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Preface

Audience

This book has been written to serve the mathematical needs of students engaged in a

�rst course in engineering at degree level. It is primarily aimed at students of electronic,

electrical, communications and systems engineering. Systems engineering typically en-

compasses areas such as manufacturing, control and production engineering. The text-

book will also be useful for engineers who wish to engage in self-study and continuing

education.

Motivation

Engineers are called upon to analyse a variety of engineering systems, which can be

anything from a few electronic components connected together through to a complete

factory. The analysis of these systems bene�ts from the intelligent application of mathe-

matics. Indeed, many cannot be analysed without the use of mathematics. Mathematics

is the language of engineering. It is essential to understand how mathematics works in

order to master the complex relationships present in modern engineering systems and

products.

Aims

There are two main aims of the book. Firstly, we wish to provide an accessible, readable

introduction to engineering mathematics at degree level. The second aim is to encourage

the integration of engineering and mathematics.

Content

The �rst three chapters include a review of some important functions and techniques

that the reader may have met in previous courses. This material ensures that the book is

self-contained and provides a convenient reference.

Traditional topics in algebra, trigonometry and calculus have been covered. Also in-

cluded are chapters on set theory, sequences and series, Boolean algebra, logic, differ-

ence equations and the z transform. The importance of signal processing techniques is

reflected by a thorough treatment of integral transformmethods. Thus the Laplace, z and

Fourier transforms have been given extensive coverage.

In the light of feedback from readers, new topics and new examples have been added

in the �fth edition. Recognizing that motivation comes from seeing the applicability

of mathematics we have focused mainly on the enhancement of the range of applied

examples. These include topics on the discrete cosine transform, image processing, ap-

plications in music technology, communications engineering and frequency modulation.



xviii Preface

Style

The style of the book is to develop and illustrate mathematical concepts through ex-

amples. We have tried throughout to adopt an informal approach and to describe math-

ematical processes using everyday language. Mathematical ideas are often developed

by examples rather than by using abstract proof, which has been kept to a minimum.

This reflects the authors’ experience that engineering students learn better from prac-

tical examples, rather than from formal abstract development. We have included many

engineering examples and have tried to make them as free-standing as possible to keep

the necessary engineering prerequisites to aminimum. The engineering examples, which

have been carefully selected to be relevant, informative and modern, range from short il-

lustrative examples through to complete sections which can be regarded as case studies.

A further bene�t is the development of the link between mathematics and the physical

world. An appreciation of this link is essential if engineers are to take full advantage of

engineering mathematics. The engineering examples make the book more colourful and,

more importantly, they help develop the ability to see an engineering problem and trans-

late it into a mathematical form so that a solution can be obtained. This is one of the most

dif�cult skills that an engineer needs to acquire. The ability to manipulate mathemati-

cal equations is by itself insuf�cient. It is sometimes necessary to derive the equations

corresponding to an engineering problem. Interpretation of mathematical solutions in

terms of the physical variables is also essential. Engineers cannot afford to get lost in

mathematical symbolism.

Format

Important results are highlighted for easy reference. Exercises and solutions are provided

at the end of most sections; it is essential to attempt these as the only way to develop

competence and understanding is through practice. A further set of review exercises is

provided at the end of each chapter. In addition some sections include exercises that are

intended to be carried out on a computer using a technical computing language such as

MATLAB®, GNU Octave, Mathematica or Python®. The MATLAB® command syntax

is supported in several software packages as well as MATLAB® itself and will be used

throughout the book.

Supplements

A comprehensive Solutions Manual is obtainable free of charge to lecturers using this

textbook. It is also available for download via the web at www.pearsoned.co.uk/croft.

Finally we hope you will come to share our enthusiasm for engineering mathematics

and enjoy the book.

Anthony Croft

Robert Davison

Martin Hargreaves

James Flint

March 2017

http://www.pearsoned.co.uk/croft
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1 Review of algebraic
techniques

Contents 1.1 Introduction 1

1.2 Laws of indices 2

1.3 Number bases 11

1.4 Polynomial equations 20

1.5 Algebraic fractions 26

1.6 Solution of inequalities 33

1.7 Partial fractions 39

1.8 Summation notation 46

Review exercises 1 50

1.1 INTRODUCTION

This chapter introduces some algebraic techniques which are commonly used in engi-

neering mathematics. For some readers this may be revision. Section 1.2 examines the

laws of indices. These laws are used throughout engineering mathematics. Section 1.3

looks at number bases. Section 1.4 looks at methods of solving polynomial equations.

Section 1.5 examines algebraic fractions, while Section 1.6 examines the solution of

inequalities. Section 1.7 looks at partial fractions. The chapter closes with a study of

summation notation.

Computers are used extensively in all engineering disciplines to perform calcula-

tions. Some of the examples provided in this book make use of the technical comput-

ing language MATLAB®, which is commonly used in both an academic and industrial

setting.

Because MATLAB® and many other similar languages are designed to compute not

just with single numbers but with entire sequences of numbers at the same time, data

is entered in the form of arrays. These are multi-dimensional objects. Two particular

types of array are vectors andmatrices which are studied in detail in Chapters 7 and 8.
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Apart from being able to perform basic mathematical operations with vectors and

matrices, MATLAB® has, in addition, a vast range of built-in computational functions

which are straightforward to use but nevertheless are very powerful. Many of these high-

level functions are accessible by passing data to them in the form of vectors andmatrices.

A small number of these special functions are used and explained in this text. How-

ever, to get the most out of a technical computing language it is necessary to develop

a good understanding of what the software can do and to make regular reference to the

manual.

1.2 LAWS OF INDICES

Consider the product 6× 6× 6× 6× 6. This may be written more compactly as 65. We

call 5 the index or power. The base is 6. Similarly, y× y× y× y may be written as y4.

Here the base is y and the index is 4.

Example 1.1 Write the following using index notation:

(a) (−2)(−2)(−2) (b) 4.4.4.5.5 (c)
yyy

xxxx
(d)

aa(−a)(−a)

bb(−b)

Solution (a) (−2)(−2)(−2) may be written as (−2)3.

(b) 4.4.4.5.5 may be written as 4352.

(c)
yyy

xxxx
may be written as

y3

x4
.

(d) Note that (−a)(−a) = aa since the product of two negative quantities is positive.

So aa(−a)(−a) = aaaa = a4. Also bb(−b) = −bbb = −b3. Hence

aa(−a)(−a)

bb(−b)
=

a4

−b3
= −

a4

b3

Example 1.2 Evaluate

(a) 73 (b) (−3)3 (c) 23(−3)4

Solution (a) 73 = 7.7.7 = 343

(b) (−3)3 = (−3)(−3)(−3) = −27

(c) 23(−3)4 = 8(81) = 648

Most scienti�c calculators have an xy button to enable easy calculation of expressions

of a similar form to those in Example 1.2.

1.2.1 Multiplying expressions involving indices

Consider the product (62)(63). We may write this as

(62)(63) = (6.6)(6.6.6) = 65
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So

6263 = 65

This illustrates the �rst law of indices which is

aman = am+n

When expressions with the same base are multiplied, the indices are added.

Example 1.3 Simplify each of the following expressions:

(a) 39310 (b) 434446 (c) x3x6 (d) y4y2y3

Solution (a) 39310 = 39+10 = 319

(b) 434446 = 43+4+6 = 413

(c) x3x6 = x3+6 = x9

(d) y4y2y3 = y4+2+3 = y9

Engineering application 1.1

Power dissipation in a resistor

The resistor is one of the three fundamental electronic components. The other two

are the capacitor and the inductor, which we will meet later. The role of the resistor

is to reduce the current 	ow within the branch of a circuit for a given voltage. As

current 	ows through the resistor, electrical energy is converted into heat. Because

the energy is lost from the circuit and is effectively wasted, it is termed dissipated

energy. The rate of energy dissipation is known as the power, P, and is given by

P = I2R (1.1)

where I is the current flowing through the resistor and R is the resistance value. Note

that the current is raised to the power 2. Note that power, P, is measured in watts;

current, I, is measured in amps; and resistance, R, is measured in ohms.

There is an alternative formula for power dissipation in a resistor that uses the volt-

age, V , across the resistor. To obtain this alternative formula we need to use Ohm’s

law, which states that the voltage across a resistor,V , and the current passing through

it, are related by the formula

V = IR (1.2)

From Equation (1.2) we see that

I =
V

R
(1.3)

Combining Equations (1.1) and (1.3) gives

P =

(

V

R

)2

R =
V

R
·
V

R
· R =

V 2

R

➔
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Note that in this formula for P, the voltage is raised to the power 2. Note an im-

portant consequence of this formula is that doubling the voltage, while keeping the

resistance �xed, results in the power dissipation increasing by a factor of 4, that is

22. Also trebling the voltage, for a �xed value of resistance, results in the power dis-

sipation increasing by a factor of 9, that is 32.

Similar considerations can be applied to Equation 1.1. For a �xed value of resis-

tance, doubling the current results in the power dissipation increasing by a factor of

4, and trebling the current results in the power dissipation increasing by a factor of 9.

Consider the product 3(33). Now

3(33) = 3(3.3.3) = 34

Also, using the �rst law of indices we see that 3133 = 34. This suggests that 3 is the

same as 31. This illustrates the general rule:

a = a1

Raising a number to the power 1 leaves the number unchanged.

Example 1.4 Simplify (a) 565 (b) x3xx2

Solution (a) 565 = 56+1 = 57 (b) x3xx2 = x3+1+2 = x6

1.2.2 Dividing expressions involving indices

Consider the expression
45

43
:

45

43
=

4.4.4.4.4

4.4.4

= 4.4 by cancelling 4s

= 42

This serves to illustrate the second law of indices which is

am

an
= am−n

When expressions with the same base are divided, the indices are subtracted.

Example 1.5 Simplify

(a)
59

57
(b)

(−2)16

(−2)13
(c)

x9

x5
(d)

y6

y

Solution (a)
59

57
= 59−7 = 52

(b)
(−2)16

(−2)13
= (−2)16−13 = (−2)3
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(c)
x9

x5
= x9−5 = x4

(d)
y6

y
= y6−1 = y5

Consider the expression
23

23
. Using the second law of indices we may write

23

23
= 23−3 = 20

But, clearly,
23

23
= 1, and so 20 = 1. This illustrates the general rule:

a0 = 1

Any expression raised to the power 0 is 1.

1.2.3 Negative indices

Consider the expression
43

45
. We can write this as

43

45
=

4.4.4

4.4.4.4.4
=

1

4.4
=

1

42

Alternatively, using the second law of indices we have

43

45
= 43−5 = 4−2

So we see that

4−2 =
1

42

Thus we are able to interpret negative indices. The sign of an index changes when the

expression is inverted. In general we can state

a−m =
1

am
am =

1

a−m

Example 1.6 Evaluate the following:

(a) 3−2 (b)
2

4−3
(c) 3−1 (d) (−3)−2 (e)

6−3

6−2

Solution (a) 3−2 =
1

32
=

1

9

(b)
2

4−3
= 2(43) = 2(64) = 128

(c) 3−1 =
1

31
=

1

3

(d) (−3)−2 =
1

(−3)2
=

1

9

(e)
6−3

6−2
= 6−3−(−2) = 6−1 =

1

61
=

1

6
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Example 1.7 Write the following expressions using only positive indices:

(a) x−4 (b) 3x−4 (c)
x−2

y−2
(d) 3x−2y−3

Solution (a) x−4 =
1

x4

(b) 3x−4 =
3

x4

(c)
x−2

y−2
= x−2y2 =

y2

x2

(d) 3x−2y−3 =
3

x2y3

Engineering application 1.2

Power density of a signal transmitted by a radio antenna

A radio antenna is a device that is used to convert electrical energy into electromag-

netic radiation, which is then transmitted to distant points.

An ideal theoretical point source radio antenna which radiates the same power in

all directions is termed an isotropic antenna.When it transmits a radiowave, thewave

spreads out equally in all directions, providing there are no obstacles to block the

expansion of the wave. The power generated by the antenna is uniformly distributed

on the surface of an expanding sphere of area, A, given by

A = 4πr2

where r is the distance from the generating antenna to the wave front.

The power density, S, provides an indication of how much of the signal can po-

tentially be received by another antenna placed at a distance r. The actual power

received depends on the effective area or aperture of the antenna, which is usually

expressed in units of m2.

Electromagnetic �eld exposure limits for humans are sometimes speci�ed in terms

of a power density. The closer a person is to the transmitter, the higher the power

density will be. So a safe distance needs to be determined.

The power density is the ratio of the power transmitted, Pt, to the area over which

it is spread

S =
power transmitted

area
=

Pt

4πr2
=

Pt

4π
r−2 W m−2

Note that r in this equation has a negative index. This type of relationship is

known as an inverse square law and is found commonly in science and engineering.

Note that if the distance, r, is doubled, then the area, A, increases by a factor of

4 (i.e. 22). If the distance is trebled, the area increases by a factor of 9 (i.e. 32) and

so on. This means that as the distance from the antenna doubles, the power density,

S, decreases to a quarter of its previous value; if the distance trebles then the power

density is only a ninth of its previous value.
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1.2.4 Multiple indices

Consider the expression (43)2. This may be written as

(43)2 = 43. 43 = 43+3 = 46

This illustrates the third law of indices which is

(am)n = amn

Note that the indices m and n have been multiplied.

Example 1.8 Write the following expressions using a single index:

(a) (32)4 (b) (7−2)3 (c) (x2)−3 (d) (x−2)−3

Solution (a) (32)4 = 32×4 = 38

(b) (7−2)3 = 7−2×3 = 7−6

(c) (x2)−3 = x2×(−3) = x−6

(d) (x−2)−3 = x−2×−3 = x6

Consider the expression (2452)3. We see that

(2452)3 = (2452)(2452)(2452)

= 242424525252

= 21256

This illustrates a generalization of the third law of indices which is

(ambn)k = amkbnk

Example 1.9 Remove the brackets from

(a) (2x2)3 (b) (−3y4)2 (c) (x−2y)3

Solution (a) (2x2)3 = (21x2)3 = 23x6 = 8x6

(b) (−3y4)2 = (−3)2y8 = 9y8

(c) (x−2y)3 = x−6y3

Engineering application 1.3

Radar scattering

It has already been shown in Engineering application 1.2 that the power density of

an isotropic transmitter of radio waves is

S =
Pt

4π
r−2 W m−2

➔
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It is possible to use radio waves to detect distant objects. The technique involves

transmitting a radio signal, which is then re	ected back when it strikes a target. This

weak re	ected signal is then picked up by a receiving antenna, thus allowing a number

of properties of the target to be deduced, such as its angular position and distance from

the transmitter. This system is known as radar, which was originally an acronym

standing for RAdio Detection And Ranging.

When the wave hits the target it produces a quantity of re	ected power. The

power depends upon the object’s radar cross-section (RCS), normally denoted by

the Greek lower case letter sigma, σ , and having units of m2. The power re	ected at

the object, Pr, is given by

Pr = Sσ =
Ptσ

4π
r−2 W

Some military aircraft use special techniques to minimize the RCS in order to reduce

the amount of power they reflect and hence minimize the chance of being detected.

If the reflected power at the target is assumed to spread spherically, when it

returns to the transmitter position it will have the power density, Sr, given by

Sr =
power reflected at target

area
=

Pr

4π
r−2 W m−2

Substituting for the reflected power, Pr, gives

Sr =
power reflected at target

area
=

(

Ptσ

4π
r−2

)

4π
r−2 =

Ptσ

4π × 4π

(

r−2
)2

=
Ptσ

(4π)2
r−4 W m−2

Note that the product of the two r−2 terms has been calculated using the third law of

indices.

This example illustrates one of the main challenges with radar design which is that

the power density returned by a distant object is very much smaller than the transmit-

ted power, even for targets with a large RCS. For theoretical isotropic antennas, the

received power density depends upon the factor r−4. This factor diminishes rapidly

for large values of r, that is, as the object being detected gets further away.

In practice, the transmit antennas used are not isotropic but directive and often

scan the area of interest. They also make use of receive antennas with a large effective

area which can produce a viable signal from the small reflected power densities.

1.2.5 Fractional indices

The third law of indices states that (am)n = amn. If we take a = 2, m = 1
2
and n = 2 we

obtain

(21/2)2 = 21 = 2

So when 21/2 is squared, the result is 2. Thus, 21/2 is a square root of 2. Each positive

number has two square roots and so

21/2 =
√
2 = ±1.4142 . . .
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Similarly

(21/3)3 = 21 = 2

so that 21/3 is a cube root of 2:

21/3 =
3
√
2 = 1.2599 . . .

In general 21/n is an nth root of 2. The general law states

x1/n is an nth root of x

Example 1.10 Write the following using a single positive index:

(a) (3−2)1/4 (b) x2/3x5/3 (c) yy−2/5 (d)
√
k3

Solution (a) (3−2)1/4 = 3−2× 1
4 = 3−1/2 =

1

31/2

(b) x2/3x5/3 = x2/3+5/3 = x7/3

(c) yy−2/5 = y1y−2/5 = y1−2/5 = y3/5

(d)
√
k3 = (k3)1/2 = k3×

1
2 = k3/2

Example 1.11 Evaluate

(a) 81/3 (b) 82/3 (c) 8−1/3 (d) 8−2/3 (e) 84/3

Solution We note that 8 may be written as 23.

(a) 81/3 = (23)1/3 = 21 = 2

(b) 82/3 = (81/3)2 = 22 = 4

(c) 8−1/3 =
1

81/3
=

1

2

(d) 8−2/3 =
1

82/3
=

1

4

(e) 84/3 = (81/3)4 = 24 = 16

Engineering application 1.4

Skin depth in a radial conductor

When an alternating current signal travels along a conductor, such as a copper wire,

most of the current is found near the surface of the conductor. Nearer to the centre

of the conductor, the current diminishes. The depth of penetration of the signal,

termed the skin depth, into the conductor depends on the frequency of the signal.

Skin depth, illustrated in Figure 1.1, is de�ned as the depth at which the current

➔
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density has decayed to approximately 37% of that at the edge. Skin depth is important

because it affects the resistance of wires and other conductors: the smaller the skin

depth, the higher the effective resistance and the greater the loss due to heating.

At low frequencies, such as those found in the domestic mains supply, the skin

depth is so large that often it can be neglected; however, in very large-diameter con-

ductors and smaller conductors at microwave frequencies it becomes important and

has to be taken into account.

The skin depth, δ, is given by

δ =

(

2

ωµσ

)1/2

where µ is a material constant known as the permeability of the conductor, ω is the

angular frequency of the signal and σ is the conductivity of the conductor.

d

Figure 1.1

Cross-section of a radial conductor

illustrating a skin depth δ.

