convention, we
simply change the minus sign to a plus, reversing the spatial direction. In the alternative con-
vention, it is tempting to reverse the wave once again by changing the sign fromminus to plus, but
that would reverse the time axis, not the spatial direction. We shall stick to the convention in
Equation 2.14 throughout this book.
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For Equation 2.14 to be a solution of Equation 2.13, it is necessary that

w2=v2 = w2eμ − iwμs: (2:16)

In a vacuum, we have s = 0 and v = c, so that from Equation 2.16,

c2 = 1=e0μ0, (2:17)

which is identical to Equation 2.10. By multiplying Equation 2.15 by Equation 2.17 and dividing
through by w2, we obtain

c2

v2
=

eμ
e0μ0

− i
μs

we0μ0
,

where c/v is clearly a dimensionless parameter of the medium, which we denote by N:

N2 = erμr − i
μrs
we0

: (2:18)

This implies that N is of the form

N = c=v = n − ik: (2:19)

There are two possible values of N from Equation 2.18, but for physical reasons, we choose that
which gives a positive value of n. N is known as the complex refractive index; n, as the real part of
the refractive index (or, often simply, as the refractive index, becauseN is real in an ideal dielectric
material), and k is known as the extinction coefficient.
If the various parameters are real (not always the case), then from Equations 2.18 and 2.19,

n2 − k2 = erμr, (2:20)

2nk =
μrs
we0

: (2:21)

Equation 2.14 can now be written as

E = E exp i wt − 2πN=lð Þz½ �f g, (2:22)

where we have introduced the wavelength in free space l (= 2πc/w).
Substituting n − ik for N in Equation 2.22 gives

E = E exp − 2πk=lð Þz½ � exp i wt − 2πn=lð Þz½ �f g, (2:23)

and the significance of k emerges as being a measure of loss in the medium. The distance l/(2πk) is
that in which the amplitude of the wave falls to 1/e of its original value. The way in which the
power carried by the wave falls off will be considered shortly.
In passing, we also note that, provided we continue dealing with a harmonic wave, Equation

2.18 can also be written as

N2 = μr er − i
s
we0

� �
= êrμr, (2:24)
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ŝ = ai + bj + gk

and where i, j, and k are unit vectors along the x, y, and z axes, respectively. From Equation 2.25,
we have

∂E= ∂t = iwE,

and from Equations 2.1, 2.5, and 2.6,

curlH = sE + e ∂E= ∂t

= s + iweð ÞE

= i wN
2

c2μ
E:

Now

curl =
∂

∂ x
i +

∂

∂ y
j +

∂

∂ z
k

� �
�,

where � denotes the vector product. But

∂

∂ x
= −i

2πN
l

a = −i
wN
c

a,

∂

∂ y
= −i

wN
c

b, 
∂

∂ z
= −i

wN
c

g,

so that

curlH = −i
wN
c

ŝ�Hð Þ:
where êr is not the same as er but contains the entire contents of the bracketed quantity and, of
course, is complex. This complex permittivity is a function of frequency. It is much used because
it avoids the complication in theoretical studies of the conductivity, which it simply contains.
Unfortunately, it is normally consistent with the convention, opposite to our current one, which
treats the complex index as n + ik.
The change in phase produced by a traversal of distance z in the medium is the same as that

produced by a distance nz in a vacuum. Because of this, nz is known as the optical distance, as
distinct from the physical or geometrical distance. Generally, in thin-film optics, one is more
interested in optical distances and optical thicknesses than in physical ones.
Since E is constant, Equation 2.22 represents a linearly polarized plane wave propagating along

the z-axis. For a similar wave propagating in a direction given by direction cosines (a, b, g), the
expression becomes

E = E exp i wt − 2πN=lð Þ ax + by + gzð Þ½ �f g: (2:25)

This is the simplest type of wave in an absorbing medium. In an assembly of absorbing thin
films, we shall see that we are occasionally forced to adopt a slightly more complicated expression
for the wave.
There are some important relationships for this type of wave which can be derived from
Maxwell’s equations. Let the direction of propagation of the wave be given by unit vector ŝwhere
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Then,

− i
wN
c

ŝ�Hð Þ = i
wN2

c2μ
E,

i.e.,

ŝ�Hð Þ = −
N
cμ

E, (2:26)

and similarly

N
cμ

ŝ� Eð Þ = H: (2:27)

For this type of wave, therefore, E,H, and ŝ are mutually perpendicular and form a right-handed
set. The quantity N/cμ has the dimensions of an admittance and is known as the characteristic
optical admittance of the medium, written as y. In free space, it can be readily shown that the
optical admittance is given by

Y = e0=μ0ð Þ1=2 = 2:6544� 10−3 S: (2:28)

Now

μ = μrμ0: (2:29)

Direct magnetic interactions at optical frequencies are vanishingly small so that μ is effectively
and

H = y ŝ� Eð Þ = NY ŝ� Eð Þ: (2:31)

We recall that since µr is unity, we can write Equation 2.8 as

N2 = er − i
s
we0

= êr, (2:32)

where êr is a complex relative permittivity. We have already mentioned this in Equation 2.24 and
noted that it can usefully simplify related analytical expressions and so is frequently employed.
We emphasize once again that, in the literature, the sign convention commonly used puts a plus
sign in Equation 2.32 rather than the minus. The complex permittivity is also called the dielectric
function, and the complex relative permittivity, the relative dielectric function.

2.1.1 Poynting Vector

An important feature of electromagnetic radiation is that it is a form of energy transport, and it is
the energy associated with the wave that is normally observed. The instantaneous rate of flow of
energy across a unit area is given by the Poynting vector:

S = E�H: (2:33)

The direction of the vector is the direction of energy flow.
y = NY,
r

unity. Thus we can write

(2:30)
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When we add or subtract complex numbers, or multiply them by a real number, the real parts
and imaginary parts remain independent. Such operations are known as linear. Interference cal-
culations involve adding the waves, and so we can happily use the complex wave with all its
advantages in such calculations. The multiplication of two complex numbers, however, mixes the
real and imaginary parts in the result. Such operations are known as nonlinear, and we are unable
to directly use the complex form of the wave in them. The Poynting expression is a nonlinear one
(E ismultiplied byH), and so we have a problemwith the complex form of the wave. Either the real
or the imaginary part of the wave expression should be used. The real sine or cosine form of the
wave implies its square in the result, and so the instantaneous value of the Poynting vector must
oscillate at twice the frequency of the wave. We turn our attention to the mean value because it is
the mean that is significant in our measurements. This is defined as the irradiance or, in the older
systems of units, intensity. (Beware. Intensity is defined differently in the SI system as the power
per unit solid angle from a point source.) In the SI system of units, irradiance is measured in watts
per square meter. An unfortunate feature of the SI system, for our purposes, is that the symbol for
irradiance is E. The use of this symbol would make it very difficult for us to distinguish between
irradiance and electric field. Since both are extremely important in almost everything we do, we
must be able to differentiate between them, and so we adopt a nonstandard symbol I for irradiance
(which, unfortunately, is the SI symbol for intensity). The mean of the Poynting vector involves
integrating the real expression over a cycle, but the complex form of the wave actually comes to
our rescue. For a harmonic wave, we find that we can derive a very attractive and simple
expression for the irradiance using the complex form of the wave and thus avoiding the inte-
gration. This is

