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INTRODUCTION 

An international conference Groups St Andrews 1997 in Bath was held on the 
campus of the University of Bath during the period 26 July - 9 August 1997. 
Some 299 mathematicians from 41 countries were involved in the meeting, as well 
as 82 family members and partners. This was the fifth meeting of the four-yearly 
Groups St Andrews Conferences, and the series continues to flourish. The shape 
of the conference was similar to the previous conferences in that the first week was 
dominated by five series of talks, each surveying an area of rapid contemporary 
development in group theory. The main speakers were Laszlo Babai (Chicago), 
Martin Bridson (Oxford), Chris Brookes (Cambridge), Cheryl Praeger (Western 
Australia) and Aner Shalev (Jerusalem). The second week featured two special 
days, a Burnside Day and a Lyndon Day. Our thanks are due to Efim Zelmanov 
(Yale) and Chuck Miller III (Melbourne), respectively, for helping organise the 
programmes for these days. In addition the week contained a wide variety of 
research talks. In the evenings throughout the conference, and during the rest 
periods, there was an extensive social programme, only some of which was disrupted 
by rain. There was also much extemporised music-making in the Senior Common 
Room in the evenings. 

These Proceedings contain the written evidence of the academic achievements 
of the conference. The five main speakers have all provided substantial survey 
articles, giving a wide perspective on their fields. In the case of Laszlo Babai, the 
article is written jointly with Bob Beals (Arizona), one of the invited speakers of 
the second week. Sixteen other papers in these Proceedings are written by authors 
who gave one hour invited lectures. A rigorous journal-style refereeing process was 
applied to all the research articles and survey articles submitted for publication in 
the Proceedings. 

Less easy to quantify, but much more important, were the exchanges of ideas 
and joint work that was done, both at the conference and as a result of meetings' at 
the conference. As the largest regular meeting on group theory in the world, this 
series has provided a continuing stimulus to research in group theory. 

There are many who helped to make the conference a memorable occasion; in 
particular we thank Mrs Nada Harvey for secretarial assistance, and Mr John 
McDermott, Mr Aaron Wilson and many other students from the Department of 
Mathematical Sciences of the University of Bath whose help in the day to day 
running of the conference was invaluable. Many of Geoff Smith's colleagues from 
the academic staff of the Department of Mathematical Sciences gave valuable help 
and we particularly thank Professor John Toland for guidance on conference orga
nization, and Dr Fran Burstall for 'lEX and 1l\'lEX assistance to the the conference 
and its newspaper, The Daily Group Theorist. 

We record our thanks also to the then Head of School, Professor Alastair Spence, 
and to the Pro-Vice Chancellor, Professor I M Jamieson, for smoothing the path 
of the conference organization. For her constructive attitude and industrious work 
with the conference accommodation we thank Marian Short from the conference 
office of the University of Bath. 
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IKTRODUCTION 

It is a pleasure to acknowledge the excellent level of support we received from 
various funding bodies. The Edinburgh Mathematical Society and the London 
Mathematical Society provided financial help which defrayed the main speakers' 
travel, registration and accommodation expenses. The London Mathematical So
ciety additionally sponsored three visitors from Moscow State University, Profes
sor A. Yu. Ol'shanskii, and two research students Ivan Arzhantsev and Gulnara 
Arzhantseva. This funding provided support for travel, accommodation, conference 
fees and subsistence. The Royal Society of London treated the conference as two 
meetings, because of its exceptional size, and because it is held only once in four 
years. They therefore generously supported four visitors from the former Soviet 
Union. 

We also gratefully acknowledge the financial support from the University of 
Bath Initiative Fund, the Department of Mathematics of the University of Bath 
and the School of Mathematical and Computational Sciences of the University of St 
Andrews. We thank the Bath and North-East Somerset Council for hosting a civic 
reception at the Roman Baths. Finally, it is a pleasure to thank Olga Tabachnikova 
both for her assistance in countless aspects of conference organization, and for the 
loan of Geoff Smith. 

Colin Campbell 
Ed Robertson 
Nik RuSkuc 
Geoff Smith 
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RADICAL RINGS AND PRODUCTS OF GROUPS 

BERNHARD AMBERG" and YAROSLAV SYSAKt l 

"Fachbereich Mathematik der Universitiit Mainz, D-55099 Mainz, Germany 
tlnstitute of Mathematics, Ukrainian National Academy of Sciences, 252601 Kiev, Ukraine 

1 Introduction 

Groups which can be written as a product G = AB of two of its subgroups A and 
B have been studied by many authors; see for instance the monograph [8]. In these 
investigations groups of the form G = AB = AM = BM where M is a normal 
subgroup of G playa particular role. If M is abelian and the intersections A n M 
and B n M are trivial, there is an interesting connection with radical rings (in 
sense of Jacobson) and their generalisations to so-called radical modules. In the 
following we will discuss in detail some aspects of this connection and, in addition, 
consider certain structural questions about radical rings. 

The notation is standard and can be found in [36] and [37] for the group
theoretical terminology and in [27] and [40] for the ring-theoretical terms. 

2 FUndamentals 

2.1 Triply factorized groups 

Consider a group G = AB which is the product of two subgroups A and B. To 
study such groups it is desirable to find subgroups of G which are likewise the 
product of a subgroup of A with a subgroup of B. We recall some elementary 
facts, which can be found in [8], Section 1.1. 

A subgroup S of the group G = AB is called factorized if S = (A n S)( B n S) 
and An B <;;; S. It is easy to see that a subgroup S of G = AB is factorized if and 
only if, whenever ab E S with a E A and b E B, then a E S. In particular, the 
group G = AB itself is factorized. 

Obviously the intersection of an arbitrary set of factorized subgroups of G = AB 
is a factorized subgroup of G. Therefore, if U is a subgroup of G = AB, then there 
exists a smallest factorized subgroup X( U) of G containing U; this subgroup X( U) 
is called the Jactorizer of U in G. Clearly, a subgroup U of G = AB is factorized 
if and only if U = X(U). 

If N is a normal subgroup of G = AB, then X(N) = AN n BN = N(An BN) = 
N(BnAN) = (AnBN)(BnAN) (see [8], Lemma 1.1.4). This means that in many 
investigations of factorized groups one has to consider triply Jactorized groups of 
the form G = AB = AM = BM where M is a normal subgroup of G. If M is 

'The second author likes to thank the Deutsche Forschungsgemeinschaft for financial support 
and the Department of Mathematics of the University of Mainz for its excellent hospitality during 
the preparation of this paper. 
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abelian, then C = (A n M)(B n M) is normal in G. Factoring out this normal 
subgroup we arrive at a triply factorized group 

G = AB = AM = BM with the "intersection property" An M = B n M = 1. 

In this case A and B are complements of M in the factorized group G = AB, and 
M is a ZA-module with special properties. Note that A and B are not conjugate 
unless A = B = G. 

2.2 Radical rings 

Let R be an associative ring, not necessarily with an identity element. The set of all 
elements of R forms a semigroup with identity element 0 E R under the operation 
a 0 b = a + b + ab for all a and b of R. The group of all invertible elements of this 
semigroup is called the adjoint group of R and denote by RO. Following Jacobson 
([27], p. 4) a ring R is called radical if R = RO, which means that R coincides with 
its Jacobson radical. Obviously such a ring does not have an identity element. If 
the radical ring R is embedded in the usual way into a ring RI with identity 1, 
then RO is isomorphic with the subgroup 1 + R of the group of units of R I . It is 
easy to see that this property even characterizes radical rings. It should be also 
noted that subrings of a radical ring need not be radical, but right and left ideals, 
homomorphic images and cartesian products of radical rings are always radical. 
The next theorem gives an other important property of radical rings (see [27], 
p.ll). 

Theorem 2.1 If R is a radical ring, then the ring Mn(R) of all n x n matrices 
over R is likewise radical. 

A ring R is a nil ring if every element a of R is nilpotent, i.e. there exists a 
positive integer n = n( a) such that an = o. It is clear that every nil ring is radical, 
and it is not difficult to see that a radical ring is nil if and only if each of its sub rings 
is radical. 

Example 2.2 For every prime p let Wp be the set of all rational numbers whose 
numerator is divisible by p, but not its denominator. Then Wp is a radical ring, as 
1 + Wp is a group. But Wp has no non-trivial nilpotent elements, and so is not nil. 
Moreover, every finitely generated subring of Wp is not radical. 

