


Optical Microring
Resonators

Theory, Techniques, 
and Applications



SERIES IN OPTICS AND OPTOELECTRONICS

Series Editors: E Roy Pike, Kings College, London, UK
 Robert G W Brown, University of California, Irvine, USA                        

Recent titles in the series

Optical Microring Resonators: Theory, Techniques, and Applications
V. Van

Optical Compressive Imaging
Adrian Stern

Singular Optics
Gregory J. Gbur

The Limits of Resolution
Geoffrey de Villiers and E. Roy Pike

Polarized Light and the Mueller Matrix Approach
José J Gil and Razvigor Ossikovski

Light—The Physics of the Photon
Ole Keller

Advanced Biophotonics: Tissue Optical Sectioning
Ruikang K Wang and Valery V Tuchin (Eds.)

Handbook of Silicon Photonics
Laurent Vivien and Lorenzo Pavesi (Eds.)

Microlenses: Properties, Fabrication and Liquid Lenses
Hongrui Jiang and Xuefeng Zeng

Laser-Based Measurements for Time and Frequency Domain  
Applications: A Handbook
Pasquale Maddaloni, Marco Bellini, and Paolo De Natale

Handbook of 3D Machine Vision: Optical Metrology and Imaging
Song Zhang (Ed.)

Handbook of Optical Dimensional Metrology
Kevin Harding (Ed.)

Biomimetics in Photonics
Olaf Karthaus (Ed.)

Optical Properties of Photonic Structures: Interplay of Order  
and Disorder
Mikhail F Limonov and Richard De La Rue (Eds.)

Nitride Phosphors and Solid-State Lighting
Rong-Jun Xie, Yuan Qiang Li, Naoto Hirosaki, and Hajime Yamamoto 



V. Van
University of Alberta
Edmonton, Canada

Optical Microring
Resonators

Theory, Techniques, 
and Applications

SERIES IN OPTICS AND OPTOELECTRONICS

Series Editors: E Roy Pike, Kings College, London, UK
 Robert G W Brown, University of California, Irvine, USA                        

Recent titles in the series

Optical Microring Resonators: Theory, Techniques, and Applications
V. Van

Optical Compressive Imaging
Adrian Stern

Singular Optics
Gregory J. Gbur

The Limits of Resolution
Geoffrey de Villiers and E. Roy Pike

Polarized Light and the Mueller Matrix Approach
José J Gil and Razvigor Ossikovski

Light—The Physics of the Photon
Ole Keller

Advanced Biophotonics: Tissue Optical Sectioning
Ruikang K Wang and Valery V Tuchin (Eds.)

Handbook of Silicon Photonics
Laurent Vivien and Lorenzo Pavesi (Eds.)

Microlenses: Properties, Fabrication and Liquid Lenses
Hongrui Jiang and Xuefeng Zeng

Laser-Based Measurements for Time and Frequency Domain  
Applications: A Handbook
Pasquale Maddaloni, Marco Bellini, and Paolo De Natale

Handbook of 3D Machine Vision: Optical Metrology and Imaging
Song Zhang (Ed.)

Handbook of Optical Dimensional Metrology
Kevin Harding (Ed.)

Biomimetics in Photonics
Olaf Karthaus (Ed.)

Optical Properties of Photonic Structures: Interplay of Order  
and Disorder
Mikhail F Limonov and Richard De La Rue (Eds.)

Nitride Phosphors and Solid-State Lighting
Rong-Jun Xie, Yuan Qiang Li, Naoto Hirosaki, and Hajime Yamamoto 



CRC Press
Taylor & Francis Group
6000 Broken Sound Parkway NW, Suite 300
Boca Raton, FL 33487-2742

© 2017 by Taylor & Francis Group, LLC
CRC Press is an imprint of Taylor & Francis Group, an Informa business

No claim to original U.S. Government works

Printed on acid-free paper
Version Date: 20161004

International Standard Book Number-13: 978-1-4665-5124-4 (Hardback)

This book contains information obtained from authentic and highly regarded sources. Reasonable 
efforts have been made to publish reliable data and information, but the author and publisher cannot 
assume responsibility for the validity of all materials or the consequences of their use. The authors and 
publishers have attempted to trace the copyright holders of all material reproduced in this publication 
and apologize to copyright holders if permission to publish in this form has not been obtained. If any 
copyright material has not been acknowledged please write and let us know so we may rectify in any 
future reprint.

Except as permitted under U.S. Copyright Law, no part of this book may be reprinted, reproduced, 
transmitted, or utilized in any form by any electronic, mechanical, or other means, now known or 
hereafter invented, including photocopying, microfilming, and recording, or in any information stor-
age or retrieval system, without written permission from the publishers.

For permission to photocopy or use material electronically from this work, please access www.copy-
right.com (http://www.copyright.com/) or contact the Copyright Clearance Center, Inc. (CCC), 222 
Rosewood Drive, Danvers, MA 01923, 978-750-8400. CCC is a not-for-profit organization that pro-
vides licenses and registration for a variety of users. For organizations that have been granted a pho-
tocopy license by the CCC, a separate system of payment has been arranged.

Trademark Notice: Product or corporate names may be trademarks or registered trademarks, and are 
used only for identification and explanation without intent to infringe.

Library of Congress Cataloging‑in‑Publication Data

Names: Van, Vien, 1971- author.
Title: Optical microring resonators : theory, techniques, and applications / 
Vien Van.
Other titles: Series in optics and optoelectronics (CRC Press)
Description: Boca Raton, FL : CRC Press, Taylor & Francis Group, [2017] | 
Series: Series in optics and optoelectronics
Identifiers: LCCN 2016040265| ISBN 9781466551244 (hardback ; alk. paper) | 
ISBN 1466551240 (hardback ; alk. paper)
Subjects: LCSH: Microresonators (Optoelectronics) | Optoelectronic devices. | 
Optical wave guides. | Nonlinear optics.
Classification: LCC TK8360.M53 V36 2017 | DDC 621.381/045--dc23
LC record available at https://lccn.loc.gov/2016040265

