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Preface

Why write a mathematics book on keno and lotteries?

Using the gambler’s adage that “the simpler a bet is, the higher the house advantage”, keno doesn’t seem worthy of serious attention. It’s fairly easy to show that the house advantage (HA) in these games is among the highest in any legitimate gambling game, often on the order of 25–35%, and the combinatorics involved, while certainly interesting, doesn’t appear to vary all that much.

That’s a gambler’s perspective. However, a deeper look at the mathematics reveals some fascinating complexity in these related and fairly simple games. Game designers over the decades have examined “draw 20 numbers in the range 1–80” inside and out, creating a lot of variations that lead to interesting mathematical questions. A case can be made that keno has changed more with the advent of computer and video technology than any other casino game, with the exception of slot machines, and these changes have led to meaningful differences in how keno can be played. For example, one popular video keno game, Caveman Keno (page 162), cuts the HA to under 5%, and relies on increased game speed to generate the casino’s profit.

Computerized game operations have made it possible for a wider variety of keno games and creative wagers to reach the casino floor, and the mathematics involved here is sometimes more intricate and more interesting than elementary combinatorics. A look at Penny Keno leads to an excursion into applied mathematics where counting is only the start of the story.

Additionally, many state and provincial lotteries run keno-like games among their offerings, which bring this game, with its history spanning many centuries, to a wider audience. This affords a neat transition to lottery mathematics. There can be no denying the hold that multi-million dollar lotteries have on the public; we need only consider the excitement when the Powerball jackpot topped $1.5 billion in January 2016 to see that lotteries, despite their long odds of winning, can still capture a large share of media attention. Moreover, there are or were innovative lottery games offered around the world that are mathematically different—in an interesting way—from Powerball and traditional daily drawings: City Picks in Wisconsin and Lucky Lines in Oregon, for example.

Some of the exercises included in Chapters 2, 3, 4 extend ideas explained in the text; some of them are dedicated to exploring different games or lottery options and can be attempted independently. Answers, though not solutions, to most exercises with numerical results are provided.
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Chapter 1

Historical Background

1.1  History of Keno

Suppose that 20 monkeys are loose on 80 mountains, with no more than one monkey per mountain. If we send 10 soldiers out to catch the monkeys, and each soldier looks on only one mountain, how many monkeys do we expect them to catch?

That, in a nutshell, is keno. Over the course of time, the monkeys, mountains, and soldiers have been replaced by numbers, but the essence of modern keno is the same: The casino draws 20 numbers [monkeys] in the range 1–80 [mountains], either electronically or from a set of numbered ping-pong balls. Players select some numbers [soldiers]—not always 10 anymore—in the same range, and are paid based on how many of their numbers are among the casino’s drawn set of 20. In a nod to this fable, the language of keno still speaks of “catching” numbers, or how many numbers are “caught” by the player.

This story, of Chinese origin, is said to date back 1500 years, giving keno one of the longest histories of any casino game [91]. Legend holds that Chéung Léung (205–187 bce), of the Han Dynasty, devised an early ancestor of keno to raise money for the army and for the defense of the capital, at a time when funds were low [27]. This guessing game called for players to choose 8 Chinese characters from 120; the risk to the players was small and the rewards for a correct selection were great. Gamblers could buy a chance for 3 lí, and a winning ticket paid 10 taels, where 1 tael = 1000 lí, for payoff odds of 10,000 for 3—about 3333 for 1. The game was a success from the start; within a few decades, the operators’ wealth was said to be boundless [27].

Pák kòp piú

Pák kòp piú or White Pigeon Ticket is an ancestor of keno that was brought to America by Chinese immigrants. The game derives its alternate name from the fact that in China, where lotteries were illegal in the 19th century, homing pigeons were frequently used to convey wagers and winnings between gamblers and game operators. Pák kòp piú tickets (Figure 1.1) bore 80 different Chinese characters rather than numbers, and drawings were typically conducted once daily, in the evening. The characters were the first 80 characters in the sixth-century book Ts’in Tsz’ Man, or the Thousand Character Classic. This book consists of a poem using exactly 1000 different Chinese characters, no two alike [27].

[image: Image]

FIGURE 1.1:  Pák kòp piú ticket.

The mechanics of a pák kòp piú drawing were very different from modern keno. The operator would, carefully and in full view of patrons, separate 80 pieces of paper, one bearing each character and rolled up against detection, into four bowls of 20 numbers each. A player would then be selected to choose one of the bowls, which was designated the set of winning characters. These steps were a confidence-building measure: if gamblers could see the mechanics of the drawing taking place, there was less reason to suspect that the game was rigged [27]. Another tamper-proof method of choosing the winning bowl was to number them from 1–4, then roll 3 standard dice, divide the sum by 4, and take the remainder as the number of the lucky bowl [92].

The primary wager at pák kòp piú called for players to choose 10 of the 80 characters. Its payoff table is shown in Table 1.1.

Payoffs in Table 1.1 are quoted as “for 1” rather than “to 1”, as is common in other casino games. The difference lies in how the player’s original wager is handled. A payoff of 2 for 1 includes the original wager as part of the 2-unit payoff, so the net profit is only 1 unit; if a game pays off a winning bet at 2 to 1, the player receives 3 units for every unit wagered: the original stake plus the prize of two units. This is standard practice when paying winners at keno and lotteries, where there is often a significant time lag between when the wager is placed and when the outcome is determined. It follows then that a bet paying off at “x for 1” is equivalent to a payoff of “(x − 1) to 1”.

TABLE 1.1:  Pák kòp piú pay table, without commissions deducted [27]



	Catch

	Payoff (for 1)




	5

	2




	6

	20




	7

	200




	8

	1000




	9

	1500




	10

	3000





Game operators charged a 5% commission on all winning bets, which reduced these payoffs. If the ticket was sold through an outside agent rather than directly by the operator, a further 10% was deducted from the payoff and paid to the agent.

Pák kòp piú spread to New Zealand and Australia with the entry of Chinese mine workers, where the name was soon Anglicized to pakapoo. Two pay tables for pakapoo are shown in Table 1.2. The wager was 6 pence (d); this was in pre-decimal British currency, with 12 pence per shilling (s) and 20 shillings to the pound (£).