For each positive integer n let Rn be a sub ring of R which is generated by all 
products of n elements of R. Clearly Rn is an ideal of R. A ring R is nilpotent if 
Rn+1 = 0 for some non-negative integer nj the smallest such n is called the class of 
R. For instance, for every prime p and every natural number n the ring pZ/pn+lz is 
nilpotent of class n. Trivial examples of nilpotent rings are the null rings, i.e. those 
of class 1. A proper subclass of the class of nil rings which contains all nilpotent 
rings is the class of locally nilpotent rings, in which every finitely generated subring 
is nilpotent. The first example of a nil ring which is not locally nilpotent was 
given by Golod (see for instance [40], Theorem 6.2.9). Properly contained between 
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the nilpotent rings and the locally nilpotent rings is the class of T -nilpotent rings, 
in which every non-trivial homomorphic image has a non-trivial annihilator. The 
direct sum of the nilpotent rings pZ/pn+lz for every non-negative integer n is a 
T-nilpotent ring which is not nilpotent. Observe that a ring R is nilpotent, T
nilpotent or locally nilpotent if and only if for each positive integer n the matrix 
ring Mn(R) has the same property, respectively. However it is unknown at present 
whether for a nil ring R the ring M2(R) is also nil. This question is equivalent to 
the famous problem of Koethe that every nil one-sided ideal of a ring is contained 
in a nil ideal of this ring (see [41]). 

The relation among all above-mentioned classes of rings can be seen from the 
following list, where each class is a proper subclass of the preceding one. 

• radical rings 

• nil rings 

• locally nilpotent rings 

• T-nilpotent rings 

• nilpotent rings 

• null rings 
Observe also that if a ring R is nilpotent of class n, T-nilpotent or locally nilpo

tent, then its adjoint group RO is nilpotent of class at most n, hypercentral or 
locally nilpotent, respectively, and if R is a null ring, then RO is isomorphic with 
its additive group R+. As Example 2.2 shows, the converse of this statement is 
false. 

2.3 Construction of triply factorized groups 

Radical rings may be used to construct examples of triply factorized groups in the 
following way (see [45] and [8], Section 6.1). 

Let P be a right ideal of the radical ring R and let M = R/ P as a right R
module. The adjoint group A = RO operates on M via the rule m a = m + ma for a 
in A and min M. The associated group G(M) = A ~ M is the semidirect product 
of M by A. If B = {am I m = a + P, a E A} is the diagonal of G(M), then B is a 
subgroup of G(M) and 

G = G(M) = A ~ M = B ~ M = AB. 

Moreover, B is isomorphic to RO and the intersection An B is isomorphic to po. 
If in particular P = 0, then the normal subgroup M of G(M) is isomorphic to the 
additive group R+ of R and An B = 1. In this case, the group G(R) can also be 
represented as a matrix group over R. 

Indeed, consider the ring of 2 X 2-matrices of the form (~ ~) over a radical 

ring R. This is a left ideal of the matrix ring M 2(R) and so is a radical ring by 
Theorem 2.1. If this ring is regarded as a sub ring of the matrix ring M2(R1 ), then 
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the adjoint group of M 2(R) is isomorphic with the multiplicative subgroup 

f(R) = (~ 1: R ) 

of the group of units of M2(R1 ). It is easy to see that the group f(R) is isomorphic 

to G(R), its subgroups AR = (~ 11 R ) and MR = (~ ~) are isomorphic 

to A and M, respectively, and the subgroup BR of f(R) consisting of all 2 x 2-

matrices of the form (~ 1: r ) where r E R is isomorphic to B. 

We mention some elementary relations between certain properties of the ring R 
and those of the group f(R). Observe first that if S is a radical subring of R, then 
f(S) is a subgroup off(R). Moreover, a subgroup G of f(R) has the decomposition 
G = AB = AM = BM with A = AR n G, B = BR n G and M = MR n G, if and 
only if G = f(S) for some radical sub ring S of R. 

Lemma 2.3 Let S be a radical subring of a radical ring R. Put As = AR n f(S), 
Bs = BR n f(S) and Ms = MR n f(S). Then the following statements are valid. 

1) f(S) = AsBs = AsMs = BsMs. 
2) The subring S is a right, left or two-sided ideal of R if and only if Ms is 

normal in f(R), f(S) is normal in AsMR or f(S) is normal in f(R), re
spectively. 

3) If 1. Rand R1. are the left and right annihilators of R respectively, then 

CMR(AR) = (~ 1. ~ ) and CAR(MR) = (~ 1 +OR1. ). In particular, 

if R has no divisors of zero, then CAR(MR) = CMR(AR) = 1. 

4) The ring R is nilpotent of class n or locally nilpotent if and only if the group 
f(R) is nilpotent of class n or locally nilpotent, respectively. 

5) The ring R is a Fitting ring, i.e. R is a sum of its nilpotent ideal, if and 
only if the group f( R) is a product of nilpotent normal subgroups of the form 
G = AB = AM = BM where A = AR n G, B = BR n G and M = MR n G. 

Conversely, if G = AB = AM = BM is a triply factorized group with three 
abelian subgroups A, Band M where M is normal in G and An B = An M = 
B n M = 1, then there exist a commutative radical ring R and an isomorphism a 
from G onto f(R) such that a(A) = AR, a(M) = MR and a(B) = BR (for details 
see [8], Proposition 6.1.4). This result cannot immediately be extended to triply 
factorized groups with nilpotent subgroups A, Band M, as the following example 
shows. 

Example 2.4 Let M be an elementary abelian group of order 8 generated by 
elements ml, m2, m3 of order 2, and let A be a dihedral group of order 8 generated 
by elements a and b such that a4 = b2 = (ab)2 = 1. The operation of A on M be 
as follows: 
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Let B be the subgroup of the semidirect product G = AM of M by A generated 
by the elements am3 and bm2. Then G = AB = AM = BM is a nilpotent group 
with A n B = A n M = B n M = 1 and there exists no radical ring R such that G 
is isomorphic to r(R). 

Indeed, assume that there exists such a radical ring R. It is well-known that the 
Jacobson radical of a ring with minimal condition on left or right ideals is nilpotent 
(see [27], p. 38). This implies in particular that the finite radical ring R is nilpotent 
and so Rl. f. o. Therefore CA(M) f. 1 by Lemma 2.3.3. On the other hand, direct 
computation shows that CA(M) = 1, a contradiction. 

2.4 Examples 

Some examples of triply factorized groups with additional properties can be con
structed for various radical rings and can be found in [45] and [8]. Their properties 
follow from those of the radical rings under consideration and from Lemma 2.3. 

First, using the Jacobson radical of the algebra F[[xll of formal power series 
in an indeterminate x over the field F of p elements, which coincides with the 
ideal xF[[xll (see [27], p. 21), as an example of a radical F-algebra, we obtain the 
following. 

Example 2.5 There exists a met abelian group G with the following properties. 

(i) G = AB = AM = BM where A and B are torsion-free abelian subgroups and 
M is an infinite elementary abelian normal p-subgroup for some prime p. 

(ii) An B = An M = B n M = 1. 

(iii) 1 is the only normal subgroup of G contained in A or B. 

Next, let R be the augmentation ideal of the group algebra FA of a Priifer 
p-group A over the field F with p elements. Then R is a nil F-algebra (see for 
instance [33], Lemma 8.1.17) whose additive group R+ is an infinite elementary 
abelian p-group and the adjoint group RO is a divisible abelian p-group of infinite 
rank. For every r of R there is an s in R such that 1 + r = (1 + s)P = 1 + sP and 
so r = sP = ssp-l E R2. Thus R = R2. It easy to see that the ideal r F A of R is 
nilpotent for every r of R and so R is generated by its nilpotent ideals. This leads 
to the following. 

Example 2.6 There exists a met abelian p-group G with the following properties. 

(i) G = AB = AM = BM where A and B are divisible abelian subgroups and 
M = G' is an elementary abelian normal subgroup of G. 

(ii) An B = A n M = B n M = 1. 

(iii) G has trivial centre and is generated by its nilpotent normal subgroups. 

(iv) 1 is the only normal subgroup of G contained in A or B. 

(v) There is no proper normal subgroup of G containing A or B. 
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Finally, for every prime p there exists a commutative nil ring R of characteristic 
p, whose adjoint and additive groups are both elementary abelian p-groups, and 
such that RZ = R. This leads to the following example (see [8], Theorem 6.1.3). 

Example 2.7 (Holt and Howlett [26]) For every prime p there exists a countable 
locally finite group G of exponent pZ with the following properties. 

(i) G = AB = AM = BM, where A, B, and M are elementary abelian p
subgroups and M is normal in G. 

(ii) An B = An M = B n M = 1. 

(iii) G has trivial centre and is generated by its nilpotent normal subgroups. 

(iv) 1 is the only normal subgroup of G contained in A or B. 

(v) There is no proper normal subgroup of G containing A or B. 

2.5 Adjoint groups factorized by three pairwise permutable subgroups 

Let R be a radical ring and RI a ring obtained from R by adjoining an identity 
1. Denote by rz(R) the group of all invertible 2 X 2-matrices over RI that are 
congruent to the identity matrix modulo R, and by tij( r) the transvection with the 
element r in the position (i, j). In fact, 

rz(R) = ( 1 +RR R ) l+R . 

