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Thinking in Structures

Originally published in 1965 Thinking in Structures, gives a full account of the experiments on the learning and understanding of structures made by the authors at the University of Adelaide. The results challenged some well-established assumptions at the time. According to Sir Frederic Bartlett in his foreword, this research effected a bold new step forward in the investigation of thinking activities and opened up a large field for further progressive investigation. Today it can be read in its historical context.
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Foreword

bySir Frederic C. Bartlett, cbe, frs

Fellow of St John’s College and Emeritus Professor of Experimental Psychology in the University of Cambridge

It is with much pleasure that I respond to an invitation to contribute a brief foreword to the new series of Psychological Monographs on Cognitive Processes which Professor Malcolm Jeeves and Professor Z. P. Dienes are publishing, and of which this is the first volume. While I am sure that the present study of Thinking in Structures requires nothing by way of introduction, I am glad to have the opportunity of wishing it, and its projected successors, a warm and wide welcome from experimental psychologists everywhere.

When the time comes for somebody to write a history of psychology covering the last ten years or so I believe it is likely that a leading theme may be the increasing, and increasingly experimental, interest which has developed during this period in thinking processes regarded as special and high-level forms of behaviour. Speculations about these processes have, naturally, been common enough in all ages, and many of these, put forward long before psychology began to use experiment, remain permanently interesting. Dr Samuel Johnson, for example, said: ‘Whatever withdraws us from the power of our senses, whatever makes the past, the distant, or the future, predominate over the present, advances us in the dignity of thinking beings.’ Until lately, however, there has been little rigorous attempt to discover, particularly by techniques that are amenable to quantitative analysis, precisely how the immediacy of sense can be controlled, and what processes give increased status to the past, the distant, and the future. It is true that, inspired by Külpe, the Würzburg School not only claimed to have invented experimental approaches to the study of thought processes, but did actually arrive at general principles of real importance. Yet their methods achieved little more 10than a kind of systematized anecdotalism, and it was left to our present age to begin to seek genuinely repeatable experimental methods for the study of thinking in such ways that the products may be set in measurable forms.

The general plan now is to present information, or evidence, in forms which must be ‘processed’ in some particular manner so as to meet the demands of an experimenter. Part of the underlying influence which has shaped this approach comes from the Theory of Information, and one important case is when input material must be expressed in a reduced, or condensed, form in order to achieve the required output. So far methods have not been developed in detail to deal with other and more complex processing activities, but great possibilities already offer themselves. This movement has largely been sponsored by Professor Paul Fitts of the University of Michigan, USA, and developed particularly by Dr Michael Posner of the University of Wisconsin.

Dr Posner, Professor Jeeves, and Professor Dienes all make generous acknowledgment of stimulus received from my own book on Thinking, but the more immediate initiative, in the case of the present Monograph, especially so far as its methods are concerned, comes from the work of Professor Bruner and his colleagues at the Center for Cognitive Studies of Harvard University. Material, carefully designed and controlled, is presented in sequence with details which are in some regular relation. The observer is required to identify the rule (or rules) of relation which connects these details, and to build them into their predetermined organized structures. ‘Thinking’ can thus be considered as comprising all those processes which bring specific details within the range of generalized rules. Not only what these processes are, but the measured extent to which, in the instances studied, they are brought within the range of generalized rules is one of the main topics of this Monograph. This research, especially if it can be considered together with the complementary experiments on ‘reduction processing’ to which I have already referred, effects a bold and new step forward in the investigation of thinking activities, and opens up a large field for further progressive investigation.
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Thinking has only relatively recently been studied upon an experimental basis, if by thinking is meant the progression as a result of direction by the subject through a sequence of related stages to one which is regarded by the subject as a natural or satisfying end. As Bartlett points out,1 such progression always has some directionality. The endpoint of the progression may be seen more or less clearly, and ways and means might have to be found to reach it from the present state. This is interpolation. On the other hand, the information at hand might engender its own directionality and impose it on the thinker. In this case he must find out where this imposed direction leads and where a satisfactory endpoint might be. This is extrapolation. Again, the problem at hand might be considerably more complex, and require the reorientation of the information in hitherto unfamiliar ways. In other words, a synthesis of an entirely new kind might be required. Bartlett and one of the present authors (Jeeves)17, 18 have investigated problems arising out of this kind of break-up of the thinking process, such as the effect on the probability of the various possible outcomes through the increase in the amount of information, the variables affecting the order of the steps, and the effect of disguising information in unusual situations. All these investigations regard the process of thinking as a whole, and do not break it up into component parts.