Visit the Taylor & Francis Web site at
http://www.taylorandfrancis.com

and the CRC Press Web site at
http://www.crcpress.com

http://www.copyright.com
http://www.copyright.com
http://www.copyright.com/
https://lccn.loc.gov/2016040265
http://www.taylorandfrancis.com
http://www.crcpress.com


v

Contents

Preface ix

 1 Elements of an Optical Microring Resonator. . . . . . . . . . . . . . . . 1
1.1 Dielectric Optical Waveguides . . . . . . . . . . . . . . . . . . . . . . . 2

1.1.1 The vectorial wave equations . . . . . . . . . . . . . . . . . 4
1.1.2 The EIM and solutions of the 

one-dimensional slab waveguide . . . . . . . . . . . . . 10
1.1.3 Waveguide dispersion . . . . . . . . . . . . . . . . . . . . . . 13
1.1.4 Propagation loss . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

1.2 Optical Modes in Bent Dielectric Waveguides  . . . . . . . . 18
1.2.1 Conformal transformation of bent waveguides. . .18
1.2.2 Resonant modes in microdisks and 
 microrings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
1.2.3 Full-vectorial analysis of bent waveguides . . . . . 30

1.3 Coupling of Waveguide Modes in Space . . . . . . . . . . . . . 35
1.3.1 The coupled mode equations . . . . . . . . . . . . . . . . 35
1.3.2 Solution of the coupled mode equations . . . . . . . 39

1.4 Fabrication of Microring Resonators . . . . . . . . . . . . . . . . . 44
1.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

 2 Analytical Models of a Microring Resonator . . . . . . . . . . . . . . . 53
2.1 Resonance Spectrum of an Uncoupled Microring 

Resonator. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
2.2 Power Coupling Description of a Microring Resonator . 57

2.2.1 The add-drop microring resonator  . . . . . . . . . . . 58
2.2.2 The all-pass microring resonator . . . . . . . . . . . . . 67
2.2.3 Phase and GD responses of a microring 

resonator  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
2.3 Energy Coupling Description of a Microring Resonator . . . 75
2.4 Relationship between Energy Coupling and Power 

Coupling Formalisms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82
2.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84



vi Optical Microring Resonators

 3 Coupled Microring Optical Filters  . . . . . . . . . . . . . . . . . . . . . . . 87
3.1 Periodic Arrays of Microring Resonators . . . . . . . . . . . . . 88

3.1.1 Periodic arrays of APMRs . . . . . . . . . . . . . . . . . . . 89
3.1.2 Periodic arrays of ADMRs . . . . . . . . . . . . . . . . . . . 93
3.1.3 Arrays of serially coupled microring 
 resonators  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

3.2 Transfer Functions of Coupled Microring 
Optical Filters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

3.3 Cascaded All-Pass Microring Filters . . . . . . . . . . . . . . . . 103
3.4 Serially Coupled Microring Filters  . . . . . . . . . . . . . . . . . 107

3.4.1 Energy coupling analysis of serially 
coupled microring filters . . . . . . . . . . . . . . . . . . . 107

3.4.2 Energy coupling synthesis of serially 
coupled microring filters . . . . . . . . . . . . . . . . . . . 112

3.4.3 Power coupling analysis of serially 
coupled microring filters . . . . . . . . . . . . . . . . . . . 116

3.4.4 Power coupling synthesis of serially 
coupled microring filters . . . . . . . . . . . . . . . . . . . 119

3.5 Parallel Cascaded ADMRs . . . . . . . . . . . . . . . . . . . . . . . . 122
3.6 Parallel Cascaded Microring Doublets . . . . . . . . . . . . . . 126
3.7 2D Networks of CMRs  . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

3.7.1 Energy coupling analysis of 2D CMR 
networks  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

3.7.2 Energy coupling synthesis of 2D CMR 
networks  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138

3.7.3 Power coupling analysis of 2D CMR 
 networks  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147

3.8 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157

 4 Nonlinear Optics Applications of Microring Resonators  . . . 163
4.1 Nonlinearity in Optical Waveguides  . . . . . . . . . . . . . . . 163

4.1.1 Intensity-dependent nonlinearity  . . . . . . . . . . . 163
4.1.2 Free carrier-induced nonlinear effects  . . . . . . . 166
4.1.3 Wave propagation in a nonlinear optical 

waveguide . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 169
4.1.4 Free carrier-induced nonlinear effects in an 

optical waveguide  . . . . . . . . . . . . . . . . . . . . . . . . 176
4.1.5 FWM in a nonlinear optical waveguide . . . . . . 183

4.2 Optical Bistability and Instability in a 
Nonlinear Microring Resonator . . . . . . . . . . . . . . . . . . . . 191



viiContents

4.2.1 SPM and enhanced nonlinearity in a 
microring resonator . . . . . . . . . . . . . . . . . . . . . . . 192

4.2.2 Bistability and self-pulsation in a microring 
resonator  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 196

4.2.3 Free carrier effects and self-pulsation in a 
microring resonator . . . . . . . . . . . . . . . . . . . . . . . 200

4.3 All-Optical Switching in a Nonlinear Microring 
Resonator. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 212
4.3.1 Enhanced nonlinear switching in a 

microring resonator . . . . . . . . . . . . . . . . . . . . . . . 213
4.3.2 Self-switching of a pulse in a nonlinear 

microring resonator . . . . . . . . . . . . . . . . . . . . . . . 217
4.3.3 Pump-and-probe switching in a nonlinear 

microring resonator . . . . . . . . . . . . . . . . . . . . . . . 223
4.4 FWM in a Nonlinear Microring Resonator  . . . . . . . . . . 226
4.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 236
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 237

 5 Active Photonic Applications of Microring Resonators . . . . . 241
5.1 Mechanisms for Tuning Microring Resonators . . . . . . . 241

5.1.1 The thermo-optic effect . . . . . . . . . . . . . . . . . . . . 243
5.1.2 The electro-optic effect  . . . . . . . . . . . . . . . . . . . . 247
5.1.3 Free carrier dispersion . . . . . . . . . . . . . . . . . . . . . 250

5.2 Dynamic Response of a Microring Modulator  . . . . . . . 253
5.2.1 Dynamic energy-coupling model of a 

microring modulator . . . . . . . . . . . . . . . . . . . . . . 254
5.2.2 Small-signal analysis . . . . . . . . . . . . . . . . . . . . . . 255

