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	The Crystal Ball


	The more unpredictable the world becomes, the more we rely on predictions.


	-Steve Rivkin


	In 1657 the Dutch mathematician and scientist Christiaan Huygens published De Ratiociniis in Ludo Aleae (Calculating in Games of Chance), a work generally regarded as the first printed textbook of probability theory (see Figure 1). In so doing he gave the sciences a statistical crystal ball-a means of predicting, with some degree of reliability, that which is uncertain.


	Mathematical expectation or expected value is the long-term average numerical outcome to an experiment performed a large number of times. It's denoted as


	E=Σxp


	and can be applied, in some sense, to one-time (single-shot) experiments. This unassuming expression is both simple in appearance and easy to calculate, often requiring nothing more than multiplication and addition. (The above expression will be explained in detail in Chapter 2.) Mathematical expectation has served the sciences well for more than three centuries with applications in such diverse fields as game theory, quantum mechanics and the forensic sciences. It was even used by Blaise Pascal to rationalize one's belief in God! Though useful, its very definition is paradoxical in that its calculation requires the laws of chance. The laws of chance? Inn't chance, by definition, not governed by laws? Can there truly be a science of the uncertain?
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	Figure 1. Christiaan Huygens (1629—1695). (From Leiden University Library, Print Room, PK-P-108.246.)


	By popular standards there may be other, far more significant mathematical expressions. In Five Equations That Changed the World, Michael Guillen offers these five examples [Guillen 95]:


	1. Isaac Newton's Universal Law of Gravity: F=GMmd2;


	2. Daniel Bernoulli's Law of Hydrodynamic Pressure: P+12ρv2= constant;


	3. Michael Faraday's Law of Electromagnetic Induction: ∇×E=-∂B∂t;


	4. Rudolf Clausius' Second Law of Thermodynamics: ΔSUniverse >0 (inequality);


	5. Albert Einstein's Theory of Special Relativity Equation: E=mc2.


	All are worthy of Guillen's acknowledgement. Mathematical expectation may not be as glamorous, but its applicability should not be underestimated. Elementary textbooks of probability and statistics include many examples.


	This book showcases unexpected mathematical expectations-those that surprise us in one way or another. We begin by noting that the very existence of such an expression is surprising enough. For someone unfamiliar with the subject matter, the power and diversity of its applications are certainly unexpected. But things get more bizarre when we discover mathematical paradoxes and contradictions associated with straightforward applications of the concept. These contradictions are highly unexpected and may lead one to reconsider the legitimacy of the trusted applications. These curiosities are the core of this book. Readers will be intrigued; some may be frustrated. This is the nature of paradox.


	The book begins with a brief history of probability theory, a relatively recent development considering thousands of years of mathematical progress. Advances in science and technology are often initiated by less-than-glamorous aspects of human nature. The uniquely human quality of making war has produced advances in aviation, communication, and GPS navigation. Some narcotics and other recreational drugs have proven to be of medicinal value. The pornography industry may be responsible for the VHS video format succeeding over its rival Beta, and may prove to be a deciding factor in the current Blu-ray versus HD-DVD rivalry. Probability theory was born from the desire to develop gambling strategies, a vice of sorts. Recreational greed!


	Chapter 2 covers the rudiments-the ABCs of E. It includes the basic laws of probability and the definition of mathematical expectation (expected value). Chapter 3 surveys routine applications of E, with a surprise or two even for readers familiar with the concept.


	Remaining chapters cover unexpected results associated with mathematical expectation. Chapter 4 is where psychology meets mathematics -Ψ+E. Here we see we're not always as rational as we believe ourselves to be. In Chapter 5 we examine a class of expected value paradoxes which I collectively refer to as envelope problems. One must choose one of two envelopes so as to maximize the expected value of the contents. More generally, the decision is between one of two possible courses of action. It's not as straightforward as one might imagine, and the reader should expect the unexpected.


	Are stock market losses getting you down? Do you consider yourself an expert at picking losing stocks or making other bad bets? If so, then take heart! Chapter 6 offers hope to losers. Chapter 7 presents the problems associated with imperfect recall. The original problem from the seminal paper [Piccione and Rubinstein 97] is given, followed by popular variations.


