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Foreword

	This volume comprises selected papers from the 21st Conference on System Modeling and Optimization that took place from July 21 to July 25, 2003, in Sophia Antipolis, France. These papers pertain to moving boundary and boundary control in systems described by partial differential systems and are specifically relevant to Working Group 7.2 of the International Federation for Information Processing (IFIP).


	In the 1970s, the study of partial differential equations focused on the modeling of continuous mechanics involving fixed boundary, that is, in abstract form, autonomous systems. At the same time, control theory, which was born in the field of finite dimensional systems, emerged in the domains of active and passive control of partial differential equations at the boundary. In the 1980s, shape optimization became a mathematical area that used control theory extended to moving boundaries. In that sense, it included free boundary and phase transition problems. More recently, topological shape optimization has been developed as an alternative approach to the homogenization process in material sciences. Currently, the focus is on moving boundary analysis, which combines and extends all of the previous mathematical and numerical backgrounds.


	In this book, all of these aspects are covered by the selected papers, including the important stochastic approach. New existence results are derived from fine analysis of boundary behavior; the first variation of the boundary is taken into account by a transverse backward vector field. Intrinsic geometry is developed for shell modeling, avoiding local representations, such as the Christoffel symbol. Non-differentiabilities are involved when the moving domain is a contact area related to some unilateral problems. New algorithms associated with current computing power allow impressive simulations for particle flow. This leads to numerical treatment of the mathematical speed method, or Eulerian parametrization tool.
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	Abstract


	The main goal of this article is to investigate some new applications of operator-splitting methods. We will show that these methods (almost) trivialize the numerical solution of outstanding problems from various areas in mechanics, physics, and differential geometry, such as the direct simulation of particulate flow and the real elliptic Monge-Ampère equations. The results of numerical experiments will be given to illustrate the capabilities of these methods.
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	Introduction


	It has been known for decades that operator-splitting methods provide efficient tools for the numerical solution of complicated problems from various areas in science and engineering. New applications appear almost daily and we know of many instances where the only available practical solution methods are of the operator-splitting type. Our goal, here, is to show that operator-splitting makes almost trivial the numerical solution of outstanding problems such as:


	(i) The simulation of particulate flow when the number of particles exceeds 102.


	(ii) Fully nonlinear elliptic equations of the real Monge-Ampère type.


	The content of this article is as follows:


	In Section 1 we will briefly discuss the time-discretization of initial value problems by various operator-splitting methods and show that wellknown iterative methods are indeed disguised operator-splitting schemes. In Section 2 we will address the direct numerical simulation of particulate flow via a methodology combining operator-splitting and fictitious domain methods. Finally, in Section 3 we will discuss the numerical solution of the two-dimensional Dirichlet problem for the elliptic MongeAmpère equation. The results of numerical experiments will be given in Sections 2 and 3; they will confirm the capabilities of operator-splitting methods for solving problems still considered complicated by today’s standards.


	Operator-splitting methods have generated a huge literature; let us mention among many others, refs.: [3], [10](Chapters 2 and 6) (see also the references therein), [17], and [11].


	1. Operator-Splitting Schemes for the Time-Discretization of Initial Value Problems


	1.1 Generalities


	Let us consider the following autonomous initial value problem:


	dφdt+A(φ)=0 on (0,T)(with 0<T≤+∞), φ(0)=φ0#(IVP)


	Operator A maps a vector space V into itself and we suppose that φ0∈ V. We suppose also that A has a non-trivial decomposition such as


	A=∑j=1J  Aj#(1)


	with J≥2 (by non-trivial we mean that the operators Aj are individually simpler than A).


	A question which arises naturally is clearly:


	Can we take advantage of decomposition (1) for the solution of (IVP)?


	It has been known for a long time that the answer to the above question is yes.


	Many schemes have been designed to take advantage of (1) when solving (IVP); two of them will be briefly discussed in the following paragraphs, namely the Lie scheme and the Strang scheme.