5.2.2.1 Transfer function of an APMR 
modulator . . . . . . . . . . . . . . . . . . . . . . . 258

5.2.2.2 Modulation efficiency . . . . . . . . . . . . . 258
5.2.2.3 Electrical bandwidth . . . . . . . . . . . . . . 260
5.2.2.4 Small-signal step response . . . . . . . . . 263

5.3 Large-Signal Response of a Microring Modulator . . . . 264
5.3.1 Large-signal step response . . . . . . . . . . . . . . . . . 264
5.3.2 Large-signal response under sinusoidal 

modulation  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 267
5.3.3 Intermodulation products . . . . . . . . . . . . . . . . . . 274

5.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 275
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 275

Index 279



http://taylorandfrancis.com


ix

Preface

Since their early development in the 1990s, optical microring 
 resonators have become one of the most important elements in 
integrated optics technology. These simple but versatile structures 
have found myriad applications in filters, sensors, lasers, nonlinear 
optics,  optomechanics, and more recently, quantum optics. Indeed, 
it is difficult to imagine an integrated photonic system today that 
does not utilize a microring resonator as part of the circuit architec-
ture. Given the diversity and ubiquitousness of their applications, 
the need arises for a systematic review of the technology that can 
serve as a reference source for engineers and researchers working 
in the broader field of integrated photonics.

The objective of this book is to provide a concise treatment 
of the theory, principles and techniques of microring resonator 
devices, and their applications. It is intended for graduate students 
and researchers who wish to familiarize themselves with the tech-
nology and acquire sufficient knowledge to enable them to design 
microring devices for their own applications of interest. Rapid 
advances in integrated optics and microfabrication technologies 
have enabled microring devices with increasingly more sophisti-
cated designs and superior performance to be developed. However, 
the underlying working principles of these devices remain the same 
for the most part. Thus, while attempts are made to highlight some 
of the recent advances in microring technology, the main focus of 
the book is to provide a detailed treatment of the underlying theory 
and techniques for modeling and designing microring devices so 
that the reader can readily apply the knowledge to their own appli-
cations. Toward this aim, numerous numerical examples are given 
to help illustrate the application of these techniques, as well as to 
demonstrate what can theoretically be achieved with these devices. 
Many of the examples are based on the silicon-on-insulator mate-
rial system, a choice motivated by the growing prevalence of silicon 
photonics in integrated optics technology.

The book is divided into five chapters. While a basic familiarity 
with optics is assumed, a brief review of the concepts essential to 
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the understanding of microring resonators and their applications 
will be given in the relevant chapters. In particular, Chapter 1 will 
give a review of the theory of optical waveguides, whispering gal-
lery modes, and coupled waveguide systems, which are the basic 
 elements constituting any microring device. Chapter 2 develops the 
basic formalisms used to analyze simple microring resonators cou-
pled to one or more waveguides. Chapter 3 is devoted to the analysis 
and design of coupled microring resonators for filter applications. 
Nonlinear optics and active photonic applications of microring 
 resonators are the subjects of Chapters 4 and 5, respectively.

This book is born out of my research on microring resonators 
which began at the University of Waterloo, Ontario, Canada, in the 
late 1990s and subsequently at the University of Maryland, College 
Park, in the early 2000s. I have in particular benefited tremendously 
from the mentorship of Professor Ping-Tong Ho as well as from my 
 colleagues at the Laboratory for Physical Sciences at the University 
of Maryland. The contributions of my graduate students at the 
University of Alberta have also helped shape a large part of this 
book, with special acknowledgment to Ashok Prabhu Masilamani, 
Alan Tsay, Daniel Bachman, Guangcan Mi, and Siamak Abdollahi. 
I also acknowledge the assistance of many students in the prepara-
tion and editing of the book, with special thanks to Jocelyn Bachman, 
Guangcan Mi, Yang Ren, and Daniel Bachman for reviewing and 
proofreading parts of the manuscript.

V. Van
University of Alberta

September 2016



1

ChaPter 1

elements of an Optical 
Microring resonator

An optical microring resonator is an integrated optic traveling wave 
resonator constructed by bending an optical waveguide to form a 
closed loop, typically of a circular or racetrack shape. Light propa-
gating in the microring waveguide interferes with itself after every 
trip around the ring. When the roundtrip length is exactly equal to 
an integer multiple of the guided wavelength, constructive interfer-
ence of light occurs which gives rise to sharp resonances and large 
intensity buildup inside the microring. The high wavelength selec-
tivity, strong dispersion, large field enhancement, and high quality 
factor are important characteristics which make microring resona-
tors extremely versatile and useful for a wide range of applications 
in optical communication, signal processing, sensing, nonlinear 
optics and, more recently, quantum optics.

Microring and microdisk resonators were first proposed by 
Marcatili in 1969 for realizing channel dropping filters based on 
planar optical waveguides (Marcatili 1969b). Similar traveling wave 
filters based on microwave striplines had been proposed and stud-
ied earlier by Coale (1956). However, it was not until the late 1990s 
that advances in the microfabrication technology for integrated 
photonic devices enabled optical microring resonators to be real-
ized with high quality factors. Since then, microring and microdisk 
resonators have been demonstrated for a wide range of applications 
in various material systems such as silicon-on-insulator (SOI), III–V 
semiconductors, glass, and polymers.

Broadly defined, an optical resonator is a structure which con-
fines light in all spatial directions. In a microring resonator, this is 
achieved in two ways: transversely by the refractive index contrast 
of the dielectric waveguide used to form the microring and longi-
tudinally by the periodic boundary condition imposed by the ring 
or racetrack structure. The propagation characteristics of the dielec-
tric waveguide, and especially those of the curved waveguide, 
thus have a major impact on the characteristics of the microring 
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resonator. In addition, the manner by which light is coupled into 
and out of the resonator is also of practical importance. Typically 
this is achieved via evanescent field coupling between the micror-
ing waveguide and one or two external straight waveguides, called 
access or bus waveguides, by which light is coupled into or out of 
the resonator. Figure 1.1 illustrates a microring resonator coupled to 
two bus waveguides and its microdisk variant coupled to a single 
waveguide.