TABLE 1.2:  Pakapoo pay tables



	
	Payoff (for 1)




	Catch

	Game A [61]

	Game B [13]




	5

	1s

	0




	6

	8s 6d

	0




	7

	£3 10s

	£4




	8

	£19 2s 6d

	£20




	9

	£35

	£40




	10

	£70

	£80





As the game spread, the Chinese characters were replaced by numbers in order to allow non-Chinese to gamble without the need to understand the language. In the USA, pák kòp piú moved eastward, to Massachusetts first, then to Pennsylvania, Maine, Connecticut, and New York City [92]. The game found its strongest American market in Montana, when Chinese mining workers brought the game to their new country [34]. The Crown Cigar Store in Butte was home to what was called the Chinese lottery. Proprietors Joseph and Francis Lyden took possession of the game from Chinese agents in a deal with local officials.

The Chinese lottery provided for tickets containing anywhere from 9–20 spots; these tickets were processed by lottery officials by transforming them, in various ways, to collections of 10-spot tickets [16].

•  A 9-spot ticket was interpreted as 71 different 10-spot tickets by combining the player’s 9 numbers with each of the 71 unmarked numbers to form a different 10-spot ticket. This ticket was sold for 71¢: 1¢ per virtual ticket. The pay table for a 1¢ ticket is shown in Table 1.3.

TABLE 1.3:  Chinese lottery pay table: 1¢ ticket [16]



	Catch

	Payoff (for 1)




	5

	$.01875




	6

	$.1875




	7

	$1.875




	8

	$9.375




	9

	$18.75




	10

	$37.50





•  The 11-spot ticket was drawn as 11 different virtual 10-spot tickets; each one formed by striking out one of the player’s 11 numbers. This ticket was also offered starting at 1¢ per ticket, though it could be purchased for any number of cents per ticket.

•  A 12-spot ticket could be interpreted in several ways. The simplest led to 6 10-spot tickets. The player’s choices were numbered from 1–12, and a 6 × 10 array of numbers was formed by writing each number 5 times, proceeding vertically and filling the columns from left to right, as in Figure 1.2.
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FIGURE 1.2:  Resolution of a 12-spot Chinese lottery ticket into 6 10-spot tickets [16].

The rows of this table were then used to identify the numbers on each of the six tickets. This ticket could be had for 6¢.

•  An alternate approach to the 12-spot ticket involved grouping the 12 numbers into four groups of three each. Twelve different 10-spot tickets could then be constructed by choosing one number from each group and combining it with the 9 numbers in the other three groups to make 10. If the numbers were grouped {1,2,3}, {4,5,6}, {7,8,9}, and {10,11,12}, then these 12 tickets would be those shown as the rows in Figure 1.3.
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FIGURE 1.3:  12 10-spot tickets derived from a single 12-spot ticket.

•  13-spot tickets were processed much like 12-spot tickets. The array of numbers, with each of the 13 choices repeated 4 times, is given in Figure 1.4.

[image: Image]

FIGURE 1.4:  Interpretation of a 13-spot Chinese lottery ticket as 3 10-spot and 2 11-spot tickets [16].

Once again, each row of this figure determines a ticket. This numbering scheme led to 25 tickets in all: the three 10-spot tickets, which were priced at 10¢ apiece, and 22 additional 1¢ 10-spot tickets arising from the two 11-spot tickets.

Similar schemes, all of which involved reducing a ticket down to some combination of 10-, 11-, or 12-spot tickets, were in common use for players wishing to mark 14–20 different numbers.

Keno evolved as it spread from Montana, eventually flourishing in Nevada after that state legalized gambling in 1931. Francis Lyden took the game from Montana to the Palace Club in Reno [34]. Initially, the game was called racehorse keno in Nevada in order to evade anti-lottery laws which still remain on the books, and the Chinese characters were replaced by the names of 80 fictional racehorses. Each horse was tagged with a number from 1–80, and by 1951, with a new tax on off-track betting introduced in Nevada, the horses’ names were dropped to avoid any possible connection with racing and players wagered on numbers chosen in that range [92, 141].

The game came to southern Nevada in 1939, with a game opening at the Las Vegas Club [156]. Joseph Lyden moved to Las Vegas in 1956, at which time he increased the drawing frequency from once a day to several times per hour, which became the standard frequency [34]. Then as now, the casino draws 20 of the 80 numbers, and pay tables were issued that paid out increasing amounts as the number of catches rose. A current pay table from the Orleans Casino in Las Vegas may be found in Table 1.4.

TABLE 1.4:  Keno pay table issued by the Orleans Casino in Las Vegas. All payoffs are “for 1” and assume a $1 wager.
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Keno Mechanics

In the earliest days of keno, players used brushes and ink to mark their chosen numbers on their bet slips. Keno ticket writers conditioned each ticket in the margin with the amount of the wager and the number of spots chosen. Ink and brushes were eventually replaced by crayons, as shown in Figure 1.5. This figure shows two keno tickets written in 1963: a ticket from the Sahara Casino (now SLS) in which 8 spots have been marked with ink and 50¢ wagered, and a 50¢ 4-spot ticket from the California Club, marked with crayon.
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FIGURE 1.5:  Keno tickets from 1963: Sahara and California Club.

With the new drawing frequency introduced by Joseph Lyden, it became customary that prizes from winning tickets must be claimed before the next drawing starts. Casinos would provide bet slips with the winning numbers from a given drawing punched out, such as the one in Figure 1.6, to aid in identifying winning tickets. By placing this punched-out blank over a keno ticket, the markings on the caught numbers would show through the holes for easy counting.

Recently, this restriction has been relaxed at some casinos for tickets that play the same numbers for a sequence of successive drawings, with a sensible new rule in place that allows players to wait until all of their paid-for drawings are complete before cashing their winning tickets. The D Casino in downtown Las Vegas has gone a step beyond this relaxation, and advertises “The Most Liberal Late Pay Policy Downtown”. Keno winners at the D have a week to claim their winnings if they’ve bet 1–9 consecutive games, and 360 days if they’ve paid for 10–999 straight games.

At some casinos, and in many state lotteries that include keno among their game offerings, advancing technology has seen crayons replaced by pencils and optical scanners introduced to translate player choices into valid keno tickets. Figure 1.7 shows an optical bet slip, from the Foxwoods Casino in Mashantucket, Connecticut, which is filled out by the player and scanned.
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FIGURE 1.6:  Mint Casino keno ticket with winning numbers punched out.

Casinos originally chose their numbers by drawing numbered wooden balls by hand from a wooden container called a goose. This was later replaced by ping-pong balls shuffled by and drawn from an air blower, a method still in occasional use so that players may see the winning numbers being drawn and be confident in their randomness. Many casinos and lotteries now use a computerized random number generator to select the winning numbers. An additional keno innovation provided by the rise of computers is the Quick Pick gameplay option, which is visible on the bet slip in Figure 1.7. Quick Pick eliminates the need for players to pick their numbers; a player using this option merely specifies how many numbers she or she wishes to play. A computer then generates that many randomly-selected numbers from 1–80 and dispenses a ticket.
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FIGURE 1.7:  Optically-scanned keno bet slip, Foxwoods Casino.