It is easy to see that this group is isomorphic to the adjoint group of the matrix ring 
Mz(R) which is radical by Theorem 2.1. The following assertion can be verified 
directly. 

Proposition 2.8 (Sysak [46]) Let A be the subgroup ofrz(R) consisting of all its 
diagonal matrices, B = t12 ( -l)At12(l) and C = tZI( -l)AtZI(l). Then rz(R) = 
ABC and the subgroups A, B, C commute pairwise, i.e. AB = BA, AC = CA 
and BC = CB. 

It is clear that if the ring R is commutative, then the subgroups A, Band 
C of rz(R) are abelian. Hence, as a consequence of Proposition 2.8 we obtain 
the existence of insoluble linear groups over a field that are the product of three 
pairwise permutable abelian subgroups (see [46]). Note that every group which is 
a product of two abelian subgroups must be metabelian by a well-known theorem 
of Ito (see [8], Theorem 2.1.1). 

Corollary 2.9 Let F be a field whose multiplicative group is non-periodic. Then in 
F there exists a radical subring R =I 0, and the group rz(R) contains a non-abelian 
free subgroup. In particular, rz(R) is an insoluble linear group over F which is a 
product of three pairwise permutable abelian subgroups. 
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The next example follows from Proposition 2.8 and shows that for every prime p 
and each natural number d there exists a finite p-group that is decomposable into 
a product of three pairwise permutable cyclic subgroups and whose derived length 
is greater than d. 

Example 2.10 Let p be a prime and R = p'Zpm for the odd p or R = 4'Z2m for 
p = 2 where m ~ 3. Then the factor group f2(R)j Z(f2(R)) is a product of three 
pairwise permutable cyclic subgroups of orders pm-lOr 2m - 2 , respectively, and its 
derived length is at least log2(m). 

2.6 Some general questions 

The above construction raises the following questions: 

(1) What can be said about the structure of the adjoint group of a radical ring? 

(2) Which relations exist among the groups RO , R+, and G(R) for a radical ring 
R? 

(3) How can these results be used in the study of factorized groups? 

(4) Which triply factorized groups with special properties can be constructed 
using various radical rings? 

(5) Which results about factorized groups can be used to study radical rings? 

3 The structure of radical rings 

3.1 Finiteness conditions 

The following finiteness conditions play an important role in the theory of infinite 
groups with generalized solubility conditions (see [36]). It is easy to find abelian 
groups to show that all these classes are distinct. 

• A group G has min (max) if it satisfies the minimum (maximum) condition 
on subgroups. 

• G is a minimax group if it has a finite series whose factors satisfy the minimum 
or maximum condition on subgroups. 

• G has finite Priifer rank r = r( G) if every finitely generated subgroup of G 
can be generated by r elements and r is the least such number. 

• G has finite abelian section rank if every elementary abelian p-section of G is 
finite for every prime p. 

• G has finite torsion-free rank if it has a series of finite length whose factors 
are periodic or infinite cyclic. The number of infinite cyclic factors in any 
such series is an invariant of G called its torsion-free rank ro( G). 

In particular a group G is periodic if and only if it has torsion-free rank TO( G) = O. 
If N is a normal subgroup of the group G with finite torsion-f ree rank, then it 
is easy to see that TO(G) = ro(N) + To(GjN). Thus the torsion-free rank is an 
excellent tool for induction arguments. 
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3.2 The adjoint group of a radical ring 

Since the Jacobson radical of a ring with minimal condition on left or right ideals is 
nilpotent, the adjoint group of every finite radical ring is nilpotent. The following 
theorem gives some information on the structure of the adjoint group of an arbitrary 
radical ring. Recall that a group G is an S N -group if it has a (general) series with 
abelian factors (see [37], p. 365). If X is a group-theoretical property, then a group 
G is a locally X-group, if every finitely generated subgroup of G has the property 
X. 

Theorem 3.1 (Amberg, Dickenschied and Sysak [4]) The adjoint group RO of 
every radical ring R is an S N -group in which every (locally) finite subgroup is 
(locally) nilpotent. 

Using similar arguments as in [4], it can even be proved that in every periodic 
subgroup G of the adjoint group RO of a radical ring R each two elements of 
coprime orders are permutable. However, we do not know at present whether such 
a periodic subgroup is the direct product of its primary components. This is in fact 
the case if the annihilator of R is trivial or RO has no central Priifer subgroups. The 
matter in question can be reduced to the following more general problem which is 
of independent interest. Does every central extension G of a Prilfer p-group by a 
periodic p' -group split if G is an S N -group? It should be noted that if G is not an 
S N -group, then an example of Adjan ([1], p. 276, VII.lo9) shows that there exists 
such a non-split extension. 

Since SN-groups which satisfy min are locally finite (see [36], vol. 1, p. 71, Corol
lary), Theorem 3.1 also implies that every subgroup with min of the adjoint group 
of a radical ring is also locally nilpotent. However, it follows from a result of 
Neroslavskii that subgroups of the adjoint group of a radical ring which have max 
need not be locally nilpotent. In fact, in [32] a radical algebra over the finite field 
GF(p) for some prime p ::f. 2 is given in which the adjoint group RO contains a 
subgroup G ~ (a) I>( (b) with a-1ba = b2 and where a has infinite order and b has 
order p. In particular G is polycyclic, but not nilpotent. This example also shows 
that there exist radical rings whose adjoint group does not have a central series. 

It should be noted that if a polycyclic subgroup G of the adjoint group of a 
radical ring R generates R as a ring, then R must be a nilpotent ring and so G is 
a nilpotent group. This is a consequence of a deep result of Roseblade (see [39], 
Theorem B). Moreover, if G is locally polycyclic with finite torsion-free rank, then 
R is a locally nilpotent ring and so G is a locally nilpotent group, as follows from an 
observation by Brown (see the remarks preceding Corollary 4.6 in [17]). It would 
be interesting to know whether the last statement can be extended to the case when 
the group G is (locally) minimax. A number of locally nilpotent subgroups of the 
adjoint group of certain radical rings are also pointed out in [4]. In particular, 
the adjoint group of a nil ring contains many locally nilpotent subgroups, some of 
which can be found by the following result. 

Let X be a group-theoretical property such that every X-group has an ascending 
series with locally finite or locally nilpotent factors. 
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Theorem 3.2 (Amberg, Dickenschied and Sysak [4]) Let G be a subgroup of the 
adjoint group of a nil ring R. Then G is locally nilpotent if one of the following 
conditions holds: 

(i) G is a locally X-group, 

(ii) Every finitely generated subgroup of G has finite Priifer rank. 
Moreover, if G is locally nilpotent, then the subring of R generated by G is a locally 
nilpotent ring. 

In particular, every m<tximallocally nilpotent subgroup of the adjoint group of 
a nil ring is in fact a sup ring of this ring. 

Observe also that examples of simple radical rings with R2 = R exist (see [42]), 
whereas examples of simple nil rings are unknown. 

3.3 Finiteness condition on the adjoint group 

It is interesting to investigate the relation between the adjoint group and the addi
tive group of a radical ring R. One of the first results in this direction was obtained 
by Watters [51], who showed that the adjoint group of a radical ring R has max if 
and only if its additive group is finitely generated, and in this case R is nilpotent. 
The following theorem extends this result to the class of minimax groups. 

Theorem 3.3 (Amberg and Dickenschied [3]) Let X be a class of minimax groups 
which is closed under the forming of subgroups, epimorphic images and extensions. 
The following conditions of the radical ring R are equivalent: 
(1) The additive group R+ is an X-group, 

(2) The associated group G(R) is an X-group, 

(3) The adjoint group RO is an X-group. 
In this case R is a nilpotent ring. 

Consider again the radical ring W2 of all rational numbers with odd denominator 
and even numerator from Example 2.2. Clearly the additive group of W2 has 
Priifer rank 1, but its adjoint group has infinite torsion-free rank, since 1 + W2 

is generated by -1 and all odd primes. Therefore there is no complete analogue 
of Theorem 3.3 for the other finiteness conditions mentioned above. However, the 
following theorem shows that these finiteness conditions are inherited from the 
adjoint group of a radical ring R to its additive group and that they imply some 
nilpotency conditions of the ring R. 

Theorem 3.4 (Amberg and Dickenschied [3]) Let R be a radical ring. Then the 
following holds: 
(a) If RO has finite torsion-free rank n, then also ro(R+) = n, and R is a nil ring, 

(b) If RO has finite abelian section rank, then so does R+, and R is aT-nilpotent 
ring of class cl(R) ::; w + ro(R+), 
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( C) If RO has finite Priifer rank, then so does R+, and r( R+) is bounded by a 
function which only depends on r(RO). 