EXERCISES 1.2

1 Evaluate

(a) 23 (b) 32 (c)
513

512

(d)
19−11

19−13
(e) (21/4)8 (f) (−4)−2

(g) 4−1/2 (h) (91/3)3/2 (i)
√
32

√
2

(j)
√
0.01 (k) 813/4

2 Use a scienti�c calculator to evaluate

(a) 101.2 (b) 6−0.7 (c) 62.5

(d) (3−142)0.8

3 Express each of the following expressions using a

single positive index:

(a) x4x7 (b) x2(−x)

(c)
x2

x
(d)

x−2

x−1

(e) (x−2)4 (f) (x−2.5x−3.5)2

4 Simplify as much as possible

(a)
x1/2

x1/3
(b) (16x4)0.25

(c)

(

27

y3

)1/3

(d)
2xy2

(2xy)2

(e)
√
a2b6c4 (f) (64t3)2/3
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Solutions

1 (a) 8 (b) 9 (c) 5 (d) 361

(e) 4 (f)
1

16
(g)

1

2
(h) 3

(i) 8 (j) 0.1 (k) 27

2 (a) 15.8489 (b) 0.2853

(c) 88.1816 (d) 3.8159

3 (a) x11 (b) −x3 (c) x

(d)
1

x
(e)

1

x8
(f)

1

x12

4 (a) x1/6 (b) 2x (c)
3

y

(d)
1

2x
(e) ab3c2 (f) 16t2

1.3 NUMBER BASES

The decimal system of numbers in common use is based on the 10 digits 0, 1, 2, 3, 4,

5, 6, 7, 8 and 9. However, other number systems have important applications in com-

puter science and electronic engineering. In this section we remind the reader of what is

meant by a number in the decimal system, and show how we can use powers or indices

with bases of 2 and 16 to represent numbers in the binary and hexadecimal systems

respectively. We follow this by an explanation of an alternative binary representation of

a number known as binary coded decimal.

1.3.1 The decimal system

The numbers that we commonly use in everyday life are based on 10. For example, 253

can be written as

253 = 200 + 50 + 3

= 2(100) + 5(10) + 3(1)

= 2(102) + 5(101) + 3(100)

In this form it is clear why we refer to this as a ‘base 10’ number. When we use 10 as a

base we say we are writing in the decimal system. Note that in the decimal system there

are 10 digits: 0, 1, 2, 3, 4, 5, 6, 7, 8, and 9. You may recall the phrase ‘hundreds, tens and

units’ and as we have seen these are simply powers of 10. To avoid possible confusion

with numbers using other bases, we denote numbers in base 10 with a small subscript,

for example, 519210:

519210 = 5000 + 100 + 90 + 2

= 5(1000) + 1(100) + 9(10) + 2(1)

= 5(103) + 1(102) + 9(101) + 2(100)

Note that, in the previous line, as we move from right to left, the powers of 10 increase.

1.3.2 The binary system

A binary system uses the number 2 for its base. A binary system has only two digits, 0

and 1, and these are called binary digits or simply bits. Binary numbers are based on

powers of 2. In a computer, binary numbers are usually stored in groups of 8 bits which

we call a byte.
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Converting from binary to decimal

Consider the binary number 1101012. As the base is 2 this means that as we move from

right to left the position of each digit represents an increasing power of 2 as follows:

1101012 = 1(25) + 1(24) + 0(23) + 1(22) + 0(21) + 1(20)

= 1(32) + 1(16) + 0(8) + 1(4) + 0(2) + 1(1)

= 32 + 16 + 4 + 1

= 5310

Hence 1101012 and 5310 are equivalent.

Example 1.12 Convert the following to decimal: (a) 11112 (b) 1010102

Solution (a) 11112 = 1(23) + 1(22) + 1(21) + 1(20)

= 1(8) + 1(4) + 1(2) + 1(1)

= 8 + 4 + 2 + 1

= 1510

(b) 1010102 = 1(25) + 0(24) + 1(23) + 0(22) + 1(21) + 0(20)

= 1(32) + 0 + 1(8) + 0 + 1(2) + 0

= 32 + 8 + 2

= 4210

Converting decimal to binary

We now look at some examples of converting numbers in base 10 to numbers in base 2,

that is from decimal to binary. We make use of Table 1.1, which shows various powers

of 2, when converting from decimal to binary. Table 1.1 may be extended as necessary.

Table 1.1

Powers of 2.

20 1 24 16 28 256

21 2 25 32 29 512

22 4 26 64 210 1024

23 8 27 128 211 2048

Example 1.13 Convert 8310 to a binary number.

Solution We need to express 8310 as the sum of a set of numbers, each of which is a power of 2.

From Table 1.1 we see that 64 is the highest number in the table that does not exceed

the given number of 83. We write

83 = 64 + 19

We now focus on the 19. From Table 1.1, 16 is the highest number that does not exceed

19. So we write

19 = 16 + 3
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giving

83 = 64 + 16 + 3

We now focus on the 3 and again using Table 1.1 we may write

83 = 64 + 16 + 2 + 1

= 26 + 24 + 21 + 20

= 1(26) + 0(25) + 1(24) + 0(23) + 0(22) + 1(21) + 1(20)

= 10100112

Example 1.14 Express 20010 as a binary number.

Solution From Table 1.1 we note that 128 is the highest number that does not exceed 200 so we

write

200 = 128 + 72

Using Table 1.1 repeatedly we may write

200 = 128 + 72

= 128 + 64 + 8

= 27 + 26 + 23

= 1(27) + 1(26) + 0(25) + 0(24) + 1(23) + 0(22) + 0(21) + 0(20)

= 110010002

Another way to convert decimal numbers to binary numbers is to divide by 2 repeatedly

and note the remainder. We rework the previous two examples using this method.

Example 1.15 Convert the following decimal numbers to binary: (a) 83 (b) 200

Solution (a) We divide by 2 repeatedly and note the remainder.

Remainder

83 ÷ 2 = 41 r 1 1

41 ÷ 2 = 20 r 1 1

20 ÷ 2 = 10 r 0 0

10 ÷ 2 = 5 r 0 0

5 ÷ 2 = 2 r 1 1

2 ÷ 2 = 1 r 0 0

1 ÷ 2 = 0 r 1 1

To obtain the binary number we write out the remainder, working from the bottom

one to the top one. This gives

8310 = 10100112

as before.
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(b) We repeat the process by repeatedly dividing 200 by 2 and noting the remainder.

Remainder

200 ÷ 2 = 100 r 0 0

100 ÷ 2 = 50 r 0 0

50 ÷ 2 = 25 r 0 0

25 ÷ 2 = 12 r 1 1

12 ÷ 2 = 6 r 0 0

6 ÷ 2 = 3 r 0 0

3 ÷ 2 = 1 r 1 1

1 ÷ 2 = 0 r 1 1

Reading the remainder column from the bottom to the top gives the required binary

number:

20010 = 110010002

1.3.3 Hexadecimal system

We now consider the number system which uses 16 as a base. This system is termed

hexadecimal (or simply hex). There are 16 digits in the hexadecimal system: 0, 1, 2,

3, 4, 5, 6, 7, 8, 9, A, B, C, D, E, and F. Notice that conventional decimal digits are

insuf�cient to represent hexadecimal numbers and so additional ‘digits’, A, B, C, D, E,

and F, are included. Table 1.2 shows the equivalence between decimal and hexadecimal

digits. Hexadecimal numbers are based on powers of 16.

Table 1.2

Hexadecimal numbers.

Decimal Hexadecimal Decimal Hexadecimal

0 0 8 8

1 1 9 9

2 2 10 A

3 3 11 B

4 4 12 C

5 5 13 D

6 6 14 E

7 7 15 F

Converting from hexadecimal to decimal

The following example illustrates how to convert from hexadecimal to decimal. We

use the fact that as we move from right to left, the position of each digit represents an

increasing power of 16.
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Example 1.16 Convert the following hexadecimal numbers to decimal numbers: (a) 93A (b) F9B3

Solution (a) Noting that hexadecimal numbers use base 16 we have

93A16 = 9(162) + 3(161) + A(160)

= 9(256) + 3(16) + 10(1)

= 236210

(b) F9B316 = F(163) + 9(162) + B(161) + 3(160)

= 15(4096) + 9(256) + 11(16) + 3(1)

= 63 92310

Converting from decimal to hexadecimal

Table 1.3 provides powers of 16 which help in the conversion from decimal to hexa-

decimal.

Table 1.3

160 1

161 16

162 256

163 4096

164 65 536

The following example illustrates how to convert from decimal to hexadecimal.

Example 1.17 Convert 14 397 to a hexadecimal number.

Solution We need to express 14397 as the sum of multiples of powers of 16. From Table 1.3 we

see that the highest number that does not exceed 14397 is 4096. We express 14397 as

a multiple of 4096 with an appropriate remainder. Dividing 14397 by 4096 we obtain 3

with a remainder of 2109. So we may write

14397 = 3(4096) + 2109

We now focus on 2109 and apply the same process as above. From Table 1.3 the highest

number that does not exceed 2109 is 256:

2109 = 8(256) + 61

Finally, 61 = 3(16) + 13. So we have

14 397 = 3(4096) + 8(256) + 3(16) + 13

= 3(163) + 8(162) + 3(161) + 13(160)

From Table 1.2 we see that 1310 is D in hexadecimal, so we have

14 39710 = 383D16

As with base 2 we can convert decimal numbers by repeated division and noting the

remainder. The previous example is reworked to illustrate this.
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Example 1.18 Convert 14 397 to hexadecimal.

Solution We divide repeatedly by 16, noting the remainder.

Remainder

14 397 ÷ 16 = 899 r 13 13

899 ÷ 16 = 56 r 3 3

56 ÷ 16 = 3 r 8 8

3 ÷ 16 = 0 r 3 3

Recall that 13 in hexadecimal is D. Reading up the Remainder column we have

14 39710 = 383D16

as before.

Electronic engineers need to be familiar with the decimal, binary and hexadecimal sys-

tems and be able to convert between them. The equivalent representations of the decimal

numbers 0--15 are provided in Table 1.4.

Table 1.4

Decimal Binary Hex Decimal Binary Hex

0 0000 0 8 1000 8

1 0001 1 9 1001 9

2 0010 2 10 1010 A

3 0011 3 11 1011 B

4 0100 4 12 1100 C

5 0101 5 13 1101 D

6 0110 6 14 1110 E

7 0111 7 15 1111 F

Converting from binary to hexadecimal

There is a straightforward way of converting a binary number into a hexadecimal num-

ber. The digits of the binary number are grouped into fours, or quartets, (from the right-

hand side) and each quartet is converted to its hex equivalent using Table 1.4.

Example 1.19 Convert 11010111001112 into hexadecimal.

Solution Working from the right, the binary number is grouped into fours, with additional zeros

being added as necessary to the �nal grouping.

0001 1010 1110 0111
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Table 1.4 is used to express each group of four as its hex equivalent. For example, 0111 =

716, and continuing in this way we obtain

1AE7

Thus 110101110 01112 = 1AE716.

1.3.4 Binary coded decimal

We have seen in Section 1.3.2 that decimal numbers can be expressed in an equivalent

binary form where the position of each binary digit, moving from the right to the left,

represents an increasing power of 2. There is an alternative way of expressing numbers

using the binary digits 1 and 0 that is often used in electronic engineering because for

some applications it is more straightforward to build the necessary hardware. This sys-

tem is called binary coded decimal (b.c.d.).

First of all, recall how the decimal digits 0, 1, 2, . . . , 9 are expressed in their usual

binary form. Note that the largest decimal digit 9 is 1001 in binary, and so we need

at most four digits to store the binary representations of 0, 1, . . . , 9. Expressing each

decimal digit as a four-digit binary number we obtain Table 1.5.

Table 1.5

Decimal digits and their four-digit

binary representations.

0 0000 5 0101

1 0001 6 0110

2 0010 7 0111

3 0011 8 1000

4 0100 9 1001

A four-digit binary number is referred to as a nibble. To express a multi-digit decimal

number, such as 347, in b.c.d. each decimal digit in turn is converted into its binary

representation as shown. Note that a nibble is used for each decimal digit.

3 4 7

↓ ↓ ↓

0011 0100 0111

Recall from Section 1.3.2 that a byte is a group of 8 bits (binary digits). Computers

usually store numbers in 8-bit bytes so there are two common ways of encoding b.c.d.

The �rst is to use a whole byte for each nibble, with the �rst 4 bits always set to 0. So,

for example, 34710 can be stored as

00000011 00000100 00000111

Alternatively, each byte can be used to store two nibbles, in which case 34710 would be

stored as

00000011 01000111

Rules have been developed for performing calculations in b.c.d. but these are beyond the

scope of this book.
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Engineering application 1.5

Seven-segment displays

The number displays found on music systems, video and other electronic equip-

ment commonly employ one or more seven-segment indicators. A single seven-

segment indicator is shown in Figure 1.2(a). The individual segments are typically

illuminatedwith a light-emitting diode (LED) or similar optical device and are either

on or off. The segments are illuminated according to the table shown in Figure 1.2(b),

where 1 indicates that the segment is turned on and 0 indicates that it is turned off.

g

d

a

bf

ce

0000 1

b.c.d.

number a b c d e f g

1 1 1 1 1 0

0 1 1 0 0 0 0

1 1 0 1 1 0 1

1 1 1 1 0 0 1

0 1 1 0 0 1 1

1 0 1 1 0 1 1

1 0 1 1 1 1 1

1 1 1 0 0 0 0

1 1 1 1 1 1 1

1 1 1 1 0 1 1

0001 

0010

0011 

0100

0101 

0110

0111 

1000

1001

(a) (b)

Figure 1.2

(a) Seven-segment LED display. (b) Seven-segment coding.

The numbers in the microprocessor system driving the display are typically

stored in binary format, known as, binary coded decimal (b.c.d.). As an example

we consider displaying binary number 111010102 as a decimal number on seven-

segment displays. This represents the decimal number 234, which requires three

seven-segment displays.

The microprocessor �rst divides the input number by 100 and in this case obtains

the result 2 with a remainder of 34. This can be done directly on the binary number

itself via a series of operations within the assembly language of the microprocessor

without �rst converting to a decimal number. The result 2 = 00102 is then decoded

using Figure 1.2(b), giving the bit pattern 1101101 which is passed to the ‘hundreds’

display.

The remainder of 34 is then divided by 10 giving 3 with a �nal remainder of 4. The

number 3 = 00112 and so this can be outputted to the ‘tens’ display as the pattern

1111001. Finally, 4 = 01002, which is passed to the display as the pattern 0110011.



1.3 Number bases 19

The display shows

g

d

a

bf

ce

g

d

a

bf

ce

g

d

a

bf

ce

Notice that prior to decoding for display, by successive division by 100 and 10

the number has been converted into separate b.c.d. digits. Integrated circuits are

available which convert b.c.d. directly into the bit patterns for display. Hence the

output bit pattern of the microprocessor may be chosen to be b.c.d. In this case it

has the advantage that fewer pins are required on the microprocessor to operate the

display.

EXERCISES 1.3

1 Convert the following decimal numbers to binary

numbers: (a) 19 (b) 36 (c) 100 (d) 796

(e) 5000

2 Convert the following binary numbers to decimal

numbers: (a) 111 (b) 10101 (c) 111001

(d) 1110001 (e) 11111111

3 What is the highest decimal number that can be

written in binary form using a maximum of (a) 2

binary digits (b) 3 binary digits (c) 4 binary digits

(d) 5 binary digits? Can you spot a pattern? (e) Write

a formula for the highest decimal number that can be

written using N binary digits.

4 Write the decimal number 0.5 in binary.

5 Convert the following hexadecimal numbers to

decimal numbers: (a) 91 (b) 6C (c) A1B (d) F9D4

(e) ABCD

6 Convert the following decimal numbers to

hexadecimal numbers: (a) 160 (b) 396 (c) 5010

(d) 25 000 (e) 1 000 000

7 Calculate the highest decimal number that can be

represented by a hexadecimal number with (a) 1 digit

(b) 2 digits (c) 3 digits (d) 4 digits (e) N digits

8 Express the decimal number 375 as both a pure binary

number and a number in b.c.d.

9 Convert (a) 11111112 (b) 1010101112 into

hexadecimal.

Solutions

1 (a) 1910 = 100112 (b) 100100 (c) 1100100

(d) 1100011100 (e) 1001110001000

2 (a) 1112 = 7 (b) 21 (c) 57 (d)113 (e) 255

3 (a) 3 (b) 7 (c) 15 (d) 31 (e) 2N − 1

4 The binary system is based on powers of 2. The

examples in the text can be extended to the case of

negative powers of 2 just as in the decimal system

numbers after the decimal place represent negative

powers of 10. So, for example, the binary number

11.1012 is converted to decimal as follows:

11.1012 = 1 × 21 + 1 × 20 + 1 × 2−1

+ 0 × 2−2 + 1 × 2−3

= 2 + 1 +
1

2
+

1

8

= 3
5

8
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In the same way the binary equivalent of the decimal

number 0.5 is 0.1.

5 (a) 9116 = 14510 (b) 6C= 108 (c) 2587 (d) 63 956

(e) 43 981

6 (a) 16010 = A0 (b) 18C (c) 1392 (d) 61A8

(e) F4240

7 (a) 15 (b) 255 (c) 4095 (d) 65 535 (e) 16N − 1

8 (a) 1011101112 (b) 0011 0111 0101bcd

9 (a) 7F (b) 157

1.4 POLYNOMIAL EQUATIONS

A polynomial equation has the form

P(x) = anx
n + an−1x

n−1 + an−2x
n−2 + · · · + a2x

2 + a1x+ a0 = 0 (1.4)

where n is a positive whole number, an, an−1, . . . , a0 are constants and x is a

variable. The constants an, an−1, . . . , a2, a1, a0 are called the coef�cients of the

polynomial.

The roots of an equation are those values of x which satisfy P(x) = 0. So if x = x1 is a

root then P(x1) = 0.

Examples of polynomial equations are

7x2 + 4x− 1 = 0 (1.5)

2x− 3 = 0 (1.6)

x3 − 20 = 0 (1.7)

The degree of an equation is the value of the highest power. Equation (1.5) has degree 2,

Equation (1.6) has degree 1 and Equation (1.7) has degree 3. A polynomial equation of

degree n has n roots.

There are some special names for polynomial equations of low degree (see Table 1.6).

Table 1.6

Equation Degree Name

ax+ b = 0 1 Linear

ax2 + bx+ c = 0 2 Quadratic

ax3 + bx2 + cx+ d = 0 3 Cubic

ax4 + bx3 + cx2 + dx+ e = 0 4 Quartic

1.4.1 Quadratic equations

We now focus attention on quadratic equations. The standard form of a quadratic equa-

tion is ax2 + bx+ c = 0. We look at three methods of solving quadratic equations:

(1) factorization,

(2) use of a formula,

(3) completing the square.

Example 1.20 illustrates solution by factorization.
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Example 1.20 Solve

6x2 + 11x− 10 = 0

Solution The left-hand side (l.h.s.) is factorized:

(3x− 2)(2x+ 5) = 0

So either

3x− 2 = 0 or 2x+ 5 = 0

Hence

x =
2

3
,−

5

2

When roots cannot be found by factorization we can make use of a formula.

The formula for �nding the roots of ax2 + bx+ c = 0 is

x =
−b±

√
b2 − 4ac

2a

Example 1.21 Use the quadratic formula to solve

3x2 − x− 6 = 0

Solution Comparing 3x2 − x− 6 with ax2 + bx+ c we see that a = 3, b = −1 and c = −6. So

x =
−(−1) ±

√

(−1)2 − 4(3)(−6)

2(3)

=
1 ±

√
73

6
= −1.2573, 1.5907

Engineering application 1.6

Current used by an electric vehicle

Personal transport systems that make use of electrical power are becoming increas-

ingly common. One of the factors behind this change is that their use can reduce road-

side pollution in an urban environment. Electrical vehicles have also become the base

for self-driving cars when combined with electrical control and navigation systems.

