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Preface

To build a mathematical model based on the observed data is a common task for systems in diverse areas including not only engineering systems, but also physical systems, social systems, biological systems and others. It may happen that there is no a priori knowledge concerning the system under consideration; one then faces the “black box” problem. In such a situation the “black box” is usually approximated by a linear or nonlinear system, which is selected by minimizing a performance index depending on the approximation error. However, in many cases, from physical or mechanical thinking or from human experiences one may have some a priori knowledge about the system. For example, it may be known that the data are statically linearly related, or they are related by a linear dynamic system but with unknown coefficients and orders, or they can be fit into a certain type of nonlinear systems, etc. Then, the problem of building a mathematical model is reduced to fixing the uncertainties contained in the a priori knowledge by using the observed data, e.g., estimating coefficients and orders of a linear system or identifying the nonlinear system on the basis of the data. So, from a practical application point of view, when building a mathematical model, one first has to fix the model class the system belongs to on the basis of available information. After this, one may apply an appropriate identification method proposed by theoreticians to perform the task.

Therefore, for control theorists the topic of system identification consists of doing the following things: 1) Assume the model class is known. It is required to design an appropriate algorithm to identify the system from the given class by using the available data. For example, if the class of linear stochastic systems is assumed, then one has to propose an identification algorithm to estimate the unknown coefficients and orders of the system on the basis of the input–output data of the system. 2) The control theorists then have to justify that the proposed algorithm works well in the sense that the estimates converge to the true ones as the data size increases, if the applied data are really generated by a system belonging to the assumed class. 3) It has also to be clarified what will happen if the data do not completely match the assumed model class, either because the data are corrupted by errors or because the true system is not exactly covered by the assumed class.

When the model class is parameterized, then the task of system identification consists of estimating parameters characterizing the system generating the data and also clarifying the properties of the derived estimates. If the data are generated by a system belonging to the class of linear stochastic systems, then the identification algorithm to be proposed should estimate the coefficients and orders of the system and also the covariance matrix of the system noise. Meanwhile, properties such as strong consistency, convergence rate and others of the estimates should be investigated. Even if the model class is not completely parameterized, for example, the class of Hammerstein systems, the class of Wiener systems, and the class of nonlinear ARX systems where each system in the class contains nonlinear functions, and the purpose of system identification includes identifying the nonlinear function f (⋅) concerned, the identification task can still be transformed to a parameter estimation problem. The obvious way is to parameterize f (⋅) by approximating it with a linear combination of basis functions with unknown coefficients, which are to be estimated. However, it may also be carried out in a nonparametric way. In fact, the value of f (x) at any fixed x can be treated as a parameter to estimate, and then one can interpolate the obtained estimates for f (x) at different x, and the resulting interpolating function may serve as the estimate of f (⋅).

As will be shown in the book, not only system identification but also many problems from diverse areas such as adaptive filtering and other problems from signal processing and communication, adaptive regulation and iterative learning control, principal component analysis, some problems connected with network systems such as consensus control of multi-agent systems, PageRank of web, and many others can be transformed to parameter estimation problems.

In mathematical statistics there are various types of parameter estimates whose behaviors basically depend on the statistical assumptions made on the data. In the present book, with the possible exception of Sections 3.1 and 3.2 in Chapter 3, the estimated parameter denoted by x0 is treated as a root of a function g(⋅), called the regression function. It is clear that an infinite number of functions may serve as such a g(⋅), e.g., g(x) = A(x – x0), g(x) = sin ||x – x0||, etc. Therefore, the original problem may be treated as root-seeking for a regression function g(⋅). Moreover, it is desired that root-seeking can be carried out in a recursive way in the sense that the (k + 1)th estimate xk+1 for x0 can easily be obtained from the previous estimate xk by using the data Ok+1 available at time k+ 1. It is important to note that any data Ok+1 at time k + 1 may be viewed as an observation on g(xk), because we can always write Ok +1 = g(xk) + εk+1, where εk+1≜Ok+1−g(xk) is treated as the observation noise. It is understandable that the properties of {εk} depend upon not only the uncertainties contained in {Ok} but also the selection of g(⋅). So, it is hard to expect that {εk} can satisfy any condition required by the convergence theorems for the classical root-seeking algorithms, say, for the Robbins–Monro (RM) algorithm. This is why a modified version of the RM algorithm is introduced, which, in fact, is a stochastic approximation algorithm with expanding truncations (SAAWET). It turns out that SAAWET works very well to deal with the parameter estimation problems transformed from various areas.

In Chapter 1, the basic concept of probability theory and some information from martingales, martingale difference sequences, Markov chains, mixing processes, and stationary processes are introduced in such a way that they are readable without referring to other sources and they are kept to the minimum needed for understanding the coming chapters. Except material easily available from textbooks, here most of the results are proved for those who are interested in mathematical derivatives. The proof is placed in Appendix A at the end of the book, but without it the rest of the book is still readable. In Chapter 2, root-seeking for functions is discussed, starting from the classical RM algorithm. Then, SAAWET is introduced, and its convergence and convergence rate are addressed in detail. This chapter provides the main tool used for system identification and parameter estimation problems to be presented in the subsequent chapters.

In Chapter 3, the ARMAX (autoregressive and moving average with exogenous input) system is recursively identified. Since ARMAX is linear with respect to its input, output, and driven noise, the conventional least squares (LS) or the extended LS (ELS) methods work well and the estimates are derived in a recursive way. However, for convergence of the estimates given by ELS a restrictive SPR (strictly positive realness) condition is required. After analyzing the estimation errors produced by the recursive LS and ELS algorithms in the first two sections, we then turn to the root-seeking approach to identifying ARMAX systems without requiring the SPR condition. Since the coefficients of the AR part and the correlation functions/the impulse responses of the system are connected by a linear algebraic equation via a Hankel matrix, it is of crucial importance to have the row-full-rank of the Hankel matrix appearing in the linear equation. This concerns the identifiability of the AR part and is discussed here in detail. Then the coefficients of ARMAX systems are recursively estimated by SAAWET, and the strong consistency of the estimates is established. As concerns the order estimation for ARMA, almost all existing methods are based on minimizing some information criteria, so they are nonrecursive. In this chapter a recursive order estimation method for ARMAX systems is presented and is proved to converge to the true orders as data size increases. The recursive and strongly consistent estimates are also derived for the case where both the input and output of the ARMAX systems are observed with additive errors, i.e., the errors-in-variables (EIV) case.

Chapter 4 discusses identification of nonlinear systems: Unlike other identification methods, all estimation algorithms given in this chapter are recursive. The following types of nonlinear systems are considered: 1) the Hammerstein system composed of a linear subsystem cascading with a static nonlinearity, which is located at the input side of the system; 2) the Wiener system being also a cascading system composed of a linear subsystem and a static nonlinearity but with the nonlinearity following the linear part; 3) the Wiener–Hammerstein system being a cascading system with the static nonlinearity sandwiched by two linear subsystems; 4) the EIV Hammerstein and EIV Wiener systems; 5) the nonlinear ARX (NARX) system defining the system output in such a way that the output nonlinearly depends on the finite number of system past inputs and outputs. For the linear subsystems of these systems, SAAWET is applied to estimate their coefficients and the strong consistency of estimates is proved. The nonlinearities in these systems including the nonlinear function defining the NARX system are estimated by SAAWET incorporated with kernel functions, and the strong consistency of the estimates is established as well.

Chapter 5 addresses the problems arising from different areas that are solved by SAAWET. We limit ourselves to present the most recent results including principal component analysis, consensus control of the multi-agent system, adaptive regulation for Hammerstein and Wiener systems, and PageRank of webs. As a matter of fact, the proposed approach has successfully solved many other problems such as adaptive filtering, blind identification, iterative learning control, adaptive stabilization and adaptive control, adaptive pole assignment, etc. We decided not to include all of them, because either they are not the newest results or some of them have been presented elsewhere.

Some information concerning the nonnegative matrices is provided in Appendix B, which is essentially used in Sections 5.2 and 5.4.

The book is written for students, researchers, and engineers working in systems and control, signal processing, communication, and mathematical statistics. The target the book aims at is not only to show the results themselves on system identification and parameter estimation presented in Chapters 3–5, but more importantly to demonstrate how to apply the proposed approach to solve problems from different areas.