	1.2 Time-Discretization of (IVP) by Lie’s Scheme


	Let τ(>0) be a time-discretization step (we suppose τ uniform, for simplicity); we denote nτ by tn. With φn an approximation of φtn, Lie’s scheme reads as follows (for its derivation see, e.g.,[10](Chapter 6)):


	For n≥0, assuming that φn is known, we compute φn+1 via


	dφdt+Aj(φ)=0 on tn,tn+1φtn=φn+(j-1)/J;φn+j/J=φtn+1#(2)


	for j=1,…,J, with φ0=φ0.


	If (IVP) is taking place in a finite dimensional space and if operators Aj are smooth enough, then φtn-φn=O(τ), the function φ being the solution of (IVP).


	Remark 1 The above scheme applies also to multivalued operators (such as the subgradient of a proper l.s.c. convex functional) but in such a case first order accuracy is not guaranteed anymore.


	REmARK 2 The above scheme is easy to generalize to non-autonomous problems by observing that


	dφdt+A(φ,t)=0,φ(0)=φ0⇔dφdt+A(φ,θ)=0dθdt-1=0φ(0)=φ0,θ(0)=0


	Remark 3 Scheme (2) is semi-constructive in the sense that we still have to solve the sub-initial value problem in (2) for each j. Suppose


	that we discretize this sub-problem using just one step of the backward Euler scheme. The resulting scheme reads as follows:


	For n≥0, assuming that φn is known, we compute φn+1 via


	φn+j/J-φn+(j-1)/Jτ+Ajφn+j/J=0#(3)


	for j=1,…,J, with φ0=φ0. Scheme (3) is known as the MarchukYanenko scheme (see, e.g., refs. [10](Chapter 6) and [17] for more details).


	1.3 Time-Discretization of (IVP) by Strang’s Scheme


	In order to improve the accuracy of Lie’s scheme, G. Strang suggested a symmetrized variant of scheme (2) (ref. [22]). When applied to nonautonomous problems, in the case where J=2, we obtain (with tn+1/2= tn+τ/2:


	φ0=φ0#(4)


	then, for n≥0, assuming that φn is known, we compute φn+1 via


	dφdt+A1(φ,t)=0 on tn,tn+1/2,φtn=φn;φn+1/2=φtn+1/2,#(5)dφdt+A2φ,tn+1/2=0 on (0,τ),φ(0)=φn+1/2;φˆn+1/2=φ(τ),#(6)dφdt+A1(φ,t)=0 on tn+1/2,tn+1,φtn+1/2=φˆn+1/2;φn+1=φtn+1.#(7)


	If (IVP) is taking place in a finite dimensional space and if operators A1 and A2 are smooth enough, then φtn-φn=Oτ2, the function φ being the solution of (IVP).


	REMARK 4 In order to preserve the second order accuracy of scheme (4)-(7) (assuming it holds) we still have to discretize the initial value problems in (5), (6), and (7) by schemes which are themselves second order accurate (at least); examples of such schemes can be found in, e.g., ref. [10](Chapter 6) (which contains also a discussion of the case J>2).


	1.4 Application


	Applications of operator-splitting are everywhere; indeed, some wellknown methods or algorithms are disguised operator-splitting schemes. Our favorite example in that direction is the following:


	Suppose that A is a real d×d matrix, symmetric and positive definite. Ordering the eigenvalues of A as follows: 0<λ1≤λ2≤…≤λd, our goal is to compute λ1. We have (with obvious notation)


	λ1=minv∈S Av⋅v, with S=v∣v∈Rd,‖v‖=1#(8)


	The minimization problem in (8) is equivalent to


	minv∈Rd 12Av⋅v+IS(v)#(9)


	where, in (9), functional IS:Rd→R∪{+∞} is defined as follows:


	IS(v)=0, if v∈S+∞, otherwise 


	implying that IS is the indicator functional of sphere S. Suppose that u is a solution of problem (9); we have then


	Au+∂IS(u)=0#(10)