The motor in an operational electric vehicle has to do work to overcome wind,

inertia, friction, road resistance and in order to climb inclines. The energy supply

in the form of electrical power comes from the on-board battery pack. Due to its

internal construction the battery pack has a total internal resistance, R, which serves

to reduce the power available to the motor.

➔
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A simpli�ed circuit diagram of a vehicle is shown in Figure 1.3.

R

V

I

Terminals

Battery pack

Internal 

resistance

Motor and gearbox

Drive 

wheels

Figure 1.3

Electric vehicle wiring diagram.

The total power delivered by the battery pack is

power = voltage × current = VI

This is shared between loss due to the internal resistance and the power, P, to the

motor. The power loss due to the internal resistance is I2R (see Engineering appli-

cation 1.1). So the equation for the power in the circuit is

VI = I2R+ P

This can be rewritten into the form of a quadratic equation

RI2 −VI + P = 0

which can be solved to calculate the current in the wire for a particular power deliv-

ered to the motor. It is important to know the current in order to specify the size of

the fuses, the motor controller and the wire diameters used in the vehicle.

Consider the case where the power output is 2 kW. If the circuit parameters are

V = 150 volts, R = 1.6 �, we have

1.6I2 − 150I + 2000 = 0

The solutions to the quadratic equation are

I =
−b±

√
b2 − 4ac

2a
=

−(−150) ±
√

(−150)2 − (4 × 1.6 × 2000)

2 × 1.6

= 77.7 A, 16.1 A

The relevant solution depends on the electrical characteristics of the motor used in the

circuit. In practice, the larger of the two currents would correspond to a substantial

loss in the internal resistance and would be avoided by the correct choice of motor.

The technical computing language MATLAB® has the function roots which

�nds the solutions of a polynomial equation. In this example we would type

roots ([1.6 -150 2000]) at the command line to obtain the results calculated

above.
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We now introduce the method of completing the square. The idea behind completing

the square is to absorb both the x2 and the x term into a single squared term. Note that

this is possible since

x2 + 2kx+ k2 = (x+ k)2

and so

x2 + 2kx = (x+ k)2 − k2

and �nally

x2 + 2kx+ A = (x+ k)2 + A− k2

The x2 and the x terms are both contained in the (x + k)2 term. The coef�cient of x on

the l.h.s. is 2k. The squared term on the right-hand side (r.h.s.) has the form (x + k)2,

that is

(

x+
coef�cient of x

2

)2

. The following example illustrates the idea.

Example 1.22 Solve the following quadratic equations by completing the square:

(a) x2 + 8x+ 2 = 0

(b) 2x2 − 4x+ 1 = 0

Solution (a) By comparing x2 + 8x+ 2 with x2 + 2kx+ A we see k = 4. Thus the squared term

must be (x+ 4)2. Now

(x+ 4)2 = x2 + 8x+ 16

and so

x2 + 8x = (x+ 4)2 − 16

Therefore

x2 + 8x+ 2 = (x+ 4)2 − 16 + 2

= (x+ 4)2 − 14

At this stage we have completed the square. Finally, solving x2 + 8x + 2 = 0 we

have

x2 + 8x+ 2 = 0

(x+ 4)2 − 14 = 0

(x+ 4)2 = 14

x+ 4 = ±
√
14

x = −4 ±
√
14 = −7.7417,−0.2583

(b) 2x2 − 4x+ 1 = 0 may be expressed as x2 − 2x+ 0.5 = 0. Comparing x2 − 2x+ 0.5

with x2 + 2kx + A we see that k = −1. Thus the required squared term must be

(x− 1)2. Now

(x− 1)2 = x2 − 2x+ 1

and so

x2 − 2x = (x− 1)2 − 1
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and

x2 − 2x+ 0.5 = (x− 1)2 − 1 + 0.5

= (x− 1)2 − 0.5

Finally, solving x2 − 2x+ 0.5 = 0 we have

(x− 1)2 − 0.5 = 0

(x− 1)2 = 0.5

x− 1 = ±
√
0.5

x = 1 ±
√
0.5 = 0.2929, 1.7071

1.4.2 Polynomial equations of higher degree

Example 1.23 Verify that x = 1 and x = 2 are roots of

P(x) = x4 − 2x3 − x+ 2 = 0

Solution P(x) = x4 − 2x3 − x+ 2

P(1) = 1 − 2 − 1 + 2 = 0

P(2) = 24 − 2(23) − 2 + 2 = 16 − 16 − 2 + 2 = 0

Since P(1) = 0 and P(2) = 0, then x = 1 and x = 2 are roots of the given polynomial

equation and are sometimes referred to as real roots. Further knowledge is required to

�nd the two remaining roots, which are known as complex roots. This topic is covered

in Chapter 9.

Example 1.24 Solve the equation

P(x) = x3 + 2x2 − 37x+ 52 = 0

Solution As seen in Example 1.21 a formula can be used to solve quadratic equations. For higher

degree polynomial equations such simple formulae do not always exist. However, if

one of the roots can be found by inspection we can proceed as follows. By inspection

P(4) = 43 + 2(4)2 − 37(4) + 52 = 0 so that x = 4 is a root. Hence x− 4 is a factor of

P(x). Therefore P(x) can be written as

P(x) = x3 + 2x2 − 37x+ 52 = (x− 4)(x2 + αx+ β)

where α and β must now be found. Expanding the r.h.s. gives

P(x) = x3 + αx2 + βx− 4x2 − 4αx− 4β

Hence

x3 + 2x2 − 37x+ 52 = x3 + (α − 4)x2 + (β − 4α)x− 4β

By comparing constant terms on the l.h.s. and r.h.s. we see that

52 = −4β
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so that

β = −13

By comparing coef�cients of x2 we see that

2 = α − 4

Therefore,

α = 6

Hence, P(x) = (x− 4)(x2 + 6x− 13). The quadratic equation x2 + 6x− 13 = 0 can be

solved using the formula

x =
−6 ±

√
36 − 4(−13)

2

=
−6 ±

√
88

2

= 1.690,−7.690

We conclude that P(x) = 0 has roots at x = 4, x = 1.690 and x = −7.690.

EXERCISES 1.4

1 Calculate the roots of the following linear equations:

(a) 4x− 12 = 0

(b) 5t + 20 = 0

(c) t + 10 = 2t

(d)
y

2
− 1 = 3

(e) 0.5t − 6 = 0

(f) 2x+ 3 = 5x− 6

(g)
3x

2
− 17 = 0

(h)
x

2
+
x

3
= 1

(i) 2x− 1 =
x

2
+ 2

(j) 2(y+ 1) = 6

(k) 3(2y− 1) = 2(y+ 2)

(l)
3

2
(t + 3) =

2

3
(4t − 1)

2 Solve the following quadratic equations by

factorization:

(a) t2 − 5t + 6 = 0

(b) x2 + x− 12 = 0

(c) t2 = 10t − 25

(d) x2 + 4x− 21 = 0

(e) x2 − 9x+ 18 = 0

(f) x2 = 1

(g) y2 − 10y+ 9 = 0

(h) 2z2 − z− 1 = 0

(i) 2x2 + 3x− 2 = 0

(j) 3t2 + 4t + 1 = 0

(k) 4y2 + 12y+ 5 = 0

(l) 4r2 − 9r + 2 = 0

(m) 6d2 − d − 2 = 0

(n) 6x2 − 13x+ 2 = 0

3 Complete the square for the following quadratic

equations and hence �nd their roots:

(a) x2 + 2x− 8 = 0

(b) x2 − 6x− 5 = 0

(c) x2 + 4x− 6 = 0

(d) x2 − 14x− 10 = 0

(e) x2 + 5x− 49 = 0

4 Solve the following quadratic equations using the

quadratic formula:

(a) x2 + x− 1 = 0

(b) t2 − 3t − 2 = 0



26 Chapter 1 Review of algebraic techniques

(c) h2 + 5h+ 1 = 0

(d) 0.5x2 + 3x− 2 = 0

(e) 2k2 − k − 3 = 0

(f) −y2 + 3y+ 1 = 0

(g) 3r2 = 7r + 2

(h) x2 − 70 = 0

(i) 4s2 − 2 = s

(j) 2t2 + 5t + 2 = 0

(k) 3x2 = 50

5 Calculate the roots of the following polynomial

equations:

(a) x3 − 6x2 + 11x− 6 = 0 given x = 1 is a root

(b) t3 − 2t2 − 5t + 6 = 0 given t = 3 is a root

(c) v3 − v2 − 30v + 72 = 0 given v = 4 is a root

(d) 2y3 + 3y2 − 11y+ 3 = 0 given y = 1.5 is a root

(e) 2x3 + 3x2 − 7x− 5 = 0 given x = −
5

2
is a root.

6 Check that the given values are roots of the following

polynomial equations:

(a) x2 + x− 2 = 0 x = −2, 1

(b) 2t3 − 3t2 − 3t + 2 = 0 t = −1, 0.5

(c) y3 + y2 + y+ 1 = 0 y = −1

(d) v4 + 4v3 + 6v2 + 3v = 0 v = −1, 0

Solutions

1 (a) 3 (b) −4 (c) 10 (d) 8

(e) 12 (f) 3 (g)
34

3
(h)

6

5

(i) 2 (j) 2 (k)
7

4
(l)

31

7

2 (a) 2, 3 (b) −4, 3 (c) 5

(d) −7, 3 (e) 3, 6 (f) −1, 1

(g) 1, 9 (h) −0.5, 1 (i) −2, 0.5

(j) −1, −
1

3
(k) −2.5, −0.5 (l) 0.25, 2

(m) −
1

2
,
2

3
(n)

1

6
, 2

3 (a) (x+ 1)2 − 9 = 0, x = −4, 2

(b) (x− 3)2 − 14 = 0, x = −0.7417, 6.7417

(c) (x+ 2)2 − 10 = 0, x = −5.1623, 1.1623

(d) (x− 7)2 − 59 = 0, x = −0.6811, 14.6811

(e)
(

x+
5

2

)2
−

221

4
= 0, x = −9.9330, 4.9330

4 (a) −1.6180, 0.6180

(b) −0.5616, 3.5616

(c) −4.7913,−0.2087

(d) −6.6056, 0.6056

(e) −1, 1.5

(f) −0.3028, 3.3028

(g) −0.2573, 2.5907

(h) −8.3666, 8.3666

(i) −0.5931, 0.8431

(j) −2, −0.5

(k) −4.0825, 4.0825

5 (a) 1, 2, 3 (b) −2, 1, 3

(c) −6, 3, 4 (d) −3.3028, 0.3028, 1.5

(e) −2.5, −0.6180, 1.6180

1.5 ALGEBRAIC FRACTIONS

An algebraic fraction has the form

algebraic fraction =
numerator

denominator
=

polynomial expression

polynomial expression

For example,

3t + 1

t2 + t + 4
,

x3

x2 + 1
and

y2 + 1

y2 + 2y+ 3

are all algebraic fractions.
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1.5.1 Proper and improper fractions

When presented with a fraction, we can note the degree of the numerator, say n, and the

degree of the denominator, say d.

A fraction is proper if d > n, that is the degree of the denominator is greater than

the degree of the numerator. If d 6 n then the fraction is improper.

Example 1.25 Classify the following fractions as either proper or improper. In each case, state the

degree of both numerator and denominator.

(a)
x2 + 9x− 6

3x3 + x2 + 100

(b)
t3 + t2 + 9t − 6

t5 + 9

(c)
(v + 1)(v − 6)

v2 + 3v + 6

(d)
(z+ 2)3

5z2 + 10z+ 16

Solution (a) The degree of the numerator, n, is 2. The degree of the denominator, d, is 3. Since

d > n the fraction is proper.

(b) Here n = 3 and d = 5. The fraction is proper since d > n.

(c) Here n = 2 and d = 2, so d = n and the fraction is improper.

(d) Here n = 3 and d = 2, so d < n and the fraction is improper.

1.5.2 Equivalent fractions

Consider the numerical fractions
1

2
and

2

4
. These fractions have the same value. Sim-

ilarly,
2

3
,
6

9
and

20

30
all have the same value. The algebraic fractions

x

y
,
2x

2y
and

xt

yt
all

have the same value. Fractions with the same value are called equivalent fractions.

The value of a fraction remains unchanged if both numerator and denominator are

multiplied or divided by the same quantity. This fact can be used to write a fraction in

many equivalent forms. Consider for example the fractions

(a)
2

x
(b)

2(x+ 1)

x(x+ 1)
(c)

2xt

x2t

These are all equivalent fractions. Fraction (b) can be obtained by multiplying both nu-

merator and denominator of fraction (a) by (x+ 1), so they are equivalent. Fraction (a)

can be obtained by dividing numerator and denominator of fraction (c) by xt and so they

are also equivalent.

Example 1.26 Show that

x+ 1

x+ 7
and

x2 + 4x+ 3

x2 + 10x+ 21

are equivalent.
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Solution We factorize the numerator and denominator of the second fraction:

x2 + 4x+ 3

x2 + 10x+ 21
=

(x+ 1)(x+ 3)

(x+ 7)(x+ 3)

Dividing both numerator and denominator by (x+ 3) results in
x+ 1

x+ 7
. So the two given

fractions are equivalent.

Dividing both numerator and denominator by x+ 3 is often referred to as ‘cancelling

x+ 3’.

1.5.3 Expressing a fraction in its simplest form

Consider the numerical fraction
6

10
. To simplify this we factorize both numerator and

denominator and then cancel any common factors. Thus

6

10
=

2 × 3

2 × 5
=

3

5

The fractions
6

10
and

3

5
have identical values but

3

5
is in a simpler form than

6

10
. It is im-

portant to stress that only factors which are common to both numerator and denominator

can be cancelled.

Example 1.27 Simplify

(a)
6x

18x2

(b)
12x3y2

4x2yz

Solution (a) Note that 18 can be factorized to 6×3 and so 6 is a factor common to both numerator

and denominator. Also x2 is x× x and so x is also a common factor. Cancelling the

common factors, 6 and x, produces

6x

18x2
=

6x

(6)(3)(x)(x)
=

1

3x

(b) The common factors are 4, x2 and y. Cancelling these factors gives

12x3y2

4x2yz
=

3xy

z

Example 1.28 Simplify (a)
4

6x+ 4
(b)

6t3 + 3t2 + 6t

3t2 + 3t

Solution (a) Factorizing both numerator and denominator and cancelling common factors yields

4

6x+ 4
=

(2)(2)

2(3x+ 2)
=

2

3x+ 2
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(b) Factorizing and cancelling common factors yields

6t3 + 3t2 + 6t

3t2 + 3t
=

3t(2t2 + t + 2)

3t(t + 1)
=

2t2 + t + 2

t + 1

Note that the common factor, 3t, has been cancelled.

Example 1.29 Simplify (a)
4t + 8

t2 + 3t + 2
(b)

2y2 − y− 1

y2 − 2y+ 1

Solution The numerator and denominator are factorized and common factors are cancelled.

(a)
4t + 8

t2 + 3t + 2
=

4(t + 2)

(t + 2)(t + 1)
=

4

t + 1

The common factor, t + 2, has been cancelled.

(b)
2y2 − y− 1

y2 − 2y+ 1
=

(2y+ 1)(y− 1)

(y− 1)2
=

2y+ 1

y− 1

The common factor, y− 1, has been cancelled.

1.5.4 Multiplication and division of algebraic fractions

To multiply two algebraic fractions together, we multiply their numerators together, and

multiply their denominators together, that is

a

b
×
c

d
=
a× c

b× d
=
ac

bd

Division is performed by inverting the second fraction and then multiplying, that is

a

b
÷
c

d
=
a

b
×
d

c
=
ad

bc

Before multiplying or dividing fractions it is advisable to express each fraction in its

simplest form.

Example 1.30 Simplify

x2 + 5x+ 6

2x− 2
×

x2 − x

x2 + 3x+ 2

Solution Factorizing numerators and denominators produces

x2 + 5x+ 6

2x− 2
×

x2 − x

x2 + 3x+ 2
=

(x+ 2)(x+ 3)

2(x− 1)
×

x(x− 1)

(x+ 1)(x+ 2)

=
(x+ 2)(x+ 3)x(x− 1)

2(x− 1)(x+ 1)(x+ 2)

Common factors (x+ 2) and (x− 1) can be cancelled from numerator and denominator

to give

(x+ 2)(x+ 3)x(x− 1)

2(x− 1)(x+ 1)(x+ 2)
=

(x+ 3)x

2(x+ 1)
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Hence

x2 + 5x+ 6

2x− 2
×

x2 − x

x2 + 3x+ 2
=
x(x+ 3)

2(x+ 1)

Example 1.31 Simplify

x2 + 8x+ 7

x2 − 6x
÷

x+ 7

x3 + x2

Solution The second fraction is inverted to give

x2 + 8x+ 7

x2 − 6x
×
x3 + x2

x+ 7

Factorizing numerators and denominators yields

(x+ 1)(x+ 7)

x(x− 6)
×
x2(x+ 1)

(x+ 7)
=

(x+ 1)(x+ 7)x2(x+ 1)

x(x− 6)(x+ 7)

Common factors of x and (x+ 7) are cancelled leaving

(x+ 1)x(x+ 1)

x− 6

which may be written as

x(x+ 1)2

x− 6

1.5.5 Addition and subtraction of algebraic fractions

The method of adding and subtracting algebraic fractions is identical to that for numer-

ical fractions.

Each fraction is written in its simplest form. The denominators of the fractions are

then examined and the lowest common denominator (l.c.d.) is found. This is the sim-

plest expression that has the given denominators as factors. All fractions are then writ-

ten in an equivalent form with the l.c.d. as denominator. Finally the numerators are

added/subtracted and placed over the l.c.d. Consider the following examples.

Example 1.32 Express as a single fraction

2

x+ 1
+

4

x+ 2

Solution Both fractions are already in their simplest form. The l.c.d. of the denominators, (x+ 1)

and (x + 2), is found. This is (x + 1)(x + 2). Note that this is the simplest expression

that has both x+ 1 and x+ 2 as factors.

Each fraction is written in an equivalent form with the l.c.d. as denominator. So

2

x+ 1
is written as

2(x+ 2)

(x+ 1)(x+ 2)
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and

4

x+ 2
is written as

4(x+ 1)

(x+ 1)(x+ 2)

Finally the numerators are added. Hence we have

2

x+ 1
+

4

x+ 2
=

2(x+ 2)

(x+ 1)(x+ 2)
+

4(x+ 1)

(x+ 1)(x+ 2)

=
2(x+ 2) + 4(x+ 1)

(x+ 1)(x+ 2)

=
6x+ 8

(x+ 1)(x+ 2)

=
6x+ 8

x2 + 3x+ 2

Example 1.33 Express as a single fraction

x2 + 3x+ 2

x2 − 1
−

2

2x+ 6

Solution Each fraction is written in its simplest form:

x2 + 3x+ 2

x2 − 1
=

(x+ 1)(x+ 2)

(x− 1)(x+ 1)
=
x+ 2

x− 1

2

2x+ 6
=

2

2(x+ 3)
=

1

x+ 3

The l.c.d. is (x− 1)(x+ 3). Each fraction is written in an equivalent form with l.c.d. as

denominator:

x+ 2

x− 1
=

(x+ 2)(x+ 3)

(x− 1)(x+ 3)
,

1

x+ 3
=

x− 1

(x− 1)(x+ 3)

So

x2 + 3x+ 2

x2 − 1
−

2

2x+ 6
=
x+ 2

x− 1
−

1

x+ 3

=
(x+ 2)(x+ 3)

(x− 1)(x+ 3)
−

(x− 1)

(x− 1)(x+ 3)

=
(x+ 2)(x+ 3) − (x− 1)

(x− 1)(x+ 3)

=
x2 + 5x+ 6 − x+ 1

(x− 1)(x+ 3)

=
x2 + 4x+ 7

(x− 1)(x+ 3)
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Engineering application 1.7

Resistors in parallel

When carrying out circuit analysis it is often helpful to reduce the complexity of a

circuit by calculating an equivalent single resistance for several resistors connected

together in parallel. This simpli�ed version of the original circuit then becomes much

easier to understand. Figure 1.4 shows the simplest case of two resistors connected

together in parallel.