	Chapter 8 gives a brief discussion of non-zero-sum games, where again we encounter the inadequacy of individual rationality. Attention is given to the classic game of chicken and the prisoner's dilemma, both of which have real-world manifestations.


	Newcomb's paradox, presented in Chapter 9, may be considered the greatest philosophical paradox of free will. It is similar to the envelope problems presented in Chapter 5. But to choose optimally, one must consider the age old free will versus determinism debate. It is more a philosophical than mathematical problem and deserves its own chapter.


	The letter E (or e) denotes many mathematical and physical quantities. Lower case e is commonly used for eccentricity (the elongation of conic section curves such as ellipses and hyperbolas) and also denotes the base of the natural logarithm function (e≈2.7). Upper case E may represent energy (as in E=mc2), voltage (Ohm's law: E=IR), and mathematical expectation. In Chapter 10 we see how mathematical expectation can be applied to the forensic sciences and serve as evidence in our courts. E for evidence! A recently discovered phenomenon,


	Benford's law, can be used forensically as evidence of fraud. The law was recently used to detect anomalies in the 2009 Iranian presidential election vote count.


	The mathematical discussions to follow typically involve little more than basic (high school) algebraic operations. On those few occasions where a higher level of mathematics is required, such as calculus or Markov chains, the discussion appears in the chapter's appendix so as not to deter those readers unfamiliar with such subjects.


	I sincerely hope the reader will appreciate the applications of this statistical crystal ball, along with its magic and mystery. Mathematics is an art, perhaps more so than a science. With or without application, its magic and mystery are endless. Legendary mathematician John von Neumann once noted, "In mathematics you don't understand things. You just get used to them." As author it is my hope to bring readers well beyond tolerance; the mysteries of mathematics are to be embraced. Shakespeare writes, "Expectation is the root of all heartache." He must not have read this book!


	-Leonard M. Wapner


	Division of Mathematical Sciences


	El Camino College
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	Looking Back


	If you would understand anything, observe its beginning and its development.


	-Aristotle


	During every waking moment we make decisions with uncertain outcomes. We intuitively weigh the value (payoff) of these outcomes, consider the risks, and make our decisions. In some instances the payoff is immediate, such as that of a wager at a casino table. Other decisions, such as deciding how to invest a significant sum of money, may require decades before the outcome is known and can be evaluated. And then there are those apparently insignificant decisions we make daily that actually have a greater impact on our lives than we can imagine when the decision is made.


	On June 18, 1977, I boarded the 10:02 am train from Copenhagen to Hamburg. I was tired, traveling with a pack on my back, and walked through the train searching for an empty compartment. I bypassed a compartment with only one passenger, hoping to find a compartment that I would have all to myself. Other compartments were more crowded, and I made the decision to return to the compartment occupied by the single passenger. At the time, I gave the decision little thought. As it turns out, this may have been the most significant decision of my life. The passenger was Mona and we are still traveling together, now happily married for over 35 years. Our daughter, Kirsty, and many other happy events in our lives would not have occurred had I chosen any other compartment on the train.


	A single decision today may have immediate payoffs or far reaching, unknown consequences down the road. The phenomenon of long-term dramatic consequences associated with an apparent insignificant decision is similar to the


	butterfly effect, where small physical perturbations yield unpredictable major outcomes. According to famed meteorologist Edward Lorenz [Lorenz 93, p. 14], the origin of this expression may be Lorenz's paper entitled "Does the Flap of a Butterfly's Wings in Brazil Set Off a Tornado in Texas?"


	If outcomes can be quantified, or at least ranked, then a rational individual makes decisions so as to maximize the value of the outcome. But, if the outcomes are chance or highly unpredictable events, then the optimal decision becomes problematic. Prior to the sixteenth century, decisions having chance outcomes were based on intuition or considered fate, as chance events were believed to be governed by the gods or other supernatural powers, if they were governed at all. Consideration of chance events and the likelihood of their occurrence was most often related to games and gambling. At this point, a distinction must be made between an awareness of chance and an understanding of chance at a level on which a mathematical theory of probability is developed. Awareness of the concept dates back six millennia, but it was not until the European Renaissance that the theory of probability was born.


