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Preface

Machine learning is the latest in a long line of attempts to distill human
knowledge and reasoning into a form that is suitable for constructing machines
and engineering automated systems. As machine learning becomes more
ubiquitous and its software packages become easier to use, it is natural and
desirable that the low-level technical details are abstracted away and hidden
from the practitioner. However, this brings with it the danger that a practitioner
becomes unaware of the design decisions and, hence, the limits of machine
learning algorithms.

The enthusiastic practitioner who is interested to learn more about the magic
behind successful machine learning algorithms currently faces a daunting set of
prerequisite knowledge:

▪ Programming languages and data analysis tools
▪ Large-scale computation and the associated frameworks
▪ Mathematics and statistics and how machine learning builds on it

At universities, introductory courses on machine learning tend to spend early
parts of the course covering some of these prerequisites. For historical reasons,
courses in machine learning tend to be taught in the computer science depart-
ment, where students are often trained in the first two areas of knowledge, but
not so much in mathematics and statistics.

Current machine learning textbooks primarily focus on machine learning
algorithms and methodologies and assume that the reader is competent in math-
ematics and statistics. Therefore, these books only spend one or two chapters of
background mathematics, either at the beginning of the book or as appendices.
We have found many people who want to delve into the foundations of basic
machine learning methods who struggle with the mathematical knowledge
required to read a machine learning textbook. Having taught undergraduate
and graduate courses at universities, we find that the gap between high school
mathematics and the mathematics level required to read a standard machine
learning textbook is too big for many people.

This book brings the mathematical foundations of basic machine learning
concepts to the fore and collects the information in a single place so that this
skills gap is narrowed or even closed.

xi



xii Preface

Why Another Book on Machine Learning?

Machine learning builds upon the language of mathematics to express concepts
that seem intuitively obvious but that are surprisingly difficult to formalize.
Once formalized properly, we can gain insights into the task we want to solve.
One common complaint of students of mathematics around the globe is that the
topics covered seem to have little relevance to practical problems. We believe
that machine learning is an obvious and direct motivation for people to learn
mathematics.

This book is intended to be a guidebook to the vast mathematical literature
that forms the foundations of modern machine learning. We motivate the need“Math is linked in the

popular mind with
phobia and anxiety.
You’d think we’re
discussing
spiders.” (Strogatz,
2014, 281)

for mathematical concepts by directly pointing out their usefulness in the context
of fundamental machine learning problems. In the interest of keeping the book
short, many details and more advanced concepts have been left out. Equipped
with the basic concepts presented here, and how they fit into the larger context
of machine learning, the reader can find numerous resources for further study,
which we provide at the end of the respective chapters. For readers with a math-
ematical background, this book provides a brief but precisely stated glimpse of
machine learning. In contrast to other books that focus on methods and models
of machine learning (MacKay, 2003; Bishop, 2006; Alpaydin, 2010; Murphy,
2012; Barber, 2012; Shalev-Shwartz and Ben-David, 2014; Rogers and Girolami,
2016) or programmatic aspects of machine learning (Müller and Guido, 2016;
Raschka and Mirjalili, 2017; Chollet and Allaire, 2018), we provide only four
representative examples of machine learning algorithms. Instead, we focus on
the mathematical concepts behind the models themselves. We hope that readers
will be able to gain a deeper understanding of the basic questions in machine
learning and connect practical questions arising from the use of machine learning
with fundamental choices in the mathematical model.

We do not aim to write a classical machine learning book. Instead, our
intention is to provide the mathematical background, applied to four central
machine learning problems, to make it easier to read other machine learning
textbooks.

Who Is the Target Audience?

As applications of machine learning become widespread in society, we believe
that everybody should have some understanding of its underlying principles. This
book is written in an academic mathematical style, which enables us to be precise
about the concepts behind machine learning. We encourage readers unfamiliar
with this seemingly terse style to persevere and to keep the goals of each topic in
mind. We sprinkle comments and remarks throughout the text, in the hope that it
provides useful guidance with respect to the big picture.

The book assumes the reader to have mathematical knowledge commonly
covered in high school mathematics and physics. For example, the reader should
have seen derivatives and integrals before, and geometric vectors in two or three
dimensions. Starting from there, we generalize these concepts. Therefore, the
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target audience of the book includes undergraduate university students, evening
learners and learners participating in online machine learning courses.

In analogy to music, there are three types of interaction that people have with
machine learning:

Astute Listener The democratization of machine learning by the provision
of open-source software, online tutorials and cloud-based tools allows users to
not worry about the specifics of pipelines. Users can focus on extracting insights
from data using off-the-shelf tools. This enables non-tech-savvy domain experts
to benefit from machine learning. This is similar to listening to music; the user
is able to choose and discern between different types of machine learning, and
benefits from it. More experienced users are like music critics, asking important
questions about the application of machine learning in society such as ethics,
fairness and privacy of the individual. We hope that this book provides a founda-
tion for thinking about the certification and risk management of machine learning
systems and allows them to use their domain expertise to build better machine
learning systems.

Experienced Artist Skilled practitioners of machine learning can plug and
play different tools and libraries into an analysis pipeline. The stereotypical prac-
titioner would be a data scientist or engineer who understands machine learning
interfaces and their use cases and is able to perform wonderful feats of prediction
from data. This is similar to a virtuoso playing music, where highly skilled
practitioners can bring existing instruments to life and bring enjoyment to their
audience. Using the mathematics presented here as a primer, practitioners would
be able to understand the benefits and limits of their favourite method, and to
extend and generalize existing machine learning algorithms. We hope that this
book provides the impetus for more rigorous and principled development of
machine learning methods.

