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Preface 

It is customary in mathematics to show one's love and respect for a senior colleague 
by dedicating a research paper to him or her-birthdays and special anniversaries are 
two usual occasions. This is a book containing 21 such research papers in honor of 
the sixtieth birthday of Professor Norman J. Pullman on March 31, 1991. 

Professor Pullman, who hails from New York, obtained his Ph.D. at Syracuse 
University in 1962. He taught for three years at McGill University before taking up 
a postdoctoral fellowship at the University of Alberta in 1965. Since then he has 
been on the faculty of Queen's University, Kingston, Ontario, where he was 
promoted to Professor in 1971. In addition to being his sixtieth birthday, 1991 also 
marks his 25th year of service at Queen's. In this time Professor Pullman has 
supervised 13 graduate students, three of whom are represented in this collection (D. 
de Caen, W. Jackson, and R. Rees). He has been an Invited Lecturer at six different 
professional meetings over the last 12 years, including annual meetings of the 
American Mathematical Society and the Australian Mathematical Society. 

Professor Pullman has a long-standing association with Curtin University of 
Technology (formerly Western Australian Institute of Technology), Perth, Australia. 
He has been a Visiting Scholar there on several occasions in the last ten years. 

Professor Pullman's research has spanned a wide range of topics in matrix 
theory, linear algebra, and graph theory. He has made significant contributions to 
the theory of tournaments and tournament matrices, the study of clique and biclique 
covering numbers and their relation to the problem of determining the boolean and 
real ranks of binary matrices, and the study of linear operators that preserve some 
prescribed property of a matrix (over some semiring). The 21 excellent chapters in 
this volume cover many aspects of his interests and constitute a representative 
sampler of current research in these areas. As such, we expect that this book will 
be of interest to anyone working in one or more of these areas. 

iii 



lv Preface 

To those who are familiar with Professor Pullman's work, the inclusion of design 
theory as one of his interests may at first seem to be something of a curiosity. 
Keeping in mind, however, that a pairwise balanced design is just an edge-clique 
partition of the complete graph, one of Professor Pullman's favorite problems (that 
of determining the clique partition number of the graph K.'Kk) is very closely related 
to a well-known extremal problem in design theory (that of determining the smallest 
number Efk>(v) of blocks required to construct a pairwise balanced design on v points 
in which the largest block has size k). 

I would like to thank the referees, without whose invaluable assistance this 
volume would not have been possible. In this regard, special thanks go to D. 
Archdeacon, R. Brualdi, D. Hoffman, E. Kramer, E. Lamken, and C. H. Yang. I 
would also like to thank Professors Dominique de Caen and Walter D. Wallis for 
their encouragement and support in the early stages of this project. Finally, I wish 
to thank Professor Pullman for being my supervisor, mentor, and very dear friend. 

I am certain that I speak for all the contributors in wishing our colleague and 
friend Norman J. Pullman a very happy birthday and continued success in all his 
endeavors. 

RolfS. Rees 
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ABSTRACT 

We consider the rank formula r(A *B) = r(A) + r(B)- r(A : B) + r(A *Q8 QAB), 

where QA and Q 8 are the orthogonal projectors on the orthocomplements of the 

ranges, respectively, of A and B. We offer a short proof, and show how this formula 

leads to a strengthened version of Sylvester's Law of Nullity; we also obtain several 

extensions. These results are then applied to some problems in mathematical statistics 

concerned with the concepts of connectedness and orthogonality in the theory of exper-

imental designs in the two-way and three-way layouts. 
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1. INTRODUCTION 

Let ICm,n denote the set of m x n complex matrices. For a given matrix L E ICm,n the 

symbols L*, ~(L), and r(L) are used for the conjugate transpose, range (column 

space), and rank, respectively, of L. In addition, L +is the Moore-Penrose inverse of 

L, that is, the unique n x m matrix satisfying the equations LL +L = L, L +LL + = L +, 

LL + = (LL +)•, and L +L = (L +L)*. Then PL = LL +and QL = Im- LL +are the 

orthogonal projectors, respectively, on ~(L) and on its orthocomplement ~.L(L); here 

Im is them x m identity matrix. Moreover, for given L E tCm,n and ME ICm,p the 

symbol (L : M) denotes them x (n + p) partitioned matrix with M placed next to L. 

Our purpose in this paper is to discuss several aspects of the following formula ( 1) 

for the rank of a matrix product. 

LEMMA 1. For any A E tCm,n and BE tCm,p the rank of the product A*B admits the 
representation 

r(A *B) = r(A) + r(B)- r(A : B) + r(A *Q8 QAB), (1) 

where QA and Q 8 are the orthogonal projectors on the orthocomplements of the 

ranges, respectively, of A and B. 