	The standard cubical die has served as a common randomizer for today's board games and other games of chance. This verse of an American folksong describes dice as bones, which are, in fact, the original form of dice:


	Roll, roll, roll dem bones, Roll dem in de square,


	Roll dem on de sidewalk, Streets or anywhere!


	We roll dem in de morning, We roll dem in de night. Oh, we roll dem bones de whole day long When de cops are out of sight!


	The astragalus (or talus) bone, taken from the heel of goats, sheep, or other hooved animals, is cubical and relatively symmetrical. Evidence from Egyptian tomb paintings and other archeological evidence indicate that astragali were used in ancient civilizations as game pieces, counters, a medium of exchange, and randomizers in games. The astragali were thrown as dice are rolled today. The outcome was given by the orientation of the astragali. Historical records date this back to ancient civilizations-the Sumerians, Babylonians, Assyrians, Greeks, and Romans-indicating an awareness of chance, but nothing in the way of understanding or theory. The fact that the astragali were not perfectly symmetrical and not all alike undoubtedly hindered empirical analysis.


	The odds-on favorite of being the first civilization to develop the theory of being an odds-on favorite would have been Ancient Greece. Greek vases show paintings of men tossing astragali. In Greek mythology, there is the story of the three brothers, Zeus, Poseidon, and Hades, throwing dice to win a share of the universe. Zeus wins the heavens, Poseidon the seas, and Hades the underworld


	(hell). The Greeks certainly had a notion of chance, being fond of games and gambling. And, they were making significant contributions to western culture with respect to mathematics, logic, philosophy, science, and the arts. But, in actuality, they contributed little to the development of a theory of probability. Socrates (469—399 BC) defined Eıкоৎ (eikos) as a word meaning probable or likely. But with a number system more suited to record than calculate, the Greeks were not able to advance a mathematical theory of probability.


	Ancient Rome is known for its military conquests and advances in architecture and engineering-not so much for advances in science and mathematics. (Can you name a single Roman mathematician?) Like the number system of Ancient Greece, the Roman number system was, and remains today, not well suited for calculation. It would not be until 500 AD that the Hindus would develop a number system allowing for calculations similar to those of today. Nevertheless, the Romans should be considered the first to quantify, albeit in a minimal sense, probability. Cicero (106—43 BC) used the word probabilis, being aware that among chance events, some were more likely to occur than others. He writes, "probability is the very guide of life" [Cicero 63, p. 53].


	James Franklin, in his book The Science of Conjecture, gives an interesting passage of text extracted from a collection of old papal letters and quotations, dated ∼hnnt  Qrn [Franklin 01, p. 13—14]:


	A bishop should not be condemned except with seventy-two witnesses a cardinal priest should not be condemned except with forty-four witnesses, a cardinal deacon of the city of Rome with thirty-six witnesses, a subdeacon, acolyte, exorcist, lector, or doorkeeper except with seven witnesses.


	Franklyn writes [Franklin 01, p. 14], "It is the world's first quan of probability. Which shows why being quantitative about probability is not necessarily a good thing."


	Roman medieval law mentions the concept semiplena probatio (half-proof), a level of evidence somewhere between suspicion and full proof needed to convict. In some cases, the degree of likelihood of truth was further subdivided. Similar concepts existed in seventeenth-century English law and nineteenth-century Scottish law. Today, in US civil law, the plaintiff wins if the jury believes the probability is greater than 50 percent that the defendant was negligent. In US criminal courts, the burden of proof is "beyond reasonable doubt," quantified as a 98-99 percent certainty of guilt.


	Two great western civilizations, the Greeks and the Romans, failed to develop anything in the way of mathematical probability. Fast forward 1,500 years to the European Renaissance, where the theory of probability was born.