I =
1
2
Re E�H∗ð Þ, (2:34)

where * denotes complex conjugate. It should be emphasized that the complex form must be used
in Equation 2.34. The irradiance I is written in Equation 2.34 as a vector quantity, when it has the
same direction as the flow of energy of the wave. The more usual scalar irradiance I is simply the
magnitude of I. Since E and H are perpendicular, Equation 2.34 can be written as

I =
1
2
Re EH∗ð Þ, (2:35)

where E and H are the scalar magnitudes.
It is important to note that for the net irradiance, the electric and magnetic vectors in Equation

2.34 should be the total resultant fields due to all the waves involved. This is implicit in the
derivation of the Poynting vector expression. We will return to this point when calculating
reflectance and transmittance.
For a single, homogeneous, harmonic wave of the form shown in Equation 2.25,

H = y ŝ� Eð Þ,

so that

I = Re
1
2
yEE∗ŝ

� �
=
1
2
nYEE∗ŝ: (2:36)

Now, from Equation 2.25, the magnitude of E is given by

E = E exp i wt − 2π n − ik½ �=lð Þ ax + by + gzð Þ½ �f g
= E exp − 2πk=lð Þ ax + by + gzð Þ½ � exp i wt − 2πn=lð Þ ax + by + gzð Þ½ �f g,
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implying that

EE∗ = EE∗ exp − 4πk=lð Þ ax + by + gzð Þ½ �
and

I =
1
2
nY Ej j2 exp − 4πk=lð Þ ax + by + gzð Þ½ �:

The expression (ax + by + gz) is simply the distance along the direction of propagation, and thus,
the irradiance drops to 1/e of its initial value in a distance given by l/4πk. The inverse of this
distance is defined as the absorption coefficient a; that is,

a = 4πk=l: (2:37)
Ej j exp − 2πk=lð Þ ax + by + gzð Þ½ �

is really the amplitude of the wave at the point (x, y, z) so that a much simpler way of writing the
expression for irradiance is

I =
1
2
nY amplitudeð Þ2 (2:38)

or

I ∝ n� amplitudeð Þ2: (2:39)

This expression is a better form than the more usual

I ∝ amplitudeð Þ2: (2:40)

The expression will frequently be used for comparing irradiances, in calculating reflectance or
transmittance, for example, and if the media in which the two waves are propagating are of
different index, then errors will occur unless n is included as mentioned earlier.

2.2 Notation

Throughout the book, we will be dealing with assemblies of elements involving different materials
and where their order is important. In many cases, these will consist of an incident medium and a
substrate separated by a number of thin films. To identify these various entities and to make their
order unambiguously clear, we shall endeavor to use a consistent notation involving suffices. The
incident medium will have the subscript 0 as in y0. The substrate, or emergent medium, will
usually have the subscript m, as in ym, although occasionally the subscript sub, as in ysub. Layers
will be numbered sequentially from the incident medium to the substrate or emergent medium so
that the layer next to the incident medium has the subscript 1; that next to it, 2; and so on, as in y1,
y2, and so on. Layer q − 1 will be next to layer q and will be situated on the side toward the incident
medium (Figure 2.1).
There will be occasions where we will want to identify interfaces rather than layers. To differ-

entiate between an interface and a layer, we will often use letters, usually in the order of the
The absorption coefficient a should not be confused with the direction cosine.
However,

alphabet, to refer to interfaces, as a, b, c, etc., but numbers will be used to refer to layers.
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2.3 Simple Boundary

Thin-film filters usually consist of a number of boundaries between various homogeneous media,
and it is the effect of these boundaries on an incident wave that we will wish to calculate. A single
boundary is the simplest case. First of all, we consider absorption-free media, i.e., k = 0. The
arrangement is sketched in Figure 2.2. A plane harmonic wave is incident on a plane surface,
separating the incident medium from a second, or emergent, medium. The plane containing the
normal to the surface and the direction of propagation of the incident wave is known as the plane
of incidence, and the plane of the sketch corresponds to this plane. We take the z-axis as the normal
into the surface in the sense of the incident wave and the x-axis as normal to it and on the plane of
incidence. At a boundary, the tangential components of E andH, that is, the components along the

Incident plane
wavefront

Surface

Index n0

x

z

θ0

Index n1

FIGURE 2.2

Plane wavefront incident on a single surface.
Incident medium y0

Layer 1: y1δ1

Layer 2: y2δ2

Layer 3: y3δ3

Layer q–1: yq–1δq–1

Layer q: yqδq

Emergent m: ym

FIGURE 2.1
Numbering system for designs will normally follow the arrangement shown. A lower number will normally mean that the
element is closer to the incident medium. The quantity d is the phase thickness of the appropriate layer and will be defined
shortly.
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these phase factors to satisfy the boundary conditions for all x, y, and t at z = 0 implies that the
coefficients of these variables must be separately identically equal. Had we not already known that
there would be no change in frequency, this would have confirmed it. Since the frequencies are
constant, so too will be the free space wavelengths. Next,

0 ≡ n0br ≡ n1bt; (2:41)

that is, the directions of the reflected and transmitted or refracted beams are confined to the plane
of incidence. This, in turn, means that the direction cosines of the reflected and transmitted waves
are of the forms

a = sin ϑ, g = cosϑ: (2:42)

Also,

n0 sinϑ0 ≡ n0ar ≡ n1at,

so that if the angles of reflection and refraction are ϑr and ϑt, respectively, then

ϑ0 = ϑr, (2:43)

that is, the angle of reflection equals the angle of incidence, and

n0 sin ϑ0 = n1 sinϑt:

The result appears more symmetrical if we replace ϑt with ϑ1, giving

n0 sin ϑ0 = n1 sinϑ1: (2:44)
boundary, are continuous across it because there is no mechanism that will change them. This
boundary condition is fundamental in our thin-film theory.
The first problem we have is that the boundary conditions are incompatible with a simple

traversal of the boundary by the incident wave. The discontinuity in the characteristic admittance
implies a power discontinuity impossible if the wave simply crosses the boundary with no other
consequence. This difficulty is immediately solved by introducing a reflected wave in the incident
medium, and this, of course, is directly in line with our experience. Our objective then becomes the
calculation of the relative parameters of the three waves, incident, reflected, and transmitted.
However, this introduces a further complication. Wewill use the boundary conditions to construct
a set of equations from which we will extract the required relations. The complication is that the
reflected wave will certainly be traveling in a different sense from the others so that there will be
differences in the phase factors that will considerably complicate the calculations. We can enor-
mously help ourselves by defining the boundary by z = 0, eliminating the z term from the phase
factors at the boundary. Then the tangential components must be continuous for all values of x, y,
and t.
We therefore have three harmonic waves, an incident, a reflected, and a transmitted wave. The

incident wave, in the plane of incidence, has direction cosines (cos ϑ0, 0, sin ϑ0). Let the direction
cosines of the ŝ vectors of the transmitted and reflected waves be given by (at, bt, gt) and (ar, br, gr),
respectively. We can therefore write the phase factors in the following forms:

• Incident wave: expfi½wt − (2πn0=li)(x sin ϑ0 + z cos ϑ0)�g
• Reflected wave: expfi½wt − (2πn0=lr)(arx + bry + g rz)�g

• Transmitted wave: expfi½wt − (2πn1=lt)(atx + bty + g tz)�g

The relative phases of these waves are included in the complex amplitudes. For waves with
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quency has a term (±4πns/l) in it,where s is a distancemeasured along thedirection of propagation.
Before proceeding further, therefore, we need to define the reference point for measurements of
relative phase between the oppositely propagating beams. Sincewe have already used the device of
defining the boundary as z = 0, we can continue this idea and define the boundary as that plane
where the reflected phase shift should be defined.
Then there is another problem. The waves have electric and magnetic fields that with the

direction of propagation form right-handed sets. Since the direction of propagation is reversed in
the reflected beam, the orientation of electric andmagnetic fields cannot remain the same as that in
the incident beam; otherwise, we would no longer have a right-handed set. We need to decide on

r

Surface

Index n0

Index n1

x

z

+H E

i

t

H E

H E

FIGURE 2.3
Convention defining positive directions of the electric and magnetic vectors for reflection and transmission at an interface
at normal incidence.
This is the familiar relationship known as Snell’s law. gr and gt are then given either by Equation
2.42 or by

a2
r + g2r = 1 and a2

t + g2t = 1: (2:45)

Note that for the reflected beam, we must choose the negative root of Equation 2.45 so that the
beam will propagate in the correct direction.

2.3.1 Normal Incidence in Absorption-Free Media

Let us limit our initial discussion to normal incidence, and let the incident wave be a linearly
polarized plane harmonic wave. The coordinate axes are shown in Figure 2.3. The xy plane is the
plane of the boundary. We can take the incident as propagating along the z-axis with the positive
direction of the E vector along the x-axis. Then the positive direction of the H vector will be the
y-axis. It is clear that the only waves that satisfy the boundary conditions are linearly polarized in
the same sense as the incident wave.
A quoted phase difference between two waves travelling in the same direction is immediately

meaningful. A phase difference between two waves travelling in opposite directions is absolutely
meaningless, unless a reference plane atwhich the phase difference ismeasured isfirst defined. This

is simply because the phase difference between oppositely propagating waves of the same fre-
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how we are going to handle this. Since the electric field is the one that is most important from the
point of view of interaction with matter, we will define our directions with respect to it.
The matter of phase references and electric field directions are what we call conventions because

we do have complete freedom of choice, and any self-consistent arrangement is possible. We must
simply ensure that oncewe havemade our choice, we adhere to it. A good rule, however, is to never
make things difficult when we can make them easy, and so we will normally choose the rule that
is most convenient and least complicated. We define the positive direction of E along the x-axis for
all the beams that are involved. Because of this choice, the positive direction of the magnetic vector
will be along the y-axis for the incident and transmitted waves, but along the negative direction of
the y-axis for the reflected wave.
We now consider the boundary conditions. Since we have already made sure that the phase

factors are satisfactory, we can cancel out the iwt terms and have only to consider the amplitudes,
and we will be including any phase changes in these:

1. Electric vector continuous across the boundary

Ei + Er = Et: (2:46)

2. Magnetic vector continuous across the boundary

H i − Hr = Ht,
where we must use a minus sign because of our convention for positive directions. The rela-
tionship between magnetic and electric fields through the characteristic admittance, gives

y0Ei − y0Er = y1Et: (2:47)

This can also be derived using the vector relationship in Equations 2.31 and 2.46. We can
eliminate Et to give

y1 Ei + Erð Þ = y0 Ei − Erð Þ,

i.e.,
the second part of the relationship being correct only because at optical frequencies, we can write

y = nY:

Similarly, eliminating Er,

Et

Ei
=

2y0
y0 + y1

=
2n0

n0 + n1
: (2:49)

These quantities are called the amplitude reflection and transmission coefficients and are
denoted by r and t, respectively. Thus

r =
y0 − y1
y0 + y1

=
n0 − n1
n0 + n1

, (2:50)

t =
2y0

y0 + y1
=

2n0
n0 + n1

: (2:51)
Er

Ei
=
y0 − y1
y0 + y1

=
n0 − n1
n0 + n1

, (2:48)
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Net irradiance =
1
2
y0EiE

∗
i 1 − r2
� �

=
1
2
y0EiE

∗
i y1=y0ð Þt2: (2:52)

We recognize (1=2)y0EiE∗
i as the irradiance of the incident beam Ii. We can identify r2(1=2)y0

EiE∗
i = r2Ii as the irradiance of the reflected beam Ir and (y1=y0)� t2(1=2)y0EiE∗

i = (y1=y0)t2Ii as the
irradiance of the transmitted beam It. We define the reflectance R as the ratio of the reflected and
incident irradiances and the transmittance T as the ratio of the transmitted and incident irradi-
ances. Then,

T = It
Ii
= y1
y0 t

2 = 4y0y1
y0 + y1ð Þ2 = 4n0n1

n0 + n1ð Þ2
,

R = Ir
Ii
= r2 = y0 − y1

y0 + y1

� �2
= n0 − n1

n0 + n1

� �2
:

(2:53)

From Equation 2.52, we have, using Equation 2.53,

1 − Rð Þ = T: (2:54)

Equations 2.52 through 2.54 are therefore consistent with our ideas of splitting the irradiances
into incident, reflected, and transmitted irradiances which can be treated as separate waves, the
energy flow into the second medium being simply the difference of the incident and reflected
irradiances. Remember that all this, so far, assumes that there is no absorption.We shall shortly see
that the situation changes when absorption is present.

