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As in the previous Part, the plural ‘geometries’ in the title is deliberately 
intended to refer to a variety of approaches and theories. §7.1-7.2 work 
strictly within the Euclidean realm, but the spread begins to emerge in §7.3 
when non-Euclidean geometries make their bow. The next three articles 
(§7.4-7.6) are basically Euclidean in context but handle more general 
properties; §3.4 on differential geometry should also be noted. Cor­
responding in role to §6.9, the general philosophical situation as of the end 
of the nineteenth century is appraised in §7.7.

The next four articles are taken up with mathematical developments since 
around 1870. The most substantial addition is topology, of which the 
principal early features are described in §7.10-7.11. Finally, with finite 
vector spaces and graph theory, two aspects (rather than branches) of 
geometry are treated in §7.12-7.13; the overlaps with algebra are quite 
substantial.

One pleasing result of the development of geometry has been the con­
struction of models of curves, surfaces and solids. Various books give 
instructions on their manufacture, and some departments of mathematics 
have collections. The history of this development is not treated here, but the
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pertinent theories are touched upon, and also in certain articles in Parts 1 
and 12.
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7.1

Algebraic and analytic 
geometry
J.  J .  GRAY

1 C O O R D IN A T E S  IN T H E P L A N E

The present topic is also called ‘Cartesian geometry’, and few names are 
more appropriate in the history of mathematics, for the contribution of 
Rene Descartes was decisive in bringing together the methods of algebra and 
the study of geometry. Indeed, his La Geometrie (1637) can be read as the 
first modern mathematics book.

As the name ‘algebraic geometry’ suggests, the subject studied is 
geometry and the methods employed are algebraic. They are brought 
together by the idea of coordinates. Let us take the case of plane geometry. 
An arbitrary point is chosen, called the ‘origin’, and labelled O. Through 
it are drawn two lines at right angles called the x- and .y-axes, respectively. 
Distances are measured along each axis according to a choice of scale. To 
give coordinates to a point P in the plane, one draws from P lines parallel 
to the x-axis and the y-axis, meeting the x-axis at A, say, and the y-axis 
at B. The first, or ^-coordinate of the point P is the length OA; the second, 
or .y-coordinate of the point P is the length OB.

Coordinates may be negative in the modern convention, for the scales 
along each axis measure positive to the right and up, negative to the left and 
down, as is usual in the representation of negative quantities. Amusingly 
enough, the sign convention, which still causes trouble to beginners, was 
also obscure to Descartes. The curve called the folium of Descartes, which 
has equation x 3 + y 3 = 3xy, actually looks as in Figure 1(a). By drawing it 
correctly in the first quadrant but incorrectly generalizing to the other quad­
rants, Descartes thought the curve looked as in Figure 1(b), whence the 
name ‘folium’, meaning a leaf-shaped curve.

Once points are given coordinates, it is possible to specify families of 
points whose coordinates satisfy certain equations, and to identify these 
families geometrically, thus turning geometry into algebra. For example,
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Figure 1 The folium of Descartes, (a) correctly drawn and (b) as Descartes
mistakenly drew it

the points P whose coordinates (x,y)  are related by the equation x - 2 y  
form a line through the origin; those satisfying the equation x  = y 2 lie on 
a parabola (Figure 2). Conversely, given a curve in the plane and a choice 
of coordinate axes, the coordinates of points will be related by an equation: 
the sine curve, for example, has equation y  = sin*. It is usually to one’s 
advantage to find coordinate axes with respect to which a given curve has 
a particularly simple equation.

Figure 2 A straight line and parabola plotted in Cartesian coordinates

Coordinate methods can be used to find where two curves meet. To find 
where the line with equation y  = 2x -  1 meets the circle with equation

848



A L G E B R A I C  A N D  A N A L Y T I C  G E OM E T R Y §7.1

x 2 + y 2= l ,  one proceeds algebraically. Eliminating y  between the two 
equations, one obtains 5x2-4x : = 0, whose solutions are x = 0 and 
jc = |.  The corresponding y-values are y =  -1  and y -  §, respectively. So 
the points of intersection are (0, -1) and (f,f). Pursuing this argument as 
it applies to lines with equations by = a x -  b , which all pass through the 
point (0, - 1) on the circle, one finds that the other point of intersection is

( lab  a2 -  b2\
\ a* + b29 a2 + b2) '

This is an algebraic parametric representation of the circle; parametric 
representations are often a powerful method of studying curves.

Coordinate methods are also used to find the equation of curves satis­
fying given conditions. Let us find the equation of the circle with centre 
(2,3) and radius 5. We shall need to know the distance of a point 
A (a, b) from another C (c, d) (Figure 3); here a = 2 and b = 3, so we want 
the points (x , y ) such that ( * - 2 )2 + 0 * - 3 )2 = 52. This simplifies to 
x 2 -  4x  + y 2 -  6y -  12 = 0, which is the equation we seek.

Figure 3 Use of coordinates to establish an equation

Cartesian coordinates are by no means the only possible ones. Indeed, 
there are so many coordinate systems that it is not possible to describe them 
here; the reader should consult Coolidge’s wide-ranging historical account 
1940.

2 THE CONTRIBUTION OF RENE DESCARTES

The motivating example for Descartes was a problem that had come down 
from the Hellenistic writer Pappus (§1.3). He had described a problem in 
which four lines and four angles are given, and points P are then sought 
which satisfy the following rather complicated condition. Lines are drawn 
from P to each given line If, meeting the given lines at the given angles a,;
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four distances d\ are thus obtained (Figure 4). The problem is to find the 
locus of points for which the product of the first two distances is propor­
tional to the product of the remaining two. Pappus was able to show that 
the curve so defined was generally a conic section. However, the analogous 
problem can be formulated for larger numbers of lines and then there was, 
he said, no known solution. Descartes was able to show that the locus to 
four lines could be found rather easily by his methods, and that the locus 
to any number of lines was not in principle any harder to find. His success 
in this matter, of which he was very proud, was one of the reasons for his 
confidence in the general efficacy of the new approach.

However, all was not so simple. In Descartes’s time, a solution to a 
problem in geometry had naturally to be given in geometric terms. As 
H. J. M. Bos shows in two important papers (1981, 1984), this historical 
circumstance had a determining effect on how Descartes presented his ideas. 
For Pappus’s problem, it was possible to describe the answer in geometrical 
terms: the solution curve is a conic section. But what could be said about 
a curve given only by an equation of higher degree than 2? One could hope 
to plot a finite number of points on it, but this fell well short of con­
temporary standards. To Descartes, the advocate of basing all reasoning on 
ideas clear and immediate to the mind, this was a problem. He invested con­
siderable effort in pursuing the idea that for every equation there was an 
idealized machine that would draw its curve, just as a compass draws a 
circle. His hope was that simple curves would somehow generate more

h

U
Figure 4 Pappus’s problem
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complicated ones, which in turn would generate still more complicated 
ones, and so on, complexity being measured by the degree of the equation. 
He never succeeded, but subsequent generations ceased to worry and 
accepted that a curve can be presented to the mind via an equation. Indeed, 
without admitting this it is hard to study curves at all: the ancient Greeks 
had bequeathed to posterity a mere dozen or so that could be analysed in 
any detail.

Descartes’s aim was to take a geometrical problem, transcribe it into the 
language of algebra, solve it there, and then translate the solution back into 
geometrical terms. Even when the solution is the coordinates of a point, 
difficulties can arise, for it is by no means clear that any system of algebraic 
equations can be solved. This was always to remain a problem, and in prac­
tical situations where a numerical solution was required, approximate solu­
tions were (and often still are) all that can be found. But there was a deeper 
problem, for by ‘algebraic methods’ Descartes meant those of finite poly­
nomial algebra. When the solution sought is a curve, it is not true that the 
curve necessarily has an equation of this type. The sine curve does not; nor, 
as his critics pointed out, does the cycloid, the curve traced by a point on 
the rim of a wheel rolling along a straight line (Figure 5). Points on it have 
coordinates (t -  sin t, 1 -  cos t), and there is no merely algebraic connection 
between the x- and j'-coordinates. This mattered in its day, because 
Descartes regarded finding tangents to curves as the most important 
problem in mathematics. His critic Gilles Personne de Roberval had a 
simple argument by motion to find the tangent to a cycloid at a given point; 
but, as he pointed out, the cycloid necessarily eluded Descartes’s method 
for finding tangents.

Figure 5 The cycloid

Another critic of Descartes was Isaac Newton, who increasingly found 
fault with all the Frenchman’s ideas, be they in mathematics or physics. 
In particular, he disputed Descartes’s idea that a curve was simple if its
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equation was simple, and gave the example of the cycloid. Newton’s ideas 
struck home, but the resolution of the matter would have satisfied neither 
man. Later generations took their cue from the masterly Leonhard Euler, 
the second volume of whose Introductio in analysin infinitorum (1748) 
made algebraic geometry seem so easy and natural that the need for a 
criterion for the simplicity of curves was no longer felt, and algebra reigned 
supreme.

In summary, Descartes associated curves and equations via the idea of a 
coordinate system, but he maintained the contemporary preference for 
geometrical answers to geometrical questions. In that way his algebraic 
geometry was more cumbersome than ours, but in another way it was more 
flexible. Our coordinate axes are usually at right angles to one another; his 
were not so restricted. This helps to simplify the equations that arise, but 
complicates their interpretation. The modern perpendicular system became 
standard with, and because of, Euler.

Was Descartes really the first to do this? Coordinate systems have been 
claimed for the Greeks (by Coolidge 1940), and even for the Egyptians. 
There are fragmented pictures that suggest curves were discussed in a 
coordinate-based way, much as one might describe a sloping roof: ‘this far 
along and this far up’. But such insights did not translate into an algebraic 
method, for the simple reason that algebra -  reasoning with letters -  did 
not exist in Egyptian mathematical culture (§1.2). Coolidge’s case for the 
Greeks, which rests on Apollonius’s profound study of conic sections, is 
much stronger. What is to be found in Apollonius’s Conics is the idea that 
a conic section has axes, with respect to which the proportion (not, strictly, 
the equation) defining its shape can best be studied. This is a wonderful 
idea, but it falls well short of Descartes’s realization that axes can be chosen 
in the plane with respect to which any curve can be profitably studied. And 
again, one could argue that the Greeks did not have algebra in anything like 
the modern sense.

A high point of algebraic development came with Francois Viete. He 
sought to purify algebra, extend it to solve all problems (many posed 
geometrically) and establish that this was how the Greeks had really 
proceeded (§6.9). One cannot credit Viete with the invention of coordinate 
geometry, for Viete’s problems involve only one unknown, and there are no 
curves described by equations. Nor, indeed, does there seem to have been 
any influence of Viete on Descartes. However, Descartes’s contemporary 
Pierre de Fermat did read Viete and did develop the coordinate idea in the 
language of Viete’s algebra for the study of conic sections. He did this 
before Descartes, but he did not publish it, and he did not present the 
coordinate method in clear generality. The honour does go to Descartes.

Before turning to modern developments, the name ‘analytic geometry’
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should also be explained. To analyse something in the mathematical termi­
nology of the Greeks and the seventeenth century was to take something 
apart, much as one speaks of a chemical analysis today. In the Cartesian 
approach, figures are analysed in this sense: points are given coordinates, 
curves are successively given equations; above all, the unknown point or 
points are given coordinates and these are treated on a par with the known 
quantities until they can be found from certain equations that this process 
of analysis yields. In short, the Cartesian method is a discovery method. 
One starts knowing very little about the unknowns, and the method leads 
one to discover their values or some equations they satisfy. From its incep­
tion, this was thought to be a great advance over the synthetic methods of 
the Greeks, which sought to explain why an answer is correct. Compare 
chemistry: to synthesize a chemical is to check that one’s prior analysis of 
its composition was correct, but synthesis is no way to discover the structure 
of a given substance.

3 T H E  D E V E L O P M E N T  OF C O O R D I N A T E  G EOM ETR Y

Coordinate geometry can be used to turn geometrical problems into 
algebraic ones and, conversely, to provide a geometrical interpretation of 
algebraic problems. The former case was extended by many writers to 
include most problems with a mechanical origin; the latter is helpful as an 
aid to thought and when approximate solutions are sought. Almost every 
aspect of eighteenth-century mathematics, both pure and applied, bears 
witness to the fertility of the union. But what really transformed math­
ematics and augmented its role in the growth of science was the yoking 
together of coordinate geometry and the calculus (§3.2 and §4.3). Invented 
in the 1660s and 1670s by Newton and Gottfried Wilhelm Leibniz 
independently, the calculus existed for over a hundred years in two 
superficially distinct formulations, each remarkably successful at reducing 
problems about tangents to curves and areas under curves to systematic 
calculation. Each was also well adapted to dealing with curves defined by 
equations, and so the calculus promoted just the vision of geometry that 
had most bothered Descartes and his contemporaries. In the hands of Euler, 
who wrote three great expository treatises on the subjects of curves, the 
differential and the integral calculus (1748, 1755, 1768-70), the result was 
a body of techniques seemingly easy to apply and almost certain of success.

The era of rational mechanics, the analysis of nature along the lines of 
Newton’s Principia (1687), but conducted in the language of Cartesian 
geometry and the Leibnizian calculus, occupied the second half of the 
eighteenth century. Such are its breadth and its unity, encompassing 
everything from the geometry of curves to hydrodynamics, that it is difficult
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to select topics which belong to analytic geometry in the strict sense, but a 
few do stand out. In plane geometry, Newton was the first to take up the 
study of curves defined by equations of degree 3. Beginning in the 1660s, 
when he set himself this task in order to master the Cartesian methods, and 
culminating in his presentation as an appendix to his Opticks (1704), 
Newton completely classified curves of this type. His classification was 
cumbersome, for the problem is full of technicalities, and it was reworked 
by Euler in the second volume of his Introductio (1748). Euler, Gabriel 
Cramer 1750 and others also began the study of the singular points of 
curves. These are typically points where a curve either crosses itself or else 
has a cusp (Figure 6), although there are more complicated possibilities.

The natural extension of Cartesian methods to three dimensions, 
although hinted at by Descartes, had to wait until the eighteenth century, 
when it was set forth by the 18-year-old Alexis Clairaut 1731. A single 
equation in three variables generally represents a surface; Clairaut con­
sidered the case of cubic surfaces (surfaces defined by an equation of degree 
3) and their intersections by planes. The simpler case of equations of degree 
2 yields the so-called ‘quadric surfaces’. These include the ellipsoid, the 
hyperboloids of one and two sheets, and the cone.

Curves in space were (and are) much harder to represent. The most usual 
way was to realize a curve as the common points of two surfaces, and so 
as given by two equations. The alternative was to represent it parametri­
cally, but this could be made to work in only a limited number of cases.

It is the fate of some vigorous branches of any subject to split into topics 
that between them exhaust the parent discipline. Such was the case with 
coordinate geometry. From it grew such subjects as differential geometry 
and algebraic projective geometry, but there is no such subject as ‘advanced 
coordinate geometry’. Differential geometry has many roots (§3.4): one lies 
in the study of surfaces, specifically in the study of plane sections through
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each point; another lies in the study of curves in space, where it proved 
useful to look at the way a moving coordinate system varied as it travelled 
along a curve (Figure 7).

Algebraic projective geometry (§7.6) resumed at the start of the 
nineteenth century, when a reaction set in to the preference -  then well 
established -  for algebra and calculus over all other modes of mathematics. 
In France this move was led by Gaspard Monge, a highly influential 
founder-member of the Ecole Polytechnique (§ 11.1). In Germany, algebraic 
geometry was reinvigorated by August Ferdinand Mobius and, most 
notably, by Julius Pliicker. Their work forms the natural generalization of 
the studies of Newton, Cramer and others, but the complexities of the 
subject inevitably pushed Cartesian geometry into projective geometry.

Figure 7 A space curve

Typical of the richness of analytic geometry in the nineteenth century is 
the study of three surfaces: the cubic surface, Fresnel’s wave surface and 
Kummer’s quartic surface (for a good modern reference, full of photo­
graphs, see Fischer 1986). The cubic surface was studied by many authors, 
but the English mathematician Arthur Cayley and his Irish colleague 
George Salmon made the most remarkable discovery: the general cubic sur­
face contains 27 straight lines, all of which can be real. (Several of them 
are visible in Figure 8, which shows a late-nineteenth-century model.) 
It is surprising that a curved surface should carry straight lines, and their 
interrelation proved to be a fascinating object of study.

