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Preface

Questionnaires are fundamental tools of data collection in many fields and, in particular, in education, psychology, and sociology. They are becoming important tools of data collection even in economics, management, and medicine, especially when an individual characteristic that is not directly observable, such as the level of satisfaction of a customer or the quality of life of a patient, is of main interest.

A questionnaire is typically composed of a series of items that are scored on a binary or ordinal scale and are obviously correlated within each respondent. Therefore, data collected by a questionnaire require special statistical methods to be analyzed. This area has been the object of an increasing interest in the past decades, soliciting a growing number of academic research studies focused on theoretical and practical advances. In particular, in this book, we deal with the foundations of classical test theory (CTT), item response theory (IRT) fundamentals, IRT for dichotomous and polytomous items, up to the most recent IRT extensions, such as multidimensional IRT models, and latent class IRT models. Estimation methods and diagnostics— including graphical diagnostic tools, parametric and nonparametric tests, and differential item functioning—are also described.

The book is intended to have an applicative cut to mirror the growing interest and use of statistical methods and software in several fields of knowledge. Other than covering CTT and IRT basics, the book comprehensively accounts for the most recent theoretical IRT developments and provides Stata and R software codes for each method described within the chapters. For Stata we use version 12 and for R we use version 3.1.2. To enhance comprehension, real datasets are employed in the examples and the resulting software outputs are illustrated in detail.

The book is specifically designed for graduate students in applied statistics and psychometrics, and practitioners involved in measurement tasks within the education, health, and marketing fields, among others. For these figures, the book can be a reference work that will provide both the theoretical framework behind testing and measuring and a practical guide to carry out relevant analyses also based on the most advanced extensions and developments.

The prerequisites to properly understand the content of this book are at the level of a basic course of statistics which one can learn from the main parts of textbooks such as Mood et al. (1974) or Casella and Berger (2006). Moreover, a modest knowledge of Stata is required, which one can learn from the manuals for this software or from books such as Acock (2008). We use the main Stata module for the examples and suggest using gllamm (Rabe-Hesketh et al. 2004) for analyzing data from a questionnaire. Similarly, a basic knowledge of R is required which one may acquire from textbooks such as Dalgaard (2008). In this regard, the main packages we use are ltm (Rizopoulos, 2006) and MultiLCIRT (Bartolucci et al., 2014), even though we acknowledge that many R packages exist which may be used alternatively.* Finally, the datasets used for the illustrative examples in this book as well as the main updates of Stata and R codes are available from the authors’ webpage.†”

The book is organized into six chapters. Chapter 1 addresses preliminary aspects related to measurement in the psychological and educational fields and to the logic, development, and use of questionnaires. The chapter also provides a description of the notation and datasets used throughout the book.

Chapter 2 examines the theory of reliability from the perspective of CTT, the procedures used to determine reliability with test data and the estimation of true scores, together with some indices commonly used for item analysis. After a brief description of the conceptual basis of test validity, the remainder of the chapter deals with test bias and with extensions of CTT (i.e., generalizability theory).

Chapter 3 is aimed at illustrating the main assumptions characterizing IRT models for dichotomously scored items and the concept of item characteristic curve. The chapter also describes the three main IRT models—that is, the well-known Rasch model, the two-parameter logistic model, and the three-parameter logistic model—entangling them in the framework of random-effects models under both the normality assumption for the latent trait and the discreteness assumption.

Chapter 4 is devoted to a generalization of IRT models for binary data to account for the categorical nature of item responses. It is very common for psychological and educational tests to be characterized by polytomous items to supply more precise information about the response process. The most relevant case we typically refer to concerns items with ordered categories. Specifically, Chapter 4 illustrates the assumptions of IRT models for polyto-mous items and the main criteria used to classify these models, with special attention on their statistical properties.

Chapter 5 deals with two fundamental steps of IRT analyses. The chapter’s first part is devoted to estimation methods such as the joint maximum likelihood method, the conditional maximum likelihood method, and the marginal maximum likelihood method. The second part is devoted to diagnostic instruments; we distinguish: graphical tools, methods focused on the goodness-of-fit measurement and based on parametric and nonparametric hypothesis tests, and methods focused on differential item functioning.