	Beating the Odds: Girolamo Cardano


	The first written formulation of a theory of chance was that of Girolamo Cardano (1501—1576). Leading a colorful life as a physician, scientist, and mathematician,


	he may best be known as an eccentric gambler and author of Liber de Ludo Aleae (The Book on Games of Chance), written in 1525 but not published until 1663. From conception to death, Cardano was a gambler, beating the odds in every sense. He was born frail and out of wedlock in Pavia (now Italy), despite repeated attempts by his mother, Chiara, to abort the fetus. Months later he survived the bubonic plague, though it killed his nurse, three half brothers, and well over 25 percent of the European population. In later years his eldest son was executed for murder and his youngest was exiled as a thief. At the age of 69 Cardano was arrested and briefly jailed as a heretic for having cast the horoscope of Jesus Christ. Cardano died in Rome on September 20, 1576, with some suggesting that he had predicted he would die on this day and starved himself for the preceding three weeks so that his prediction would come true.


	Growing up Cardano studied science and mathematics. In 1516, he decided to study medicine, ultimately becoming one of Europe's most prominent physicians. It was as a medical student that Cardano became interested in gambling (dice, chess, and card games), using winnings as his primary means of income. In his autobiography, he frankly acknowledges the addiction [Cardano 02, p. 66]:


	Peradventure in no respect can I be deemed worthy of praise; for so surely as I was inordinately addicted to the chess-board and the dicing table, I know that I must be deserving of the severest censure. I gambled at both for many years, at chess more than forty years, at dice about twenty-five; and not only every year, but-I say it with shame-every day, and with the loss at once of thought, of substance, and of time.


	The combination of his passion for gambling and exceptional mathematical talent gave way to his book on games of chance and history's first written treatise on the laws of chance. The book is essentially a gambling manual, with much written about dice games, to which he was introduced by his sons. Of interest is Chapter 14 entitled "On Combined Points." Here Cardano introduces what is now known as a sample space, the set of all possible simple outcomes associated with some random process. (Details are given in Chapter 2.) If the outcomes are equally likely and if some are considered favorable, then Cardano notes that the likelihood of a favorable outcome is equal to the proportion of favorable outcomes.


	With reference to rolling a pair of six-sided dice, Cardano writes of the likelihood of rolling a 1, 2, or 3 on either of both dice [Cardano 53, pp. 200—202]:


	If, therefore, someone should say, "I want an ace, a deuce, or a trey," you know that there are 27 favorable throws, and since the circuit is 36, the rest of the throws in which these points will not turn up will be 9; the odds will therefore be 3 to 1.


	Cardano's expression "circuit is 36" refers to the sample space, which for a pair of dice consists of 36 equally likely outcomes. (For each of the six possible outcomes


	(1,1),(1,2),(1,3),(1,4),(1,5),(1,6), (2,1), (2,2), (2,3), (2,4), (2,5), (2,6), (3,1),(3,2),(3,3),(3,4),(3,5),(3,6),


	(4,1),(4,2),(4,3),(4,4),(4,5),(4,6),


	(5,1), (5,2), (5,3), (5,4), (5,5), (5,6),


	(6,1),(6,2),(6,3),(6,4),(6,5),(6,6)


	Table 1.1. The 27 ways of rolling an ace, deuce, or trey out of all possible results of rolling a pair of dice.


	for one die, there exist six possible outcomes for the other.) The " 27 favorable throws," corresponding to the 27 ways a 1, 2, or 3 can appear on either of both dice, are shown in bold in Table 1.1.


	He summarizes,


	So there is one general rule, namely, that we should consider the whole circuit, and the number of those casts which represents in how many ways the favorable result can occur, and compare that number to the remainder of the circuit, and according to that proportion should the mutual wagers be laid so that one may contend on equal terms.


	Cardano's correct analysis introduces today's notion of probability as a fraction p,0≤p≤1, of the desired results over the total possible results. For Cardano's example above, a favorable result occurs 27 out of 36 times and the probability of a favorable result is 27/36=3/4.