With keno’s evolution into its modern form, available wagers expanded from pák kòp piú’s Pick 10 option to games that invited players to choose from 1 to 15 numbers, as well as more complex games involving other combinations of numbers.

1.2  History of Lotteries

Gambling artifacts may be found among the relics of almost every civilization, and lotteries are part of that long history. The word “lottery” is derived from “lot”, itself a derivative of the Teutonic word “hleut”, an object used to resolve disputes or divide property under divine guidance, as expressed in the outcome of a random process [35]. The objects triggering these random processes include coins and dice as well as more involved devices used to choose a winner from among competitors.

In the Beginning

The casting of lots to solicit the opinions of the gods as an aid to earthly decision-making eventually gave rise to the use of those devices for more recreational purposes. The Romans appear to have been the first to stage lotteries for fun; the emperor Augustus launched the forerunner of many government-run lotteries when he conducted a public works lottery with the net profit put toward funding civic improvements [28].

The first public lottery in more modern times was held in the Netherlands in1434, to raise money for fortifications for the Dutch town of Sluis. A public lottery was held in Augsburg, Germany, in 1470; the first state lottery in Germany followed at Osnabruck in 1521 [31].

Italian merchants during the Middle Ages used a form of lottery called the “Urn of Fortune” to dispose of unsold stock. The names of slow-selling items were listed on small pieces of paper and placed in an urn; customers were invited to pay some small amount intermediate among the prices of all the goods on offer and draw their prize from the urn [28]. In addition to the possibility of winning a prize worth more than the cost of entry, there was some entertainment value to patrons in the anticipation of a big win—much like we find in 21st-century lotteries.

The first lottery where all of the prizes were cash rather than a mixture of cash and merchandise is generally acknowledged to be La Lotto di Firenze, which began in Florence, Italy around 1530. Mathematically, these lotteries were quite simple, with winning tickets simply chosen in a random drawing from among all tickets purchased. The chance of winning a prize in such a lottery depends on the number of tickets sold; such a lottery is now often called a raffle (page 223). Some raffle drawings were conducted via separate drawings of tickets from one container and corresponding prizes, including many blank slips, drawn from a second container. Drawing continued until all tickets were matched with a prize. These drawings could take many days, as long as a month or more in some cities, as every ticket had its moment in the spotlight [29].

This idea spread to other Italian cities, and in 1576 was transformed in Genoa from a raffle drawing to a means for selecting 5 replacements for retiring members of the ruling colleges from 120 candidates [137]. This provided obvious opportunities for side bets on the outcome of the drawing. Over time, the idea of drawing numbers as the basis of a lottery spread throughout Italy, and following Italian unification in 1859–61, this evolved into the present-day Italian national lottery, or Lo Giuoco del Lotto [137]. This lottery is examined in detail beginning on page 234.

Lotteries In America

In colonial America, lotteries were a common means of raising funds for public works and other construction projects. The charter of the Virginia Company in 1618 included the power to operate a lottery to fund the settlement of North America; the lottery itself was, however, held in England. A 1720 lottery offering a new brick house as the prize is cited as the first to be operated in the colonies [5]. The details of a 1760 lottery in Newbury, Massachusetts are shown in Figure 1.8 [18].

This advertisement clearly lays out everything needed to make sense of the lottery. Ten thousand dollars worth of tickets were to be sold for the purpose of raising $1000 in funds once the prizes were paid out; consequently, 10% of invested funds was kept by the lottery agents. This assumes, of course, that all of the tickets were sold. A sales shortfall would mean that less money was raised for the Newbury bridge.

After independence, the U.S. Congress legalized many state and city lotteries, including three, in 1812, 1820, and 1827, for the District of Columbia. The 1827 lottery included Thomas Jefferson’s land so that his heirs could “rehabilitate the family fortunes”, which were left in a poor state after Jefferson’s death in 1826 [5]. Lotteries gained acceptance as a source of revenue for two reasons: citizens would not vote to tax themselves for civic needs, and government authorities could not guarantee the payment of interest owed on bonds that might be issued for the same purposes.

New Jersey lotteries of the era typically allocated 15% of ticket sales to fundraising, returning 85% to players. In the 1820s, New Jersey was home to a lottery that eschewed the raffle model in favor of a winning-number drawing, similar to modern lotteries. This number selection scheme was known as “Vannini’s Patent Lotteries”, after Joseph Vannini, the holder of an early American patent on this way of choosing numbers [160]. The Queen’s College Literature Lottery of 1824, organized to raise funds to endow a mathematics professorship at what is now Rutgers University, used tickets bearing three numbers in the range 1–35. Lottery patrons were not permitted to choose their own numbers, meaning that every ticket was different. Five numbers were drawn, and the winning tickets could be identified in minutes rather than days.
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FIGURE 1.8:  The Newbury Lottery, 1760 [18].

Despite the success of some lotteries in financing the early American republic, public opinion eventually turned against this form of gambling. By 1830, most states, with the notable exceptions of Maryland and Virginia, had banned lotteries [5]. The proximity of these states to the nation’s capital and its considerable needs may account for the continued operation of government-approved lotteries there even as lotteries fell out of favor elsewhere.

Louisiana and the End of State Lotteries

The last legal lottery in the USA in the 19th century was operated in Louisiana. Lotteries in Louisiana dated back before statehood, to 1810 and the Orleans Territory, where, as with the original British colonies, new settlements found lotteries a convenient means of raising needed money. As was the case in the eastern colonies, opposition to government-sanctioned gambling eventually won the day, and the state constitutions of 1845 and 1852 prohibited the buying and selling of lottery tickets [5].

This changed during the Civil War, which strained the economies of the southern states. Constitutional amendments in 1864 and 1866 provided for legal state lotteries and gambling houses. A provision of the lottery law was that the first $50,000 of revenues be given to the New Orleans Charity Hospital and the rest to the state’s general fund. These games were cited as a necessary evil to keep money within the state; nearby states including Alabama, Georgia, and Kentucky had also established lotteries and enlisted agents to sell their tickets in other states [5].