R2R1

Figure 1.4

Two resistors in parallel.

The equivalent resistance, RE, of this simple network is found from the formula

1

RE

=
1

R1

+
1

R2

By combining the fractions on the r.h.s. we see

1

RE

=
R2 + R1

R1R2

and hence

RE =
R1R2

R1 + R2

Consider the case when R1 and R2 are equal and have value R. The equivalent resis-

tance then becomes

RE =
RR

R+ R
=

R2

2R
=
R

2

So

RE =
R

2
= 0.5R

Therefore the effect of putting two equal resistors in parallel is to produce an overall

equivalent resistance which is half that of a single resistor.

EXERCISES 1.5

1 Classify each fraction as either proper or improper.

(a)
x+ 2

x2 + 2
(b)

2

x+ 2
(c)

2 + x

2

(d)
x2 + 2

x+ 2
(e)

x2 + 2

x2 + 1
(f)

x2 + 1

x2 + 2

2 Classify each of the following algebraic fractions as

proper or improper.

(a)
3t + 1

t2 − 1
(b)

10v2 + 4v − 6

3v2 + v − 1
(c)

6 − 4t + t3

6t2 + 1

(d)
9t + 1

t + 1
(e)

100 f 2 + 1

f 3 − 1
(f)

(x+ 1)(x+ 2)

(x+ 3)3
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(g)
(y+ 1)(y+ 2)(y+ 3)

(y+ 4)3

(h)
(z+ 1)10

(2z+ 1)10
(i)

(q+ 1)10

(q2 + 1)6

(j)
3k2 + 2k − 1

k3 + k2 − 4k + 1

3 Express each fraction in its simplest form.

(a)
y3 + 2y

2y− y2
(b)

5x2 + 5

10x− 10

(c)
t2 + 7t + 12

t2 + 5t + 4
(d)

x2 − 1

x3 − 2x2 + x

(e)
x2 + 2x+ 1

x2 − 2x+ 1

4 Simplify the following:

(a)
x+ 1

x+ 3
×
x+ 3

x+ 2

(b)
4

x2 − 1
×
x+ 1

6

(c)
x2 + 3x

x3 + 2x2
×
x2 + 4x+ 4

4x

(d)
4xt + 4t

xt2 − t2
×

4x2 − 4

8x+ 8

(e)
x2 + 2x− 15

x2 + 4x− 5
×
x2 + 3x− 4

x2 − 4x+ 3

5 Express as a single fraction

(a)
3

x+ 6
+

2

x+ 1

(b)
4

x+ 2
−

2

(x+ 2)2

(c)
2x+ 1

x2 + x+ 1
+

4

x− 1

(d)
x2 + 3x− 18

x2 + 7x+ 6
−

2x2 + 7x− 4

x2 + 9x+ 20

(e)
3(x+ 1)

x2 + 4x+ 4
+

2(x− 1)

x2 − 4

Solutions

1 (a) proper (b) proper (c) improper

(d) improper (e) improper (f) improper

2 (a) proper (b) improper (c) improper

(d) improper (e) proper (f) proper

(g) improper (h) improper (i) proper

(j) proper

3 (a)
y2 + 2

2 − y
(b)

x2 + 1

2x− 2
(c)

t + 3

t + 1

(d)
x+ 1

x(x− 1)
(e)

x2 + 2x+ 1

x2 − 2x+ 1

4 (a)
x+ 1

x+ 2
(b)

2

3(x− 1)

(c)
(x+ 2)(x+ 3)

4x2
(d)

2(x+ 1)

t
(e)

x+ 4

x− 1

5 (a)
5x+ 15

(x+ 1)(x+ 6)
(b)

4x+ 6

(x+ 2)2

(c)
6x2 + 3x+ 3

(x− 1)(x2 + x+ 1)

(d)
−x2 + x− 14

(x+ 1)(x+ 5)
(e)

5x2 − x− 10

(x+ 2)2(x− 2)

1.6 SOLUTION OF INEQUALITIES

An inequality is any expression involving one of the symbols >, > , <, 6 .

a > bmeans a is greater than b

a < bmeans a is less than b

a > bmeans a is greater than or equal to b

a 6 bmeans a is less than or equal to b

Just as with an equation, when we add or subtract the same quantity to both sides of an

inequality the inequality still remains. Mathematically we have
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If a > b then

a+ k > b+ k adding k to both sides

a− k > b− k subtracting k from both sides

We can make similar statements for a > b, a < b and a 6 b.

When multiplying or dividing both sides of an inequality extra care must be taken.

Suppose we wish to multiply or divide an inequality by a quantity k. If k is positive the

inequality remains the same; if k is negative then the inequality is reversed.

If a > b then

ka > kb

a

k
>
b

k







if k is positive

ka < kb

a

k
<
b

k







if k is negative

Note that when k is negative the inequality changes from> to <. Similar statements can

be made for a > b, a < b and a 6 b. When asked to solve an inequality we need to state

all the values of the variable for which the inequality is true.

Example 1.34 Solve the following inequalities:

(a) 3t + 1 > t + 7 (b) 2 − 3z 6 6 + z

Solution (a) 3t + 1> t + 7

2t + 1> 7 subtracting t from both sides

2t > 6 subtracting 1 from both sides

t > 3 dividing both sides by 2

Hence all values of t greater than 3 satisfy the inequality.

(b) 2 − 3z 6 6 + z

−3z 6 4 + z subtracting 2 from both sides

−4z 6 4 subtracting z from both sides

z > −1 dividing both sides by −4, remembering to reverse

the inequality

Hence all values of z greater than or equal to −1 satisfy the inequality.

We often have inequalities of the form
α

β
> 0,

α

β
< 0, αβ > 0 and αβ < 0 to solve. It

is useful to note that if

α

β
> 0 then either α > 0 and β > 0 or α < 0 and β < 0

α

β
< 0 then either α > 0 and β < 0 or α < 0 and β > 0

αβ > 0 then either α > 0 and β > 0 or α < 0 and β < 0

αβ < 0 then either α > 0 and β < 0 or α < 0 and β > 0

The following examples illustrate this.
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Example 1.35 Solve the following inequalities:

(a)
x+ 1

2x− 6
> 0 (b)

2t + 3

t + 2
6 1

Solution (a) Consider the fraction
x+ 1

2x− 6
. For the fraction to be positive requires either of the

following:

(i) x+ 1 > 0 and 2x− 6 > 0.

(ii) x+ 1 < 0 and 2x− 6 < 0.

We consider both cases.

Case (i) x+ 1 > 0 and so x > −1.

2x− 6 > 0 and so x > 3.

Both of these inequalities are true only when x > 3. Hence the fraction is positive

when x > 3.

Case (ii) x+ 1 < 0 and so x < −1.

2x− 6 < 0 and so x < 3.

Both of these inequalities are true only when x < −1. Hence the fraction is positive

when x < −1.

In summary,
x+ 1

2x− 6
> 0 when x > 3 or x < −1.

(b)
2t + 3

t + 2
6 1

2t + 3

t + 2
− 1 6 0

t + 1

t + 2
6 0

We now consider the fraction
t + 1

t + 2
. For the fraction to be negative or zero requires

either of the following:

(i) t + 1 6 0 and t + 2 > 0.

(ii) t + 1 > 0 and t + 2 < 0.

We consider each case in turn.

Case (i) t + 1 6 0 and so t 6 −1.

t + 2 > 0 and so t > −2.

Hence the inequality is true when t is greater than −2 and less than or equal to −1.

We write this as −2 < t 6 −1.

Case (ii) t + 1 > 0 and so t > −1.

t + 2 < 0 and so t < −2.
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It is impossible to satisfy both t > −1 and t < −2 and so this case yields no values

of t.

In summary,
2t + 3

t + 2
6 1 when −2 < t 6 −1.

Example 1.36 Solve the following inequalities:

(a) x2 > 4 (b) x2 < 4

Solution (a) x2 > 4

x2 − 4> 0

(x− 2)(x+ 2) > 0

For the product (x− 2)(x+ 2) to be positive requires either

(i) x− 2 > 0 and x+ 2 > 0

or

(ii) x− 2 < 0 and x+ 2 < 0.

We examine each case in turn.

Case (i) x− 2 > 0 and so x > 2.

x+ 2 > 0 and so x > −2.

Both of these are true only when x > 2.

Case (ii) x− 2 < 0 and so x < 2.

x+ 2 < 0 and so x < −2.

Both of these are true only when x < −2.

In summary, x2 > 4 when x > 2 or x < −2.

(b) x2 < 4

x2 − 4< 0

(x− 2)(x+ 2) < 0

For the product (x− 2)(x+ 2) to be negative requires either

(i) x− 2 > 0 and x+ 2 < 0

or

(ii) x− 2 < 0 and x+ 2 > 0.

We examine each case in turn.

Case (i) x− 2 > 0 and so x > 2.

x+ 2 < 0 and so x < −2.

No values of x are possible.
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Case (ii) x− 2 < 0 and so x < 2.

x+ 2 > 0 and so x > −2.

Here we have x < 2 and x > −2. This is usually written as −2 < x < 2. Thus all

values of x between −2 and 2 will ensure that x2 < 4.

In summary, x2 < 4 when −2 < x < 2.

The previous example illustrates a general rule.

If x2 > k then x >
√
k or x < −

√
k.

If x2 < k then −
√
k < x <

√
k.

Example 1.37 Solve the following inequalities:

(a) x2 + x− 6 > 0 (b) x2 + 8x+ 1 < 0

Solution (a) x2 + x− 6> 0

(x− 2)(x+ 3) > 0

For the product (x− 2)(x+ 3) to be positive requires either

(i) x− 2 > 0 and x+ 3 > 0

or

(ii) x− 2 < 0 and x+ 3 < 0.

Case (i) x− 2 > 0 and so x > 2.

x+ 3 > 0 and so x > −3.

Both of these inequalities are satis�ed only when x > 2.

Case (ii) x− 2 < 0 and so x < 2.

x+ 3 < 0 and so x < −3.

Both of these inequalities are satis�ed only when x < −3.

In summary, x2 + x− 6 > 0 when either x > 2 or x < −3.

(b) The quadratic expression x2 + 8x + 1 does not factorize and so the technique of

completing the square is used.

x2 + 8x+ 1 = (x+ 4)2 − 15

Hence

(x+ 4)2 − 15 < 0

(x+ 4)2 < 15



38 Chapter 1 Review of algebraic techniques

Using the result after Example 1.36 we may write

−
√
15 < x+ 4 <

√
15

−
√
15 − 4 < x <

√
15 − 4

−7.873 < x < −0.127

EXERCISES 1.6

1 Solve the following inequalities:

(a) 2x > 6 (b)
y

4
> 0.6

(c) 3t < 12 (d) z+ 1 > 4

(e) 3v − 2 6 4 (f) 6 − k > −1

(g)
6 − 2v

3
< 1 (h) m2

> 2

(i) x2 < 9 (j) v2 + 1 6 10

(k) x2 + 10 < 6 (l) 2k2 − 3 > 1

(m) 10 − 2v2 6 6 (n) 5 + 4k2 > 21

(o) (v − 2)2 6 25 (p) (3t + 1)2 > 16

2 Solve the following inequalities:

(a) x2 − 6x+ 8 > 0

(b) x2 + 6x+ 8 6 0

(c) 2t2 + 3t − 2 < 0

(d) y2 − 2y− 24 > 0

(e) h2 + 6h+ 9 6 1

(f) r2 + 6r + 7 > 0

(g) x2 + 4x− 6 < 0

(h) 4t2 + 4t + 9 6 12

(i)
x+ 4

x− 5
> 1 (j)

2t − 3

t + 6
6 6

(k)
3v + 12

6 − 2v
> 0 (l)

x2

x+ 1
> 0

(m)
x

x2 + 1
< 0 (n)

3y+ 1

y− 2
6 2

(o) k3 > 0 (p) x3 > 8

(q)
t2 + 6t + 9

t + 5
< 0

(r) (x+ 1)(x− 2)(x+ 3) > 0

Solutions

1 (a) x > 3 (b) y > 2.4 (c) t < 4

(d) z > 3 (e) v 6 2 (f) k 6 7

(g) v >
3

2
(h) m >

√
2 or m 6 −

√
2

(i) −3 < x < 3

(j) −3 6 v 6 3

(k) no solution

(l) k >
√
2 or k 6 −

√
2

(m) v >
√
2 or v 6 −

√
2

(n) k > 2 or k < −2

(o) −3 6 v 6 7

(p) t > 1 or t < −
5

3

2 (a) x > 4 or x < 2

(b) −4 6 x 6 − 2

(c) −2 < t <
1

2

(d) y > 6 or y 6 −4

(e) −4 6 h 6 −2

(f) r >
√
2 − 3 or r 6 −

√
2 − 3

(g) −
√
10 − 2 < x <

√
10 − 2

(h) −
3

2
6 t 6

1

2

(i) x > 5

(j) t 6 −
39

4
or t > −6

(k) −4 6 v < 3

(l) x > −1 with x 6= 0

(m) x < 0 (n) −5 6 y < 2

(o) k > 0 (p) x > 2

(q) t < −5

(r) x > 2 or −3 < x < −1
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1.7 PARTIAL FRACTIONS

Given a set of fractions, we can add them together to form a single fraction. For example,

in Example 1.32 we saw

2

x+ 1
+

4

x+ 2
=

2(x+ 2) + 4(x+ 1)

(x+ 1)(x+ 2)

=
6x+ 8

x2 + 3x+ 2

Alternatively, if we are given a single fraction, we can break it down into the sum of easier

fractions. These simple fractions, which when added together form the given fraction,

are called partial fractions. The partial fractions of
6x+ 8

x2 + 3x+ 2
are

2

x+ 1
and

4

x+ 2
.

When expressing a given fraction as a sum of partial fractions it is important to clas-

sify the fraction as proper or improper. The denominator is then factorized into a product

of factors which can be linear and/or quadratic. Linear factors are those of the form

ax + b, for example 2x − 1,
x

2
+ 6. Repeated linear factors are those of the form

(ax+ b)2, (ax+ b)3 and so on, for example (3x− 2)2 and (2x+ 1)3 are repeated linear

factors.Quadratic factors are those of the form ax2 +bx+ c, for example 2x2 −6x+1.

1.7.1 Linear factors

We can calculate the partial fractions of proper fractions whose denominator can be

factorized into linear factors. The following steps are used:

(1) Factorize the denominator.

(2) Each factor of the denominator produces a partial fraction. A factor ax+b produces

a partial fraction of the form
A

ax+ b
where A is an unknown constant.

(3) Evaluate the unknown constants of the partial fractions. This is done by evaluation

using a speci�c value of x or by equating coef�cients.

A linear factor ax + b in the denominator produces a partial fraction of the form
A

ax+ b
.

Example 1.38 Express

6x+ 8

x2 + 3x+ 2

as its partial fractions.

Solution The denominator is factorized as

x2 + 3x+ 2 = (x+ 1)(x+ 2)
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The linear factor, x+ 1, produces a partial fraction of the form
A

x+ 1
. The linear factor,

x + 2, produces a partial fraction of the form
B

x+ 2
. A and B are unknown constants

whose values have to be found. So we have

6x+ 8

x2 + 3x+ 2
=

6x+ 8

(x+ 1)(x+ 2)
=

A

x+ 1
+

B

x+ 2
(1.8)

Multiplying both sides of Equation (1.8) by (x+ 1) and (x+ 2) we obtain

6x+ 8 = A(x+ 2) + B(x+ 1) (1.9)

We now evaluate A and B. There are two techniques which enable us to do this: evalu-

ation using a speci�c value of x and equating coef�cients. Each is illustrated in turn.

Evaluation using a specific value of x

We examine Equation (1.9). We will substitute a speci�c value of x into this equation.

Although any value can be substituted for x we will choose a value which simpli�es

the equation as much as possible. We note that substituting x = −2 will simplify the

r.h.s. of the equation since the term A(x+ 2) will then be zero. Similarly, substituting in

x = −1 will simplify the r.h.s. because the term B(x+ 1) will then be zero. So x = −1

and x = −2 are two convenient values to substitute into Equation (1.9). We substitute

each in turn.

Evaluating Equation (1.9) with x = −1 gives

−6 + 8 = A(−1 + 2)

2 = A

Evaluating Equation (1.9) with x = −2 gives

−4 = B(−1)

B = 4

Substituting A = 2, B = 4 into Equation (1.8) yields

6x+ 8

x2 + 3x+ 2
=

2

x+ 1
+

4

x+ 2

Thus the required partial fractions are
2

x+ 1
and

4

x+ 2
.

The constants A and B could have been found by equating coef�cients.

Equating coe	cients

Equation (1.9) may be written as

6x+ 8 = (A+ B)x+ 2A+ B

Equating the coef�cients of x on both sides gives

6 = A+ B

Equating the constant terms on both sides gives

8 = 2A+ B
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Thus we have two simultaneous equations in A and B, which may be solved to give

A = 2 and B = 4 as before.

1.7.2 Repeated linear factor

We now examine proper fractions whose denominators factorize into linear factors,

where one or more of the linear factors is repeated.

A repeated linear factor, (ax+ b)2, produces two partial fractions of the form

A

ax+ b
+

B

(ax+ b)2

A repeated linear factor, (ax+ b)2, leads to partial fractions

A

ax+ b
+

B

(ax+ b)2

Example 1.39 Express

2x+ 5

x2 + 2x+ 1

as partial fractions.

Solution The denominator is factorized to give (x+1)2. Here we have a case of a repeated factor.

This repeated factor generates partial fractions
A

x+ 1
+

B

(x+ 1)2
. Thus

2x+ 5

x2 + 2x+ 1
=

2x+ 5

(x+ 1)2
=

A

x+ 1
+

B

(x+ 1)2

Multiplying by (x+ 1)2 gives

2x+ 5 = A(x+ 1) + B = Ax+ A+ B

Equating coef�cients of x gives A = 2. Evaluation with x = −1 gives B = 3. So

2x+ 5

x2 + 2x+ 1
=

2

x+ 1
+

3

(x+ 1)2

Example 1.40 Express

14x2 + 13x

(4x2 + 4x+ 1)(x− 1)

as partial fractions.

Solution The denominator is factorized to (2x+1)2(x−1). The repeated factor, (2x+1)2, produces

partial fractions of the form

A

2x+ 1
+

B

(2x+ 1)2
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The factor, (x− 1), produces a partial fraction of the form
C

x− 1
. So

14x2 + 13x

(4x2 + 4x+ 1)(x− 1)
=

14x2 + 13x

(2x+ 1)2(x− 1)
=

A

2x+ 1
+

B

(2x+ 1)2
+

C

x− 1

Multiplying both sides by (2x+ 1)2(x− 1) gives

14x2 + 13x = A(2x+ 1)(x− 1) + B(x− 1) +C(2x+ 1)2 (1.10)

The unknown constants A,B andC can now be found.