Augustin Jean Fresnel was one of the architects of the classical wave 
theory of light (§9.1). One problem he set himself was to determine the 
image of a point seen from a fixed position through a biaxial crystal. As 
Buchwald 1989 has carefully described, this question led Fresnel to describe 
his wave surface, which is the locus, up to unit time, of all the plane waves 
initially emitted from the given point. The determination of the equation of
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Figure 8 Clebsch’s model of a general cubic surface

this surface on optical grounds was not easy; it turned out to be

where a, b and c are constants determined by the crystal, and 
r2 = x 2 + y 2 + z2. It is therefore a quartic surface (i.e. one of degree 4: see 
Figure 9). The differential geometry of curves on this surface interested 
mathematicians, but an even more remarkable fact soon caught their atten­
tion. Ernst Kummer, a leading light in the revival of mathematics in Berlin, 
investigated in the 1850s those quartic surfaces having the maximum pos­
sible number of singular points (16 double points, most of them visible in 
Figure 10). This purely geometrical line of enquiry turned out to yield a
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Figure 9 Fresnel’s wave surface

family of surfaces containing the wave surface as a special case, a surprising 
coincidence that stimulated much further work.

4 C O O R D I N A T E  T R A N S F O R M A T IO N S

Although there is no such subject as advanced coordinate geometry, there 
is a mainstream development of Descartes’s ideas that fills university 
courses and is a staple technique of both pure and applied mathematics: 
coordinate transformations. Coordinate geometry, whether in the plane, in 
space or in higher dimensions, lends itself naturally to a description by 
vectors (§7.12). Changing the origin of the coordinate system or moving the 
coordinate axes changes the equation of the curve, opening the prospect of 
finding a simplest possible equation for a curve. For this reason, in the
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Figure 10 Kummer’s quartic surface with 16 double points

nineteenth century there was developed a powerful theory for describing 
coordinate transformations in the language of vector spaces, as Hawkins 
(1975, 1977) has described. This theory, which has an independent interest, 
is discussed in the articles on matrices and invariants (§6.7 -6 .8).
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7.2

Curves
J.  J.  GRAY

1 CU RVES IN GREEK M A T H E M A T IC S

A good, naive, definition of a curve would be the path traced out by a 
moving point. While examples are legion, a curve can enter mathematics 
only when a mathematician has something specific to say about it, and the 
general concept arises only when there is something worthwhile and general 
to say. Yet it still comes as a surprise that the Greeks had no general 
concept, and few specific examples to study. Euclid’s Elements discusses 
properties of the straight line and circle; following him Archimedes and 
Apollonius studied the conic sections (the ellipse, parabola and hyperbola), 
but only a few other curves were known, such as the spiral of Archimedes 
(§1.3). This paucity can be ascribed partly to the means available for 
defining and treating curves, partly to the range of problems discussed in 
Classical times. So, for example, the conic sections were defined as par­
ticular kinds of section of a cone by a plane. Their study was extremely 
difficult with the means available; that an extensive theory of the conics 
was obtained is eloquent testimony to the brilliance of Archimedes and 
Apollonius. No less a modern mathematician than B. L. van der Waerden 
has described Apollonius’s Conics as a masterpiece whose author was ‘a vir­
tuoso in hiding his original line of thought [which] is what makes his work 
hard to understand’ (1961: 248).

The conic sections and most of the other curves known to the Greeks were 
used by them to tackle significant problems, notably those known today 
under the collective title of ‘the three classical problems’. These were: to 
trisect an angle (i.e. given any angle, to find an angle of one-third the size); 
to duplicate the cube (i.e. given a cube, to find one of twice the volume); 
and to square the circle (i.e. given a circle, to find a square of equal area). 
It seems that the Greeks despaired of finding solutions to any of these 
problems by straightedge and compass alone, and indeed it was shown 
rigorously in the nineteenth century that under those restrictions it cannot 
be done. So they set about solving these problems in other ways.
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Trisecting an angle may be difficult, but trisecting a length is trivial, and 
the solution to the angle problem offered by Hippias of Elia in the fifth cen­
tury reduced it to the trisection of an interval. He described a curve in this 
way (Figure 1). In a square ABCD of side a, one rod AR of length a is 
attached at A, where it is free to pivot, while a second, horizontal rod C ' D ' 
of the same length is free to move up and down. Initially the first rod is 
vertical and the second rod lies along CD. They are set in motion together, 
so as to move uniformly and at such speeds that when AR has rotated 
through a right angle, C 'D '  has reached AB. Hippias’s curve is traced by 
X, the intersection of the two rods; and AS = 2SB.

To use the curve to trisect a given angle of qo, one has merely to allow 
the rod AR to rotate through that amount, to AR0 say (Figure 2), and locate 
the corresponding position CoDo of the horizontal rod. One then trisects the 
segment DDo, say at D{, and finds the corresponding position of the rod 
AR, say ARi. The angle DARi is one-third of the angle DARo. For this 
reason the curve is sometimes called the ‘trisectrix’.

Figure 2 The trisection of angle DARo. DD! = DD6/3

The trisectrix has another use: it helps to solve the problem of squaring 
the circle. It meets the side AB at the point S in Figure 2, for which
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AS = 2a\n. A circle of radius r has an area of nr2; for a circle of unit radius 
this reduces to n. With a=  1/2, the trisectrix gives a length of 1/rc, which 
can easily be made to yield a length of n, thus squaring the circle. For this 
reason the trisectrix is also called the ‘quadratrix’ (it has brought about the 
quadrature of the circle). At a time when it had to be shown rigorously that 
the concept of area, first introduced for rectilinear figures, applies to the 
circle, this was a considerable achievement.

Duplicating the cube recalls the problem of duplicating the square, but 
whereas the latter problem only requires V2 to be found, and was solved 
in Plato’s dialogue the Meno, duplicating the cube requires to be found, 
which is much harder. Two solutions associated with the name of 
Menaechmus involve conic sections. Another, due to Nicomedes, intro­
duced a curve called the conchoid. (It can also be used to trisect the angle.) 
He considered a line 1, and a point O not on it, and looked at all the lines 
through O. Let the points Pi and P2 lie on such a line that meets 1 at Q. 
The conchoid is composed of the points Pi and P2 for which PiQ = QP2 = a 
fixed distance a (Figure 3). Yet another solution was proposed by Diodes. 
This curve, called the cissoid, was obtained as follows (Figure 4). Let AB 
and CD be perpendicular diameters of a circle, and let EB and BF be equal 
arcs. Draw FH perpendicular to CD and let it meet EC at P. As the point 
E moves round the circle, the point P traces out the cissoid. For a full 
account of these curves and their uses, see Heath 1921: Vol. 1.

Figure 3 The conchoid of Figure 4 The cissoid of Diodes
Nicomedes
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2 CU RVES IN C A R T E S IA N  GE O M ETR Y

Such elaborate constructions make it plain that very few curves can be 
introduced in this way. Much less did they elicit general concepts; the idea 
of a tangent to a curve does not seem to have been defined in general, 
although tangents to the circle, the conic sections, and the spiral were dis­
cussed. What is lacking is the concept of one quantity varying with another, 
so that the two between them define a moving point tracing out a curve. 
This idea was introduced into mathematics by Rene Descartes (§7.1). If, for 
each value of a variable x, one has one or more values of a variable y , then 
the points (x, y)  define a curve which can be represented in the Cartesian 
plane. At a stroke one has the capacity to define infinitely many curves, 
including all those for which the relationship between x and y  is given by 
an algebraic equation, and all those for which y  is a known function of x. 
So in the seventeenth century it became possible to ask for the first time for 
a general method for finding the tangent to a given curve at a given point. 
Of course, such a method was soon provided by the rival versions of the 
calculus put forward by Isaac Newton and Gottfried Wilhelm Leibniz 
(§3.2).

The period from 1650 to 1850 was the heyday of the study of curves by 
Cartesian methods. It is usually easy to find the Cartesian equation of a 
curve defined in some other way. For example, the conchoid of Nicomedes 
has the equation (x2 + y 2) ( x -  b)2 = a2x 2, and the cissoid of Diodes has 
the equation y 2(a + x) = (a -  x)3. When this cannot be done the curve can 
still usually be represented parametrically, that is, in the form (x(0 , j ( 0 ) 
as t varies. For example, the cycloid has the parametric representation 
(t -  sin t, 1 -  cos t). Two major books defined the theme: Euler 1748 and 
Cramer 1750 (see §7.1 for details).

3 U N E X P E C T E D  P R O P E R T I E S  OF CURVES

With the rigorization of the calculus in the nineteenth century (§3.3), the 
question arose of what sort of behaviour a curve could have. For example, 
is the plausible claim that every curve has a tangent at every point always 
true, except where it is palpably false (where the curve crosses itself or sud­
denly reverses its direction at a cusp)? To everyone’s initial surprise, it 
proved possible to construct continuous functions that never have a tangent 
at any point. After the first probable cases of such a phenomenon were 
brought to light by Bernhard Riemann in the 1850s, rigorous examples were 
found by Karl Weierstrass in the 1860s. It was then possible to define con­
tinuous curves that never have a tangent. At first these curves caused dis­
tress in some circles. Some regarded them as pathological, and wished to
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reject them; others, such as Henri Poincare, eagerly accepted them. Rather 
surprisingly, it emerged from the work of Albert Einstein and others that 
the path of a particle undergoing Brownian motion was usually continuous 
but nowhere differentiable.

A further challenge to naive intuition about curves came when Georg 
Cantor showed in the 1880s that there is a 1-1 correspondence between the 
points of a curve and the points of a plane (§3.6). This seems to counter 
the notion of a curve as one-dimensional and a plane as two-dimensional; 
order was restored only when it was shown that there is no such 1-1 cor­
respondence which is continuous in each direction. Nevertheless, there are 
continuous curves which pass through every point of a square or, for that 
matter, the whole plane. The first of these was defined in formulas derived 
by the Italian mathematician and logician Giuseppe Peano, and later illus­
trated by the American mathematician E. H. Moore and the German David 
Hilbert (§3.8). When the concept of dimension was later stretched by 
Felix HausdorfF to allow for spaces of non-integer dimension, it was soon 
found that these unexpected types of curve can have any dimension.

4 C O M P L E X  CURVES

At the same time, the concept of curve was being extended in another way. 
An algebraic relationship between two variables x  and y  can naturally be 
thought of as defining a curve. For example, the relationship x 2 + y 2 = 1 
defines a circle. It was the profound idea of Riemann to extend this to the 
case where the variables x  and y  are complex (§7.9). Since each complex 
variable can be thought of as a pair of real ones, the relationship now 
defines a surface in a space of four real dimensions. This is not intuitively 
easy to grasp, but it proved possible to proceed as if an equation between 
two complex variables defined a curve (something of real dimension 2, but 
complex dimension 1), today called an algebraic curve or a Riemann 
surface. Riemann’s approach allows the full resources of algebra to be 
exploited in studying curves defined by algebraic equations. Since then it 
has often proved worthwhile to think of an algebraic equation as defining 
a curve whatever field one is working in, a point of view that has abundantly 
proved its worth in number theory.
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Regular polyhedra
BRANKO GRUNB AU M

The idea of singling out certain polyhedra with unusual symmetry proper­
ties first occurred during the heyday of Greek geometry. Exact information 
about the origin of the choice of five specific polyhedra (shown in Figure 1) 
which we call ‘regular’ is not available, and neither is there any certainty 
about the first discovery of individual regular polyhedra. The regular poly­
hedra were discussed in Plato’s Academy, where they were attributed 
to Theaetetus. The fanciful importance Plato bestowed upon them, as 
building blocks of the universe, led to the name ‘Platonic solids’. The 
regular polyhedra are the crowning achievement of Euclid’s Elements, 
Book 13, where it is proved that there are exactly five different regular poly­
hedra. In a certain sense, the specific determination of the five polyhedra 
may be considered less important than the generation of the concept of 
regularity; apparently this should be credited to Theaetetus (see Waterhouse 
1972 for a stimulating discussion of this aspect). Illustrations and accounts 
of the properties of these polyhedra (and of most of the polyhedra men­
tioned in this article) can be found, for example, in Coxeter 1948 or Cundy 
and Rollett 1951; a nice introduction to various aspects of polyhedra, their 
history and literature is given in the collection Senechal and Fleck 1988.

1 S H O R T C O M I N G S  OF T H E  E U C L ID E A N  T R E A T M E N T

From the point of view of logic, Euclid’s account of the regular polyhedra 
presents a striking contrast between good intentions and actual execution. 
Although axiomatic geometry enjoyed through the ages the reputation of 
presenting logical thought at its best, this was undeserved, even in the case 
of the frequently discussed topic of regular polyhedra. In fact, the validity 
of the stated characterizations of regular polyhedra requires additional, 
unstated assumptions. The basic logical difficulty is that Euclid never 
defined (or informally explained) what is a ‘solid’ or ‘figure’ -  although 
he was aiming to show that ‘apart from the said five figures, there cannot 
be constructed any other figure which is contained by equilateral and
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Figure 1 Drawings of the five Platonic solids, attributed to Leonardo da 
Vinci (from Luca Pacioli, De divina proportione, 1498)
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equiangular figures equal to one another’. Sympathetic commentators have 
explained that Euclid must have had only convex polyhedra in mind, but 
even then there are at least two deficiencies. First, convexity itself is not 
unambiguously defined: only in recent decades has there been a tendency 
to a very restrictive interpretation of this word -  in fact, the regular poly­
hedra found by Johannes Kepler and (later) by Louis Poinsot, which are 
discussed next, were considered throughout the nineteenth century to be 
‘convex’. Second, even with interpretation of ‘figure’ as a convex poly­
hedron in the most restrictive sense, Euclid’s statement is plainly wrong: 
there are five additional ‘deltahedra’, non-regular convex polyhedra 
bounded by congruent equilateral triangles.

To salvage Euclid’s enumeration it is therefore necessary to impose addi­
tional restrictions, besides convexity in the narrow sense. Over the centu­
ries, various conditions have been proposed, such as: all solid angles should 
be regular; all solid angles should be congruent; all dihedral angles should 
be equal; equal numbers of faces should meet at each vertex; there exist 
three concentric spheres, one through all vertices, one touching all edges, 
and one touching all faces. Although logically distinct, these and other con­
ditions are mutually equivalent in the context under discussion, and indeed 
yield only the five Platonic solids among strictly convex polyhedra. More 
recently, it has become customary to define regularity in terms of equiva­
lence under symmetries. The most frequent formulation, which in essence 
goes back to a paper by Augustin Louis Cauchy (published in 1810) and was 
apparently first formulated explicitly by Ernst Steinitz in his encyclopedic 
survey of polyhedra (1916), defines a polyhedron to be regular if its group 
of symmetries acts transitively on its ‘flags’, a ‘flag’ being a triplet con­
sisting of a vertex, an edge and a face, all mutually incident.

2 P O L Y H E D R A  OF K E P L E R  AND PO IN S O T

The lack of precision in Euclid’s formulation has had the positive effect of 
admitting other interpretations that led to new investigations and to the 
designation of additional polyhedra as ‘regular’; this helped to break the 
stranglehold of ossified traditions. The first such step was taken by Kepler 
in 1619. He started by observing that, if a polygon is interpreted as a circuit 
of edges, meeting in pairs at common end-points, then the pentagram (and 
other star polygons) are regular in the sense of having all sides equal as well 
as all angles equal. The fact that the sides cross each other has no relevance 
to the question of regularity. Since a similar reasoning applies to polyhedra, 
and since it is possible to combine pentagrams as faces to obtain polyhedra 
which satisfy the Euclidean conditions of regularity, Kepler claimed the 
status of regular polyhedra for two of his inventions (see Figure 2, taken
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from Kepler’s work). In fact, they are regular even under the flag- 
transitivity criterion. It may be mentioned that star-shaped solids resem­
bling one of Kepler’s are found in the work of some earlier artists; but, as 
with Theaetetus, Kepler’s principal merit was the insight that these poly­
hedra deserve to be considered regular, rather then just having an attractive 
shape.