	Cardano's short book was groundbreaking, and successful. Beyond formulating probability as a proportion (fraction), he proposes, without proof, the law of large numbers (discussed later in this chapter) and derives some other fundamental laws of modern probability theory (Chapter 2). There are some shortcomings. By modern standards, there was relatively no mathematical symbolism and principles are given in terms of examples. Some errors are made, which he notes; yet, there are no corrections. At times his writing is vague and hard to follow. Dispersed throughout the book are nontechnical, sometimes amusing comments about the nature of gambling and character of the players [Cardano 53, pp. 186—188]: for example,


	In my own case, when it seemed to me after a long illness that death was close at hand, I found no little solace in playing constantly at dice. However, there must be moderation in the amount of money involved; otherwise, it is certain that no one should ever play.


	To these facts must be added that gambling arouses anger and disturbs the mind, and that sometimes a quarrel flares up over money, a thing which is disgraceful, dangerous, and prohibited by law.


	Your opponent should be of suitable station in life; you should play rarely and for short periods, in a suitable place, for small stakes, and on suitable occasions, as at a holiday banquet.


	Play is a very good test of a man's patience or impatience. The greatest advantage in gambling comes from not playing at all. But there is a very great utility in it as a test of patience, for a good man will refrain from anger even at the moment of rising from the game in defeat.


	Cardano was not the first, nor the last, to consider the unsolved problem of the points, also known as the problem of division of stakes. How should prize money be divided between two players if it is necessary to terminate a contest before its completion, when the players have only partial scores? This is equivalent to asking the probability of each player winning at every possible stage of the game. The problem had its origins in the Dark Ages and appears in Summa de arithmetica, geometria, proportioni e proportionalità, published in 1494 by the Franciscan monk Luca Pacioli (1445—1517). Born in Tuscany, Pacioli was well educated in mathematics, with both teaching experience and a background in business. He wrote books about arithmetic and algebra which, for the most part, contained nothing original. Today he is called the "father of accounting" because of his detailed descriptions of the double-entry system in use today.


	Cardano, like Pacioli, was unable to correctly solve the problem of the points, despite the fact its solution is trivial in the context of today's theory of probability. As a simple version, consider two tennis players of equal ability playing a match in which the winner is the first to win three sets. Assume the match is interrupted and must be terminated when one player leads the other by the score 2—1. How should the prize money be divided? For Pacioli, Cardano and others, this was no simple problem. Would it be proper to divide the stakes evenly? This seems unfair as the player with the score of 2 would be more likely to win if the match had continued. Why not award the leading player two thirds of the stakes as he has scored two thirds of the points when the match was terminated? This too is illogical since, by this convention, a match terminated at 1—0 would award 100 percent of the stakes to the leading player, even though it is far from certain this player would win the match had it continued.


	As it turned out, the problem of the points was an embryo awaiting development. Though in essence a moral question of fairness, it requires a simple, but essential, quantification of chance in order to be solved. And, it introduces the notion of mathematical expectation, the subject of this book. Once the problem was passed on to seventeenth-century French mathematicians, the problem was solved and the theory of probability continued to develop.


	Vive la France: Blaise Pascal and Pierre de Fermat


	Throughout the seventeenth and eighteenth centuries, French mathematicians including Fermat, Pascal, de Moivre, Laplace, and Poisson took the lead in ad-


	vancing the rapidly developing theory of probability. Ironically, it was a chance event that got the ball rolling. The French writer and socialite Antoine Gambaud (1607—1684), known by the title Chevalier de Méré, was a professional gambler, but not an expert mathematician. By chance, he was introduced to famed French scientist and mathematician Blaise Pascal (1623—1662), and de Méré took the opportunity to ask for Pascal's help in solving certain gambling related problems, one of which was the problem of the points. In 1654 Pascal passed de Mérés questions on to another French mathematician, Pierre de Fermat (1601—1665), considered by many as the world's greatest amateur mathematician. A brief but significant correspondence between the two mathematicians followed that forged the basic mathematical concepts of probability. Both Pascal and Fermat solved the problem of the points, but by different methods. Pascal's approach uses Cardano's idea of the totality of equally likely outcomes; a simplified version appears here.