Fledgling Composer As machine learning is applied to new domains,
developers of machine learning need to develop new methods and extend existing
algorithms. They are often researchers who need to understand the mathematical
basis of machine learning and uncover relationships between different tasks. This
is similar to composers of music who, within the rules and structure of musical
theory, create new and amazing pieces. We hope this book provides a high-level
overview of other technical books for people who want to become composers of
machine learning. There is a great need in society for new researchers who are
able to propose and explore novel approaches for attacking the many challenges
of learning from data.
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Part I

Mathematical Foundations





1

Introduction and Motivation

Machine learning is about designing algorithms that automatically extract valu-
able information from data. The emphasis here is on “automatic,” i.e., machine
learning is concerned about general-purpose methodologies that can be applied
to many datasets, while producing something that is meaningful. There are three
concepts that are at the core of machine learning: data, a model, and learning.

Since machine learning is inherently data driven, data is at the core of machine data

learning. The goal of machine learning is to design general-purpose methodolo-
gies to extract valuable patterns from data, ideally without much domain-specific
expertise. For example, given a large corpus of documents (e.g., books in many
libraries), machine learning methods can be used to automatically find relevant
topics that are shared across documents (Hoffman et al., 2010). To achieve this
goal, we design models that are typically related to the process that generates model

data, similar to the dataset we are given. For example, in a regression setting,
the model would describe a function that maps inputs to real-valued outputs. To
paraphrase Mitchell (1997): A model is said to learn from data if its performance
on a given task improves after the data is taken into account. The goal is to find
good models that generalize well to yet unseen data, which we may care about
in the future. Learning can be understood as a way to automatically find patterns learning

and structure in data by optimizing the parameters of the model.
While machine learning has seen many success stories, and software is readily

available to design and train rich and flexible machine learning systems, we
believe that the mathematical foundations of machine learning are important
in order to understand fundamental principles upon which more complicated
machine learning systems are built. Understanding these principles can facilitate
creating new machine learning solutions, understanding and debugging existing
approaches, and learning about the inherent assumptions and limitations of the
methodologies we are working with.

1.1 Finding Words for Intuitions

A challenge we face regularly in machine learning is that concepts and words are
slippery, and a particular component of the machine learning system can be ab-
stracted to different mathematical concepts. For example, the word “algorithm”
is used in at least two different senses in the context of machine learning. In the
first sense, we use the phrase “machine learning algorithm” to mean a system that
makes predictions based on input data. We refer to these algorithms as predictor. predictor

3



4 Introduction and Motivation

In the second sense, we use the exact same phrase “machine learning algorithm”
to mean a system that adapts some internal parameters of the predictor so that
it performs well on future unseen input data. Here we refer to this adaptation as
training a system.training

This book will not resolve the issue of ambiguity, but we want to highlight
upfront that, depending on the context, the same expressions can mean different
things. However, we attempt to make the context sufficiently clear to reduce the
level of ambiguity.

The first part of this book introduces the mathematical concepts and foun-
dations needed to talk about the three main components of a machine learning
system: data, models, and learning. We will briefly outline these components
here, and we will revisit them again in Chapter 8 once we have discussed the
necessary mathematical concepts.

While not all data is numerical, it is often useful to consider data in a num-
ber format. In this book, we assume that data has already been appropriately
converted into a numerical representation suitable for reading into a computer
program. Therefore, we think of data as vectors. As another illustration of howdata as vectors

subtle words are, there are (at least) three different ways to think about vectors:
a vector as an array of numbers (a computer science view), a vector as an arrow
with a direction and magnitude (a physics view), and a vector as an object that
obeys addition and scaling (a mathematical view).

A model is typically used to describe a process for generating data, similar tomodel

the dataset at hand. Therefore, good models can also be thought of as simplified
versions of the real (unknown) data-generating process, capturing aspects that
are relevant for modeling the data and extracting hidden patterns from them. A
good model can then be used to predict what would happen in the real world
without performing real-world experiments.

We now come to the crux of the matter, the learning component of machinelearning

learning. Assume we are given a dataset and a suitable model. Training the model
means to use the data available to optimize some parameters of the model with
respect to a utility function that evaluates how well the model predicts the train-
ing data. Most training methods can be thought of as an approach analogous to
climbing a hill to reach its peak. In this analogy, the peak of the hill corresponds
to a maximum of some desired performance measure. However, in practice, we
are interested in the model to perform well on unseen data. Performing well on
data that we have already seen (training data) may only mean that we found a
good way to memorize the data. However, this may not generalize well to unseen
data, and, in practical applications, we often need to expose our machine learning
system to situations that it has not encountered before.

Let us summarize the main concepts of machine learning that we cover in this
book:

▪ We represent data as vectors.
▪ We choose an appropriate model, either using the probabilistic or optimization

view.
▪ We learn from available data by using numerical optimization methods with

the aim that the model performs well on data not used for training.
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1.2 Two Ways to Read This Book

We can consider two strategies for understanding the mathematics for machine
learning:

▪ Bottom-up: Building up the concepts from foundational to more advanced.
This is often the preferred approach in more technical fields, such as mathe-
matics. This strategy has the advantage that the reader at all times is able to rely
on their previously learned concepts. Unfortunately, for a practitioner many of
the foundational concepts are not particularly interesting by themselves, and
the lack of motivation means that most foundational definitions are quickly
forgotten.

▪ Top-down: Drilling down from practical needs to more basic requirements.
This goal-driven approach has the advantage that the readers know at all times
why they need to work on a particular concept, and there is a clear path of
required knowledge. The downside of this strategy is that the knowledge is
built on potentially shaky foundations, and the readers have to remember a set
of words that they do not have any way of understanding.

We decided to write this book in a modular way to separate foundational
(mathematical) concepts from applications so that this book can be read in both
ways. The book is split into two parts, where Part I lays the mathematical founda-
tions and Part II applies the concepts from Part I to a set of fundamental machine
learning problems, which form four pillars of machine learning as illustrated in
Figure 1.1: regression, dimensionality reduction, density estimation, and classi-
fication. Chapters in Part I mostly build upon the previous ones, but it is possible
to skip a chapter and work backward if necessary. Chapters in Part II are only
loosely coupled and can be read in any order. There are many pointers forward
and backward between the two parts of the book to link mathematical concepts
with machine learning algorithms.