Kepler’s discovery lay largely forgotten for two centuries, and the next 
development is due to Poinsot in 1809. Apparently unaware of Kepler’s 
polyhedra, Poinsot followed a similar argument to describe them, as well 
as two additional regular polyhedra in which either triangles or pentagons 
(without self-intersections) are arranged around each vertex in a star-shaped 
way. These four polyhedra -  usually known as the ‘Kepler-Poinsot poly­
hedra’ -  are shown in Figure 3. Poinsot’s discovery was followed in 1810 
by Cauchy’s proof of the completeness of that enumeration. However, 
Poinsot’s work suffers from an internal inconsistency. In following Poinsot 
uncritically, as in other instances where he was insensitive to geometric 
subtleties, Cauchy made a mistake that has been noticed only recently; as 
a consequence of this error, additional restrictions are needed to make his 
result valid. (The discovery of the shortcoming was made during the prepa­
ration of this article and was first presented in a course that I was giving 
in spring 1990 at the University of Washington.)
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3 ERRORS IN PO INSO T’S WORK

The problem arises from Poinsot’s disregard of his own definition of 
regular polygons, which -  freely but faithfully translated -  is as follows. 
To obtain a polygon, let m points a, b, c , . . .  be arbitrarily given in the 
plane, joined by m segments ab, be, c d ,. . . ,  so that the resulting figure is 
closed. A polygon is regular if its edges are equal and its angles are equal. 
(Poinsot gives a completely satisfactory definition of equality of angles in 
a polygon.) He goes on to say (correctly) that if h is an integer relatively
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Journal l̂ EcaloImperutle Jolt/tocAnnfur, ca/uerJL . P i  .ZL.

(from his 1809)

871



G E O M E T R I E S  A N D  T O P O L O G Y

prime to m, and if m points, equidistributed on a circle, are connected by 
segments each of which spans h of the arcs determined by the points, then 
a regular polygon is obtained. In modern notation, such a polygon would 
be designated {m//?}; convex polygons correspond to h = 1, and the penta­
gram {5/2} to m = 5 and h = 2 (see Figure 4, taken from Poinsot’s paper). 
The last row in Figure 4 illustrates (for m = 6 and h = 2) Poinsot’s (correct) 
statement that this construction does not produce a regular polygon if m 
and h are not relatively prime; in such a case the resulting figure is com­
posed of several regular polygons, and hence is not itself a regular polygon.

The logical error committed by Poinsot and uncritically accepted by all 
later writers is the assumption that this reasoning proves the non-existence 
of regular polygons (as defined) other than the ones corresponding to rela­
tively prime m and h . In fact, it is fully in accordance with Poinsot’s defini­
tion (as well as with more modern ones) to consider as regular polygons 
obtained by starting from one point on a circle, connecting it to a second 
point by a segment spanning an arc which is hjm  times the length of the 
circle’s perimeter, and continuing by such steps until, after m steps, the 
original point is reached again. If m and h are relatively prime, the mth step 
is the first that leads to the starting-point; otherwise, there will have been

Figure 5 An illustration of the definition of regular polygons, showing all 
the different polygons with 20 vertices (from Meister 1770: Plate 6)
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previous visits -  but this is irrelevant to regularity. It is most remarkable 
and ironic that precisely this interpretation was originally advanced by 
A. F. L. Meister in 1770; Figure 5 shows his illustration for m = 20. 
However, although Meister’s article is often mentioned in accounts of the 
history of polygons, it is apparently rarely, if ever, read. The only discus­
sion of some details of Meister’s work, by the historian of mathematics 
Siegmund Gunther (in 1876), misquotes Meister at the critical place, giving 
the false impression that Meister made the same error as Poinsot.

Clearly, with consistent application of the definitions some points may 
correspond to several vertices of a regular polygon -  a possibility which has 
not been excluded in any way (except possibly by arbitrary and unstated 
fiat). A variety of additional polyhedra can now be considered regular, with 
the requirement of flag transitivity under symmetries fulfilled. A simple 
example is shown in Figure 6(a), where each vertex of the cube represents 
two vertices of a regular polyhedron which has 16 vertices and 6 octagons

o ,p M.N

(a) (b)

Figure 6 (a) A regular polyhedron {8/2,3) with 16 vertices and 6 
octagonal faces:

a =  [A, B, C, D, E, F, G, H],
13= [A, I, J, F, E, K, L, B],

T = [B,L,M ,G,F, J ,N ,C ],
<5 = [C, N, O, H, G, M, P, D], 
e= [A, H, O, K, E, D, P, I], 
f  = [I,P ,M ,L ,K ,0 ,N , J]

(b) A topologically regular map of genus 2, which is isomorphic to the 
regular polyhedron {8/2,3}; this map is denoted by {4 + 4,3} in Coxeter 
and Moser (1957: Section 8.8), where references to various papers 

discussing it may be found
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of type {8/2} as faces. This polyhedron can be interpreted as a polyhedral 
realization of the well-known, topologically regular map of genus 2, which 
is shown in Figure 6(b).

The complete enumeration of regular polyhedra is still outstanding.
In the 1880s the concept of regular polyhedra was extended to higher­

dimensional spaces. Related concepts were studied in hyperbolic spaces, 
and in other settings as well. Space here does not permit these and other 
developments to be presented; accounts of them can be found in Coxeter 
1948, 1974, and Fejes Toth 1964.

4 O T H E R  S P E C IA L  P O L Y H E D R A

Since Antiquity, various classes of polyhedra that are slightly less special 
than the regular polyhedra have also been considered. In several cases log­
ical errors as blatant as the one discussed above have been widely accepted; 
these errors are briefly mentioned in discussing some of these classes of 
polyhedra.

Archimedean polyhedra are usually defined as strictly convex polyhedra, 
all faces of which are regular polygons (not necessarily of the same kind), 
and all vertices of which are congruent (this means that the figure formed 
by the faces containing one vertex is congruent to the figure analogously 
formed at any other vertex). A related concept is that of a uniform poly­
hedron defined to be a regular-faced isogonal polyhedron; some writers 
confuse ‘Archimedean’ with ‘uniform’. (‘Isogonal’ means that the vertices 
are all equivalent under symmetries of the polyhedron.) The enumeration 
of Archimedean polyhedra is believed to have been carried out by 
Archimedes, but, if so, no manuscript survived. In any case, from the 
Renaissance onwards there have been frequent claims that, besides the 
regular polyhedra, the prisms and the antiprisms, there are precisely 13 
other Archimedean polyhedra. While this is correct if applied to uniform 
polyhedra, there is one additional Archimedean polyhedron which is not 
uniform. That exceptional polyhedron is the pseudorhombicuboctahedron 
(Figure 7), first constructed by J. C. P. Miller in the 1920s and described 
by H. S. M. Coxeter in 1930. It was previously missed by geometers because 
they assumed -  with no logical basis -  that if the faces of an Archimedean 
polyhedron are arranged around a vertex in a certain way, no other 
Archimedean polyhedron can be formed with this arrangement of faces.

During the last century, isogonal polyhedra have been studied without 
restriction to those with regular faces. The convex ones among them have 
the interesting property that each is isomorphic to one of the uniform poly­
hedra; this holds even for the more general class of those not necessarily 
convex isogonal polyhedra which are topologically equivalent to a solid
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Figure 7 Two distinct Archimedean polyhedra with the same arrangement 
of faces around each vertex: (a) the rhombicuboctahedron and (b) the 

pseudorhombicuboctahedron; (a) is uniform, (b) is not

sphere. However, in most writings it is (explicitly or implicitly) assumed that 
all isogonal polyhedra (without self-intersections) are ‘spherical’ in that 
sense. Only recently, Grunbaum and Shephard 1984 observed that this 
assumption is not justified: there exist toroidal isogonal polyhedra, as well 
as isogonal polyhedra of genus 3, 5, 7, 11 or 19. These non-spherical 
isogonal polyhedra also show that the frequently made claims about 
‘natural duality’ of isogonal polyhedra with isohedral polyhedra (i.e. those 
in which all faces are equivalent under symmetries) are mistaken: there exist 
no isohedral polyhedra (without self-intersection) which are dual to the 
toroidal isogonal polyhedra, or to those of higher genus. The logical error 
here is due to a widespread confusion between the projective duality which 
relates points and planes, and the topological duality which relates cells and 
vertices.

These (and other) facts about regular polyhedra and their generalizations 
show that, in the distant past as well as in modern times, geometers have 
been less adept at investigative and deductive geometry and critical thinking 
than at accepting traditional teachings, even if these are not supported by 
logic.
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7.4

Euclidean and non-Euclidean 
geometry
J.  J .  GRAY

1 E U C L I D E A N  GE OM ETR Y

Euclidean geometry is named after the Greek mathematician Euclid (circa 
300 BC), who wrote what became the definitive account of the elementary 
part of the subject in his Elements (§1.3). This work, in 13 books, begins 
by describing the properties of plane figures composed of straight lines and 
circles, starting from appropriate basic definitions, common notions and 
postulates. Common notions are undemonstrated truths of general applica­
bility, such as ‘the whole is greater than the part’, while the postulates are 
specific mathematical statements their author saw fit to assume. Most of 
these are uncontroversial, for example ‘all right angles are equal to one 
another’, but one of them came to be increasingly discussed -  the parallel 
postulate. This is the claim ‘that, if a straight line falling on two straight 
lines make the interior angles on the same side less than two right angles, 
the two straight lines, if produced indefinitely, meet on that side on which 
the angles are less than two right angles’. While the other assumptions of 
Book I alone enabled Euclid to prove some results, such as the isosceles- 
triangle theorem and the congruence theorems of plane geometry, the 
parallel postulate was needed to prove such results as Pythagoras’s 
theorem, and that the angles of a triangle add up to two right angles. It 
follows that most of the rest of the Elements also required the postulate.

On the other hand, the postulate seemed open to objection on two 
opposing grounds: it was not as obviously true as the other assumptions 
made by Euclid, and it seemed more like a result that could be proved on 
the basis of the other assumptions alone. Indeed, a number of later Greek 
writers attempted proofs along these lines, for example the astronomer 
Ptolemy and the fifth-century commentator Proclus. The common result of 
these attempts and many that came to be made down the ages was either 
to lapse into a fallacy, or else to establish, explicitly or implicitly, the
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equivalence of the parallel postulate with some other assumption. These dis­
coveries are interesting in themselves, and shed light on what Euclidean 
geometry was taken to be. For more detailed accounts, see Bonola 1912 and 
Gray 1989.

2 A T T E M P T S  ON T H E  P A R A L L E L  P O S T U L A T E

Most commonly, it was a property of distance that came to be invoked. 
Proclus’s attempt rests on the claim, not discussed by him, that two parallel 
lines remain everywhere a bounded distance apart. Others, such as Ibn 
al-Haytham (circa a d  1000), endeavoured to prove that the locus of points 
equidistant from a straight line is itself straight, and on that basis to prove 
the postulate (§1.6). Weaker spirits merely assumed that Ibn al-HaythanTs 
claim was true.

One of the most scrupulous attempts was by John Wallis in 1663. He 
showed that the parallel postulate was equivalent to the assumption that 
similar figures exist which are not congruent: that is, that a copy of a given 
figure can be made which has the same shape but not the same size. Wallis 
did not claim to have established the postulate as a theorem, merely to have 
reduced the task to that of defending the possibility of making scale copies 
of figures, for which he gave a different, philosophical argument. The 
assertions of Ibn al-Haytham and Wallis are, of course, theorems in the 
Elements', they can be proved once the parallel postulate is assumed. What 
is at stake is whether they are more elementary than the postulate, and so 
either a more natural initial assumption to make or easier to prove as 
theorems themselves.

Ibn al-Haytham’s case is typical of many in resting on claims about the 
straight line, defined rather unhelpfully in the Elements as ‘the curve that 
lies evenly upon itself’. It is probably no longer possible to determine what 
Euclid meant by this phrase, but it is likely that he was doing no more than 
hinting at a concept that was supposed to be grasped intuitively. Aristotle, 
writing rather earlier, made several comments about lines, including the 
remarkable one that ‘if a line is what we recognize it to be from our physical 
intuition, then the angle sum of a triangle is two right angles’. It can be 
argued that to the Greeks, geometry was an abstraction from familiar, 
physical reality, and that its theorems were in some direct way true of the 
world. Or it can be argued that the statements on the Elements were 
intended to be taken more formally, the better to display the logical coher­
ence of the work, and that the question of interpretation was to be kept at 
one remove. Certainly every attempt was made to indicate explicitly when 
extra assumptions had to be made, and no reliance in the work is placed on 
what we know from experience other than in the framing of the definitions.
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But if this leaves open the question of the extent to which the Elements was 
taken to be true of the world by Greek writers, it is hard to deny that it was 
generally so interpreted by writers after a d  1500.

The most full-blooded attempt to prove the parallel postulate was made 
by Girolamo Saccheri and published in 1733, the year of his death. He dis­
tinguished between three kinds of geometry, in which the angle sum of tri­
angles was greater than, equal to or less than two right angles, and he aimed 
to show that of these only the second kind was internally consistent. He suc­
ceeded in showing that the first kind ‘destroyed itself, as he put it, but his 
account of the third kind was flawed. Significantly, it rested on establishing 
a result that for him was irreconcilable with the nature of the straight line. 
He was followed by Johann Heinrich Lambert, who in the 1760s also 
explored Saccheri’s trichotomy. He did not discover any results that struck 
him as self-contradictory, finding only those which were contrary to his 
intuition, so he may be regarded as the first to describe theorems in a 
geometry other than Euclid’s. But, perhaps because his investigations were 
inconclusive, he did not publish them, and they were first published post­
humously by John III Bernoulli in 1786. They were reprinted in Engel and 
Stackel 1895.

Lambert accepted that two straight lines cannot enclose an area, which 
he regarded as an assumption also made by Euclid (although it is probably 
an Arab interpolation). This principle was taken by Franz Taurinus, writing 
in 1825 (also reprinted in Engel and Stackel 1895), to rule out of considera­
tion the geometry on a sphere in which great circles are taken as straight 
lines, and in which indeed the angle sum of every triangle exceeds two right 
angles. The naturalness of this geometry strongly suggests that in inves­
tigating the parallel postulate mathematicians were trying not to devise 
formal systems differing in some way from Euclid’s, but to describe the real 
world in mathematical terms. Spherical geometry differs from Euclidean 
geometry, but it is irrelevant if the aim is to describe the universe, because 
that cannot be like a sphere once it is agreed that two lines cannot enclose 
an area.

Lambert was a contemporary of Immanuel Kant, with whom he cor­
responded on the nature of geometry. Kant’s view that statements of 
Euclidean geometry were synthetic a priori truths (synthetic because they 
could in principle be false, a priori because independent of any particular 
experience) seems not to have convinced him, perhaps because of his deep 
study of the parallel postulate. However, Kant’s view that human intuition 
presented space to us as Euclidean did gain wide acceptance. The result was 
that, by the start of the nineteenth century, the widespread view was that 
Euclidean geometry correctly describes the world, and that it is built up 
logically from axioms which themselves are incontrovertible truths. All this
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was to change, with consequences not just for the Elements but for all of 
geometry and our very understanding of the nature of mathematics. For a 
discussion of the philosophical implications, see Torretti 1978.

3 T H E D ISC O V ER Y  OF N O N - E U C L I D E A N  GE OM ETR Y

The first to doubt the truth of Euclidean geometry was Carl Friedrich 
Gauss, who investigated the question from a variety of standpoints 
throughout his life but published almost nothing. Whether he lacked the 
final insight to clarify the question to his own satisfaction or merely wished 
to avoid public controversy is almost impossible to decide; both interpreta­
tions may be true. But his failure to resolve the matter means that the 
honour of being the first to describe a geometry other than Euclid’s goes 
to the Russian Nikolai Lobachevsky and the Hungarian Janos Bolyai, 
writing independently in the 1830s. The degree of overlap in their descrip­
tions is considerable. Both described a three-dimensional geometry in which 
coplanar lines X and v meeting a line fi at angles of a , which is less than a 
right angle, and 7 , a right angle, may be asymptotic and therefore con­
sidered parallel (Figure 1). On the basis of this assumption, and the 
independent result that the theorems of spherical trigonometry do not 
depend on the parallel postulate, both men obtained trigonometric for­
mulas relating the sides of a triangle. On the strength of these formulas, 
both proclaimed that their new geometries made sense and, being different 
from Euclid’s, called into question the truthfulness of Euclidean geometry.

Figure 1 Parallels in the non-Euclidean geometry 
of Bolyai and Lobachevsky

Reactions to the new geometry of Bolyai and Lobachevsky, called ‘non- 
Euclidean geometry’ because its assumptions differ from those of Euclidean 
geometry (although only in respect of the parallel postulate), were 
indifferent or even hostile in their lifetimes. Gauss accepted their findings, 
but did little in public to defend their cause. Lobachevsky’s work was
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derided by some of his fellow Russians, and Bolyai’s was left to languish 
in the obscurity of its original publication -  an appendix to his father’s trea­
tise on geometry. Moreover, by the strictest canons, the work of Bolyai and 
Lobachevsky was flawed, for no proof of the consistency of their original 
assumption about parallel lines was given. The possibility remained that 
their theory was nothing more than some formulas in analysis, spuriously 
dressed up as geometry.