This chapter provides a brief review of the basic elements con-
stituting a microring resonator, with a view on how their designs 
and properties may affect the performance of the resonator. Section 
1.1 reviews the theory of planar dielectric waveguides and the wave 
equations governing optical mode propagation. Section 1.2 looks at 
light propagation in curved waveguides and examines the proper-
ties of whispering gallery modes in microdisk and microring reso-
nators. Section 1.3 develops a formalism for analyzing the coupling 
of waveguide modes in space, which is useful for designing eva-
nescent wave couplers for coupling light into and out of a micror-
ing resonator. Finally, Section 1.4 provides an overview of standard 
fabrication processes for microring devices and highlights several 
important issues relevant to the practical implementation of these 
devices.

1.1 Dielectric Optical Waveguides
Dielectric optical waveguides are the basic structures for confin-
ing and guiding light in well-defined discrete modes in photonic 
integrated circuits (PICs). A planar dielectric waveguide consists 
of a core of refractive index n1 embedded in other dielectric layers 

MicroringBus waveguide MicrodiskBus waveguide
(a) (b)

Figure 1.1 Schematic of (a) a microring resonator coupled to two bus 
(or access) waveguides and (b) a microdisk resonator coupled to one bus 
waveguide.
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of lower refractive indices. Light is confined within the core due 
to total internal reflection at the interfaces between the high-index 
core and the lower-index cladding media. The degree of confine-
ment increases with the refractive index contrast between the core 
and cladding. For a waveguide with a uniform cladding of refrac-
tive index n2, the index contrast is defined as

∆n
n n

n
n n

n
= − ≈ −1

2
2
2

1
2

1 2

12
.
 

(1.1)

The approximation in the above formula is good for low-index con-
trast waveguides. Some common waveguide material systems and 
their index contrasts are listed in Table 1.1. Typically, the index con-
trast ranges from about 1% for weakly confined waveguides based 
on doped silica materials, to over 40% for strongly confined semi-
conductor waveguides. In general, high-index contrast (or high-Δn) 
waveguides are desirable for the miniaturization of PICs since they 
have smaller dimensions and provide stronger confinement of 
light, which enables sharp waveguide bends to be realized with low 
bending loss. On the other hand, polarization-dependent effects 
and scattering loss also tend to be more pronounced in high-Δn 
waveguides.

Two basic optical waveguide structures are shown in Figure 1.2: 
the rib (or ridge) waveguide and the rectangular strip waveguide. 
From the fabrication point of view, these two structures differ only 
by the etch depth in defining the waveguide core: in a rib waveguide, 
the core is etched only to a depth h leaving a residual high-index 

Table 1.1 Refractive Indices of Some Common 
Integrated Optic Waveguide Materials

Core Material
Refractive Index 

at λ = 1.55 μm
Index Contrasta 

Δn (%)
Doped silica 1.45–1.5 0.7–4
Polymers 1.45–1.7 0.7–14
SiOxNy 1.45–2.0 0.7–24
SiNx 2.0–2.3 24–30
III–V (InP, GaAs) 3.16, 3.4 40, 41
Si 3.47 41
a Index contrast assuming SiO2 cladding with refractive 

index n2 = 1.44.
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layer of thickness t, whereas in a strip waveguide, the core layer is 
completely etched through. However, the modal  characteristics of 
the two waveguides are quite different, as shown in Figure 1.2. In 
the rib waveguide, the residual high-index layer causes the mode 
to expand laterally. Due to the weak lateral  confinement, rib wave-
guides tend to suffer from larger bending loss than strip wave-
guides. As a result, microring resonators are typically designed 
using strip waveguides to minimize radiation loss due to bending.

Since the performance of a PIC (photonic integrated circuit) 
depends critically on the properties of the waveguide modes, it is 
important to obtain a detailed analysis of the propagation charac-
teristics of light in the optical waveguide. In the next section, we 
will derive the wave equation and its various approximations for 
describing electromagnetic wave propagation in a planar  dielectric 
waveguide. A review of the main methods for solving these 
 equations will also be given.

1.1.1 The vectorial wave equations

The field distributions of a waveguide mode and its associated 
propagation constant are determined by solving an eigenvalue 
problem formulated in terms of either the transverse electric (TE) 

Under-cladding

Core layer

n3

n1

Over-cladding n2

h
t

Over-cladding

Under-cladding

Core

n2

n3

n1
t

y

x

–1
–0.6
–0.4
–0.2

0

–0.4

–0.2

0

0.2

0.4

0.6

0.2
0.4
0.6
0.8
1.0
1.2

–0.5 –0.4 –0.2 0 0.2 0.4 0.60
x (µm)

y (
µm

)

y (
µm

)

(a)

x (µm)

(b)

0.5 1

Figure 1.2 Schematic and Ey-field distribution of the quasi-TM mode of 
(a) a rib (or ridge) waveguide and (b) a rectangular strip waveguide.
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field or transverse magnetic (TM) field. We consider a dielectric 
waveguide oriented along the z-axis and characterized by a trans-
verse index profile n(x, y). Under the assumption that the transverse 
index profile is invariant along the propagation axis (the z-axis), the 
electric and magnetic field distributions of a waveguide mode can 
be expressed as

E( , , ) ,x y z x y e j z= −E( , ) β
 (1.2)

H( , , ) ( , ) ,x y z x y e j z= −H β
 (1.3)

where β is the propagation constant of the waveguide mode and the 
time dependence ejωt is assumed and suppressed. For the purpose 
of modal analysis, it is convenient to further decompose the fields 
E and H into a transverse component and a longitudinal compo-
nent as follows:

E E z( , ) ( , ) ( , ) ,x y x y E x y= +t z �  (1.4)

H H z( , ) ( , ) ( , ) .x y x y H x y= +t z �  (1.5)

The electric and magnetic fields E and H satisfy Maxwell’s 
equations,

∇ × =E − ωj µ0H,  (1.6)

∇ × =H Ej n x yωε0
2( , ) ,  (1.7)

where ε0 and μ0 are the electric permittivity and magnetic perme-
ability, respectively, of vacuum. By taking the curl of Equation 1.6 
and using Equation 1.7 to eliminate ∇ × H from the resulting equa-
tion, we get

∇ × ∇ × =E En k2 2 , (1.8)

where k = ω/c. With the help of the vector identity ∇ × ∇ × =E
∇ ∇⋅ − ∇( )E E2 , we can write Equation 1.8 as

∇ + = ∇ ∇⋅2 2 2E E En k ( ).  (1.9)

Substituting E( , , ) ( , )x y z x y e j z= −E β  into the above equation and 
making use of the field decomposition in Equation 1.4, we obtain