2.3.2 Oblique Incidence in Absorption-Free Media

Now let us consider oblique incidence, still retaining our absorption-free media. For any general
direction of the vector amplitude of the incident wave, we quickly find that the application of the
boundary conditions leads us into complicated and difficult expressions for the vector amplitudes
of the reflected and transmitted waves. Fortunately, there are two orientations of the incident
We are still assuming zero for k, and so in this particular case, all y are real, and these two derived
quantities are therefore real. t is always a positive real number, indicating that according to our
phase convention, there is no phase shift between the incident and transmitted beams at the
interface. The behavior of r indicates that there will be no phase shift between the incident and
reflected beams at the interface provided n0 > n1, but that if n0 < n1, there will be a phase change of π
because the value of r becomes negative.
We now examine the energy balance at the boundary. The total tangential components of

electric and magnetic field are not only continuous across the boundary, but also, since the
boundary is of zero thickness, it can neither supply energy to nor extract energy from the various
waves. On both counts, the Poynting vector, that is the net irradiance, will be continuous across
the boundary, so that we can write

Net irradiance = Re 1
2 Ei + Erð Þ y0Ei − y0Erð Þ∗
h i

= Re 1
2 Ei y1Etð Þ∗
h i

(using Re ( 12 E�H∗) and Equations 2.46 and 2.47). Now

Er = rEi and Et = tEi,
i.e.,
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hich lead to reasonably straightforward calculations, the vector electrical am
n the plane of incidence (i.e., the xy plane in Figure 2.2) and the vector electrica
gned normal to the plane of incidence (i.e., parallel to the y-axis in Figure 2.2). In
es, the orientations of the transmitted and reflected vector amplitudes are the sam
ent wave. Any incident wave of arbitrary polarization can therefore be split i
nts having these simple orientations. The transmitted and reflected component
y calculated for each orientation and then combined to yield the resultant. Sinc
necessary to consider two orientations only, they have been given special names.
electric vector in the plane of incidence is known as p-polarized or, sometimes, as
e magnetic), and a wave with the electric vector normal to the plane of incid
ed or, sometimes, TE (for transverse electric). p and s are derived from the German
recht (perpendicular). Before we can actually proceed to the calculation of the r
mitted amplitudes, we must choose the various reference directions of the vecto
y phase differences will be calculated. We have, once again, complete freedom o
we have established the convention, we must adhere to it, just as in the normal in
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FIGURE 2.4
(a) Convention defining the positive directions of the electric and magnetic vectors for p-polarized light (TM waves).
(b) Convention defining the positive directions of the electric and magnetic vectors for s-polarized light (TE waves).
chosen to be compatible with those for normal incidence already established. In some works, an
opposite convention for the p-polarized reflected beam has been adopted, but this leads to an
incompatibility with results derived for normal incidence, and we prefer to avoid this situation.
Note that for reasons connected with consistency of reference directions for elliptically polarized
light, the convention normal in ellipsometric calculations is opposite to that of Figure 2.4 for
reflected p-polarized light. When ellipsometric parameters (in reflection) are compared with the
results of the expressions we shall use, it will usually be necessary to introduce a shift of 180° in the
p-polarized reflected results.
We can now apply the boundary conditions. Since we have already ensured that the phase

factors will be correct, we need only consider the vector amplitudes.

2.3.2.1 p-Polarized Light

1. Electric component parallel to the boundary; continuous across it:

Ei cos ϑ0 + Er cos ϑ0 = Et cosϑ1: (2:55)
wave, w plitudes
aligned i l ampli-
tudes ali each of
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the incid nto two
compone s can be
separatel e, there-
fore, it is A wave
with the TM (for
transvers ence, as
s-polariz parallel
and senk eflected
and trans rs from
but once cidence
case. The conventions which we will use in this book are illustrated in Figure 2.4. They have been
which an f choice,
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mistake in the calculations. We have computed the irradiances measured along the direction of
propagation of the waves, and the transmitted wave is inclined at an angle which differs from that
of the incident wave. This leaves us with the problem that adopting these definitions will involve
the rejection of the (R + T = 1) rule.
We could correct this situation by modifying the definition of T to include this angular depen-

dence, but an alternative, preferable, and generally adopted approach is to use the components of
the energy flows that are normal to the boundary. The E and H vectors that are involved in these
calculations are then parallel to the boundary. Since these are those that directly enter into the
boundary, it seems appropriate to concentrate on them when we are dealing with the amplitudes
of the waves. Note that reflectance and transmittance defined for infinite plane waves in terms of
normal flows of irradiance are absolutely consistent with reflectance and transmittance defined in
terms of the ratios of total beam power when using confined beams such as the output from a laser.
The thin-film approach to all this, then, is to use the components of E and H parallel to the

boundary, what are called the tangential components, in the expressions r and t that involve
amplitudes. Note that the normal approach in other areas of optics is to use the full components of
2. Magnetic component parallel to the boundary; continuous across it: Here we need to
calculate the magnetic vector amplitudes, and we can do this by either using Equation
2.31 to operate on Equation 2.55 directly, or, since the magnetic vectors are already
parallel to the boundary, using Figure 2.4 and then converting, since H = yE:

y0Ei − y0Er = y1Et: (2:56)

At first sight, it seems logical just to eliminate first Et and then Er from these two equations to
obtain Er/Ei and Et/Ei:

Er
Ei

= y0 cos ϑ1 − y1 cos ϑ0
y0 cos ϑ1 + y1 cos ϑ0

,

Et
Ei

= 2y0 cosϑ0
y0 cos ϑ1 + y1 cos ϑ0

,
(2:57)

and then simply to set

R =
Er

Ei

� �2

 and T =
y1
y0

Et

Ei

� �2

,

transmittance. The amplitude coefficients are then known as the Fresnel coefficients. The thin-film
coefficients are not the Fresnel coefficients except at normal incidence, although the only coefficient
that actually has a different value is the amplitude transmission coefficient for p-polarization.
The tangential components of E and H, that is, the components parallel to the boundary, have

already been calculated for use in Equations 2.55 and 2.56. However, it is convenient to introduce
special symbols for them, E and H.
Then, we can write

E i = Ei cos ϑ0, Hi = Hi = y0Ei =
y0

cosϑ0
E i, (2:58)

E r = Er cosϑ0, Hr =
y0

cosϑ0
E r, (2:59)