Matters changed decisively with the publication of Eugenio Beltrami’s 
description of non-Euclidean geometry in 1868. He presented a description 
of Lobachevsky’s non-Euclidean geometry in terms of the points inside a 
disc. By defining the distance between two points appropriately, Beltrami 
produced a map of non-Euclidean two-dimensional space in which straight 
lines in the space appeared as straight lines in the disc. This is a map in 
exactly the sense in which pages of an atlas are maps of the curved surface 
of the Earth, and so it resolved conclusively and affirmatively the question 
of whether Lobachevsky’s definition of parallel lines was a tenable one. 
This flaw in the original presentation was undoubtedly one reason for the 
delay in accepting it, just as the posthumous publication of Gauss’s views 
after 1855 helped to gain it acceptance. But the main reasons for the delay 
were the enormity of the consequences that accepting it entailed, and the 
difficulty in mastering the new approach to geometry that it required. The 
very existence of a new geometry seemed to challenge all one’s intuitions 
about mathematics and space.

Given this challenge to the role of intuition in mathematical thought, it 
is interesting that both the discovery and the reception of non-Euclidean 
geometry illustrate a curious feature of mathematical discourse: its sym­
bolism. By casting geometry into trigonometrical formulas, Bolyai and 
Lobachevsky both produced a language for analysing the behaviour of lines 
that evades the weight of tradition. Had non-Euclidean geometry turned 
out to be impossible after all, their formulas would still have been valid 
exercises in the hyperbolic trigonometric functions that they introduced 
(functions introduced originally by Lambert, curiously enough: see §4.2). 
Their formulas were ontologically obscure, if not actually ambiguous. By 
distancing mathematicians from spatial intuition, they made it possible for 
their successors to study the fundamental concepts of geometry in an 
original way, culminating in the reformulations by Beltrami and Bernhard 
Riemann. For exactly the opposite reason -  a refusal to indulge in uninter­
preted symbols -  the new geometry was often hotly denounced by 
philosophers. The most remarkable of these denouncements was by Gottlob 
Frege, whose attitude to definitions and to the concept of number in partic­
ular was usually sharp (§5.2), but who could never accept non-Euclidean
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geometry because he felt it was precluded by the existence of a unique 
physical world.

4 TH E  M E A N IN G  OF N O N -E U C L ID E A N  GEOM ETRY

The formulas of Bolyai and Lobachevsky did not remain obscure for long. 
Beltrami’s interpretation fitted very well with the views of Riemann on the 
way geometry should be reformulated, namely as the study of sets of points 
forming a surface or higher-dimensional object upon which the notion of 
length along a curve makes sense. From this point of view there are three 
exceptionally interesting two-dimensional geometries: those on the plane, 
on the sphere, and on the surface of constant negative curvature that had 
been known since the time of Gauss but was best described by Beltrami. 
They are distinguished mathematically by being the geometries on surfaces 
of constant curvature. Curvature is a technical concept, but its intuitive 
meaning is straightforward. Applied to surfaces in space, the curvature of 
a plane is zero, that of a sphere of radius R  is 1/R2 and that of a saddle­
shaped surface is negative.

From a Riemannian point of view, one starts with a surface and defines 
a sense of distance upon it; this yields a value for the curvature at each 
point. The surface with constant, zero curvature is a plane with the familiar 
Euclidean geometry. The geometry which has constant positive curvature is 
also familiar: it is that of the sphere, where a ‘line’ is defined as a great 
circle. Spherical geometry differs from Euclidean geometry in two fun­
damental ways: the parallel postulate is false because there are no parallel 
lines, and lines cannot be extended indefinitely. For this reason its existence 
does not invalidate Saccheri’s and Lambert’s proofs that a geometry in 
which the angle sum of a triangle exceeds two right angles cannot exist, 
although the angle sum of a spherical triangle always exceeds two right 
angles. Authors differ over whether spherical geometry should be called 
a non-Euclidean geometry or simply a geometry different from Euclid’s. 
The simplest solution is to call only the geometry discovered by Bolyai 
and Lobachevsky non-Euclidean, and that has been adopted here. What 
Beltrami showed was that non-Euclidean geometry (in which there are many 
parallels to a given line through a given point not on the line, and in which 
the angle sum of a triangle is always less than two right angles) is identical 
to the geometry on a surface of constant negative curvature.

The three geometries on surfaces of constant curvature stand out because 
figures may be moved around freely on the surfaces without distortion, as 
we believe to be the case in (two-dimensional) physical space. This gives 
them all a degree of physical plausibility. Moreover, the crucial property of 
curvature is that it is intrinsic: it can be defined and measured entirely
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without reference to any three-dimensional space in which the surface may 
be placed. The idea of curvature can be generalized to higher dimensions, 
when there are many more interesting special cases. Again, the new geome­
tries are intrinsically defined, so there is no need for an a priori Euclidean 
space for them to exist in. This makes it clear that, from the Riemannian 
point of view, Euclidean geometry is just one example of many. In this pic­
ture, which was widely adopted during the second half of the nineteenth 
century, Euclidean and non-Euclidean geometry become part of differential 
geometry (§3.4).

The implications of non-Euclidean geometry were soon taken up. Since 
it, like Euclid’s, is a mathematically valid, physically plausible geometry 
(i.e. one which is consistent and in which basic terms like distance and angle 
make sense), people asked which, if either, was true. To what extent had 
geometry become an empirical science? Gauss, Friedrich Wilhelm Bessel, 
Lobachevsky and Bolyai were clear that measuring the angle sums of tri­
angles would in principle serve to distinguish between Euclidean and non- 
Euclidean geometry, and that to this extent geometry was henceforth 
empirical. But once that is granted, what is one to make of two thousand 
years’ worth of belief in the intuitive naturalness of the Euclidean terms? 
What, indeed, is a straight line? In the formulation proposed by Riemann 
that question had an answer for the first time: a straight line can be defined 
as a geodesic (curve of shortest length between its points) in a surface of 
zero curvature. What Beltrami showed, and Riemann himself hinted at, is 
that non-Euclidean geometry is the intrinsic geometry on a surface of 
constant negative curvature.

The empirical question was never to be resolved, and is today subsumed 
in theories of general relativity that interpret gravity as a variable curvature 
in a four-dimensional spacetime. But for mathematicians the problems 
posed by the discovery of non-Euclidean geometry were by no means over. 
By the 1880s projective geometry had come to assume a higher status than 
that of Euclidean geometry: its assumptions were fewer, and it contained 
Euclidean geometry as a special case. So although projective geometry was 
not physically plausible (it contains no concept of length or angle), it is 
logically prior to Euclid’s. Moreover, there are no parallel lines in projective 
geometry. What, then, of the nature of a line? The intuitive concept of 
the Euclidean straight line has been refined (at the very least) or replaced 
(at worst) by that of the projective line. From a metrical point of view, 
should not the primitive intuition have been that of the non-Euclidean 
line? Mathematicians’ intuition was no longer unproblematic; it had led 
them into an unwarranted confidence in Euclid. To anyone who based 
mathematics on some kind of intuitive apprehension of reality, this raised 
the question of what guarantee there could be that even mathematical truth
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could be discovered. The first to tackle this question was Moritz Pasch, 
who discovered a number of tacit assumptions made by Euclid that no one 
had remarked upon before because they rest on seemingly self-evident 
propositions (Nagel 1939).

5 A X IO M A T I C  GE OM ETR Y

Pasch may well have hoped to refine our intuition until it became reliable. 
The far more radical step of denying mathematical terms any meaning and 
relying completely on formal rules of inference was taken by Guiseppe 
Peano and, independently, by David Hilbert. (Hilbert’s route to this dis­
covery has recently been described in Toepell 1986.) Hilbert proposed that 
the geometric terms ‘point’, ‘line’, ‘plane’, and so forth be controlled by 
a system of axioms that determine what one may say about them, but which 
makes no attempt to say what they are. A self-consistent set of axioms 
would be taken to guarantee the existence of the objects it provided for, but 
all intepretations of them would be equally valid. Self-consistency was 
assured by any model exemplifying them. So, plane Cartesian geometry is 
an algebraic model assuring the consistency of the Euclidean axioms, and 
Beltrami’s disc can be seen as a model of the consistency of the non- 
Euclidean axioms. It also establishes that Euclidean and non-Euclidean 
geometry are relatively consistent, since it can be interpreted as a picture in 
Euclidean geometry. This means that attempts to refute non-Euclidean 
geometry would, if successful, have shown Euclidean geometry to be 
impossible also -  a result no one can have wanted.

Hilbert’s axioms for geometry began by proposing three kinds of object 
(points, lines and planes) with properties to be described by words such as 
‘lie’, ‘between’ and ‘congruent’. These were controlled by five families of 
axioms: those of incidence, order, congruence, parallelism and continuity. 
For example, the first axiom is ‘For every two points A and B, there exists 
a line a that contains each of the points A and B.’ Pasch’s axiom appeared 
among the axioms of order, and Euclid’s parallel postulate was given in the 
equivalent form: ‘Let a be any line, and A any point not on it. Then there 
is at most one line in the plane, determined by a and A, that passes through 
A and does not intersect a.9 Hilbert then showed how the familiar theorems 
of Euclidean geometry could be derived within his formal system by chains 
of reasoning that followed the axioms he had laid down.

Hilbert’s proposal neatly side-stepped the question of how intuition had 
led people astray by avoiding all questions of meaning. His intentions, 
however, were not to render mathematics meaningless, but to make it clear; 
he continued to assert the importance of intuition in guiding and developing 
one’s thought. Indeed, he might well not have put his abstract axiomatics
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forward had he not discovered they were of use in generating new theorems. 
Examples were already known of geometries where the coordinates are 
taken from finite fields; Hilbert’s work led to the discovery of geometries 
that cannot be described in terms of coordinates at all. His approach to 
geometry therefore greatly enlarged its scope and took it beyond the domain 
of simple, continuous manifolds where Riemann and Felix Klein had 
placed it.

6 AXIOMATIC MATHEMATICS

Hilbert’s presentation came to have a decisive effect on many branches of 
mathematics. It was as if the pure mathematician’s task was to provide 
axiom systems and check that they were self-consistent, which applied 
mathematicians, physicists and others could then use as they saw fit. This 
neatly defined a new relationship between pure and applied mathematics. 
Within pure mathematics, what was done for Euclidean geometry was done 
for other geometries. Hilbert showed the next year (1900) how non- 
Euclidean geometry can be obtained by changing just his version of the 
parallel postulate. Other mathematicians joined in, describing geometries 
which differed more and more in their nature from Euclidean geometry. 
Then other systems of mathematical ideas were given axiomatic treatments, 
starting with the theories of groups and fields. In time, there set in a reac­
tion against a baroque profusion of axiom systems, serving less and less 
purpose; the present generation of mathematicians regards axiom systems 
as a good way to define or create mathematical objects, but prefers (with 
Hilbert) to concentrate on their intuitive meanings for the purposes of car­
rying out research. However, Hilbert’s ideas had by then grown to embrace 
the hope that all of mathematics could be not only axiomatized, but given 
axioms that guaranteed every truth a proof expressible in a finite number 
of statements. This hope, partly forged in the battle against intuitionism, 
was shown to be futile by Kurt Godel (§5.5).

7 THE CURRENT SITUATION

A further step away than non-Euclidean geometry lies the domain of special 
relativity (§9.12). With the rapid acceptance of Albert Einstein’s ideas, 
space and time, to quote Hermann Minkowski, faded away to be replaced 
by spacetime. The geometry of spacetime, although linear (unlike that of 
non-Euclidean geometry), differs markedly from Euclid’s in other ways, 
and so the dominant geometrical paradigm among physicists is no longer 
Euclidean. What, then, remains of Euclid’s creation? It remains the naive 
formulation of space taught in schools. It is perfectly adequate for classical
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physics. The Elements proposed an ideal of rigorous deductive reasoning 
from clearly stated premisses that mathematicians continue to uphold. It is 
unlikely that anything like Kantian intuitionism will survive as an account 
of why we perceive space the way we do, but it is quite likely that we will 
learn that small, nearby regions of space are like patches of Euclidean 
space. Meanwhile, non-Euclidean geometry continues to arouse the greatest 
interest among mathematicians. Outstanding, but widely believed, conjec­
tures by William Thurston imply, for example, that in some sense most 
three-dimensional manifolds are made up of patches of three-dimensional 
non-Euclidean space.
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7.5

Descriptive geometry
KI RSTI  A N D E R S E N  AND 

I. G R A T T A N - G U I N N E S S

Today, ‘descriptive geometry’ denotes a discipline which deals with how to 
represent three-dimensional objects on a plane. The term was introduced by 
Gaspard Monge, and used by him in one sense more narrowly and in 
another more broadly. He required that knowledge about the shape and 
measures of an object could be obtained from its image, and restricted his 
considerations to a representation fulfilling this. However, not all his theory 
was directly connected with two-dimensional representations: some of it 
dealt more generally with synthetic geometrical methods; his book on 
descriptive geometry covers in particular topics which later became part of 
differential geometry. In treating the prehistory of the subject and its 
development after Monge, we leave out the history of differential geometry 
(on which see §3.4); see §12.6 for more details on the particular two- 
dimensional representation called ‘perspective’.

1 PREHISTORY

What is now known as Monge’s descriptive geometry developed out of a 
technique of representing a three-dimensional object on a plane by 
projecting it onto two suitable planes, perpendicular to each other, projec­
tions known as the plan and the elevation. The origin of this technique is 
unknown: plans have been used since very early days; elevations were also 
used in Antiquity, but apparently not together with plans. It is unclear when 
the two representations were first used simultaneously. But Renaissance 
architects knew the technique, and in the second part of the fifteenth cen­
tury a perspective method relating directly to plans and elevations was 
described by the Italian painter Piero della Francesca in the book De 
prospettiva pingendi (‘On Perspective in Painting’) which, however, 
remained unpublished for more than four centuries. The German artist
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Albrecht Diirer published a method similar to Piero’s in his Underweysung 
der Messung in 1525 (Figure 1). Moreover, Diirer used the technique of 
plan-and-elevation for describing skew curves (Figure 2).

Figure 1 Diirer’s perspective method based on plan and elevation; a 
redrawing of part of Diirer’s figure 56 in Underweysung der Messung (1525) 
(the letters are not original). Below the line fq  is the plan, and above it the 
elevation; the line fg  represents the picture plane. The eye-point has been 
projected orthogonally onto the points Op and Oe, the points a and are the 
projections of a point that lies in the plan, and the points a  and y are the 
projections of a point lying a distance fiy from the plan above a. By joining 
the projections of the eye and the projections of a point, and finding their 
intersections with fg, Diirer obtained the plan and elevation of the perspective 
image of the point; thus fat determines the horizontal position and / f t  the 

vertical position of the image of the point that is projected onto (a, /?)

Plans and elevations were handy tools for architects and engineers in 
planning buildings and fortifications, and they were required in the 
majority of perspective constructions. The method for producing them was 
therefore taught in many textbooks on civil and military architecture, and 
in textbooks on perspective; it was also included in some works on projec­
tions. In general the method was described rather briefly, and no new the­
oretical insights were added. A more comprehensive study of orthogonal 
projections of curved surfaces was published by the French engineer 
Amede-Frangois Frezier in the 1730s; like Monge later, Frezier combined 
his investigation with a kinematic description of curves and surfaces.
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Figure 2 Diirer’s plan and elevation of the cylindrical spiral and the helix 
(from Diirer, Underweysung der Messung (1525), figure 15)

2 M O N G E ’S NEW T R A D I T I O N  OF 
D E S C R IP T IV E  GE OM ETR Y

Monge began to develop descriptive geometry during the late 1760s, when 
he was in his twenties and teaching at the military school at Mezieres; he 
continued to practise and advocate its use throughout his life (Taton 1951). 
Because it was applied to warlike needs, it was classified mathematics; for 
example, he used it to prepare the plates for his book Description de Fart 
de fabriquer les canons (1793), but he was not permitted to describe the 
manner of their preparation.

When the Parisian system of higher education was renovated in the 
1790s, Monge found opportunities to publicize the details. Courses on 
descriptive geometry were given at the Ecole Normale from 1795, and soon 
after also at the Ecole Polytechnique; the lecture notes from the former 
were edited in a stenographic version in a special journal. In 1799 Monge’s 
lectures on descriptive geometry were collected and published as the book 
Geometrie descriptive by J. N. P. Hachette, who helped Monge with the 
teaching. This book went through many editions, from 1820 enlarged with 
sections on shadows and perspective edited by Monge’s student, B. Brisson.

