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Introduction

I hope the reader will enjoy using this book. It is for someone with at least a
beginner’s knowledge of MATLAB® who is learning the branch of advanced
calculus called “functions of a complex variable.” Complex variable theory
is the calculus of functions dependent on variables that can assume complex
numerical values. I want you to discover that MATLAB is your friend when
you are learning this type of mathematics.

One of the daunting aspects of complex numbers (and variables) is that
simple arithmetic operations that are easily done in one’s head, if they
involve real quantities, become tedious when the numbers are complex. You
can ask a class of third graders for the product of the numbers 3, 4, and 5,
and someone with the answer will raise his or her hand in less than 5 sec-
onds. Ask a college student for the product of the numbers (1 + 3i), (1 + 4i),
(1 + 5i) and he or she will, after a little squirming, probably resort to pencil
and paper, although the problem is solvable in one’s head with some serious
concentration. If you were to ask me this question as I'm typing this sentence,
I would open the MATLAB window on my computer and type in the prod-
uct. Here we see a glimpse of the utility of MATLAB in complex arithmetic.

If you glance at the table of contents, you will see how MATLAB can be
your companion in such staples of complex variable theory as conformal
mapping, infinite series, contour integration, and Laplace and Fourier trans-
forms. Fractals, the most recent interesting topic involving complex vari-
ables, cries out to be treated with a language such as MATLAB, and you
might want to begin this book at its end, The Coda, which is devoted entirely
to this visually intriguing subject. However, I must add that as you progress
through the book, the MATLAB skill required increases gradually, and leap-
ing to the end is not for everyone.

Sometimes while working with MATLAB and complex algebra, you may
be puzzled at what you find. For example, if you ask a class of high school

students to compute (53 )1/3, someone will quickly call out “five.” He or she
will know to multiply the exponents together. Now asking the same class

for ((—1+i)2)1/2, a student will follow the same logic and produce a cor-
rect answer: -1 + i. But another student, using MATLAB, will say 1 - i.
Both answers are correct, but why did MATLAB choose this one? This book
answers such questions and many similar ones.

This textbook does not purport to present MATLAB as a substitute for a
knowledge of the functions of a complex variable any more than MATLAB
can be used as a replacement for an actual understanding of elementary cal-
culus or linear algebra. This is also not a text from which one learns the
elements of MATLAB, although if you already know a little of the language,

xiii



Xiv Introduction

it will expand your knowledge. Some books that will get the reader started
in the elements of MATLAB programming are listed as references [1,2].
MATLAB is not without constraints, assumptions, limitations, irritations,
and quirks, and there are subtleties involved in performing the calculus
of complex variable theory with this language that will be made evident
here. Without knowledge of these subtleties, the engineer or scientist who
is attempting to use MATLAB for solutions of practical problems in complex
variable theory suffers the real risk of making major mistakes. This book
should serve as an early warning system about these pitfalls.

This book should be read as a companion to standard texts on functions of
a complex variable. Throughout what follows, we refer to two of the author’s
favorites. Not surprisingly, one volume is his own Complex Variables with
Applications (3rd edition) published by Addison-Wesley in 2005. We refer to
this book as “W” in the text. In most cases, the section numbers referred to
apply to the second edition as well. There is a Spanish translation available
for those who prefer that language: Variable Compleja con Aplicaciones. The ref-
erence book in the Schaum’s outline series, Complex Variables, 2nd edition by
M. Spiegel et al. is an old favorite of mine, and although it is more handbook
than textbook, it is remarkably well done, and I will refer to it with the letter
“S.” Notice that the section numbers that I refer to apply to the second edition
only. Complex Variables and Applications by R. V. Churchill and colleagues is
very well written, but the book has had so many editions that it is difficult to
refer the student to any particular section.

References

1. Hunt, B, Lipsman, R., and Rosenberg, J. A Guide to MATLAB for Beginners and
Experienced Users, 3rd edition. New York: Cambridge University Press, 2014.

2. Hahn, B. and Valentine, D. Essential MATLAB for Engineers and Scientists, 5th
edition. New York: Academic Press, 2013.

A. David Wunsch
University of Massachusetts Lowell
Lowell, Massachusetts



A Note to the Reader

To keep the cost of this book reasonable, all figures are rendered in black and
white and shades of gray. Some of the codes provided here will produce only
these colors, while other programs will produce color plots on your screen
even though the plots are in grayscale in your book. In the solutions manual
I have not avoided color.