	∂IS(u) being in (10) a (kind of) generalized gradient of functional IS at u. Next, we associate to the (necessary) optimality system (10) the following initial value problem (flow in the dynamical system terminology):


	dudt+Au+∂IS(u)=0 on (0,+∞)u(0)=u0#(11)


	If we apply the Marchuk-Yanenko scheme (3) to the solution of problem (11) we obtain


	u0=u0#(12)


	and for n≥0,un being known,


	un+1/2-unτ+Aun+1/2=0#(13)un+1-un+1/2τ+∂ISun+1=0#(14)


	Relation (13) implies


	un+1/2=(I+τA)-1un.#(15)


	On the other hand, relation (14) can be interpreted as a necessary optimality condition for the following minimization problem:


	minv∈S 12‖v‖2-un+1/2⋅v#(16)


	Since ‖v‖=1 over S, the solution of problem (16) is given by


	un+1=un+1/2un+1/2#(17)


	Algorithm (12)-(14) reduces then to (12), (15), and (17), which is nothing but the inverse power method with shift, a well-known algorithm from Numerical Linear Algebra.


	Clearly, numerical analysts have not been waiting for operator-splitting to compute matrix eigenvalues and eigenvectors; on the other hand, operator-splitting has provided efficient algorithms for the solution of complicated problems from differential geometry, mechanics, physics, physico-chemistry, etc. Some of these applications will be discussed in Sections 2 and 3.


	2. Operator-Splitting Methods for the Direct Numerical Simulation of Particulate Flow


	2.1 Generalities. Problem Formulation


	It is the (very likely biased) opinion of these authors that the direct numerical simulation of particulate flow has been one of the success stories of operator-splitting methods. Albeit this “story” has been told in several publications (see, e.g., [10](Chapter 8) and [12], and the references therein); owing to its importance, we decided to return to it again (without too many details, due to page limitation). For simplicity, we only consider the one-particle case (see the two above references for the many-particle case).


	Let Ω be a bounded, connected, and open region of Rd(d=2 or 3 in applications); the boundary of Ω is denoted by Γ. We suppose that Ω contains:


	(i) A Newtonian incompressible viscous fluid of density ρf and viscosity μf;ρf and μf are both positive constants.


	(ii) A rigid body B of boundary ∂B, mass M, center of mass G, and inertia I at the center of mass (see Figure 1 for additional details).




[image: ]

	Figure 1. Visualization of the flow region and of the rigid body.


	We suppose that the fluid occupies the region Ω∖B‾ and the distance (∂B(0),Γ)>0. From now on, x=xii=1d will denote the generic point of Rd,dx=dx1…dxd, and φ(t) will denote the function x→φ(x,t). Assuming that the only external force is gravity, the fluid flow-rigid body motion coupling is modeled by


	ρf∂u∂t+(u⋅∇)u-μfΔu+∇p=ρfg in ∪t∈(0,T)Ω∖B‾(t),#(18)∇⋅u(t)=0 in Ω∖B‾(t),∀t∈(0,T)#(19)u(t)=uΓ(t) on Γ,∀t∈(0,T), with ∫Γ  uΓ(t)⋅ndΓ=0#(20)u(0)=u0 in Ω∖B‾(0) with ∇⋅u0=0#(21)


	and


	dGdt=V#(22)MdVdt=Mg+RH#(23)d(Iω)/dt=TH#(24)G(0)=G0,V(0)=V0,ω(0)=ω0,B(0)=B0#(25)


	In relations (18)-(21) and (22)-(25), vector u=uii=1d is the fluid (flow) velocity and p is the pressure; n is the unit normal vector at Γ∪∂B, outward to Ω∖B‾;u0 and uΓ are given functions; RH and TH denote, respectively, the resultant and the torque of the hydrodynamical forces, namely the forces the fluid exerts on B; we have, actually,


	RH=-∫∂B  σndγ and TH=-∫∂B  Gx→×σndγ#(26)


	V (resp., ω) is the translation (resp., angular) velocity of B. In (26) the stress-tensor σ is defined by σ=2μfD(u)-pId, with D(v)= 12∇v+(∇v)t.


