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PREFACE

HE philosophy of mathematics has suffered from a
superfluity of technicalities.  This is a pity because
it increases the difficulties of acquaintance with that delightful
subject. But a more serious consequence is the lack of
co-operation and mutual criticism between different groups
of experts in this field. In England, for example, the fame
of Russell and Whitehead’s justly celebrated Principia
Mathematica, is accompanied by almost complete neglect
and ignorance of the equally interesting work of the Formalists
and Intuitionists on the Continent. There is much to be
said in extenuation for this state of affairs, for the relevant
papers are scattered in foreign periodicals, untranslated,
often difficult to obtain, and are unintelligible without an
extensive acquaintance with the terminology and context of
their authors’ opinions. To fill this gap in the literature of
the nature of mathematics would be a work of many years,
and the pages which follow are intended to be no more than
an introduction to the whole subject.

I have had two aims in mind: to present a considered
critical exposition of Principta Mathematica and to give
supplementary accounts of the formalist and intuitionist
doctrines in sufficient detail to lighten the paths of all who
may be provoked to read the original papers. Various innova-
tions have been introduced and, though I have not avoided
technicalities where they were necessary, all technical terms
and symbols have been as far as possible defined. So I
hope this book may be of use not only to specialists in
mathematical logic but to philosophers and others who

xiii



xiv PREFACE

begin to read it with less knowledge of the complexities of
symbolism. In order to assist readers who may wish to omit
sections chiefly concerned with technicalities or familiar
definitions, I have adopted the device of adding to many
sections a summary or comment, printed in small type
immediately after the corresponding subheadings; and I
would encourage readers new to the subject to read the
introduction and these scattered comments before reading the
remainder of the text.

I wish to express my thanks to Professor Bernays for much
helpful information concerning the formalists, to Dr. Chwistek
for copies of his papers, to the Aristotelian Society for permis-
sion to incorporate part of a paper read in 1933, to Professor
L. S. Stebbing, Dr. J. H. Woodger, and Miss M. MacDonald
for reading the following pages in proof and for much
encouragement, and to S. Black, J. M. Burnett, and
L. E. R. Mowat for assistance with the transcription of

manuscript.
M. B.
May, 1933.



THE NATURE OF MATHEMATICS
A CRITICAL SURVEY

INTRODUCTION

The task of philosophy, gua critic, is to exhibit the structure of the
sciences by discriminating between hypotheses and principles, etc.

THE successes of the scientific method have led philosophers
to dream of a scientific philosophy which, by borrowing the
technique of the established sciences, might hope to reach
something of their certainty and cumulative success.
Philosophy, however, in its function of critic—and it is with
that aspect of philosophy that we shall be here concerned—
cannot desire to compete with the sciences. The discovery
of empirical generalization is the work of the experimental
sciences, the formulation of self-evident laws belongs to
mathematics, and both are outside the scope of critical
philosophy. Its object is to clarify by criticizing knowledge
already organized into systems; and of these it prefers the
older, more developed, sciences, which combine extreme
complexity of theory with consistency in practice. For
these qualities are associated with a high degree of utility
in practical applications and induce in the creators and
admirers of the science a state of self-consciousness inviting
the apologetic services of philosophy. In each of these respects
the science of mathematics is a most admirable field for the
exercise of applied philosophy.

The implied assertion that the established sciences are
highly consistent needs to be qualified by the explicit

I B



2 THE NATURE OF MATHEMATICS

recognition that no science which is still in the process of
developing is more than partially self-consistent. For scientific
research is characterized by the choice between mutually
inconsistent theories, lack of relevant data leading to the
postulation of provisional hypotheses which subsequently
require to be limited in their application or even totally
abandoned.

Postulates need to be distinguished as hypotheses and
principles ; for, of those postulates which are not ultimately
rejected but are incorporated into the main body of the
science as knowledge accumulates, some become theorems
or laws while others, through their success in stimulating
fruitful research, gradually acquire the character of general
principles, which embody concepts fundamental to the
science. Hypotheses, that is postulates which may become
laws, can be disproved casually enough, but principles, since
they control the manner in which problems are formulated
or difficulties resolved, are formally not susceptible to disproof,
and their rejection requires a violent revolution in the methods
of the science.

Vagueness of the concepts which occur in the normative
principles makes their exact formulation an ideal which is
approached by gradual approximation; clear understanding
of the concepts used occurs late in the history of a science.