We believe that the formula (1) in the form above may be new, but it follows easily 
from results on canonical correlations obtained by Latour and Styan (1985) and Styan 

(1985, Section 2). In Section 2 we provide a short direct (and new) proof of Lemma 1; 

we note that in the formula (1) we may replace r(A) + r(B) - r(A : B) by the dimen-

sion dim[~(A) n ~(B)] of the intersection of the ranges ~(A) and ~(B) and the rank 

r(A *Q8 QAB) by either r(Q8 QAB) or r(Q8 P AB), where P A= Im- QA; cf. (2) below. 

We also show how Lemma 1 leads to the well-known Sylvester's Law of Nullity, 

which has recently [Cohn, 1989] received renewed attention. In addition, we present 

several extensions, including a result concerning the coincidence of certain eigenvalues 

of the products PAP8 and PQ8 APQA8 in Theorem 1, a formula for r(A*QcB) in 

Theorem 2, and an orthogonal decomposition of a linear subspace in Theorem 3. 

In Section 3 we show how our algebraic results may be applied to some problems in 

mathematical statistics concerned with the concepts of connectedness and orthogonality 

in the theory of experimental designs in the two-way and three-way layouts. 
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2. ALGEBRAIC RESULTS 

We begin by proving Lemma 1, and then show how it leads to a strengthened version 

of Sylvester's Law of Nullity. 

Proof of Lemma 1. In view of (2.10) and (2.35) in Marsaglia and Styan (1974), we 

have 

Since elementary column operations do not change rank and B - P AB = QAB, it fol-

lows that 

r(B : P AB) = r(QAB : P AB) = r(QAB) + r(P AB) = r(A : B) - r(A) + r(A *B). (3) 

Combining (3) with (2) yields (1). 

COROLLARY 1. For any A e ICm,nand Be l[m.p the rank of the product A*B satis-

fies the inequality string 

r(A *B) ~ r(A) + r(B) - r(A : B)~ r(A) + r(B) - m. (4) 

Equality holds on the left of(4) if and only if the projectors P A and P0 commute, i.e., 

P A Po= PoP A• and on the right if and only if the range ~(A : B)= ICm,l• i.e., the 

partitioned matrix (A: B) has full row rank. Equality holds throughout (4) if and only 

ifPA + P 0 -PAPo= Im. 

Proof. The frrst inequality in (4) follows directly from (1) and the second since clearly 

r(A : B) Sm. Equality holds on the left of (4) if and only if A *Q0 QAB = 0, and 

hence, using (2), P A Po= PoP A Po. which is Hermitian and so P A Po= PoP A· The 
condition for equality on the right of (4) is obvious. Since r(A : B) having full row 

rank equal tom is equivalent to r(A*Q0 ) = r(Q0 ) as well as to r(QAB) = r(QA), it 

follows that equality holds throughout (4) if and only if Q0 QA = 0, or alternatively 

p A+ Po-p A Po = lm. LJ 
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A necessary and sufficient condition for equality holding throughout (4) may also be 

obtained by combining P(A:B) = Im with the equivalence between the representation 

P (A: B) = P A+ PB- P APB and the commutativity property P APB = PBP A• estab-

lished by Rao and Yanai (1979). For a rather complete list of algebraic characterizations 

of this commutativity condition, however, we refer the reader to Baksalary (1987), 

where some statistical implications are also presented. 

Removing the middle part of the inequality string ( 4) yields 

r(A*B) ~ r(A) + r(B)- m, (5) 

which is Sylvester's Law of Nullity, recently discussed by Cohn (1989). Moreover, 

r(A *B) = r(A) + r(B) + r(QBQA)- m, (6) 

which is due to Marsaglia and Styan (1974, Theorem 6). From (6) it follows at once 

that equality holds in (5), or equivalently throughout (4), if and only if QBQA = 0 or, 

alternatively, P A+ PB- P APB = Im. 
It is clear that the rank formula (1) may also be written as 

this version is related to the following result (Theorem 1) concerning the eigenvalues of 

the products P APB and PQ8 APQAB' which is a direct consequence of Theorems 2.1 

and 2.3 in Styan (1985); cf. Latour and Styan (1985, Theorem 3). See also Anderson, 

Harner, and Trapp (1985) for relationships between the eigenvalues of the product and 

difference of two orthogonal projectors. 

THEOREM 1. For any A E Cm,nand BE Cm,p the nonzero eigenvalues of the prod-

uct P APB of two orthogonal projectors are all nonnegative and less than or equal to 1, 

and the multiplicity of the unit eigenvalue is equal to r(A) + r(B)- r(A: B). The 

nonzero eigenvalues of the product PQ8APQAB are all nonnegative and strictly less than 

1 and coincide with the nonzero eigenvalues ofP APB that are not equal to 1. 
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Our next two results show further applications of Lemma 1 - to deriving a more 

general rank formula and to establishing an orthogonal decomposition of a linear sub-

space. 