The Louisiana Lottery filled a void caused by the banning of lotteries in most other states, and began its operations in 1868 [146]. Like numerous lotteries that preceded it both in and beyond America, Louisiana operated many of its drawings on the raffle model. The lottery pioneered what it called “approximation prizes”: small prizes awarded to tickets whose numbers matched some of the digits of winning tickets. This idea would find use in a number of 20th-century lotteries. A drawing from March 1869 offered 600 prizes, drawn from 32,000 tickets sold; by 1878, a single drawing typically involved 100,000 tickets priced at $10 each, competing for 11,279 prizes. This number of tickets was cited in an 1889 pamphlet listing numerous objections to the lottery, which claimed that if 100,000 people each devoted 5–10 minutes to reading the lists of winning lottery numbers published in newspapers, that represented 694 days’ time—nearly 2 years—that could have been put toward more useful pursuits [22]. Fractional tickets were available: a person could buy one-tenth of a full ticket for $1, and receive one-tenth of any prize drawn against that ticket. (By providing more ticket buyers than there were full tickets to be had, this might have pushed the lost-time number past the two-year mark.) By 1878, competition from other state lotteries had essentially been eliminated, and tickets for Louisiana drawings were distributed to buyers around the country, reaching every state by 1880.

Daily drawings, instituted in 1878, soon became a new target for lottery opponents. These games abandoned the raffle model for a method based on players choosing numbers from 1–75 or 1–78, while lottery agents chose 12 in that range. Elements of this lottery would later be incorporated into state-run lotteries such as Mega Millions and Powerball. The size of the selection was left to the player: a one-number ticket was called a day number, a ticket with two numbers was called a saddle, and with three a gig—the language of horse racing was borrowed for this game. A capital saddle prize was won when the player’s two numbers were drawn among the first three winning numbers [5]. Winning numbers were selected with either a physical wheel spun to generate winning numbers or a bin filled with slips of paper bearing all of the numbers in use from which the winning numbers were drawn [149]. Tickets were sold for 25¢; the prize for matching one of the 12 chosen numbers was 20¢. It is certainly plausible that this prize was set to encourage further play for “only a nickel”.

Legal battles over the lottery continued almost constantly after its sanction in the Louisiana constitution. 1879 saw the state legislature strip the lottery of its charter, an action which was nullified in the courts, and a new constitution adopted which legalized the lottery until 1895. This last action was a compromise: the lottery surrendered its monopoly rights, but gained the right to continue its operations—with a great head start over any possible competition, this was surely a tradeoff worth making. It was estimated that at the height of the lottery’s popularity, over 90% of lottery proceeds were from ticket buyers outside Louisiana [5]. This distribution attracted the attention of federal officials. In Louisiana, there was tension between the lottery’s state charter and the legislature’s desire to ban it entirely. The United States Supreme Court ruled, in 1886 (Louisiana Lottery Company v. Richoux), that the state constitution overruled the legislature’s right to strip the lottery of its charter.

Further suspicion was cast upon the lottery in 1890, when the March 11 drawing saw only 69% of tickets sold [5]. With 31% of the tickets held by the Louisiana Lottery Company, approximately one-third of the prizes were destined not to be awarded to paying customers. In that same year, the Anti-Lottery League of Louisiana was formed to oppose the renewal of the lottery’s charter, which was slated to expire at the end of 1894. On the national level, the U.S. Congress moved in 1890 to outlaw the use of the U.S. Postal Service to transmit lottery tickets and newspapers bearing lottery advertisements, or to sell money orders for lottery play—at the time, it was estimated that 45% of all post office business in New Orleans was connected to the Louisiana Lottery [146]. While this did not lead, as lottery opponents hoped, to an amendment to the U.S. Constitution prohibiting lotteries, a second law, in 1895, barred lotteries from all forms of interstate commerce. This effectively spelled the end for the Louisiana Lottery, and state lotteries in America in general, by the end of the 1800s. The Louisiana Lottery attempted to continue operations by relocating to Puerto Cortez, Honduras, moving tickets in and out of America as personal baggage carried by traveling officials, and transmitting encoded results of drawings to New Orleans by telegraph and thence to other towns by courier. Various authorities eventually put a stop to these evasive actions; the Honduras experiment, and the Louisiana Lottery itself, ended by 1907 [5]. State-sanctioned lotteries did not return to Louisiana until 1991.

The Numbers Game

The elimination of legal state lotteries did not diminish Americans’ collective interest in gambling. The now-common daily state lottery drawings can trace their origins to an underground game called the Numbers Game, an illegal form of gambling formerly popular in large cities which filled the gap between the end of the Louisiana Lottery and the revival of state lotteries beginning in 1964 [135]. The Numbers Game is a very simple proposition: players bet on a number of their choice and win their bet if the number appearing in some legitimate and presumably unbiased source matches theirs. In its heyday, the Numbers Game attracted millions of dollars in bets and engaged a significant fraction of the adult population in some areas.

Example 1.1. A simple version of the Numbers Game called for gamblers to pick a three-digit number and paid 600 for 1 if their number was the winner.■

The source of the winning number varied from city to city; it had to be both publicly available and above suspicion of influence by game operators. Some games used the last digits of the U.S. Treasury balance as published in a newspaper, and some winning numbers were based on payoffs at a specified racetrack. In New York City, a popular method called the Manhattan way derived its winning three-digit number from the win, place, and show payoffs at Aqueduct Racetrack in Queens. The six winning payoffs from the first three races were added together and the units digit of the number of dollars provided the first digit of the winning number, so if that total were $68.40, the first digit would be 8. Similar addition with results of the first five and first seven races produced the second and third digits [64].

By contrast, the Brooklyn number used the last three digits of the total daily handle at Aqueduct as the winning number, so if the track received $2,856,828 in wagers, the winning number was 828 [48].

Example 1.2. In New York City, one popular numbers game was the “You Pick ’Em Treasury Ticket” [135, p. 168–9]. Players chose a five-digit number and were paid off in accordance with the last five digits of the published U.S. Treasury balance each day. If a player matched all five digits, the payoff was 300 for 1; matching only the last four paid 30 for 1 and a match of the last three paid 3 for 1.■

A different kind of numbers game, called the policy game (from the Italian polizza: “receipt” or “voucher”) in some cities, used ideas seen in the Louisiana Lottery. Once again, the lottery called for gamblers to select numbers in the range 1–78. Saddles and gigs were joined by the horse—a four-number ticket. Winning numbers were either chosen from trustworthy sources, as above, or drawn using a policy wheel. This device was either a physical numbers wheel spun to generate winning numbers or a bin filled with slips of paper bearing all of the numbers in use from which the winning numbers were drawn [149].

A modern successor to the Numbers Game is the common state lottery game that invites players to choose their own two- to six-digit numbers. Their choices are then compared against numbers of the same length drawn by the lottery agency. Winning numbers for these games are drawn once or more per day, depending on the state lottery.