Han-Fu Chen and Wenxiao Zhao
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Chapter 1 Dependent Random Vectors
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In the convergence analysis of recursive estimation algorithms the noise properties play a crucial role. Depending on the problems under consideration, the noise may be with various properties such as mutually independent random vectors, martingales, martingale difference sequences, Markov chains, mixing sequences, stationary processes, etc. The noise may also be composed of a combination of such kind of processes. In order to understand the convergence analysis to be presented in the coming chapters, the properties of above-mentioned random sequences are described here. Without any attempt to give a complete theory, we restrict ourselves to present the theory at the level that is necessary for reading the book.

Prior to describing random sequences, we first introduce some basic concepts of probability theory. This mainly is to provide a unified framework of notations and language.



1.1 Some Concepts of Probability Theory

Denote by Ω the basic space. A point ω ∈ Ω is called the element, or sample. Denote by A, B, or C, etc. the sets in Ω and by  0 the empty set. The complementary set of A in Ω is denoted by Ac≜{ω∈Ω:ω∉A} and the symmetric difference of sets A and B by AΔB≜ABc∪BAc.

Definition 1.1.1 A set-class ℱ is called a σ-algebra or σ-field if the following conditions are satisfied:

(i)Ω ∈ ℱ;

(ii)If A ∈ ℱ, then Ac ∈ ℱ;

(iii)If An ∈ ℱ, n = 1,2, 3, …, then ∪n=1∞An∈ℱ.

Let ℱ1 be a σ-algebra and ℱ1 ⊂ ℱ. Then ℱ1 is called a sub-σ-algebra of ℱ.

A conclusion immediately follows from Definition 1.1.1 that the σ-algebra ℱ is closed under countable intersection of sets, i.e., ∩n=1∞An∈ℱ if An∈ℱ,n=1,2,3,⋯. A set A belonging to ℱ is also named as A being measurable with respect to ℱ or ℱ -measurable and the pair (Ω, ℱ) is called a measurable space.

Definition 1.1.2 For a sequence {An}n ≥ 1 of sets, define

lim infn→∞An≜∩n=1∞∪k=n∞Ak, (1.1.1)

lim supn→∞An≜∩n=1∞∪k=n∞Ak. (1.1.2)

By Definition 1.1.2, it is clear that

liminfn→∞An = { ω ∈ Ω : ω ∈ An for all but a finite number of indices n},

limsupn→∞An={ ω∈Ω:ω∈An, i.o.  },

 and liminfn→∞An⊂limsupn→∞An, where the abbreviation “i.o.” is to designate “infinitely often.”

 If liminfn→∞An=limsupn→∞An=A, then A is called the limit of the sequence {An}n ≥ 1.

Definition 1.1.3 A set function ϕ on ℱ is called σ-additive or countably additive if ϕ(∪n=1∞An)=∑n=1∞ϕ(An) for any sequence of disjoint sets {An}n ≥ 1, i.e., An ∈ ℱ, n ≥ 1 and An ∩ Am =  0 for any n ≠ m .A nonnegative σ-additive set function ϕ is called a measure if ϕ (A) ≥ 0 for any A ∈ ℱ and ϕ ( 0) = 0. If ϕ is a measure, then the triple (Ω, ℱ, ϕ) is called a measure space. A measure ϕ is said to be σ-finite if there is {Ωn}n ≥ 1 C ℱ such that Ω=∪n=1∞Ωn and ϕ(Ωn)<∞,n≥1. For two measures ϕ1 and ϕ2, ϕ1 is said to be absolutely continuous with respect to ϕ2 if ϕ1 (A) = 0 whenever ϕ2 (A) = 0, A ∈ ℱ. This is denoted by ϕ1 << ϕ2.

By Definition 1.1.3, the σ-additive set function ϕ is allowed to take values + ∞ or –∞. For the σ-additive function ϕ and any A ∈ ℱ, define

ϕ+(A)≜supB∈ℱ,B⊂Aϕ(B),ϕ−(A)≜−infB∈ℱ,B⊂Aϕ(B). (1.1.3)

Theorem 1.1.1 (Jordan-Hahn Decomposition) For any σ-additive set function ϕ on ℱ, there exists a set D ∈ ℱ such that

ϕ+(A)=ϕ(AD),ϕ−(A)=−ϕ(ADC), (1.1.4)

where both ϕ+ and ϕ- are measures on ℱ and ϕ = ϕ+ – ϕ –.

The measures ϕ+, ϕ–, and ϕ¯≜ϕ++ϕ− are called the upper, lower, and total variation measures of ϕ.

Definition 1.1.4 A measure ℙ defined on (Ω, ℱ) is called a probability measure if ℙ(Ω)=1. The triple (Ω,ℱ,ℙ) is called a basic probability space and ℙ(A)(A) is called the probability of set A, A ∈ F, respectively.

For a measure space (Ω , F, ø), the subsets of an F -measurable set A with ø (A)=0 may not belong to ℱ . It is natural to add all subsets of sets with zero measure to the σ-algebra ℱ and define their measures to equal zero. Mathematically, this is expressed as

ℱ*≜{AΔM:A∈ℱ,M⊂N∈ℱ,ϕ(N)=0}, (1.1.5)

ϕ*(AΔM)≜ϕ(A). (1.1.6)

It can be proved that ℱ* is a σ-algebra and ø* is a measure on (Ω, ℱ*). The triple (Ω, ℱ*, ø*) is called the completion of (Ω, ℱ, ø). In the sequel, we always assume that the measure space and the probability space are completed.

Example 1.1.1 Denote the real line by ℝ≜[−∞,∞]. The σ-algebra ℬ generated by the class of infinite intervals of the form [–∞, x) with –∞ < x < +∞ is called the Borel σ-algebra, the sets in ℬ are called the Borel sets, and the measurable space (ℝ,ℬ,) is known as the 1-dimensional Borel space.

Theorem 1.1.2 Any nondecreasing finite function m(⋅) on (–∞, ∞) determines a complete measure space (ℝ,ℳm,vm) with ℳm being the completed σ-algebra generated by the set class {[t:m(t)∈[a,b)],a,b∈ℝ}, where

vm([a,b))=m(b−)−m(a−),−∞<a≤b<+∞,vm({∞})=vm({−∞})=0,

where m(x–) denotes the left limit of m(⋅) at x.

Definition 1.1.5 The measure νm defined by Theorem 1.1.2 is called the Lebesgue Stieljies measure determined by m and the complete measure space (ℝ,ℳm,vm) is named as the Lebesgue–Stieljies measure space determined by m. If m(x) = x ∀x ∈ (–∞, ∞), then v = νm is referred to the Lebesgue measure and the sets in ℳ≜ℳm are called the Lebesgue measurable sets.

Definition 1.1.6 For measurable spaces (Ωi, ℱi), i = 1, …, n, define

∏i=1nAi≜{ (ω1,⋯,ωn):ωi∈Ai,i=1,⋯,n },Ai∈ℱi,∏i=1nℱi≜σ({ ∏i=1nAi:Ai∈ℱi,i=1,⋯,n }),∏i=1n(Ωi,ℱi)≜(∏i=1nΩi,∏i=1nℱi),

where ∏i=1nΩi is called the product space,∏i=1n(Ωi,ℱi) the n-dimensional product measurable space, and ∏i=1nℱi  is the product σ-algebra.

Theorem 1.1.3 Let (Ωi,ℱi,ϕi), i = 1,2 be two σ-finite measure spaces and let Ω=∏i=12Ωi,ℱ=∏i=12ℱi be the product measurable spaces. Then there exists a σ- finite measure ϕ on (Ω, ℱ) for which

ϕ(A1×A2)=ϕ(A1)⋅ϕ(A2),∀Ai∈ℱi,i=1,2.

The σ-finite measure ϕ on (Ω, ℱ) is called the product measure of ϕ1 and ϕ2 and is often denoted by ϕ = ϕ1 x ϕ2.

Definition 1.1.7 A real function ξ = ξ (ω) defined on (Ω, ℱ) is called a random variable if it is ℱ-measurable, i.e., {ω ∈ Ω : ξ (ω) ∈ A} ∈ ℱ for any A ∈ ℬ and if it takes finite value almost surely, i.e., ℙ(|ξ(ω)|<∞)=1. The distribution function Fξ (⋅) of a random variable ξ is defined as

Fξ(x)≜ℙ(ω:ξ(ω)<x) ∀x∈ℝ. (1.1.7)

A real numberm (ξ) is called the median of the random variable ξ if ℙ(ξ≤m(ξ))≥12≤ℙ(ξ≥m(ξ)).