Of course there are more than two ways to read this book. Most readers learn
using a combination of top-down and bottom-up approaches, sometimes building
up basic mathematical skills before attempting more complex concepts, but also
choosing topics based on applications of machine learning.

Part I Is about Mathematics

The four pillars of machine learning we cover in this book (see Figure 1.1)
require a solid mathematical foundation, which is laid out in Part I.

We represent numerical data as vectors and represent a table of such data as
a matrix. The study of vectors and matrices is called linear algebra, which we linear algebra

introduce in Chapter 2. The collection of vectors as a matrix is also described
there.

Given two vectors representing two objects in the real world, we want to
make statements about their similarity. The idea is that vectors that are similar
should be predicted to have similar outputs by our machine learning algorithm
(our predictor). To formalize the idea of similarity between vectors, we need
to introduce operations that take two vectors as input and return a numerical
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Figure 1.1 The
foundations and four
pillars of machine
learning.
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value representing their similarity. The construction of similarity and distances
is central to analytic geometry and is discussed in Chapter 3.analytic geometry

In Chapter 4, we introduce some fundamental concepts about matrices and
matrix decomposition. Some operations on matrices are extremely useful in ma-matrix decomposition

chine learning, and they allow for an intuitive interpretation of the data and more
efficient learning.

We often consider data to be noisy observations of some true underlying sig-
nal. We hope that by applying machine learning we can identify the signal from
the noise. This requires us to have a language for quantifying what “noise”
means. We often would also like to have predictors that allow us to express some
sort of uncertainty, e.g., to quantify the confidence we have about the value of
the prediction at a particular test data point. Quantification of uncertainty is the
realm of probability theory and is covered in Chapter 6.probability theory

To train machine learning models, we typically find parameters that maximize
some performance measure. Many optimization techniques require the concept
of a gradient, which tells us the direction in which to search for a solution.
Chapter 5 is about vector calculus and details the concept of gradients, which wevector calculus

subsequently use in Chapter 7, where we talk about optimization to find maxima/optimization

minima of functions.

Part II Is about Machine Learning

The second part of the book introduces four pillars of machine learning as shown
in Figure 1.1. We illustrate how the mathematical concepts introduced in the first
part of the book are the foundation for each pillar. Broadly speaking, chapters
are ordered by difficulty (in ascending order).

In Chapter 8, we restate the three components of machine learning (data,
models, and parameter estimation) in a mathematical fashion. In addition, we
provide some guidelines for building experimental setups that guard against
overly optimistic evaluations of machine learning systems. Recall that the goal
is to build a predictor that performs well on unseen data.

In Chapter 9, we will have a close look at linear regression, where our ob-linear regression

jective is to find functions that map inputs x ∈ RD to corresponding observed
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function values y ∈ R, which we can interpret as the labels of their respective
inputs. We will discuss classical model fitting (parameter estimation) via maxi-
mum likelihood and maximum a posteriori estimation, as well as Bayesian linear
regression, where we integrate the parameters out instead of optimizing them.

Chapter 10 focuses on dimensionality reduction, the second pillar in Fig- dimensionality
reductionure 1.1, using principal component analysis. The key objective of dimension-

ality reduction is to find a compact, lower-dimensional representation of high-
dimensional data x ∈ RD, which is often easier to analyze than the original data.
Unlike regression, dimensionality reduction is only concerned about modeling
the data – there are no labels associated with a data point x.

In Chapter 11, we will move to our third pillar: density estimation. The ob- density estimation

jective of density estimation is to find a probability distribution that describes
a given dataset. We will focus on Gaussian mixture models for this purpose,
and we will discuss an iterative scheme to find the parameters of this model. As
in dimensionality reduction, there are no labels associated with the data points
x ∈ RD. However, we do not seek a low-dimensional representation of the data.
Instead, we are interested in a density model that describes the data.

Chapter 12 concludes the book with an in-depth discussion of the fourth pillar:
classification. We will discuss classification in the context of support vector classification

machines. Similar to regression (Chapter 9), we have inputs x and corresponding
labels y. However, unlike regression, where the labels were real-valued, the
labels in classification are integers, which requires special care.

1.3 Exercises and Feedback

We provide some exercises in Part I, which can be done mostly by pen and paper.
For Part II, we provide programming tutorials (jupyter notebooks) to explore
some properties of the machine learning algorithms we discuss in this book.

We appreciate that Cambridge University Press strongly supports our aim to
democratize education and learning by making this book freely available for
download at

https://mml-book.com

where tutorials, errata, and additional materials can be found. Mistakes can be
reported and feedback provided using the preceding URL.
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Linear Algebra

When formalizing intuitive concepts, a common approach is to construct a set of
objects (symbols) and a set of rules to manipulate these objects. This is known
as an algebra. Linear algebra is the study of vectors and certain rules to manip-algebra

ulate vectors. The vectors many of us know from school are called “geometric
vectors,” which are usually denoted by a small arrow above the letter, e.g., −→x
and −→y . In this book, we discuss more general concepts of vectors and use a bold
letter to represent them, e.g., x and y.

In general, vectors are special objects that can be added together and multi-
plied by scalars to produce another object of the same kind. From an abstract
mathematical viewpoint, any object that satisfies these two properties can be
considered a vector. Here are some examples of such vector objects:

1. Geometric vectors. This example of a vector may be familiar from high school
mathematics and physics. Geometric vectors – see Figure 2.1(a) – are directed
segments, which can be drawn (at least in two dimensions). Two geometric
vectors

→
x,

→
y can be added, such that

→
x+

→
y =

→
z is another geometric vector.

Furthermore, multiplication by a scalar λ
→
x, λ ∈ R, is also a geometric vector.

In fact, it is the original vector scaled by λ. Therefore, geometric vectors are
instances of the vector concepts introduced previously. Interpreting vectors
as geometric vectors enables us to use our intuitions about direction and
magnitude to reason about mathematical operations.