The first chapter of Geometrie descriptive deals with projections of 
points, lines and planes. Among Monge’s innovations to traditional plan- 
and-elevation methods were a systematization of the description of the
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images and an investigation of how some basic problems about determining 
lines and angles are solved when the constructions concern the images rather 
than the original objects in Euclidean space. In Figure 3, LMNO is the plan 
and LMPQ the elevation, and they intersect in the ground line LM; onto 
these two planes objects are projected by orthogonal projection. To obtain 
a plane configuration, the elevation LMPQ is rotated about LM into the 
plane of LMNO. It is handy to have a word for the two half-planes con­
taining, respectively, plans and elevations of objects; hence the term 
‘descriptive plane’ is used. The image of a point like A is the pair of points 
a and a "lying on a line perpendicular to LM intersecting it in C; the posi­
tion of the original point A is determined by the distances Ca and Ca". The 
image of a line segment which cuts both the plan and the elevation is a pair 
of line segments determined by the images of the points where the line seg­
ment meets these two planes (Figure 4). Rather untraditionally, Monge also

ft Ii O
Figure 3 Monge’s projections of points and lines onto the plan and the 

elevation (from Monge, Geometrie descriptive (1820), figure 2)

890



D E S C R I P T I V E  G E O M E T R Y §7.5

Figure 4 A line segment intersecting the plan in E and the elevation in F is 
represented by the lines (E/, e¥); the points of intersection are represented

as (E, e) and (F ,/)

considered the images of planes; the image of a plane that meets the plan 
as well as the elevation he defined as the two lines of intersection. Thus, in 
general, a plane is represented in the descriptive plane by two half-lines 
intersecting each other on the ground line (Figure 5).

Figure 5 The two pairs of lines (BA, Ab) and (DC, Cd) represent two planes, 
their trace is represented by the lines (E/, eF), where (E, e) and (F ,/) are the 
representations of the points that are common for both planes and, 
respectively, the plan and elevation (from Monge, Geometrie descriptive

(1820), figure 8)
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Incidences between points and lines are obviously preserved when they 
are mapped into the descriptive plane. Since a plane is represented by a pair 
of lines in the descriptive plane, the incidence relations involving planes are 
a little more complicated. It is, however, quite straightforward to construct, 
for instance, the image of a line which is the trace between two planes whose 
images in the descriptive plane are given (Figure 5). Monge described this 
construction; he also showed how the lengths of original line segments can 
be determined from their images, and similarly how the original angles 
between lines and planes can be determined from the images of these 
objects. Moreover, he demonstrated how a number of basic constructions 
can be performed in the descriptive plane. For instance, for a given point 
and a line (plane) not containing the point in the descriptive plane, he con­
structed the line (plane) through the given point parallel to the given line 
(plane), and the plane orthogonal (the normal) to the given line (plane) 
through the given point. This idea of investigating the geometry in the 
descriptive plane is analogous to an examination of direct constructions in 
the perspective plane carried out through the seventeenth century and the 
first part of the eighteenth.

Although some of the direct constructions in a descriptive plane are 
simple, the procedures are in general most interesting from a theoretical 
point of view, because the practical constructions involve so many steps that 
it becomes complicated to keep track of them. Figure 6 shows an example 
of a rather intricate construction. In the applications, the scheme was to 
work out various things on the descriptive representations to determine 
properties in space, and maybe even to modify the object by manipulating 
the projections and then projecting back again.

The largest part of Monge’s Geometrie descriptive is devoted to curved 
surfaces and skew curves; in treating these Monge turned to kinematics. He 
considered in particular surfaces that can be generated by two moving 
curves, and through an intuitive interpretation of motion he found several 
results, for example a method for determining the tangent plane through a 
given point on a surface. His approach was a continuation of the line which 
had been followed by Gilles Personne de Roberval and Isaac Newton, 
among others. Monge referred to the former and generalized his method of 
tangents, or rather an incorrect application of it (§3.1), to three dimensions, 
the consequence being that Monge obtained a wrong result.

Besides tangents and tangent planes, Monge dealt with the problem of 
determining the curve of intersection of two surfaces, and with curvature; 
his treatment of the latter subject was not much related to descriptive 
representations.
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Figure 6 Illustration to a problem of determining a tangent plane through 
the line LM to a sphere of which the two projections (with centres A and 

a) are shown (from Monge, Geometrie descriptive (1820), figure 16)

3 M O N G E ’S FO LLO W ER S

Monge’s dream was that descriptive geometry should become an important 
part of all mathematical curricula. He constantly claimed that the discipline 
was very useful, and could be applied almost everywhere, but in illustrating 
this point he chose rather academic applications. Thus he seems to have 
been more interested in elevating the discipline into a recognized branch of 
mathematics than developing it into a valuable tool for engineering 
mathematicians. In the event, it never became a major topic in pure 
mathematics, but it was relevant for the creation of projective geometry 
(§7.6).

During the early years of the Ecole Polytechnique, Monge was very 
influential in setting the policy, and he saw to it that descriptive geometry 
was given much time on the syllabus. However, the critics (especially 
Laplace) gradually gained the upper hand in the new century, and the time 
devoted to the topic was substantially reduced (Paul 1980).

The industrious textbook writer Sylvestre Lacroix who, like Hachette, 
assisted Monge, included elements of descriptive geometry in editions of 
his Essais de geometrie from as early as 1795; Lacroix’s treatment was 
presumably inspired by, but not completely dependent on, Monge’s work.
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In 1822 Hachette wrote his own textbook on the discipline. Monge’s other 
followers were mainly from his circle at the Ecole polytechnique. The most 
vocal was Theodore Olivier, who taught the topic to industrial and commer­
cial engineers at the Ecole Centrale des Arts et Manufactures, which he 
helped to found in 1829, and published textbooks from the 1840s. However, 
as at the Ecole Polytechnique, descriptive geometry lost ground there and 
also at other French educational institutions.

The most interesting practitioner among Monge’s followers was Charles 
Dupin, who applied descriptive geometry to the stability of non-symmetric 
floating bodies, and used it together with differential geometry to find many 
nice geometrical properties of surfaces. Thus, when descriptive geometry 
was allied to differential geometry valuable results could be found, but even 
then the mathematical scope was limited.

4 L A T E R  D E V E L O PM E N T S IN D E S C R IP T IV E  G EO M ETRY

Although descriptive geometry did not become as central in mathematical 
education as Monge had wished, it did spread and enjoyed a long life. 
Throughout the nineteenth century and in the first decades of the twentieth, 
descriptive geometry was taught in many countries at the various kinds of 
new institutions of engineering that were being created (Wiener 1884, 
Papperitz 1910, Loria 1921, Booker 1963). The preparation of scientific and 
technological patents was an important stimulus to making machine 
drawing an important discipline. Otherwise, the normal range of applica­
tions covered the construction of arches, stone-cutting, carpentry and 
topography; it was also used for determining shadows and perspective 
pictures, and later in photogrammetry.

The various textbooks on descriptive geometry reflect the ambiguity in 
Monge’s programme; some focused on the theoretical aspects and others on 
the practical; moreover, each category contains rather varied approaches. 
Thus some authors derived their main results by analytical methods, 
whereas others built upon projective geometry. In the practical books, 
different traditions developed in various countries and caused much 
difficulty for international projects where drawing was important. For 
example, in Britain, a particular fashion developed (Figure 7). In the 
USA (where the subject became popular only from the mid-century on­
wards, with the growth of industrialization), some preference emerged for 
projection onto plan, section and elevation.

Theoretical books on descriptive geometry have become rarer, whereas 
there still is a market for textbooks on technical drawing.
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\

Figure 7 An example of British descriptive geometry. The image of an 
obliquely lying hexagonal prism is produced in the following way. First, the 
plan and elevation of the prism are drawn, then the ground line of the 
elevation is rotated into AB. At the same time, the plan is drawn twice 
corresponding to the upper and lower faces of the prism. In the third step the 
plan is rotated through the same angle as AB, and the image is constructed 
by determining the points of intersection of vertical lines through the vertices 
of the rotated plan, and horizontal lines through the vertices of the rotated 

elevation. (From Booker 1963: 138)
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7.6

Projective geometry
J .  J .  GRAY

1 INTRODUCTION

Projective geometry is the study of geometric figures and their transforma­
tions under projection. For example, the shadow of a figure in a plane cast 
onto a screen by a point source of light may be thought of as a projective 
transformation of the figure, called a ‘perspectivity’ (Figure 1(a)). The 
original figure and its image are said to be in perspective, or to be perspec­
tive images of each other; older books speak of ‘transformation by projec­
tion and section’. A sequence of perspectivities is called a projective 
transformation. If the direction of the light is reversed, and the source of 
light replaced by an (idealized or simplified) eye, it is apparent that a figure 
and its perspective image can look exactly alike (Figure 1(b)). The precise 
appearance is dependent on the correct positioning of the eye, which 
compensates for some distortions but not others. For an account of the 
relationships between perspective theory, art and descriptive geometry, 
see §12.6 and §7.5.

A connection between optics and geometry had been appreciated by 
Greek mathematicians (§1.5). In Euclid’s Optics the apparent sizes of 
objects is discussed; properties of reflection were discussed in his 
Catoptrics. Several theorems in the Collection of the later commentator and 
mathematician, Pappus, were devoted to reconstructing a lost book by 
Apollonius called Determinate Section. Pappus also discovered this result, 
later to become central in the theory of projective geometry (Figure 2): three 
points, A, B and C, lie on one line, and three more points, A ', B' and C \  
lie on another. Let the lines AB' and A'B meet at R, the lines BC' and B'C 
at P, and the lines CA' and C 'A  at Q; then the points P, Q and R lie on 
a line. Modern commentators from Michel Chasles 1837 to B. L. van der 
Waerden 1961 have indicated how profitably these theorems can be seen as 
part of projective geometry; but it is unlikely that they were so regarded in 
Classical times.
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Figure 1 Projective geometry: (a) a ‘perspectivity'; 
(b) similarity to the eye of figure and projection
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2 D ESA R G U ES

A mathematical theory of perspective and projective transformations 
requires two things: the discovery of interesting properties of figures that 
remain true under such transformations, and satisfactory proofs of the 
main theorems. Rigorous proofs of the known constructions in the theory 
of perspective were given from the late sixteenth century on. For the most 
part they were ingenious or subtle exercises in Euclidean geometry, aimed 
at showing that, although a perspectivity changes lengths and angles, one 
can rigorously show how to draw a perspective image correctly. The first to 
appreciate that it was worth while looking for properties of figures that are 
not altered was the architect and mathematician Girard Desargues, who 
wrote about it in a short pamphlet of 1639 called the ‘Brouillon project’, 
or ‘Rough draft on conics’. This difficult work circulated for a time in Paris 
before almost disappearing; for a recent discussion of the origin of 
Desargues’s ideas and their impact, see Field and Gray 1987.

It is trivially true that the projective transformation of a straight line is 
another straight line. Desargues found that a certain ratio of six points on 
a line was equal to the same ratio calculated for the image points. A special 
case of this observation, when two pairs of points coincide, was also studied 
by him because it arises naturally in geometrical problems; it is called ‘four 
points in involution’.

Four points, A, B, C and D, on a line are said to be in involution if the 
ratios AC/CB and AD/DB are equal and opposite: AC/CB= -AD/DB. 
The minus sign arises because one of the segments is measured in the oppo­
site direction to the others (DB in Figure 3). Desargues showed that if a 
perspectivity from a point O casts the points A, B, C and D onto the four 
points A ', B ', C ' and D ', respectively, then the image points are also in 
involution. Later mathematicians expressed this by saying that the ‘cross­
ratio’ (AC/CB)/(-AD/DB) is unaltered by the perspectivity:

(AC/CB)/(-AD/DB) = (A 'C 7 C 'B ') /(  —A 'D '/D 'B ') . (1)

A C B D
Figure 3 Four points in involution on a straight line

The configuration of four points in involution is important because it 
occurs frequently in the theory of conics. For example, given an ellipse and 
a point P outside it, one may draw the two tangents from P to the ellipse, 
touching it at the points R and S, say (Figure 4). Then any line through P
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Figure 4 Four points in involution on a conic

cutting the ellipse in two points, B and C say, and the line RS at D provides 
four points in involution: PBDC. Since every conic arises as a plane section 
of a cone on a circular base, Desargues could regard Figure 4 as a perspec­
tive image of a figure involving tangents and chords in a circle. As a result, 
many theorems about conics, whether ellipses, hyperbolas or parabolas, 
could be proved by formulating them in terms of points in involution and 
reducing to the simple case of the circle. In this way, Desargues’s ‘Brouillon 
project’ gave the first unified treatment of the conic sections, surpassing the 
classical theory due to Apollonius. Some time later he contributed some 
theorems to his friend Abraham Bosse’s work on perspective, including 
the lovely result that bears his name: if two triangles ABC and A 'B 'C ' are 
in perspective from a point O, and the lines AB and A 'B ', BC and B 'C ', 
and CA and C 'A ' meet at the points R, P and Q respectively, then the 
points R, P and Q lie on a straight line (Figure 5).

As Desargues clearly saw, any theory of the projective properties of 
figures requires radical revision of some of the most elementary concepts of 
geometry, not least that of the straight line. For, by suitably positioning the 
image plane it is possible to cast the image of two intersecting lines as two 
parallel lines, and vice versa. Projective geometry cannot therefore distin­
guish between intersecting and parallel lines. In order to make sense of the 
point of intersection of two parallel lines, Desargues spoke of their intersec­
tion at infinity. This unhappy locution satisfies and repels readers in equal 
numbers, and was only made rigorous in the nineteenth century. Similarly, 
the hyperbola and parabola are given points at infinity, which is how they 
can be projectively equivalent to the ellipse.

Points at infinity were not the only source of difficulty in Desargues’s 
work. His original manuscript, which circulated in fifty copies, seems to 
have been written with a view to the eventual production of a more polished 
version. Indeed, a later book may have been written, but only its title, 
Legons sur tenebres, survives. The original was very poorly organized,

900



P R O J E C T I V E  G E O M E T R Y §7.6

Q

p
Figure 5 Desargues’s theorem

written in an opaque style and marred by misprints. Even Rene Descartes, 
a friend of Desargues, found it hard to read, and its impact was probably 
less than its author hoped for. But impact it had. The gifted young Blaise 
Pascal read it when only 16, and produced his wonderful theorem about a 
hexagon inscribed in a conic: if A, B, C, D, E and F are six points on a 
conic, and the lines AB and DE, BC and EF, and CD and FA meet at the 
points P, Q and R, respectively, then the points P, Q and R lie on a straight 
line (Figure 6). In Pascal’s original presentation the special case of a circle
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immediately precedes the general case of a conic; presumably the one was 
reduced to the other by a projection, but unhappily his proof for the 
circular case has not come down to us. Another, later author who was 
inspired by Desargues was Phillipe De La Hire, who had come to some of 
the same ideas independently. La Hire’s later treatment 1685 emphasized 
the role of four points in involution, and is much clearer and more 
systematic than Desargues’s.

Another who came to projective geometry was Isaac Newton, whether by 
reading La Hire or independently it is not possible to determine. He 
described a projective transformation in Book I of the Principia (1687), and 
used it to solve all the problems of the form ‘given k  points and 5 -  k  lines, 
find the conic through those points and having those lines as tangents’. The 
most dramatic use of the idea of projective transformations, however, he 
reserved for his Opticks (1704), in which he summarized his analysis of the 
different curves, more than seventy of them, that can be represented by 
cubic equations in x and y  by saying that the shadows of such curves were 
of only five different types. This cryptic remark towards the end of a 
difficult and lengthy analysis eventually prompted book-length explanations 
from J. P. de Gua de Malves 1740, and from Patrick Murdoch 1746.

At this juncture, projective geometry might have blossomed. A projective 
account of the conic sections written in Cartesian terms might have been 
produced, and the Newtonian projective theory of cubic curves acted as a 
spur to further research. But this did not happen. The influential treatises 
on geometry in the second half of the eighteenth century, those by Gabriel 
Cramer and Leonhard Euler, turned their backs on projective methods and 
the subject went into a fifty-year decline. When its study was resumed in the 
1820s it was as an independent discovery, although French scholars did their 
best to make amends to Desargues, whose work had by then almost 
completely disappeared.