6 Optical Microring Resonators

∇ + − = ∇ ∇ ⋅ + ∇ ∂
∂





t t t t t t t

z2 2 2 2E E E( ) ( ) ,n k
E
z

β
 

(1.10)

where ∇ = ∂ ∂ + ∂ ∂t / /ˆ( ) ˆ ( )x yx y . In the absence of free charge, Gauss’s 
law gives

∇ ⋅ ∇ ⋅ + ∂
∂

=( ) ( ) ,n n n
E
z

2 2 2 0E E= t t
z

 
(1.11)

from which we get

∂
∂

= − ∇ ⋅E
z n

nz
t t

1
2

2( ).E
 

(1.12)

Upon substituting the above expression into Equation 1.10, we obtain 
the vectorial wave equation in terms of the transverse electric field,

∇ + − = ∇ ∇ ⋅ − ∇ ∇ ⋅





t t t t t t t t t
2 2 2 2

2
21

E E E E( ) ( ) ( ) .n k
n

nβ
 

(1.13)

Equation 1.13 is an eigenvalue problem whose solution gives the 
transverse field distribution Et of an optical mode and its propa-
gation constant β. The effective index of the waveguide mode is 
defined as neff = β/k.

The terms on the right-hand side of Equation 1.13 account for 
the polarization coupling between the transverse field components 
Ex and Ey. Thus, in general, the mode of an optical waveguide is 
hybrid or vectorial in nature, that is, it contains both Ex and Ey com-
ponents of the electric field. We can write Equation 1.13 in the form 
of an eigenvalue matrix equation as (Xu et al. 1994)

P P

P P

E

E

E

E
xx xy

yx yy

x

y

x

y



















 =









β2 ,

 
(1.14)

where the operators in the matrix are given by

P E
x n x

n E
E
y

n k Exx x x
x

x= ∂
∂

∂
∂ ( )





+ ∂
∂

+1
2

2
2

2
2 2 ,

 
(1.15)

P E
E
x y n y

n E n k Eyy y
y

y y=
∂
∂

+ ∂
∂

∂
∂ ( )







 +

2

2 2
2 2 21

,
 

(1.16)
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P E
x n y

n E
E

y x
xy y y

y= ∂
∂

∂
∂ ( )







 −

∂
∂ ∂

1
2

2
2

,
 

(1.17)

P E
y n x

n E
E

x y
yx x x

x= ∂
∂

∂
∂ ( )





− ∂
∂ ∂

1
2

2
2

.
 

(1.18)

It is apparent from Equation 1.14 that the operators Pxy and Pyx give 
rise to polarization coupling effects. For rectangular waveguides 
with low to moderate index contrasts, the two lowest-order modes 
are predominantly linearly polarized along either the principal 
x- or y-axis. It is often a good approximation to neglect the minor 
field component of each mode and consider the mode to be either 
quasi-TE with major field component Ex, or quasi-TM with major 
field component Ey. Under this semi-vectorial approximation, the 
cross-polarization coupling terms in Equation 1.14 are neglected so 
that the equations governing the major field components become

P E
x n x

n E
E
y

n k E Exx x x
x

x TE x quasi-T= ∂
∂

∂
∂ ( )





+ ∂
∂

+ =1
2

2
2

2
2 2 2β , ( EE)

 (1.19)

P E
E
x y n y

n E n k E Eyy y
y

y y TM y quasi-T=
∂
∂

+ ∂
∂

∂
∂ ( )







 + =

2

2 2
2 2 2 21 β . ( MM)

 (1.20)

For low-index contrast waveguides, one may further neglect 
the spatial index variation in the square bracket terms in the above 
equations. Under this approximation, the TE and TM modes become 
identical and are described by the scalar wave equation

P E P E
E

x
E

y
n k E Exx yy= = ∂

∂
+ ∂

∂
+ =

2

2

2

2
2 2 2β .

 
(1.21)

Figure 1.3 shows the electric field distributions of the two 
 lowest-order modes in an SOI strip waveguide consisting of a Si 
core of 250 nm thickness and 400 nm width embedded in a SiO2 
cladding. Both the semi-vectorial and full-vectorial solutions of the 
modes are shown for comparison. Also shown are the effective indi-
ces of the modes at the 1.55 μm wavelength. We see that the semi-
vectorial and full-vectorial solutions give similar field distributions 
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for the major field component of each mode, although there is a dif-
ference of about 3–5% between the effective index values.

We can also formulate the wave equation in terms of the trans-
verse magnetic field Ht. One advantage of solving for the optical 
mode in terms of the magnetic field is that the fields Hx and Hy are 
continuous across all dielectric boundaries. By taking the curl of 
Equation 1.7 and using Equation 1.6 to eliminate ∇ × E , we get

∇ + = − ∇ × ∇ ×2 2 2
2

21
H H Hn k

n
n ( ).

 
(1.22)

Substituting Equations 1.3 and 1.5 into the above equation, we 
obtain the following vectorial wave equation in terms of the trans-
verse magnetic field,

∇ + − = − ∇ × ∇ ×t t t t t t
2 2 2 2

2
21

H H H( ) ( ) ( ).n k
n

nβ
 

(1.23)
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Figure 1.3 Semi-vectorial and full-vectorial solutions of the two lowest-
order modes at 1.55 μm wavelength of an SOI strip waveguide (Si core of 
dimensions 400 × 250 nm2 embedded in a SiO2 cladding): (a, b) TE mode, 
(c, d) TM mode.
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The above equation can be written explicitly in a component form 
as (Xu et al. 1994)

Q Q

Q Q

H

H

H

H
xx xy

yx yy

x

y

x

y



















 =









β2 ,

 
(1.24)

where

Q H
H
x

n
y n

H
y

n k Hxx x
x x

x= ∂
∂

+ ∂
∂

∂
∂







+
2

2
2

2
2 21

,
 

(1.25)

Q H n
x n

H
x

H
y

n k Hyy y
y y

y= ∂
∂

∂
∂







+
∂
∂

+2
2

2

2
2 21

,
 

(1.26)

Q H
H

x y
n

y n
H
x

xy y
y y=

∂
∂ ∂

− ∂
∂

∂
∂







2
2

2

1
,
 

(1.27)

Q H n
x n

H
y

H
y x

yx x
x x= ∂

∂
∂
∂







+ ∂
∂ ∂

2
2

21
.
 