2. Polynomials are also vectors; see Figure 2.1(b): Two polynomials can be
added together, which results in another polynomial; and they can be mul-
tiplied by a scalar λ ∈ R, and the result is a polynomial as well. Therefore,
polynomials are (rather unusual) instances of vectors. Note that polynomials

Figure 2.1 Different
types of vectors.
Vectors can be
surprising objects,
including
(a) geometric vectors
and (b) polynomials.

→
x →

y

→
x +

→
y

(a) Geometric vectors

−2 0 2
x

−6

−4

−2

0

2

4

y

(b) Polynomials

8
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are very different from geometric vectors. While geometric vectors are con-
crete “drawings,” polynomials are abstract concepts. However, they are both
vectors in the sense previously described.

3. Audio signals are vectors. Audio signals are represented as a series of num-
bers. We can add audio signals together, and their sum is a new audio signal.
If we scale an audio signal, we also obtain an audio signal. Therefore, audio
signals are a type of vector, too.

4. Elements of Rn (tuples of n real numbers) are vectors. Rn is more abstract
than polynomials, and it is the concept we focus on in this book. For instance,

a =

⎡⎣12
3

⎤⎦ ∈ R3 (2.1)

is an example of a triplet of numbers. Adding two vectors a, b ∈ Rn compo-
nentwise results in another vector: a + b = c ∈ Rn. Moreover, multiplying
a ∈ Rn by λ ∈ R results in a scaled vector λa ∈ Rn. Considering vectors Be careful to check

whether array
operations actually
perform vector
operations when
implementing on a
computer.

as elements of Rn has an additional benefit that it loosely corresponds to
arrays of real numbers on a computer. Many programming languages support
array operations, which allow for convenient implementation of algorithms
that involve vector operations.

Linear algebra focuses on the similarities between these vector concepts. We
can add them together and multiply them by scalars. We will largely focus on
vectors in Rn since most algorithms in linear algebra are formulated in Rn. We
will see in Chapter 8 that we often consider data to be represented as vectors in
Rn. In this book, we will focus on finite-dimensional vector spaces, in which
case there is a 1:1 correspondence between any kind of vector and Rn. When it
is convenient, we will use intuitions about geometric vectors and consider array-
based algorithms. Pavel Grinfeld’s series

on linear algebra:
http://tinyurl.com/
nahclwm
Gilbert Strang’s
course on linear
algebra: http://
tinyurl.com/29p5q8j

3Blue1Brown series
on linear algebra:
https://tinyurl
.com/h5g4kps

One major idea in mathematics is the idea of “closure.” This is the question:
What is the set of all things that can result from my proposed operations? In the
case of vectors: What is the set of vectors that can result by starting with a small
set of vectors, and adding them to each other and scaling them? This results in
a vector space (Section 2.4). The concept of a vector space and its properties
underlie much of machine learning. The concepts introduced in this chapter are
summarized in Figure 2.2.

This chapter is mostly based on the lecture notes and books by Drumm and
Weil (2001), Strang (2003), Hogben (2013), Liesen and Mehrmann (2015), as
well as Pavel Grinfeld’s Linear Algebra series. Other excellent resources are
Gilbert Strang’s Linear Algebra course at MIT and the Linear Algebra Series by
3Blue1Brown.

Linear algebra plays an important role in machine learning and general math-
ematics. The concepts introduced in this chapter are further expanded to include
the idea of geometry in Chapter 3. In Chapter 5, we will discuss vector calculus,
where a principled knowledge of matrix operations is essential. In Chapter 10,

http://tinyurl.com/29p5q8j
http://tinyurl.com/nahclwm
http://tinyurl.com/nahclwm
https://tinyurl.com/h5g4kps
https://tinyurl.com/h5g4kps
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Figure 2.2 A mind
map of the concepts
introduced in this
chapter, along with
where they are used in
other parts of the
book.
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we will use projections (to be introduced in Section 3.8) for dimensionality re-
duction with principal component analysis (PCA). In Chapter 9, we will discuss
linear regression, where linear algebra plays a central role for solving least-
squares problems.

2.1 Systems of Linear Equations

Systems of linear equations play a central part of linear algebra. Many problems
can be formulated as systems of linear equations, and linear algebra gives us the
tools for solving them.

Example 2.1
A company produces products N1, . . . , Nn for which resources R1, . . . , Rm

are required. To produce a unit of product Nj , aij units of resource Ri are
needed, where i = 1, . . . ,m and j = 1, . . . , n.

The objective is to find an optimal production plan, i.e., a plan of how
many units xj of product Nj should be produced if a total of bi units of
resource Ri are available and (ideally) no resources are left over.

If we produce x1, . . . , xn units of the corresponding products, we need a
total of

ai1x1 + · · ·+ ainxn (2.2)

many units of resource Ri. An optimal production plan (x1, . . . , xn) ∈ Rn,
therefore, has to satisfy the following system of equations:

a11x1 + · · ·+ a1nxn = b1
...

am1x1 + · · ·+ amnxn = bm

, (2.3)

where aij ∈ R and bi ∈ R.
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Equation (2.3) is the general form of a system of linear equations, and system of linear
equationsx1, . . . , xn are the unknowns of this system. Every n-tuple (x1, . . . , xn) ∈ Rn

that satisfies (2.3) is a solution of the linear equation system. solution

Example 2.2
The system of linear equations

x1 + x2 + x3 = 3 (1)
x1 − x2 + 2x3 = 2 (2)
2x1 + 3x3 = 1 (3)

(2.4)

has no solution: Adding the first two equations yields 2x1+3x3 = 5, which
contradicts the third equation (3).

Let us have a look at the system of linear equations

x1 + x2 + x3 = 3 (1)
x1 − x2 + 2x3 = 2 (2)

x2 + x3 = 2 (3)
. (2.5)

From the first and third equation, it follows that x1 = 1. From (1) + (2),
we get 2x1 + 3x3 = 5, i.e., x3 = 1. From (3), we then get that x2 = 1.
Therefore, (1, 1, 1) is the only possible and unique solution (verify that
(1, 1, 1) is a solution by plugging in).