In Chapter 6, we illustrate several extensions of the models discussed previously. Traditional IRT models assume that the distribution of individual abilities, either continuous or discrete, is the same for all subjects. The first way to extend classical IRT models is to enclose individual covariates in the model so that the distribution of the ability becomes individual specific. Another way to extend classical IRT models is to allow the individual abilities to be dependent as a result of sharing common factors in the case of multilevel or longitudinal data. In addition, according to traditional IRT models, all dependencies among individual responses are accounted for by only one latent trait. However, questionnaires are often made up of several subsets of items measuring different constructs (or dimensions). Therefore, the chapter also deals with multidimensional models. It concludes with an overview of structural equation models in which the relationships between these models and IRT models are outlined.



* See http://cran.r-project.org/web/views/Psychometrics.html for a list of R packages, many of which contain functions for the methods that are used to analyze data collected by questionnaires.
† See https://sites.google.com/site/questionnairesbook/datasets for the datasets and https://sites.google.com/site/questionnairesbook/software-updates for the software updates.
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1 Preliminaries


1.1 Introduction

Measurement is at the heart of the research process involved in any psychological or behavioral science. However, all measurement instruments, including questionnaires, are affected by challenges that can reduce their accuracy.

This chapter addresses important preliminary aspects related to measurement in the psychological and educational fields, and to the logic, development, and use of psychological measures based on questionnaires. On the other hand, the specific activity of questionnaire construction and the subsequent process of testing, that is, the act of administering questionnaires, is outside the scope of this chapter. Rather, we will focus on questionnaires as tools to study individuals with regard to their psychological attributes (e.g., abilities, skills, attitudes). As these latter attributes are not directly observable entities, they can only be inferred from a set of observed behaviors. This issue is one among the major measurement challenges in the psychological field.

Afterward, the chapter will provide a brief overview of other key issues one has to be aware of when dealing with data in the psychological field, such as the lack of a well-defined unit and origin of scale in most behavioral and social measurements.

As psychometric theory and models also provide useful insight for questionnaire development (i.e., in the pretesting process), this chapter will be devoted to a short discussion on the main steps involved in questionnaire construction. Even if these specific activities are not central for this book, we will briefly describe some of them to highlight the practical role of psychometric methods for ensuring the accuracy and sensibility of a measurement instrument.

To conclude, we outline that in the remainder of this book, we will use terms such as questionnaire, test, scale, and measurement instrument as synonyms, reserving our preference to the term questionnaire, instead of test, as the latter can be confused with test in the statistical testing acceptation. Similarly, the psychological attribute, which is an object of measurement throughout a questionnaire, will be indifferently named as a latent variable, latent trait, or latent construct, the word latent being replaceable by unobserved or unobservable.

The chapter is organized as follows. Sections 1.2 and 1.3 provide a general definition and discussion about latent variables representing psychological attributes and their measurements. Sections 1.4 and 1.5 describe the questionnaires, as tools of measurement, and their construction. After a discussion about psychometric theory in Section 1.6, we provide a description, in Section 1.7, of the basic notation used throughout the book. Finally, the datasets used for the examples in the following chapters are described in detail in Section 1.8.



1.2 Psychological Attributes as Latent Variables

When dealing with measurement in the psychological sciences, the first key issue is that psychological attributes cannot be directly measured. Unlike physical attributes, such as weight or height, which can be straight measured (e.g., through a scale or a yardstick), psychological traits are only indirectly observable entities, hence the denomination of latent constructs or unobserved variables. In other words, there is no means to directly measure attributes such as mathematical ability, anxiety, depression, working memory, or alcohol dependence. The degree to which a certain psychological trait characterizes an individual can be merely inferred from overt behaviors, which represent the construct observable manifestation. For instance, it is not possible to directly measure an individual’s mathematical ability, but we can measure his/her performance at a number of test items in mathematics. Thus, the performance at a questionnaire or the responses to certain items of an ability test are the observed behaviors, which are assumed to be indicative of the corresponding latent constructs.