	Concerning the compatibility conditions on ∂B we shall assume that:


	(i) The forces exerted by the fluid on the solid body cancel those exerted by the solid body on the fluid.


	(ii) On ∂B the no-slip boundary condition holds, namely


	u(x,t)=V(t)+ω(t)×G(t)x→,∀x∈∂B(t)#(27)


	Remark 5 System (18)-(21) (resp., (22)-(25)) is of the incompressible Navier-Stokes (resp., Euler-Newton) type.


	Also, the above model can be generalized to multiple-particle situations and/or non-Newtonian incompressible viscous fluids.


	The (local in time) existence of weak solutions for problems such as (18)-(21), and (22)-(25) has been proved in ref. [7], assuming that at t=0 the particles do not touch each other and do not touch Γ (see also [13], [21]). Concerning the numerical solution of (18)-(21), and (22)(25), completed by interface conditions, we can divide them, roughly, in two classes, namely:


	(i) The Arbitrary Lagrange-Euler (ALE) methods; these methods relying on moving meshes are discussed in, e.g., refs. [14], [15], and [18].


	(ii) The non-boundary fitted fictitious domain methods; these methods rely on fixed meshes and are discussed in, e.g., [10](Chapter 8) and [12] (see also the references therein). These methods seem to enjoy a growing popularity, justifying thus the (brief) discussion hereafter.


	Remark 6 Even if theory suggests that collisions never take place in finite time, near-collisions take place, and, after discretization, “real” collisions may occur. These phenomena can be avoided by introducing well-chosen repulsion potentials reminiscent of those encountered in Molecular Dynamics (see [10](Chapter 8) and [12] for details).


	2.2 A Fictitious Domain Formulation


	Considering the fluid-rigid body mixture as a unique medium, we are going to derive a fictitious domain-based variational formulation. The


	principle of this derivation is pretty simple; it relies on the following steps (see, e.g., [10] and [12] for details):


	a. Start from the following global weak formulation (of the virtual power type):


	ρf∫Ω∖B‾(t)  ∂u∂t+(u⋅∇)u⋅vdx+2μf∫Ω∖B‾(t)  D(u):D(v)dx -∫Ω∖B‾(t)  p∇⋅vdx+MdVdt⋅Y+d(Iω)dt⋅θ=ρf∫Ω∖B‾(t)  g⋅vdx+Mg⋅Y,∀{Y,θ}∈Rd×Θ, and ∀v∈H1(Ω∖B‾(t))d and verifying v=0 on Γ,v(x)=Y+θ×G(t)x→,∀x∈∂B(t),t∈(0,T) with Θ=R3 if d=3,Θ={{0,0,θ}∣θ∈R} if d=2, ∫Ω∖B‾(t)  q∇⋅u(t)dx=0,∀q∈L2(Ω∖B‾(t)),t∈(0,T), u(t)=uΓ(t) on Γ,t∈(0,T),u(x,t)=V(t)+ω(t)×G(t)x→,∀x∈∂B(t),t∈(0,T),dGdt=V,u(x,0)=u0(x),∀x∈Ω∖B‾(0),G(0)=G0,V(0)=V0,ω(0)=ω0,B(0)=B0.


	b. Fill B with the surrounding fluid.


	c. Impose a rigid body motion to the fluid inside B.


	d. Modify the global weak formulation (28)-(33) accordingly, taking advantage of the fact that if v is a rigid body motion velocity field, then ∇⋅v=0 and D(v)=0.


	e. Use a Lagrange multiplier defined over B to force the rigid body motion inside B.