Bruner and his co-workers were the first to make a conscious effort to break down the process of thinking into components.2 Following the now classical method of basing everything on logical foundations, the first enquiries concerned themselves with discovering the ways adopted by subjects in dealing with different logical situations. The situations were constructed so as to be as pure as possible, i.e. a certain systematic set of cards was constructed with four variables, each having three possible values, thus leading to eighty-one cards. Conjunctions and disjunctions of two or more of these variables were termed concepts. The experimenters thought of such concepts, which the subjects had to 12guess by picking up cards, to which the experimenters replied yes or no, depending upon whether the card selected was or was not an exemplar of the concept selected by the experimenters. The object of the study at this stage was to sort out the ways in which subjects selected cards in order to find out the experimenter’s concept, thereby betraying the ways in which they made use of the information gained at each selection. Many variables were studied, in particular the differences caused by varying the logical connective between the variables. Conjunctive and disjunctive concepts were used, and great differences were found in the ways in which subjects tackled these two different types of logical situation. Through an elaboration of this kind of technique it was thought that all the components of the thinking process could be reproduced in a laboratory situation, and so the study of thinking was thrown open to experimental study.

One difficulty with studying thinking by splitting it up into its component parts is that a complex whole is never equivalent to the sum total of its components, as the ways in which the components fit also enter into the story. The way in which the parts make up a whole has come to be known by the word structure. When we make models with the aid of which we try to evaluate events in our environment we do just this: we put rudimentary models together to make more complex ones. One of the purposes of the study reported here is to propose and use a paradigm by means of which such putting together of information into wholes in certain ways may be studied. Bartlett has studied the whole process, while Bruner has studied its parts. In this study it is hoped that the whole is being considered through the detailed ways in which its parts are put together. This explains the title; we shall be concerned with the study of the emergence of models, structures, in terms of which we think.

It is difficult to draw the line between what we term thinking and what is usually described as learning, especially when what is being learnt is a set of concepts or structures. Our subjects in this experiment could be said to have been ‘learning’, as the task was not completed until correct responses were being given to all the combinations of stimuli. But the way they were able to achieve these correct responses was in the majority of cases, as we shall see, through a reorganization of the stimulus material. Such reorganization would normally be described as thinking in the full sense of the word. It is not intended to review the recent work in this field, as this has been very ably done by Hunt.3 We shall confine ourselves here to a report and discussion of the results 13of a first round of experiments in which subjects reorganized certain initially unorganized stimulus material into structures.

A few words will be in order about some of the work that led up to the experiments described here. In the late fifties one of the authors (Dienes) carried out a series of tests on ten-year-old children, the purpose of which was to study the dynamics of the process of concept formation in more detail than had been possible previously.4 A series of tasks was devised involving on the one hand the properties of mathematical groups with three and then with six elements, and on the other the properties of inequalities. By means of these tasks, attempts were made to isolate the constructive and the analytical loadings in children’s thinking. The surprising extent to which these child subjects were able to succeed on the constructively loaded tasks (i.e. those making use of mathematical groups) posed some interesting educational questions about the learning of mathematics by children. By introducing situations in which children could make use of their powers of constructive thinking it was possible to step up enormously the volume and efficiency of the mathematics learnt by children during what Piaget has termed the concrete operational stage.5 This in turn raised fundamental questions of how such learning took place, and why it could not be predicted through any of the current learning theories. The need to study these fundamental questions related to the learning of mathematics led Dienes to join with Bruner in establishing during 1960–1 the Harvard Mathematics Learning Project, during which the processes of abstraction, generalization, symbolization, and allied processes were studied in detail.6 It was not until the end of the life of the Project that it became possible to formulate the problems in ways in which they could be put into experimental paradigms. The tentative results of the Project were, however, immediately tried out in classrooms in different parts of the world, and the most evident implications of these results were consolidated.7 The authors of the present volume had worked together for about a year in Leicester and Leeds (one year before the Harvard Project) in an interdisciplinary seminar, during which the problems, as they then appeared, were discussed with mathematicians, philosophers, and educationalists, as well as experimental psychologists. The plan of the present research has its origins partly in these frequent discussions and in the work of the Harvard Mathematics Learning Project on the one hand, and partly in an attempt to explore further the usefulness of the analogy between bodily and mental skills used by Bartlett in his book on thinking1 and by Jeeves in an unpublished thesis.17

14Having completed these researches, the authors were in a position to look at the problem of how human beings evolve mechanisms or schemata by means of which they evaluate the mass of stimuli in the environment, making ‘sense’ of these in such a way as to enable them to predict events with a very high degree of probability. It is these evaluating and/or predicting mechanisms that will be referred to as structures. There must be an almost endless variety of such structures that we evolve in order to find our way about in the world; in order to study the evolution of such a structure under experimental conditions it was necessary to create situations in which a certain predetermined structure would be discovered. These structures were taken from the part of the mathematical workshop known as mathematical groups. The reasons for this choice will be given in more detail in the next chapter.

In the second chapter the type of questions to which answers were being sought are given in some detail. The way in which mathematical groups have been embodied in the experimental paradigm are described, as well as the apparatus and the ways in which it was used. The scoring categories, in the form of various error and other scores, are also given, as well as the task and subject variables that were built into the design of the experiment. The problems arising are further discussed in Chapter 3, after which the determination and measurement of subjects’ strategies are discussed in Chapter 4, along with the intriguing problem of the relationship between the evaluation of the task by the subjects and the strategies used by them. Next, in Chapter 5, the roles played by the various possible hypotheses held by the subjects during the solution of the problems in the tasks are discussed. It will be suggested, in line with some recent remarks made by Bartlett,* that the hypotheses are likely to play the part of tactics within the framework of the more overall strategies. In the last chapters some of the educational and theoretical points will be raised that arise out of the present work, indicating the problems that it will now be possible to tackle.