3 TH E RED ISCO V ER Y  OF P R O JE C T IV E  G EO M ETRY

The stimulus for the rediscovery was the influential French geometer 
Gaspard Monge, a founder and initial organizer of the Ecole Polytech­
nique in Paris. Through his lectures he created a new school of geometers 
in France (§11.1). One of the most gifted of these, Jean Victor Poncelet, 
took the occasion of his capture by the Russians during the Napoleonic 
invasion of 1812 to rethink Monge’s use of geometrical transformations. He 
generalized Monge’s projection along parallel rays to projection along a 
pencil of intersecting rays, and thus rediscovered projective transforma­
tions. He also saw that in this way he could unify the study of the conics,
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and so obtain for geometry a level of generality that he felt had hitherto 
been the province of algebra (geometry being tied too closely to specific 
figures). His book 1822 gave a remarkably thorough treatment of the results 
of these insights. A problem for Poncelet, as it had been earlier for 
Desargues, was how to treat simultaneously those situations where a line 
does, and where it does not, cut a conic (Figure 7). Poncelet’s solution was 
ingenious, but not easy to accept. Later geometers split into two camps: 
those who, like Poncelet, wanted to reason exclusively in geometrical terms 
(line, curve, intersection, involution), and those who were happier to pass 
into algebra. The former group, the ‘synthetic geometers’, following the 
example of C. G. C. von Staudt, came to unify Figures 7(a) and 7(b) around 
the concept of involution. The latter group, the ‘algebraic geometers’, 
invoked complex numbers and spoke instead of real and complex points of 
intersection; they were led by August Ferdinand Mobius and Julius Pliicker. 
In particular, Pliicker showed what a projective theory of cubic and quartic 
curves could accomplish. In a remarkable extension of these ideas towards 
the end of his life, he showed how one could study the geometry of all lines 
in space; this was a four-dimensional geometry which he and others, 
notably Ferdinand Lindemann, showed to be useful in the study of 
mechanics (§8.2).

Synthetic projective geometry produced a distinguished line of adherents 
attracted by its methodological purity: Jacob Steiner, a Swiss who taught 
for most of his life in Berlin, von Staudt in Germany, Chasles in France, 
Arthur Cayley in England and Luigi Cremona in Italy. To those gifted with 
the ability to see projective transformations (in their mind’s eye), it was a 
suggestive field full of rich results. But the problem of points of intersection

c
(a) (b)

Figure 7 The line and the conic: in contact or not?
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bedevilled the theory, making it unappealing to read and difficult to master. 
For these reasons J. L. Coolidge, the American mathematician and 
historian of mathematics, lamented in 1940 that it had died in the late 
nineteenth century. Algebraic projective geometry, on the other hand, had 
only to win acceptance for points with complex coordinates and the way 
would be open for a dramatic extension of Cartesian methods for the simul­
taneous study of algebra and geometry. The generation of Pliicker and Otto 
Hesse equivocated on the issue, but complex points were firmly accepted 
by Bernhard Riemann throughout the 1850s. Consequently, those who 
wished to understand his ideas and to apply them -  as he had occasionally 
done -  to the study of curves, could bring the rigour of algebra to 
their study of geometry. Prominent in this endeavour were the members of 
the school that formed around Alfred Clebsch: above all Paul Gordan, 
Alexander Brill, Max Noether and Felix Klein.

Of these, all but Klein sought to recast as much as possible of RiemamTs 
theory of complex functions in terms of the projective geometry of curves, 
and in this they were successful. Klein stood alone for a while in feeling 
that RiemamTs ideas had in fact struck deeper than that, and his view was 
satisfactorily vindicated somewhat later by Hermann Weyl. But Klein’s 
own original contribution lay in another direction. As a young man he 
was struck by the profusion of geometries that had been created in 
the nineteenth century: not just Euclidean and projective, but also non- 
Euclidean geometry and affine geometries now existed. In his famous 
Erlanger Programm of 1872, Klein showed how all these geometries could 
be thought of as variants of projective geometry, thus reunifying a subject 
he felt had become regrettably broken up. He went on to show how other 
geometries, such as Pliicker’s line geometry, could be considered, and how 
they too fitted his scheme of things. Klein’s unification proceeded by 
regarding any geometry as consisting of a space of points and a group of 
transformations that moved the figures in the space around while preserving 
the properties appropriate to that geometry. So plane Euclidean geometry 
consists of a plane of points and has for its group all the transformations 
that preserve length; plane projective geometry consists of a plane of points 
suitably augmented by a line at infinity, and has for its group all the con­
tinuous transformations that preserve the cross-ratio of four points along 
a line. By the 1890s, when the idea of groups acting on spaces had become 
central (because of the work of Henri Poincare and Sophus Lie), Klein’s 
presentation, which had originally aroused little interest, came to seem pres­
cient, and was widely seen as a forceful statement of the view (held also for 
example by Cayley) that projective geometry was the most basic kind of 
geometry. So, from being an unorthodox way to transform figures in a
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Euclidean setting, projective methods had become fundamental and 
Euclidean ones but special cases.

In the latter half of the nineteenth century, a start was also made on the 
study of surfaces using projective transformations (§7.9). That topic led 
Giuseppe Veronese in 1880 to describe ^-dimensional projective geometry. 
He was able to show that a number of difficulties in the study of surfaces 
had arisen because the surfaces in question were confusing projections onto 
three-dimensional space of simple surfaces in some higher-dimensional 
space. In this way he inspired mathematicians to look for simplification by 
passing to higher dimensions, and so promoted the study of geometry 
beyond the familiar space of physical intuition.

4 TH E FO U N D A T IO N S OF G EO M ETRY

Although geometry had become extensively reformulated by the end of the 
nineteenth century, with the advent of non-Euclidean as well as n- 
dimensional geometries, it retained traces of its original Euclidean state. It 
was still possible to draw figures and to imagine them being moved around. 
But even this feature changed with the publication of David Hilbert’s 
Grundlagen der Geometrie in 1899. (Hilbert’s route to his discoveries is well 
described in Toepell 1986.) Hilbert had been led to his ideas by a book by 
Moritz Pasch. Pasch had sought to give a rigorous treatment of geometry, 
one that would be worthy of the esteem that had been heaped upon Euclid’s 
Elements (so naively, it was now thought). He discovered rules of inference 
used -  but never made explicit -  in elementary geometry, for example the 
one now known as Pasch’s axiom: if a line enters a triangle ABC through 
the side AB, and does not pass through the vertex C, then it must leave the 
triangle either between B and C or between C and A. He sought to free the 
deductive side of geometry from hidden appeals to intuition, not because 
such appeals were flawed, but because until they were made explicit one 
could not be sure of the validity of a geometric argument. But he equivo­
cated about the role of intuition in the formation of geometrical concepts 
such as that of the straight line, arguing that in these respects geometry was 
akin to the natural sciences.

Hilbert took up Pasch’s ideas and found, to his surprise, that they led 
him not just to a philosophical critique of geometry but also to the possi­
bility of doing geometry in a new way. By emphasizing the rules of inference 
to the exclusion of any consideration of the objects of geometry, Hilbert 
saw that one could start with certain rules, which he called axioms, and 
deduce their consequences. Different initial axioms would give different sets 
of consequences; in particular, there were sets of axioms from which partic­
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ular theorems could be derived, and others from which they could not. 
Ingenuity in proving theorems in this new setting appealed to Hilbert, as did 
the production of counter-examples to conjectures suggesting that one set 
of axioms implied another.

In his book 1899, Hilbert gave a set of axioms for Euclidean geometry, 
grouped into axioms governing incidence, order, congruence, parallelism 
and continuity. He then investigated the connection between geometry as 
he presented it and coordinate geometry. He showed that his axioms, and 
even suitable subsets of them, yielded an arithmetic of segments. That is, 
it was possible to define the length of a segment, and to add, subtract, 
multiply and divide these lengths. Depending on the axioms chosen, such 
an arithmetic need not faithfully resemble ordinary arithmetic, but Hilbert 
showed that if Desargues’s theorem is true in a geometry then the arith­
metic of segments is a (possibly non-commutative) field, and if Pappus’s 
theorem holds then the associated arithmetic is commutative. Moreover, if 
in a geometry Pappus’s theorem holds, then so does Desargues’s, but not 
conversely.

Hilbert soon incorporated non-Euclidean geometry into this new setting 
(§7.4), and the book by Veblen and Young 1910-13 showed how all known 
geometries, most notably projective geometry, could be described in this 
spirit. The result, as Hilbert was not slow to emphasize, was that for the 
first time geometrical concepts could be handled rigorously without the 
need for any definitions. ‘Line’, ‘point’ and ‘plane’ could be undefined 
terms in a set of axioms, the axioms being such statements as (to quote from 
the start of the Grundlagen) ‘for every two points there exists a line that 
contains each of the points’, and ‘for every two points there exists no more 
than one line that contains each of the points’. The axioms implied certain 
consequences, and if those consequences were those of, say, Euclidean 
geometry, then specific undefined terms could be interpreted as corres­
ponding to specific Euclidean concepts. But the interpretation was not 
necessary, and in particular it did not intervene in the process of deduction. 
It was as if applied mathematicians could take a ready-made system of 
axioms and interpret it as they wished, secure in the knowledge that the 
deductions were always valid. This radical approach struck at the heart of 
any view that the truth of mathematics rested on the nature of its basic 
definitions. Other mathematicians were quick to praise this achievement, 
and to see that it could be extended. A. Hurwitz, for example, wrote to 
Hilbert to say that he had created a new field of study, the mathematics 
of axioms, going far beyond the domain of geometry (see §5.5, on 
metamathematics).

The mathematics of axioms did indeed flourish for a while, only to abate 
when it became clear that some systems of axioms were of very little
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interest. It is now usual in most areas of pure mathematics to give an 
axiomatic description of the basic entities. As for projective geometry, the 
techniques of modern algebraic geometry have given it a new lease of life. 
There is much interest in the study of such objects as the space of all curves 
of a given genus, or of all surfaces of a given kind. Such collections often 
form subspaces of a projective space, and so invite one to parametrize them 
algebraically. While the techniques are formidable, the problems addressed 
are once again in the mainstream of nineteenth-century geometry, and 
many questions once treated only intuitively have recently yielded to 
modern investigations.
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7.7

Line geometry
DAVID E. ROWE

1 O R IG IN S AND SO URCES

The origins of line geometry can be traced back to two sources: early 
nineteenth-century investigations at the crossroads of projective geometry 
and mechanics, and optics. Its actual inception as an independent field of 
research, however, came about only in 1865, the year in which Julius 
Pliicker, returning from a twenty-year hiatus from geometry, introduced 
the fundamental idea of regarding the four-parameter collection of lines in 
space as the ground elements in a new system of geometry. Three years 
later, he laid the foundations for the subject of line geometry in the first 
volume of his Neue Geometrie des Raumes gegriindet au f die Betrachtung 
der geraden Linie als Raumelement (Pliicker 1868-9). The appearance of 
the second volume was interrupted by Pliicker’s sudden death, but his 
young assistant, Felix Klein, completed the work and went on to undertake 
ground-breaking research in the field (Rowe 1989).

Line geometry is concerned with the properties of line complexes, which 
are three-parameter families of lines in space satisfying an algebraic condi­
tion in the system of coordinates for the lines. Although Gaspard Monge 
had already found a coordinatization for the lines of space as early as 1770, 
and Arthur Cayley had applied these in 1860, it was Pliicker who took the 
decisive step by investigating the complex geometrical configurations 
associated with line complexes. Nearly all the more fundamental notions are 
due to him, although much of his terminology was supplanted by others, 
mostly German synthetic geometers, who came after him. Pliicker’s fame 
as one of the most important contributors to modern analytic geometry and 
his rivalry with Jacob Steiner, for many years the leading synthetic 
geometer in Germany, have sometimes obscured the fact that his approach 
actually represented a mixture of the analytic and synthetic styles. His 
characteristic modus operandi was to strive to simplify the analytic 
apparatus whenever possible, typically by introducing elegant parameters 
that lead to a straightforward geometric interpretation.
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2 ORIGINS IN PHYSICS

Intimately related to Pliicker’s line complexes are so-called ray systems, 
which are two-parameter collections of lines. These arise, for example, by 
taking the lines common to two line complexes, a type of ray system Pliicker 
called a ‘congruence’. The theory of ray systems arose in a natural 
way from problems in optics involving the convergence of light rays: the 
determination of focal points, caustic curves and caustic surfaces (in 
German: Brenn-punkte, -kurven, -flachen). Important contributions to this 
field came from such figures as E. Malus, William Rowan Hamilton and 
Ernst Kummer. It was in connection with his researches on ray systems 
(Strahlensysteme) that Kummer found that famous surface which bears his 
name and which contains the Fresnel wave surface as a special case (§7.1).

Just as the study of ray systems had its origins in problems that arose in 
optics (§2.9), so can one find a rich prehistory for the theory of line com­
plexes in the field of mechanics. Here one should distinguish the tradition 
of analytical mechanics (Leonhard Euler, Joseph Louis Lagrange, Pierre 
Simon Laplace and others) from a geometrical tradition that included 
Louis Poinsot, J. P. M. Binet, Michel Chasles and August Ferdinand 
Mobius (Ziegler 1985). Their collective contributions were largely con­
cerned with the geometry of motion for rigid bodies independent of 
considerations of the time variable, the kinematical properties alone. In 
considering the motion of a rigid body not subject to net forces or torque, 
one can easily show that the centre of mass either remains at rest or moves 
uniformly. Thus, without loss of generality, one can confine the analysis to 
motions in which the centre of mass stays fixed. Euler gave a classical ana­
lytic treatment of this problem, deriving the equations of motion (Euler’s 
equations) and proving that at each instant in time the body’s motion con­
sists of a rotation about a certain axis. With the exception of three special 
(inertial) axes, the axis of rotation will vary with time.

A similar situation arises if one holds some arbitrary point fixed: for each 
point P one obtains three inertial axes about which the body will rotate 
without wobbling. In 1811 Binet found that by varying the point P the col­
lection of all such inertial axes forms a three-parameter family of lines -  
i.e. a line complex -  consisting of the normals to a one-parameter system 
of second-degree confocal surfaces. By Dupin’s theorem, exactly three 
mutually orthogonal confocal surfaces pass through an arbitrary point P, 
and these intersect one another along lines of curvature, which means that 
the three inertial axes through P are tangents to these lines of curvature. 
Considerations such as these led A. M. Ampere and others to further 
investigations of this kind.
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3 P O IN S O T , C H A SLES AND M OBIUS

Although he appears to have made no direct references to line complexes 
as such, Poinsot, the veritable father of geometrical mechanics, deserves 
some passing mention. In his Elements de statique (1803), Poinsot first 
showed how a system of forces acting on a rigid body in space could be 
uniquely resolved into a single force together with a couple whose axis is 
parallel to the force. His analysis revealed a close connection between 
systems of forces and lines in space. Later, in studying the torque-free 
motion of a rigid body, Poinsot held the angular momentum vector L fixed 
and noted that the motion associated with the inertial ellipsoid traces out 
two curves, the ‘polhode’ and ‘herpolhode’ (meaning ‘snakelike’), that give 
a clear, intuitive picture of the motion. In effect, the polhode rolls without 
slipping along the herpolhode, which lies in a certain invariant plane. For 
a symmetrical body these curves reduce to two circles generated by the 
motion of the ‘body cone’ and ‘space cone’. In the same context, Binet con­
sidered what would happen in a reference system in which L were no longer 
held fixed. This led to his discovery of the so-called ‘Binet ellipsoid’, which 
essentially describes the possible positions that L may assume. Its three axes 
are related to the stability of the body’s motion (minor deviations from 
the largest and smallest of the axes are stable, but not those near the 
intermediate axis).

Systems of lines played a central role in Chasles’s kinematical investiga­
tions. In 1861 he studied a direct connection between rigid-body mechanics 
and line geometry by noting that the collection of lines connecting cor­
responding points of a body in two distinct positions forms a line complex 
of the second degree. Another key theorem of his states that, by an 
appropriate choice of reference system, the general motion of a rigid body 
can be reduced to a rotation together with a translation along the axis of 
the rotation, a so-called ‘screw’ motion. The elaborate theory of screw 
motions and their intimate connection with linear line complexes was devel­
oped by Robert S. Ball, whose work was championed in Germany by Felix 
Klein (Ball 1900, Klein 1892-3). Chasles’s theorem, coupled with Poinsot’s 
characterization of force systems acting on a rigid body, forged an impor­
tant connection between the analysis of such systems and infinitesimal 
motions. The latter were investigated by Sophus Lie in connection with non- 
Euclidean geometries and the Riemann-Helmholtz-Lie space problem, 
which deals with the geometrical properties of spaces that permit the free 
movement of rigid bodies.