MATLAB® is upgraded at least once a year with new releases. Its capa-
bilities change and for the most part are improved. This book is based on
R2015a, the release available through most of the year 2015.

Corrections to this book as well as to the solutions manual will be posted
at the author’s web page hosted by the University of Massachusetts Lowell.
Here is the URL: http://faculty.uml.edu/awunsch/wunsch_complex_
variables/faculty.htm.

The author invites corrections and comments for his work. An email
address can be found at the above website where you will also find solu-
tions to the odd numbered problems. To assist readers with data entry in
MATLAB, code text can be found for download at https://www.crcpress.
com/A-MatLab-Companion-to-Complex-Variables/ Wunsch/9781498755672.

Instructors using my book in the classroom can also receive a copy of a
complete solutions manual, for all problems, if they write to me on their col-
lege stationary at the ECE Department, University of Massachusetts Lowell,
Lowell, MA 01854, USA.
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1

Complex Arithmetic

1.1 The Rectangular Form

A complex number z can be stated in the form
z=x+1iy 1Y

where x and y are real numbers, and there is multiplication between the i and
the y. An equally valid representation is

Z=x+Yi (1.2)

since complex numbers obey the commutative law of multiplication so that
the order of multiplying y with i is immaterial. Right away we must deal
with an idiosyncrasy of MATLAB®. The statement z = 3 + 4i can be entered
in the MATLAB command window with the result given in the following
example. Note that >> preceding a line of code indicates that the expression
was entered from the keyboard into the command window of MATLAB.

Example 1.1

>>7=3 + 4i
z =3.0000 + 4.0000i

which is exactly what we hoped for: MATLAB has returned 3.0000 + 4.0000i.
However, entering z = 3 + i4 in the command window will result in an error
message. The value i must appear as the second factor in the multiplication if
i is to be interpreted by MATLAB as a multiplicative factor in z = x + yi. The
practice is only valid if i is preceded by an explicitly stated real (not complex)
number. A symbol cannot be used for that number. This entire convention
can be overlooked provided we employ the MATLAB #% for multiplication.
We will adopt that practice throughout this book even though the authors
of MATLAB claim that eliminating sk where allowed will speed up calcula-
tions; the advantage is often slight.



2 A MATLAB® Companion to Complex Variables

Note that in general, all the arithmetical operations that one does with real
numbers in MATLAB can be carried out for complex numbers, using the
same operators (i.e., the + and — signs for addition and subtraction, the / for
division, the » for raising a number to a power, and as noted, the % for mul-
tiplication). The precise meaning of what the ~ will yield when followed by
a fraction will be treated in section 1.3.

To get the magnitude (or absolute value or modulus) of a complex number,
we apply the operation abs to that number. Thus,

>> abs(3 + 4:xi)
ans =5

Example 1.2

Multiply 3 +i4 by (1 + 2i) and add i2 to that result. Then find the absolute
value of that quantity.

Solution:

>> (3 + ixd)(1 + 2+i) + 2+
ans = —5.0000 + 12.0000i
>> abs(ans)

ans =13

Electrical engineers often prefer to use j instead of i, and this notation can
be used automatically in MATLAB. We just use j instead of 7 and follow the
same conventions as above.

You should not use both i and j in the same code, or you will confuse your-
self and whoever reads what you wrote.

Example 1.3

Use j instead of 7, and raise (1 + j3) to the -2 power, divide that result by
2 —j3, and subtract 3 + 4j from that result.

Solution:

>> (1 + 35)N(~2)/(2-j*3)—(3 + 49
ans = —2.9985 — 4.0277i

Note that although we used j instead of i, MATLAB returned an answer
employing i.

For some purposes, it is more convenient to put j = —i, and you should
make this statement at the start of your work if that is your preference. (Note
that j2 = —1 as before.) Recall that physicists prefer e in lieu of the electrical
engineer’s e/, where ® is a radian frequency and ¢ is the time.

The real and imaginary parts of a complex number, for example z, are
found from the functions real(z), imag(z), and the conjugate of z is given by
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conj(z) as shown by the following sequence of calculations. Note that in the
text material of this book, we will designate the conjugate of a quantity by an
overbar, as in z, which in MATLAB would of course be conj(z).