(1.28)

In general, the vectorial wave equations (1.13) and (1.23) do not 
have analytical solutions and must be solved numerically. Many 
efficient numerical techniques have been developed for solving 
these equations for waveguides with arbitrary cross-sections and 
index profiles, the most popular ones being the finite difference 
method (Xu et  al. 1994) and the finite element method (Rahman 
and Davies 1984, Koshiba 1992).*,† Approximate methods for com-
puting the effective index are also available, such as Marcatili’s 
method (Marcatili 1969a), the effective index method (EIM) (Knox 
and Toulios 1970), and perturbation methods (Chiang 1993). These 
methods generally give good approximations for low index contrast 
waveguides or for modes far from cutoff. Despite its approximate 
nature, the EIM has found widespread use in the analysis of pla-
nar waveguides, even for high-index contrast waveguides, thanks 

* The finite element method is typically formulated based on either Equation 1.9 
for the electric field or Equation 1.22 for the magnetic field.

† Commercial software for computing the field distributions and effective indi-
ces of optical waveguide modes are also available, such as COMSOL, RSoft, 
Optiwave, and Lumerical.
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to its simplicity and intuitive approach. Given the importance of 
the method for waveguide analysis, we will briefly review the key 
aspects of the EIM method below.

1.1.2   The EIM and solutions of the one-dimensional 
slab waveguide

The basic idea of the EIM method (Knox and Toulios 1970) is the 
successive approximations of a two-dimensional (2D) rectangular 
waveguide by one-dimensional (1D) slab waveguides, which can be 
separately analyzed. The procedure is illustrated in Figure 1.4 for 
both a rib waveguide and a strip waveguide. In the first approxi-
mation, the vertical index profile in each of the core and cladding 
regions (regions I and II) is replaced by the effective index of the 
corresponding 1D, y-confined slab waveguides with y-dependent 
index profiles. This procedure reduces the 2D waveguide to a 1D, 
x-confined slab waveguide with an x-dependent effective index dis-
tribution neff(x). The effective index of the equivalent slab waveguide 

t
h

neff,2

neff,2 neff,2

neff,1 neff,1

neff(x) neff(x)

n3

n3 n3

n3neff,1 neff,2

tx

y

I IIII I IIII

x x

n(y)
n1

n2

n3 n3

n2 n2 n2 n2

n3 n3

n3

n2 n2

n1
n1

n1n1

n3 n3
y

y-slab I

x-slab

(a) (b)

neff,1

Figure 1.4 Successive approximations of a 2D waveguide by 1D slab 
waveguides in the EIM: (a) rib waveguide and (b) strip waveguide. The 
index profile n(y) of the y-confined slab waveguide in the core region 
(region I) and the effective index distribution neff(x) of the x-confined slab 
waveguide are also shown.
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is then determined and taken as an approximation to the effective 
index of the 2D rectangular waveguide.

The mathematical basis of the EIM method lies in the assump-
tion that the TE and TM semi-vectorial wave equations are separa-
ble. For example, for the quasi-TE mode, we assume that the solution 
for the electric field Ex in Equation 1.19 has the form

E x y X x Y yx ( , ) ( ) ( ).=  (1.29)

Substituting this solution into Equation 1.19 and dividing by X(x)
Y(y), we get

1 1 1
02

2
2

2
2 2 2

X
d

dx n
d

dx
n X

Y
d Y
dy

n k( )





+ + − =( ) ,βTE

 
(1.30)

where n = n(x, y) is the index profile of the 2D waveguide. By adding 
and subtracting the term n x keff

2 2( )  to Equation 1.30, we can separate 
it into two 1D wave equations (Okamoto 2000):

d Y
dy

n x y n x k Y y
2

2
2 2 2 0+ −  =( , ) ( ) ( ) ,eff

 
(1.31)

d
dx n x

d
dx

n x X n x k X x
1

02
2 2 2 2

eff
eff eff TE

( )
( ) ( ) ( )( )







 + −  =β ..

 
(1.32)

We recognize Equation 1.31 as the TE wave equation for a  y-confined 
slab waveguide and Equation 1.32 is the TM wave equation for an 
x-confined slab waveguide. We first solve Equation 1.31 in each of 
the core and cladding regions (regions I and II) to obtain the lat-
eral effective index distribution neff(x). The TM effective index of the 
equivalent x-confined slab waveguide is then determined by solv-
ing Equation 1.32. Alternatively, it is more convenient to determine 
the TM effective index of the x-confined slab waveguide by solving 
the wave equation in terms of the magnetic field Hy

d H
dx

n x k H x
2

2
2 2 2 0y
eff y+ −  =( ) ( ) .β

 
(1.33)

In general, the error in the effective index value obtained by the 
EIM method arises from two approximations. The first approxima-
tion is the use of the semi-vectorial wave equations to approximate 
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the hybrid modes of the waveguide. The second approximation 
comes from the fact that in order for the semi-vectorial equation 
(1.19) or (1.20) to be separable, the index profile of the waveguide 
must be decomposable in the form (Chiang 1996)

n x y n x n y2 2 2( , ) ( ) ( ).= +x y  (1.34)

The actual index functions nx(x) and ny(y) assumed by the EIM 
method depend on the waveguide structure being analyzed.

The computation of the effective index of a 2D waveguide 
by the EIM method reduces to the solution of two 1D slab wave-
guides. In  fact, one of the appealing features of the EIM method 
is that analytical solutions exist for the TE and TM modes of a 1D 
slab waveguide. In Table 1.2, we summarize the field solutions and 
 characteristic equations for the TE and TM modes of a general 
asymmetric slab waveguide with width d and index distribution 
n(x) shown in Figure 1.5.