As a third example, we consider

x1 + x2 + x3 = 3 (1)
x1 − x2 + 2x3 = 2 (2)
2x1 + 3x3 = 5 (3)

. (2.6)

Since (1) + (2) = (3), we can omit the third equation (redundancy). From
(1) and (2), we get 2x1 = 5−3x3 and 2x2 = 1+x3. We define x3 = a ∈ R

as a free variable, such that any triplet(
5

2
− 3

2
a,

1

2
+

1

2
a, a

)
, a ∈ R (2.7)

is a solution of the system of linear equations, i.e., we obtain a solution set
that contains infinitely many solutions.

In general, for a real-valued system of linear equations we obtain either no,
exactly one, or infinitely many solutions. Linear regression (Chapter 9) solves a
version of Example 2.1 when we cannot solve the system of linear equations.

Remark (Geometric Interpretation of Systems of Linear Equations). In a system
of linear equations with two variables x1, x2, each linear equation defines a line
on the x1x2-plane. Since a solution to a system of linear equations must satisfy
all equations simultaneously, the solution set is the intersection of these lines.
This intersection set can be a line (if the linear equations describe the same
line), a point, or empty (when the lines are parallel). An illustration is given
in Figure 2.3 for the system

4x1 + 4x2 = 5

2x1 − 4x2 = 1
(2.8)
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Figure 2.3 The
solution space of a
system of two linear
equations with two
variables can be
geometrically
interpreted as the
intersection of two
lines. Every linear
equation represents
a line.

2x1 − 4x2 = 1

4x1 + 4x2 = 5

x1

x2

where the solution space is the point
(
x1, x2) = (1, 14

)
. Similarly, for three vari-

ables, each linear equation determines a plane in three-dimensional space. When
we intersect these planes, i.e., satisfy all linear equations at the same time, we
can obtain a solution set that is a plane, a line, a point, or empty (when the planes
have no common intersection). ♦

For a systematic approach to solving systems of linear equations, we will in-
troduce a useful compact notation. We collect the coefficients aij into vectors and
collect the vectors into matrices. In other words, we write the system from (2.3)
in the following form:

x1

⎡⎢⎣a11...
am1

⎤⎥⎦+ x2

⎡⎢⎣a12...
am2

⎤⎥⎦+ · · ·+ xn

⎡⎢⎣a1n...
amn

⎤⎥⎦ =

⎡⎢⎣ b1...
bm

⎤⎥⎦ (2.9)

⇐⇒

⎡⎢⎣a11 · · · a1n
...

...
am1 · · · amn

⎤⎥⎦
⎡⎢⎣x1

...
xn

⎤⎥⎦ =

⎡⎢⎣ b1...
bm

⎤⎥⎦ . (2.10)

In the following, we will have a close look at these matrices and define compu-
tation rules. We will return to solving linear equations in Section 2.3.

2.2 Matrices

Matrices play a central role in linear algebra. They can be used to compactly rep-
resent systems of linear equations, but they also represent linear functions (linear
mappings), as we will see later in Section 2.7. Before we discuss some of these
interesting topics, let us first define what a matrix is and what kind of operations
we can do with matrices. We will see more properties of matrices in Chapter 4.

Definition 2.1 (Matrix). With m,n ∈ N a real-valued (m,n) matrix A is anmatrix

m · n-tuple of elements aij , i = 1, . . . ,m, j = 1, . . . , n, which is ordered
according to a rectangular scheme consisting of m rows and n columns:

A =

⎡⎢⎢⎢⎣
a11 a12 · · · a1n
a21 a22 · · · a2n

...
...

...
am1 am2 · · · amn

⎤⎥⎥⎥⎦ , aij ∈ R . (2.11)
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By convention (1, n)-matrices are called rows, and (m, 1)-matrices are called row

columns. These special matrices are also called row/column vectors. column
row vector
column vector

Figure 2.4 By
stacking its columns,
a matrix A can be
represented as a long
vector a.

re-shape

A ∈ R4×2 a ∈ R8

Rm×n is the set of all real-valued (m,n)-matrices. A ∈ Rm×n can be equiv-
alently represented as a ∈ Rmn by stacking all n columns of the matrix into a
long vector; see Figure 2.4.

2.2.1 Matrix Addition and Multiplication

The sum of two matrices A ∈ Rm×n,B ∈ Rm×n is defined as the element wise
sum, i.e.,

A+B :=

⎡⎢⎣ a11 + b11 · · · a1n + b1n
...

...
am1 + bm1 · · · amn + bmn

⎤⎥⎦ ∈ Rm×n . (2.12)

For matrices A ∈ Rm×n,B ∈ Rn×k the elements cij of the product C =

Note the size of the
matrices.

AB ∈ Rm×k are computed as

C =
np.einsum(’il,
lj’, A, B)

cij =
n∑

l=1

ailblj , i = 1, . . . ,m, j = 1, . . . , k. (2.13)

This means, to compute element cij we multiply the elements of the ith row of

There are n columns
in A and n rows in B

so that we can
compute ailblj for
l = 1, . . . , n.

Commonly, the dot
product between two
vectors a, b is
denoted by a�b or
〈a, b〉.

A with the jth column of B and sum them up. Later in Section 3.2, we will
call this the dot product of the corresponding row and column. In cases where
we need to be explicit that we are performing multiplication, we use the notation
A ·B to denote multiplication (explicitly showing “·”).