In turn, observed behaviors can be seen only as proxies of the associated latent construct (e.g., the responses to the items of a mathematics test can be considered as proxies of the ability under study). Unlike constructs, observable proxies only reflect specific aspects of the construct and, as such, they are not perfect measures of it (Raykov and Marcoulides, 2011). This lack of correspondence between unobservable constructs and observable proxies is primarily related to the fact that defining a construct is not the same as measuring that construct (Crocker and Algina, 1986). Second, when administering a test, there are many factors unrelated to the construct being measured which, however, can affect individuals’ test answers (e.g., students’ prior fatigue, boredom, guessing, forgetfulness, misrecording, misscoring).

Another way to think about psychological constructs is in terms of latent dimensions along which individuals are positioned and differ from one another. In the psychological sciences, the process of measurement aims essentially at differentiating individuals according to their relative positions along the latent dimensions of interest (Furr and Bacharach, 2008). As latent dimensions are not directly observable and measurable, individuals’ exact locations on the latent traits are not known, and therefore, they are not precisely identified. This issue, together with the lack of identity between proxies and associated constructs, represents two among the major measurement problems in the psychological, educational, and behavioral fields.



1.3 Challenges in the Measurement of Latent Constructs

Measurement of latent constructs presents special challenges mainly related to the fact that psychological constructs are unobservable variables. The literature on this matter (Crocker and Algina, 1986; Raykov and Marcoulides, 2011) underlines the following main measurement challenges in the behavioral and social fields:


	 There is no single approach to measurement.


	 Measurements are based only on samples of behaviors.


	 Measurement is always prone to errors.


	 Units of measurement are not well defined.


	 Constructs must demonstrate relationship with other constructs.




The first challenge emerges from the fact that latent constructs are indirectly measured. Thus, there is always the possibility that the same construct is not operationally defined in the same way by different researchers (i.e., selecting different types of observable behavior). It follows that there is no single approach to measurement, which would yield a single satisfactory measuring instrument.

Second, measurement in the behavioral and social sciences is always based on samples. For instance, it is reasonable that a researcher interested in students’ mathematics ability will select only a limited number of observable tasks to assess such an ability. Determining the number of items and the content necessary to adequately cover the construct of interest is a crucial issue when developing a sensible measurement instrument (Crocker and Algina, 1986).

Third, measurement of latent constructs is obviously not error free. Errors occur whenever changes in the observed behavior of the studied individuals are not attributable to actual changes in the underlying ability, but to external factors unrelated to the construct (e.g., students’ prior fatigue, guessing, misrecording, misscoring). A very relevant issue in behavioral and social research is, thus, how to estimate the degree of measurement error present in a given set of observations.

The fourth challenge refers to the lack of well-defined unit and origin (i.e., zero point) of the scale in most behavioral and social measurements. For instance, is an individual score of 40 obtained on a mathematics questionnaire indicative of half as much mathematics ability than a score of 80? Is a score of zero on the same questionnaire indicative of no mathematical ability at all? It is not possible to answer univocally to the previous questions as units of measurement are not well defined.

Fifth, a construct cannot be defined only in terms of operational definitions: it is also necessary to demonstrate its relationships with other constructs in the same subject-matter domain. This second type of definition, called nomothetic definition, helps in interpreting the obtained measurements. When such relationships cannot be demonstrated, then the measurements are of no value.



1.4 What Is a Questionnaire?

The previous discussion leads us to point out that the development of a questionnaire implies the prior conceptualization of the construct of interest (e.g., mathematical ability, depression) and the subsequent definition of sensible rules of correspondence between the theoretical construct and the observable behaviors (i.e., the responses to the items of a questionnaire) that are assumed to be the overt manifestations of that construct. The process of defining a construct is called an operational definition (Crocker and Algina, 1986; Furr and Bacharach, 2008).

In psychological measurement, numerals are typically used to represent an individual’s level of a latent attribute. Specifically, measurement of psychological constructs occurs when quantitative values are assigned to the sample observed by administering a questionnaire. As known, when a questionnaire is administered to a sample of subjects, every individual receives a score on every single item and on the questionnaire as a whole. It is from these latter scores that one draws inference about the amount of constructs possessed by the individuals. Making correct decisions based on questionnaire scores (e.g., admitting a student to a college, admitting a patient in a certain psychological treatment group) largely depends on the degree to which such scores truly reflect the attributes under study. It is also worth noting that a questionnaire is not expected to provide exhaustive coverage of all possible behaviors that concur to define a latent construct. On the other hand, a questionnaire approximates the underlying construct through a sample of behaviors, and its quality is linked to the degree this sample is representative of the construct.