Example 1.3. In Pennsylvania, Pick 2 is the simplest of the daily numbers games, asking players to select a two-digit number for drawings held twice a day. The simplest bet is a “straight” bet, where the gambler picks a two-digit number and wagers $1. If the player’s number matches the number drawn by the state, the payoff is 50 for 1.■

With the establishment of legal daily lotteries in many states, some illegal policy shops turned to the using the state’s winning numbers as a trusted random source of their own winning numbers.

Bolita (Spanish for “little ball”) is an illegal lottery akin to the Numbers Game played in Cuba and some Hispanic neighborhoods in the USA. In its original form, small balls numbered from 1–100 are placed in a bag, a game agent grabs hold of one ball through the bag, and the other 99 balls are poured out, leaving the agent holding the bag and the winning number. Other versions, like the Numbers Game, pull their winning numbers from accepted impartial sources, such as the handle at New York City horse races or the winning Florida lottery numbers. Until January 2003, Radio Martí, a shortwave radio station expressly established by the United States government to broadcast to Cuba, broadcast daily Florida lottery numbers to the island six days per week at listeners’ request—possibly for use in bolita operations [45]. Upon concern that the USA should not be involved in encouraging illegal gambling in other countries, Radio Martí ceased transmitting lottery results, and bolita operators in Cuba turned to Spanish-language television stations for Florida’s numbers.

Nhit-lone (“two digit”) is a game similar to bolita that is played in Myanmar [136]. In this informal lottery, players choose a two-digit number. The winning number is derived from the Thai Stock Exchange: at a given time of day, the units digit of the main index and the final digit of the total value of shares traded are joined to form the prizewinner. Winning tickets are paid off at 80 for 1.

State Lotteries Revived

State lotteries began to return beginning in 1964, in New Hampshire. Lotteries have since been introduced in 44 US states; only Alabama, Alaska, Hawaii, Mississippi, Nevada, and Utah are without a state lottery. Hawaii and Utah allow no legal gambling of any sort. In Nevada and Mississippi, the casino industry can be counted on to oppose lotteries. Alaska and Hawaii derive considerable revenue from tourism, and tourists are not thought to be a strong market for lottery tickets such as Powerball and its variants that can have a long time lag between ticket purchase and the drawing. Additionally since Alaska and Hawaii border no other states, there is no incentive to establish state lotteries to discourage citizens from crossing state lines to buy tickets and thus to take their gambling money out of state. Religious objections to the perceived immorality of gambling play a part in lotteries’ absence from Alabama, Mississippi, and Utah [23].

In May 2017, the Mississippi state government established a task force to study lotteries in adjoining states, with an eye toward assessing how much money those states were raising each year through their lotteries. Curiously, the task force was not charged with making a recommendation one way or the other about establishing a state lottery in Mississippi. William Perkins, who edited the Mississippi Baptist Convention’s weekly newspaper, raised his organization’s objections to gambling using the following analogy [127]:

It’s almost like having an Olympic-size swimming pool and buying enough BBs to fill up the swimming pool, paint one of them red, put them in the pool and mix it up and then charge people $2 to reach in and try to find the red BB. That’s how futile it is and that’s how useless it is to depend on a lottery or any form of gambling to support your family.

While Perkins’ conclusion that it’s unwise to rely on a lottery to support one’s family is correct, is this a mathematically apt comparison? An Olympicsized swimming pool is 50 meters long, 25 meters wide, and at least 2 meters deep, and so has a minimum total volume of 2500 cubic meters. A standard spherical metal BB is 4.5 millimeters, or 4.5 × 10−3 meters, in diameter, and so has a volume of

43πr3=43π⋅(2.25×10−3)3≈4.77×10−8cubic meters.

Closely-packed identical spheres occupy approximately 74% of available volume [161], so it would take

.74⋅25004.77×10−8≈3.88×1010,

or nearly 39 billion, BBs to fill the pool.

By contrast, the most recent version of Powerball (page 277) only offers 292,201,338 different ticket combinations, which is less than 1% of the number of BBs that Perkins described, so the analogy falls short. It’s about 133 times more likely that you’ll win the Powerball jackpot than find that red BB.


Chapter 2

Mathematical Foundations

2.1  Elementary Probability

Informally, the probability of an event A is an attempt to measure how likely that event is to occur, which is a number P(A) between 0 and 1—or between 0 and 100%. Readers interested in a more formal axiomatic treatment of probability as it relates to games of chance should consult a text such as [14].

Simple probability is often a matter of little more than careful counting. For our work in probability, we will frequently be interested in the size of a set—that is, how many elements it has. For convenience, we introduce the following notation:

Definition 2.1. The expression #(A) denotes the number of elements in a set A.

This is most often used when A is a finite set—while it is certainly possible to consider the size of an infinite set, such sets are not necessary for keno and lottery calculations, and are not considered in this book.

Example 2.1. If A is a standard deck of playing cards, then #(A) = 52.■

Example 2.2. A Daily 3 lottery invites the player to choose his or her own 3-digit number. Since a player’s number may start with the digit 0, the set N of all possible choices has #(N) = 1000, as it includes all three-digit numbers from 000 through 999.■

The challenge here is that a set of interest in gambling mathematics can be very large. If we are interested in the set K of all possible twenty-number keno draws, then #(K) = 3, 535, 316, 142, 212, 174, 320, and we’d like to have a way to come up with that number without having to list all of the drawings and count them. Techniques for finding the size of such large sets will be discussed in Section 2.5.

We begin our study of probability with the careful definition of some important terms.

Definition 2.2. An experiment is a process whose outcome is determined by chance.

This may not seem like a useful definition. We illustrate the concept with several examples.

Example 2.3. Roll a standard six-sided die and record the number that results.■

Example 2.4. Roll two standard six-sided dice (abbreviated as 2d6) and record the sum.■

Example 2.5. Given a 10-spot keno ticket, draw 20 numbers in the range from 1–80 and count how many of those appear on the ticket.■

Example 2.6. Roll 2d6 and record the larger of the two numbers rolled (or the number rolled, if both dice show the same number).■

Example 2.7. Deal a five-card video poker hand and record the number of aces it contains.■

An important trait of an experiment is that it leads to a definite outcome. While we will eventually concern ourselves with individual outcomes, we begin by looking at all of the possible results of an experiment.

Definition 2.3. The sample space S of an experiment is the set of all possible outcomes of the experiment.

Example 2.8. In Example 2.3, the sample space is S = {1, 2, 3, 4, 5, 6}. The same sample space applies to the experiment described in Example 2.6.■

Example 2.9. In Example 2.4, the sample space is S = {2,3, 4, …, 12}.■

It is important to note that the 11 elements of S in this example are not equally likely, as this will play an important part in our explorations of probability. Rolling a 7 is more likely than rolling any other sum on two dice; 2 and 12 are the least likely sums.