Evaluating Equation (1.10) with x = 1 gives

27 = C(3)2

from which

C = 3

Evaluating Equation (1.10) with x = −0.5 gives

14(−0.5)2 + 13(−0.5) = B(−0.5 − 1)

from which

B = 2

Finally, comparing the coef�cients of x2 on both sides of Equation (1.10) we have

14 = 2A+ 4C

Since we already haveC = 3 then

A = 1

Hence we see that

14x2 + 13x

(4x2 + 4x+ 1)(x− 1)
=

1

2x+ 1
+

2

(2x+ 1)2
+

3

x− 1

1.7.3 Quadratic factors

We now look at proper fractions whose denominator contains a quadratic factor, that is

a factor of the form ax2 + bx+ c.

A quadratic factor, ax2 + bx+ c, produces a partial fraction of the form

Ax+ B

ax2 + bx+ c

Example 1.41 Noting that x3 + 2x2 − 11x− 52 = (x− 4)(x2 + 6x+ 13), express

3x2 + 11x+ 14

x3 + 2x2 − 11x− 52

as partial fractions.
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Solution The denominator has already been factorized. The linear factor, x−4, produces a partial

fraction of the form
A

x− 4
.

The quadratic factor, x2 + 6x + 13, will not factorize further into two linear factors.

Thus this factor generates a partial fraction of the form
Bx+C

x2 + 6x+ 13
. Hence

3x2 + 11x+ 14

(x− 4)(x2 + 6x+ 13)
=

A

x− 4
+

Bx+C

x2 + 6x+ 13

Multiplying by (x− 4) and (x2 + 6x+ 13) produces

3x2 + 11x+ 14 = A(x2 + 6x+ 13) + (Bx+C)(x− 4) (1.11)

The constants A, B andC can now be found.

Putting x = 4 into Equation (1.11) gives

106 = A(53)

A = 2

Equating the coef�cients of x2 gives

3 = A+ B

B = 1

Equating the constant term on both sides gives

14 = A(13) − 4C

C = 3

Hence

3x2 + 11x+ 14

x3 + 2x2 − 11x− 52
=

2

x− 4
+

x+ 3

x2 + 6x+ 13

1.7.4 Improper fractions

The techniques of calculating partial fractions in Sections 1.7.1 to 1.7.3 have all been

applied to proper fractions. We now look at the calculation of partial fractions of im-

proper fractions. The techniques described in Sections 1.7.1 to 1.7.3 are all applicable

to improper fractions. However, when calculating the partial fractions of an improper

fraction, an extra term needs to be included. The extra term is a polynomial of degree

n − d, where n is the degree of the numerator and d is the degree of the denomina-

tor. A polynomial of degree 0 is a constant, a polynomial of degree 1 has the form

Ax + B, a polynomial of degree 2 has the form Ax2 + Bx + C, and so on. For exam-

ple, if the numerator has degree 3 and the denominator has degree 2, the partial fractions

will include a polynomial of degree n − d = 3 − 2 = 1, that is a term of the form

Ax + B. If the numerator and denominator are of the same degree, the fraction is im-

proper. The partial fractions will include a polynomial of degree n − d = 0, that is a

constant term.
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Let the degree of the numerator be n and the degree of the denominator be d. If n > d

then the fraction is improper. Improper fractions have partial fractions in addition to

those generated by the factors of the denominator. These additional partial fractions

take the form of a polynomial of degree n− d.

Example 1.42 Express as partial fractions

4x3 + 10x+ 4

2x2 + x

Solution The degree of the numerator is 3, that is n = 3. The degree of the denominator is 2, that

is d = 2. Thus, the fraction is improper.

Now n− d = 1 and this is a measure of the extent to which the fraction is improper.

The partial fractions will include a polynomial of degree 1, that is Ax+B, in addition to

the partial fractions generated by the factors of the denominator.

The denominator factorizes to x(2x + 1). These factors generate partial fractions of

the form
C

x
+

D

2x+ 1
. Hence

4x3 + 10x+ 4

2x2 + x
=

4x3 + 10x+ 4

x(2x+ 1)
= Ax+ B+

C

x
+

D

2x+ 1

Multiplying by x and 2x+ 1 yields

4x3 + 10x+ 4 = (Ax+ B)x(2x+ 1) +C(2x+ 1) + Dx (1.12)

The constants A, B, C and D can now be evaluated.

Putting x = 0 into Equation (1.12) gives

4 = C

Putting x = −0.5 into Equation (1.12) gives

−1.5 = −
D

2

D = 3

Equating coef�cients of x3 gives

4 = 2A

A = 2

Equating coef�cients of x gives

10 = B+ 2C + D

B = −1

Hence

4x3 + 10x+ 4

2x2 + x
= 2x− 1 +

4

x
+

3

2x+ 1
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EXERCISES 1.7

1 Calculate the partial fractions of the following

fractions:

(a)
6x+ 14

x2 + 4x+ 3
(b)

7 − 2x

x2 − x− 2

(c)
3x+ 6

2x2 + 3x
(d)

8 − x

6x2 − x− 1

(e)
13x2 + 11x+ 2

(x+ 1)(2x+ 1)(3x+ 1)

2 Calculate the partial fractions of the following

fractions:

(a)
2x+ 7

x2 + 6x+ 9
(b)

4x− 5

x2 − 2x+ 1

(c)
3x2 + 8x+ 6

(x2 + 2x+ 1)(x+ 2)

(d)
3x2 − 3x− 2

(x2 − 1)(x− 1)
(e)

3x2 + 7x+ 6

x3 + 2x2

3 Express the following as partial fractions:

(a)
x2 + x+ 2

(x2 + 1)(x+ 1)

(b)
5x2 + 11x+ 5

(2x+ 3)(x2 + 5x+ 5)

(c)
4x2 + 5

(x2 + 1)(x2 + 2)

(d)
18x2 + 7x+ 44

(2x− 3)(2x2 + 5x+ 7)

(e)
2x

(x2 − x+ 1)(x2 + x+ 1)

4 Express the following fractions as partial fractions:

(a)
x2 + 7x+ 13

x+ 4
(b)

12x− 4

2x− 1

(c)
x2 + 8x+ 2

x2 + 6x+ 1

(d)
x3 − 2x2 + 3x− 3

x2 − 2x+ 1

(e)
2x3 + 2x2 − 2x− 1

x2 + x

Solutions

1 (a)
2

x+ 3
+

4

x+ 1
(b)

1

x− 2
−

3

x+ 1

(c)
2

x
−

1

2x+ 3
(d)

3

2x− 1
−

5

3x+ 1

(e)
2

x+ 1
+

1

2x+ 1
−

1

3x+ 1

2 (a)
2

x+ 3
+

1

(x+ 3)2
(b)

4

x− 1
−

1

(x− 1)2

(c)
1

x+ 1
+

1

(x+ 1)2
+

2

x+ 2

(d)
2

x− 1
−

1

(x− 1)2
+

1

x+ 1

(e)
2

x
+

3

x2
+

1

x+ 2

3 (a)
1

x+ 1
+

1

x2 + 1

(b)
2x

x2 + 5x+ 5
+

1

2x+ 3

(c)
1

x2 + 1
+

3

x2 + 2

(d)
5

2x− 3
+

4x− 3

2x2 + 5x+ 7

(e)
1

x2 − x+ 1
−

1

x2 + x+ 1

4 (a) x+ 3 +
1

x+ 4
(b) 6 +

2

2x− 1

(c) 1 +
2x+ 1

x2 + 6x+ 1

(d) x+
2

x− 1
−

1

(x− 1)2

(e) 2x−
1

x
−

1

x+ 1
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Technical Computing Exercises 1.7

1 Use a technical computing language such as

MATLAB® to verify the solutions to the problems in

Exercises 1.7. In MATLAB®, the function residue

calculates the partial fraction expansion. For example,

exercise 1(a) would be solved by typing the following:

b = [6 14];

a = [1 4 3];

[r,p,k] = residue(b, a)

Notice how the coef�cients of the numerator are input

in the form b = [6 14]; this is known as a row

vector. The concept of a vector will be discussed in

later chapters. For now it is adequate to treat this as a

horizontal list of numbers which are passed to

MATLAB® in a speci�c order.

Similarly, the coef�cients of the denominator are

input by a = [1 4 3].

Each vector is arranged with the coef�cient of the

highest power of x �rst.

The result is:

r =

4.0000

2.0000

p =

-1

-3

k =

[]

Examining the solution we note that the output for

both r and p is arranged as a vertical list. This way of

representing the output is known as a column vector.

We note that the numbers returned in column vector p

have a negative sign. This is because the result

calculated contains the poles of the partial fraction

expansion. These are values of the variable which

make the denominator of the fraction zero. The

signi�cance of this will become clear later in the text

but for now it is adequate to note the difference in

sign from what might have been expected.

1.8 SUMMATION NOTATION

In engineering we often want to measure the value of a variable, such as current, voltage

or pressure.

Suppose we make three measurements of a variable x. We can label these measure-

ments x1, x2 and x3. In this context, the numbers 1, 2, 3 are called subscripts.

In mathematics, the Greek letter sigma, written
∑

, stands for a ‘sum’. For example,

the sum x1 + x2 + x3 is written

3
∑

k=1

xk

Note that the subscript k ranges from 1 to 3. As k ranges from 1 to 3, xk becomes x1 then

x2 and then x3 and the sigma sign tells us to add up these quantities.

In general,

N
∑

k=1

xk = x1 + x2 + · · · + xN

This notation is often used to express some of the fundamental equations of electrical

circuit analysis. Sometimes ‘Summation Notation’ is known as ‘Sigma Notation’.
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Engineering application 1.8

Kirchho�’s current law

Kirchhoff’s current law, often abbreviated to KCL, provides one of the fundamental

equations for analysing electrical circuits. The law states that the sum of the currents

	owing out of any junction, or node, in a circuit must equal the sum of the currents

	owing into it.

This principle is intuitive as it has a direct analogy with fluid flow in connected

water pipes. Currents flowing into a junction are considered positive; those flowing

out of a junction are negative. It is then valid to say that the sum of the currents

at a junction is zero. If there are N currents at the junction, denoted I1, I2, . . . , IN,

then

I1 + I2 + I3 + · · · + IN−1 + IN = 0

This can be expressed using the summation notation as

N
∑

k=1

Ik = 0

Here Ik means ‘the current, I, in branch k’. The �rst equation can be produced from

the summation notation by �rst substituting k = 1, then k = 2, right up to k = N.

The expression below the summation symbol tells you where to start and the variable

to be substituted, and the number above the summation symbol indicates where to

stop counting. Summation notation is a very compact and precise way of expressing

KCL for any number of currents at a node.

Consider the node shown in Figure 1.5.

Branch 1 Branch 3

Branch 2 Branch 4

1 A
2 A

3 A 2 A Figure 1.5

A circuit node with four separate branches. The currents are

given in amperes (or amps, A).

It can be seen that the total current flowing into the node is 1 + 3 = 4 amps. The

current flowing out of the node is 2 + 2 = 4 amps. Clearly,

Total current flowing into node = total current flowing out of node

Alternatively, using the summation form of KCL we have

4
∑

k=1

Ik = I1 + I2 + I3 + I4 = 0 = 1 + 3 − 2 − 2

Note that for currents flowing out of the node a negative sign is used and for currents

flowing into the node a positive sign is used. This is equivalent to considering the

currents separately as inward and outward flowing currents and equating the two.

Suppose for a moment that we did not know the current in branch 4 and,

furthermore, it was not labelled with an arrow to show the direction of current flow.

➔
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This situation is likely to occur in a circuit problem in electronics. There are

two options for labelling the current flow direction, and these are summarized in

Figure 1.6.

Branch 4

1 A
2 A

3 A I4

Branch 4

1 A
2 A

3 A I4 Figure 1.6

Two different ways of de�ning the

current direction in Branch 4.

1 + 3 − 2 − I4 = 0 1 + 3 − 2 + I4 = 0

I4 = 2 I4 = −2

Note that the two solutions are both correct but I4 = −2 has a negative sign, which

simply indicates that the current flows in the opposite direction to the arrow drawn

on the right-hand diagram. It does not matter which way round the arrow is marked,

as long as we observe the sign.

Engineering application 1.9

Kirchho�’s voltage law

Kirchhoff’s voltage law, often abbreviated to KVL, provides another of the funda-

mental equations for analysing electrical circuits. The law states that the sum of the

voltages around a closed loop equals zero. It is often written down in the form of a

summation, as follows:

N
∑

k=1

Vk = 0

For the circuit shown in Figure 1.7 there are three possible loops to which we

could apply KVL.

Va

Vc

Vb

Ve

Vd

Figure 1.7

A simple circuit to illustrate Kirchhoff’s voltage law.

In this example an ideal voltage source and resistors are used, although any compo-

nents could be substituted as KVL applies universally. Note that we ‘walk around’



1.8 Summation notation 49

the circuit when writing down the equations. If the arrow is in the direction of travel

then it is given a positive sign; if it opposes the direction of travel it is given a

negative sign.

The equations are

Va

Vb

Vc

Va

Vb

Ve

Vd

Vc

Ve

Vd

Va −Vb −Vc = 0 Va −Vb −Vd −Ve = 0 Vc −Vd −Ve = 0

If the equations are solved and the voltage has a negative sign it indicates that the

polarity is opposite to the direction of the voltage arrow drawn on the diagram. KVL

and KCL are the fundamental circuit laws that allow networks of electronic compo-

nents to be mathematically analysed. Although they are simple in concept they are

very powerful techniques.

EXERCISES 1.8

1 Write out fully what is meant by each of the following

expressions:

(a)
∑4

k=1 xk (b)
∑4

i=1 xi

(c)
∑7

k=1 xk (d)
∑3

k=1 x
2
k

(e)
∑4

j=1(x j − 2)3 (f)
∑3

n=0(2n+ 1)2

2 Write out fully

(a)
∑4

k=1(−1)k k (b)
∑5

k=1(−1)k+1k2

3 Write the following sums more concisely by using

sigma notation:

(a) 13 + 23 + 33 + · · · + 103

(b)
1

1
−

1

2
+

1

3
−

1

4
+ · · · −

1

12

(c) 1 +
1

3
+

1

5
+

1

7

4 Determine the current, I, at each of the following

circuit nodes:

(a)

I

1 A3 A
(b)

I

1 A3 A

(c)

I

1 A
3 A

(d)

I

I1

I2

I3
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5 Find Va in each of the following circuits:

(a)

2 V

1 V

Va

(b)

−1 V

Va

2 V

6 Find Va and Vb using KVL.

3 V

1 V

Vb

1 V

Va

Solutions

1 (a) x1 + x2 + x3 + x4 (b) x1 + x2 + x3 + x4

(c) x1 + x2 + x3 + x4 + x5 + x6 + x7

(d) x21 + x22 + x23

(e) (x1 − 2)3 + (x2 − 2)3 + (x3 − 2)3 + (x4 − 2)3

(f) 1 + 32 + 52 + 72

2 (a) −1 + 2 − 3 + 4

(b) 1 − 4 + 9 − 16 + 25

3 (a)
∑10

k=1 k
3

(b)
∑12

k=1
(−1)k+1

k

(c)
∑3

n=0
1

2n+1 or
∑4

n=1
1

2n−1

4 All solved using KCL

(a) 3 − 1 − I = 0 ·
· · I = 2

(b) 3 + 1 − I = 0 ·
· · I = 4

(c) 3 + 1 + I = 0 ·
· · I = −4

(d) I1 + I2 + I3 − I = 0, ·
· · I = I1 + I2 + I3

or I =
∑3

k=1 Ik

5 Both solved using KVL

(a) 2 − 1 −Va = 0 ·
· · Va = 1

(b) 2 + (−1) +Va = 0 ·
· · Va = −1

6 3 − 1 −Va = 0 ·
· · Va = 2

3 − 1 − 1 −Vb = 0 ·
· · Vb = 1

or Va − 1 −Vb = 0 ·
· · by substitution for Va,

Vb = 1

REVIEW EXERCISES 1

1 Simplify each of the following as far as possible:

(a) 7674 (b)
63

6−2
(c) (34)−2

(d)
√
3462 (e) (32/341/3)6 (f)

10−3

10−4

2 Simplify as far as possible:

(a) x7x−3 (b) (x2)4 (c)

(√
x

x

)−1

(d) (y−2)−1 (e) y1/3yy2
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3 Remove the brackets and simplify:

(a) (2x2y)3 (b) (6a2b3
√
c)2 (c)

(

y−2

2

)−1

(d) (x2y−1)0.5 (e)

(

3−1x−2

y−3

)−2

4 Express the following as their partial fractions:

(a)
3x+ 11

(x− 3)(x+ 7)
(b)

−3 − x

x2 − x

(c)
6x2 − 2

2x2 − x
(d)

2x2 − x− 7

(x+ 1)(x− 1)(x+ 2)

(e)
4x− 11

2x2 + 15x+ 7

5 Convert the following into a single fraction:

(a)
1

x
+

3

x+ 2
+

6

8x+ 4

(b)
1

s
+

2

s2
+

3s+ 4

8s+ 6

(c)
6

s
+

10

s2
−

s+ 1

(s+ 2)(s+ 3)
+

s− 1

(s+ 4)(s+ 3)

6 Express the following as partial fractions:

(a)
5x

(x+ 1)(2x− 3)
(b)

3x+ 2

x2 + 5x+ 6

(c)
y+ 3

y2 + 3y+ 2
(d)

1

t2 + 3t + 2

(e)
2z2 + 15z+ 30

(z+ 2)(z+ 3)(z+ 6)

(f)
24x2 + 33x+ 11

(2x+ 1)(3x+ 2)(4x+ 3)

(g)
s+ 3

(s+ 1)2
(h)

2k2 + k + 1

k3 − k

(i)
x3

x2 + 1
(j)

t + 5

(t + 3)2

(k)
s2

s2 + 1
(l)

8x− 15

4x2 − 12x+ 9

(m)
6d2 + 15d + 8

(d + 1)2(d + 2)
(n)

2x2 + x+ 3

x2 + 2x+ 1

(o)
−y− 1

(y2 + 1)(y− 1)
(p)

s2 − 8s− 5

(s2 + s+ 1)(s− 4)

(q)
t2 + t − 2

(t − 2)2(t + 1)
(r)

2s3 + 3s2 − s− 4

s2 + s− 1

(s)
x3 + 4x2 + 7x+ 5

x2 + 3x+ 2

7 Solve the following quadratic equations using the

quadratic formula:

(a) x2 + 10x+ 2 = 0

(b) y2 − 6y− 3 = 0

(c) 2t2 + 2t − 9 = 0

(d) 3z2 − 9z− 1 = 0

(e) 5v2 + v − 6 = 0

8 Solve the quadratic equations in Question 7 by

completing the square.

9 Solve

x3 − 4x2 − 25x+ 28 = 0

given x = 7 is a root.