Here a ring R is called T-nilpotent of class cl(R) = a if B",(R) = R and a is the 
least ordinal with this property, where the transfinite annihilator series of a ring 
R is defined by 

Bo(R) = 0, 

for each ordinal a and for each limit ordinal .\ 

B),(R) = U B",(R). 
(3<), 

It is reasonable to ask which is the best bound for the Priifer rank in Theorem 
3.4{c). Note that this is unknown even if R is commutative. Is perhaps r(R+) ::; 
2r( RO) in this latter case? 

The following result shows that the converse of Theorem 3.4 holds for nil rings. 
It is easy to see that the adjoint group of a nil ring is a p-group (torsion-free) if 
and only if, its additive group is a p-group (torsion-free). 

Theorem 3.5 (Dickenschied [20]) If R is a nil-ring, then the following holds: 
(a) If R+ has finite torsion-free rank n, then also ro(RO) = n, 

(b) If R+ has finite abelian section rank, then so does RO, 

(c) If R+ has finite Priifer rank, then so does RO, and r(RO) ::; 3r(R+). If R+ 
contains no element of order 2 then even r(RO) ::; 2r(R+). 

Statements (b) and (c) also hold for radical rings whose additive group is periodic 
(see [20]). On the other hand, if F is the field with p elements and F[[x]] is the 
ring of formal power series in an indeterminate x over F, then the Jacobson radical 
xF[[xll of F[[x]] gives an example of a radical ring R, whose additive group is an 
elementary abelian p-group, but whose adjoint group is torsion-free and has infinite 
torsion-free rank. 

Which groups can occur as the adjoint group of a radical ring? This problem 
was in part discussed in [30]. Obviously, every abelian group A is the adjoint group 
of the null ring on A. For finite groups it suffices to consider only p-groups. Finite 
abelian groups which occur as the adjoint group of some commutative nilpotent 
p-algebra were discussed by Eggert in [23]. He proved that a finite abelian p-group 
A is the adjoint group of such an algebra if r(Apn) 2: p. r(Apn+l) for every n 

with Apn " 1 and conjectured that the converse of this statement is also true. 
An affirmative answer to this conjecture would imply that the above-mentioned 
inequality r(R+) ::; 2r(RO) holds for every commutative radical ring R. 

Kaloujnine has shown in [28] that every p-group of class 2 for every odd prime 
p is isomorphic to the adjoint group of some nilpotent ring. In fact, all groups of 
order p, p2 and p3 occur as the adjoint of some nilpotent ring, but a group of order 
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p4 if and only if it is nilpotent of class:::: 2. Ault and Watters conjectured in (16) 
that any nilpotent group G of class 2 is the adjoint group of a nilpotent ring of 
class 2. This conjecture was disproved in (25), where it was also shown, that this 
holds if the factor group G / G' is a direct product of cyclic groups, or is radicable, 
or is torsion, or is torsion-free and completely decomposable. However, it seems to 
be unknown at present whether every nilpotent group of class 2 can occur as the 
adjoint group of some nilpotent ring of class ~ 2 or at least of some radical ring. In 
(24) Gorlov gives a characterisation of all finite nilpotent algebras with metacyclic 
adjoint group and in (34) Popovich and Sysak classify all radical algebras in which 
every subgroup of the adjoint group is a subalgebra. 

3.4 Engel and Lie conditions 

If aI, a2,'" are elements of the ring R, the Lie-commutators [al,"" an+I) are 
defined by [aI, a2) = ala2 - a2al and [a], ... , an+I) = [[a], ... , an), an+I) for all 
n ~ 2. The ring R is called Lie-nilpotent of class at most n, if [a], ... , an+d = 0 
for all aI, .. . an+l of R. Moreover, the ring R is Engel if [a, b, ... , b) = 0 for each 
pair of elements a and b in R, and n-Engel if b appears exactly n-times. Note 
that Engel and n-Engel groups are defined in a corresponding way where the usual 
group commutator replaces the Lie-commutator. 

Du has shown in (22) that a radical ring R is Lie-nilpotent of class n if and only 
if its adjoint group RO is nilpotent of class n, where n is any positive integer. The 
question arises whether a radical ring R is n-Engel if and only if its adjoint group 
RO is n-Engel. 

For n = 1 this is trivially true. The cases n = 2 and n = 3 are treated in the 
dissertation of O. Dickenschied (21). In particular it is proved there that the ring 
R is 2-Engel, if and only if, its adjoint group RO is a 2-Engel group; in this case, R 
is Lie-nilpotent of class:::: 3 and thus RO is nilpotent of class:::: 3. It is also shown 
that if R is 3-Engel without elements of additive order 2, then R is a 3-Engel ring if 
and only if RO is a 3-Engel group. Notice that subgroups of the adjoint group of a 
radical ring and in particular the adjoint group itself can be n- Engel for a positive 
integer n only if they are locally nilpotent. This is in fact a consequence of Theorem 
3.1 and Zelmanov's solution of the Restricted Burnside Problem. Furthermore, it 
follows from a result of Shalev (44) that, if a radical ring is an n-Engel algebra over 
a field of prime characteristic, then the adjoint group RO of R is m-Engel for some 
m depending on n, and so RO is also locally nilpotent. It is easy to check that 
every nil ring is an Engel ring. Thus the question arises what can be said about the 
adjoint group RO of a nil ring R. Is RO perhaps always an Engel group? On the 
other hand, if for a radical ring R the adjoint group of the matrix ring M 2 (R) or 
even the associated group G(R) is Engel, then R is a nil ring (see (4)). 

There are also some results on a radical ring R whose associated Lie ring, i. e. the 
ring R with the operation [a, b) = ab - ba, is soluble. By a theorem of Smirnov and 
Zalesskii (43), such a ring R has a nilpotent ideal I whose factor ring R/ I is centre
by-metabelian as a Lie ring. However, the adjoint group RO of R need not be soluble 
in this case. Indeed, if F is a field of characteristic 2, whose multiplicative group is 
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non-periodic, and R is a non-zero radical sub ring of F, then the matrix ring M 2(R) 
is radical and its associated Lie ring is centre-by-metabelian, but the adjoint group 
of this ring is isomorphic to the group fz(R) and so is not soluble by Corollary 
2.9. Moreover, it is proved in [35) that for each field F of characteristic p 2:: 0 there 
exists a finite-dimensional nilpotent F-algebra which satisfies the identity x ZP = 0 
whenever p > 2 and x 8 = 0 when p = 2 and which is Lie centre-by-metabelian but 
fails to have a centre-by-metabelian adjoint group. 

On the other hand, the adjoint group of every radical ring with metabelian as
sociated Lie ring is likewise met abelian by a result of Krasil'nikov in [29). Here 
it is also asked whether a radical ring with metabelian adjoint group must have a 
metabelian associated Lie ring. For nil rings this question was answered affirma
tively. We remark that, using this, it can be proved that every radical ring which 
is finitely generated as a ring and whose adjoint group is metabelian is nilpotent 
and so is met abelian as a Lie ring. In particular, a radical ring whose adjoint group 
is finitely generated and metabelian is nilpotent. In this connection the question 
arises whether every radical ring with finitely generated soluble adjoint group must 
be nilpotent. Note that any radical algebra R over an infinite field cannot be a 
counterexample to this question. Indeed, in the opposite case R is finitely gener
ated as an algebra and satisfies a non-trivial rational, namely group commutator 
identity. Therefore R must satisfy a non-trivial polynomial identity by a theorem 
of Valitskas [50] and so R is nilpotent by theorems of Amitsur-Procesi and Braun 
(see [40), Theorems 6.3.3 and 6.3.39), contrary to the assumption. 

4 Radical modules 

4.1 Reduction to group rings 

Let A be a group and J a commutative ring with 1, and let M be a right J A-module. 
A map d from A to M is called a derivation from A to M if d(gh) = d(g)h + d( h) 
for every two elements 9 and h in A. The module M is radical if there exists a 
surjective derivation from A onto M. 

For example, let R be a radical ring. Then the additive group R+ of R becomes 
a ZRo-module via the rule ab = a + ab for every two elements a and bin R. The 
identity map from R to R is a bijective derivation from RO onto R+. Thus the 
ZRo-module R+ is radical. 

The following theorem describes radical modules from a group-theoretical and a 
ring-theoretical point of view. 

Theorem 4.1 (Sysak [47)) Let A be a group and M a right JA-module for some 
commutative ring J with 1. Then the following conditions are equivalent: 

(1) The module M is radical, 

(2) In the augmentation ideal ~J(A) there exists a right ideal !:I of JA such that 
~J(A) = A-I + !:I, and the J A-module M is isomorphic with the J A-module 
~J(A)/!:I, 
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(3) In the semidirect product A I>< M there exists a subgroup B such that A I>< M == 
B I>< M == AB. 