The most probing of the numerous studies connecting systems of lines 
and mechanics was undertaken by August Ferdinand Mobius, whose name 
is largely remembered today in connection with the single-sided surface
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known as the Mobius strip or band (§7.10). Although he was a pioneering 
figure in geometry and mechanics, he spent most of his career working as 
an astronomer in Leipzig. In 1828 Mobius made the following key dis­
covery: if one considers any system of forces and fixes a plane M, then the 
collection of lines in M with moment equal to zero all pass through a 
definite point, the null point of M. This led him to investigate so-called ‘null 
systems’ of lines, and these turned out to be identical to the first-degree line 
complexes of Pliicker’s theory.

4 THE APPRO ACH  OF PLUCKER AND KLEIN

Although Pliicker was well aware of the numerous connections between line 
geometry and mechanics, he was principally concerned with the elaboration 
of the geometrical theory rather than its potential applications. There are 
several different ways to coordinatize the lines in space, but the most elegant 
approach represents the four-parameter family of lines in P 3(C) by six 
homogeneous coordinates, ptj. Following Hermann Grassmann, these ptj 
can be obtained by taking any two points, (xi,xi,  *3, *4) and (y i , y i ,^3,^ 4), 
on a given line / and forming the six possible 2 x 2 determinants 
p(Pu) = Xiyj -X jy t .  The pij thereby satisfy the fundamental relation

P = P 12P34 + P\lPA2 + P14/723 = 0. (1)

One also has the possibility of a dual representation by taking any two 
planes, («i, U2 , u^,ua) and (i>i, V2 , t>3, va) that contain / and forming 
o(qij) = UiVj -  ujViy where the qtj satisfy the same identity:

Q = #12 #34 + #13 #42 + #14 #23 = 0. (2)

The coordinates ptj and qtj represent the same line if

dQ d P
f>Pij =  ^ ~  o r  * # * . / =  a— *3#i j dpu

An Hth-degree line complex is determined by a homogeneous wth-degree 
equation F(pij) = 0. Its local behaviour can be studied by fixing a point 
x =  (xi,X2, ^3,^ 4), so that F(pij) = F(Xiyj -  xjyt) = 0 results in an «th- 
degree equation in (y i ,y i ,^3,^4); the lines through x then determine a cone 
of the Azth order. As mentioned above, the lines shared by two line com­
plexes, Qm = 0 and Qn = 0, determine a ‘congruence’ with order and class 
equal to mn. This means that mn lines pass through a typical point, and mn 
lines lie in a typical plane. The lines of a congruence envelope a caustic sur­
face, which generally has two components. If one adjoins a third line com­
plex Qi = 0, then the lines common to all three determine a ruled surface of
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order lim n, and the intersection with a fourth complex Q0 results in llmno  
lines in space.

The theory of first-degree or linear line complexes clearly illustrates the 
central role played by invariant theory in this field. Such complexes have the 
form Qi (pi j ) = £  a y p y  = 0, which leads to a null system of lines. Following 
the approach taken by Pliicker and Klein, the expression

A  := #12 #34 + #13 #42 + #14 #23 (4)

is called the invariant of the complex. Its geometric significance can be 
interpreted as follows: if A  = 0, then the ay satisfy the identity P = 0, and 
therefore can themselves be viewed as line coordinates. By setting ay = q'y, 
one has £  aypy  = £  q'yPy = 0, and the complex consists of all lines p y  that 
intersect a fixed line q'y, a so-called special linear complex.

After Pliicker’s death, Klein promoted both the theoretical development 
of line geometry and its applications to mechanics. In his doctoral disserta­
tion of 1868, he introduced a classification scheme for second-degree line 
complexes based on G. B. Battaglini’s earlier work, and utilizing Karl 
Weierstrass’s new theory of elementary divisors (§6.6). Klein left it to his 
Erlangen student A. Weiler to work out the detailed analysis, which leads 
to 57 different types. Klein also established the connection between non- 
Euclidean line geometry, based on the Cayley metric, and non-Euclidean 
kinematics and statics. This became the dissertation topic of Ferdinand 
Lindemann, who also studied under Klein at Erlangen. Klein’s own publica­
tions on line geometry had already culminated in the broad vision of 
geometry he set forth in his Erlanger Programm (Klein 1872: see §7.6).
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7.8

The philosophy o f geometry 
to 1900

JO A N  L. R IC H A R D S

1 E U C L ID E A N  G EO M ETRY

Throughout the nineteenth century, long after other classical works were 
rendered obsolete by the developments of the scientific revolution, Euclid’s 
Elements remained the text from which many schoolchildren learned the 
subject. Even today, Euclidean theorems and proofs are readily accessible. 
In writing this remarkable text, Euclid seems to have been acting primarily 
as the compiler of a system of geometry which had been developing for 
years before he appeared on the scene. His major innovation was also the 
most controversial part of his book, the fifth or parallel postulate:

That, if a straight line falling on two straight lines make the interior angles 
on the same side less than two right angles, the two straight lines, if produced 
indefinitely, meet on that side on which are the angles less than the two right 
angles. (Euclid 1926: Vol. 1, 202)

Euclid accepted this postulate without proof, despite its being so crabbed 
and complex in comparison to the others (e.g. ‘that all right angles are equal 
to one another’). Much of his posterity was unwilling to do so, and, 
according to the fifth-century commentator Proclus, unsuccessful attempts 
to prove it directly date back to the appearance of his system; all these 
attempts ended in failure, however (§7.4).

Thus Euclidean geometry, complete with its disputed but unrivalled 
theory of parallels, remained constant over several millennia. However, 
there was always a wide variety of interpretations of its meaning and sig­
nificance. From the ancients come two radically different interpretations: 
that which saw geometry as the most essential subject, figuring the ultimate 
reality underlying all superficial impressions; and that which saw geometry 
as a highly abstract subject, far removed from the real world of experience. 
These two perspectives, which can be loosely labelled as Platonic and
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Aristotelian, respectively, formed the bases upon which were developed a 
whole range of views of the nature of geometry in the Arab and medieval 
worlds.

2 N E W T O N ,  KANT AND SPA CE

The beginning of the modern discussion of the philosophy of geometry can 
be tied to the work of Isaac Newton. His formulation of dynamics entailed 
identifying the mathematical space so well described by Euclid with the 
physical space in which the Sun, Earth, planets and stars move. In the 
Scholium to the Definitions of the Principia (1687), he explicitly indicated 
the relationship between mathematical and physical space:

Absolute space, in its own nature, without relation to anything external, 
remains always similar and immovable. Relative space is some movable 
dimension or measure of the absolute spaces; which our senses determine by 
its position [with respect] to bodies; and which is commonly taken for
immovable space Absolute and relative space are the same in figure and
magnitude; but they do not remain always numerically the same.

The essential linkage which Newton here maintained between relative, 
physical space and absolute, mathematical space allowed him to cloak his 
physics with the mantle of mathematical certainty. This meant that his 
system was remarkably solid but, at the same time, it raised the epistemo- 
logical question of how such certain knowledge of a physical reality was 
possible. For many philosophers, from John Locke onward, the power of 
Newton’s physics was indubitable, and the knowledge of space it rested 
upon exemplified the kind of certainty to which human knowledge could 
aspire.

The most notable example of the philosophical power of Newtonian 
space is found in the eighteenth-century philosophy of Immanuel Kant. For 
Kant, space was a form of our pure intuition, ontologically prior to the 
objects we perceive as existing in it. The unique combination of the absolute 
certainty of geometry and the substantial reality of physics made Newtonian 
spatial knowledge the quintessential exemplar of Kant’s category of 
synthetic, a priori knowledge.

3 N O N - E U C L I D E A N  G E O M E T R IE S

From a geometrical standpoint, when he spoke of space Kant meant the 
space of Euclid’s Elements. Even as he and others were incorporating the 
certainties of this geometry into their philosophies, however, math­
ematicians were re-examining the geometrical bases for such claims. The
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attempt to clarify geometry’s certainty led them again to consider the status 
of Euclid’s fifth postulate.

Recognizing the futility of trying to prove the postulate outright, the 
Italian Jesuit Girolamo Saccheri spearheaded the eighteenth-century move­
ment to prove it indirectly by indicating the depths of contradiction entailed 
in assuming it to be false. Focusing on a quadrilateral whose base angles 
were assumed to be equal and right, Saccheri divided the various alterna­
tives to Euclid’s geometry into clearly demarcated categories. He was able 
to prove quite easily that the two remaining angles were equal to each other. 
From there he went on to show that if they were both right angles, Euclid’s 
theory of parallels would hold; if, on the other hand, the remaining angles 
were either acute or obtuse, then the theory would not hold. Thus, in order 
to prove the necessity of Euclidean geometry, Saccheri set out to demon­
strate the impossibility of both the acute-angle and the obtuse-angle 
hypothesis (Bonola 1912: 22-44; Gray 1979a: 51-62).

Saccheri apparently believed he had succeeded in this endeavour; other 
mathematicians who followed him, like Johann Heinrich Lambert, seemed 
more ambivalent about the implications of their results. Whatever their 
conclusions, however, efforts to generate contradictions from alternative 
postulates led to a number of geometrical theorems developed from systems 
with non-Euclidean parallels.

In the early decades of the nineteenth century these scattered results 
began to bear fruit; Ferdinand Schweikart and Carl Friedrich Gauss 
privately, and Nikolai Lobachevsky and Janos Bolyai more publicly, 
developed self-consistent ‘non-Euclidean’ geometries (§7.4). These men 
recognized that their success in creating alternatives to Euclid’s geometrical 
system raised significant questions about the exact certainty which had been 
ascribed to Newtonian space; whether physical space actually was Euclidean 
became for them an empirical issue as yet undetermined (Bonola 1912: 
84-121; Gray 1979a: 96-116).

4 R IE M A N N  AND H E L M H O L T Z

Despite their importance, these mathematical developments had remark­
ably little immediate impact. They were not widely discussed, either 
philosophically or mathematically, until the 1860s. In 1863 Gauss’s cor­
respondence about non-Euclidean geometry was published for the first 
time; the rest of the decade saw the publication of a French edition of 
Lobachevsky’s work, and Bernhard Riemann’s ‘Uber die Hypothesen, 
welche der Geometrie zu Grunde liegen’ (1867),

This last was Riemann’s Habilitationsvortrag, initially delivered in 
Gottingen in 1854. Whereas Lobachevsky, Bolyai and their contemporaries
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were ‘synthetic geometers’ who constructed alternative spaces based on 
non-Euclidean assumptions, in this work Riemann worked analytically. In 
his view the concept of space was a particular instance of a more general 
concept, that of multiply extended magnitude. The identifying mark of 
space within this broader category was that a metric is defined on it:

Hence [it] follows as a necessary consequence that the propositions of geom­
etry cannot be derived from general notions of magnitude, but that the 
properties which distinguish space from other conceivable triply extended 
magnitudes are only to be deduced from experience. (Riemann 1867: 272-3).

He went on to establish that Euclidean space was characterized by the par­
ticular distance function, ds = (dx2 + d y 2)1/2, but that other functions 
would generate alternative spaces. He further speculated that space might 
not even have a single, constant distance function, but that the measure of 
distance might be different for the infinitely large or small.

Riemann did not try to specify the actual experiences which might ground 
the Euclidean spatial concept; he saw this as ‘a problem which from the 
nature of the case is not completely determinate, since there may be several 
systems of matters of fact which suffice to determine the measure-relations 
of space’ (Ibid,: p. 273). The issue seemed more determinate to the German 
physicist Hermann von Helmholtz, who was initially drawn into geo­
metrical discussion by studies of vision. In an attempt to justify his con­
viction that visual space had its roots in childhood experiences, Helmholtz 
set out to identify them. He settled on the motions of rigid bodies, which 
all infants have experienced by the end of their first year, and showed how 
the basic structures of Euclidean space could be generated from them.

Before he had quite finished his first paper on this subject, however, 
Helmholtz read Riemann’s newly published work. This was his first 
introduction to non-Euclidean geometries, and Helmholtz quickly realized 
that they could also be constructed from his rigid-body motions. In subse­
quent papers Helmholtz offered these motions as the ‘matters of fact’ on 
which Riemannian measure relations were based. At the same time, he used 
the possibility of non-Euclidean geometries as the basis for a frontal attack 
on the so-called ‘nativist’ physiologists who maintained that Euclidean 
space is a physiologically determined concept. The fact that we could have 
constructed several different geometries, and yet see only one, indicated 
to Helmholtz that we have a choice which we make based on experience. 
This argument was easily extended to challenge philosophies which, like 
Kant’s, asserted that space is known intuitively and absolutely without 
contingent empirical input (Richards 1977\ Torretti 1978: 155-71).

Helmholtz’s argument and analysis were clear and persuasive; his 
writings served to introduce many mathematicians as well as others to
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non-Euclidean ideas. His empirical conclusions were not universally 
embraced, however. Philosophers who were committed to the necessity 
of geometrical truth, like the Dutchman J. P. N. Land, countered his 
arguments by focusing on the nature of conceivability. The ability to 
describe a space mathematically, they argued, was not enough to render it 
truly conceivable; in their view, despite the mathematical alternatives 
Helmholtz had constructed, Euclidean space remained uniquely certain 
because of its conceptual status. This line of argument led away from 
mathematics into discussions of the nature of conception.

5 P R O J E C T I V E  GE O M ETR Y

A related development grew out of yet another mathematical approach to 
non-Euclidean geometries, through projective geometry (§7.6). Initially 
rooted in techniques of technical drawing developed after the French Revo­
lution by Gaspard Monge, Jean Victor Poncelet, and others, projective 
geometry focused on those aspects of figures which remain constant 
throughout the transformations of projection and section (Daston 1986). 
Metric relations are not invariant in this way and all lines intersect at 
infinity, so, initially, there was no relation between projective and non- 
Euclidean ideas. However, in his ‘Sixth Memoir on Quantics’ (1859), 
Arthur Cayley developed from projective properties a function which dis­
played the defining characteristics of a Euclidean distance function. Having 
shown in this way how metric Euclidean space may be generated from the 
less structured projective space, Cayley concluded: ‘Metrical geometry is 
thus a part of [projective] geometry, and [projective] geometry is all geo­
metry, and reciprocally’ (Richards 1988: 130). Cayley completed this work 
before he knew of non-Euclidean geometry; but in the wake of the non- 
Euclidean publications of the 1860s the German mathematician Felix Klein 
showed that non-Euclidean metrics could also be generated within pro­
jective spaces. With this insight, he opened a powerful new projective 
approach to non-Euclidean geometry.

Projective geometry held a great deal of mathematical interest in the final 
decades of the nineteenth century, and for some mathematicians who were 
committed to the necessity of geometrical truth it held out a solution to 
Helmholtz’s empirical challenge. By emphasizing the conceptual primacy of 
projective space over any metric spaces, they were able to preserve the 
necessity of geometrical knowledge, albeit now of projective rather than 
Euclidean space; in this view the choice among metric geometries might be 
contingent, but knowledge of the projective space in which they were 
embedded was not. Bertrand Russell’s book of 1897, An Essay on the
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Foundations o f  Geometry, marks the culmination of this tradition (Richards 
1988: Chap. 5).

6 CONVENTIONALISM AND AXIOMATICS

In the last decade of the nineteenth century, the French mathematician 
Henri Poincare developed yet a different approach to geometry. He focused 
on the structural equivalences among the various geometries, and claimed 
that choices among them could not be physically determined; rather, he 
emphasized, they were the result of decisions about which was the most 
convenient (7a plus commode’) (Torretti 1978: 320-56).

In Poincare’s conventionalist view, the category of necessary truth is bas­
ically irrelevant to geometry; in this he was feeding into a movement 
towards an axiomatic or formal view of geometry which had been growing 
since the middle of the century. The 1844 Ausdehnungslehre of Hermann 
Grassmann was an early attempt to avoid the epistemological quagmire sur­
rounding geometry by developing a geometrical structure which did not rely 
at all on intuitive content (§6.2). In 1882, Moritz Pasch published a series 
of ‘Lectures on Modern Geometry’ with a similar intent. Starting from 
a carefully circumscribed set of undefined concepts drawn from experi­
ence, Pasch tried to erect a purely deductive, non-conceptual geometrical 
structure. In his words:

If geometry is to be truly deductive, the processes of inference must be 
independent in all its parts from the meaning of the geometrical concepts, 
just as it must be independent from the diagrams. All that need to be con­
sidered are the relations between the geometrical concepts, recorded in the 
propositions and definitions. (Torretti 1978: 211)

The Italian Giuseppe Peano went a step further by not only proceeding 
from a strictly limited number of geometrical terms, but also creating an 
artificial language as a way of controlling the logical content of theory. It 
was under the influence of his ideas that Russell abandoned the kind of 
work found in his early Essay, and moved towards the logicism of Principia 
mathematica (1910-13; see §5.2).