10 Solve the following inequalities:

(a) 6t − 1 6 4 (b) −6 6 3r 6 6

(c) 1 − 2v < v + 4 (d) 2 6
x− 2

3

(e) (x− 2)2 > 36 (f) x2 − 2x− 3 < 0

(g)
x− 3

x+ 1
> 0 (h) x2 − 8x+ 5 6 0

(i)
x

2
6

3

x
(j)

x2 − 2x− 3

x− 5
> 0

11 Express each fraction in its simplest form.

(a)
3ab2

12ab
(b)

6x2y2z

3xy3z
(c)

9t + 6

12 − 3t

(d)
3x2 + 3x

6x2 − 3x
(e)

xyz− 2x2y2z

x2y2 − 2x3y3

12 Express each fraction in its simplest form.

(a)
x2 + 2x− 15

x2 − 2x− 3
(b)

y2 + 4y− 12

y2 + 13y+ 42

(c)
2x2 + 7x− 4

2x2 − 3x+ 1
(d)

3x2t + 3xt − 3t

4x2z+ 4xz− 4z

(e)
x3 − 2x2 + x− 2

x3 + x2 + x+ 1

13 Express as a single fraction in its simplest form.

(a)
x+ 1

x+ 6
×
x+ 6

x+ 2

(b)
3x− 6

xy+ 2y
×
xy+ 3y

4x− 8

(c)
x2 − 1

4
÷
x− 1

6

(d)
x2 − 9x

x+ 1
÷

x− 9

x3 + x2

(e)
x2 − 5x− 6

x2 + x− 42
÷

x2 − 1

x2 + 6x− 7
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14 Express as a single fraction:

(a)
5

x+ 6
+

3

x+ 1

(b)
3x

2x− 1
−

4

x+ 5

(c)
x+ 1

x2 − 5x− 6
+

5x

x+ 3

(d) x+ 1 +
2

x− 3

(e) 2x− 3 +
1

x+ 1
−

x

x2 + 1

Solutions

1 (a) 710 (b) 65 (c) 3−8

(d) 326 (e) 3442 (f) 10

2 (a) x4 (b) x8 (c)
√
x

(d) y2 (e) y10/3

3 (a) 8x6y3 (b) 36a4b6c (c) 2y2

(d) xy−0.5 (e)
9x4

y6

4 (a)
2

x− 3
+

1

x+ 7

(b)
3

x
−

4

x− 1

(c) 3 +
2

x
−

1

2x− 1

(d)
2

x+ 1
−

1

x− 1
+

1

x+ 2

(e)
3

x+ 7
−

2

2x+ 1

5 (a)
19x2 + 22x+ 4

2x(x+ 2)(2x+ 1)

(b)
3s3 + 12s2 + 22s+ 12

2s2(4s+ 3)

(c)
2(3s4 + 30s3 + 120s2 + 202s+ 120)

s2(s+ 2)(s+ 3)(s+ 4)

6 (a)
1

x+ 1
+

3

2x− 3

(b)
7

x+ 3
−

4

x+ 2

(c)
2

y+ 1
−

1

y+ 2

(d)
1

t + 1
−

1

t + 2

(e)
2

z+ 2
−

1

z+ 3
+

1

z+ 6

(f)
1

2x+ 1
+

3

3x+ 2
−

2

4x+ 3

(g)
1

s+ 1
+

2

(s+ 1)2

(h)
1

k + 1
+

2

k − 1
−

1

k

(i) x−
x

x2 + 1

(j)
1

t + 3
+

2

(t + 3)2

(k) 1 −
1

s2 + 1

(l)
4

2x− 3
−

3

(2x− 3)2

(m)
4

d + 1
−

1

(d + 1)2
+

2

d + 2

(n) 2 −
3

x+ 1
+

4

(x+ 1)2

(o)
y

y2 + 1
−

1

y− 1

(p)
2s+ 1

s2 + s+ 1
−

1

s− 4

(q)
11

9(t − 2)
+

4

3(t − 2)2
−

2

9(t + 1)

(r) 2s+ 1 −
3

s2 + s− 1

(s) x+ 1 +
1

x+ 1
+

1

x+ 2

7 (a) −9.7958,−0.2042

(b) −0.4641, 6.4641

(c) −2.6794, 1.6794

(d) −0.1073, 3.1073

(e) −1.2, 1

8 (a) (x+ 5)2 − 23 = 0

(b) (y− 3)2 − 12 = 0

(c) 2

[

(

t +
1

2

)2

−
19

4

]

= 0
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(d) 3

[

(

z−
3

2

)2

−
31

12

]

= 0

(e) 5

[

(

v +
1

10

)2

−
121

100

]

= 0

Solutions same as for Question 7

9 x = −4, 1, 7

10 (a) t 6
5

6
(b) −2 6 r 6 2

(c) v > −1 (d) x > 8

(e) x 6 − 4 or x > 8

(f) −1 < x < 3

(g) x < −1 or x > 3

(h) 4 −
√
11 6 x 6 4 +

√
11

(i) 0 < x 6
√
6, x 6 −

√
6

(j) x > 5 or −1 < x < 3

11 (a)
b

4
(b)

2x

y
(c)

3t + 2

4 − t

(d)
x+ 1

2x− 1
(e)

z

xy

12 (a)
x+ 5

x+ 1
(b)

y− 2

y+ 7
(c)

x+ 4

x− 1

(d)
3t

4z
(e)

x− 2

x+ 1

13 (a)
x+ 1

x+ 2
(b)

3(x+ 3)

4(x+ 2)

(c)
3(x+ 1)

2
(d) x3 (e) 1

14 (a)
8x+ 23

(x+ 1)(x+ 6)

(b)
3x2 + 7x+ 4

(2x− 1)(x+ 5)

(c)
5x2 − 29x+ 3

(x− 6)(x+ 3)

(d)
x2 − 2x− 1

x− 3

(e)
2x4 − x3 − x2 − 2x− 2

(x+ 1)(x2 + 1)
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2.1 INTRODUCTION

The study of functions is central to engineering mathematics. Functions can be used to

describe the way quantities change: for example, the variation in the voltage across an

electronic component with time, the variation in position of an electric motor with time

and the variation in the strength of a signal with both position and time.

In this chapter we introduce several concepts associated with functions before going

on to catalogue a number of engineering functions in Section 2.4. Much of the material

of Section 2.4 will already be familiar to the reader and so this section should be treated

as a reference section to be dipped into whenever necessary. A number of mathematical

methods are also included in Section 2.4, most of which will be familiar but they have

been collected together in order to make the book complete.

When trying to understand a mathematical function it is always useful to sketch a

graph in order to obtain an idea of its behaviour. The reader is encouraged to sketch such

graphs whenever a new function is met. Graphics calculators are now readily available

and they make this task relatively easy. If you possess such a calculator then it would be

useful to make use of it whenever a new function is introduced. Software packages are

also available to allow such plots to be carried out on a computer. These can be useful for

plotting more complicated functions and ones that depend on more than one variable.

We examine functions of more than one variable in Chapter 25.

Throughout the book we make use of the termmathematical model. When doing so

we mean an idealization of an engineering system or a physical situation so that it can be

described by mathematical equations. To reflect an engineering system very accurately,

a sophisticated model, consisting of many interrelated equations, may be needed. Al-

though accurate, such a model may be cumbersome to use. Accuracy can be sacri�ced



2.2 Numbers and intervals 55

in order to achieve a simple, easy-to-use model. A judgement is made as to when the

right blend of accuracy and conciseness is achieved. For example, the most common

mathematical model for a resistor uses Ohm’s law which states that the voltage across a

resistor equals the current through the resistor multiplied by the resistance value of the

resistor, that is V = IR. However, this model is based on a number of simpli�cations. It

ignores any variation in current density across the cross-section of the resistor and as-

sumes a single current value is acceptable. It also ignores the fact that if a large enough

voltage is placed across the resistor then the resistor will break down. In most cases it is

worth accepting these simpli�cations in order to obtain a concise model.

Having obtained a mathematical model, it is then used to predict the effect of chang-

ing elements or conditions within the actual system. Using the model to examine these

effects is often cheaper, safer and more convenient than using the actual system.

2.2 NUMBERS AND INTERVALS

Numbers can be grouped into various classes, or sets. The integers are the set of numbers

{. . . ,−3,−2,−1, 0, 1, 2, 3, . . .}

denoted byZ. The natural numbers are {0, 1, 2, 3, . . .} and this set is denoted byN. The

positive integers, denoted by N+, are given by {1, 2, 3, . . .}. Note that some numbers

occur in more than one set, that is the sets overlap.

A rational number has the form p/q, where p and q are integers with q 6= 0. For

example, 5/2, 7/118,−1/9 and 3/1 are all rational numbers. The set of rational numbers

is denoted by Q. When rational numbers are expressed as a decimal fraction they either

terminate or recur in�nitely.

5
2
can be expressed as 2.5

1
8
can be expressed as 0.125

}

These decimal fractions terminate,

that is they are of �nite length.

1
9
can be expressed as 0.111 111 . . .

1
11

can be expressed as 0.090 909 . . .

}

These are in�nitely

recurring decimal fractions.

A number which cannot be expressed in the form p/q is called irrational. When

written as a decimal fraction, an irrational number is in�nite in length and non-recurring.

The numbers π and
√
2 are both irrational.

It is useful to introduce the factorial notation. We write 3! to represent the product

3 × 2 × 1. The expression 3! is read as ‘factorial 3’. Similarly 4! is a shorthand way of

writing 4 × 3 × 2 × 1. In general, for any positive integer, n, we can write

n! = n(n− 1)(n− 2)(n− 3) . . . (3)(2)(1)

It is useful to represent numbers by points on the real line. Figure 2.1 illustrates some

rational and irrational numbers marked on the real line. Numbers which can be repre-

sented by points on the real line are known as real numbers. The set of real numbers

is denoted by R. This set comprises all the rational and all the irrational numbers. In

Chapter 9 we shall meet complex numbers which cannot be represented as points on the

–2 3
2

5
2

– – –1 0 1 2 2 – 3 4p√

Figure 2.1

Both rational and irrational numbers are represented on the real line.
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–6 –4 –1 20 3 4

Figure 2.2

The intervals (−6,−4), [−1, 2], (3, 4] depicted on the real line.

real line. The real line extends inde�nitely to the left and to the right so that any real

number can be represented.

Sometimes we are interested in only a small section, or interval, of the real line. We

write [1, 3] to denote all the real numbers between 1 and 3 inclusive, that is 1 and 3 are

included in the interval. Thus the interval [1, 3] consists of all real numbers x, such that

1 6 x 6 3. The square brackets, [ ], are used to denote that the end-points are included

in the interval and such an interval is said to be closed. The interval (1, 3) consists of

all real numbers x, such that 1 < x < 3. In this case the end-points are not included

and the interval is said to be open. Brackets, (), denote open intervals. An interval may

be open at one end and closed at the other. For example, (1, 3] is open at the left and

closed at the right. It consists of all real numbers x, such that 1 < x 6 3, and is known

as a semi-open interval. Open and closed intervals can be represented on the real line.

A closed end-point is denoted by •; an open end-point is denoted by ◦. The intervals

(−6,−4), [−1, 2] and (3, 4] are illustrated in Figure 2.2.

An upper bound of a set of numbers is any number which is greater than or equal

to every number in the given set. So, for example, 7 is an upper bound for the set [3, 6].

Clearly, 7 is greater than every number in the interval [3, 6].

A lower bound of a set of numbers is any number which is less than or equal to every

number in the given set. For example, 3 is a lower bound for the set (3.7, 5).

Note that upper and lower bounds are not unique. Both 3 and 10 are upper bounds

for (1, 2). Both −1 and −3 are lower bounds for [0, 6].

Technical computing languages such as MATLAB® usually have functions that auto-

matically generate a set of numbers within a particular interval. In MATLAB® we could

generate a set of time values, t, by typing:

t= 0:0.1:1

This generates a set of real numbers from the interval [0,1] stored in a row vector t, each

individual number being separated by an increment of 0.1. The values of t generated

are:

0 0.1000 0.2000 0.3000 0.4000 0.5000 0.6000 0.7000

0.8000 0.9000 1.0000

2.3 BASIC CONCEPTS OF FUNCTIONS

Loosely speaking, we can think of a function as a rule which, when given an input,

produces a single output. If more than one output is produced, the rule is not a function.

Consider the function given by the rule: ‘double the input’. If 3 is the input then 6 is the

output. If x is the input then 2x is the output, as shown in Figure 2.3.

If the doubling function has the symbol f we write

f : x → 2x

or more compactly,

f (x) = 2x
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double
the input

3 6 2xx

f

double 

the input

f

Figure 2.3

The function: ‘double the input’.

The last form is often written simply as f = 2x. If f (x) is a function of x, then the value

of the function when x = 3, for example, is written as f (x = 3) or simply as f (3).

Example 2.1 Given f (x) = 2x+ 1 �nd

(a) f (3) (b) f (0)

(c) f (−1) (d) f (α)

(e) f (2α) (f) f (t)

(g) f (t + 1)

Solution (a) f (3) = 2(3) + 1 = 7

(b) f (0) = 2(0) + 1 = 1

(c) f (−1) = 2(−1) + 1 = −1

(d) f (α) is the value of f (x) when x has a value of α, hence f (α) = 2α + 1

(e) f (2α) = 2(2α) + 1 = 4α + 1

(f) f (t) = 2t + 1

(g) f (t + 1) = 2(t + 1) + 1 = 2t + 3

Observe from Example 2.1 that it is the rule that is important and not the letter being

used. Both f (t) = 2t + 1 and f (x) = 2x + 1 instruct us to double the input and then

add 1.

2.3.1 Argument of a function

The input to a function is often called the argument. In Example 2.1(d) the argument is

α, while in Example 2.1(e) the argument is 2α.

Example 2.2 Given f (x) =
x

5
, write down

(a) f (5x) (b) f (−x)

(c) f (x+ 2) (d) f (x2)

Solution (a) f (5x) =
5x

5
= x (b) f (−x) = −

x

5

(c) f (x+ 2) =
x+ 2

5
(d) f (x2) =

x2

5

Example 2.3 Given y(t) = t2 + t, write down

(a) y(t + 2) (b) y

(

t

2

)
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Solution (a) y(t + 2) = (t + 2)2 + (t + 2) = t2 + 5t + 6

(b) y

(

t

2

)

=

(

t

2

)2

+

(

t

2

)

=
t2

4
+
t

2

2.3.2 Graph of a function

A function may be represented in graphical form. The function f (x) = 2x is shown in

Figure 2.4. Note that the function values are plotted vertically and the x values horizon-

tally. The horizontal axis is then called the x axis. The vertical axis is commonly referred

to as the y axis, so that we often write

y = f (x) = 2x

–4

f (x)

2

1 x

–2

Figure 2.4

The function: f (x) = 2x.

Since x and y can have a number of possible values, they are called variables: x is the

independent variable and y is the dependent variable. Knowing a value of the in-

dependent variable, x, allows us to calculate the corresponding value of the dependent

variable, y. To show this dependence we often write y(x). The set of values that x is al-

lowed to take is called the domain of the function. A domain is often an interval on the

x axis. For example, if

f (x) = 3x+ 1 −5 6 x 6 10 (2.1)

the domain of the function, f , is the closed interval [−5, 10]. If the domain of a function

is not explicitly given it is taken to be the largest set possible. For example,

g(x) = x2 − 4 (2.2)

has a domain of (−∞,∞) since g is de�ned for every value of x and the domain has not

been given otherwise. The set of values that the function takes on is called the range.

The range of f (x) in Equation (2.1) is [−14, 31]; the range of g(x) in Equation (2.2) is

[−4,∞).

We now consider plotting the function f (t) = t2 for 0 6 t < 100 in a technical com-

puting language. First we generate a number set as shown in Section 2.2.

t= 0:1:100

Then we produce a graph of the function by using the MATLAB® plot command to

give the following

plot(t, t.^2)

Example 2.4 Consider the function, f , given by the rule: ‘square the input’. This can be written as

f (x) = x2

The rule and the graph of f are shown in Figure 2.5. The domain of f is (−∞,∞) and

the range is [0,∞).
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square
the input

x x2

f

4

9

f(x)

–2 0  3 x

Figure 2.5

The function: ‘square the input’.

Many variables of interest to engineers, for example voltage, resistance and current, can

be related by means of functions. We try to choose an appropriate letter for a particular

variable; so, for example, t is used for time and P for power.

Engineering application 2.1

Function to model the power dissipation in a resistor

Recall from Engineering application 1.1 that the power, P, dissipated by a resis-

tor depends on the current, I, 	owing through the resistance, R. The relationship is

given by

P = I2R

The power dissipated in the resistor depends on the square of the current passing

through it. In this case I is the independent variable and P is the dependent variable,

assuming R remains constant. The function is given by the rule: ‘square the input and

multiply by the constant R’, and the input to the function is I. The output from the

function is P. This is illustrated in Figure 2.6, for the cases R = 4 and R = 2.

square the 
input and 
multiply 

by R

I P

2
4

8

16

R = 4

R = 2

P

–1  2 I

Figure 2.6

The function: P = I2R.

This model for a resistor only approximates the behaviour of the device. In prac-

tice, changes in the temperature of the resistor lead to slight changes in the resistance

value. If the current through the resistor is excessively high then the resistor over-

heats and is permanently damaged. It no longer has the correct resistance value. The

amount of power that a resistor can handle depends on the materials that have been

used in its construction. A good circuit designer would calculate the amount of power

to be dissipated and then allow a suitable safety margin to ensure that the resistor can-

not be overloaded.
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2.3.3 One-to-many

Some rules relating input to output are not functions. Consider the rule: ‘take plus or

minus the square root of the input’, that is

x → ±
√
x

Now, for example, if 4 is the input, the output is ±
√
4 which can be 2 or −2. Thus a

single input has produced more than one output. The rule is said to be one-to-many,

meaning that one input has produced many outputs. Rules with this property are not

functions. For a rule to be a function there must be a single output for any given input.

By de�ning a rule more speci�cally, it may become a function. For example, consider

the rule: ‘take the positive square root of the input’. This rule is a function because there

is a single output for a given input. Note that the domain of this function is [0,∞) and

the range is also [0,∞).

2.3.4 Many-to-one and one-to-one functions

Consider again the function f (x) = x2 given in Example 2.4. The inputs 2 and −2 both

produce the same output, 4, and the function is said to bemany-to-one. This means that

many inputs produce the same output. A many-to-one function can be recognized from

its graph. If a horizontal line intersects the graph in more than one place, the function is

many-to-one. Figure 2.7 illustrates a many-to-one function, g(x). The inputs x1, x2, x3
and x4 all produce the same output.

A function is one-to-one if different inputs always produce different outputs. A hori-

zontal line will intersect the graph of a one-to-one function in only one place. Figure 2.8

illustrates a one-to-one function, h(x).

Both one-to-one functions andmany-to-one functions are supported in technical com-

puting languages. For example, in MATLAB® the function f (x) = x2 can be de�ned by

using the command:

f = @(x) x^2;

It is now possible to type:

f(3)

or

f(-3)

x1 x2 x3 x4 x

g(x)

Figure 2.7

The inputs x1, x2, x3 and x4 all produce the same

output, therefore g(x) is a many-to-one function.

x

h(x)

Figure 2.8

Each input produces a different output and so

h(x) is a one-to-one function.
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both of which have the same result:

ans = 9

af�rming that f (x) = x2 is a many-to-one function.

Notice that the variable used by the function is de�ned in brackets after the @ sign. This

indicates that the input to the function is x and the command creates a function handle,

f. Giving the function a handle enables it to be used elsewhere in the program.