THEOREM 2. For any A E ([m,n• BE ([m.p and C E ([m,q the rank of the product 

A *QcB admits the representation 

Proof Replacing A and Bin (1) with QcA and QcB, respectively, yields (8) but with 

r(A *QcQQcBQQcA QcB) instead of r(A *Q(B:C)Q(A:C)B). Moreover ~(A : C) = 

~(C) EB.L ~(QcA), where EB.L denotes the orthogonal direct sum, and hence P(A:C) = 

Pc + PQcA· Consequently, 

(9) 

and similarly QcQQcB = Q(B:C) completing the proof. 0 

The following corollary will prove to be useful in the statistical applications dis-

cussed in Section 3. 

COROLLARY 2. Let A E ([m,n• BE ([m,p and C E ([m,q be such that the range 1(.(C) 
~ ~(A) n 1(.(B). Then 

r(A *QcB) = r(A *B)- r(C). (10) 

Proof From (2.35) of Marsaglia and Styan (1974), if 1(.(C) ~ 1(.(A) n 1(.(B) then 

r(QcA) = r(A) - r(C), r(QcB) = r(B) - r(C), and r(QcA : QcB) = r(A : B) - r(C). 

Moreover, Q(A:C) = QA and Q(B:C) = QB. Hence (8) becomes 

r(A *QcB) = r(A) + r(B)- r(A : B)- r(C) + r(A *QBQAB), (11) 

and combining (1) with (11) yields (10). 0 
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We note that if ;R(C) ~ ;R(A) ri ;R(B) then r(A*PcB) = r(PAPcP 8 ) = r(Pc) = 
r(C), and therefore (10) may be rewritten r(A*B -A*PcB) = r(A*B) -r(A*PcB), 
and we see that rank is subtractive. As originally established by Hartwig (1980), the 
rank subtractivity property determines a partial ordering of matrices, which has been 
extensively studied in the literature; cf. e.g., Baksalary, Pukelsheim, and Sty an (1989) 

and the references therein. 

THEOREM 3. For any A E ICm.n and B E ~=m.p the orthogonal sum 

Proof. Using (3.13) and (4.6) in Marsaglia and Styan (1974), we see that 

r(A*B) = r(A)- dim[;R(A) n ;RJ.(B)] (13) 
and 

r(A : B) = r(A) + r(B)- dim[;R(A) ri ;R(B)]. (14) 

Hence (1) is equivalent to the dimension identity 

(16) 

Moreover, the vector k E ;R(A) n ;RJ.(QnQAB) if and only if k =Am, say, where 

m*A*QnQAB = 0, or equivalently, m*A*PnQAB = 0. Hence 

(17) 

Since ;R(PnQAB) ~ ;R(B), it is now clear that 

Combining (16) and (18) with the dimension identity (15) establishes (12). 0 

We note that, in addition to (17), another alternative expression for the subspace on 

the right-hand side of (12) is ;R(A) n ;RJ.(QnP AB), since QBQAB =- QnP AB. 
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3. STATISTICAL APPLICATIONS 

3.1. The Two-way Layout-Block Design 

Let us consider the statistical experiment corresponding to a two-way layout with a 
treatments allocated to n experimental units blocked in b sets according to an a x b 

(with a rows corresponding to treatments and b columns corresponding to sets) inci-
dence matrix N = {ni1}, i = 1, ... ,a,}= 1, ... , b, LiJniJ = n. If the researcher is pri-

marily interested in comparing the effects of the treatments, while the effects due to the 

sets are considered to be "nuisance" and are assumed not to interact with the treatment 

effects, then the two-way layout is usually called a block design (with sets representing 
blocks). If Yijk denotes the response observed on the kth experimental unit in the (i, 

j)th cell-where the ith treatment has been applied in the }th block-then the parametric 

model adopted for the analysis of data from such a block design consisting of the n ob-
servations from the nonempty cells (i.e., with niJ ~ 1), may be expressed in the form: 

YiJk = f.1 + J'i+ o1+ eiJk; i = 1, ... , a,}= 1, ... , b, k = 1, ... , niJ· (19) 

In (19) the quantities f.l, J'i, and 0; are unknown parameters denoting, respectively, the 

overall grand mean, and the ith treatment andjth block effects; the observational errors 

eiJk are random variables, which we will assume to have means zero and to be uncorre-

lated and homoscedastic with unknown common variance a2 (white noise). We will 

use the terminology introduced above also in the sequel, although our considerations 

are valid as well for two-way layouts with two groups of parameters being of equal in-

terest. 