Remark. Matrices can only be multiplied if their “neighboring” dimensions
match. For instance, an n × k-matrix A can be multiplied with a k ×m-matrix
B, but only from the left side:

A︸︷︷︸
n×k

B︸︷︷︸
k×m

= C︸︷︷︸
n×m

(2.14)

The product BA is not defined if m �= n since the neighboring dimensions do
not match. ♦
Remark. Matrix multiplication is not defined as an elementwise operation on
matrix elements, i.e., cij �= aijbij (even if the size of A,B was chosen appro-
priately). This kind of elementwise multiplication often appears in programming
languages when we multiply (multidimensional) arrays with each other, and is
called a Hadamard product. ♦ Hadamard product

Example 2.3

For A =

[
1 2 3
3 2 1

]
∈ R2×3, B =

⎡⎣0 2
1 −1
0 1

⎤⎦ ∈ R3×2, we obtain

AB =

[
1 2 3
3 2 1

]⎡⎣0 2
1 −1
0 1

⎤⎦ =

[
2 3
2 5

]
∈ R2×2, (2.15)
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BA =

⎡⎣0 2
1 −1
0 1

⎤⎦[1 2 3
3 2 1

]
=

⎡⎣ 6 4 2
−2 0 2
3 2 1

⎤⎦ ∈ R3×3 . (2.16)

Figure 2.5 Even if
both matrix
multiplications AB

and BA are defined,
the dimensions of the
results can be
different.

From this example, we can already see that matrix multiplication is not com-
mutative, i.e., AB �= BA; see also Figure 2.5 for an illustration.

Definition 2.2 (Identity Matrix). In Rn×n, we define the identity matrix

identity matrix

In :=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 · · · 0 · · · 0
0 1 · · · 0 · · · 0
...

...
. . .

...
. . .

...
0 0 · · · 1 · · · 0
...

...
. . .

...
. . .

...
0 0 · · · 0 · · · 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
∈ Rn×n (2.17)

as the n× n-matrix containing 1 on the diagonal and 0 everywhere else.

Now that we defined matrix multiplication, matrix addition, and the identity
matrix, let us have a look at some properties of matrices:

associativity ▪ Associativity:

∀A ∈ Rm×n,B ∈ Rn×p,C ∈ Rp×q : (AB)C = A(BC) (2.18)

distributivity ▪ Distributivity:

∀A,B ∈ Rm×n,C,D ∈ Rn×p : (A+B)C = AC +BC (2.19a)

A(C +D) = AC +AD (2.19b)

▪ Multiplication with the identity matrix:

∀A ∈ Rm×n : ImA = AIn = A (2.20)

Note that Im �= In for m �= n.

2.2.2 Inverse and Transpose

Definition 2.3 (Inverse). Consider a square matrix A ∈ Rn×n. Let matrixA square matrix
possesses the same
number of columns
and rows.

B ∈ Rn×n have the property that AB = In = BA. B is called the inverse of

inverse

A and denoted by A−1.

Unfortunately, not every matrix A possesses an inverse A−1. If this inverse
does exist, A is called regular/invertible/nonsingular, otherwise singular/regular

invertible
nonsingular

singular

noninvertible. When the matrix inverse exists, it is unique. In Section 2.3,

noninvertible

we will discuss a general way to compute the inverse of a matrix by solving a
system of linear equations.

Remark (Existence of the Inverse of a 2× 2-matrix). Consider a matrix

A :=

[
a11 a12
a21 a22

]
∈ R2×2 . (2.21)
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If we multiply A with

B :=

[
a22 −a12
−a21 a11

]
(2.22)

we obtain

AB =

[
a11a22 − a12a21 0

0 a11a22 − a12a21

]
= (a11a22 − a12a21)I. (2.23)

Therefore,

A−1 =
1

a11a22 − a12a21

[
a22 −a12
−a21 a11

]
(2.24)

if and only if a11a22 − a12a21 �= 0. In Section 4.1, we will see that a11a22 −
a12a21 is the determinant of a 2 × 2-matrix. Furthermore, we can generally use
the determinant to check whether a matrix is invertible. ♦

Example 2.4 (Inverse Matrix)
The matrices

A =

⎡⎣1 2 1
4 4 5
6 7 7

⎤⎦ , B =

⎡⎣−7 −7 6
2 1 −1
4 5 −4

⎤⎦ (2.25)

are inverse to each other since AB = I = BA.

Definition 2.4 (Transpose). For A ∈ Rm×n the matrix B ∈ Rn×m with bij =
aji is called the transpose of A. We write B = A�. transpose

The main diagonal
(sometimes called
“principal diagonal,”
“primary diagonal,”
“leading diagonal,” or
“major diagonal”) of a
matrix A is the
collection of entries
Aij where i = j.

In general, A� can be obtained by writing the columns of A as the rows of
A�. The following are some important properties of inverses and transposes:

The scalar case of
(2.28) is

1
2+4

= 1
6
�= 1

2
+ 1

4
.

AA−1 = I = A−1A (2.26)

(AB)−1 = B−1A−1 (2.27)

(A+B)−1 �= A−1 +B−1 (2.28)

(A�)� = A (2.29)

(A+B)� = A� +B� (2.30)

(AB)� = B�A� (2.31)
Definition 2.5 (Symmetric Matrix). A matrix A ∈ Rn×n is symmetric if symmetric matrix

A = A�.

Note that only (n, n)-matrices can be symmetric. Generally, we call (n, n)-
matrices also square matrices because they possess the same number of square matrix

rows and columns. Moreover, if A is invertible, then so is A�, and
(A−1)� = (A�)−1 =:A−�.

Remark (Sum and Product of Symmetric Matrices). The sum of symmetric
matrices A,B ∈ Rn×n is always symmetric. However, although their product
is always defined, it is generally not symmetric:[

1 0
0 0

] [
1 1
1 1

]
=

[
1 1
0 0

]
. (2.32)

♦
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2.2.3 Multiplication by a Scalar

Let us look at what happens to matrices when they are multiplied by a scalar
λ ∈ R. Let A ∈ Rm×n and λ ∈ R. Then λA = K, Kij = λ aij . Practically, λ
scales each element of A. For λ, ψ ∈ R, the following holds:

associativity
▪ Associativity:
(λψ)C = λ(ψC), C ∈ Rm×n

▪ λ(BC) = (λB)C = B(λC) = (BC)λ, B ∈ Rm×n,C ∈ Rn×k.
Note that this allows us to move scalar values around.