Example 2.10. In Example 2.5, the sample space is S = {0, 1, 2 …, 10}. These elements are also not equally likely.■

When we’re only interested in some of the possible outcomes of an experiment, we are looking at subsets of S. These are called events.

Definition 2.4. An event A is any subset of the sample space S. An event is called simple if it contains only one element.

Example 2.11. In Example 2.5, one simple event would be “5 numbers on the ticket are caught”. Because of the way that the sample space has been defined, a simple event covers one number of catches. There are, of course, many different 20-number keno draws that lead to 5 catches.■

Example 2.12. Table 1.4 shows that a 10-spot keno ticket only wins money if 5 or more numbers are caught. The event “The ticket is a winner” in Example 2.5 can be described as a subset W of S as W = {5, 6, 7, 8, 9, 10}. This is not a simple event, as it contains 6 elements.■

Definition 2.5. Two events A and B are disjoint if they have no elements in common. In this case, we say that the event consisting of all outcomes common to A and B is the empty set Ø, which contains zero elements.

Example 2.13. In a 10-spot keno drawing, the two events A = {Catch 6 numbers} and B = {Catch 8 numbers} are disjoint.■

A particularly important example of disjoint sets that speeds some probability calculations is the complement of a given event.

Definition 2.6. The complement of an event A, denoted A′, is the set of all elements of the sample space that do not belong to A.

Example 2.14. The New Jersey Lottery offers a $1 “Fast Play” game called Dollar Throwdown which simulates 10 games of rock/paper/scissors (RPS) between the player and the lottery computer. RPS is played between two players, each of whom chooses “rock”, “paper”, or “scissors” and reveals this or her choice simultaneously. If the two players make the same choice, the result is a draw; if the choices differ, the winner is determined as follows:

•  Rock breaks scissors.

•  Paper covers rock.

•  Scissors cut paper.

Considering just one of the 10 games on a ticket, the complement of the simple event {Win} is the event {Lose, Draw}.■

The following result, called the Complement Rule, connects the probability of an event A to the probability of its complement A′.

Theorem 2.1. (Complement Rule): For any event A,

P(A′)=1−P(A).

The Complement Rule frequently turns out to be useful in simplifying probability calculations.

Example 2.15. On a 10-spot keno ticket, the probability of matching at least one number can be computed directly by calculating the 10 individual probabilities P(Match 1), … , P(Match 10) and adding them together, or, more easily, by using the Complement Rule to recast the question as

P(Match at least 1)=1−P(Match 0),

and replacing 10 calculations by one.■

To progress further, we need to develop procedures for assigning numerical probabilities to events.

Definition 2.7. Let S be a sample space in which all of the outcomes are equally likely, and suppose A is an event within S. The probability of the event A, denoted P(A), is

P(A)=Number of elements in ANumber of elements in S=#(A)#(S).

Since the size of any event is necessarily less than or equal to the size of the sample space under consideration, the following theorem is a consequence of Definition 2.7.

Theorem 2.2. For any event A, 0 ⩽ P(A) ⩽ 1.

There are several ways by which we might determine the value of P(A). These methods vary in their mathematical complexity as well as in their level of precision. Each of them corresponds to a question we might ask or try to answer about a given probabilistic situation.

1.  Theoretical Probability

If we are asking the question “What’s supposed to happen?” and relying on pure mathematical reasoning rather than on accumulated data, then we are computing the theoretical probability of an event.


Example 2.16. For a single Pick 3 lottery ticket, there are 1000 possible outcomes, only one of which is a winner. The theoretical probability of winning is then 11000.■

Example 2.17. If we roll 2d6, what is the probability of getting a sum of 7?

An incorrect approach to this problem is to note that the sample space is S = {2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12}, and since one of those 11 outcomes is 7, the probability must be 111. This fails to take into account the fact that some rolls occur more frequently than others—for example, while there is only one way to roll a 2, there are 6 ways to roll a 7: 1-6, 2-5, 3-4, 4-3, 5-1, and 6-1. (It may be useful to think of the dice as being different colors, so that 3-4 is a different roll from 4-3, even though the numbers showing are the same.) Counting up all of the possibilities shows that there are 6 · 6 = 36 ways for two dice to land. Since six of those yield a sum of 7, the correct answer is P(7)=636=16.■



2.  Experimental Probability

When our probability calculations are based on actual data drawn from repeated observations, the resulting value is the experimental probability of A. Here, we are answering the question “What really did happen?”


Example 2.18. Suppose that you toss a coin 100 times and that the result of this experiment is 48 heads and 52 tails. The experimental probability of heads in this experiment is 48/100 = .48, and the experimental probability of tails is 52/100 = .52.■



This experimental probability is different from the theoretical probability of getting heads on a single toss, which is ½. This is not unusual.

Experimental probability can be a useful tool in its own right, as when processing a quantity of empirical data, and also as an approximation to theoretical probability when the numbers involved are too large for easy handling.

The connection between theoretical and experimental probability is described in a mathematical result called the Law of Large Numbers, or LLN for short.

Theorem 2.3. (Law of Large Numbers) Suppose an event has theoretical probability p. If x is the number of times that the event occurs in a sequence of n trials, then as the number of trials n increases, the experimental probability x/n approaches p.

Informally, the LLN states that, in the long run, things happen in an experiment the way that theory says that they do. What is meant by “in the long run” is not a fixed number of trials, but will vary depending on the experiment. For some experiments, n = 500 may be a large number, but for others—particularly if the probability of success or failure is small—it may take far more trials before the experimental probabilities get acceptably close to the theoretical probabilities.

2.2  Addition Rules

Our next challenge will be to extend our understanding of probability to compound events: events that can be broken down into several simple events. We can find the probability of these simple events using techniques from Section 2.1; this section allows us to combine those probabilities correctly to find probabilities of more complicated events.

Definition 2.8. Two events A and B are mutually exclusive if they have no elements in common—that is, if they cannot occur together.

Example 2.19. For a keno ticket with 6 numbers selected, the two events A = “Match 5 numbers” and B = “Match 6 numbers” are mutually exclusive. One or the other, or neither, can occur in a given single drawing, but not both.■

Example 2.20. Most instant lottery tickets offer a variety of possible prizes, but any individual ticket can only win one prize. The two events A = “Win a free ticket” and B = “Win $5” are mutually exclusive.■

In computing probabilities, we may be in a situation where we know P(A) and P(B) and want to know the probability that either A or B occurs: P(A or B). The addition rules described next allow us to compute this new probability in terms of the known ones.