Moreover, if d is a surjective derivation from A onto M, then the right ideal p and 
the subgroup B can be chosen such that Ker d == An B == An (1 + p). 

Of course, if the group A is abelian, then p is an ideal of J A and the factor 
ring ~J( A) / p is radical. Moreover, if A n (1 + p) == 1, then A is isomorphic to the 
adjoint group of ~J(A)/p. Hence a group A can occur as the adjoint group of a 
radical J -algebra R if and only if in the group ring J A there exists an ideal Cl such 
that ~J(A) == A - 1 + Cl and A n (1 + Cl) == 1. Observe that in Theorem 4.1 the 
right ideal p need not be an ideal of J A. For example, if F is the field with two 
elements and A == (a, b I a4 == b2 == (ab)2 == 1) is the dihedral group of order 8, then 
the right ideal p == (1 + a + a2 + ab)F A is not any ideal in FA and it is easy to 
verify that ~F(A) == A - 1 + p and An (1 + Cl) == 1. 

4.2 Hyperabelian groups 

The relation between the structure of the group A and that of a radical J A-module 
has been studied successfully only in the case of a hyperabelian group A. Recall 
that a group A is hyperabelian if every non-trivial epimorphic image of A has a 
non-trivial abelian normal subgroup. 

Theorem 4.2 (see Sysak [45, 47, 48, 49], Wilson [52, 53]) Let A be a hyperabelian 
group and M a radical right J A-module. If A is 
(i) a 7r -group for some set of primes 7r, 

(ii) a minimax group, 

(iii) a group with finite abelian section rank, 

(iv) a group with finite Priifer rank, 

(v) a group with finite torsion-free rank, 

then the additive group M+ of M has the same property. 

If A is a hyperabelian group with finite torsion-free rank ro(A) it can even be 
shown that the (finite) torsion-free rank of M+ in Theorem 4.2 satisfies ro(M+) ::; 
ro(A) and if A has finite Priifer rank r(A), then r(M+) is bounded by a polynomial 
function of r(A) (see also Theorem 3.4). 

As follows from Theorem 3.4( a), each radical ring whose adjoint group is periodic 
must be nil and so its additive group is also periodic. Therefore the question arises 
what can be said about the additive group of a radical module over a periodic group. 
Is it always a periodic group? If every 2-generated subgroup of G is finite, then 
the answer to this question is positive. 

Theorem 4.3 (Sysak[49]) Let G be a group in which every two-generated subgroup 
is finite and let M be a radical ZG-module. Then the additive group of M is 
periodic. 
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Theorem 4.2 leads to the following general result about factorized hyperabelian 
groups, the first statement of which was first proved by Chernikov [19] and Sysak 
[45], the next three by Wilson [52, 53] and Sysak [47,49]' the last by Sysak [48]. 

Corollary 4.4 Let the hyperabelian group G = AB be the product of two subgroups 
A and B. If A and B have one of the properties (i)- (v) of Theorem 4.2, then G 
has likewise the same property 

It is unknown at present whether this result for at least one of the properties 
(ii) - (v) can be extended to the case when the group G is radical. Here, as usual, a 
group G is radical if every non-trivial homomorphic image of G has a non-trivial 
locally nilpotent normal subgroup. The next theorem follows from Theorem 4.3 
and implies that a radical group which is the product of two periodic subgroups is 
likewise periodic and therefore locally finite. Recall that the Hirsch-Plotkin radical 
of a group G is its maximal locally nilpotent normal subgroup (see [37]). 

Theorem 4.5 (Sysak [49]) If the group G = AB is the product of two locally finite 
subgroups A and B, then the Hirsch-Plotkin radical of G is locally finite. 

4.3 Groups with a locally nilpotent triple factorization 

In a series of papers Amberg, Franciosi and de Giovanni have shown that under 
certain finiteness conditions a triply factorized group G = AB = AM = BM of two 
subgroups A and B and a normal subgroup M satisfies some nilpotency condition if 
the three subgroups A, Band M satisfy this same nilpotency condition (see [5], [6], 
[7]). For instance, a group G = AB = AM = BM with finite abelian section rank 
is locally nilpotent (and hence hypercentral) if A, Band M are locally nilpotent 
(see [8], Theorem 6.3.8). The proof of the following more general result uses radical 
modules and in particular Theorem 4.1. 

Theorem 4.6 (Amberg and Sysak [12]) Let the hyperabelian group G = AB = 
AM = BM be the product of three locally nilpotent subgroups A, Band M, where 
M is normal in G. If G has finite torsion-free rank, then G is locally nilpotent. 

The Hirsch-Plotkin series of the group G is defined by 

Ro = 1, ROi+I / ROi is the Hirsch-Plotkin radical of G / ROi 

for every ordinal ct, and for limit ordinals .A 

R>. = U R/3. 
/3<>' 

Theorem 4.6 has the following consequence which is proved as in the case of a 
hyperabelian group with finite abelian section rank (see [8], Corollary 6.3.9). 
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Corollary 4.7 Let the hyperabelian group G = AB with finite torsion-free rank 
be the product of two locally nilpotent subgroups A and B. Then each term of the 
Hirsch-Plotkin series of G is factorized. In particular the Hirsch-Plotkin radical 
R = R(G) of G is factorized, i.e. satisfies R = (A n R)(B n R) and An B ~ R. 

Another result on groups with a locally nilpotent triple factorization is the fol
lowing generalization of results in [5], [7], [9], and [13] (see also [8], Theorems 6.3.7, 
6.3.8,6.5.13 and 6.5.14). 

Theorem 4.8 (Amberg and Sysak [15]) Let X be a class of soluble-by-finite mini
max groups which is closed under the forming of subgroups, epimorphic images and 
extensions, and let the group G = AB = AM = BM be the product of three (locally 
nilpotent)-by-X-subgroups A, Band M, where M is normal in G. If M has an 
ascending G-invariant series with minimax factors, then G is (locally nilpotent)
by-X. 

The following example derives from Example 2.2 and shows that if the hyper
abelian group G in Theorem 4.6 does not have finite torsion-free rank, then G need 
not even be locally polycyclic and its Hirsch-Plotkin radical need not be factorized, 
although A, B and M are abelian (see also [8], Theorem 6.1.2). 

Example 4.9 There exists a countable torsion-free metabelian group G with the 
following properties: 

(i) G = AB = AM = BM, where A and B are torsion-free abelian subgroups of 
infinite rank and M is an abelian normal subgroup of G with Priifer rank 1, 

(ii) An B = An M = B n M = 1, 

(iii) G is not locally polycyclic and M is the Hirsch-Plotkin radical of G, 

(iv) G is not (locally nilpotent)-by-minimax. 

This example also shows that Theorem 4.8 cannot be extended to the case when 
M has an ascending G-invariant series whose factors have finite Priifer rank. 

4.4 Locally soluble groups 

In connection with Theorem 4.2 the question arises which of statements (i) - (v) of 
this theorem can be extended to the case when the group A is locally soluble. The 
following theorem shows that the statements (i) and (iii) do not hold in general in 
this case. 

Theorem 4.10 (Sysak [49]) There exists a locally finite-soluble group A and a 
radical J A -module M such that 
(i) M+ is an infinite elementary-abelian q-group for some prime q, 

(ii) A has no elements of order q. 
Moreover, it can be arranged that either 
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(iii) A is a p-group where p is any odd prime if q = 2, and p = 2 if q = 3, or 

(iv) q = 2 and the maximal p-subgroups of A are finite abelian for all odd primes 
p. 

As a consequence, we immediately obtain the next two results about triply fac
torized groups. 

Corollary 4.11 For each prime p there exists a locally finite-soluble group G of the 
form G = AB = AM = BM with AnM = BnM = I, where A and B are (locally 
nilpotent) p-subgroups of G and M is a normal elementary-abelian q-subgroup with 
q i- p. In particular G is not a p-group (and not locally nilpotent). 

Corollary 4.12 There exists a locally soluble group G of the form G = AB = 
AM = BM with An M = B n M = I, where the subgroups A and B have finite 
abelian section rank and M is an infinite elementary-abelian normal 2-subgroup of 
G. In particular G does not have finite abelian section rank. 

The preceding two corollaries of Theorem 4.10 show that Corollary 4.4 does not 
hold in general for locally soluble groups. It is an open question whether statement 
(v) of Theorem 4.2 holds for these groups. In particular, is every locally soluble 
product of two periodic groups likewise periodic? On the other hand, the following 
shows that statements (ii) and (iv) of Theorem 4.2 are valid for locally soluble 
groups. 