▪ (λC)� = C�λ� = C�λ = λC� since λ = λ� for all λ ∈ R.distributivity
▪ Distributivity:
(λ+ ψ)C = λC + ψC, C ∈ Rm×n

λ(B +C) = λB + λC, B,C ∈ Rm×n

Example 2.5 (Distributivity)
If we define

C :=

[
1 2
3 4

]
, (2.33)

then for any λ, ψ ∈ R we obtain

(λ+ ψ)C =

[
(λ+ ψ)1 (λ+ ψ)2
(λ+ ψ)3 (λ+ ψ)4

]
=

[
λ+ ψ 2λ+ 2ψ
3λ+ 3ψ 4λ+ 4ψ

]
(2.34a)

=

[
λ 2λ
3λ 4λ

]
+

[
ψ 2ψ
3ψ 4ψ

]
= λC + ψC . (2.34b)

2.2.4 Compact Representations of Systems of Linear Equations

If we consider the system of linear equations

2x1 + 3x2 + 5x3 = 1

4x1 − 2x2 − 7x3 = 8

9x1 + 5x2 − 3x3 = 2

(2.35)

and use the rules for matrix multiplication, we can write this equation system in
a more compact form as⎡⎣2 3 5

4 −2 −7
9 5 −3

⎤⎦⎡⎣x1

x2

x3

⎤⎦ =

⎡⎣18
2

⎤⎦ . (2.36)

Note that x1 scales the first column, x2 the second one, and x3 the third one.
Generally, a system of linear equations can be compactly represented in their

matrix form as Ax = b; see (2.3), and the product Ax is a (linear) combination
of the columns of A. We will discuss linear combinations in more detail in
Section 2.5.
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2.3 Solving Systems of Linear Equations

In (2.3), we introduced the general form of an equation system, i.e.,

a11x1 + · · ·+ a1nxn = b1

...

am1x1 + · · ·+ amnxn = bm ,

(2.37)

where aij ∈ R and bi ∈ R are known constants and xj are unknowns, i =
1, . . . ,m, j = 1, . . . , n. Thus far, we saw that matrices can be used as a compact
way of formulating systems of linear equations so that we can write Ax = b;
see (2.10). Moreover, we defined basic matrix operations, such as addition and
multiplication of matrices. In the following, we will focus on solving systems of
linear equations and provide an algorithm for finding the inverse of a matrix.

2.3.1 Particular and General Solution

Before discussing how to generally solve systems of linear equations, let us have
a look at an example. Consider the system of equations

[
1 0 8 −4
0 1 2 12

]⎡⎢⎢⎣
x1

x2

x3

x4

⎤⎥⎥⎦ =

[
42
8

]
. (2.38)

The system has two equations and four unknowns. Therefore, in general we
would expect infinitely many solutions. This system of equations is in a partic-
ularly easy form, where the first two columns consist of a 1 and a 0. Remember
that we want to find scalars x1, . . . , x4, such that

∑4
i=1 xici = b, where we

define ci to be the ith column of the matrix and b the right-hand side of (2.38).
A solution to the problem in (2.38) can be found immediately by taking 42 times
the first column and 8 times the second column so that

b =

[
42
8

]
= 42

[
1
0

]
+ 8

[
0
1

]
. (2.39)

Therefore, a solution is [42, 8, 0, 0]�. This solution is called a particular solution particular solution

or special solution. However, this is not the only solution of this system of linear special solution

equations. To capture all the other solutions, we need to be creative in generating
0 in a nontrivial way using the columns of the matrix: Adding 0 to our special
solution does not change the special solution. To do so, we express the third
column using the first two columns (which are of this very simple form)[

8
2

]
= 8

[
1
0

]
+ 2

[
0
1

]
(2.40)

so that 0 = 8c1 + 2c2 − 1c3 + 0c4 and (x1, x2, x3, x4) = (8, 2,−1, 0). In fact,
any scaling of this solution by λ1 ∈ R produces the 0 vector, i.e.,

[
1 0 8 −4
0 1 2 12

]⎛⎜⎜⎝λ1

⎡⎢⎢⎣
8
2
−1
0

⎤⎥⎥⎦
⎞⎟⎟⎠ = λ1(8c1 + 2c2 − c3) = 0 . (2.41)
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Following the same line of reasoning, we express the fourth column of the ma-
trix in (2.38) using the first two columns and generate another set of nontrivial
versions of 0 as[

1 0 8 −4
0 1 2 12

]⎛⎜⎜⎝λ2

⎡⎢⎢⎣
−4
12
0
−1

⎤⎥⎥⎦
⎞⎟⎟⎠ = λ2(−4c1 + 12c2 − c4) = 0 (2.42)

for any λ2 ∈ R. Putting everything together, we obtain all solutions of the
equation system in (2.38), which is called the general solution, as the setgeneral solution ⎧⎪⎪⎨⎪⎪⎩x ∈ R4 : x =

⎡⎢⎢⎣
42
8
0
0

⎤⎥⎥⎦+ λ1

⎡⎢⎢⎣
8
2
−1
0

⎤⎥⎥⎦+ λ2

⎡⎢⎢⎣
−4
12
0
−1

⎤⎥⎥⎦ , λ1, λ2 ∈ R

⎫⎪⎪⎬⎪⎪⎭ . (2.43)

Remark. The general approach we followed consisted of the following three
steps:

1. Find a particular solution to Ax = b.
2. Find all solutions to Ax = 0.
3. Combine the solutions from steps 1 and 2 to the general solution.

Neither the general nor the particular solution is unique. ♦
The system of linear equations in the preceding example was easy to solve

because the matrix in (2.38) has this particularly convenient form, which al-
lowed us to find the particular and the general solution by inspection. However,
general equation systems are not of this simple form. Fortunately, there exists a
constructive algorithmic way of transforming any system of linear equations into
this particularly simple form: Gaussian elimination. Key to Gaussian elimination
are elementary transformations of systems of linear equations, which transform
the equation system into a simple form. Then we can apply the three steps to the
simple form that we just discussed in the context of the example in (2.38).