	Let the tennis players be named Hedrick and Taylor. Hedrick leads with the score at 2—1. The first player to reach 3 wins the match. So, at most, two additional sets must be played to conclude the match. Assuming the players are of equal ability, the scoring is equivalent to tossing a coin: whenever it turns up heads (H), Hedrick wins a set; when it comes up tails (T), Taylor wins a set. There are four possible outcomes for the two possible remaining sets-HH, HT, TH, and TT. (In practice, the match ends once either player wins the third set. So, of the four possibilities listed, HH and HT would not actually occur as play would be terminated when Hedrick wins the third set. But, when considering all possible outcomes for playing the two possible remaining sets, we must include these two possibilities.) Three of these four equally likely outcomes correspond to H winning the match. With this in mind, the stakes should be divided so that H gets three parts and T gets one part. This is equivalent to stating that Hedrick's probability of winning the match, given that he is leading by the score 2-1, is 3/4.


	This solution is significant on several levels. It quantifies probability and firmly establishes the concept of a sample space, introduced by Cardano. The solution implicitly uses the idea of mathematical expectation, given here as a fair division of stakes, obtained from the notion of what the players would expect to win, on average, if play were to continue. And, there were practical applications beyond that of interrupted games. The European Renaissance was a time of commercial growth, as well as a rebirth of learning and culture. Then, as today, lenders would lend money to merchants and both would profit if the merchants were successful. The merchants could expand their business and return a portion of the profits as interest to the lenders. Both parties assumed a share of the risk. In this context, the problem of the points addressed how lenders and merchants should settle their agreement if the venture did not pan out. Some scholars suggest the problem of the points was motivated more by business concerns than those of gambling.


	The advances made by Pascal and Fermat with respect to probability survived, but only in the form of their mutual correspondence; neither published


	them. The conclusions of the two Frenchmen were discussed by other French mathematicians; but, it was a Dutchman who became so intrigued by the correspondence that he proceeded to write the first printed textbook on the subject.


	Going to Press: Christiaan Huygens


	Christiaan Huygens was born at The Hague in 1629 into a family of wealth and influence. His father, Constantijn, was a statesman and one of the best known poets of the Netherlands. Constantijn was well connected academically, corresponding regularly with French philosophers/mathematicians Marin Mersenne (1588—1648) and René Descartes (1596—1650). His mother, Suzanna Van Baerle, was from one of the richest families in Amsterdam. So, much was expected of the young Christiaan. As a child he was privately tutored, then he studied law and mathematics at the University of Leyden and the College of Orange at Breda.


	While visiting Paris in 1655, Huygens learned of the problem of the points and the Pascal-Fermat correspondence. At the time, Huygens never met either of the two Frenchmen, but he was sufficiently intrigued by the subject of their correspondence to continue his own investigations upon returning to the Netherlands. Dutch mathematician and publisher F. van Schooten requested Huygens write up his results for publication. One year later, after a brief correspondence with Pascal and Fermat, Huygens completed De Ratiociniis in Ludo Aleae (Calculating in Games of Chance) and submitted the manuscript. Huygens wrote in Dutch, having difficulty finding Latin words for the subject matter. Van Schooten published the Latin translation in 1657; the Dutch version appeared in 1660 as Van Rekiningh in Spelen van Geluck. The book is regarded as the first printed textbook of probability theory; yet, by today's standard, Huygens' treatise is remarkably short, only 13 pages if printed in the text format you are now reading.


	The work consists of an introductory paragraph referencing the problem of the points, followed by a single postulate where he sets down the notion of mathematical expectation as the value of a gamble. This is Huygens' definition, as given by W. Browne's 1714 English translation of Huygens' book [Huygens 14]:


	As a Foundation to the following Proposition, I shall take Leave to lay down this Self-evident Truth: That any one Chance or Expectation to win any thing is worth just such a Sum, as wou'd procure in the same Chance and Expectation at a fair Lay. As, for Example, if any one shou'd put 3 Shillings in one Hand, without telling me which, and 7 in the other, and give me Choice of either of them; I say, it is the same thing as if he shou'd give me 5 Shillings; because with 5 Shillings I can, at a fair Lay, procure the same even Chance or Expectation to win 3 or 7 Shillings.