Theorem 4.13 (Amberg and Sysak [11] and [14]) If the locally soluble group G = 
AB is the product of two subgroups A and B, then the following holds: 

(a) If A and B are minimax groups, then G is a soluble minimax group, 

(b) If A and B have finite Priifer rank, then G has finite Priifer rank, 

( c) If A and Bare hyperabelian with finite abelian section rank, then every periodic 
subgroup of G has finite abelian section rank. 

It remains open whether every locally soluble product of two hyperabelian sub
groups with finite abelian section rank must have finite abelian section rank. The 
following theorem shows that this at least holds for radical groups. 

Theorem 4.14 (Amberg and Sysak [14]) Let the radical and locally soluble group 
G = AB be the product of two subgroups A and B with finite abelian section rank. 
Then G is hyperabelian with finite abelian section rank. 

By Corollary 4.12 there exists a locally finite-soluble group G = AB = AM = 
BM where M is a minimal normal subgroup of G and so an elementary abelian 
q-subgroup for some prime q and A and B are locally finite p-subgroups for some 
prime p i- q, but G is not locally nilpotent. Here A and B are locally conjugate, 
but of course not conjugate in G. Since G is a periodic radical group, this example 
shows that Theorem 4.6 also becomes false in general when the factorized group 
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G is no longer hyperabelian. It also follows that the Hirsch-Plotkin radical of a 
radical and locally finite-soluble product of two locally nilpotent subgroups need 
not be factorized. 

Remark 4.15 Let the locally soluble group G = AB with finite Priifer rank be 
the product of two subgroups A and B. Zaitsev and Robinson have shown that 
the Priifer rank r( G) of G is bounded by a polynomic~1 function f of the Priifer 
ranks r(A) and r(B) of A and B (see [55) and [38) or [8), Theorem 4.3.5). Is f 
even a linear function? This problem can be reduced to the case when G is a finite 
p-group. Some results concerning this problem can be found in [10). 

If A and B are abelian, the commutator subgroup G' of G is abelian by Ito's 
theorem. The factorizer X (G') of G' is a triply factorized group of the form G = 
AB = AM = BM where A, Band M are abelian subgroups of the finite p-group 
G and M is normal in G. We may also suppose that An M = B n M = 1 and 
M is an elementary abelian p-group. It was pointed out in section 2.3 that there 
is a radical ring R (which is a nilpotent algebra over the field with p elements in 
this case) such that the associated group G(R) ~ G. This means that the above 
question is actually a problem about commutative radical rings. 
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DEGREES TWO, THREE AND FOUR WITH A FAITHFUL 
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Introduction 

The algebras mentioned in the title were introduced and recently classified in a 
series of papers [1], [6], [3] [8], [9], [14] and [15]. The purpose of this article is to 
give a survey of the main results of this topic. 

The main theorems will be stated in this survey after we review the necessary 
definitions and describe the algebras which arise. 

Homogeneous Integral Table Algebras (RITA) of degree 2 are classified in 
Theorem 1. HITA of degree 3 are classified in Theorems 2, 3 and 4 and of 
degree 4 in Theorem 5. 

Most of the basic definitions which are reviewed here may be found in [1], [2], 
[7] and [11]. Throughout, C denotes the complex numbers, R the reals, R+ the 
positive reals and Z+ the positive integers. 

Definition 1.1 ([1], [2], [8], [U]) Let B = {bl ,b2 , ••• ,bk } be a basis of a finite 
dimensional, associative and commutative algebra A over the complex field C, with 
identity element 1 = lA = bl . Then (A, B) is a table algebm and B is a table basis 
if and only if the following hold: 

k 
(i) For all i,j,m, bibj = I: f3ijmbm, with f3ijm a nonnegative real number. 

m=1 

(ii) A has an algebra automorphism (denoted by -) of order dividing 2, such 
that bi E B implies that bi E B. (Then z is defined by b-r = bi, and bi E B is 
called real if i = z.) 

(iii) For all i,j, f3ijl i- 0 if and only if j = z. 
By [1, Lemma 2.9], there is an algebra homomorphism f : A -l- C such that 

f(bi) = f(bi) E R+ for all i. Such a map f is uniquely determined by the orthogo
nality relations which hold for (A, B). The positive real numbers f(b i ), 1 :::; i :::; k, 
are called the degrees of (A, B). 

Definition 1.2 ([U]) A table algebra (A, B) is called integmliff all the structure 
constants f3ijm and all the degrees f(bi) are rational integers. 

We abbreviate "integral table algebra" as ITA. Any finite group G yields two 
examples of ITA's: (Z(CG), Cla(G)), the center of the group algebra, with table 
basis the set of sums 6 of G-conjugacy classes C, with automorphism - extended 
linearly from inversion in G, and with degrees f(6) = ICI for all 6 E Cla(G); and 
(Ch(G), Irr(G)), the ring of complex valued class functions on G, with table basis 
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the set of irreducible characters of G, with automorphism - extended linearly from 
complex conjugation of characters, and with degrees f(x) = X(l) for all X E Irr( G). 
Another example is the Bose-Mesner algebra of a commutative association scheme, 
with table basis the set of adjacency matrices [7, Section 11.2). 

Definition 1.3 ([14)) [14) A table algebra (A,B) is called homogeneous (of de
gree A) iff IBI > 1 and, for some fixed A E JR+, degree feb) = A for all b E B \ {I}. 

Any table algebra may be rescaled (replacing each table basis element by a 
positive scalar multiple) to one which is homogeneous, and any ITA can be rescaled 
to a homogeneous ITA [14, Theorem 1]. Therefore a classification theorem for all 
homogeneous integral table algebras (HITA) is an impossible mission. But as this 
survey shows one can classify such RITA for small degrees. 

Definition For a E A we define 

K 

SUPPB(a) = {bi I bi E B such that Ai i- 0 where a = EAibi}. 
i=1 

Let (A, B) be a table algebra. A nonempty subset C ~ B is called a table subset 
(or a G-subset) of B iff SuppB(b;bj ) ~ C for all bi,bj E C. Any table subset is 
stable under - and contains 1A [1, Proposition 2.7), [11, Proposition 2.19). For 
any c E B, the set Be defined by 

00 

Be := U SUPPB(Cn ) 

n=1 

is easily seen to be a table subset of B, called the table subset genemted by c. 
An element c of B is called faithful iff Be = B. For any finite group G, 

(; E Cla( G) is faithful iff (G) = G, and X E Irr( G) is faithful iff X is faithful in the 
usual character-theoretic sense. Also, c E B is called linear iff SUPPB(Cn ) = {I} 
for some n > o. This is equivalent to SUPPB(cC) = {I} [1, Proposition 3.2). (Note 
(; E Cla(G) is linear iff G ~ Z( G) iff IGI = 1, and X E Irr(G) is linear iff X(l) = 1.) 
A table subset of B is called abelian iff each of its elements is linear. The set of all 
linear elements of B, denoted L(B), is a table subset [1, Proposition 3.2). 

Two table algebras (A,B) and (A',B') are called isomorphic (denoted B ~ B') 
when there exists an algebra isomorphism t/J : A -> A' such that t/J(B) is a rescaling 
of B'j and the algebras are called exactly isomorphic (denoted B ~'" B') when 
t/J(B) = B' [11, Section 1). So B ~'" B' means that Band B' yield the same 
structure constants. 

If H is any finite abelian group then (CH,H) is an abelian table algebra, and 
[1, Theorem A) shows that any abelian table algebra is a rescaling of one of this 
form. Note that (CH, H) is a homogeneous ITA of degree 1. On the other hand, 
if (A, B) is a homogeneous ITA of degree 1, then by [11, Proposition 5.9), B is 
abelian. Thus by [1, Theorem A), (A,B) ~'" (CH, H) for some finite abelian group 
H. 
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Homogeneous integral table algebras of degree 2 with a faithful real 
element 

In [9] one can also find some examples of homogeneous table algebras which are 
needed for the classification theorem of homogeneous integral table algebras of 
degree 2. 

Example 1.4 ([14]) Let H be a finite abelian group which admits a fixed-point
free action by the cyclic group Zn, for some n > O. Let G = Zn &< H, and 

0= O(n, H) := {C E Cla(G) I C ~ H}, 

the set of sums over the orbits of Zn on H. Then 0 is a table subset of Cla( G). For 
A = (0), (A, 0) is an ITA which is homogeneous of degree n. In the special case 
0(2, Z2n+I), G is the dihedral group of order 2(2n + 1). 

Example 1.5 ([14]) Let G be the dihedral group of order 4n for some n E Z+, 
and let Z2n ~ H <I G. Let B = {C E Cla(G) I C ~ H}. Thus for H = (x), 
B = {1, C}, C2, . .. , cn}, where Ci = xi + x-i for 1 :::; i < nand Cn = xn. Define 
D 2n := {1, c}, C2, . .. , Cn-I, 2cn}, a rescaling of B, and let A = (D 2n ). Then (A, D 2n ) 
is a homogeneous ITA of degree 2. 