E t = Et cosϑ1, Ht =
y1

cos ϑ1
E t: (2:60)

The orientations of these vectors are exactly the same as for normally incident light.
but when we calculate the expressions which result, we find that R + T ≠ 1. In fact, there is no
E and H in amplitude expressions but to use the components of irradiance in reflectance and
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Equations 2.55 and 2.56 can then be written as follows:

1. Electric field parallel to the boundary

E i + E r = E t:

2. Magnetic field parallel to the boundary

y0
cosϑ0

Hi −
y0

cos ϑ0
Hr =

y1
cosϑ1

Ht,

giving us, by a process exactly similar to that we have already used for normal incidence,

rp =
E r

E i
=

y0
cosϑ0

−
y1

cos ϑ1

� �
y0

cos ϑ0
+

y1
cosϑ1

� �
,

�
(2:61)

tp =
E t

E i
=

2y0
cosϑ0

� �
y0

cos ϑ0
+

y1
cos ϑ1

� �
,

�
(2:62)

Rp =
y0

cosϑ0
−

y1
cos ϑ1

� �
y0

cos ϑ0
+

y1
cosϑ1

� �� 	2
,

"
(2:63)

Tp =
4y0y1

cos ϑ0 cos ϑ1

� �
y0

cos ϑ0
+

y1
cos ϑ1

� �2

,

,
(2:64)

where y0 = n0Y and y1 = n1Y and the (R + T = 1) rule is retained. The subscript p has been used in the
expressions mentioned earlier to denote p-polarization.
It should be noted that the expression for tp is now different from that in Equation 2.57, the

form of the Fresnel amplitude transmission coefficient. Fortunately, the reflection coefficients in
Equations 2.57 and 2.63 are identical, and since much more use is made of reflection coefficients,
confusion is rare.

2.3.2.2 s-Polarized Light

In the case of s-polarization, the amplitudes of the components of the waves parallel to the
boundary are

E i = Ei, Hi = H i cosϑ0 = y0 cosϑ0ð ÞE i,

E r = Er, Hr = Hr cos ϑ0 = y0 cos ϑ0ð ÞE r,

E t = Et, Ht = y1 cos ϑ1ð ÞE t,

and here we have again an orientation of the tangential components exactly as for normally
incident light, and so a similar analysis leads to

rs =
E r = y0 cos ϑ0 − y1 cos ϑ1ð Þ= y0 cosϑ0 + y1 cos ϑ1ð Þ, (2:65)

E i
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ts =
E t

E i
= 2y0 cosϑ0ð Þ= y0 cos ϑ0 + y1 cos ϑ1ð Þ, (2:66)

Rs = y0 cosϑ0 − y1 cos ϑ1ð Þ= y0 cos ϑ0 + y1 cosϑ1ð Þ½ �2, (2:67)

Ts = 4y0 cosϑ0y1 cos ϑ1ð Þ= y0 cos ϑ0 + y1 cosϑ1ð Þ2, (2:68)

where once again y0 = n0Y and y1 = n1Y and the (R + T = 1) rule is retained. The subscript s is used in
the preceding expressions to denote s-polarization.

2.3.3 Optical Admittance for Oblique Incidence

The expressions which we have derived so far have been in their traditional form (except for
the use of the tangential components rather than the full vector amplitudes), and they involve the
characteristic admittances of the various media or their refractive indices together with the
admittance of free space Y. However, the notation is becoming increasingly cumbersome and will
appear even more so when we consider the behavior of thin films.
Equation 2.31 gives H = y(ŝ� E), where y = NY is the optical admittance. We have found it

convenient to deal with E and H, the components of E and H parallel to the boundary, and so we
introduce a tilted optical admittance h which connects E and H as

h =
H
E

: (2:69)

At normal incidence, h = y = nY while at oblique incidence,

hp =
y

cosϑ
=

nY
cos ϑ

, (2:70)

hs = y cos ϑ = nY cosϑ, (2:71)

where the ϑ and the y in Equations 2.70 and 2.71 are those appropriate to the particular medium. In

particular, Snell’s law (Equation 2.44) must be used to calculate ϑ .
Then, in all cases, we can write

r =
h0 − h1

h0 + h1

� �
, t =

2h0

h0 + h1

� �
, (2:72)

R =
h0 − h1

h0 + h1

� �2

, T =
4h0h1

h0 + h1ð Þ2
: (2:73)

These expressions can be used to compute the variation of reflectance of simple boundaries
between extended media. Examples are shown in Figure 2.5 of the variation of reflectance with the
angle of incidence. In this case, there is no absorption in the material, and it can be seen that the
reflectance for p-polarized light (TM) falls to zero at a definite angle. This particular angle is known
as the Brewster angle and is of some importance. There are many applications where the windows
of a cell must have close to zero reflection loss. When it can be arranged that the light will be
linearly polarized, a plate tilted at the Brewster angle will be a good solution. The light that is
reflected at the Brewster angle is also linearly polarized with electric vector normal to the plane of
incidence. This affords a way of identifying the absolute direction of polarizers and analyzers—

very difficult in any other way.
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The expression for the Brewster angle can be derived as follows. For the p-reflectance to be zero,
from Equation 2.63,

y0
cosϑ0

=
n0Y
cosϑ0

=
y1

cos ϑ1
=

n1Y
cos ϑ1

:

Snell’s law gives another relationship between ϑ0 and ϑ1:

n0 sin ϑ0 = n1 sinϑ1:

Eliminating ϑ1 from these two equations gives an expression for ϑ0:

tanϑ0 = n1=n0: (2:74)

Note that this derivation depends on the relationship y = nY, valid at optical frequencies.
Figure 2.6 shows the variation of tilted admittance of a number of dielectric materials as a

function of the angle of incidence in air. Note that the divergence of the two tilted admittances, the
polarization splitting, becomes less as the index of refraction increases.