Postulates and concepts are created not by the common
agreement of scientists but by scattered individuals or small
groups. At the moment of conception concepts are formless,
implications of theories are only partially understood ; later,
theories produced by specialists in one department of the
science are found to conflict with the postulates of other
departments, in themselves equally plausible or as firmly
established. The necessity of resolving such discords reacts
upon the concepts of the science, leads to more exact formula-
tion of the postulates and clearer understanding of the concepts



INTRODUCTION 3

involved. Even at moments of apparently extreme stability,
the equilibrium of scientific opinion is the immobility of a
body under the action of mutually opposing forces.

This state of affairs is a commonplace in the experience of
any scientific researcher, yet it is more than that private
conflict of ideas in the inventor’s mind which is part of the
process of invention. The contradictions inhere in the
very principles of the science, produced by the inevitable
vagueness of the concepts it employs. However much reflection
and experiment by the inventors of theories may mitigate
the opposition of mutually contradictory opinions by modifica-
tion and elimination of obscurity, contradictions remain even
in scientific theories which find widespread acceptance. In
the theories of all branches of science where progress is still
being made, in biology, physics, chemistry, mathematics,
there are striking paradoxes and contradictions to be found,
and those sciences alone are completely consistent which,
like anatomy, have degenerated into catalogues. It is
important to recognize and distinguish contradictions
produced by imprecise formulation of concepts; they are
often a sign of vitality and indicate that the scientist’s capacity
for recognizing relevance and unity in a confusing multiplicity
of heterogeneous phenomena is ahead of the careful expression
of its discoveries.

Nowhere have such contradictions been more frequent
than in mathematics, nor has progress in any science been
more steady. Gauss and Fermat, among scores of other
famous names, are sufficient illustrations of famous
mathematicians who were able to obtain, by apparently
fallacious reasoning, valid results of the highest importance
in subsequent mathematical researches.

The title of “ The Foundations of Mathematics’’ which
the philosophical analysis of mathematics has often received
is therefore a misleading one if, taken in conjunction with
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these contradictions, it suggests that the traditional certainty
of mathematics is in question. It is a fallacy to which the
philosopher is particularly liable to imagine that the
mathematical edifice is in danger through weak foundations,
or that philosophy must be invited like a newer Atlas to
carry the burden of the disaster on its shoulders.

The progressive elimination of contradictions in mathe-
matics is the work of mathematical insight, a continuous
process which can be clearly traced in successive mathematical
researches. Philosophical analysis has the equally valuable
aim of exhibiting the structure of mathematics: first, the
internal structure, by showing the interdependence of
theorems, axioms, and definitions, distinguishing between
hypotheses and principles, etc.; secondly, the external
structure, the relation of mathematical knowledge to non-
mathematical.

Exhibition of internal structure has technical importance
for mathematics by leading to the rejection of unnecessary
postulates and again to the recognition of unexpected analogies
between the anatomies of different mathematical disciplines.
Such morphological investigations require mathematical
technique, and particularly the extensive use of symbols.
For mathematics is the study of all structures whose form
can be expressed in symbols, it is the grammar of all symbolic
systems and, as such, its methods are peculiarly appropriate
to the investigation of its own internal structure. But the
structure of mathematics, though implicit in its theorems, is
not clearly shown and tends to be confused even by those who
are most familiar with it. It is the philosopher’s task to
exhibit the inherent structure and to invent a suitable
symbolism for its expression. Elimination of unnecessary
postulates and the explicit exhibition of the structure of
mathematics prevents confusion of purpose within the science
and adds to the @sthetic satisfaction of contemplating it.
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The technique required for this type of analysis does not,
in the present writer’s opinion, require the acceptance of any
metaphysical dogmas; in its systematic aspect it can be
correctly regarded as a branch of applied mathematics if that
science is not restricted to physical applications but is allowed
to include any subject-matter amenable to mathematical
investigations ; in its philosophic aspect it is a branch of
applied logic.! The details of such a technique must, however,
be reserved for future exposition. The purpose of this essay
is only to report and criticize attempts that have already
been made to analyze mathematics.

Philosophical analysis must take into account lack of
structure for, in so far as a science contains inconsistencies,
it cannot be considered as a system, it is to that extent in
process of acquiring a form and not in possession of one.
Philosophers, however, under scholastic influences, have too
often overlooked this fact and have been suspected in
conscquence by the practising scientist. For, when faced with
the difficulty of clarifying existing knowledge, the temptation
is great to find compensation in admiring the complex structure
which represents partial success and to supplement it by
unwarranted extrapolation. In the case of one’s own
philosophic system familiarity or the inertia of habitual
thought processes inspires exaggerated respect and tempts
the philosopher to bring the technique of theology to the
help of the analytic method. God arrives to solve the
difficulties of Berkeleian idealism or Earl Russcll in less
ambitious times invokes the Axiom of Reducibility.