Example 1.4

>>z=3 + 4xi

z =3.0000 + 4.0000i
>> x=real(z)

x=3

>> y=imag(z)

y=4

>> w=conj(z)

w = 3.0000 — 4.0000i

1.1.1 A Caveat on Complex Numbers as Matrix Elements

MATLAB, as its name might suggest, is a computer language for technical
computation that is based on matrices (i.e., rectangular arrays of numbers).
Sometimes the matrix consists of just a horizontal row of numbers, in a
specific order, or a column of numbers in a certain order. Such matrices are
known as vectors and more specifically as row or column vectors. The num-
bers that make up matrices, the elements, can be complex or real numbers,
or symbols. When entering complex numbers as the elements, it is useful to
state them with parentheses surrounding each complex number. In other
words, instead of entering 3 + 4xi, you should enter (3 + 4xi). Otherwise,
an inadvertent use of the space bar can result in an error, as shown by the
following where we want to enter a row vector a having two elements, one
being 3 + i and the other 2—i. In the first instance, we will do this correctly
without parentheses, then incorrectly without parentheses, because we have
placed a space where it does not belong, and finally correctly with parenthe-
ses even though there is an unnecessary space:

>>a=[3+1 2-i]

a =3.0000 + 1.0000i 2.0000 — 1.0000i
>>a=[3 +i 2-i]

a=23.0000 0+ 1.0000i 2.0000 - 1.0000i
>>a=[3 +1i) (2-i)]

a =3.0000 + 1.0000i 2.0000 — 1.0000i

Comment: Note that in the second instance, the value obtained for a is
3.0000 0+ 1.0000i 2.0000 - 1.0000i

which is a row vector with three elements, not the desired two elements. The
tirst element is 3, and the second is 0 + 1.0000i=i. The error was caused by our
having a space after the 3 and before the adjacent + sign.



4 A MATLAB® Companion to Complex Variables

In the third output for a, we got the correct value even though we typed a
space between the 3 and the plus sign following it.

Note that you can always tell the number of elements in a row or column
vector, let us call it 2, with the command length(a). If we apply this operation
to the three values of a described above, we get 2, 3, and 2, respectively.

.|
Exercises

1. Using MATLAB, determine

34

. +12

& gyt
2+1 .

. _1-if2

b5 1Y

e (1+i2/3) -

3—-4i
2 11
i3

((35;') +®T

2. The numerical value of the expression (1 + i)¥ can be deter-
mined without recourse to MATLAB by the following technique:
(1+0)7 = (1+)*(1+i) = ((1+i7)" (1+i). Now complete the calcula-
tion by evaluating (1 + 7)? and noting that i raised to any even power
is easily computed. Check your answer by using MATLAB to find
(1 +4)* directly.

3. Consider the finite series (N > 0 is an integer) and its sum.
N

e

1-z"" e .
E z" = 1 z# 1, whose derivation is identical to that given
-z

n=0

in real calculus for the sum of a finite geometric series.

. 2 \2 . \3 -\ 10
a. Using MATLAB, sum the series 1+%+(é) +(%) ++(é)

directly by using a loop created from the while or for com-
mands. Use the “long format” of MATLAB as you will need it in
part (b).

b. Verify the answer obtained in (a) by using the closed-form
expression for the sum given above, again using the long format
so that you can notice any small discrepancy.
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1.2 The Polar Form of Complex Numbers

Referring to Figure 1.1, we are reminded that a complex number z can be
expressed using the polar coordinates r and 6. Thus,

Z =X+ 1y =rcosO + irsind = r (cosB + isinb) (1.3)

Sometimes cis0 is used to mean cos6 + isinb, but other times, the notation
£8 is used for the same quantity. Thus,

z =1cis® =120 (1.4)

Generally, 0 is expressed in radians, but one might also use degrees.

Now |z| = /x* +y* =7, i.e, the polar coordinate r is simply the magnitude
of the complex number z, and we have in MATLAB that r = abs(z). The quan-
tity 0 is called the angle or the argument of the complex number z.

4.5 | &

4.5 5

FIGURE 1.1
The polar coordinates r and 6 for the point z.



6 A MATLAB® Companion to Complex Variables

There are some subtleties with 0 since it is multivalued. If , is a possible
value of 6, then so is 0 = 6 + 2kn, where k = 0, +1, +2, .... If we are working in
degrees, the expression becomes 6 = 6, + k360°. Given a complex number in
rectangular form, MATLAB can be used to yield a value of 8 in radians from
the function angle(z). But which value will it yield? It yields the principal
value of the argument, the one satisfying —m < 8 < n. Note that a few textbooks
use a different definition for the principal value and that the value returned
by MATLAB would not be in conformity with theirs.

Example 1.5
Find the polar form of the complex number —\/?_> —1.