	(Today's equivalent interpretation of mathematical expectation is that of a longterm average numerical outcome. Using the above example of choosing a hand containing either 3 or 7 shillings, each equally likely, the long-term average outcome would be that of getting 5 shillings. A third interpretation of expected value is that of a proportion of stakes, as given in the problem of the points.)


	Fourteen propositions then follow. Propositions I-III give Huygens' technique for calculating mathematical expectation. These three propositions, with Huygens' justification of the first, are again presented as written by Huygens and translated by Browne [Huygens 14].


	Proposition I


	If I expect a or b and have an equal chance of gaining either of them, my Expectation is worth (a+b)/2.


	For most readers, this proposition will appear self evident, not requiring any justification. But being the first proposition of the first book of its kind, Huygens justifies the proposition, referencing his opening postulate [Huygens 14]:


	To trace this Rule from its first Foundation, as well as demonstrate it, having put x for the value of my Expectation, I must with x be able to procure the same Expectation at a fair Lay. Suppose then that I play with another upon this Condition, That each shall stake x, and he that wins [say by the toss of a fair coin] give the Loser a. 'Tis plain, the Play is fair, and that I have upon this Agreement an even Chance to gain a, if I lose the Game; or 2x-a, if I win it: for then I have the whole stake 2x, out of which I am to pay my Adversary a. And if 2x-a be supposed to equal b, then I have an even Chance to gain either a or b. Therefore putting 2x-a=b, we have x=(a+b)/2, for the Value of My Expectation.


	To be clear, imagine yourself and another player each wagering (a+b)/2 on the outcome of a coin toss. It is agreed that the winner of the toss, after collecting the stakes, returns an amount a to the loser. By symmetry, the game is fair. If you lose the coin toss, you walk away with a, returned to you by the other player, as agreed. If you win the toss, you walk away with 2a+b2-a=b. So, for both you and the other player, there is equal likelihood of coming away with a or b, procured with (a+b)/2.


	Propositions II and III are given below. Huygens' justifications are similar to that used for Proposition I and are omitted here.


	Proposition II


	If I expect a,b, or c, and each of them be equally likely to fall to my Share, my Expectation is worth (a+b+c)/3.


	Proposition III


	If the number of Chances I have to gain a be p, and the number of Chances I have to gain b, be q. Supposing the Chances equal; my Expectation will then be worth ap+bqp+q.


	Propositions IV-IX deal specifically with the problem of the points. Propositions X-XIV involve dice. The book concludes (as do most chapters in today's mathematics textbooks) with five exercises for the reader. The short but significant treatise of Huygens was well received and for fifty years remained the single best introduction to the developing theory of mathematical probability.


	Today Huygens is better known for his work in astronomy and other natural sciences. With an interest in lenses and telescopes, he invented a new way of grinding and polishing lenses, then used these lenses to discover the true nature of the rings of Saturn. Astronomy and time keeping go hand in hand, and his interests led him to develop the first pendulum clock, significantly improving the ability to accurately measure time. Precise timekeeping was also necessary for navigation at sea in order to determine longitude. (Lattitude can be approximated by celestial navigation.) To this end, Huygens invented the cycloidal pendulum, well suited for measuring time on a rolling sea.


	Huygens biographer A. E. Bell describes Huygens as "one of the greatest scientific geniuses of all time" and manages to sum up his broad scientific achievements in one, unusually long sentence [Bell 47, p. 5]:


	A man who transformed the telescope from being a toy into a powerful instrument of investigation, and this as a consequence of profound optical researches; who discovered Saturn's ring and the satellite Titan; who drew attention to the Nebula in Orion; who studied the problem of gravity in a quantitative manner, arriving at correct ideas about the effects of centrifugal force and the shape of the earth; who, in the great work Horologium Oscillatorium, founded the dynamics of systems and cleared up the whole subject of the compound pendulum and the tautochrone; who solved the outstanding problems concerned with collision of elastic bodies and out of much intractable work developed the general notion of energy and work; who is rightly regarded as the founder of the wave theory in light, and thus of physical optics-such a man deserves memory with the names of Galileo and Newton, and only the accidents of history have prevented this.