2.3.4 Normal Incidence in Absorbing Media

We must now examine the modifications necessary in our results in the presence of absorption.
First, we consider the case of normal incidence and write

N0 = n0 − ik0,
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FIGURE 2.5
Variation of reflectance with angle of incidence for various values of refractive index. TE is s-polarization and TM is
p-polarization.
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N1 = n1 − ik1,

y0 = N0Y = n0 − ik0ð ÞY,
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FIGURE 2.6
Tilted admittances of several dielectric (absorption-free) materials as a function of the angle of incidence in air.
The analysis follows that for absorption-free media. The boundaries are, as before,

1. Electric vector continuous across the boundary

Ei + Er = Et:

2. Magnetic vector continuous across the boundary
and by eliminating first Et and then Er, we obtain the expressions for the amplitude coefficients

r =
Er

Ei
=
y0 − y1
y0 + y1

=
n0 − ik0ð ÞY − n1 − ik1ð ÞY
n0 − ik0ð ÞY + n1 − ik1ð ÞY =

n0 − n1ð Þ − i k0 − k1ð Þ
n0 + n1ð Þ − i k0 + k1ð Þ , (2:75)

t =
Et

Ei
=

2y0
y0 − y1

=
2 n0 − ik0ð ÞY

n0 − ik0ð ÞY + n1 − ik1ð ÞY =
2 n0 − ik0ð Þ

n0 + n1ð Þ − i k0 + k1ð Þ : (2:76)
y1 = N1Y = n1 − ik1ð ÞY:

y0Ei − y0Er = y1Et,
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Our troubles begin when we try to extend this to reflectance and transmittance. We remain at
normal incidence. Following the method for the absorption-free case, we compute the Poynting
vector at the boundary in each medium and equate the two values obtained. In the incident
medium, the resultant electric and magnetic fields are

Ei + Er = Ei 1 + rð Þ
and

H i − Hr = y0 1 − rð ÞEi,

respectively, where we have used the notation for tangential components, and in the second
medium, the fields are

tEi and y1tEi,

respectively. Then the net irradiances on either side of the boundary are as follows:

• Medium 0: I = Re 1
2 ½Ei(1 + r)�½y∗0(1 − r∗)E�

i �
n o

• Medium 1: I = Re 1
2 ½tEi�½y∗1t∗E�

i �
n o

We then equate these two values which gives, at the boundary,

Re
1
2
y∗0EiE

�
i 1 + r − r∗ − rr∗ð Þ


 	
=
1
2
Re y1ð Þtt∗EiE

�
i ,

1
2
Re y∗0ð ÞEiE

∗
i −

1
2
Re y∗0ð Þrr∗EiE

∗
i +

1
2
Re y∗0 r − r∗ð Þ½ �EiE

∗
i =

1
2
Re y1ð Þtt∗EiE

∗
i : (2:77)

We can replace the different parts of Equation 2.77 with their normal interpretations to give

Ii − RIi +
1
2
Re y∗0 r − r∗ð Þ½ �EiE

∗
i = TIi: (2:78)

(r − r*) is imaginary. This implies that if y0 is real, the third term in Equation 2.78 is zero. The other
terms then make up the incident, the reflected, and the transmitted irradiances, and these balance.
If y0 is complex, then its imaginary part will combine with the imaginary (r − r*) to produce a real
result that will imply that T + R ≠ 1. The irradiances involved in the analysis are those actually at
the boundary, which is of zero thickness, and it is impossible that it should either remove or
donate energy to the waves. Our assumption that the irradiances can be divided into separate
incident, reflected, and transmitted irradiances is therefore incorrect. The source of the difficulty is
a coupling between the incident and reflected fields which occurs only in an absorbing medium
and which must be taken into account when computing energy transport. The expressions for the
amplitude coefficients are perfectly correct. The phenomenon is well understood and has been
described in a number of contributions, for example, that by Berning [4]. We shall return to the
problem in more general terms in Section 2.13 once we have had a brief look at coherence in
Section 2.12. It is, however, convenient to look now at some consequences.
The extra term is on the order of (k2/n2). For any reasonable experiment to be carried out, the

incident medium must be sufficiently free of absorption for the necessary comparative measure-
ments to be performed with acceptably small errors. In such cases, the error is vanishingly small.
Although we will certainly be dealing with absorbing media in thin-film assemblies, our incident

media will never be heavily absorbing, and it will not be a serious lack of generality if we assume
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that our incident media are absorption free. Since our expressions for the amplitude coefficients
are valid, then any calculations of amplitudes in absorbing media will be correct. We simply have
to ensure that the calculations of reflectances are carried out in a transparent medium. With this
restriction, then, we have

� �� �∗

R =

y0 − y1
y0 + y1

y0 − y1
y0 + y1

, (2:79)

T =
4y0 Re y1ð Þ

y0 + y1ð Þ y0 + y1ð Þ∗ , (2:80)

where y0 is real.

2.3.4.1 Rear Surface of Absorbing Substrate

We have avoided the problem connected with the definition of reflectance in a medium with
complex y0 simply by not defining it unless the incident medium is sufficiently free of either gain or
absorption. Without a definition of reflectance, however, we have trouble with the meaning of
antireflection, and there are cases such as the rear surface of an absorbing substrate where an
antireflection coating would be relevant. We do need to deal with this problem, and although we
have not yet discussed antireflection coatings, it is most convenient to include the discussion here
where we have already the basis for the theory. The discussion was originally published in a paper
of Macleod [5].
The usual purpose of an antireflection coating is the reduction of reflectance. But frequently the

objective of the reflectance reduction is the corresponding increase in transmittance. Although an
absorbing or amplifying medium will rarely present us with a problem in terms of a reflectance
measurement, we must occasionally treat a slab of such material on both sides to increase overall
transmittance. In this context, therefore, we define an antireflection coating as one that increases
transmittance and, in the ideal case, maximizes it. But to accomplish that, we need to define what
we mean by transmittance.
We have no problem with the measurement of irradiance at the emergent side of our system,

even if the emergent medium is absorbing. The incident irradiance is more difficult. We can define
this as the irradiance we would measure at the position of the surface if the transmitting structure
were removed and replaced by an infinite extent of incident medium material. Then the trans-
mittance will simply be the ratio of these two values.
That is,

Iinc =
1
2
Re y0ð ÞEiE

∗
i ,

and then

T =

1
2
Re y1ð ÞEtE

∗
t

1
2
Re y0ð ÞEiE

∗
i

:

This is completely consistent with Equation 2.78, that is, with a slight manipulation,

T = 1 − rr∗ +
Re y∗0 r − r∗ð Þ½ �

Re y0ð Þ : (2:81)
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An alternative form uses

Et =
2y0

y0 + y1ð Þ Ei,

so that

T =
4y0y∗0 Re y1ð Þ

Re y0ð Þ � y0 + y1ð Þ y0 + y1ð Þ∗½ � : (2:82)