Solution:

>> z= —sqrt(3)—-i;
r=abs(z)
r=2.0000

>> theta=angle(z)
theta = -2.6180

Thus, we have shown z =2/ -2.6180... in polar form.

A short calculation with MATLAB shows that —2.6180 agrees with
-51/6 (or —5pi/6 in MATLAB) to as many decimal places as MATLAB
will display in the standard format. Construction of the vector for
—J3-iona piece of paper and recognizing the resulting triangle with
angles 30, 60, and 90 degrees should show where the angle —-51/6 arises
from.

Incidentally, the above rectangular to polar calculation can be done a lit-
tle more easily in MATLAB as [th,r] = car2pol(x,y), which converts complex
numbers from Cartesian to polar form. Thus, using numbers from above,

>> [th,r]=cart2pol(-sqrt(3),-1)
th = -2.6180
r =2.0000

which agree with what we found.

Example 1.6

Using MATLAB, compute the angles of the complex numbers —1+eps:i
and —1-eps*i and compare them by computing their difference. Recall
that in MATLAB, eps is the smallest possible difference between two
floating point numbers. In the version of MATLAB used in this book,
eps ~ 2.22 x 1071, If you type the word eps in the MATLAB command
window, you can find out what eps is for your version of MATLAB. We
chose here to work in the “long” format.

* These books take 0 < 6 < 2.
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Solution:

>> format long

>> anglel=angle(-1 + ixeps)
anglel = 3.141592653589793
>> angle2=angle(-1-ixeps)
angle2 = —-3.14159265358979
>> anglel-angle2

ans = 6.28318530717959

>> 2x#pi

ans = 6.28318530717959

Note that although graphical representation of —1 + ixeps and —1 — ixeps
as points in the complex plane will involve neighboring points that are
exceedingly close to one another, these points lie just above and below the
negative real axes. Their principal angles are nearly m and —m, respectively.
The differences in their angles, as computed by MATLAB, are indistin-
guishable from 2.

Referring to Figure 1.1, we see that 6 = arctan(y/x), and we might be
tempted to use the function atan in MATLAB, which yields the arctangent,
in order to obtain 6, the angle of the complex number z = x + iy. This is
to be avoided; because of the multiplicity of values of the arctangent, the
computer might yield the wrong value. If, for example, x =1 and y = 1,
then atan(1/1) is evaluated by MATLAB to be 0.78539816339745 or n/4, that
is a correct value as a sketch of the vector for this complex number shows.
However, if x = -1, y = -1, we have from MATLAB that atan(-1/-1) is again
0.78539816339745, which is incorrect for the angle of this complex number.
A correct value, as a sketch of the corresponding vector shows, is —3n/4
= —2.35619449019234. In general, it is better to use the angle function of
MATLAB to avoid these situations. However, one might use the function
atan2(x,y) in MATLAB where the real and imaginary parts of the com-
plex number z = x + iy are entered in a particular order into the function.
Additionally, the MATLAB function [th,r] = car2pol(x,y) will always yield the
correct angle th (or 6).

Given a complex number in the polar form (a magnitude r and an angle 6),
we can compute the Cartesian form by asking MATLAB for rcos6 = x and
rsin® = y. Alternatively, we can use a function M file built into MATLAB
that will automatically do the two calculations. The function is [x,y] =
pol2cart(th,r), where the angle 0 in radians, here called th, is entered first
followed by r. Suppose we wish to convert the complex number 2/m/6 to
rectangular form. We proceed as follows:

>> [x,y] = pol2cart(pi/6,2)
x = 1.73205080756888
y =1.00000000000000
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Note that the program does not yield the complex number z = x + iy. It sim-
ply gives the real and imaginary parts of z. To get z, one must take the two
results from above and make that additional computation.

.|
Exercises

1. We know that the polar angle of the product of two complex num-
bers can be expressed as the sum of the angles of each.

a. Multiply (1 + i) by (\/5 + i) using MATLAB. Find the angle of the
product using MATLAB and show that it is the sum of the angles
of each factor.

b. Repeat the above exercise, but use as factors (1 + i) and 3 +i.
Explain why the angle of each factor, obtained from MATLAB,
when added, does not agree with the angle that MATLAB

yields for the angle of the product. Compute these angles using
MATLAB.