	Assuming that B is made of a homogeneous material of density ρs, the above “program” leads to:


	ρf∫Ω  ∂u∂t+(u⋅∇)u⋅vdx+2μf∫Ω  D(u):D(v)dx-∫Ω  p∇⋅vdx+1-ρf/ρsMdVdt⋅Y+d(Iω)dt⋅θ+<λ,v-Y-θ×G(t)x→>B(t)=ρf∫Ω  g⋅vdx+1-ρfρsMg⋅Y,∀{v,Y,θ}∈H01(Ω)d×Rd×Θ,t∈(0,T), with Θ=R3 if d=3,Θ={{0,0,θ}∣θ∈R} if d=2, ∫Ω  q∇⋅u(t)dx=0,∀q∈L2(Ω),t∈(0,T),u(t)=uΓ(t) on Γ,t∈(0,T), <μ,u(t)-V(t)-ω(t)×G(t)x→>B(t)=0,∀μ∈Λ(t),t∈(0,T),dGdt=V,G(0)=G0,V(0)=V0,ω(0)=ω0,B(0)=B0,


	with Λ(t)=H1(B(t))d. From a theoretical point of view, a natural choice for <⋅,⋅>B(t) is provided by, e.g., <μ,v>B(t)=∫B(t) [μ⋅v+ δ2D(μ):D(v)dx, with δ as a characteristic length, the diameter of B, for example. From a practical point of view, when it comes to space discretization, a simple and efficient strategy is the following one (cf. [10](Chapter 8) and [12]): “approximate” Λ(t) by


	Λh(t)=μ∣μ=∑j=1N  μjδx-xj, with μj∈Rd,∀j=1,…,N#(40)


	and the above pairing by <μ,v>B(t)h=∑j=1N μj⋅vxj. In (40), x→δx-xj is the Dirac measure at xj, and the set xjj=1N is the union of two subsets, namely: (i) The set of the points of the velocity grid contained in B(t) and whose distance to ∂B(t) is ≥ch,h being a space discretization step and c a constant ≃1. (ii) A set of control points located on ∂B(t) and forming a mesh whose step size is of the order of h. It is clear that, using the above approach, one forces the rigid body motion inside the particle by collocation.


	2.3 Solving Problem (34)-(39) by Operator-Splitting


	We do not consider collisions; after (formal) elimination of p and λ, problem (34)-(39) reduces to a dynamical system of the following form


	dXdt+∑j=1J  Aj(X,t)=0 on (0,T), X(0)=X0#(41)


	where X={u,V,ω,G} (or {u,V,Iω,G}). A typical situation will be the one where, with J=4, operator A1 will be associated to incompressibility, A2 to advection, A3 to diffusion, A4 to fictitious domain and body motion; other decompositions are possible as shown in, e.g., [10](Chapter 8) and [12]. Lie’s scheme (2) applies “beautifully” to the solution of the formulation (41) of problem (34)-(39). The resulting method is quite modular implying that different space and time approximations can be used to treat the various steps; the only constraint is that two successive steps have to communicate (by projection in general).


	2.4 Numerical Experiments


	Generalities. The methods described in the above paragraphs have been validated by numerous experiments (see, e.g., [10](Chapters 8 and 9), [12], and [20]). In this article, we shall focus on two test problems, the first one involving only one particle, while the second test problem concerns a channel flow with 300 particles. The fictitious domain/operatorsplitting approach has made the solution of both problems (almost) routine, but no later than the mid-nineties, solving such problems was considered a Grand Challenge (actually, “our” first systematic attack of such problems was part of a National Science Foundation supported Grand Challenge project).


	First Test Problem: Lifting of a Ball by a Pressure Driven Flow. Let us denote by Ω a truncated circular cylinder of length L and diameter D; we denote by Γ the boundary of Ω and suppose that: (a) The axis of the cylinder is parallel to the horizontal axis Ox2. (b) The cylinder has been truncated by the vertical planes x2=0 and x2=L; we denote by Γ1 and Γ2 the two vertical disks limiting Ω. (c) The cylinder is filled with an incompressible Newtonian viscous fluid of density ρf and viscosity μf; it contains also a rigid solid ball B of diameter d and density ρs. (d) The only external force is gravity. (e) At t=0, the fluid and the solid are at rest, the ball lying on the bottom of the cylinder. (f) There exists a pressure drop ΔP between Γ1 and




[image: ]

	Figure 2. Position of the ball at t=0 and 40 (from left to right).