* See (12)Return to text.⏎
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1 The Problems

The question to which we wanted to find at least a partial answer was ‘How do we sort out the apparent chaos of our environment into anything like order?’ Experimentally speaking, we may assume that the order is our own fabrication and then the problem of finding how we fabricate these regularities becomes a problem in experimental psychology, and not in philosophy. To study the process it is necessary to establish some experimental chaos, that is a situation which is almost bound to appear chaotic to a subject upon a first encounter. Ways must be provided for the subject to sort out this chaos, enabling him to work out a model which has predictive value. When the subject has worked out a model which has 100 per cent predictive value he has sorted out the chaos, and has fabricated the order, according to which he evaluates and predicts events. In order to approximate our situation to a real one, we should give the subject a reasonable choice of strategies in the sorting-out process, yet the choices must be provided in an experimentally controlled way, so as to make the results of the sorting by different subjects comparable. It is also necessary that every subject should be in the same position with regard to the task. The only sure way to satisfy this condition is to construct a task which no subject is likely to have come across, and one involving a chaos that cannot be sorted out by well-worn strategies. In order to study developmental differences, it is also desirable to construct tasks which children can sort out and which are at the same time not trivial for adults.

Situations involving mathematical groups are the most likely to satisfy all the above conditions. These also have the advantage of providing mathematical learning situations, the results of which might be used to predict how learning would take place in other similar mathematical learning situations.

16The question of how we sort out chaos into regular patterns was broken down into a number of more particular questions as follows:


	(1) What individual strategies are distinguishable, and do these naturally subdivide into types?



A related question is concerned with the abstraction process as seen in the formation and subsequent recognition of isomorphisms. It is not easy to test directly whether or not an isomorphism has been formed. Such a supposition is a psychological construct, and can only be inferred from behaviour. The recognition of an isomorphism between two structures, one previously encountered and the other not, is commonly regarded by psychologists as one form of transfer. So the next question was formulated as:


	(2) Under what conditions does transfer occur between structures? 



Since structure is not a ‘thing’, noris it possibly even an objective evaluation of a set of situations, the question is about transfer between two classes of situations, each class being explicable in terms of the same structure. We shall discuss the use of the concept of structure in more detail below.

Another question is concerned with detecting the logical relationships between structures. The preceding question already refers to the detection of the relationship of identity between structures. Two questions might be asked about inclusion:


	(3a) Under what circumstances are structures recognized as forming parts of other, more extensive, structures?

	(3b) Under what circumstances will structures be generalized into more extensive structures, comprising the one already known?



The names normally given to the above two processes are particularization and generalization.

Another logical relationship is the one of effective overlapping. Several questions could be asked about overlapping structures. An overlap is obtained by extending a structure in two different ways. Suppose that X is extended to A, and that X is also extended to B, where A and B are different structures, then X will be the overlap.


	(4) Is structure X learned and/or retained more easily if

	X is learned with no reference to A or B

	X is learned as a part of A

	X is learned as a part of B

	X is learned as a part of both A and B?






17The distinction between (ii) and (iii) will, of course, depend among other things on the properties of A and B. It involves the comparison of structures from the points of view of ease of learning and of retention. This leads to the question whether subjects are more predisposed to learn one structure than another. For example, are common errors in the learning of mathematics such as

‘minus times minus is minus because plus times plus is plus’ a part of a more general built-in or possibly acquired tendency to expect events to be explicable in terms of certain structures rather than in terms of others? We could formulate the question in general by asking:


	(5) With what kinds of properties must we endow a structure A, and not a structure B, so that, given the evidence for B, the structure A will be expected?



Finally, developmental questions and questions on sex differences may be asked:


	(6) Are the answers to any of the above questions different for children and adults, for males and females, or for children of different ages, or for adults of different ages?



If any differences were to be found it would be of interest to know in what areas these were most noticeable; or if there were no great differences in performance or strategies it would be interesting to construct hypotheses for later testing as to how and why such lack of differences could have been observed.

Before going on to the details of the experimental procedure a few words must be said about ‘structure’. By structure we shall mean a set of relationships and/or interdependences between events. The number of independent variables that will determine an event is the number of dimensions of the structure. If an event is entirely determined by giving the value of a single variable the structure is one-dimensional. In some one-dimensional structures an event is determined by the immediately preceding event, in others by the set of all the events preceding the event being considered. Recurring decimals would be examples of the former, non-recurring decimals of the latter, possibility. In the former the number of values that the one variable may assume is finite (in our example up to ten), in the latter the variable may assume an infinite number of values, as there are an infinite number of finite sequences that can be built out of the ten digits.

Most life situations are not one-dimensional in the above highly determined sense. Events on the whole depend on a large number of 18variables.
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