2. When MATLAB is asked for the argument (angle) of a complex num-
ber, it always returns the principal value. Use MATLAB to find the
principal argument of the following numbers where all angles are in
radians except in part (d).

a. bcis(197)

b. 1/(4£79)
c (1+2i)7
d. (5cis(53.3°))8 (give answer in degrees)

3. Using the pol2cart function in MATLAB described above, convert
these numbers to rectangular components where the angles below
are in radians:

a. 3cis(-207)
b. 4450

4. Write a new function, similar to the pol2cart function in such a
way that if it is given 0 in degrees and r, it will convert the polar
form of the number to rectangular form. Call the new function

pold2cart. Use it to convert these numbers to rectangular form.
Give x and y.

a. 5./60°
b. 24(-320°)
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1.3 Fractional Powers of Complex Numbers

First, we make a note on notation. In this book, as in many texts on complex
variable theory, the symbol \/B is applied only when B is a non-negative real
number and is intended to mean the non-negative square root. Thus, V16
is always 4 and never —4. Similarly, the ”(/E is applied when B has this same
restriction and m is an integer and refers to the mth root of B but only to
the non-negative real value. Thus, /64 is 4 and not any of the other two pos-
sible values, which are complex.

Suppose you wish to solve the equation z* -1 = 0. We have z* = 1. Notice that
our equation has four solutions: +1 and +i. However, if you attempt to solve
the given equation using MATLAB by asking it for z = 14, which is written in
MATLARB as 1°(1/4), you will receive just one of the four answers, in this case, 1.
The question arises as to how MATLAB decides which answer to give you
when a number is raised to a fractional power and how we might get the rest.

If z is to be raised to a fractional power n/m where m and n are integers,
with m = 0, and where the fraction n/m cannot be reduced, we convert z to
the polar form z = r£6, and as shown in the standard texts, we have m values
given by

Z"m =(’(’/;)n cis[n6+2knn:| k=0,1,2,.../m -1 (1.5)
m

m

where as we recall, cis¢p = cosd + ising. This result is consistent with the defi-
nition z"/" = (z!/". Notice the order of the operations.

In what follows, we will take m as positive and skip the absolute magnitude
signs around the m. We can do this because it is easily shown that the set of
values of z/™ is identical to the set of values of z/c". Thus, given the prob-
lem of computing (1 + 7)*, we can compute the set of values of (1 + i)/
and use a positive m.

Equation 1.5 is equivalent to

Z"m = (T/;)n cis [”9:|cis[2kn”:| k=0,1,2,.. (m-1) (1.6)

m m

which arises from the identity cis(o. + B) = cisocisp; it applies to any numbers
o and B. Note that in Equation 1.6, we can generate the same set of values
for z'/™ if we let k go through any set of m consecutive integers, for example,
1,2,...m.

The results from Equations 1.5 and 1.6 are m numerically distinct values.
When plotted as points in the complex plane, they all lie on a circle having
radius ((‘/; )m (i-e., they have identical magnitudes). The angular spacing of

these values is 2n/m. The separation of these points on the circle is uniform.
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If you ask MATLAB for the computation of a fractional power, for example,
(817)*/%, you will receive exactly one value, in this case, 10.3325+24.9447i, which
in polar form is 27 £1.1781.... The angle here is 3n/8 radians. According to
Equations 1.5 and 1.6, there are three other values for (81i)3/4. After some experi-
mentation with MATLAB, you will see how it decides which value of z'/™ to
give you.

MATLAB Rule for Fractional Powers The angle 6 in Equations 1.5 and 1.6 is
taken as the principal value, and the value of k is set equal to zero. MATLAB returns
the result in Cartesian form.

You should confirm that this convention yields the MATLAB result just
given for (81i)%4.

Example 1.7

Use Equation 1.5, taking the MATLAB convention for fractional pow-
ers, to determine one value of (-1 - i)*3, and verify that MATLAB does
indeed yield this value.

Solution:

We have —1—i=+/24£(-37n / 4), where the principal value of the argument
of (-1 — i) is used.
Using Equation 1.5, with k = 0 we have

2
R e A PG H R G
Proceeding with MATLAB, we have

>> (-1-0)M2/3)
ans = 0.0000 — 1.2599i

These two answers are numerically identical because the cube root of
21is 1.2599....

If we compute a value of z'/" and raise it to the m/n power, do we necessar-
ily get back z? That is, does (z"/™)"/* equal z when the inner and outer opera-
tions are done in MATLAB? Because MATLAB will choose just one value of
the n possible values when raising a number to the m/n power, you cannot
say for certain that in MATLAB (z"/m)m/n = z.