We may represent the model (19) in matrix notation, with ln denoting the n x 1 

vector of ones, as 

(20) 

which indicates that the n x 1 vector y = {Yijk} has expectation c(y) = lnf..L + Wy + 

ZB and dispersion (variance-covariance) matrix il(y) = a2In. The binary (each element 

equal to 0 or 1) "design" matrices W, n x a, and Z, n x b, describe the correspondence 

between components of y and, respectively, the treatments and blocks of the two-way 
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layout, and the vectors 'Y = {J'i}, ax 1, and~= {8)1, b x 1, comprise, respectively, 

the treatment and block effects. 

The design matrices W and Z are related to the ax b treatment-block incidence 

matrix N = {nij} through N = W'Z, where the superscript' denotes transpose-in this 
Section 3 all our matrices are real. Since each experimental unit receives precisely one 

treatment and is in precisely one block it follows that Wla = Zlb = ln, and so 

u = dim[~(W) n ~(Z)] = r(W) + r(Z)- r(W: Z) = r(W)- r(QzW);::: 1, (21) 

recalling that Qz is the orthogonal projector on the orthocomplement ~l.(Z). Since at 

least one experimental unit receives each treatment and occurs in each block, the two 

matrices W and Z each have full column rank-the rank of the a x b incidence matrix 

N, however, may vary from 1 to rnin(a, b). It then follows that u is equal to the 

(column) nullity of Qz W and hence also to the nullity of the so-called C-matrix 

W'Qz W, which-from an algebraic point of view-is a suitably defined Schur com-

plement, cf. e.g., Latour and Styan (1985, pp. 227-228). 

The treatments and blocks are (and the two-way layout is) said to be connected 

whenever all the treatment effect contrasts c'y, for any a x 1 vector c satisfying c' la = 

0 (and, equivalently, all the block effect contrasts) are unbiasedly estimable in the 

model M1 defined in (20). An alternate combinatorial definition, cf. e.g., Raghavarao 

(1971, page 49), says that the layout is connected whenever, given any two treatments 
numbered i and i', it is possible to construct a chain of treatments numbered i = i0, il' 

... , ip = i', say, such that every consecutive pair of treatments in the chain occurs 
together in at least one block. Both the statistical and combinatorial formulations of the 

concept of connectedness are due to Bose (1947). It is well known, cf. e.g., Ragha-

varao (1971, page 50), that connectedness is equivalent to u = 1, since u is the nullity 

of the C-matrix W'QzW. 

The canonical correlations between the vectors 

(22) 

of, respectively, treatment totals and block totals, are the positive square roots of the 

nonzero eigenvalues of the product PwPz of the orthogonal projectors on ~(W) and 

~(Z). Similarly, the canonical correlations between the vectors 
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of, respectively, treatment totals adjusted for blocks and block totals adjusted for 

treatments are the positive square roots of the nonzero eigenvalues of the product 

PQ wPQ z· It then follows from Theorem 1 that, cf. Latour and Styan (1985, z w . 
Theorem 2), the canonical correlations between za and zb are all less than 1 and coin-

cide with the canonical correlations between Ya and Yb that are less than 1, the multi-

plicity of the unit canonical correlation between Ya and Yb being equal to u as defined in 
(21). 

The concept of orthogonality in experimental designs, whose origins date back to 

Yates (1933), is not uniquely defined-so aptly reflected by the phrase "terminological 

muddle" in the title of the survey paper by Preece (1977); see also Styan (1986, page 

434). We will consider two versions of orthogonality-in the first, cf. Chakrabarti 

( 1962, page 19), the treatments and blocks (and the two-way layout or block design) 

are said to be orthogonal whenever the vectors za and zb, respectively, of treatment to-

tals adjusted for blocks and block totals adjusted for treatments, as defined in (23), are 

uncorrelated, i.e., 

(24) 

In the second version, cf. Scheffe (1959, page 119) and Bradu (1965, page 95), it is 

required that the vectors Ya and Yb of treatment and block totals, each centered (i.e., ad-

justed only for the grand mean), be uncorrelated, i.e., 

W'Q 1 Z=O, 
n 

(25) 

where the n x n centering matrix Q1n =In- lnln'ln. Following the adaptation by 
Styan (1986, page 434) of the terminology proposed by Khatri and Shah (1986, page 

219) form-way layouts with m ~ 3, we will say that (24) defines weak orthogonality 

and that (25) defines strict orthogonality of the treatments and blocks (and of the under-

lying two-way layout or block design). 

The weak-orthogonality criterion (24), which is equivalent, cf. Baksalary (1987, 

Theorem 2), to the commutativity property PwPz = PzPw, is a necessary and suffi-

cient condition, cf. Baksalary (1984, Theorem 2.3), for all the treatment contrasts 