From the above definition we see that the random variables are in fact the measurable functions from (Ω, ℱ) to (ℝ,ℬ). A measurable function f from (ℝ,ℬ)  to  (ℝ,ℬ) is usually called the Borel measurable function.

It can be shown that the distribution function is nondecreasing and left- continuous. If Fξ is differentiable, then its derivative fξ(x)≜dFξ(x)/dx is called the probability density function of ξ, or, simply, density function.

The n-dimensional vector ξ = [ξ1 … ξn]T is called a random vector if ξi is a random variable for each i = 1, …, n. The n-dimensional distribution function and density function are, respectively, defined by

Fξ(x1,⋯,xn)≜ℙ(ξ1<x1,⋯,ξn<xn), (1.1.8)

and

Fξ(x1,⋯,xn)≜∫−∞x1⋯∫−∞xnfξ(t1,⋯,tn)dt1⋯dtn. (1.1.9)

Example 1.1.2 The well-known Gaussian density function is given by

12πσexp{ −12(x−μσ)2 },x∈ℝ (1.1.10)

for fixed scalars µ and σ with σ > 0. In the n-dimensional case the Gaussian density function is defined as

1(2π)n2(detΣ)12exp{ −12(x−μ)TΣ−1(x−μ) },x∈ℝn (1.1.11)

with fixed µ ∈ ℝn and positive definite Σ ∈ ℝn×n.

We now introduce the concept of mathematical expectation of a random variable ξ, denoted by Eξ≜∫Ωξdℙ, where∫Ωξdℙ, denotes the integral of ξ with respect to probability measure ℙ. We first consider the nonnegative ξ .

For each n ≥ 1, consider ω-sets Ani={ω∈Ω:i2n<ξ≤i+12n},i=0,⋯,n2n−1 and the sequence

Sn=∑i=0n2n−1i2nℙ(Ani)+nℙ(ξ>n) (1.1.12)

It can be shown that Sn converges as n → ∞ and the limit is defined as the mathematical expectation of ξ, i.e.,Eξ=∫Ωξdℙ≜limn→∞Sn∗.

In the following, for A∈ℱ,by∫Aξdℙwe mean∫ΩξIAdℙ where IA is the indicator of A:

IA(ω)≜{ 1, if ω∈A,0, otherwise . 

For a random variable ξ , define the nonnegative random variables

ξ+≜max{ξ,0},ξ−≜max{−ξ,0}.  (1.1.13)

It is clear that ξ = ξ+ – ξ–. The mathematical expectation of ξ is defined by Eξ≜Eξ+−Eξ− if at least one of Eξ+ and Eξ– is finite. If both Eξ+ and Eξ– are finite, then ξ is called integrable. If both Eξ+ and Eξ– are infinite, then we say that the mathematical expectation does not exist for ξ .

Theorem 1.1.4 (Fubini) If (Ω,ℱ,ℙ) is the product space of two probability spaces (Ωi,ℱi,ℙi),i=1,2 and X = X(ω1, ω2) is a random variable on (Ω, ℱ) for which the mathematical expectation exists, then

∫ΩXdP=∫Ω1 dℙ1∫Ω2X(ω1,ω2)dℙ2=∫Ω2dℙ2∫Ω1X(ω1,ω2)dℙ1 (1.1.14)

We now list some basic inequalities related to the mathematical expectation.

Chebyshev Inequality. For any ε > 0,

P(|ξ|>ε)≤1εE|ξ|. (1.1.15)

Jensen Inequality. Let the Borel measurable function g be convex, i.e., g(θ1x1 + θ2x2) ≤ θ1 g(x1) + θ2g(x2) for any x1, x2 ∈ ℝ and any θı ≥ 0, θ2 ≥ 0 with θı + θ2 = 1. If ξ is integrable, then

g(Eξ)≤Eg(ξ). (1.1.16)

Lyapunov Inequality. For any 0 < s < t ,

(E|ξ|s)1s≤(E|ξ|s)1t. (1.1.17)

Hölder Inequality. Let 1 < p < ∞, 1 < q < ∞, and 1p+1q=1. For random variables ξ and η with E |ξ |p < ∞ and E |η |q < ∞, it holds that

E|ξη|≤(E|ξ|p)1p(E|η|q)1q. (1.1.18)

In the case p = q = 2, the Hölder inequality is also named as the Schwarz inequality.

Minkowski Inequality. If E| ξ |p < ∞ and E |η|p < ∞ for some p ≥ 1, then

(E|ξ+η|p)1p≤(E|ξ|p)1p+(E|η|p)1p. (1.1.19)

Cr-Inequality.

(∑i=1n| ξi |)r≤Cr∑i=1n| ξi |r, (1.1.20)

where Cr={ 1, if r<1,nr−1, if r≥1. .

We now introduce the concepts of convergence of random variables.

Definition 1.1.8 Let ξ and {ξn}n≥1 be random variables. The sequence {ξn}n≥1 is said to converge to ξ with probability one or almost surely, denoted by ξn→ a.s. n→∞ξ, if ℙ(ω:ξn(ω)→n→∞ξ(ω))=1.{ ξn }n≥1 is said to converge to ξ in probability, denoted by ξn→n→∞ℙξ, if ℙ(| ξn−ξ |>ε)=o(1) for any ε > 0. {ξn}n≥1 is said to weakly converge or to converge in distribution to ξ, denoted by ξn→n→∞wξ,if Fξn(x)→n→∞Fξ(x) at any x where Fξ(x) is continuous. {ξn}n≥1 is said to converge to ξ in the mean square sense if E| ξn−ξ |2→n→∞0.

In what follows iff is the abbreviation of “if and only if.” The relationship between various types of convergence is demonstrated by the following theorem.

Theorem 1.1.5 The following results on convergence of random variables take place:

(i)If ξn→n→∞ a.s. ξ, then ξn→n→∞ℙξ..

(ii)If ξn→n→∞ℙξ, then ξn→n→∞wξ..

(iii)If E| ξn−ξ |2→n→∞0, then ξn→n→∞ℙξ. .

(iv)ξn→ n→∞ a.sξ iff supj≥n| ξj−ξ |→n→∞ℙ0 iff supm>n| ξm−ξn |→n→∞ℙ0. .

(v)ξn→ℙn→∞ξ iff supm>nℙ(| ξm−ξn |>ε)=o(1)∀ε>0..

The following theorems concern the interchangeability of taking expectation and taking limit.

Theorem 1.1.6 (Monotone Convergence Theorem) If {ξn}n ≥ 1 nondecreasingly converges to ξ with probability one and ξn ≥ η a.s. for some random variable η with Eη– < ∞, then limn → ∞Eξn = Eξ.

Theorem 1.1.7 (Fatou Lemma) If ξn ≥ η, n = 1,2, 3, … for some random variable η with Eη– < ∞, then E liminfn → ∞ ξn ≤ liminfn → ∞ Eξn.

Theorem 1.1.8 (Dominated Convergence Theorem) If |ξn| ≤ η, n = 1,2, 3, …, Eη < ∞, and ξn→n→∞ℙξ, then E| ξ |<∞,E| ξn−ξ |→n→∞0, and Eξn→n→∞Eξ. ,

We now introduce an important concept in probability theory, the conditional expectation.

Let A and B be ℱ -measurable sets. The conditional probability of set A given B is defined by ℙ(A∣B)=ℙ(AB)ℙ(B) whenever ℙ(B) ≠ 0. Intuitively, ℙ(A|B) describes the probability of set A with a priori information of set B. We now generalize this elementary concept from conditioned on a set to conditioned on a σ-algebra.

Theorem 1.1.9 (Radon-Nikodym Theorem) Let ℱ1 be a sub-σ-algebra of ℱ. For any random variable ξ with E ξ well defined, there is a unique (up to sets of probability zero) ℱ1 -measurable random variable η such that

∫AηdP=∫AξdP∀A∈ℱ1. (1.1.21)

Definition 1.1.9 The ℱ1-measurable function η defined by (1.1.21) is called the conditional expectation of ξ given ℱ1, denoted by E (ξ |ℱ1). In particular, if ξ = IB, then η is the conditional probability of B given ℱ1 and we write it as ℙ(B|ℱ1).

For random variables ξ and ζ, the conditional expectation of ξ given ζ is defined by (ξ∣ζ)≜E(ξ∣σ(ζ)), where σ(ζ) is the σ-algebra generated by ζ, i.e., σ(ζ) being the smallest σ-algebra containing all sets of the form {ω : ζ (ω) ∈ B}, B ∈ ℬ.