Example 1.6 ([14]) Let (A, B) be a table algebra which is homogeneous of degree 
A E JR+. Let H be an abelian group and C := CH. Then A ®c C, with basis 
B ® H := {b ® h I b E B, h E H} is a table algebra, where b ® h = Ii ® h-1 and 
feb ® h) = feb) for all b E B, h E H [11, Example 1.5J. Define 

B ® H':= {b ® hi b E B \ {1}, hE H} U {1 ® Ah I hE H}, 

a rescaling of B ® H. Then (A ® C, B ® H') is homogeneous of degree Ai and if 
(A, B) is an ITA then so is (A ® C, B ® H'). We may regard {I} ® H' as simply 
H' := {I} U Ph I hE H \ {I}}. 

It was proved in [9, Proposition 3.3J that 0(2, Z2n+1) ® Z:,. has a faithful ele
ment for all n, m E Z+, but that D2n ® Z:" has a faithful element iff m is odd. 
Furthermore, 0(2, Z2n+1) ® Z:,. ~x D 28 ® Z; for some n, m, s, I E Z+ iff I = m/2 
and is odd and s = 2n + 1. 

Example 1.7 ([9]) There are families H(2n,m),J(2n,m),M(n,m) and N(n,m), 
parametrized by n, mE Z+ (m even in the case of J(2n,m) and N(n,m), and n 2: 2 
for M(n,m) and N(n,m)), which are table bases for classes of homogeneous ITA's 
of degree 2. Their explicit definitions are given in [9, Section 3J and we note 
here only that IH(2n,m)1 = (2n+ I)m,IJ(2n,m)1 = (2n+ 1)m/2,IM(n,m)1 = 
(n + 1 )m, IN( n, m)1 = (n + 1 )m/2i and that H(2n, m) and J(2n, m) each have 
D 2n as a table subset, while M( n, m) and N( n, m) are nilpotent [11, Definition 
1.16J. Proposition 3.3 of [9] lists all the isomorphic pairs which occur among the 
members of these families. In particular, H(2n, m) ~x D 4n ® Z:" when m is odd, 
but when m is even neither H(2n,m) nor J(2n,m) is exactly isomorphic to any 
0(2, Z28+1) ® Z~ or D 28 ® Z~. 
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Now we state the main result of [9]. 

Theorem 1 Let (A, B) be an integral table algebra which is homogeneous of degree 
2, and such that B contains a faithful element. Then B is exactly isomorphic to 
one of the following, for some n, m E Z+ : Z;", 0(2, Z2n+l) 0 Z;", or for n ?: 2, 
one ofH(2n,m), J(2n,m), or N(n,m). 

The proof is given in Section 4 of [9]. 

Homogeneous integral table algebras of degree 3 with a faithful real 
element 

Let (A, B) be a table algebra and C a table subset of B. There is an idempo
tent, denoted ee, which equals a positive real scalar times L,b;Ee(f(bi )l;3i'l)bi [8, 
Corollary 3.13]. Also, {SuPPB(eebi)lbi E B} partitions B into disjoint classes and 
in fact, bj E SUPPB(eebi) iff eebj = (f(bj)1 f(bi))eebi [8, Theorem 1, (1*)]. We 
call SUPPB(eebi) the C-class of bi [11, Definition 2.1]. 

Definition 1.8 ([8]) Let A, B, C and e := ee be as above. Define 

B/C := {e} U {ebilbi E B \ C and f(bi) S; f(bj) for all bj E SUPPB(ebi)}. 

It follows from [8, Theorems 1,2] that (Ae, B/C) is a table algebra, is an epi
morphic image of (A,B) (as defined in [8, Definition 1.8]), and up to isomorphism 
is the unique such image where C comprises exactly those elements of B which 
map to positive scalar multiples of the identity. Then (Ae, B/C) is called the 
quotient table algebra determined by C. The positive-valued homomorphism on 
B/C is just the restriction of f. If (A, B) is an ITA which is homogeneous of degree 
A, then it follows from [8, Lemma 5.4] that (Aee , B/C) is again an ITA which is 
homogeneous of degree A. 

Composition series and composition factors are defined in the obvious way for any 
table basis, and a Jordan-Holder theorem holds for such chains of table subsets [8, 
Theorem 5]. A table algebra (A, B) is called nilpotent iff every composition factor 
of B is abelian [8, Definition 1.16]. 

Definition 1.9 The upper central series of a table algebra (A, B) is the chain of 
table subsets L(i)(B) for all i ?: 0, defined as follows: L(O)(B) := {I}, L(l)(B) := 

L(B), and recursively, L(i+l)(B) is the table subset of B such that L(i+l)(B)1 
L(i)(B) = L(B/L(i)(B)) (see [8, Theorem 3]). 

Thus, each L(i)(B) is nilpotent, the L(i)(B) form an increasing chain, and for 
some n, and all j ?: 0, L(n)(B) = L(n+j)(B). If there is no ambiguity, we abbreviate 
L(i) (B) as L(i). 

For any table algebra (A, B), it is easy to verify that the central series term L{n) 
with L(n) = L(n+l) coincides. with the nilpotent radical B nil , the unique maximal 
nilpotent table subset of B (as in [8, Theorem 7]). In particular, L(B IBnil ) ~x {I}. 
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In [14] and [15] one can find a description of, and notation for, some homogeneous 
table algebras. These will include all which occur in the conclusion of Theorem 2 
below. When a basis vector is a product of a nonlinear basis element and a (scalar 
multiple of a) linear basis element, we list the vector as the product itself, and do 
not introduce another letter for it. We also omit the definition of products which 
are determined uniquely by the requirements of associativity and commutativity, 
and which can be obtained by multiplying some given equation through by some 
linear element. 

Example 1.10 Example 1.6 or [14, Example 1.16]. 

Example 1.11 ([15)) Let (A, B) be a homogeneous table algebra of degree A > O. 
Assume that L(B) ~x Z:" for some integer m > O. Thus, for Zm = (u), 

L(B) = {I} U {Aujl 0 < j < m}. 

Let Z2m = (w) be another cyclic group of order 2m. Then, as in the previous 
example, C := B @ Z~m is the basis of a homogeneous table algebra of degree A, 
with ICI = 2m1BI· Let x = AU@ w 2 E C, X = Cx, and idempotent e = ex. Then 
X ~x Z:" and (1 @ w2)e = (u-1 @ I)e. Define 

B * Z2m := (B @ Z2m)' IX. 
SO B * Z2m is homogeneous of degree A, and is integral if B is. Note that 

B * Z2m = {(b i @ I)e Ibi E B} U {(bi @ w)el bi E B\{I}} U {(AI@ w)e} 

where for all i, j, 
(bi @ w)e· (bj @ w)e = (bibju- 1 @ I)e. 

In particular, the isomorphism class of B * Z2m is independent of the choice of 
generator w for ZZm. Also, L(B * Z2m) ~x Z~m' Since L((B @ Z2)') ~ Zm X Z2, 
it follows that (B @ Z2)' '¥ B * Z2m when m is even. But if m is odd, then 
(b;u-(m-l)/2 @ w)e = (b; @ wm)e for all b; E B yields that (B @ Z2)' ~x B * Z2m' 
It is easy to see that B * Z2m/L(B * Z2m) ~x B/L(B). 

Example 1.12 ([15)) Fix positive real A, f.l with 0 < f.l ::::: A. Define the basis 
V(2, A, f.l) := {I, v}, where v2 = f.lAI + (A - f.l)v. It is easy to check that V(2, A, f.l) 
is a distinguished basis for a homogeneous table algebra of degree A, and that the 
algebra is integral when A, f.l are integers. Of course, v is faithful and real. Define 
V 2 := V(2,3,2), so that 

V 2 = {I,v}, where v2 = 6·1 + v. 

Example 1.13 ([14, Example 4.2]) Fix positive real A, f.l, f3 with A 2: f.lf3, A 2: 
f3 + 1, and A + f.l2f3 2: f.l(A + 1). Define V(3,A,f.l,f3) := {I,b,e} as a basis for a 
3-dimensional Cvector space A, and define multiplication on A so that 

b2 AI+(A-j3-I)b+f3c, 

be = cb = f.lf3b + (A - f.l(3)e, 

c2 = f.lAI + f.l(A - f.l(3)b + (A + f.l2f3 - f.l- f.lA)e. 
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Then, as shown in [14), (A, V(3, A, It, (3)) is a homogeneous table algebra of degree 
A, with - = idA. If A, It, (3 are integers then clearly V(3, A, It, (3) is integral. Define 
V3 := V(3, 3, 1,2). Thus, 

V3 = {I, Vb vz}, where vi = 3·1 + 2vz, VIVZ = 2Vl + vz, v? = 3·1 + VI + vz. 