Theorem 2.4. (First Addition Rule) If A and B are mutually exclusive events, then

P(A or B)=P(A)+P(B).

If A and B are not mutually exclusive, a slightly more complicated formula can be used to calculate P(A or B).

Theorem 2.5. (Second Addition Rule) If A and B are any two events, then

P(A or B)=P(A)+P(B)−P(A and B).

Proof. By definition,

P(A or B)=#(A or B)#(S).

What we need to do is compute #(A or B). Elements of A or B can be counted by adding together the number of elements of A and of B, but if any elements belong to both, they have just been counted twice. In order that each element is only counted once, we must subtract out the number of elements that belong to both A and B. This gives

#(A or B)=#(A)+#(B)−#(A and B).

Dividing by #(S) completes the proof.

We can see that the First Addition Rule is a special case of the second, for if A and B are mutually exclusive, then they cannot occur together; hence P(A and B) = 0.

Example 2.21. The probability of winning something on a Pick 5 keno ticket played against Table 1.4 involves the mutually exclusive probabilities of matching 3, 4, or 5 numbers, and may be written■

PWin )=P(Match 3)+P(Match 4)+P(Match 5).

Odds

In the world of gambling, probabilities are often encountered in terms of odds.

Definition 2.9. The odds against an event A is the ratio P(A′) : P(A), or P(A′)/P(A).

This is often stated in a form like “x to 1,” as is the case in horse racing, for example. Most of the time when odds are quoted, they are odds against. We can also consider the odds in favor of, or odds for, an event.

Definition 2.10. The odds for an event A is the ratio P(A) : P(A′)—the reciprocal of the odds against A.

Example 2.22. When rolling 2d6, snake eyes is the name given to a roll of 1-1. Since there are 36 ways for the dice to land, and only one is a 1-1, the probability of snake eyes is 1/36. The odds against snake eyes would then be

3536:136,

or 35 to 1.■

Contrary to common belief, a casino or lottery agency doesn’t make its profit from wagers collected from losing bettors, but rather from paying off winners at less than true odds.

Example 2.23. A Pick 1 keno ticket pays off if the player’s number is among the 20 numbers drawn. Since there are 80 numbers in play, the probability of winning is

p=2080=14:

and the corresponding odds against winning are ¾ : ¼, or 3–1. However, since a winning ticket pays off at only 3 for 1 rather than 3 to 1, a net gain of twice the amount wagered, the payoff is made at less than true odds. To win an effective 2 to 1 payoff including the return of the original wager, it’s necessary to beat odds of 3 to 1 against.■

We can rearrange the formula for odds and derive the following result.

Theorem 2.6. If the odds against an event A are x to 1, then P(A) = P(A)=1x+1.

Proof. We have

1−P(A)P(A)=x1.

Cross-multiplying gives

1−P(A)=x⋅P(A),

or

(x+1)⋅P(A)=1.

Dividing by x + 1 gives

P(A)=1x+1,

completing the proof.

2.3  Conditional Probability

Definition 2.11. Two events A and B are independent if the occurrence of one has no effect on the occurrence of the other one.

Two events that are mutually exclusive (Section 2.2) are explicitly not independent, since the occurrence of one eliminates the chance of the other occurring. Moreover, two events that are independent cannot be mutually exclusive.

Example 2.24. For the Maryland Lottery’s Daily 3 drawing, the winning number is not drawn as a three-digit number, but as three separate digits drawn individually with ping-pong balls extracted from three air blowers, each containing balls numbered 0–9. We may conclude that the values of the different digits are independent. The probability of the third digit being 0 is not affected by any 0s that may or may not have occurred among the first two digits.■

It is a fundamental principle of gambling mathematics that successive trials of random experiments are independent. This includes successive die rolls at craps, successive wheel spins at roulette, and successive weekly drawings of six Powerball numbers, but not successive hands in blackjack—for in blackjack, a card played in one hand is a card that cannot be played in the next hand. Since the composition of the deck has changed, we are not considering successive trials of the same random experiment.

This principle is not always well-understood by gamblers, and the inability or unwillingness to understand the doctrine of independent trials is sometimes called the Gambler’s Fallacy. This fallacy is commonly committed by roulette players who have too strong a belief in the Law of Large Numbers, although it can crop up in any game where successive trials are independent.

Example 2.25. The Michigan Lottery maintains a Web page (https://www.michiganlottery.com/hot_cold) offering up lists of “hot” and “cold” numbers: numbers that have been drawn most frequently or least frequently in the recent history of its draw games. While some people use these lists as an aid to picking their numbers, in the belief that hot numbers are on a roll and more likely to be drawn again, there is no mathematical advantage to doing so. All possible lottery numbers are equally likely; this equiprobability is key to the success of lotteries.■

Keno balls and lottery devices don’t understand the laws of probability. They have no knowledge of the mathematics we humans have devised to describe their actions, and they certainly don’t understand what the long-term distribution of results is supposed to be. For the same reason, in Example 2.25, it would be equally erroneous to bet on the “cold” numbers on the grounds that they’re somehow “due”.

If A and B are independent events, it is a simple matter to compute the probability that they occur together, with the use of a theorem called the Multiplication Rule.

Theorem 2.7. (Multiplication Rule) If A and B are independent events, then

P(A and B)=P(A)⋅P(B).

Informally, the Multiplication Rule states that we can find the probability that two successive independent events occur by multiplying the probability of the first by the probability of the second. The Multiplication Rule can be extended to any finite number of independent events: the probability of a sequence of n independent events is simply the product of the n probabilities of the individual events.

Example 2.26. In many state lotteries’ Daily 4 drawings, the machines used to draw each digit are separate, and so the individual digits are independent of one another. A wager on a single number, such as 1729, has 1 chance in 10,000 of winning; this can be seen by looking at the probabilities of the four digits:

P(Win)=(110)4=1104=110,000

—just what we calculate by thinking of the number 1729 as one number among 10,000 possibilities.■

Example 2.27. Example 2.14 described New Jersey’s Dollar Throwdown game, which simulates 10 games of rock/paper/scissors pitting the gambler against a computer. The probability of winning any one game of RPS is 1/3, since there are 3 equally likely outcomes: win, lose, and tie. If the 10 games are independent, the probability of winning all 10 games is

(13)10=159,049.

If the game simply generated 10 consecutive independent matchups, this would be the probability of winning the $500 top prize.

In practice, the probability of a ticket with 10 wins is governed by the game’s programming, and is fixed at 1/240,000 [108].■

If the events A and B are not independent, we will need to generalize Theorem 2.7 to handle the new situation. This generalization requires the idea of conditional probability. We begin with an example.