More complicated functions are usually created in a separate �le and saved on the

computer’s internal storage devices. They can be easily reused to create sophisticated

programs. In MATLAB® these �les are saved with the �le name extension .m and are

often termedm-�les.

2.3.5 Parametric definition of a function

Functions are often expressed in the form y(x). For every value of x the corresponding

value of y can be found and the point with coordinates (x, y) can then be plotted. Some-

times it is useful to express x and y coordinates in terms of a third variable known as a

parameter. Commonly we use t or θ to denote a parameter. Thus the coordinates (x, y)

of the points on a curve can be expressed in the form

x = f (t) y = g(t)

For example, given the parametric equations

x = t2 y = 2t 0 6 t 6 5

we can calculate x and y for various values of the parameter t. Plotting the points (x, y)

produces part of a curve known as a parabola.

2.3.6 Composition of functions

Consider the function y(x) = 2x2. We can think of y(x) as being composed of two func-

tions. One function is described by the rule: ‘square the input’, while the other function

is described by the rule: ‘double the input’. This is shown in Figure 2.9.

double
the input

x2
2x2

h

square 

the input
x

g

8

2

y(x)

–2 1 x

Figure 2.9

The function: y(x) = h(g(x)).

Mathematically, if h(x) = 2x and g(x) = x2 then

y(x) = 2x2 = 2(g(x)) = h(g(x))

The form h(g(x)) is known as a composition of the functions h and g. Note that the

composition h(g(x)) is different from g(h(x)) as Example 2.5 illustrates.
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Example 2.5 If f (t) = 2t + 3 and g(t) =
t + 1

2
write expressions for the compositions

(a) f (g(t))

(b) g( f (t))

Solution (a) f (g(t)) = f

(

t + 1

2

)

The rule describing the function f is: ‘double the input and then add 3’. Hence,

f

(

t + 1

2

)

= 2

(

t + 1

2

)

+ 3 = t + 4

So

f (g(t)) = t + 4

(b) g( f (t)) = g(2t + 3)

The rule for g is: ‘add 1 to the input and then divide everything by 2’. So,

g(2t + 3) =
2t + 3 + 1

2
= t + 2

Hence

g( f (t)) = t + 2

Clearly f (g(t)) 6= g( f (t)).

2.3.7 Inverse of a function

Consider a function f (x). It can be thought of as accepting an input x, and producing an

output f (x). Suppose now that this output becomes the input to the function g(x), and

the output from g(x) is x, that is

g( f (x)) = x

We can think of g(x) as undoing the work of f (x). Figure 2.10 illustrates this situation.

Then g(x) is the inverse of f , and is written as f−1(x). Since f−1(x) undoes the work

of f (x) we have

f ( f−1(x)) = f−1( f (x)) = x

f (x) g( f (x))=xx

f g

Figure 2.10

The function g is the inverse of f .
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Example 2.6 If f (x) = 5x verify that the inverse of f is given by f−1(x) =
x

5
.

Solution The function f receives an input of x, and produces an output of 5x. Hence when the

inverse function, f−1, receives an input of 5x, it produces an output of x, that is

f−1(5x) = x

We introduce a new variable, z, given by

z = 5x

so

x =
z

5

Then

f−1(z) = x =
z

5

Writing f−1 with x as the argument gives

f−1(x) =
x

5

Example 2.7 If f (x) = 2x+ 1, �nd f−1(x).

Solution The function f receives an input of x and produces an output of 2x + 1. So when the

inverse function, f−1, receives an input of 2x+ 1 it produces an output of x, that is

f−1(2x+ 1) = x

We introduce a new variable, z, de�ned by

z = 2x+ 1

Rearranging gives

x =
z− 1

2

So

f−1(z) = x =
z− 1

2

Writing f−1 with x as the argument gives

f−1(x) =
x− 1

2
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Example 2.8 Given g(x) =
x− 1

2
�nd the inverse of g.

Solution We know g(x) =
x− 1

2
, and so g−1

(

x− 1

2

)

= x. Let y =
x− 1

2
so that

g−1(y) = x

But,

x = 2y+ 1

and so

g−1(y) = 2y+ 1

Using the same independent variable as for the function g, we obtain

g−1(x) = 2x+ 1

We note that the inverses of the functions in Examples 2.7 and 2.8 are themselves func-

tions. They are called inverse functions. The inverse of f (x) = 2x + 1 is f−1(x) =
x− 1

2
, and the inverse of g(x) =

x− 1

2
is g−1(x) = 2x + 1. This illustrates the impor-

tant point that if f (x) and g(x) are two functions and f (x) is the inverse of g(x), then

g(x) is the inverse of f (x). It is important to point out that not all functions possess an

inverse function. Consider f (x) = x2, for −∞ < x < ∞.

The function, f , is given by the rule: ‘square the input’. Since both a positive and

negative value of x will yield the output x2, the inverse rule is given by: ‘take plus or

minus the square root of the input’. As discussed earlier, this is a one-to-many rule and

so is not a function. Clearly not all functions have an inverse function. In fact, only one-

to-one functions have an inverse function. Suppose we restrict the domain of f (x) = x2

such that x > 0. Then f is a one-to-one function and so there is an inverse function. The

inverse function is f−1(x) given by

f−1(x) = +
√
x

Clearly,

f−1( f (x)) = f−1(x2) = x

where x is the positive square root of x2. Restricting the domain of a many-to-one func-

tion so that a one-to-one function results is a common technique of ensuring an inverse

function can be found.

2.3.8 Continuous and piecewise continuous functions

We now introduce in an informal way the concept of continuous and piecewise continu-

ous functions. A more rigorous treatment follows in Chapter 10 after we have discussed

limits. Figure 2.11 shows a graph of f (x) =
1

x
. Note that there is a break, or discontinu-

ity, in the graph at x = 0. The function f (x) =
1

x
is said to be discontinuous at x = 0.
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f (x)

x

Figure 2.11

The function f (x) =
1

x
has a discontinuity at

x = 0.

f (t)

31 t

1

2

3

Figure 2.12

The function f (t) is a piecewise continuous

function with a discontinuity at t = 1.

If the graph of a function, f (x), contains a break, then f (x) is discontinuous.

A function whose graph has no breaks is a continuous function.

Sometimes a function is de�ned by different rules on different intervals of the domain.

For example, consider

f (t) =

{

2 0 6 t < 1

t 1 6 t 6 3

g(t)

31 t

2

6

Figure 2.13

The function g(t) is a

continuous function

on (0, 3).

The domain is [0, 3] but the rule on [0, 1) is different to that on [1, 3]. The graph of f (t)

is shown in Figure 2.12. Recall the convention of using • to denote that the end-point

is included and ◦ to denote the end-point is excluded. Note that f (t) has a discontinuity

at t = 1. Each component, or piece, of the graph is continuous and f (t) is said to be

piecewise continuous.

A piecewise continuous function has a �nite number of discontinuities in any given

interval.

Not all functions de�ned differently on different intervals are discontinuous. For example,

g(t) =

{

2 0 < t < 1

2t 1 6 t < 3

is a continuous function on the interval (0, 3), as shown in Figure 2.13.

2.3.9 Periodic functions

A periodic function is a functionwhich has a de�nite patternwhich is repeated at regular

intervals. More formally we say a function, f (t), is periodic if

f (t) = f (t + T )

for all values of t. The constant, T , is known as the period of the function.
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Example 2.9 Figure 2.14 illustrates a periodic waveform. It is often referred to as a triangular wave-

form because of its shape. The form of the function is repeated every two seconds, that

is

f (t) = f (t + 2)

and so the function is periodic. The period is 2 seconds, that is T = 2. Note that this

function is continuous.

f(t)

–2 –1 0 1 2 3 4 t

Figure 2.14

The triangular waveform is a periodic function.

Engineering application 2.2

Saw-tooth waveform

Figure 2.15 illustrates a saw-tooth voltage waveform. It is called a saw-tooth wave-

form because its shape is similar to that of the teeth on a saw. It has many uses in

electronic engineering. One use would be to provide a signal to sweep a beam of elec-

trons across a cathode ray tube in a uniform way and then quickly move the beam

back to the start again. This technique is used in an analogue oscilloscope and forms

a signal for the time base.

The form of the function is repeated every three seconds, that is

v(t) = v(t + 3)

v(t)

–3 30

1

6 9 t

Figure 2.15

The saw-tooth waveform is a periodic function.
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Technical computing languages often have a range of built-in functions for pro-

ducing waveforms. Sometimes specialist functions are provided in a separate soft-

ware package. In MATLAB®, these software packages are known as toolboxes. The

signal processing toolbox has a function for generating saw-tooth waves. This can be

accessed by typing, for example:

t=(-2*pi:0.1:2*pi);

plot(t, sawtooth(t));

This will plot two periods of a saw-tooth wave. The �rst line generates a set of time

values−2π ≤ t < 2π in a vector formwith a spacing of 0.1 between each point. The

second line plots t against the result of passing the vector t to the sawtooth function.

The sawtooth function always produces a wave with a period of 2π. It highlights

the need to read the manual pages carefully before using a function to understand

how it will behave.

Engineering application 2.3

Square waveform

Periodic functions may be piecewise continuous. Consider the function g(t) de�ned

by

g(t) =

{

1 0 6 t < 1

0 1 6 t < 2
period = 2

The function g(t) is periodic with period 2. A graph of g(t) is shown in Figure 2.16.

This function is commonly referred to as a square waveform by engineers. In Fig-

ure 2.16 the open and closed end-points have been shown for mathematical correct-

ness. Note, however, that engineers tend to omit these when sketching functions with

discontinuities and usually they use a vertical line to show the discontinuity. This

reflects the fact that no practical waveform can ever change its level instantaneously:

even very fast rising waveforms still have a �nite rise time. The function has discon-

tinuities at t = . . . ,−3,−2,−1, 0, 1, 2, 3, 4, 5, . . . .

g(t)

–5 –4 –3 –2 –1 0

1

21 3 4 5 t

Figure 2.16

The function g(t) is both piecewise continuous and periodic.

The square waveform is often used in electronic engineering, particularly in digital

electronic systems. One example is the clock signal that is generated to ensure that

all of the digital electronic circuits switch around the same time and so remain in

synchronisation.
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EXERCISES 2.3

1 Represent the following intervals on the real line:

(a) [1, 3] (b) [2, 4)

(c) (0, 3.5) (d) [−2, 0)

(e) (−1, 1] (f) 2 6 x < 4

(g) 0 < x < 2 (h) −3 6 x 6 − 1

(i) 0 6 x < 3

2 Describe the rule associated with the following

functions, sketch their graphs and state their domains

and ranges:

(a) f (x) = 2x2

(b) f (x) = x2 − 1 0 6 x

(c) g(t) = 3t − 4 0 6 t

(d) y(x) = x3

(e) f (t) = 0.5t + 2 − 2 6 t 6 10

(f) z(x) = 3x− 2 3 6 x 6 8

3 If f (x) = 5x+ 4, �nd

(a) f (3)

(b) f (−3)

(c) f (α)

(d) f (x+ 1)

(e) f (3α)

(f) f (x2)

4 If g(t) = 5t2 − 4, �nd

(a) g(0)

(b) g(2)

(c) g(−3)

(d) g(x)

(e) g(2t − 1)

5 The reactance, XC, offered by a capacitor is given by

XC =
1

2π fC
, where f is the frequency of the applied

alternating current, andC is the capacitance of the

capacitor. IfC = 10−6 F, �nd XC when f = 50 Hz.

6 Classify the functions in Question 2 as one-to-one or

many-to-one.

7 Find the inverse of the following functions:

(a) f (x) = x+ 4

(b) g(t) = 3t + 1

(c) y(x) = x3

(d) h(t) =
t − 8

3

(e) f (t) =
t − 1

3

(f) h(x) = x3 − 1

(g) k(v) = 7 − v

(h) m(n) = 1
3 (1 − 2n)

8 Given f (t) = 2t, g(t) = t − 1 and h(t) = t2 write

expressions for

(a) f (g(t)) (b) f (h(t))

(c) g(h(t)) (d) g( f (t))

(e) h(g(t)) (f) h( f (t))

(g) f ( f (t)) (h) g(g(t))

(i) h(h(t)) (j) f (g(h(t)))

(k) g( f (h(t))) (l) h(g( f (t)))

9 Given f (t) = t2 + 1, g(t) = 3t + 2 and h(t) =
1

t
,

write expressions for

(a) f (g(t)) (b) f (h(t))

(c) g(h(t)) (d) h( f (t))

(e) f (g(h(t)))

10 Given f (t) = 2t, g(t) = 2t + 1, h(t) = 1 − 3t, write

expressions for the following:

(a) f−1(t) (b) g−1(t) (c) h−1(t)

11 Given a(x) = 3x− 2, b(x) =
2

x
, c(x) = 1 +

1

x
write

expressions for

(a) a−1(x) (b) b−1(x) (c) c−1(x)

12 Given f (t) = 2t + 3, g(t) = 3t and h(t) = f (g(t))

write expressions for

(a) h(t)

(b) f−1(t)

(c) g−1(t)

(d) h−1(t)

(e) g−1( f−1(t))

What do you notice about (d) and (e)?

13 Sketch the following functions:

(a) f (t) =

{

t 0 6 t 6 3

3 3 < t 6 4

(b) g(x) =

{

2 − x 0 6 x < 1

2 1 6 x 6 3

(c) a(t) =

{

1 − t 0 6 t 6 1

t − 1 1 < t 6 2

(d) b(x) =











2 0 6 x 6 1

1 1 < x 6 2

3 − x 2 < x 6 3
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14 Sketch

f (t) =

{

t 0 6 t < 2

5 − 2t 2 6 t < 3

Is the function piecewise continuous or continuous?

State, if they exist, the position of any discontinuities.

15 The function h(t) is de�ned by

h(t) =

{

2 − t 0 6 t < 2

2t − 4 2 6 t 6 3

and h(t) has period 3. Sketch h(t) on the interval

[0, 6].

16 The function g(t) is de�ned by

g(t) =

{

1 0 6 t 6 1

2 − t 1 < t < 2

and g(t) has period 2. Sketch g(t) on the interval

[−1, 4]. State any points of discontinuity.

Solutions

2 (a) Square the input and then multiply by 2; domain

(−∞, ∞), range [0, ∞)

(b) Square the input, then subtract 1; domain [0,∞),

range [−1,∞)

(c) Multiply input by 3 and subtract 4; domain

[0, ∞), range [−4,∞)

(d) Cube the input; domain (−∞, ∞), range

(−∞, ∞)

(e) Multiply input by 0.5 and then add 2; domain

[−2, 10], range [1, 7]

(f) Multiply input by 3 and then subtract 2; domain

[3, 8], range [7, 22]

3 (a) 19 (b) −11 (c) 5α + 4

(d) 5x+ 9 (e) 15α + 4 (f) 5x2 + 4

4 (a) −4 (b) 16 (c) 41

(d) 5x2 − 4 (e) 20t2 − 20t + 1

5 3183 ohms

6 (a) many-to-one (b) one-to-one

(c) one-to-one (d) one-to-one

(e) one-to-one (f) one-to-one

7 (a) f−1(x) = x− 4

(b) g−1(t) =
t − 1

3

(c) y−1(x) = x1/3

(d) h−1(t) = 3t + 8

(e) f−1(t) = 3t + 1

(f) h−1(x) = (x+ 1)1/3

(g) k−1(v) = 7 − v

(h) m−1(n) =
1 − 3n

2

8 (a) 2(t − 1) (b) 2t2 (c) t2 − 1

(d) 2t − 1 (e) (t − 1)2 (f) 4t2

(g) 4t (h) t − 2 (i) t4

(j) 2(t2 − 1) (k) 2t2 − 1 (l) (2t − 1)2

9 (a) 9t2 + 12t + 5 (b)
1

t2
+ 1

(c)
3

t
+ 2 (d)

1

t2 + 1

(e)
9

t2
+

12

t
+ 5

10 (a)
t

2
(b)

t − 1

2
(c)

1 − t

3

11 (a)
x+ 2

3
(b)

2

x
(c)

1

x− 1

12 (a) 6t + 3 (b)
t − 3

2
(c)

t

3

(d)
t − 3

6
(e)

t − 3

6

13 See Figure S.1.

10(a)

(c)

(b)

(d)

2 3 4 t

f

3
2
1

2
1

10 2 3 x

g

1

1

0 2  t

a

2
1

10 2 3 x

b

Figure S.1
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14 Piecewise continuous; discontinuity at t = 2. See

Figure S.2.

2
1

1–1
0 2 t

f

3

Figure S.2

15 See Figure S.3.

t

2
1

10 2 3 4 5 6

h

Figure S.3

16 Discontinuities at t = 0, 2. See Figure S.4.

t

1

10–1 2 3 4

g

Figure S.4

2.4 REVIEW OF SOME COMMON ENGINEERING FUNCTIONS

AND TECHNIQUES

This section provides a catalogue of the more common engineering functions. The im-

portant properties and de�nitions are included together with some techniques. It is in-

tended that readers will refer to this section for revision purposes and as the need arises

throughout the rest of the book.

2.4.1 Polynomial functions

A polynomial expression has the form

anx
n + an−1x

n−1 + an−2x
n−2 + · · · + a2x

2 + a1x+ a0

where n is a non-negative integer, an, an−1, . . . , a1, a0 are constants and x is a vari-

able. A polynomial function, P(x), has the form

P(x) = anx
n + an−1x

n−1 + an−2x
n−2 + · · · + a2x

2 + a1x+ a0 (2.3)

Examples of polynomial functions include

P1(x) = 3x2 − x+ 2 (2.4)

P2(z) = 7z4 + z2 − 1 (2.5)

P3(t) = 3t + 9 (2.6)

P4(t) = 6 (2.7)
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where x, z and t are independent variables. It is common practice to contract the term

polynomial expression to polynomial. By convention, a polynomial is usually written

with the powers either increasing or decreasing. For example,

3x+ 9x2 − x3 + 2

would be written as either

−x3 + 9x2 + 3x+ 2 or 2 + 3x+ 9x2 − x3

The degree of a polynomial or polynomial function is the value of the highest power.

Equation (2.4) has degree 2, Equation (2.5) has degree 4, Equation (2.6) has degree 1 and

Equation (2.7) has degree 0. Equation (2.3) has degree n. Polynomials with low degrees

have special names (see Table 2.1).

Table 2.1

Polynomial Degree Name

ax4 + bx3 + cx2 + dx+ e 4 Quartic

ax3 + bx2 + cx+ d 3 Cubic

ax2 + bx+ c 2 Quadratic

ax+ b 1 Linear

a 0 Constant

Typical graphs of some polynomial functions are shown in Figure 2.17.

P(x)

Degree 0

Degree 1

Degree 2

Degree 3

x

Figure 2.17

Some typical polynomials.

Engineering application 2.4

Ohm’s law

Recall from Engineering application 1.1 that the current 	owing through a resistor is

related to the voltage applied across it by Ohm’s law. The equation is

V = IR

where V = voltage across the resistor;

I = current through the resistor;

R = resistance value of the resistor, which is a constant

for a given temperature.
➔
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Note that the voltage is a linear polynomial function with I as the independent

variable.

This equation is only valid for a �nite range of currents. If too much voltage is

applied to the resistor, then the current 	owing through the resistor becomes suf�cient

for the resistor to overheat and breakdown.