Now let the surface be coated with a dielectric system so that it presents the surface admit-
tance Y. We have not, so far, introduced the idea of surface admittance, and we shall deal with it in
more detail in Section 2.5. The ratio of the total tangential magnetic amplitude to the total tan-
gential electric amplitude at a surface is an admittance that we can consider to be a property of the
surface and call it the surface admittance. In the case of a simple boundary, the surface admittance
is simply the characteristic admittance (tilted if necessary) of the emergent medium. In the case of
an optical coating, it plays the same role, but its value is now a function of the interference effects in
the coating. For the moment, let us accept that the surface admittance of the rear surface of our
absorbing substrate, because of the coating, now presents a surface admittance of Y that will be
interpreted by the incident wave as if it were a simple surface before a medium of characteristic
admittance Y.
Then, since, in the absence of absorption, the net irradiance entering the thin-film system must

also be the emergent irradiance,

T =
4y0y

∗
0 Re Yð Þ

Re y0ð Þ � y0 + Yð Þ y0 + Yð Þ∗½ � : (2:83)
Let Y = a + ib; then

T =
4a n20 + k20
� �

n0 n0 + að Þ2 + k0 − bð Þ2� � ,
and T can readily be shown to be a maximum when

Y = a + ib = n0 + ik0 = n0 − ik0ð Þ∗: (2:84)

The matching admittance should therefore be the complex conjugate of the incident admittance.
For this perfect matching, the transmittance becomes

T = 1 +
k20
n20

� �
,

and this is greater than unity. This is not a mistake but rather a consequence of the definition of
transmittance. Irradiance falls by a factor of roughly 4πk0 in a distance of one wavelength, rather
larger than any normal value of k0

2/n0
2, so that the effect is quite small. It originates in a curious

pattern in the otherwise exponentially falling irradiance. It is caused by the presence of the
interface and is a cyclic fluctuation in the rate of irradiance reduction. Note that the transmittance
is unity if the coating is designed to match n0 − ik0 rather than its complex conjugate.
A dielectric coating that transforms an admittance of y1 to an admittance of y0* will also, when

reversed, exactly transform an admittance of y0 to y1*. This is dealt with in more detail later
(Section 8.6) when induced transmission filters are discussed. Thus, the optimum coating to give
highest transmittance will be the same in both directions. This implies that an absorbing substrate
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in identical dielectric incident and emergent media should have exactly similar antireflection
coatings on both front and rear surfaces.
Although also a little premature, it is convenient to mention here that the calculation of the

properties of a coated slice of material involves multiple beams that are combined either coher-
ently or incoherently. The coherent case considers the slice as an ordinary absorbing thin film and
is simply the usual interference calculation, and we will return to it in considerable detail when we
deal with induced transmission filters. We will see then that as the absorbing film becomes thicker,
the matching rules for an induced transmission filter tend to approach Equation 2.84. The inco-
herent case is at first sight less obvious. An estimate of the reflected beam is necessary for a
multiple beam calculation. Such calculations imply that the absorption is not sufficiently high to
completely eliminate a beam that suffers two traversals of the system. This implies, in turn, a
negligible absorption in the space of one wavelength, in other words, 4πk0 is very small. The upper
limit on the size of the effect under discussion is k0

2/n0
2, and this will still be less significant. For an

incoherent calculation to be appropriate, there must be a jumbling of phase that washes out its
effect. We can suppose for this discussion that the jumbling comes from a variation in the position

of the reflecting surface over the aperture, although in the normal way, there will also be some
variation of the incident angle. The variation of the extra term in Equation 2.84 is locked for its
phase to the reflecting surface, and so at any exactly plane surface that may be chosen as a ref-
erence, an average of the extra term is appropriate, and this will be zero because r will have a
phase that varies throughout the four quadrants. For multiple beam calculations, therefore, the
reflectance can be taken simply as rr*. Where k0

2/n0
2 is significant, the absorption will be very high

and certainly enough for the influence of the multiple beams to be automatically negligible.

2.3.5 Oblique Incidence in Absorbing Media

Remembering what we said in the Section 2.3.4, we limit ourselves to a transparent incident

medium and an absorbing second, or emergent, medium. Our first aim must be to ensure that the
phase fa rite the
phase fac

• Inc

• Refl

(2:85)

• Tra

where a must be
identical

and since
ctors are consistent. Taking advantage of some of the earlier results, we can w
tors as follows:

ident:

exp i wt − 2πn0=lð Þ x sin ϑ0 + z cos ϑ0ð Þ½ �f g

ected:

exp i wt − 2πn0=lð Þ x sin ϑ0 − z cos ϑ0ð Þ½ �f g

nsmitted:

exp i wt − 2π n1 − ik1f g=lð Þ ax + gzð Þ½ �f g,

and g in the transmitted phase factors are the only unknowns. The phase factors
ly equal for all x and t with z = 0. This implies

a =
n0 sinϑ0
n1 − ik1ð Þ ,

a2 + g 2 = 1,

g = 1 − a2� �1=2
:
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There are two solutions to this equation, and we must decide which is to be adopted. We note
that it is strictly (n1 − ik1)a and (n1 − ik1)g that are required:

n1 − ik1ð Þg = n1 − ik1ð Þ2 − n20 sin
2ϑ0

� �1=2
= n21 − k21 − n20 sin

2ϑ0 − i2n1k1
� �1=2

:
(2:86)

The quantity within the square root is in either the third or fourth quadrant, and so the square
roots are in the second quadrant (of the form −a + ib) and in the fourth quadrant (of the form a − ib).
If we consider what happens when these values are substituted into the phase factors, we see that
the fourth quadrant solution must be correct because this leads to an exponential falloff with z of
amplitude together with a change in the phase of the correct sense. The second quadrant solution
would lead to an increase with z and a change in phase of the incorrect sense, which would imply a
wave travelling in the opposite direction. The fourth quadrant solution is also consistent with the
solution for the absorption-free case. The transmitted phase factor is therefore of the form

exp i wt − 2πn0 sinϑ0x=lð Þ − 2π=lð Þ a − ibð Þz½ �f g
      = exp −2πbz=lð Þ exp i wt − 2πn0 sin ϑ0x=lð Þ − 2πaz=lð Þ½ �f g,

where

a − ibð Þ = n21 − k21 − n20  sin
2ϑ0 − i2n1k1

� �1=2
:

A wave which possesses such a phase factor is known as inhomogeneous. The exponential
falloff in amplitude is along the z-axis, while the propagation direction in terms of phase is
determined by the direction cosines, which can be extracted from

2πn0 sinϑ0x=lð Þ + 2πaz=lð Þ:
The existence of such waves is another good reason for our choosing to consider the components

of the fields parallel to the boundary and the flow of energy normal to the boundary.
We should note at this stage that provided we include the possibility of complex angles, the

formulation of the absorption-free case applies equally well to absorbing media, and we can write

n1 − ik1ð Þ sin ϑ1 = n0 sinϑ0,

a = sin ϑ1,

g = cos ϑ1,

a − ibð Þ = n1 − ik1ð Þ cos ϑ1:

The calculation of amplitudes follows the same pattern as before. However, we have not pre-
viously examined the implications of an inhomogeneous wave. Our main concern is the calcu-
lation of the tilted admittance connected with such a wave. Since the x, y, and t variations of the
wave are contained in the phase factor, we can write

curl ≡
∂

∂ x
i +

∂

∂ x
j +

∂

∂ x
k

� �
�

≡ −i
2πN
l

ai − i
2πN
l

gk
� �

�
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so that

hp =
Hy

E x
= wNl
2πc2μg

= N
cμg

= NY
g = y

g :

For the s-waves, we use

curlE = −
∂B
∂ t

= −μ
∂H
∂ t

:

E is now along the y-axis, and a similar analysis to that for p-waves yields

hs =
Hx

E y
= NYg = yg : (2:87)
Now g can be identified as cos ϑ, provided that ϑ is permitted to be complex, and so
hp = y= cos ϑ,

hs = y cosϑ:
(2:88)

Alternatively, we can use the expressions in Equations 2.86 and 2.87, together with the fact that
y = (n − ik)Y, to give

hs = Y n21 − k21 − n20sin
2ϑ0 − i2n1k1

� �1=2
: (2:89)
and

∂

∂ t
≡ iw ,

where the k is a unit vector in the z-direction and should not be confused with the extinction
coefficient k.
For p-waves, the H vector is parallel to the boundary in the y-direction, so H = Hyj. The com-

ponent of E parallel to the boundary will then be in the x-direction Exi. We follow the analysis
leading up to Equation 2.26 and as before

curlH = sE + e ∂E
∂ t

= s + iweð ÞE

= iwN2

c2μ
E:

Now the tangential component of curlH is in the x-direction so that

− i
2πN
l

g k� jð ÞHy = i
wN2

c2μ
E xi:

But

− k� jð Þ = i,
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The fourth quadrant being the correct solution, and then

hp =
y2

hs

: (2:90)

This second form is completely consistent with Equation 2.28 but avoids any problems with the
quadrant. Then the amplitude and irradiance coefficients become as before:

r =
h0 − h1

h0 + h1
, (2:91)

t =
2h0

h0 + h1
, (2:92)

R =
h0 − h1

h0 + h1

� �
h0 − h1

h0 + h1

� �∗
, (2:93)

T =
4h0 Re h1ð Þ

h0 + h1ð Þ h0 + h1ð Þ∗ , (2:94)

And, of course, these expressions are valid for absorption-free media as well.
2.4 Critical Angle and Beyond

Let us consider the case of a simple boundary between two dielectric materials with refractive
indices n0 and n1 and corresponding characteristic admittances y0 and y1. Given ϑ0, Snell’s
law (Equation 2.44) allows us to calculate the corresponding propagation angle ϑ1 in the second
medium:

n0 sin ϑ0 = n1 sinϑ1:

Suppose, however, that n0 is greater than n1. Since sin ϑ1 = (n0/n1) sin ϑ0, as the angle ϑ0 increases
from 0° to 90°, there comes a point where sin ϑ1 becomes greater than unity. The value of ϑ0 where
this first occurs is known as the critical angle. Beyond the critical angle, ϑ1 is imaginary. The critical
angle is given by

ϑ0 = arcsin
n1
n0

� �
: (2:95)

It is difficult to visualize an imaginary angle. Fortunately, that is not necessary. What we actually
need is the cosine of the angle, and if we already know the sine, a simple relationship gives us the
cosine:

cos2ϑ1 = 1 − sin2ϑ1 = 1 −
n20
n21̀

sin2ϑ0: (2:96)
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It is not only simply cos ϑ1 that is required, but also n1 cos ϑ1. Then,

n1 cosϑ1 =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n21 − n20 sin

2ϑ0
q

= i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n20 sin

2ϑ0 − n21

q
, (2:97)

where the quantity under the root sign is positive and where, as yet, we have not assigned a
positive or negative character to the root. Equation 2.86 comes to our rescue. We are actually
solving for the direction cosine g times the refractive index, a combination that appears in the
spatial part of the phase factor. We have already established that even in the case of miniscule
absorption, we should take the fourth quadrant solution rather than the second in Equation 2.86
and that applies to Equation 2.97 so that

n1 cosϑ1 = −i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n20 sin

2ϑ0 − n21

q
= gn1: (2:98)

The phase factor of the transmitted wave is then

exp i wt − 2π
l n0 sin ϑ0ð Þx − 2π

l −i
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h in o

= exp − 2π
l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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n o

exp i wt − 2π
l n0 sinϑ0ð Þx

h in o
:

(2:99)

The wave is known as evanescent. It is pinned to the surface along which it propagates with a
wavelength smaller than could be supported by a progressive wave, and it decays exponentially
away from the surface in the z-direction. The tilted admittance is imaginary, and so the component
of the magnetic field that also propagates in the z-direction is 90° out of phase with the electric field
so that no energy actually propagates in the z-direction. It is not surprising, therefore, that since
there is no loss in the emergent medium, the reflectance is total. It is usually termed total internal
reflectance and is sometimes abbreviated to TIR.
The tilted admittances, in free space units, are given by

hs = −i n20 sin
2ϑ0 − n21

� �1=2
(2:100)

and

hp =
y2

hs
= +i

n20
n20 sin

2ϑ0 − n21
� �1=2 : (2:101)

It is easy to see that since both are imaginary, the reflectance for both p- and s-polarizations
will be 100% (or unity in absolute terms). However, the phase change on reflection will vary
with the angle of incidence. At the critical angle where hs is zero and hp is infinite, it is zero for
s-polarization and 180° for p-polarization. The s-polarization phase shift then moves through the
first into the second quadrant with increasing incidence while the p-polarization phase shift moves
through the third into the fourth quadrant. The relative retardation, or delta, we recall, has to be
corrected by 180° to take account of the sign convention, and it rises from zero to a maximum
value that depends on the incident index and then drops back to zero at grazing incidence.
Figure 2.7 shows calculated properties for a glass incident medium (1.52 index) and air emergent

medium as a function of angle of incidence.
Strictly, the critical angle is a phenomenon that is related to completely dielectric media only.

However, if the k value of the emergent medium is quite small, then a reference angle, usually
simply referred to as the critical angle, is sometimes defined by dropping k and using Equation 2.95.
This is an especially frequent practice when gain rather than absorption is involved (gain is covered
in Chapter 11), but it should be used with caution because it may be thought to imply some kind of
abrupt transition when there is none. Otherwise, the behavior of absorbing materials even at high
angles of incidence in a high-index incident medium is already covered in Section 2.3.5.