Example 2.28. If we draw one card from a standard deck, the probability that it is a king is 452=113. If, however, we are told that the card is a face card, the probability that it’s a king is 412=13—that is, additional information has changed the probability of our event by allowing us to restrict the sample space. If we denote the events “The card is a king” by K and “The card is a face card” by F, this last result is written P(K|F) = 13 and read as “the (conditional) probability of K given F is 13.”■

Example 2.29. In Example 2.26, the probability of 1729 being the winning number in a Daily 4 lottery drawing was found to be 1/10,000. If the first digit is drawn and found to be 1, the probability that 1729 will win has fallen to 1/1000. Of course, if the first digit is drawn and is not 1, the probability of 1729 winning has dropped all the way to 0.■

The fundamental idea here is that more information can change probabilities. If we know that the event A has occurred and we’re interested in the event B, we are now not looking for P(B), but P(B and A), because only the part of B that overlaps with A is possible. With that in mind, we have the following formula for conditional probability:

Definition 2.12. The conditional probability of B given A is

P(B|A)=P(B and A)P(A).

This formula divides the probability of the intersection of the two events by the probability of the event that we know has already occurred.
OEBPS/images/fig1_7.jpg
ONISVD +.10sTY

SAMXOI @

¥ o @






OEBPS/images/fig1_6.jpg





OEBPS/images/fig1_8.jpg
SCHEME of a LOTTERY

For raising a Sum of Money for the building and maintaining a Bridge over the
River Parker, in the Town of Newbury, at the Place called Old Town Ferry
(in pursuance of an Act of the general Court, passed in April 1760)
Wherein Daniel Farnham, Caleb Cushing, Joseph Gerrish, William Atkins, Esq.,
and Mr. Patrick Tracy, Merchant, (or any Three of them) are appointed managers.
The acting Managers are sworn to the faithful Performance of their Trust.

Newbury-Lottery Number Four, consists of 5000 Tickets, at Two Dollars each;
1655 of which are Benefit Tickets of the following Value.

1 of 500 Dollars, is
4 of 100 are
5 of 50 are
6 of 40 are
10 of 30 are
14 of 20 are
45 of 10 are
5 of 8 are
1495 of 4 are

1655 Prizes, amounting to —
3345 Blanks.

5000 Tickets at Two Dollars each
To be paid in Prizes,

500 Dollars.
400
250
240
300
280
450
600
5980

9000 Dollars.

10,000
9000

1000  Dollars

Remains to be applied for the Purpose aforesaid.






OEBPS/images/fig1_3.jpg
6 78 9 10 11 12

5

4
245 6 789 10 11 12

3456789

1

12
12
12
12

12345 6 7 10 11 12
123 45 6 8 10 11 12

10 11
123456 9 10 11 12

10

1234789 11

1235789

10 11

123 6789 10 11

10
11
12

9

12345678

12 3 4

7

6

9

1234567 8






OEBPS/images/fig1_2.jpg
10 11

1234578 9
12346738 9

10 12
11 12
11 12
1 12

2356789

2
134567910

2345689

1

6 7 8 10

5

4

1 12

10






OEBPS/images/fig1_5.jpg
! JOLIMIT
i @ OE
11 12‘” 1a 1|16 17 18]18 20
2122(23/24 2526 272826 30

il
26|27 282

31/32/33 34 | 3s 37(3839 40

4142 |43 (@ 45|46 [47 4849 50

5152 @s+!55 5615758 59160

61 sz ) s«‘ss 66|67 68|69

3 (54 55 36 |57 [3a 3]

7j7a| 73, 74‘75 6|77|78






OEBPS/images/fig1_4.jpg
13
13

11 12
11 12
1 12
11 13
12 13

123467389
1235678 10
1245679 10

6 8 9 10

4 5

3
234578910






OEBPS/images/tab1_4.jpg
Pick 1
Catch Payoff
1 3
Pick 2
Catch Payoff
2 12
Pick 3
Catch Payoff
2 1
3 15
Pick 4
Catch Payoff
2 1
3 2
4 160
Pick 5
Catch Payoff
3 1
4 15
5 750
Pick 6
Catch Payoff
3 1
4 4
5 80
6 2000

Pick 7
Catch Payoff
4 1
5 15
6 400

7 10,000
Pick 8
Catch Payoff
5 5
6 75
7 1500

8 50,000
Pick 9
Catch Payoff
5 6
6 30
7 300
8 5000
9 50,000
Pick 10
Catch Payoff
5 1
6 25
7 125
8 1000
9 10,000

153

100,000

Pick 12
Catch Payoff
6 5
7 20
8 200
9 2000
10 7500
11 50,000
12 250,000
Pick 15
Catch Payoff
7 5
8 25
9 150
10 1000
1 5000
12 25000
13 100,000
14 250,000
15 500,000






OEBPS/xhtml/00_Nav.xhtml




Contents





		Cover



		Half Title



		Title Page



		Copyright Page



		Dedication



		Table of Contents



		Preface



		Acknowledgments







		1 Historical Background



		1.1 History of Keno



		1.2 History of Lotteries







		2 Mathematical Foundations



		2.1 Elementary Probability



		2.2 Addition Rules



		2.3 Conditional Probability



		2.4 Random Variables and Expected Value



		2.5 Combinatorics



		2.6 Binomial Distribution



		2.7 Exercises







		3 Keno



		3.1 Standard Keno Wagers



		3.2 Game Variations



		3.3 The Big Picture



		3.4 Video Keno



		3.5 Keno Side Bets



		3.6 Keno Strategies: Do They Work?



		3.7 Exercises







		4 Lotteries



		4.1 Return of the Numbers Game



		4.2 Passive Lottery Tickets



		4.3 Lotto Games



		4.4 Games Where Order Matters



		4.5 Powerball



		4.6 Lotto Strategies: Do They Work?



		4.7 Exercises







		Answers to Selected Exercises



		References



		Index











Page List





		i



		iii



		iv



		v



		vii



		viii



		ix



		x



		1



		2



		3



		4



		5



		6



		7



		8



		9



		10



		11



		12



		13



		14



		15



		16



		17



		18



		19



		20



		21



		22



		23



		24



		25



		26































































































































































































































































































































































































































































































































































































































OEBPS/images/cover.jpg
MATHEMATICS OF

KENO AND
LOTTERIES






OEBPS/images/fig1_1.jpg





OEBPS/images/pub.jpg
CRC Press

Taglor & Francis Group

CRC Pres s an mprint of the
ks & Furicla i i Al e





OEBPS/styles/page-template.xpgt
 
 
 
 

 
 

 
 
 

 
 

 
 
 

 
 
 
 
 
 
 



 
 