2.3.2 Elementary Transformations

Key to solving a system of linear equations are elementary transformations thatelementary
transformations keep the solution set the same, but that transform the equation system into a

simpler form:

▪ Exchange of two equations (rows in the matrix representing the system of
equations)

▪ Multiplication of an equation (row) with a constant λ ∈ R\{0}
▪ Addition of two equations (rows)

Example 2.6
For a ∈ R, we seek all solutions of the following system of equations:

−2x1 + 4x2 − 2x3 − x4 + 4x5 = −3
4x1 − 8x2 + 3x3 − 3x4 + x5 = 2
x1 − 2x2 + x3 − x4 + x5 = 0
x1 − 2x2 − 3x4 + 4x5 = a

. (2.44)
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We start by converting this system of equations into the compact matrix
notation Ax = b. We no longer mention the variables x explicitly and build
the augmented matrix (in the form

[
A | b

]
) augmented matrix⎡⎢⎢⎣

−2 4 −2 −1 4 −3
4 −8 3 −3 1 2
1 −2 1 −1 1 0
1 −2 0 −3 4 a

⎤⎥⎥⎦
Swap with R3

Swap with R1

where we used the vertical line to separate the left-hand side from the right-
hand side in (2.44). We use � to indicate a transformation of the augmented
matrix using elementary transformations. The augmented matrix[

A | b
]

compactly
represents the system
of linear equations
Ax = b.

Swapping Rows 1 and 3 leads to⎡⎢⎢⎣
1 −2 1 −1 1 0
4 −8 3 −3 1 2

−2 4 −2 −1 4 −3
1 −2 0 −3 4 a

⎤⎥⎥⎦ −4R1

+2R1

−R1

When we now apply the indicated transformations (e.g., subtract Row 1 four
times from Row 2), we obtain⎡⎢⎢⎣

1 −2 1 −1 1 0
0 0 −1 1 −3 2
0 0 0 −3 6 −3
0 0 −1 −2 3 a

⎤⎥⎥⎦
−R2 −R3

�

⎡⎢⎢⎣
1 −2 1 −1 1 0
0 0 −1 1 −3 2
0 0 0 −3 6 −3
0 0 0 0 0 a+1

⎤⎥⎥⎦ ·(−1)
·(−1

3)

�

⎡⎢⎢⎣
1 −2 1 −1 1 0
0 0 1 −1 3 −2
0 0 0 1 −2 1
0 0 0 0 0 a+1

⎤⎥⎥⎦
This (augmented) matrix is in a convenient form, the row-echelon form row-echelon form

(REF). Reverting this compact notation back into the explicit notation with
the variables we seek, we obtain

x1 − 2x2 + x3 − x4 + x5 = 0
x3 − x4 + 3x5 = −2

x4 − 2x5 = 1
0 = a+ 1

. (2.45)

Only for a = −1 this system can be solved. A particular solution is particular solution⎡⎢⎢⎢⎢⎣
x1

x2

x3

x4

x5

⎤⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎣
2
0
−1
1
0

⎤⎥⎥⎥⎥⎦ . (2.46)
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The general solution, which captures the set of all possible solutions, isgeneral solution ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩x ∈ R5 : x =

⎡⎢⎢⎢⎢⎣
2
0
−1
1
0

⎤⎥⎥⎥⎥⎦+ λ1

⎡⎢⎢⎢⎢⎣
2
1
0
0
0

⎤⎥⎥⎥⎥⎦+ λ2

⎡⎢⎢⎢⎢⎣
2
0
−1
2
1

⎤⎥⎥⎥⎥⎦ , λ1, λ2 ∈ R

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ . (2.47)

In the following, we will detail a constructive way to obtain a particular and
general solution of a system of linear equations.

Remark (Pivots and Staircase Structure). The leading coefficient of a row (first
nonzero number from the left) is called the pivot and is always strictly to the rightpivot

of the pivot of the row above it. Therefore, any equation system in row-echelon
form always has a “staircase” structure. ♦

Definition 2.6 (Row-Echelon Form). A matrix is in row-echelon form ifrow-echelon form

▪ All rows that contain only zeros are at the bottom of the matrix; correspond-
ingly, all rows that contain at least one nonzero element are on top of rows that
contain only zeros.

▪ Looking at nonzero rows only, the first nonzero number from the left (also
called the pivot or the leading coefficient) is always strictly to the right of thepivot

leading coefficient pivot of the row above it.
In other texts, it is
sometimes required
that the pivot is 1.

Remark (Basic and Free Variables). The variables corresponding to the pivots in
the row-echelon form are called basic variable, and the other variables are free

basic variable
free variable

variable. For example, in (2.45), x1, x3, x4 are basic variables, whereas x2, x5

are free variables. ♦
Remark (Obtaining a Particular Solution). The row-echelon form makes our
lives easier when we need to determine a particular solution. To do this, we
express the right-hand side of the equation system using the pivot columns, such
that b =

∑P
i=1 λipi, where pi, i = 1, . . . , P , are the pivot columns. The λi are

determined easiest if we start with the rightmost pivot column and work our way
to the left.

In the previous example, we would try to find λ1, λ2, λ3 so that

λ1

⎡⎢⎢⎣
1
0
0
0

⎤⎥⎥⎦+ λ2

⎡⎢⎢⎣
1
1
0
0

⎤⎥⎥⎦+ λ3

⎡⎢⎢⎣
−1
−1
1
0

⎤⎥⎥⎦ =

⎡⎢⎢⎣
0
−2
1
0

⎤⎥⎥⎦ . (2.48)

From here, we find relatively directly that λ3 = 1, λ2 = −1, λ1 = 2. When
we put everything together, we must not forget the nonpivot columns for which
we set the coefficients implicitly to 0. Therefore, we get the particular solution
x = [2, 0,−1, 1, 0]�. ♦