It is worth noting that if ξ = IB, ζ = ID, then σζ = {ø,Ω,D,Dc} and ℙ(B\ ζ) = ℙ(B|D)ID + ℙ(B|Dc)IDc, where ℙ(B|D) and ℙ(B|Dc) are defined for the elementary case.

For the conditional expectation, the following properties take place.

(i)E[aξ +bη|ℱ1] = aE[ξ|ℱ1]+bE[η|ℱ1] for any constants a and b.

(ii)If ξ ≤ η, then Eξ|ℱ1] ≤ E[η|ℱ1].

(iii)There exists a Borel-measurable function f such that E[ξ|η]=f (η) a.s.

(iv)E[E(ξlη)] = Eξ.

(v)E[ηξlℱ1] = ηE[ξ lℱ1] a.s. for any ℱ1-measurable η.

(vi)If σ-algebras ℱ1 ⊂ ℱ2 ⊂ ℱ, then E[E(ξ\ℱ2)\ℱ1] = E[ξ\ℱ1].

(vii)If ℱ1 = {Ω, ø}, then E[ξ lℱ1] = Eξ a.s.

For a sub-σ-algebra ℱ1 of ℱ, the Chebyshev inequality, Jensen inequality, Lyapunov inequality, Hölder inequality, Minkowski inequality, and Cr-inequality also hold if the expectation operator E(⋅) is replaced by E(⋅|ℱ1). The monotone convergence theorem, Fatou lemma, and the dominated convergence theorem also remain valid by replacing E (⋅) with E(⋅|ℱ1). We just need to note that in the case of conditional expectation these inequalities and convergence theorems hold a.s.



1.2 Independent Random Variables, Martingales, and Martingale Difference Sequences

Throughout the book the basic probability space is always denoted by (Ω, ℱ, ℙ).

Definition 1.2.1 The events Ai ∈ ℱ, i = 1, …, n are said to be mutually independent if ℙ(∩j=1mAij)=∏j=1mℙ ( Aij ) for any subset [ i1<⋯<im ]⊂[1,⋯,n]. The σ- algebras ℱi⊂ℱ,i=1,⋯, n are said to be mutually independent if ℙ(∩j=1mAij)=∏j=1mℙ(Aij) for any Aii∈ℱii,j=1,⋯, m with [ i1 < … < im ] being any subset of [1, …, n ]. The random variables {ξ1, … ,ξn} are called mutually independent if the σ-algebras σ( ξi) generated by ξi, i = 1, …, n are mutually independent. Let { ξi }i≥1 be a sequence of random variables. { ξi }i≥1 is called mutually independent if for any n ≥ 1 and any set of indices {i1, …, in}, the random variables { ξik }k=1n are mutually independent.

A sequence of random variables { ξk }k≥1 is called independent and identically distributed (iid) if { ξk,k≥1 } are mutually independent with the same distribution function.

Definition 1.2.2 The tail σ-algebra of a sequence { ξk }k≥1 is ∩k=1∞σ{ ξj,j≥k }. The sets of the tail σ-algebra are called tail events and the random variables measurable with respect to the tail σ-algebra are called tail variables.

Theorem 1.2.1 (Kolmogorov Zero-One Law) Tail events of an iid sequence {ξk }k ≥ 1 have probabilities either zero or one.

Proof. See Appendix A. □

Theorem 1.2.2 Let f (x, y) be a measurable function defined on (ℝl × ℝm, ℬl × ℬm). If the l-dimensional random vector ξ is independent of the m-dimensional random vector η and Ef (ξ,η) exists, then

E[f(ξ,η)∣σ(ξ)]=g(ξ) a.s.  (1.2.1)

where

g(x)={ Ef(x,η), if Ef(x,η) exists, 0, otherwise.  

Proof. See Appendix A. □

Theorem 1.2.3 (Kolmogorov Three Series Theorem) Assume the random variables {ξk }k ≥ 1 are mutually independent. The sum ∑k=1∞ξk converges almost surely iff the following three series converge:

∑k=1∞ℙ(| ξk |>1)<∞, (1.2.2)

∑k=1∞Eξk′<∞, (1.2.3)

∑k=1∞E(ξk′−Eξk′)2<∞, (1.2.4)

where ξk′≜ξkI[|ξk|≤1]

Theorem 1.2.4 (Marcinkiewicz–Zygmund) Assume {ξk }k ≥ 1 are iid. Then

∑k=1nξk−cnn1p→n→∞0 a.s. p∈(0,2) (1.2.5)

if and only if E ∣ξk∣p < ∞, where the constant c = Eξk if p ∈ [1,2), while c is arbitrary if p ∈ (0,1).

As will be seen in the later chapters, the convergence analysis of many identification algorithms relies on the almost sure convergence of a series of random vectors, which may not satisfy the independent assumption and thus Theorem 1.2.3 is not directly applicable. Therefore, we need results on a.s. convergence for the sum of dependent random variables, which are summarized in what follows.

We now introduce the concept of martingale, which is a generalization of the sum of zero-mean mutually independent random variables, and is widely applied in diverse research areas.

Definition 1.2.3 Let {ξk}k ≥ 1 be a sequence of random variables and {ℱk}k ≥ 1 be a sequence of nondecreasing σ-algebras. If ξk is ℱk-measurable for each k ≥ 1, then we call {ξk, ℱk}k ≥ 1 an adapted process. An adapted process {ξk, ℱk}k ≥ 1 with E|ξk| < ∞∀k ≥ 1 is called a submartingale if E[ξn\ℱm] ≥ ξm a.s. ∀n ≥ m, a supermartingale if E[ξn \ℱm] ≤ ξm a.s. ∀n ≥ m, and a martingale if it is both a supermartingale and a submartingale, i.e., E[ξn\ℱm] = ξm a.s. ∀n ≥ m. An adapted process {ξk, Fk}k ≥1 is named as a martingale difference sequence (mds) if E[ξk+1|ℱk] = 0 a.s.∀k ≥ 1.

Here we give a simple example to illustrate the definition introduced above.

Let {ηk}k ≥ 1 be a sequence of zero-mean mutually independent random variables. Define ℱk = σ{η1, … ,ηk} and ζk=∑i=1kηi. Then { ηk,ℱk }k≥1 is an mds and { ζk,ℱk }k≥1 is a martingale.

Theorem 1.2.5 (Doob maximal inequality) Assume {ξk}k ≥ 1 is a nonnegative submartingale. Then for any λ > 0,

ℙ{ max1≤j≤nξj≥λ }≤1λ∫[ max1≤j≤nξj≥λ ]ξn dℙ. (1.2.6)

Further,

[ Emax1≤j≤nξjp ]1p≤pp−1[ Eξnp ]1p (1.2.7)

if Eξjp<∞,j=1,⋯,n, where 1 < p < ∞.

Proof. See Appendix A. □

Definition 1.2.4 Let {ℱk}k ≥1 be a sequence of nondecreasing σ-algebras. A measurable function T taking values in {1,2, 3, …, ∞} is called a stopping time with respect to {ℱk}k ≥ 1 if

{ω:T(ω)=k}∈ℱk ∀k≥1. (1.2.8)

In addition, if ℙ(T = ∞) = 0 then the stopping time T is said to be finite. A finite stopping time is also called a stopping rule or stopping variable.

Lemma 1.2.1 Let {ξk, ℱk}k ≥ 1 be adapted, T a stopping time, and B a Borel set. Let Tb be the first time at which the process {ξk}k ≥ 1 hits the set B after time T, i.e.,

TB≜{ inf{ k:k>T,ξk∈B }∞, if ξk∉B for all k>T.  (1.2.9)

Then TB is a stopping time.

Proof. The conclusion follows from the following expression:

[ TB=k ]=∪i=0k−1{ [T=i]∩[ ξi+1∉B,⋯,ξk−1∉B,ξk∈B ] }∈ℱk ∀k≥1

□

Let {ξk, ℱk}, k = 1, …, N be a submartingale. For a nonempty interval (a, b), define

T0≜0,T1≜{ min{ 1≤k≤N:ξk≤a },N+1, if ξk>a,k=1,⋯,N T2≜{ min{ T1<k≤N:ξk≥b },N+1, if ξk<b∀k:T1<k≤N, or T1=N+1, 	⋮	T2m−1≜{ min{ T2m−2<k≤N:ξk≤a },N+1, if ξk>a∀k:T2m−2<k≤N, or T2m−2=N+1, T2m≜{ min{ T2m−1<k≤N:ξk≥b },N+1, if ξk<b∀k:T2m−1<k≤N, or T2m−1=N+1. 