The reader should confirm that in MATLAB we have ((—1)4/ 3 )3/4 =—1i,s0 the
original z (namely, 1) is not returned. The result comes about because the
principal angle of -1 is 1. When MATLAB evaluates (-1)*/3 using this angle,

and the rule stated above, the result is 1 i \/f whose polar representation,
using the principal angle, is 1/ (—2 7;) Raising the preceding to the % power
using the MATLAB rule for fractional powers, we get 1/ [—%J =—i.
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For a different problem, MATLAB yields ((-i)*? )3/4 =—i. The value of z
is returned. One should be able to predict in advance whether the original
z is obtained if we compute (z*/")"/*. This matter is explored in problem 2 in
the Exercises.

1.3.1 Using sqrt

If you want to obtain the square root of a number, z, using MATLAB, you
could ask for the computation z*(1/2). The resulting root is the one supplied
by the MATLAB rule given above for fractional powers. Alternatively, we
might ask for sqrt(z), which requires about the same amount of typing. The
same root is obtained as if you were using z/\(1/2)—that is, you get /7 cis(6/2),
where 0 is the principal angle of z. So, for example, we have

>> format short
>> sqrt(-9)
ans = 0 + 3.0000i1

We did not get -3i, the other square root.

1.3.2 Reminder: A Warning about Square Roots and
Fractional Powers in MATLAB

If z is a matrix and you ask MATLAB for sqrt(z), then MATLAB will return to
you a matrix whose elements are the square root of each element of z. However,
if you ask MATLAB for z*(1/2), it will return the square root of the matrix z
(provided it is square matrix, like 2 x 2)—that is, a matrix whose square is z.
To get the same matrix as produced by sqrt(z), you will need z.(1/2), where a
dot follows the z. Similar precautions must be taken where other exponents are
concerned.

1.3.3 Use of roots

Suppose we want to obtain all m values of z*/" through the use of MATLAB.
A simple method involves the function roots. Let us begin by using roots to
find z!/m, where m is a positive integer. Observe that all m solutions for the
unknown w in the equation w™ = z are the m values of z'/*. MATLAB has a
function called roots that will solve the polynomial equation

W™ + Cw" T + w2+ L+ €W+ Cp =0

and yield all m roots. The procedure is to ask MATLAB for roots(p), where p
is a row vector whose entries, from left to right, are the numerical coefficients
€1, Cyy .. Gy, 1. Note that if we take¢; =1,¢,=0,¢;=0, ... ¢, ; = —z in the poly-
nomial equation, we obtain w™ —z = 0 whose solutions all satisfy w = z/™.
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Suppose for example we wanted all six values of (1 + i)/. This is the same
problem as finding all six solutions of the polynomial equation w® — (1 + i) = 0.
The expression on the left is a polynomial of degree 6. We should see that
this polynomial has coefficients of zero for the terms w5, w*, ..., w, while the
coefficient of w?is —(1 + i). Thus, to solve our polynomial sixth-degree equa-
tion in w, we proceed as follows:

>> coeffs=[100000—(1 +1i)];
>> format short
>> roots(coeffs)
ans =
-1.0504 - 0.1383i
—0.6450 + 0.8405i
—0.4054 — 0.9788i
0.4054 + 0.9788i
0.6450 — 0.8405i
1.0504 + 0.1383i1

The above are the six values of (1 + i)'/°. The following provides a check.

>> ans.\6
ans =

1.0000 + 1.0000i
1.0000 + 1.0000i
1.0000 + 1.0000i
1.0000 + 1.0000i
1.0000 + 1.00001
1.0000 + 1.00001

There is some round-off error, which is hidden because we are using short
format, but each of these expressions is, to our degree of approximation,
(1 + i). This is correct, as we expect all six values of (1 + 7)'/¢ when raised to
the sixth power to yield (1 + i).

Suppose we want all seven values of (3 + 4i)*7. We would proceed as
before, calculating (3 + 4i)/”. We would then take all seven of these values
and raise them to the fifth power. Here is the procedure:

>> coeffs = zeros(1,8);

%the above takes all the coeffs as zero at first
coeffs(l) = 1;

coeffs(8) = —(3 + 4xi);

poly_roots = roots(coeffs);

final_answer = poly_roots."5
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The output is

final_answer =
-3.0852 — 0.6691i
0.0342 + 3.1567i
3.0700 — 0.7358i1
-1.4005 - 2.8293i1
1.3388 — 2.8590i
—2.4467 + 1.99501
24894 + 1.9414i

Note that there are seven answers, as expected. The first line of our code
coeffs=zeros(1,8); establishes a row vector having eight elements. Initially all
eight are zero. Then we set the first element equal to one and the last equal
to —(3 + 4i).