[image: ]

	Figure 3. Time variation of the distance of the ball center to the cylinder axis.


	Γ2. (g) The following boundary conditions prevail on Γ:u=0 on Γ∖Γ1∪Γ2, and u(x,t)=ux+Le2,t,∀x∈Γ1,e2 being the unit vector of axis Ox2 (periodic boundary conditions).


	If ΔP is large enough, the lift acting on B will be sufficiently large for the ball to take off and possibly reach an equilibrium height. This is indeed the phenomenon we intend to simulate. In order to do so, we are going to apply the fictitious domain methodology discussed in Sections 2.2 and 2.3. Actually the above methodology is used twice: (i) To treat the fluid-rigid ball coupling as done in Section 2.2. (ii) To solve all the partial differential equations in a “box” Ω˜ containing Ω; we impose u=0 in Ω˜∖Ω‾ via a distributed Lagrange multiplier method very close to the one discussed in [10](Section 41).


	In the particular problem that we are considering: L=2,D= 1,d=0.2,ρf=1,μf=1,ρs=1.001,Ω˜ is approximated by Ω˜h= (0,1+4h)×(0,2)×(0,1+4h),(h being a uniform space-discretization step), the cylinder axis is on the line x1=12+2h,x3=12+2h, and ΔP=320, so that, without the ball, the maximal steady flow speed would have been 10. The mesh size used to compute the velocity field (resp., the pressure) is hv=h=1/96 (resp., hp=2h=1/48), while


	we took 1/1000 for the time-discretization step; with these values the velocity mesh contains approximately 2×106 grid-points. The lifting phenomenon has been simulated for t∈[0,40], leading to the following results: (1) The translation speed of the ball averaged during the last five time units is 6.126. (2) The Reynolds number averaged during the last five time units is 1.2252. (3) The distance of the ball center to the cylinder axis, also averaged during the last five time units, is 0.30129.


	The following have been visualized in Figures 2 to 3, respectively: (1) The position of the ball at time t=0. (2) The position of the ball at t=40; it has, essentially, reached its equilibrium height (height of the ball center ≃.2). (3) The variation versus time of the ratio distance of the ball center to the cylinder axis /D; the equilibrium height has been reached around t=27.5.


	Second Test Problem: Motion of 300 Neutrally Buoyant Disks


	in a Two-Dimensional Horizontal Channel. The second test problems involving 300 particles and a solid volume/fluid volume ratio of the order of 37.86% collisions (or near-collisions) have to be accounted for in the simulations; to do so we have used the methods discussed in, e.g., refs. [10](Chapter 8) and [12]. Another peculiarity of this second test problem is that ρs=ρf for all particles (a neutrally buoyant situation). Indeed, neutrally buoyant models are more delicate to handle than those in the general case, since 1-ρf/ρs=0 in (34); however, this difficulty can be overcome, as shown in ref. [20]. For this test problem, we have: (a) Ω=(0,42)×(0,12). (b) Ω contains the mixture of a Newtonian incompressible viscous fluid of density 1 and viscosity 1 with 300 rigid solid disks of density 1 and radius.45. (c) At time t=0, fluid and particles are at rest, the particle centers being located at the points of a regular lattice. (d) The mixture is put into motion by a uniform pressure drop of 25/18 per unit length (without the particles the steady flow would be of the Poiseuille type with 25 as maximal flow speed). (e) The boundary conditions are given by u=0 on (0,42)×{0,12} (no-slip boundary condition on the horizontal parts of the boundary), and u0,x2,t=u42,x2,t,0<x2<12,0≤t≤700 (spaceperiodic boundary conditions). (f) hv=1/10,hp=1/5, and the timediscretization step is 1/1000. The particle distribution at t=70,120, and 700 has been visualized on Figure 4.
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