The largest m for which ξ2m ≥ b is called the number of up-crossings of the interval (a, b) by the submartingale { ξk,ℱk }k=1N and is denoted by β(a, b).

Theorem 1.2.6 (Doob) For the submartingale { ξk,ℱk }k=1N the following inequalities hold

Eβ(a,b)≤E(ξN−a)+b−a≤E(ξN)++|a|b−a (1.2.10)

where (ξN)+ is defined by (1.1.13).

Proof. See Appendix A. □

Theorem 1.2.7 (Doob) Let { ξk,ℱk }k≥1 be a submartingale with supk E(ξk)+<∞. Then there is a random variable ξ with E|ξ| < ∞ such that

limk→∞ξk=ξ a.s.  (1.2.11)

Proof. See Appendix A. □

Corollary 1.2.1 If either (i) or (ii) are satisfied, where

(i){ξk, ℱk}k ≥ 1 is a nonnegative supermartingale or nonpositive submartingale,

(ii){ξk, ℱk}k ≥ 1 is a martingale with supk Eξk| < ∞, then

limk→∞ξk=ξ a.s. and E|ξ|<∞. 

We have presented some results on the a.s. convergence of some random series and sub- or super-martingales. However, a martingale or an mds may converge not on the whole space Ω but on its subset. In the following we present the set where a martingale or an mds converges.

Let {ξk, ℱk}k ≥ 0 with ξk ∈ ℝm be an adapted sequence, and let G be a Borel set in ℬm. Then the first exit time T of {ξk}k ≥ 0 from G defined by

T={ min{ k:ξk∉G }∞, if ξk∈G,∀k≥0 

is a stopping time. This is because {T=k}={ ξ0∈G,ξ1∈G,⋯,ξk−1∈G,ξk∉ G}∈ℱk.

Lemma 1.2.2 Let {ξk, ℱk}k ≥ 0 be a martingale (supermartingale, submartingale) and T be a stopping time. Then the process { ξT∧k,ℱk }k≥0 is again a martingale (supermartingale, submartingale), where T∧k≜min(T,k).

Proof. See Appendix A. □

Theorem 1.2.8 Let { ξk,ℱk }k≥0b be a one-dimensional mds. Then as k → ∞, the sequence { ηk=∑i=0kξi }k≥0 converges on

A≜{ ω:∑k=1∞E(ξk2∣ℱk−1)<∞ }. (1.2.12)

Proof. See Appendix A. □

Theorem 1.2.9 Let { ξk,ℱk }k≥0 be an mds and let ηk=∑i=0kξi,k≥0.

(i)If E (supk ξk)+ < ∞, then ηk converges a.s. on A1≜{ ω:supkηk<∞ }.

(ii)If E (infk ξk) - < ∞, then ηk converges a.s. on A2≜{ ω:infkηk>−∞ }.

Proof. It suffices to prove (i) since (ii) is reduced to (i) if ξk is replaced by –ξk. The detailed proof is given in Appendix A. □

Theorem 1.2.10 (Borel–Cantelli–Lévy) Let {Bk}k ≥ 1 be a sequence of events, Bk ∈ℱk. Then

∑k=1∞IBk<∞ (1.2.13)

iff

∑k=1∞ℙ(Bk∣ℱk−1)<∞, (1.2.14)

or equivalently

∩k=1∞∪i=k∞Bi={ ω:∑k=1∞ℙ(Bk∣ℱk−1)=∞ }. (1.2.15)

Proof. See Appendix A. □

Theorem 1.2.11 (Borel-Cantelli) Let {Bk}k ≥ 1 be a sequence of events.

(i)If ∑k=1∞ℙ(Bk), then the probability that Bk, k ≥ 1 occur infinitely often is zero.

(ii)If Bk, k ≥ 1 are mutually independent and ∑k=1∞ℙ(Bk), then ℙ(Bk i.o.) = 1.

Proof. See Appendix A. □

Lemma 1.2.3 Let {yk, ℱk} be an adapted process and {bk} a sequence of positive numbers. Then

{ ω:∑k=1∞yk converges  }∩ A={ ω:∑k=1∞ykI[ | yk |≤bk ] converges  }∩ A (1.2.16)

where

A={ ω:∑k=1∞ℙ(| yk |>bk∣ℱk−1)<∞ }. (1.2.17)

Proof. See Appendix A. □

The following result is a generalization of Theorem 1.2.3.

Theorem 1.2.12 Denote by S the ω-set where the following three series converge:

∑k=1∞ℙ(| yk |>c∣ℱk−1)<∞, (1.2.18)

∑k=1∞E(ykI[ | yk |≤c ]∣ℱk−1)<∞, (1.2.19)

∑k=1∞{ E(yk2I[ | yk |≤c ]∣ℱk−1)−(E(ykI[ | yk |≤c ]∣ℱk−1))2 }<∞, (1.2.20)

where c is a positive constant. Then ηk=∑i=1kyi converges on S as k → ∞.

Proof. See Appendix A. □

Theorem 1.2.13 Let {ξk, ℱk} be an mds. Then ηk≜∑i=1kξi converges on

A≜{ ω:∑k=1∞E(| ξk |p∣ℱk−1)<∞ } for 0<p≤2 (1.2.21)

Theorem 1.2.13 generalizes Theorem 1.2.8. For its proof we refer to Appendix A.

For analyzing the asymptotical properties of stochastic systems we often need to know the behavior of partial sums of an mds with weights. In the sequel we introduce such a result to be frequently used in later chapters.

For a sequence of matrices { Mk }k≥1 and a sequence of nondecreasing positive numbers {bk}k ≥ 1, by Mk = O(bk) we mean

limsupk→∞‖ Mk ‖/bk<∞

and by Mk = o(bk),

limk→∞‖ Mk ‖/bk=0.

We introduce a technical lemma, known as the Kronecker lemma.

Lemma 1.2.4 (Kronecker lemma) If {bk}k ≥ 1 is a sequence of positive numbers non- decreasingly diverging to infinity and if for a sequence of matrices {Mk }k ≥ 1,

∑k=1∞1bkMk<∞, (1.2.22)

then ∑i=1kMi=o(bk).

Proof. See Appendix A. □

Based on Lemma 1.2.4, the following estimate for the weighted sum of an mds takes place.

Theorem 1.2.14 Let {ξk,ℱk} be an l-dimensional mds and {Mk,ℱk} a matrix adapted process. If

supkE(‖ ξk+1 ‖α∣ℱk)≜σ<∞ a.s. 

for some α ∈ (0, 2], then as k → ∞

∑i=0kMiξi+1=O(sk(α)(log(skα(α)+e))1α+η) a.s. ∀η>0, (1.2.23)

where sk(α)=(∑i=0k∥Mi∥α)1α.

Proof. See Appendix A. □

Example 1.2.1 In the one dimensional case if {ξk}k ≥ 1 is iid with Eξk = 0 and Eξk2<∞, then from Theorem 1.2.14 we have ∑i=1kξi=O(k12(logk)12+η). Thus the estimate given by Theorem 1.2.14 is not as sharp as those given by the law of the iterative logarithm but the conditions required here are much more general.



1.3 Markov Chains with State Space (ℝm,ℬm)

In systems and control, many dynamic systems are modeled as the discrete-time stochastic systems, which are closely connected with Markov chains. To see this, let us consider the following example.

Example 1.3.1 The ARX system is given by

yk+1=a1yk+⋯+apyk+1−p+b1uk+⋯+bquk+1−q+εk+1, (1.3.1)

where uk and yk are the system input and output, respectively, and {εk} is a sequence of mutually independent zero-mean random variables. Define

φk=[ yk⋮yk+1−puk⋮uk+1−q ],A=[ a1⋯⋯⋯apb1⋯⋯bq10⋯00001000⋮⋱⋱⋱⋮⋮⋮0⋱100⋯⋯00000⋯⋯0⋮⋯01⋱⋮⋮⋯⋱⋱⋱⋮0⋯⋯⋯⋯⋯010 ],ξk=[ εk0⋮0uk0⋮0 ]. (1.3.2)

Then (1:3:1) can be rewritten as

φk+1=Aφk+ξk+1, (1.3.3)

and hence the regressor sequence {φk}k ≥ 0 is a Markov chain valued in (ℝp+q,ℬp+q) provided {ξk}k ≥ 0 is a sequence of mutually independent random vectors: Thus, in a certain sense, the analysis of the system (1.3.1) can resort to investigating the properties of the chain {φk}k ≥ 0.