The above technique can be applied to finding all |m| values of z*/" when
m is a negative integer. We compute z7/I"l and proceed as above, first finding
the |m| values of z/I"l and then raising them to the —nth power.

Suppose we were to take each of the values of (3 + 4i)*7 obtained above
and, using MATLAB, raise them all to the 7/5 power. Can we expect in each
case to recover (3 + 4i)? Trying this, we have

>> recover = final_answer.\(7/5)
recover =
—2.8772 + 4.0892i
—2.8772 + 4.0892i
47313 - 1.6171i
—4.7782 — 1.4727i
—0.0759 — 4.9994i
—4.7782 — 1.4727i
3.0000 + 4.00001

Notice that only one of these results is the original 3 + 4i. This is because
there are five possible values of a number raised to the 7/5th power. Just one
of the above yields ultimately to our having ((3 +4i)"7 )7/5 =3+4i.

Keep the following in mind: Suppose using any method at your disposal
you compute all |m| values of z*/", where n and m are integers, and m = 0.
Now suppose you raise each value to the m/n power using the MATLAB
expression VA(m/n), where V is any one of those m values of z/". There is no
guarantee that you will get back z. A simple example will suffice. We know
that (-1)*2 = (-1)/2 (1) = +i. From MATLAB, we raise both i and —i to the
2/3rds power:

>>iN2/3)
ans = 0.5000 + 0.8660i
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>> (-)N2/3)
ans = 0.5000 — 0.8660i

In neither case did we recover —1. However, if you computed all values of
i2/% and (-i)?/3, you would find in each case that one of the values obtained
is 1.

1.3.4 A Program to Give You Fractional Roots and to Do a Check

Here is a simple MATLAB program that asks you to choose a value of z
and a positive integer m. The program then gives you all values of z!/™.
It does this by solving the polynomial equation in w : w™ — z = 0 using
roots.

We have added some additional checks to our program. Notice that if you
were to factor w” — z into its m factors (w — w,) (W — w,) ... (W — w,,), then the
product of the roots w,w, ... w,, is seen to equal (-1)"'z; the product of the
m values of z'/" is thus (-1)"-'z. Similarly, you should convince yourself that
the coefficient of w™! obtained when you multiply the m factors is —(w; + w, +
w; + ... w,,). But since w" ! does not appear in w" — z, we conclude that the sum
of the m values of z/" is zero.

Try the following problem with some numbers:

z=1nput ('the complex value of z to be considered')
m=input ('input the positive integer m')
v=zeros(l,m+1);%creates a row vector length m+1
%elements are zero.

v(l,1)=1;% the first coeff is 1, the coeff of w'm
v(l,m+1) =-z;% the constant term (the last coeff) is -z
$the following solves the equation w"m-z=0 for w=z"(1/m)
the roots =roots(v)

prod_roots=prod(the roots)

$the preceding should equal (-1)"(m-1) times z.
check prod=(-1)"(m-1)*z

check_roots=sum(the_roots)
$the preceding should be zero to a good approx.

As an exercise, the reader should modify the above code so that the user
is prompted to enter an integer n and a positive integer m where the fraction
n/m is irreducible. The program then computes all m values of z*/" where
again z must be supplied.

1.3.5 A Further Caveat with Fractional Powers: The Plot Function

Suppose x is a row vector whose elements are real numbers. Let w(x) be a
function defined for these values of x. A commonly used line in MATLAB
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code is plot(x,w), which will produce a plot in the Cartesian plane of w
versus x. For example, if x = linspace(0,10,1000) and w = sin(x), the command
plot (x,w) gives you a nice plot of the sine function based on 1000 data points
spaced between 0 and 10.

One must be careful, however. If w is a complex function of the real vari-
able x, then the command plot (x,w) yields a plot of only the real part of w ver-
sus x. This is demonstrated in the following example.

Example 1.8

Using the MATLAB plot function, graph w = x!/3 for the interval -2 <x <2
and explain your result. Use at least 100 data points.

Solution:
x = linspace (-2,2,101);
w = x.7(1/3);

plot (x,w) ;grid

which results in Figure 1.2.

1.4

1.2

0.8

0.4

0.2

FIGURE 1.2
The plot for Example 1.8.
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Notice the lack of symmetry about x = 0. In executing the program,
MATLAB issues a warning about the imaginary value of the function
being ignored in the plotting process.

To explain this result, notice that

1. 2
175 = 4(76+72k )k:O,l,Z
x% =3« 5 O+ 3 2km

MATLAB employs the principal value, taking k = 0, and 6 = 0 when x > 0.