Engineering application 2.5

A non-ideal voltage source

An ideal voltage source has zero internal resistance and its output voltage, V , is in-

dependent of the load applied to it; that is, V remains constant, independent of the

current it supplies. It is called an ideal voltage source because it is dif�cult to create

such a source in practice; it is in effect an abstraction that is useful when develop-

ing engineering models of real electronic systems. A non-ideal voltage source has

an internal resistance. Due to this internal resistance, the output voltage from such a

source is reduced when current is drawn from the source. The voltage reduction in-

creases as more current is drawn. Figure 2.18 shows a non-ideal voltage source. It is

modelled as an ideal voltage source in series with an internal resistor with resistance

Rs. The output voltage of the non-ideal voltage source is vo while vR is the voltage

drop across the internal resistor and i is the load current. Using Kirchhoff’s voltage

law,

V = vR + vo

and hence by Ohm’s law,

V = iRs + vo

vo = V − iRs

Note that V and Rs are constants and so the output voltage is a linear polynomial

function with independent variable i. The equation gives the output voltage across

the load as a function of the current through the load. The output characteristic for the

non-ideal voltage source is obtained by varying the load resistor RL and is plotted in

Figure 2.19. Notice that the output voltage of the non-ideal voltage source decreases

as the load current increases and is equal in value to the ideal voltage source only

when there is no load current.

Rs

RL
vo

i

+

non-ideal voltage source

–

vRV

Figure 2.18

A non-ideal voltage source connected to a load

resistor, RL.

vo

V gradient = –Rs

i

Figure 2.19

Output characteristic of a non-ideal

voltage source.
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This is why it is called a non-ideal voltage source. Engineers would prefer to have

a source that maintained a constant voltage no matter how much current was drawn

but it is not possible to build such a source.

Engineering application 2.6

Wind power turbines

Wind turbines are an important source of electrical power. The most common type,

and the ones which are usually found in offshore installations, resemble a desktop fan

and are called horizontal axis turbines. The wind driving a turbine blade consists

of many molecules of air, each having a tiny amount of mass. This mass passing the

blade area each second carries kinetic energy, which is the source of the wind power.

The wind power, P, can be calculated using the formula

P =
1

2
Mv2

where M is the total mass of air per second passing the blade in kg s−1 and v is the

velocity of the air in m s−1.

The mass per second can be calculated by considering the area swept out by the

blade, A, the density of the air, ρ, and the velocity:

M = ρAv

This equation can be substituted in the power equation

P =
1

2
(ρAv) v2 =

1

2
ρAv3 (2.8)

The available wind power therefore increases with the cube of the velocity. Note that

the power is a cubic polynomial function of the independent variable, v.

At 20 ◦C the air density is approximately 1.204 kg m−3. Consider the case of an

offshore turbine that has a swept area of 6362 m2 and a rated wind speed of 15 m s−1.

The maximum theoretical power at the rated speed is therefore

P =
1

2
ρAv3 =

1

2
× 1.204 × 6362 × 153 = 12.93 MW

The actual rated power of the device is approximately 3 MW because other physical

processes and losses have to be accounted for, yet Equation (2.8) remains one of the

most fundamental in the study of wind power.

Many excellent computer software packages exist for plotting graphs and these, as well

as graphics calculators, may be used to solve polynomial equations. The real roots of

the equation P(x) = 0 are given by the values of the intercepts of the function y = P(x)

and the x axis, because on the x axis y is zero.

Figure 2.20 shows a graph of y = P(x). The graph intersects the x axis at x = x1,

x = x2 and x = x3, and so the equation P(x) = 0 has real roots x1, x2 and x3, that is

P(x1) = P(x2) = P(x3) = 0.
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P(x)

x1 x2 x3 x
Figure 2.20

A polynomial function which cuts

the x axis at points x1, x2 and x3.

EXERCISES 2.4.1

1 State the degree of the following polynomial

expressions:

(a) z3 + 2z2 − 8 + 13z

(b) t2 − 5t5 + 2 − 8t3

(c) 3w − 5w2 + 12w4

(d) 7x− x2

(e) 3(2t2 − 9t + 1)

(f) 2z(2z+ 1)(2z− 1)

Solutions

1 (a) 3 (b) 5 (c) 4 (d) 2 (e) 2 (f) 3

Technical Computing Exercises 2.4.1

Use a technical computing language such as MATLAB® to

do the following exercises.

1 (a) Plot y = x3 and y = 4 − 2x in the interval

[-3, 3]. Be aware that in MATLAB®, to carry out

operations on individual elements of a vector,

special notation is used. For example to multiply

each element in vector a by the corresponding

element in vector b (having the same dimension

as vector a) you would type a.*b. Other

functions such as raising to a power also require a

dot pre�x if they are to be carried out on each

individual element, rather than the whole matrix.

Note the x coordinate of the point of intersection.

(b) Draw y = x3 + 2x− 4. Note the coordinate of

the point where the curve cuts the x axis.

Compare your answer with that from (a). Explain

your �ndings.

2 Plot the following functions:

(a) y = 3x3 − x2 + 2x+ 1 −2 6 x 6 2

(b) y = x4 +
x3

3
−

5x2

2
+ x− 1 −3 6 x 6 2

(c) y = x5 − x2 + 2 −2 6 x 6 2

Hence estimate the real roots of

0 = 3x3 − x2 + 2x+ 1 −2 6 x 6 2

0 = x4 +
x3

3
−

5x2

2
+ x− 1

−3 6 x 6 2

0 = x5 − x2 + 2 −2 6 x 6 2

3 Use the roots function in MATLAB® or equivalent

to calculate a more accurate value for the real roots

estimated in question 2 and con�rm your answers are

correct.

4 (a) Draw y = 2x2 and y = x3 + 6 using the same

axes. Use your graphs to �nd approximate

solutions to x3 − 2x2 + 6 = 0.

(b) Add the line y = −3x+ 5 to your graph. State

approximate solutions to

(i) x3 + 3x+ 1 = 0

(ii) 2x2 + 3x− 5 = 0
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2.4.2 Rational functions

A rational function, R(x), has the form

R(x) =
P(x)

Q(x)

where P and Q are polynomial functions; P is the numerator and Q is the

denominator.

The functions

R1(x) =
x+ 6

x2 + 1
R2(t) =

t3 − 1

2t + 3
R3(z) =

2z2 + z− 1

z2 + 3z− 2

are all rational. When sketching the graph of a rational function, y = f (x), it is usual to

draw up a table of x and y values. Indeed this has been common practice when sketching

any graph although the use of graphics calculators is now replacing this custom. It is still

useful to answer questions such as:

‘How does the function behave as x becomes large positively?’

‘How does the function behave as x becomes large negatively?’

‘What is the value of the function when x = 0?’

‘At what values of x is the denominator zero?’

Figure 2.21 shows a graph of the function y =
1 + 2x

x
=

1

x
+ 2. As x increases, the

value of y approaches 2. We write this as

y → 2 as x → ∞

and say ‘y tends to 2 as x tends to in�nity’. Also from Figure 2.21, we see that

y → ±∞ as x → 0

As x → ∞, the graph gets nearer and nearer to the straight line y = 2. We say that y = 2

is an asymptote of the graph. Similarly, x = 0, that is the y axis, is an asymptote since

the graph approaches the line x = 0 as x → 0.

If the graph of any function gets closer and closer to a straight line then that line is

called an asymptote. Figure 2.22 illustrates some rational functionswith their asymptotes

indicated by dashed lines. In Figure 2.22(a) the asymptotes are the horizontal line y = 3

2

y

x

Figure 2.21

The function: y =
1 + 2x

x
=

1

x
+ 2.
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y

x

(a) (c)(b)

3

y

x

1

–2

y

x–1

Figure 2.22

Some examples of functions with their asymptotes:

(a) y =
3x+ 1

x
= 3 +

1

x
; (b) y =

x− 1

x+ 2
; (c) y =

x2 + 4x+ 2

x+ 1
= x+ 3 −

1

x+ 1
.

and the y axis, that is x = 0. In Figure 2.22(b) the asymptotes are the horizontal line

y = 1 and the vertical line x = −2; in Figure 2.22(c) they are y = x+ 3 and the vertical

line x = −1. The asymptote y = x+3, being neither horizontal nor vertical, is called an

oblique asymptote. Oblique asymptotes occur only when the degree of the numerator

exceeds the degree of the denominator by one.

We see that the vertical asymptotes occur at values of x which make the denominator

zero. These values are particularly important to engineers and are known as the poles

of the function. The function shown in Figure 2.22(a) has a pole at x = 0; the function

shown in Figure 2.22(b) has a pole at x = −2; and the function shown in Figure 2.22(c)

has a pole at x = −1.

If the graph of a function approaches a straight line, the line is known as an asymp-

tote. Asymptotes may be horizontal, vertical or oblique.

Values of the independent variable where the denominator is zero are called poles

of the function.

Example 2.10 Sketch the rational function y =
x

x2 + x− 2
.

Solution For large values of x, the x2 term in the denominator has a much greater value than the

x in the numerator. Hence,

y → 0 as x → ∞

y → 0 as x → −∞

Therefore the x axis, that is y = 0, is an asymptote. Writing y as

y =
x

(x− 1)(x+ 2)
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we see the function has poles at x = 1 and x = −2; that is, there are vertical asymptotes

at x = 1 and x = −2. Substitution into the function of a number of values of x allows a

table to be drawn up:

x −3 −2.5 −2.1 −1.9 −1.5 −1 0 0.5 0.9 1.1 1.5 2 3

y −0.75 −1.43 −6.77 6.55 1.20 0.50 0 −0.40 −3.10 3.55 0.86 0.50 0.30

The graph of the function can then be sketched as shown in Figure 2.23.

1 x

y

–2

Figure 2.23

The function: y =
x

x2 + x− 2
.

Engineering application 2.7

Equivalent resistance

Recall from Engineering application 1.2 that the formula for the equivalent resistance

of two resistors in parallel is given by:

1

RE

=
1

R1

+
1

R2

Consider a circuit consisting of two resistors in parallel as shown in Figure 2.24.

One has a known resistance of 1 � and the other has a variable resistance, R �. The

equivalent resistance, RE �, satis�es

1

RE

=
1

R
+

1

1
=

1 + R

R

Hence,

RE =
R

1 + R

Thus the equivalent resistance is a rational function of R, with domain R > 0.

The graph of this function is shown in Figure 2.25. When R = 0 we note

that RE = 0, corresponding to a short circuit. As the value of R increases, that

is R → ∞, the equivalent resistance RE approaches 1 so that RE = 1 is an asymptote.
➔
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RE1 VR

Figure 2.24

Two resistors in parallel.

RE

1

R

Figure 2.25

The equivalent resistance, RE,

increases as R increases.

EXERCISES 2.4.2

1 State the poles of the following rational functions:

(a) y(x) =
x+ 3

x− 2
(b) y(x) =

2x+ 1

x+ 7

(c) y(t) =
t2 + t + 1

2t + 3
(d) X (s) =

s+ 1

s2 − 4

(e) H(s) =
3

s2 + 6s+ 5

(f) G(s) =
2s+ 7

s2 + 3s− 18

(g) x(t) =
9

t3 − t

(h) p(t) =
2t − 6

t2 + 10t + 25

2 Describe the horizontal asymptote of each of the

following functions:

(a) y(x) = 6 +
1

x
(b) h(t) =

2

t
− 1

(c) y(r) = 3 −
2

5r
(d) v(t) =

6 + t

t

(e) r(v) =
2v − 5

3v

(f) a(t) =
t2 + 2t + 1

t2

(g) m(s) =
10 − 2s− 3s2

2s2

3 Describe the vertical asymptotes of each of the

following functions:

(a) y(x) =
3x+ 1

x− 2
(b) y(t) =

6t − 3

4t + 4

(c) h(s) =
9

(s+ 2)(s− 1)

(d) G(t) =
1

t2 − 1
(e) H(s) =

s

s2 − 1

(f) y(x) =
2x

x2 − 1

(g) w( f ) =
f + 2

f 2 + f − 6

(h) P(t) =
t2 + t + 1

t2 + 6t + 9

(i) T (x) =
x3

2x− 1

(j) Q(r) =
6 + r

r2 − r − 12

4 Describe the oblique asymptote of each of the

following functions:

(a) y(x) = x+ 3 +
1

x− 1

(b) y(x) = 2x− 1 +
3

x+ 2

(c) y(x) =
x

2
−

3

4
+

1

2x+ 7

(d) y(x) = 3x− 1 +
5

2x+ 2

(e) y(x) = 2x− 1 +
x+ 2

x2 − 1

(f) y(x) = 3x− 2 +
4

2x− 1

(g) y(x) = 4 − 2x+
3

2x+ 3
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5 Show that

I(x) =
2x

3
−

7

9
+

23

9(3x+ 2)

can be expressed in the equivalent form

2x2 − x+ 1

3x+ 2

Sketch the rational function I(x) and state any

asymptotes.

6 Show that

p(x) = 2x+
1

2
+

9

2(2x+ 3)

can be written in the equivalent form

4x2 + 7x+ 6

2x+ 3

Sketch the rational function p(x) and state any

asymptotes.

7 Show that the function

y(x) = x+
7 − x

x2 + 3

can be expressed in the equivalent form

x3 + 2x+ 7

x2 + 3

Sketch the rational function y(x) and state any

asymptotes.

Solutions

1 (a) 2 (b) −7 (c) −
3

2

(d) −2, 2 (e) −5, −1 (f) −6, 3

(g) −1, 0, 1 (h) −5

2 (a) y = 6 (b) h = −1

(c) y = 3 (d) v = 1

(e) r =
2

3
(f) a = 1

(g) m = −
3

2

3 (a) x = 2 (b) t = −1

(c) s = −2, 1 (d) t = −1, 1

(e) s = −1, 1 (f) x = −1, 1

(g) f = −3, 2 (h) t = −3

(i) x = 0.5 (j) r = −3, 4

4 (a) y = x+ 3 (b) y = 2x− 1

(c) y =
x

2
−

3

4
(d) y = 3x− 1

(e) y = 2x− 1 (f) y = 3x− 2

(g) y = 4 − 2x

5 x = −
2

3
, I =

2x

3
−

7

9

6 x = −
3

2
, p = 2x+

1

2

7 y = x

Technical Computing Exercises 2.4.2

1 Use a technical computing language to plot the

following rational functions. State any asymptotes.

(a) f (x) =
(2x+ 1)

(x− 3)
−4 6 x 6 4

(b) g(s) =
s

(s+ 1)
−3 6 s 6 3

(c) h(z) =
z

(z2 + 1)
−3 6 z 6 3

(d) y(x) =
(x+ 1)

x
−3 6 x 6 3

(e) r(x) =
2x

(x− 1)(x− 2)
−3 6 x 6 3

2 Plot the functions given in Question 4 in

Exercises 2.4.2 for −10 6 x 6 10.



80 Chapter 2 Engineering functions

2.4.3 Exponential functions

An exponent is another name for a power or index. Expressions involving exponents are

called exponential expressions, for example 34, ab, and mn. In the exponential expres-

sion ax, a is called the base; x is the exponent. Exponential expressions can be simpli�ed

and manipulated using the laws of indices. These laws are summarized here.

aman = am+n am

an
= am−n a0 = 1 a−m =

1

am
(am)n = amn

Example 2.11 Simplify

(a)
a3xa2x

a4x
(b) a2t (1 − at ) + a3t (c)

(ay)2

2ay
(d)

a−6z

a−2z

(e)
(2a3r)2a2r

3a−5r
(f)

ax+yay

a2x
(g)

3a(x/y)ax

ay

Solution (a)
a3xa2x

a4x
=
a5x

a4x
= ax

(b) a2t (1 − at ) + a3t = a2t − a3t + a3t = a2t

(c)
(ay)2

2ay
=

a2y

2ay
=
ay

2

(d)
a−6z

a−2z
= a−6z−(−2z) = a−4z

(e)
(2a3r)2a2r

3a−5r
=

4a6ra2r

3a−5r
=

4a8r

3a−5r
=

4a13r

3

(f)
ax+yay

a2x
= ax+2y−2x = a2y−x

(g)
3a(x/y)ax

ay
= 3a(x/y)+x−y

Exponential functions

An exponential function, f (x), has the form

f (x) = ax

where a is a positive constant called the base.

Some typical exponential functions are tabulated in Table 2.2 and are shown in Fig-

ure 2.26. Note from the graphs that these are one-to-one functions.

An exponential function is not a polynomial function. The powers of a polynomial

function are constants; the power of an exponential function, that is the exponent, is the

variable x.
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Table 2.2

Values of ax for a = 0.5, 2 and 3.

x 0.5x 2x 3x

−3 8 0.125 0.037

−2 4 0.25 0.111

−1 2 0.5 0.333

0 1 1 1

1 0.5 2 3

2 0.25 4 9

3 0.125 8 27

y

x

2x3x(0.5)x

Figure 2.26

Some typical exponential functions.

The most widely used exponential function, commonly called the exponential func-

tion, is

f (x) = ex

where e is an irrational constant (e = 2.718 281 828 . . .) commonly called the

exponential constant.

Most scienti�c calculators have values of ex available. The function is tabulated

in Table 2.3. The graph is shown in Figure 2.27. This particular exponential function

so dominates engineering applications that whenever an engineer refers to the expo-

nential function it almost invariably means this one. We will see later why it is so

important.

As x increases positively, ex increases very rapidly; that is, as x → ∞, ex → ∞. This

situation is known as exponential growth. As x increases negatively, ex approaches zero;

that is, as x → −∞, ex → 0. Thus y = 0 is an asymptote. Note that the exponential

function is never negative.

Figure 2.28 shows a graph of e−x. As x increases positively, e−x decreases to zero; that

is, as x → ∞, e−x → 0. This is known as exponential decay. The function is tabulated

in Table 2.4.

Table 2.3

The values of the exponential

function f (x) = ex for

various values of x.

x ex

−3 0.050

−2 0.135

−1 0.368

0 1

1 2.718

2 7.389

3 20.086

x

ex

1

Figure 2.27

Graph of y = ex showing exponential growth.
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Table 2.4

The values of the exponential

function f (x) = e−x for

various values of x.

x e−x

−3 20.086

−2 7.389

−1 2.718

0 1

1 0.368

2 0.135

3 0.050

e–x

1

x

Figure 2.28

Graph of y = e−x showing exponential decay.

Engineering application 2.8

Discharge of a capacitor

The capacitor is another of the three fundamental electronic components. It is a

device that is used to store electrical charge. It consists of two parallel conducting

plates separated by an insulating material, known as a dielectric. A build up of a net

positive charge on one plate and a net negative charge on the other plate creates an

electric �eld across the dielectric, allowing electrical energy to be stored that has the

potential to do useful work. The symbol for a capacitor is two parallel lines that are

perpendicular to the conductors in the circuit.

Consider the circuit of Figure 2.29. Before the switch is closed, the capacitor has

a voltageV across it. Suppose the switch is closed at time t = 0. A current then flows

in the circuit and the voltage, v, across the capacitor decays with time. The voltage

across the capacitor is given by

v =

{

V t < 0

Ve−t/(RC) t > 0

The quantity RC is known as the time constant of the circuit and is usually denoted

by τ . So

v =

{

V t < 0

Ve−t/τ t > 0

RC

Figure 2.29

Circuit to discharge a capacitor.

t larger

t

v 

V

Figure 2.30

The capacitor takes longer to discharge for a

larger circuit time constant, τ .

If τ is small, then the capacitor voltage decays more quickly than if τ is large.

This is illustrated in Figure 2.30.