Example 1.14 ([14, Example 1.26)) Fix a positive integer A. They define two 
families N((2), A) and N((3), A), of nilpotent, homogeneous ITA's of degree A. 
First, define as the basis for a (>vector space A, 

N((2), A) := {I, AU, AUz, .. . , AU'\-\ b}, 

where (u) = :l,\, a cyclic group of order A, Aui.b = Ab = b·AUi for all i, and bZ = 
A(I + U + U Z + ... + u,\-I). It is easy to see that these products extend to a bilinear 
multiplication on A which is associative and commutative. Then (A, N((2), A)) is 
an ITA, with ui = u-i and Ii = b; and N((2), A) is homogeneous of degree A. Note 
that L(N((2),A)) = {I,AU, ... AU,\-I}, and L(Z)(N((2),A)) = N((2),A). Next, 
define 

N((3), A) := {I, AU, AUZ, . .. , AU,\-I, Vb Vz,· .. , V'\-I, b, ub, uZb, .. . , u,\-lb}, 

as a basis for a complex vector space A of dimension 3A - 1. Define multiplication 
(with uib already given) so that (u) = :l,\, and 

.. _ { AVi+j (read i + j mod A) if i + j -:/: A; 
v,vJ - \ ",'\-1 i·f .+ . _ \. 

A • L..i=O U I t J - A, 

UiVj = VjUi = Vj for all i,j; 
,\-1 

bZ = Al + LVj; 
j=1 

.\-1 

vjb = bVj = b· Lui for all j. 
i=O 

This extends to a multiplication in A which is associative and commutative, 
(A,N((3),A)) is an ITA which is homogeneous of degree A, where ui = u-i , Vi = 
V,\-i, Ii = b [14, Proposition 4.7). Note that L(N((3),A)) = {I,Au,· ··,AU,\-I}, 
L(Z)(N((3),A)) = {l,Au, ... ,Au'\-I, vl,vz,···,v'\-d, and L(3)(N((3),A)) 
N((3), A). Observe that b is real and faithful in each case. Define 

N 4 := N((2),3) and Ns:= N((3),3), 

so that IN41 = 4, INsl = 8. 

Example 1.15 ([14, Example 4.3)) Fix integers n, m with n ~ 0, m ~ 1. Fix 
real A > 1. Let Q = (A - 1)/2, (3 = (A + 1)/2. Let A be a Cvector space of 
dimension m(n + 2), and consider a basis 

B = T(n,A,m):= {I} 0 {>.ujlO < j < m} 0 {viujlo ~ i ~ n, 0 ~ j < m}, 
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with a multiplication defined so that {I} U {ujlO < j < m} = (u) ~ Zm is a cyclic 
group of order m, and for all 0 :S i,j :S n, 

{ 
CWi+j + !3vi+j+1, i + j < n 

ViVj = AU + auvo + CWn, i + j = n 
auvi+j_n + !3vi+j-n-l, i + j > n. 

We extend this multiplication to all of B, according to the convention above, and 
bilinearly to all of A. Then (A, B) is a homogeneous table algebra of degree A, 
and is integral if A is an odd integer [14, Proposition 4.5]. Furthermore, u i = u- i 

and Vj = Vn_jU- 1 for all 0 :S i < m, 0 :S j :S n. Thus if n is even and m is odd, 
Vn/2U(m-I)/2 is a real, faithful element. Also, L(B) = Bnil = {I} U {>.ujlO < j < 
m} ~x Z:n, and B/L(B) ~x T(n, A, 1). Define Tn(A):= T(n, A, 1), so that 

T( n, A, m )/T( n, A, m )nil ~x Tn(A). 

Note that if m is even, then T( n, A, m) has no real, faithful element. But if n is 
even, and for any m, consider T( n, A, m) * Z~m as in Example 1.11 Here, the basis 
element (Vn /2 lSi w)e is real and faithful. 

Finally, observe that TO(A) = {1,bo} with b6 = Al + (A - l)bo. 

Example 1.16 We present here the bases for six specific homogeneous ITA's of 
degree 3. Verification of their existence, and of the other claims, is straightforward. 

V 4 := {I, VI, V2, V3}, where vi = 3·1 + VI + V2, VI V2 = VI + 2V3, 
VIV3 = V3 + 2V2'V~ = 3·1 + 2V2, V2V3 = V3 + 2VI, V~ = 3·1 + VI + V2. 

In V 4 , all elements are real, and VI and V3 are faithful. 

W3 := {I, b, 3z}, where Z2 = 1, bz = b, b2 = 3·1 + b + 3z. 

All the elements of W 3 are real, and b is faithful. Furthermore, L(W 3) = Wril = 
{1,3z}, and W 3/Wril ~x V 2 • 

W 4 := {1,b,3z,bz}, where z2 = 1, b2 = 3·1 + b + bz. 

All the elements of W 4 are real; b, bz are faithful; L(W4) = W~il 
W4/W~il ~x To(3). 

{I, 3z}; 

W6 := {I, b, bu, 3u, 3u2, 3u}, where u3 = u, uu = 1, bu2 = b, b2 = 3·1 + 3u2 + bu. 

In W 6, b is real and faithful; L(W6) = W~il = {1,3u,3u2,3u} ~x Z~; W6/W~il 
~x V 2 • 

W 7 := {1,bl ,bIw,bIw,b2,3w,3w}, where w2 =w, ww = 1, b2w = b2w = b2, 
bi = 3·1 + bi + b2, bi b2 = bi + bi w + bi W, b~ = 3·1 + 3w + 3w. 
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In W 7, b1 is real and faithful; L(W 7) = {I, 3w, 3w}; W¥il 
W /Wnil rv V . 

7 7 =x z· 

W 9 := {biwjli = 1,2;j = 0,1,2}U{I,3w,3w}, where w2 = w, ww = 1, 

b~ = 3·1 + bzw + b2w, b~ = 3·1 + b1 + bz, b1b2 = b2 + b1w + blw. 
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In W 9, bl and b2 are real and faithful; L(W9) = W~il = {I, 3w, 3w}; W9/W~il ~x 
V 3 · 

The central result of this article may now be stated. 

Theorem 2 Let (A, B) be a homogeneous integral table algebra of degree three such 
that B contains a real and faithful element. Then one of the following must hold: 

(.) B - Bnil rv .", N N . I - =x /LJ2' 4, or 8, 

(ii) B/Bnil ~x V 2, andB ~x V2,(V2Q9Z2)',W3,(W3Q9ZZ)',W3*Z4,W6, 
W 7, or (W7 Q9 Z2)'; 

(iii) B/Bnil~x V 3, andB~x V3,(V3Q9Zz)',W9, or (W9Q9Z2)'; 

(iv) B/B ni1 ~x V 4, and B ~x V 4 or (V4 Q9 Z2)/; 
(v) B/B ni1 ~x Tn(3) for some even n ~ 0, and B ~x W 4, (W4 Q9 Z2)', either 

T( n, 3, m) or (T( n, 3, m) Q9 Z2)' for some odd m > 0, or T( n, 3, m) * ZZm for 
some even m > 0. 

On antisymmetric homogeneous integral table algebras of degree 3 

Throughout this section (A, B) will denote a homogeneous integral table algebra 
(ITA) of degree 3. If (A, B) contains a real element, say b, then the structure 
of Bb was given in Theorem 2. In this case, the quotient B/Bb is once more an 
integral homogeneous table algebra of degree 3 (Lemma 5.4 of [11]). If B/Bb again 
contains a real element, then we can factor out this algebra once more. Continuing 
this process, we may build a composition series Bo = {I} ::;: Bl ::;: .. , ::;: B/ ::;: B 
of table subsets such that the structure of B;/Bi-l, i ::;: 1 is given by Theorem 
2. If B =1= B/, then B/Bl has no non-trivial real element. We call such algebras 
antisymmetric. The main purpose of this section is to state a classification theorem 
about antisymmetric homogeneous integral table algebras of degree 3. 

Definition 1.17 ([15, Definition 2.7]) Let (A,B) be an integral table algebra. 
An element b E B is called standard iff (bb,b1) = f(b). B is standard iff every 
element of B is standard. 

It is easy to see that in this case every element b E B is either linear or standard. 
Replacing, if necessary, B by B /Bnil, we may always assume that all elements of 
B are standard. 

So, from now on, (A, B) will be a homogeneous antisymmetric integral C-algebra 
of degree 3 (C -algebra is our abbreviation for standard table algebra). If B contains 
an element b with bb = 3 + b + b, then the structure of Bb is given by Theorem 4.3 
of [15]. 