Table 1.2 Summary of the Solutions and Characteristic Equations 
for the TE and TM Modes in an Asymmetric Slab Waveguide

TE Modes TM Modes
Wave Equation 

d E
dx

n x k E
2

2
2 2 2 0y

y+ − =[ ( ) ]β d H
dx

n x k H
2

2
2 2 2 0x

x+ − =[ ( ) ]β

Field Solution 
E x z E x e j z

y ( , ) ( )= −
0ψ β H x z H x e j z

x ( , ) ( )= −
0ψ β

ψ
θ

θ

γ

( )
cos( ) ,
cos( ),
cos(

( / )

x

k d e x d

k x d x d

x d

=
+ >

+ − ≤ ≤

− −
x

x

/ /
/ /

2 2
2 2

2

kk d e x dx d
x / /2 22− < −







 +θ α) ,( / )

Characteristic Equation

2 2 01 2k d m mx 1 2 3− − = = …ϕ ϕ π ( , , , , )

4θ = φ1 − φ2

φ1 = 2 tan−1(α/kx) ϕ α1
1

1
2

2
22= −tan ( )n n k/ x

φ2 = 2 tan−1(γ/kx) ϕ γ2
1

1
2

3
22= −tan ( )n n k/ x

β β α β γ2 2
1
2 2 2 2

2
2 2 2 2

3
2 2+ = − = − =k n k n k n kx , ,



13Elements of an Optical Microring Resonator

1.1.3 Waveguide dispersion

In general, the effective index of a dielectric waveguide depends 
on the wavelength so that light at different frequencies propagates 
at different velocities. This gives rise to dispersion effects such as 
temporal broadening of a pulse propagating in the waveguide. In a 
single-mode waveguide, the two main sources of this wavelength 
dependence (also called intramodal dispersion) are material disper-
sion and waveguide dispersion. Material dispersion refers to the 
dependence of the refractive indices of the core and cladding materi-
als on the wavelength. Material dispersion has its physical origin in 
the dependence of the optical absorption of a material on frequency, 
so that its permittivity also depends on the frequency through the 
Kramers–Kronig relation. The dependence of the refractive index 
of a material on the wavelength can be modeled by the Sellmeier 
equation

n
Ai

ii

2
21

1
( )

( )
.λ

λ λ
= +

−∑ /
 

(1.35)

The coefficients Ai and λi for silica and crystalline silicon are given 
in Table 1.3.

The second source of intramodal dispersion is waveguide dis-
persion, which is a structural effect and arises from the confine-
ment of light in the waveguide core. In general, strongly confined 
waveguides exhibit higher waveguide dispersion due to stronger 
interaction of the mode with the core boundaries. In addition, in 
a multi-mode waveguide, there exists a third source of dispersion, 

z

x

0

n3

n1

d/2

–d/2

n2

Figure 1.5 Schematic of a 1D asymmetric slab waveguide of width d, core 
index n1, lower cladding index n2, and upper cladding index n3.
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called intermodal dispersion, which arises from the fact that dif-
ferent waveguide modes have different effective indices and thus 
propagate at different phase velocities.

The parameter used to quantify the total dependence of 
the effective index on wavelength is the group index, which is 
defined as

n
d
dk

n
dn
d

g eff
eff= = −β λ
λ0 .

 
(1.36)

From the group index, we can calculate the group velocity, which is 
the velocity at which a pulse with a frequency spectrum centered 
around λ0 travels in the waveguide,

v
d
d

c
n

g
g

= =ω
β

.
 

(1.37)

The group delay experienced by a pulse after propagating a unit 
distance in the waveguide is given by τg = 1/vg = dβ/dω. To express 
the fact that the group delay is wavelength dependent, we write τg in 
terms of a Taylor series expansion around the center wavelength λ0,

τ λ τ λ λ
τ
λ

λ τ
λg g

g g( ) ( )
( )= + + +0

2 2

22
∆ ∆d

d
d
d

�
 

(1.38)

Defining the total chromatic dispersion of the waveguide as

D
d
d

d
d

n
c c

d n
d

= = 





= −
τ
λ λ

λ
λ

g g eff0
2

2 ,
 

(1.39)

Table 1.3 Coefficients of the Sellmeier Equation for SiO2 and Si

SiO2

λ = 0.21–3.71 μm at 295 K 
(Malitson 1965)

Si
λ = 1.1–5.6 μm at 295 K 

(Frey et al. 2006)
A1 0.6961663 10.67087
A2 0.4079426 −37.10820
A3 0.8974794
λ1 (μm) 0.0684043 0.3045744
λ2 (μm) 0.1162414 611.2222
λ3 (μm) 9.896161
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we can approximate Equation 1.38 by

τ λ τ λ λg g( ) ( ) .≈ +0 D∆  (1.40)

For a pulse of spectral width Δλ, we obtain from Equation 1.40 the 
spread in the group delay due to dispersion in the waveguide,

∆ ∆τ τ λ τ λ λ= − ≈g g( ) ( ) .0 D  (1.41)

Thus the chromatic dispersion D, typically quoted in units of ps/
nm/km, gives the delay spread per unit bandwidth per unit length 
of the waveguide.

Figure 1.6 shows the plots of neff versus λ for the TE and TM 
modes of an SOI waveguide consisting of a silicon core of 250 nm 
thickness and 400 nm width embedded in SiO2. The group index 
is calculated to be ng = 4.433 for the TE mode and ng = 4.349 for the 
TM mode. The chromatic dispersion of the waveguide is D = −13.29 
ns/nm/km for the TE mode and D = 0.972 ns/nm/km for the TM 
mode. These values represent the total effects of material disper-
sion in the core and cladding materials as well as the structural 
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Figure 1.6 Wavelength dependence of the effective index of an SOI 
waveguide consisting of a silicon core with cross-sectional dimensions 
400 × 250 nm2 embedded in a SiO2 cladding.
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dispersion of the waveguide. We can also define the chromatic dis-
persion Dmat due to the material alone,

D
c

d n
d

mat = − λ
λ

0
2

2 ,
 

(1.42)

where n(λ) is the bulk index of the material. Near the 1.55 μm 
wavelength, the material dispersion is −0.862 ns/nm/km for Si 
and 21.9 ps/nm/km for SiO2. Comparing these values to the total 
chromatic dispersion D of the waveguide reveals that waveguide 
 dispersion plays a dominant role in silicon waveguides and indeed 
in high-index contrast waveguides in general.