Generally, the process of assigning numbers to certain events is called a measurement. The rules followed during this process define separate levels of measurement, differing from one another for the degree of complexity of the mathematical system by which numbers are associated to different observations.

At the first level, there is the nominal measurement, that is, a classification by inclusion into mutually exclusive subsets (Lord and Novick, 1968) with respect to some characteristics of interest (e.g., the choice of a certain brand in a marketing study). Nominal measurement yields a nominal scale and implies an identity relationship that holds among all members of one group (e.g., the subset of prevalent customers of a certain brand).

The second level of measurement, the ordinal measurement, yields an ordinal, or rank, scale. As in nominal scales, rank scales imply mutually exclusive subsets. However, different from nominal scales, they also presuppose that an ordering relationship may be established between all pairs of objects. This relationship can be interpreted in the same way as A is greater than Β or A is preferred to B. As in nominal scales, also in ordinal scales the assignment of numerical values to subjects belonging to the various groups is arbitrary, that is, any different set of ordered distinct numbers or labels can be chosen.

The interval measurement, which yields an interval scale, implies not only the ordinal property of a rank scale but also a one-to-one correspondence between the observed elements of the construct and the real numbers. In fact, an interval scale establishes a distance function over all pairs of elements. In interval scales, the size of the unit of measurement is constant and additive, but multiplicative operations are not sensible. That is, only additive transformations of such scales are admissible because they preserve the equality of numeric differences (e.g., one can add 3° to 30° or to 15°; in both cases, 3° represents the change in the amount of temperature, but it is not possible to claim that 30° is twice as warm as 15°).

At the fourth level of measurement, the ratio scale further assumes the existence of a fixed, nonarbitrary zero point. Therefore, different from interval scales, ratio scales allow multiplicative transformations (i.e., it is appropriate to assume that a distance of 30 km is twice as far as a distance of 15 km).

Data derived from the administration of questionnaires do not have a fixed zero point. That is, zero scores are arbitrary because they do not truly reflect the total absence of the psychological attribute of interest, but rather a nonmeasurable quantity. Thus, generally, data are treated as if they had interval scale properties, even if it is generally agreed that measurement in the psychological field yields only a nominal or, at the best, an ordinal scale; see, for example, Lord and Novick (1968) and Furr and Bacharach (2008). In fact, in treating these data by interval properties, one assumes a specific distance function, which is completely arbitrary because measurement units are unspecified. For instance, what are the units of measurement when measuring a psychological attribute such as mathematical knowledge, depression, shyness, or intelligence? Presumably, they are responses to a number of items within a questionnaire. The overall measure of the psychological attribute of interest is then obtained by counting up the scores obtained on the questionnaire items. However, how do we know if, and to what extent, those responses are related to the psychological attribute of interest? Thus, for instance, it is not fully appropriate to assume that a 10-point difference in the total scores of two individuals is the same as a 10-point difference in the total scores of other two individuals taking the same (or another) questionnaire. However, even if treating data by interval properties is, formally, an arbitrary strengthening, it is generally considered admissible from a pragmatic point of view. The interval scaling is justified to the extent that measurement provides an accurate empirical predictor of a latent attribute.

On the basis of what was discussed earlier, a questionnaire can be composed by a variety of items, mainly distinguishing between quantitative and qualitative (or categorical) items. An item is quantitative when its values result from counting or measuring something. Examples of quantitative items are given by self-reported evaluations of a given condition (e.g., satisfaction, quality of life, quality of health) on an imaginary latent continuum and expressed on a numeric scale (e.g., 0–10 or 0–100). An item is qualitative when its values do not result from measuring or counting, but refer to descriptions.

Qualitative items are categorical items, dichotomously or polytomously scored. Since test theory mainly deals with categorical items, we will especially refer to these types of item in the book. In the dichotomous case, items may assume only two values, such as true/false, yes/no, or satisfied/unsatisfied. For instance, in educational settings, items that assess the correctness of a given answer, giving one point to the correct answer and zero to the incorrect answer, are true/false items. In the case of polytomously scored items, a finite number of categories greater than two may be observed. The latter items may have unordered categories: this is the case of items that investigate, for example, electoral or consumers’ choices; otherwise the categories are ordered. This is the case, for instance, of items that investigate satisfaction with one’s job, whose answers may be ordered into categories of the type absolutely satisfied, mostly satisfied, neutral, not very satisfied, and absolutely unsatisfied. As another example, the items of a questionnaire to assess students’ abilities may be scored into ordinal categories of the type correct, partially correct, and incorrect.