In no branch of critical philosophy is this danger greater
than in the analysis of mathematics, a discipline which
acquires from its subject-matter a dangerous facility in the
manufacture of vast systems of symbols whose architectonic

! For definition of the distinction between the philosophic and
systematic aspects of any study cf. infra, p. 141.
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complexity is occasionally of the same order as the labour
required for their intelligent manipulation.

Recent research in the philosophy of mathematics has
shown that each of the three principal theories of the nature
of mathematics which are discussed in this book contains
serious imperfections, some of which may be attributed to
the causes indicated above. With this warning to the reader
we may conclude these generalities and proceed to a pre-
liminary summary of the three main types of theories which
are to be the objects of our investigation.



Preliminary Survey of Three Types of Opinions Considered

Before commencing a detailed account a short description
of the general features of the three main schools of
mathematical philosophy with which we shall be concerned
and their relations to one another may facilitate the orienta-
tion of the reader who is unfamiliar with the subject.

The three schools of thought chosen on account of their
importance and influence are usually distinguished as Logistic,
Formalistic, and Intuitionist, their best known living
exponents being Earl Russell, Professor Hilbert, and Pro-
fessor Brouwer respectively. Their doctrines differ as much
in methods of approaching problems as in their conclusions.

Logistic
The logistic thesis : pure mathematics is a branch of logic.

The programme of the logistic school has been expressed
by Russell as follows : ‘ Pure Mathematics is the class of all
propositions of the form ‘p implies ¢’ where p and g are
propositions containing one or more variables, the same in
the two propositions, and neither p nor ¢ contains any
constants except logical constants. And logical constants
are all notions definable in terms of the following : implica-
tion, the relation of a term to a class of which it is a member,
the notion of such that, the notion of relation, and such further
notions as may be involved in the general notion of propositions
of the above form. In addition to these mathematics uses
a notion which is not a constituent of the propositions which
it considers, namely the notion of truth’ (Principles of
Mathematics, p. 3). In other words, the propositions of

7



8 THE NATURE OF MATHEMATICS

mathematics are propositions of logic, they state relations
between propositions whose content has been abstracted to
leave only their form, shown by the logical constants and,
or, etc.

On this view, all mathematical concepts such as number,
differential cocflicient, etc., must be capable of definition in
terms of logical concepts, pure mathematics becomes a branch
of logic and the distinction between the two subjects is
merely one of practical convenience. Much of Russell’s work,
like that of his collaborator, Professor Whitehead, and his
great predecessors, I'rege and Peano, was devoted to per-
forming the reduction of mathematical concepts to logical
concepts. The culminating achievement of this school is
Russell and Whitehead’s Principia Mathematica, a massive
work of bewildering complexity but great logical beauty,
which purports to be a detailed reduction of the whole of
pure mathematics to logic.

Formalism

The formalist thesis: pure mathematics is the science of the formal
structure of symbols.

The formalists, on the other hand, deny that mathematical
concepts can be reduced to logical concepts and assert that
the many difficulties of logic which beset the path of the
logistic philosophies have nothing to do with mathematics.
They see in mathematics the science of the structure of
objects. Numbers are the simplest structural properties of
objects and are themselves objects with new properties.
The mathematician can study the properties of objects only
by making a system of signs which stand for them and by
recognizing and allowing for the irrelevant features of the
signs he uses. But provided he has an adequate system of
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signs he need no longer worry about their meaning since he
can see in the signs themselves those structural properties
which interest him. Hence the formalists emphasize the
importance of the formal characteristics of the mathematician’s
sign-language, those which are independent of the meaning
he may want to attach to them. This is not to say that
mathematics is a meaningless game as the formalists have
often been accused of asserting ; they say that mathematics
is concerned with the structural properties of symbols (and
hence of all objects) independent of their meaning. This
view has proved very fruitful in geometry and its success in
that field is largely responsible for its widespread popularity.
The formalists naturally lay a greater value upon a consistent
symbolism than the logisticians ; the contradictions in pure
mathematics can be removed, they say, only by the provision
of a symbolism which has been demonstrated to be foolproof.
The demonstration itself cannot be carried through by the
use of symbols independently of their meaning, for these
symbols in turn would have to be legitimized and so ad
wnfimitum ; but they demand a demonstration using no
process of thought essentially more complicated than that by
which we see that two things and two things together make
four. Most of the recent work of the formalists has been
directed towards an elementary proof of the validity of
mathematics from this angle. So far their success has been
only partial, and there are grave doubts whether their
programme can be consistently carried through.

Intuitionism

The intuitionist thesis: pure mathematics is founded on a basic
intuition of the possibility of constructing an infinite series of
numbers.

The formalists lay the emphasis on symbolism, the
intuitionists on thought. Yor the latter the body of