It is evident from Figure 1.6 that the effective index also depends 
on the polarization. In general, the polarization dependence of the 
effective index arises from the birefringence of the material as 
well as the geometry of the waveguide. Isotropic materials such as 
silicon and silica do not have material birefringence, although all 
materials exhibit some birefringence under thermal or mechanical 
stress. Thus in a silicon waveguide, the dependence of the effective 
index on the polarization is a purely structural effect. The total bire-
fringence of a waveguide is defined as the difference between the 
effective indices of two orthogonal polarization states, commonly 
chosen to coincide with those of the TE and TM modes:

B n n( ) ( ) ( ).ω ω ω= −eff
TM

eff
TE

 (1.43)

The frequency dependence of the birefringence gives rise to polar-
ization mode dispersion (PMD), which is defined as

PMD ps/km= −1
c

B
dB
d

( ) ( ).ω ω
ω  

(1.44)

The PMD gives the differential time delay between the TE and TM 
components of a pulse per unit propagating distance.

1.1.4 Propagation loss

There are three main sources of loss in an optical waveguide:  optical 
absorption in the core and cladding materials, electromagnetic scat-
tering, and radiation leakage. Optical absorption arises from various 
electronic processes in the material such as atomic and molecular 
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vibrations in glass and polymers, and interband  transitions and 
free carrier absorption (also known as intraband transitions) in semi-
conductors. Even when the waveguide is operated at a wavelength 
far from an optical transition, there is still some residual absorption. 
For example, for bulk crystalline Si, which has a bandgap of 1.1 μm, 
accurate measurement of the optical absorption constant in a sam-
ple with a low impurity concentration of 2 × 1012 cm3 gives a value of 
0.001 dB/cm at 1.55 μm wavelength (Steinlechner et al. 2013).

Loss due to electromagnetic scattering in an optical waveguide 
is caused by two mechanisms: volume or Rayleigh scattering, and 
surface roughness scattering. Rayleigh scattering refers to the scat-
tering of light by small fluctuations in the refractive index caused 
by voids, defects, and contaminants in the material. Rayleigh 
 scattering decreases with wavelength as λ−4, and is typically much 
smaller than surface roughness scattering. The latter type of scat-
tering refers to the scattering of light due the roughness of wave-
guide surfaces caused by fabrication processes such as deposition 
and etching. While the surface roughness due to deposition can be 
controlled to less than 1 nm, the roughness of the waveguide side-
walls due to dry etching can be as large as a few nanometers. We 
thus expect to have much larger scattering loss at the waveguide 
sidewalls than at the top and bottom surfaces of the waveguide core.

In addition to the degree of roughness, surface scattering also 
depends on the index contrast and how strongly light is confined in 
the waveguide. Several methods have been developed for estimating 
waveguide loss due to surface roughness scattering, ranging from 
the simple model of Tien based on specular reflection (Tien 1971), 
to more sophisticated models based on the Coupled Mode Theory 
(CMT) (Marcuse 1969) which take into account the statistical distri-
bution of the roughness. However, since it is difficult to measure the 
roughness profiles on the sidewalls of a waveguide, the usefulness of 
these analyses is limited to providing broad  estimates of the contri-
butions of surface roughness scattering to the total waveguide loss.

The third major source of waveguide loss is radiation leakage. 
Radiation leakage arises in waveguide geometries which do not 
have true eigenmode solutions. The two common types of radiation 
loss in optical waveguides are bending loss and substrate leakage. 
Bending loss occurs in curved waveguides and will be discussed 
in more detail in Section 1.2. Substrate leakage refers to the leakage 
of light from a waveguide into a high-index substrate. In theory, 
the evanescent field of a waveguide extends indefinitely into the 
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undercladding. The presence of a high-index substrate (such as sili-
con) causes evanescent coupling of light into the substrate which 
radiates away as loss. Substrate leakage can be minimized by 
increasing the thickness of the undercladding layer to provide suffi-
cient  isolation of the waveguide core from the high-index substrate.

1.2 Optical Modes in Bent Dielectric Waveguides
In a bent dielectric waveguide, the optical mode is pushed toward 
the outer edge of the waveguide as light propagates around the bend. 
As the radius of curvature increases, a portion of the evanescent tail 
of the mode begins to leak out in the form of radiation, resulting in 
bending loss. A number of techniques have been used to analyze 
the modes of curved optical waveguides and the associated bending 
loss. These techniques range from approximate analytical methods 
such as Marcatili’s method (Marcatili 1969b), the conformal map-
ping method (Heiblum and Harris 1975), to rigorous numerical solu-
tions of the wave equation in cylindrical coordinates (Rivera 1995, 
Lui et al. 1998, Kakihara et al. 2006). In general, approximate analyti-
cal methods give adequately accurate results for curved waveguides 
with low-index contrasts and large bending radii. For high-index 
contrast and tightly bent waveguides, the modes become highly 
hybridized and a full-vectorial numerical solution is required to 
obtain an accurate analysis of the modal characteristics.

We begin in Section 1.2.1 with an approximate analysis of bent 
waveguides by the conformal mapping method. Although strictly 
valid only for 2D structures, the conformal mapping method pro-
vides an intuitive understanding of the propagation characteristics 
and the mechanisms causing radiation loss in curved waveguides. 
For microdisk and microring structures, analytical solutions for the 
discrete resonant modes can be obtained by solving the 2D semi-
vectorial wave equation in polar coordinates. This is the subject 
of Section 1.2.2. Finally, Section 1.2.3 will give a full-vectorial for-
mulation of the problem in the three-dimensional (3D) cylindrical 
coordinate system (CCS) which is suitable for rigorous numerical 
simulations of bent waveguides.

1.2.1 Conformal transformation of bent waveguides

The idea of the conformal mapping method is to apply a coordinate 
transformation to the wave equation which will convert the curved 
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boundaries of the structure in the original (x, y) coordinates into 
straight boundaries in the new (u, v) coordinates. Conformal map-
ping is based on the Cauchy–Riemann equations, which are valid 
for domains in a 2D plane. To apply the method to a 3D curved 
waveguide, we first reduce the waveguide to an equivalent 2D 
structure in the x–y plane using the EIM, as shown in Figure 1.7. 
The semi-vectorial equation governing wave propagation in the 2D 
bent waveguide is then given by
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where n(x, y) is the effective index distribution and
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The conformal transformation which converts circular bound-
aries in the x–y plane into straight boundaries in the u–v plane is 
(Heiblum and Harris 1975)
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Figure 1.7 Reduction of a 3D bent waveguide in (a) to an equivalent 2D 
structure in (b) by the EIM. The index n1 of the core region is replaced by 
the effective index n1 in (b).