Besides, in the case of binary items scored as 0 and 1, it is possible to distinguish the case of true dichotomous items from the case of false dichotomies, which applies when originally polytomously scored items are then rescored and one or more modalities are aggregated to obtain a binary scoring (e.g., satisfied and unsatisfied, in place of the original five categories of job satisfaction).



1.5 Main Steps in Questionnaire Construction

The development of a proper measurement instrument is a rather complex process, which starts with the item specification and ends with the validation of the measurement instrument itself (Spaan, 2007). There is a great attention on the use of shared procedures in test development, as demonstrated by the Standards for Educational and Psychological Testing (American Educational Research Association, American Psychological Association and National Council on Measurement in Education, 1999). In Downing and Haladyna (2006), 12 different steps for an effective test construction are described, from the definition of an overall plan to the final test technical report. These specific activities will not be central for this book. However, some of the main steps will be briefly described in the present section and the practical role played by the psychometric methods covered in the following chapters of this text will be highlighted.

One of the earliest steps in questionnaire construction is deciding the purposes of the questionnaire scores and, thus, clarifying if they are intended to differentiate among individuals with respect to a given psychological attribute or with respect to an expected score (Furr and Bacharach, 2008). In fact, questionnaires are categorized as either criterion referenced or norm referenced. Criterion-referenced questionnaires are often employed when a decision must be taken about individuals’ skill level. A fixed cutoff score is predetermined and used to cluster individuals into two groups, that is, the group of individuals whose scores exceed a certain cutoff score and the group of individuals whose scores do not. On the other hand, norm-referenced questionnaires are used to compare individuals’ questionnaire scores with scores from a reference sample, which are representative of the population of interest. Individuals’ scores are compared with the expected average score that would be obtained if the questionnaire were administered to the whole population. In practice, the distinction between criterion-referenced and norm-referenced questionnaires is often blurred. In fact, in some sense, criterion-referenced tests are always normed, because the criterion cutoff score is never determined at random and expresses an expected score level.

At the next stage of questionnaire development, behaviors representing the latent construct of interest need to be identified. This stage implies a content analysis and a critical review of available researches on the same, or related, content areas. As already mentioned, the first activity is named an operational definition and involves the creation of a rule of correspondence between the latent constructs and the item responses that are assumed to be the overt manifestations of that construct. The second, called a nomothetic definition, further investigates the relationship between the latent trait of interest and already available constructs concerning the domain.

The proper development of items that effectively measure the targeted construct is crucial and needs to be checked in the subsequent phase of analysis of the responses on the pretested items. Once the items have been specified and included in a questionnaire conditionally on content and format constraints, a preliminary validation of the measurement instrument is carried out to analyze test and item properties and highlight any possible issue related to item formulation, reasonableness of distractors, item difficulty and discrimination, and consistency of the whole test. Therefore, before being administered to the targeted individuals, a preliminary version of the questionnaire is submitted to a subsample and responses are analyzed by using psychometric methods. This preliminary tryout can yield the removal or revision of some items or their distractors (i.e., the incorrect answers to an item). Thus, psychometric methods also have applications in the process of pretesting to test the accuracy and sensitivity of questionnaires.



1.6 What Is Psychometric Theory?

We define psychometric theory as the discipline concerned with evaluating the attributes of measurement instruments employed in the psychological and behavioral sciences. In more detail, psychometric theory deals with the study of how general issues related to measurement in the psychological field impact the process of quantification of the aspects under investigation, as well as on methods aimed at providing information about the underlying constructs from their indirect observation.

Psychometric theory is based on formal logic and general mathematical and statistical methods and models (McDonald, 1999). As such, it is of importance regardless of the specific test or measurement instrument used in a given context where evaluation of latent attributes is required. Being so general, psychometric theory provides an overall framework for questionnaire development, construction, revision, and modification, which can be useful to any behavioral theory that a researcher might adopt.