In this section we introduce some results of vector-valued Markov chains. These results, extending the corresponding results of chains valued in a countable state space, will frequently be used in the later chapters to establish the a.s. convergence of recursive algorithms.

Assume {xk}k ≥0 is a sequence of random vectors valued in ℝm. If

ℙ{ xk+1∈A∣xk,⋯,x0 }=ℙ{ xk+1∈A∣xk } (1.3.4)

for any A ∈ ℬm, then the sequence {xk}k ≥ 0 is said to be a Markov chain with the state space (ℝm, ℬm). Further, if the right-hand side of (1.3.4) does not depend on the time index k, i.e.,

ℙ{ xk+1∈A∣xk }=ℙ{ x1∈A∣x0 }, (1.3.5)

then the chain {xk}k ≥ 0 is said to be homogenous.

In the rest of the section, all chains are assumed to be homogenous if no special statements are claimed.

For the chain {xk}k ≥ 0, denote the one-step transition probability and the k-step transition probability by P(x,A)=ℙ{ x1∈A∣x0=x } and Pk(x,A)=ℙ{ xk∈A∣x0=x }, respectively, where x ∈ ℝm and A ∈ ℬm. It holds that

Pk(x,A)=∫ℝmPk−1(y,A)P(x, dy). (1.3.6)

Denote by Pk(⋅) the probability measure induced by xk: Pk(A) = ℙ{xk ∈ A}, A ∈ ℬm.

Assume

∫ℝmP(x,A)P0( dx)=P0(A)∀A∈ℬm (1.3.7)

for some initial probability measure P0(⋅) of x0. Then by (1.3.6) and Theorem 1.1.4, it can inductively be proved that for any A ∈ ℬm,

P1(A)=∫ℝmP(x,A)P0( dx)=P0(A)P2(A)=∫ℝmP2(x,A)P0( dx)=∫ℝm(∫ℝmP(y,A)P(x, dy))P0( dx)	=∫ℝmP(y,A)(∫ℝmP(x, dy)P0( dx))=∫ℝmP(y,A)P1( dy)	=∫ℝmP(y,A)P0( dy)=P1(A)=P0(A),

and further,

Pk(A)=P0(A),k≥1.

The initial probability measure P0(⋅) of x0 satisfying (1.3.7) is called the invariant probability measure of the chain {xk}k ≥ 0.

It should be noted that for a chain {xk}k ≥ 0, its invariant probability measure does not always exist, and if exists, it may not be unique.

Denote the total variation norm of a signed measure ν(⋅) on (ℝm, ℬm) by ||ν|| var, i.e.,

‖v‖var=∫ℝmv+(dx)+∫ℝmv−(dx),

where V = ν+ – ν_ is the Jordan-Hahn decomposition of v (see Theorem 1.1.1).

Definition 1.3.1 The chain {xk}k ≥ 0 is called ergodic if there exists a probability measure PIV(⋅) on (ℝm, ℬm) such that

‖ Pk(x,⋅)−PVV(⋅) ‖var k→∞0 (1.3.8)

for any x G ℝm. Further, if there exist constants 0 < p < 1 and M > 0 possibly depending on x, i.e., M = M(x) such that

‖ Pk(x,⋅)−PIV(⋅) ‖var≤M(x)ρk, (1.3.9)

then the chain {xk}k ≥ 0 is called geometrically ergodic.

The probability measure PIV(⋅) is, in fact, the invariant probability measure of {xk}k ≥ 0. It is clear that if the chain {xk}k ≥ 0 is ergodic, then its invariant probability measure is unique. In what follows we introduce criteria for ergodicity and geometric ergodicity of the chain {xk}k ≥ 0 valued in (ℝm, ℬm). For this, we first introduce some definitions and related results, which the ergodicity of Markov chains is essentially based on.

Definition 1.3.2 The chain {xk}k ≥ 0 valued in (ℝm, ℬm) is called µ-irreducible if there exists a measure µ(⋅) on (ℝm, ℬm) such that

∑k=1∞Pk(x,A)>0 (1.3.10)

for any x ∈ ℝm and any A ∈ ℬm with µ(A) > 0. The measure µ(⋅) is called the maximal irreducibility measure of {xk}k ≥ 0 if

(i){xk}k ≥ 0 is µ-irreducible;

(ii)for any other measure µ′ (⋅) on (ℝm, ℬm), {xk}k ≥ 0 is µ′-irreducible if and only if µ′(⋅) is absolutely continuous with respect to µ(⋅);

(iii)μ({ x:∑k=1∞Pk(x,A)>0 })=0 whenever µ(A) = 0.

Formula (1.3.10) indicates that for the µ-irreducible chain {xk}k ≥ 0, starting from any initial state x0 = x e Rm, the probability that in a finite number of steps the sequence {xk}k ≥ 0 enters any set A with positive µ-measure is always positive. In the following, when we say that the chain {xk}k ≥ 0 is µ-irreducible, we implicitly assume that µ(⋅) is the maximal irreducibility measure of {xk}k ≥ 0.

Definition 1.3.3 Suppose A1, …, Ad are disjoint sets in ℬm. For the chain {xk}k ≥ 0, if

(i)P(x,Ai+1)=1 ∀x∈Ai,i=1,⋯,d−1,

and

(ii)P(x,A1)=1 ∀x∈Ad,,

then {A1, …, Ad } is called a d-cycle of {xk}k ≥ 0.

The d-cycle is called maximal if

(iii)there exists a measure ν(⋅) on (ℝm, ℬm) such that

v(Ai)>0,i=1,⋯,d and v(ℝm/∪i=1dAi)=0 (1.3.11)

and

(iv)for any sets { A1′,⋯,Ad′′ }s satisfying (i) and(ii) with d replaced by d′, d′ must divide d.

The integer d is called the period of {xk}k ≥ 0 if the d-cycle of {xk}k ≥ 0 is maximal. When the period equals 1, the chain {xk}k ≥ 0 is called aperiodic.

The small set is another concept related to ergodicity of Markov chains valued in (ℝm, ℬm). Let us first recall the ergodic criterion for Markov chains valued in a countable state space.

Suppose that the chain {φk}k ≥ 0 takes values in {1,2,3, …} and its transition probability is denoted by pij=ℙ{ φk+1=j∣φk=i },i,j=1,2,3,⋯. It is known that if {φk}k ≥ 0 is irreducible, aperiodic, and there exist a finite set C ⊂ {1,2, 3, …}, a nonnegative function g (⋅), and constants K > 0 and δ > 0 such that

E[ g(φk+1)∣φk=j ]<g(j)+K∀j∈C, (1.3.12)

E[ g(φk+1)∣φk=j ]<g(j)−δ∀j∈C, (1.3.13)

then {φk}k ≥ 0 is ergodic, i.e.,

limk→∞ℙ{ φk=j∣φ0=i }=πj, j=1,2,⋯ (1.3.14)

with ∑j=1∞πj=1.. The concept of a small set can be regarded as an extension of the above finite subset C.

In the sequel, we adopt the following notations,

E(s(xn)∣x0=x)≜∫ℝms(y)Pn(x, dy), Ev(s)≜∫ℝms(x)v( dx) (1.3.15)

where Pn (x, ⋅) is the n-step transition probability of the chain {xk}k ≥ 0, s(x) is a measurable function on (ℝm, ℬm), and v(⋅) is a measure on (ℝm, ℬm).

Definition 1.3.4 Assume {xk}k ≥ 0 is a µ-irreducible chain. We say that {xk}k ≥ 0 satisfies the minorization condition M(m0, β, s, v), where m0 ≥ 1 is an integer, β > 0 a constant, s(x) a nonnegative measurable function on (ℝm, ℬm) with Eµ(s) > 0, and v(⋅) a probability measure on (ℝm, ℬm), if

Pm0(x,A)≥βs(x)v(A)∀x∈ℝm∀A∈ℬm (1.3.16)

The function s (x) and the probability measure v(⋅) are called the small function and small measure, respectively. If s(x) equals some indicator function, i.e., s(x) = IC(x) for some C ∈ ℬm with µ (C) > 0 and

Pm0(x,A)≥βv(A)∀x∈C∀A∈ℬm, (1.3.17)

then C is called a small set.

Lemma 1.3.1 Suppose that the µ-irreducible chain {xk}k ≥ 0 satisfies the minoriza- tion condition M(m0, β, s, v). Then

(i)the small measure v(⋅) is also an irreducibility measure for {xk}k ≥ 0, and

(ii)the set C≜{x:s(x)≥γ} for any constant γ > 0 is small, whenever it is µ-positive.