Thus, for x >0, we have x\/? = Q/@ .If x <0, we have from the principal value

1
V3 _3lxl 2 =
x'% =3/ x| (315)

because 6 = 1 on the negative real axis. In Cartesian form, the preceding is

X3 = \/M(cos(n/3)+i sin(n/3)) = %/M(% + \/54)

In our preceding graph above, we have the curve %%/m for x < 0 because

only the real part of x/3 is plotted by MATLAB. This is exactly half the
value obtained for the corresponding positive values of x and is con-
firmed if we study the plot.

To properly graph x'/3 over the given interval, we must employ both the
real and imaginary parts of this function as in the following code:

x=1linspace (-2,2,101);
w=x.%(1/3);

plot (x,real(w),'-"',x,imag(w), '*")
grid

This results in Figure 1.3, to which we have added some labels.

Finally, as we are on the subject of plotting, the reader should be
reminded that the command plot(w), where w is a row vector having
complex elements, yields a graph in which the imaginary part of w is
plotted against the real part. In other words, w is plotted as points in the
complex plane. Here is a simple example that yields a circle of radius 10
in the complex plane:

>> theta = linspace(0,2+pi, 100);
w = 10xexp(ixtheta);
plot(w);axis equal

The reader should verify this. Note that axis equal ensures that a cir-
cular plot appears. Without it, MATLAB might use different scales for
the two axes, and the circle would be distorted into an ellipse.

We could have also just plotted 100 stars, like this #, for the data points
and not obtained a continuous graph if we used plot(w,*’) instead of
plot(w). Here is the result. (See Figure 14.)



Complex Arithmetic

1.4
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Imaginary part \
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FIGURE 1.3
Plots for x/3.

x*

FIGURE 1.4
Values of 10eif generated by letting 8 go through 100 values between 0 and 2m.
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And while we are on the subject of plot, here is a further peril involv-
ing plot when you are using vectors with complex elements together
with vectors having real elements. Consider the following:
clf
a=[1+1 5+5%i 10+10%i];
b=[1 5 10];
plot(a, 'k-', 'linewidth',2) ;hold on
text (4,4, 'the plot of a')
plot(a,'o")
plot (b, 'k-", 'linewidth',2) ;
plot (b, 'o");
text(2.2,5, 'the plot of b');grid

We obtain Figure 1.5.

The plot of the vector a shows its imaginary elements plotted against
their corresponding real parts. They all lie on the line y = x, which makes
a 45-degree angle with the real axis.

Now the vector b has only real elements, which are 1 and 5 and 10.
The imaginary part of each element is zero. So, following the logic used
by MATLAB in making the plot for 2, we would expect that these points
would occur on the line y = 0 at x = 1 and 5 and 10. We would expect
MATLAB to connect these points with a horizontal line.

10 j‘ 0
9 /
8 /
7 /
6

=
5 ,/ The plot of b A
i " The plot of a
4 /
3 /
2
1
1 2 3 4 5 6 7 8 9 10
X
FIGURE 1.5

Perils of using the plot function.
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Instead, MATLAB, seeing that each element in b is real, plots the
value of that element against its index in the row vector b. Thus, the
first element, one, is plotted against its index, one. The second element
has the value 5 and this value is plotted against 2, and finally the third
element is 10 and this is plotted at x = 3, y = 10. The preceding exercise
should serve as a warning and an explanation of seemingly strange
results.

.|
Exercises

1. Using MATLAB, obtain one numerical value for each of the follow-
ing by simply asking for a’b.

a. (<27ip
b. (1+ i)/
o (-1-iye

2. Without using MATLAB, but knowing its convention for produc-
ing fractional roots, predict whether or not the use of MATLAB will
yield these results, and explain your logic:

(22 = i

(/223 =
(=1
(e =1

(1 +0pRp/5 = -1+

Now confirm your predictions for parts (a) through (e) by using
MATLAB.

3. Using roots, as discussed, find all values of the following and in
each case plot the values using a * to mark their location.

a. (1+i¥»

b. (3 —4i)>7

c. (13 + 7i)109% (be sure to use the function zeros in this case to cre-
ate the coefficients for roots)

- 0o & n T

4. Using Equation 1.6, we can sum all the m possible values of z/". The
result is

S= (’{’/?)" Cis[::le]g cis[anZ:l

We can show that this summation S = 0. In other words, the sum
of all possible values of z'/™ is zero.