Psychometric theory is built on two main branches, classical test theory (CTT) and item response theory (IRT). CTT has been the basis of psychometrics for over 80 years (Spearman, 1904; Kuder and Richardson, 1937; Guttman, 1945; Novick, 1966; Lord and Novick, 1968). According to CTT, a person’s observed score on a test is an additive function of a true score component and a random error component. The true score may be defined as the mean score that the person would get on the same test if he/she had an infinite number of testing sessions. Thus, true scores are unknown quantities because it is not possible to observe an infinite number of testing sessions.

IRT is a psychometric approach emerged as an alternative to CTT (Hambleton and Swaminathan, 1985; Hambleton et al., 1991; Van der Linden and Hambleton, 1997) with important developments being relatively recent. This theory is advocated by its proponents as a theoretical framework, which overcomes some of the drawbacks of CTT. Different from IRT, CTT methods do not explicitly model the way respondents with different latent trait levels perform on questionnaire items. On the other hand, the heart of IRT is a statistical model for the way respondents at different latent trait levels answer each item. In fact, IRT is built on the central idea that the probability to provide a certain answer to an item is a function of the person’s position on the latent trait and one or more parameters that characterize the item.

IRT finds its origins in the early work of Thurstone (1925), which introduced the fundamentals of IRT in the educational field in order to measure students’ abilities, so that the term latent trait is commonly referred to as ability, also in the following of this book. Among the first and most relevant contributions to IRT, we also remind the works of Richardson (1936) and Ferguson (1942), for the specification of the normal ogive model, and the work of Lord (1952), who stated the substantial difference between observed test scores and latent traits. Another milestone is represented by the statement of the specific objectivity principle in the social science field by Rasch (1960), who also introduced the homonymous model for dichotomously scored items. Afterward, the work by Lord and Novick (1968) provided a first unified treatment of CTT and IRT, other than an important contributed chapter by Birnbaum (1968), in which the two-parameter logistic model for dichotomously scored items was defined. The two models by Rasch (1960) and Birnbaum (1968) were then extended for the treatment of poly-tomously scored items by Andrich (1978b), Masters (1982), and Samejima (1969). Finally, among the first relevant contributions to the estimation of IRT model parameters, we recall the works of Bock and Lieberman (1970), Bock (1972), Bock and Aitkin (1981), and Baker (2001).



1.7 Notation

We assume to observe responses of η individuals to J items, and the generic individual and the generic item are denoted by i and j’, respectively, with i = 1,…,n and = 1,…,J. Moreover, we consider that the questionnaire is aimed to measure, for each individual i, the true score s, or the level θi of a certain latent trait, according to the language of CTT or IRT, respectively.

This notation will be suitably extended to the case of test items measuring more than one dimension or latent trait.

Moreover, yij denotes the response of individual i to item j; it assumes values 0,1 in the case of binary items or values 0,…, lj - 1 in the case of polytomous (nominal or ordinal) items. Note that lj = l for j= 1,…,J when all items have the same number of response modalities. In the language commonly used in educational and psychological fields for dichotomous items, we may indifferently indicate by yij = 1 the right or correct answer to item or denote that individual i endorses item j. Conversely, yij = 0 denotes that subject i fails or gives the wrong answer to itemj. We also denote by yi = (yi1,… ,yij)’ the vector of all responses provided by subject i in the sample.

All quantities previously introduced are denoted in lowercase. This follows the usual convention in statistics according to which the lowercase is for observed values. However, it is convenient to deal with these quantities as realizations of random variables (or vectors), which are instead denoted in uppercase. Therefore, sj may be seen as a realization of Si, θi as a realization of Θi, yij as a realization of Ύij, and yi as a realization of Υi = (Yi1,…, Υij)’. This principle applies throughout the book.

In the remainder of this section, we introduce some descriptive statistics of the observed set of responses yij provided by a group of examinees to a set of test items. These statistics are easily interpretable and they are also typically used as the basis for estimating parameters of interest in a modeling framework.