Thus, by the end of the nineteenth century the mathematical under­
standing of geometry had changed considerably. With these developments 
came challenges to the claims of special, necessary truth which had under­
lain the subject for two centuries. The philosophical interest of the subject 
changed accordingly, and the twentieth century has opened a whole new 
chapter in its development.
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7.9

Early modern algebraic 
geometry
J.  J .  GRAY

Algebraic geometry is the application of algebra to the study of geometry. 
As such, its origins lie in the invention of coordinate or analytic geometry 
by Rene Descartes in the 1630s (§7.1). His work began a tradition whereby 
the algebra of polynomial expressions was applied to the study of curves 
defined by equations relating their coordinates. Over the subsequent 
centuries both the algebraic and the geometrical sides developed in sophisti­
cation, but a crucial aspect of the modern period has been the development 
of newer kinds of algebra to solve geometrical problems, as is described 
with his customary briskness and mathematical clarity by Dieudonne 1974. 
These new problems often involve three or more variables, and often arise 
in contexts which are not exclusively geometric, such as the study of 
complex functions. Most influentially, this was the case with the work of 
Bernhard Riemann.

1 R IE M A N N

The history of algebraic geometry from the work of Riemann onwards can 
be regarded as a dialogue between two approaches, one emphasizing the 
geometry and the other the algebra. In two major papers of 1851 and 1857 
(see his 1990), Riemann showed how the ideas of complex-function theory 
could be extended and applied to study integrals on an algebraic curve (later 
also to be called a ‘Riemann surface’). The central theorem in his presenta­
tion of the subject is Niels Abel’s theorem concerning integrals on such a 
curve. This asserts that there is a number, q , determined by the curve, such 
that the sum of any number of integrals (with the same integrand), having 
a fixed initial point but variable end-points, is the sum of some rational 
functions and some logarithmic terms minus exactly q integrals having the
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same integrand. Moreover, the end-points of these integrals depend 
algebraically on the given variable end-points.

Riemann simplified this theorem by considering the integrands. If they 
have simple poles (if, that is, they look like dz/z  near the origin), then 
logarithmic terms will arise if the path of integration winds around the pole. 
If there are poles of higher order (terms like dz \zn, n > 1) then a rational 
function can be expected. But if the integrand is ‘holomorphic’ (i.e. has no 
poles) then neither of these terms can arise, and Abel’s theorem becomes 
the statement that the sum of any number of integrals having a fixed initial 
point but variable end-points, is equal to minus exactly q integrals having 
specified integrands and whose end-points depend algebraically on the given 
variable end-points. The number q was given a novel interpretation by 
Riemann (it had been left unexplained by Abel): he showed that the original 
algebraic curve could be regarded as a real surface upon which a system of 
2q (but not 2q + 1) cuts can be made, leaving the dissected surface still in 
one piece. He then showed that, as a result, there are exactly q linearly 
independent holomorphic integrands.

Riemann’s approach was a difficult mixture of the profound and the 
naive, and to make sense of it the next generation of German mathemati­
cians sought to rewrite it in a language they better understood -  that of 
algebra (Gray 1989), Alfred Clebsch (the leader of this movement) and his 
colleague Paul Gordan found Riemann’s topological arguments obscure, 
and the deduction about the number of integrands, resting as it did on 
Dirichlet’s principle (§3.17), they found unacceptable. So they based their 
book of 1866 on the idea that a complex curve is a locus defined by a poly­
nomial equation in two complex variables, x  and y  (such a curve is called 
an algebraic curve), and went back to Abel’s explicit presentation of the 
holomorphic integrands. Abel had written them in the form Hgdx/Fy, 
where F(x,y)  = 0 is the equation of the curve, Fy is the partial derivative 
of Fw ith respect to y , and g = g(x,y)  is a polynomial of low enough degree 
for the quotient gdx/Fy to be holomorphic. He had then obtained 
the number q by counting the number of possible terms in g. If the curve 
F — 0 has no singular points and is of degree n , then this number is 
q = ( n - l H n - 2 ) l 2 .

Clebsch and Gordan used geometry to understand the way in which the 
end-points enter Abel’s theorem. They considered families of algebraic 
curves depending linearly on some parameters, and cutting the curve in the 
end-points of the given integrals. It is then clear that the remaining points 
of intersection of the original curve and these variable ones are determined 
by algebraic conditions. Problems arose with this approach when the curve 
could have singular points, self-intersections or cusps. It was possible to 
show that each of d  double points and r cusps lowers this number q by 1.
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This meant that Pliicker’s formulas from projective geometry could be used 
to show that \{n -  \){n -  2) -  d -  r was invariant under any projective 
transformation of the curve, and could therefore be taken as the definition 
of q. But for curves with more complicated singularities the definition of 
q was not clear. Alexander Brill and Max Noether, following the work of 
Clebsch, then sought to show that birational transformations could always 
be found to reduce a curve to one having singularities which gave only a 
straightforward contribution to the number q. In this way they gave a 
definition of q which was indeed birationally invariant. This they did by 
insisting that the variable curves through the singular points have the right 
degree and passed through the singular points the right number of times 
(n -  1 times through a singularity of order n). Riemann’s topological 
approach was replaced with a geometrical definition of q (called the genus 
by Clebsch) which was, however, valid for both singular and non-singular 
curves. Then in 1880 Richard Dedekind and Heinrich Weber put forward 
a remarkable theory of Riemann surfaces which showed how a complex 
curve could be studied entirely in terms of the families of meromorphic 
functions it supported.

2 H I G H E R  DIM EN S IO N S

For a long time the path to studying geometrical objects other than curves 
(for example, surfaces) seemed blocked, until an approach was developed 
by Leopold Kronecker and extended by David Hilbert which provided a 
rich, uniform treatment and offered the securities of algebra in exchange for 
the insights of geometry. Kronecker’s work was but a part of what he hoped 
would be a theory embracing algebraic number theory as well as geometry. 
In the event, he put forward the important definition of an algebraic variety 
as the set of points in C” satisfying a family of polynomial equations, and 
showed that each such variety could be decomposed into a number of 
irreducible pieces, each having a definite dimension. He observed that the 
variety depends only on the ideal in the polynomial ring C[xi,X2, .. . ,xn] 
that the given polynomials define, and showed that if the ideal is 
prime then the variety it generates is irreducible. (An ideal a in a ring R 
is a set such that u , v € a  implies that u + v € a, and u € a and r € R imply 
that ru€a;  it is prime if uv€a  implies either u€a  or v£a\  see §6.4, 
Section 2.2.)

Hilbert’s profound contributions were part of his reformulation of invar­
iant theory in the late 1880s (§6.8). Above all, he investigated the poly­
nomials that vanished at every point of a variety, and showed that if /  has 
this property then some power of /belongs to the ideal defining the variety. 
This is Hilbert’s Nullstellensatz (‘theorem of the zeros’). Powers of /  need
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to be taken in case the variety has multiple points. It means that one may 
study either the variety or the so-called radical of the ideal defining it, where 
the radical of an ideal a is the set of all u € fR such that uk € fR for some k.

3 M O D ER N  AL G EB RA

Kronecker’s work opened the way for the transcription of geometrical 
properties of varieties into a new algebraic language, that of commutative 
algebra. In this spirit, the type of ideal that an irreducible variety generates 
was first elucidated in 1905 by Emanuel Lasker (who later became the world 
chess champion). The important concept of a field was axiomatized by 
Ernst Steinitz, who in 1910 isolated the concepts that underlay a profusion 
of examples previously discussed by Heinrich Weber in his influential book 
on algebra (§6.4, Section 2). He also defined the concept of the transcend­
ence degree of one field over a field that it contains, which counts the 
number of linearly independent elements of the larger field, and connected 
it to Kronecker’s definition of the dimension of a variety. The connection 
is provided by the idea of the coordinate ring of a variety (loosely, the poly­
nomials defined on the variety). It turns out that every geometric prop­
erty of a variety is expressible as an algebraic property of its coordinate 
ring. In particular, the construction of the coordinate ring yields a field of 
transcendence degree d  over C, where d  is the dimension of the variety.

4 G E O M E T R IC A L  RE SPON SES

A programme that aimed to solve problems in geometry by translating them 
so completely into the language of commutative algebra naturally did not 
appeal to geometers, nor did everyone welcome the drift away from the 
questions that had so profitably animated Abel and Riemann. It seemed 
to geometers of the flourishing Italian school in particular that at least 
algebraic surfaces could be tackled more geometrically, and concentrated 
effort was devoted to this problem from 1893, when two decisive papers 
were published. One, by E. Bertini, summarized the Brill-Noether 
approach to curves. The other, by Corrado Segre, reformulated that theory 
in a way that invited generalization to higher dimensions. What Bertini 
described via families of curves through certain points on a given curve, 
Segre sought to describe in terms of certain sets of points on the curve. In 
particular, Segre moved away from Bertini’s description of a curve as a 
locus in the plane and towards RiemamTs hazy appreciation of a curve as 
an object to be studied intrinsically, without reference to any particular 
embedding in an ambient space.

Segre’s paper opened the way to a series of papers by Guido Castelnuovo
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and Federigo Enriques over the next twenty years that culminated in a clas­
sification of algebraic surfaces analogous to Riemann’s classification of 
complex curves according to their genus. They also gave complete descrip­
tions of several families of curves, analogous to the rich picture one has of 
curves of low genus. Meanwhile, Emile Picard had been working methodi­
cally on a generalization of Riemann’s function-theoretic ideas to complex 
surfaces. The result was an analysis of surfaces according to the kinds of 
function they can support (as described by their singularities and their 
integrals) that exactly complemented the Italian theory of surfaces and the 
families of curves they can have. When Picard wrote up his findings in the 
definitive form of his book with F. Simart (1897, 1906) this overlap was 
often alluded to, and in a lengthy appendix Castelnuovo and Enriques set 
out the main features of their approach. The roles were reversed in their 
article on the algebraic geometry of surfaces in the Encyklopadie der 
mathematischen Wissenschaften (1908), in which the Italians showed how 
Picard’s discoveries fitted into their approach.

5 TH E NEED FOR R IG O U R

For good reasons, the Italian theory was soon felt to lack rigour. It was 
criticized from within most decisively by Francesco Severi for relying too 
heavily on intuition, and even Castelnuovo came to feel that progress 
required other methods. For this reason he encouraged his student O. 
Zariski in Rome, saying to him, however, ‘You are here with us, but you 
are not of us’. Zariski’s book Algebraic Surfaces (1935) was a turning point 
for him. He went as far as he felt he could to present the ideas underlying 
the Italian approach, but at the price, he later wrote, of feeling compelled 
to leave the geometric paradise for the greater rigour of algebra. The 
problem was the singular points and curves of an algebraic surface, which 
can be very complicated. He therefore turned to the ideas that E. Krull, and 
Emmy Noether and her student B. L. van der Waerden, were developing 
in the theory of rings.

Meanwhile, complex algebraic geometry developed under the forceful 
guidance of Solomon Lefschetz in the direction of algebraic topology. 
Picard and Simart’s book had been a great source of inspiration for 
Lefschetz, but they had not been able to draw on Henri Poincare’s visionary 
ideas about topology (§7.10). It was Lefschetz’s contribution to do just 
that, in forging an algebraic topology of algebraic varieties of higher dimen­
sion. This theory was consummated by W. V. D. Hodge’s theory of 
harmonic forms, which represents the subtle generalization to higher 
dimensions of Riemann’s insight into the intimate connection between 
holomorphic and harmonic functions.
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Throughout the period, other questions also motivated algebraic 
geometers. It must suffice here to describe just two of these. A remarkable 
calculus (the enumerative calculus) had been developed for counting the 
number of curves touching a given set of curves. Proposed by Michel 
Chasles, and developed by H. Schubert and others, notably H. G. Zeuthen, 
in the later nineteenth century, the move towards rigour in geometry found 
this theory almost incomprehensible. Only recently has it been rescued from 
oblivion and several of Schubert’s remarkable counts confirmed. The study 
of particular surfaces was a continuing source of discovery. The 27 lines on 
a cubic surface, discovered by Arthur Cayley and counted by George 
Salmon, have yielded many gems, including a connection with the Weyl 
groups of exceptional Lie groups, while Ernst Kummer’s quartic surface 
with its 16 nodal points, which has its origins in Augustin Jean Fresnel’s 
theory of optics (§9.1), has recently yielded the discovery of non-standard 
differentiable surfaces on IR4.

6 A G L IM P S E  OF T H E  M O D E R N  SIT U A T IO N

Some of the problems in algebraic geometry today curiously resemble those 
that inspired Kronecker. In the hands of A. Grothendieck, a language has 
been developed specifically to move algebraic geometry beyond its reliance 
on field-theoretic concepts, to give rings equal weight. This amounts to 
passing from the study of the rational numbers to the integers, almost 
always a considerable step, and it has brought to the problems of algebraic 
number theory the resources of modern geometry, often with considerable 
success. Grothendieck shares with Zariski and others an unwillingness to 
accord the complex numbers any special preference, but some problems 
remain that have finally been solved only over the complex numbers. For 
example, in 1966 the Japanese mathematician H. Hironaka showed how 
singularities of any kind may be resolved, but only over the complex 
numbers and certain related fields (those of characteristic zero). This theory 
permits one to pass in a controllable way from a singular variety to a non­
singular one related to it. Sometimes even this theory does not suffice; the 
recent successful classification of algebraic varieties of (complex) dimension 
3 requires an analysis of certain mildly singular cases, unlike the Enriques 
classification in dimension 2.

Since the 1930s there has been a fruitful tension between the half of 
algebraic geometry that sought to stay near the intuitively accessible com­
plex varieties and the half that, attracted by the generality of algebra, 
sought to deal with objects defined over any field (or ring). This tension is 
perhaps at its most productive in its analysis of the so-called problem of 
moduli. Riemann had observed that curves of a given genus g > 1 seemed
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to form a family of complex dimension 3g -  3. In other words, a curve of 
genus g could be specified uniquely by choosing 3 g - 3  parameters or 
moduli. Despite some early attempts to describe the space of all parameters 
(for a given value of g), no progress was made on this problem until the 
work of K. Kodaira and D. C. Spencer in the 1950s. What they began for 
the case of complex curves and certain types of surface was extended by 
David Mumford for other examples and broadened to include fields of 
arbitrary characteristic. Most unexpectedly, the hope today is that these 
theories will play an essential part in rigorizing the theory of the Feynman 
integral in quantum-field theory, which has already begun in its turn to 
produce remarkable insights in the difficult territory of low-dimensional 
topology.
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7.10

Topology: 
Geometric, algebraic

E. S C H O L Z

The move from classical to modern geometry was linked with a reorganiza­
tion of geometrical thought around new concepts which were much more 
general than the traditional concept of space. This change opened new 
reference fields for geometry within mathematics, and created a whole net­
work of methods which gave rise to new geometrical subdisciplines. Most 
important in this respect, certainly for the nineteenth century and with 
its strong impact in the twentieth, was the new concept of manifold, 
introduced by Bernhard Riemann in his inaugural lecture of 1854 (Scholz 
1980: Chap. 2). One of the striking new features of RiemamTs approach 
was the investigation of global properties of manifolds: analysis situs, in his 
terminology, now better known as topology.

1 R IE M A N N ’S APPROACH TO GEOMETRY

1.1 Manifolds

Riemann started his inaugural lecture with a semi-philosophical introduc­
tion of the concept of a multiply extended magnitude, or manifold. By this 
he meant a (somehow given) general concept, the individual instances 
of which allow continuous transitions between one another and a locally 
bijective correspondence to a finite (or in some cases even infinite) 
number of real quantities X\, x i , , .  , ,x n which may serve as coordinates for 
the description of the points in the manifold (of dimension n ).

Riemann initiated investigations of manifolds on different levels. He 
distinguished metric-free investigations from those using differential geo­
metrical metrical concepts as the two main research areas for manifolds. 
Of the investigations which are free from metrical considerations, he 
emphasized particularly those of analysis situs (topology), although in 
his function-theoretic work he also studied the analytical and/or algebraic
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