Proof. See Appendix A. □

Lemma 1.3.2 Suppose that the chain {xk}k ≥ 0 is µ-irreducible. Then,

(i)for any set B with µ(B) > 0, there exists a small set C ⊂ B;

(ii)if s(x) is small, so is E (s(xn)|x0 = x) ∀n ≥ 1; and

(iii)if both s (⋅) and s′ (⋅) are small functions, so is s (⋅) + s′ (⋅).

Proof. See Appendix A. □

The following results are useful in justifying whether a Markov chain is aperiodic or a set is small.

Theorem 1.3.1 Suppose that the chain {xk}k ≥ 0 is µ-irreducible. If either

(i)there exists a small set C ∈ ℬm with µ (C) > 0 and an integer n, possibly depending on C, such that

Pn(x,C)>0,Pn+1(x,C)>0∀x∈C, (1.3.18)

or

(ii)there exists a set A ∈ ℬm with µ(A) > 0 such that for any B ⊂ A, B ∈ ℬm with µ(B) > 0 and for some positive integer n possibly depending on B,

Pn(x,B)>0,Pn+1(x,B)>0∀x∈B, (1.3.19)

then {xk}k ≥ 0 is aperiodic.

Proof. See Appendix A. □

Theorem 1.3.2 Suppose that {xk}k ≥ 0 is a µ-irreducible, aperiodic Markov chain valued in (ℝm, ℬm).

(i)Let s(x) be a small function. Then, any set C with µ(C) > 0 satisfying

infx∈C∑k=0lE(s(xk)∣x0=x)>0 (1.3.20)

for some integer l ≥ 0 is a small set.

(ii)Any set C with µ (C) > 0 satisfying the following condition is a small set: there exists some A ∈ ℬm with µ(A) > 0 such that for any B ⊂ A with µ(B) > 0,

infx∈C∑k=0lPk(x,B)>0, (1.3.21)

where the integer l ≥ 0 may depend on B.

Proof. See Appendix A. □

Theorem 1.3.3 Assume that the chain {xk}k ≥ 0 is irreducible and aperiodic. If there exist a nonnegative measurable function g (⋅), a small set S, and constants ρ ∈ (0, 1), c1 > 0, and c2 > 0 such that

E[ g(xk+1)∣xk=x ]≤ρg(x)−c1 ∀x∈¯, (1.3.22)

E[ g(xk+1)∣xk=x ]≤c2 ∀x∈S, (1.3.23)

then there exist a probability measure PIV(⋅) and a nonnegative measurable function M(x) such that

‖ Pk(x,⋅)−PIV(⋅) ‖var ≤M(x)ρk. (1.3.24)

Further, the nonnegative function M(x) in (1.3.24) can be selected such that M(x) = a + bg (x), where a ≥ 0, b ≥ 0 are constants and ∫ℝmg(x)PTV(dx)<∞..

Under assumptions different from those required in Theorem 1.3.3 we have different kinds of ergodicity. To this end, we introduce the following definition.

Definition 1.3.5 For the chain {xk}k ≥ 0, the following property is called the Doeblin condition: There exist a probability measure ν(⋅) and some constants 0 < ε < 1, 0 < δ < 1 such that Pk0(x,A)≥δ ∀x∈ℝm for an integer k0 whenever ν(A) > ε.

Theorem 1.3.4 Suppose that the chain {xk}k ≥ 0 is irreducible and aperiodic. If {xk}k ≥ 0 satisfies the Doeblin condition, then there exist a probability measure PIV(⋅) and constants M > 0, 0 < ρ < 1 such that

‖ Pk(x,⋅)−PTV(⋅) ‖var≤Mρk (1.3.25)

Theorem 1.3.5 Assume that the chain {xk}k ≥ 0 is irreducible and aperiodic. If there exist a nonnegative measurable function g (⋅), a small set S, and constants c1 > 0 and c2 > 0 such that

E[ g(xk+1)∣xk=x ]≤g(x)−c1 ∀x∈¯, (1.3.26)

E[ g(xk+1)∣xk=x ]≤c2 ∀x∈S, (1.3.27)

then there exists a probability measure PIV (⋅) such that

‖Pk(x,⋅)−PIV(⋅)‖var →k→∞0. (1.3.28)

Theorems 1.3.3, 1.3.4, and 1.3.5 are usually called the geometrically ergodic criterion, the uniformly ergodic criterion, and the ergodic criterion, respectively. It is clear that the geometrical ergodicity is stronger than the ergodicity, but weaker than the uniform ergodicity. Next, we show that for a large class of stochastic dynamic systems the geometrical ergodicity takes place if a certain stability condition holds.

By µn (⋅) we denote the Lebesgue measure on (ℝn, ℬn).

Let us consider the ergodicity of the single-input single-output (SISO) nonlinear ARX (NARX) system

yk+1=f(yk,⋯,yk+1−p,uk,⋯,uk+1−q)+εk+1,  (1.3.29)

where uk and yk are the system input and output, respectively, εk is the noise, (p0 , q0 ) are the known system orders, and f (⋅) is a nonlinear function.

The NARX system (1.3.29) is a straightforward generalization of the linear ARX system and covers a large class of dynamic phenomena. This point will be made clear in the later chapters.

By denoting

xk≜[ yk,⋯,yk+1−p,uk,⋯,uk+1−q ]T,φ1(xk)≜[ f(yk,⋯,yk+1−p,uk,⋯,uk+1−q),yk,⋯,yk+2−p ]T,φ2(xk)≜[ 0,uk,⋯,uk+2−q ]Tφ(xk)≜[ φ1(xk)Tφ2(xk)T ]T,

and

ξk+1≜[εk+1,0,⋯,0︸p,uk+1,0,⋯,0︸q]T,

the NARX system (1.3.29) is transformed to the following state space model

xk+1=φ(xk)+ξk+1 (1.3.30)

Thus {xk}k ≥ 0 is a Markov chain if {ξk}k ≥ 0 satisfies certain probability conditions, e.g., if {ξk}k ≥ 0 is a sequence of mutually independent random variables. Ergodicity of {xk}k ≥ 0 can be investigated by the results given in the preceding sections. To better understand the essence of the approach, let us consider the first order (i.e., p = q = 1) NARX system:

yk+1=f(yk,uk)+εk+1. (1.3.31)

We need the following conditions.

A1.3.1Let the input {uk}k ≥ 0 be a sequence of iid random variables with Euk=0,Euk2<∞, and with a probability density function denoted by fu (⋅), which is positive and continuous on ℝ.

A1.3.2{εk}k ≥ 0 is a sequence of iid random variables with Eεk = 0, Eεk=0,Eεk2<∞, and with a density function fε (⋅), which is assumed to be positive and uniformly continuous on ℝ;

A1.3.3{εk}k ≥ 0 and {uk}k ≥ 0 are mutually independent;

A1.3.4f (⋅,⋅) is continuous on ℝ2 and there exist constants 0 < λ < 1, c1 > 0, c2 > 0, and l > 0 such that |f (ξ1 ,ξ2)| ≤ λ|ξ11 + c1 ξ2|l + c2 ∀ξ = [ξ1 ξ2]T ∈ ℝ2, where λ, c1, c2, and l may be unknown;

A1.3.5E|uk|l < ∞ and the initial value y0 satisfies E|y0| < ∞.

By denoting xk≜[ ykuk ]T,φ(xk)≜[ f(yk,uk)0 ]T,andξk≜[ εkuk ]T, the NARX system (1.3.31) is rewritten as follows:

xk+1=φ(xk)+ξk+1 (1.3.32)

Under the conditions A1.3.1–A1.3.3, it is clear that the state vector sequence {xk}k ≥ 0 defined by (1.3.32) is a time-homogeneous Markov chain valued in (ℝ2, ℬ2). As to be seen in what follows, Assumption A1.3.4 is a kind of stability condition to guarantee ergodicity of {xk}k ≥ 0.

Lemma 1.3.3 If A1.3.1–A1.3.3 hold, then the chain {xk}k ≥ 0 defined by (1.3.32) is µ2 -irreducible and aperiodic, and µ2 is the maximal irreducibility measure of {xk}k ≥ 0. Further, any bounded set A ∈ ℬm with µ2(A) > 0 is a small set.