Basic descriptive statistics are

yi=∑j=1Jyij and y⋅j=∑i=1nyij,

which correspond to the total score of examinee i and to the total score for item j, respectively, and are measures of performance and difficulty.* Note that, in the dichotomous case, yi. simply corresponds to the number of items correctly responded by individual i and, similarly, yj corresponds to the number of examinees who respond correctly to item j. The corresponding averaged quantities, or mean scores, are

y¯i==yi.J  and  y¯⋅j=y−jn, 

which are equal, in the case of binary items, to proportions of correct responses. It may also make sense to compute the mean individual score as

y¯..=1n∑i=1n∑j=1Jyij.

Other descriptive statistics are measures of variability that may be referred to an examinee or to a test item. In particular, we consider

vi.=1J∑j=1J(yij−y¯i.)2  and  v.j=1n∑i=1n(yij−y¯⋅j)2,  (1.1)

corresponding to the variance score of examinee i and the variance score of item j, respectively. On the other hand, the variance of individual score is

v..=1n∑i=1n(yi.−y¯..)2. (1.2)

Another statistic, which can be useful to consider, is the covariance between the observed scores on two items, say, items j1 and j2, which is defined as

covj1j2=1n∑i=1n(yij1−y¯⋅j1)(yij2−y¯⋅j2). (1.3)

The corresponding correlation index is defined as

corj1j2=covj1/2v⋅j1v⋅j2.

As usual, this correlation index is between −1 and 1, with values greater than 0 corresponding to positive correlation and values smaller than 0 corresponding to a negative correlation.

Though it is more natural to use the indicators at issue with quantitative variables, it is important to recall their definition here, even if we mainly deal with variables that are categorical. As will be made clear in Chapter 2, in the CTT setting it is usual to compute such indicators independently from the nature of the test items.

In the case of T different tests administered to the same examinees, the quantities at issue may be defined for each single test. In this case, we denote by J(t) the number of items of test t, with t = 1,…, T, and the response provided by examinee i to the jth item of this test by yij(t), with i = 1,… ,n and j= 1,… ,J(t). The vector of responses provided by this subject is indicated by yi(t)=(yi1(t),…,yiJ(t)(t))′ and the corresponding total score and mean score are

yi(t)=∑j=1Jyij(t)  and  y¯i(t)=yi.(t)J(t),

respectively. Accordingly we may define the total and mean score of item in test t; these are denoted by y.j(t) and y¯.j(t), respectively. We also consider the mean individual score for the overall test, indicated by y¯.⋅(t).

As will be clear in the following, it may also be important to consider the correlation index between two test scores (or two halves of the same test or two scores on the same test repeated twice). This is defined as follows:

cor(t1t2)=∑i=1n(yi(t1)−y¯.(t1))(yi(t2)−y¯.⋅(t2))∑i=1n(yi⋅(t1)−y¯.⋅(t1))2∑i=1n(yi⋅(t2)−y¯.⋅(t2))2, t1≠t2. (1.4)

Finally, given one or more random variables, we use the following notation throughout the book: Ε(·) for the expected value, V( ) for the variance, Cov( ) for the covariance, and Cor( ) for the correlation coefficient. In particular, for a continuous random variable X with distribution having density function f(x), we remind the reader that

μX=E(X)=∫xf(x)dx,σX2=V(X)=E[ (X−μX)2 ]=∫(x−μX)2f(x)dx;

the previous integrals become sums when the random variable is discrete with probability mass function f(x).

Considering now two continuous random variables X and Y with joint density function f(x,y), we have

Cov(X,Y)=E[ (X−μX)(Y−μY) ]=∬(x−μX)(y−μY)f(x,y)dydx,

where, again, the integrals become sums in the case of discrete random variables with joint probability mass function f(x,y). Moreover, the correlation index is defined as

ρXY=Cor(X,Y)=Cov(X,Y)V(X)V(Y)

which is always between −1 and 1.




1.8 Datasets Used for Examples

The examples proposed to illustrate the main topics treated throughout the book are based on datasets taken from different fields. As described in the following, the fields of application concern education (Section 1.8.1), job satisfaction (Section 1.8.2), and anxiety and depression (Section 1.8.3).


1.8.1 Italian Institute for the Evaluation of the Education System Dataset

The Italian Institute for the Evaluation of the Education System (INVALSI) is a national institution in charge of developing national tests for the assessment of primary, lower-middle, and high-school students.
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