	In 1694, Huygens' health began to deteriorate. Suffering from insomnia, pain, and despair, he died in 1695 at his birthplace, The Hague.


	Law, but No Order: Jacob Bernoulli


	Is it nature (heredity) or nurture (environment) that has the greater effect on a person's interests, talents, and choice of vocation? The nature vs. nurture debate




[image: ]

	Figure 1.1. The Bernoulli family.


	has been around for some time, and evidence exists supporting both sides of the argument. Why would one choose to study mathematics and become a mathematician? Is it something in an individual's genes (nature) that predisposes one for this type of work? As evidence of apples not falling far from the tree, there can be no better example than that of the Bernoulli family-with its three generations of famous mathematicians (see Figure 1.1). No family in history has produced more mathematicians.


	Fleeing persecution by the Catholics, the Bernoullis escaped Antwerp in 1583 and made it to Basel by way of Frankfurt. Jacob (James, Jacques) Bernoulli (1654—1705), eldest son of Nicolaus senior, was born on Christmas Day, the same year as the Pascal-Fermat correspondence. Jacob, like his brothers Nicolaus and Johannes, was not raised by Nicolaus senior to be a mathematician. Encouraged by his father, Jacob earned a degree in theology at Basel and trained to be a minister of the Reformed Church. He spent the next ten years traveling throughout Europe, developing an interest in astronomy and mathematics, studying the writings of Descartes, and corresponding with German philosopher and mathematician Gottfried Wilhelm Leibniz.


	Now a mathematician, Jacob returned to Basel and, in 1687, became chair of mathematics at the University of Basel. He held this position until his death in 1705. During these years he became interested in Huygens' De Ratiociniis in Ludo Aleae and began working on problems of chance, such as those posed by Huygens. Now influenced by both Huygens and Leibniz, Jacob combined the ideas of calculus and probability to write Ars Conjectandi (The Art of Conjecturing), composing the manuscript over a period of twenty years, the first part of which contains a reprint of Huygens' short work. Jacob died in 1705 before the book's publication. Nicholaus, the son of Jacob's brother Nicholaus, made final edits and in 1713 Ars Conjectandi was published.
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	Figure 1.2. The law of large numbers.


	The primary contribution in this book to the theory of probability is Bernoulli's proof of the first limit law of probability, the law of large numbers, also known as Bernoulli's theorem. Cardano expressed the idea, but it was Bernoulli who produced a formal proof, which is omitted here. The law can be expressed in terms of averages, proportions, or probabilities. In that probabilities are not defined until the following chapter, we delay that form of the law until the following chapter. In simplest terms, the law states that the difference between the average of n numbers randomly chosen from a large data set and the true average of the entire data set, tends to decrease as the sample size n increases. More formally, let μ represent the average value of some quantity associated with a large population. For any positive value ε, create a symmetric interval centered at μ as depicted in Figure 1.2. Then the likelihood of the sample mean being in this window, between μ-ε and μ+ε increases as the sample size n increases, regardless of the value of ε.


	Bernoulli believed that the result was self evident. In Ars Conjectandi he writes [Bernoulli 06, p. 328],


	Neither should it escape anyone that to judge in this way concerning some future event it would not suffice to take one or another experiment, but a great abundance of experiments would be required, given that even the most foolish person, by some instinct of nature, alone and with no previous instruction (which is truly astonishing), has discovered that the more observations of this sort are made, the less danger there will be of error. But although this is naturally known to everyone, the demonstration by which it can be inferred from the principles of the art [of conjecturing] is hardly known at all, and, accordingly, it is incumbent upon us to expound it here.


	Obvious is a dangerous word to use in mathematics; the theorem's conclusion is obvious, but not its proof. We know there is "safety in numbers," "fifty million Frenchman can't be wrong," and, by Proverbs 11:14 of the King James Bible, "Where no counsel is, the people fall: but in the multitude of counselors there is safety." The law of large numbers is intuitive.


	(Bernoulli's theorem is known today as the weak law of large numbers. The strong law of large numbers, which implies the weak law, asserts that as n increases, the average of the sample almost certainly approaches the true mean for the entire data set.
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