Proof. See Appendix A. □

Theorem 1.3.6 Assume A1.3.1–A1.3.5 hold. Then

(i)there exist a probability measure PIV(⋅) on (ℝ2, ℬ2), a nonnegative measurable function M(x), and a constant ρ ∈ (0,1) such that

‖ Pn(x,⋅)−PIV(⋅) ‖var≤M(x)ρn ∀x=[ ξ1ξ2 ]T∈ℝ2; (1.3.33)

(ii)supn∫ℝ2M(x)Pn(dx)<∞and∥Pn(⋅)−PIV(⋅)∥var≤cρn for some constants c > 0 and ρ ∈ (0, 1);

(iii)PIV(⋅) is with probability density fIV (⋅, ⋅) which is positive on ℝ2, and

fIV(s1,s2)=∬ℝ2fε(s1−f(ξ1,ξ2))PIV(dx)fu(s2) (1.3.34)

Proof. We first prove (i). Define the Lyapunov function g(x)≜| ξ1 |+β| ξ2 |l, where x = [ξ1 ξ2]T G ℝ2 and β > 0 is a constant to be determined.

By A1.3.1–A1.3.5, we have

E[ g(xk+1)∣xk=x ]=E[ | yk+1 |+β| uk+1 |l∣xk=x ]=E[ | f(yk,uk)+εk+1 |∣xk=x ]+βE| u1 |l≤| f(ξ1,ξ2) |+E| ε1 |+βE| u1 |l≤λ| ξ1 |+c1| ξ2 |l+c2+E| ε1 |+βE| u1 |l.

Let β=c1λ Then from the above inequalities it follows that

E[ g(xk+1)∣xk=x ]≤λ| ξ1 |+λβ| ξ2 |l+c2+E| ε1 |+βE| u1 |l			≤λg(x)+c3, (1.3.35)

=λ′g(x)−((λ′−λ)g(x)−c3), (1.3.36)

where c3≜c2+E| ε1 |+βE| u1 |l and 0 < λ < λ′ < 1.

Choose K > 0 large enough such that (λ’ – λ′)K – c3 > 0, and define S = {x ∈ℝ2∣g (x) ≤ K}. Since S is a bounded set, by Lemma 1.3.3 S is a small set.

From (1.3.36) we have

E[ g(xk+1)∣xk=x ]≤λ′g(x)−((λ′−λ)K−c3)≜λ′g(x)−c4 ∀x∈S,  (1.3.37)

and from (1.3.35)

E[ g(xk+1)∣xk=x ]≤λK+c3≜c5 ∀x∈S. (1.3.38)

Noticing (1.3.37) and (1.3.38) and applying Theorem 1.3.3, we see that (1.3.33) holds.

We now prove (ii). By Theorem 1.3.3, the measurable function M(x) actually can be taken as a + bg(x), where a and b are positive constants and g(x) is the Lyapunov function defined above. To prove (ii) we first verify that

supk≥0∬ℝ2g(x)Pk( dx)<∞. (1.3.39)

Noticing A1.3.4, A1.3.5, and g(x) = \ξ1\ + β\ξ2\l, we have that

∬ℝ2g(x)Pk(dx)=Eg(xk)=E| yk |+βE| uk |l	=E| f(yk−1,uk−1)+εk |+βE| u1 |l≤λE| yk−1 |+c1E| uk−1 |l+c2+E| ε1 |+βE| u1 |l	=λE| f(yk−2,uk−2)+εk−1 |+(c1E| u1 |l+c2+E| ε1 |)+βE| u1 |l	≤λ2E| yk−2 |+λ(c1E| u1 |l+c2+E| ε1 |)+(c1E| u1 |l+c2+E| ε1 |)+βE| u1 |l	≤⋯	≤λkE| y0 |+(λk−1+λk−2+⋯+1)(c1E| u1 |l+c2+E| ε1 |)+βE| u1 |l,

which imply (1.3.39) by noticing 0 < λ < 1.

Then by Lemma 1.3.3 and (1.3.39) and by noticing the basic property of the total variation norm, for any A ∈ ℬ2 we have

| Pn(A)−PIV(A) |≤∬ℝ2| Pn(x,A)−PIV(A) |P0(dx)	≤∬ℝ2∥Pn(x,⋅)−PIV(⋅)∥varP0(dx)≤ρn∬ℝ2M(x)P0(dx)≤Mρn,

and

∥Pn(⋅)−PIV(⋅)∥var=supA∈ℬ2(Pn(A)−PIV(A))−infA∈ℬ2(Pn(A)−PIV(A))		≤2supA∈ℬ2| Pn(A)−PIV(A) |≤2Mρn.

Hence (ii) holds.

Finally we prove (iii). Noticing that both {uk} and {εk} are sequences of iid random variables with densities fu (⋅) and fε (⋅), respectively, and

PIV(A)=∬ℝ2Pn(x,A)PIV(dx) ∀A∈ℬ2 ∀n≥1, (1.3.40)

by (A.56) we have

PIV(A)=∬ℝ2P(x,A)PIV(dx)	=∬A∬ℝ2fε(s1−f(ξ1,ξ2))fu(s2)PIV(dx)ds1 ds2. (1.3.41)

Hence, PIV (A) is with density function

fIV(s1,s2)=∬ℝ2fε(s1−f(ξ1,ξ2))PIV(dx)fu(s2) (1.3.42)

According to A1.3.4, we have sup||x||≤K I f (x1,x2)I < ∞ for any fixed K > 0. As both fu (⋅) and fε (⋅) are positive, for a large enough K > 0 it follows that

fIV(s1,s2)=∬ℝ2fε(s1−f(ξ1,ξ2))PIV(dx)fu(s2)	≥∬∥x∥≤Kfε(s1−f(ξ1,ξ2))PIV(dx)fu(s2)	≥inf∥x∥≤K{ fε(s1−f(ξ1,ξ2)) }fu(s2)PIV{∥x∥≤K}>0

This proves (iii). □

We now consider the NARX system (1.3.29) and (1.3.30) with p0 > 1, q0 > 1.

For (1.3.29), the assumptions A1.3.1, A1.3.2, and A1.3.3 remain unchanged, while A1.3.4 and A1.3.5 correspondingly change to the following A1.3.4’ and A1.3.5’.

A1.3.4’f (⋅) is continuous on ℝp+q and there exist a vector norm || ⋅ ||v on ℝp and constants 0 < λ < 1,c1 > 0,c2 > 0, and l > 0 such that

‖ φ1(x) ‖v≤λ‖s‖v+c1∑i=1q| ti |l+c2∀x∈ℝp+q, (1.3.43)

where s≜[ s1⋯sp ]T∈ℝp,t≜[ t1⋯tq ]T∈ℝq,andx≜[ sTtT ]T∈ℝp+q..

A1.3.5’E| uk |l<∞andE∥Y0∥<∞, whereY0≜[ y0,y−1,⋯,y1−p ]T is the initial value.

The probabilistic properties of {xk}k ≥ 0 such as irreducibility, aperiodicity, and ergodicity for the case p > 1, q > 1 can be established as those for the first order system. In fact, we have the following theorem.

Theorem 1.3.7 If A1.3.1–A1.3.3, A1.3.4’, and A1.3.5’ hold, then the chain {xk}k ≥ 0 defined by (1.3.30) is µp+q-irreducible, aperiodic, and


(i)there exist a probability measure PIV(⋅) on (ℝp+q,ℬp+q), a nonnegative measurable function M(x), and a constant 0 < ρ < 1 such that ||Pn(x, ⋅) –PIV(⋅)||var ≤ M(x)ρn ∀ x ∈ ℝp+q;

(ii)supn∫ℝp+qM(x)Pn(dx)<∞and∥Pn(⋅)−PIV(⋅)∥var≤cρn for some constants c > 0 and 0 < ρ < 1.

Further PIV(⋅) is with probability density, which is positive on ℝp+q.

Theorem 1.3.7 can be proved similarly to Lemma 1.3.3 and Theorem 1.3.6. Here we only give some remarks.

Remark 1.3.1 Set n0≜p∨q=max{p,q}. To establish irreducibility and aperiodicity in the case p = q = 1, the one-step transition probability P(x, A), x ∈ ℝ2 , A ∈ ℬ2 is considered, while for the case n0 > 1, the n0-step transition probability Pn0(x,A),x∈ℝp+q,A∈ℬp+q should be investigated. To establish the geometrical ergodicity of {xk}k ≥ 0, the Lyapunov function may be chosen as g(x) = ‖s‖v+∑i=1qβi| ti |l, where β1=qc1λq and βi+1 = λβi – cı, i = 1, …, q – 1.

Remark 1.3.2 We note that (1.
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