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Mathematical Recreations from the Tournament of the Towns

Mathematical Recreations from the Tournament of the Towns contains the complete list of problems and solutions to the International Mathematics Tournament of the Towns from Fall 2007 to Spring 2021. The primary audience for this book is the army of recreational mathematicians united under the banner of Martin Gardner. It should also have great value to students preparing for mathematics competitions and trainers of such students. This book also provides an entry point for students in upper elementary schools.

Features


	Huge recreational value to mathematics enthusiasts


	Accessible to upper-level high school students


	Problems classified by topics such as two-player games, weighing problems, mathematical tasks etc.
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A Brief History of the Tournament of Towns

The International Mathematics Tournament of the Towns is a mathematical problem-solving competition which started in the former Soviet Union (USSR) in 1980.

In the years immediately preceding 1980, there was considerable concern about the opportunities available to students from the larger cities, such as Moscow, Leningrad and Kiev, to participate in the USSR All-Union Olympiad, under the format of this event. The All-Union Olympiad had, for many years been organised by A. N. Kolmogorov and his jury. Due to the difficulty encountered by Kolmogorov and his colleagues in changing the format to allow more students from the larger cities to participate, a new competition was organised.

In the first year (1980) this competition was known as the “Olympiad of Three Towns” (it was held just in Moscow, Leningrad and Riga). Other towns were allowed to participate after the first year and the competition's name was changed to “Tournament of the Towns”. In the early years the competition had no official status, but in 1984 the competition became officially recognised and the organising committee became a subcommittee of the USSR Academy of Sciences.

At about this time towns from other countries were invited to participate. Towns from Bulgaria first took part in the 6th Tournament (1984 to 1985). The infrastructure for supporting mathematics competitions was so strong in Bulgaria that most major towns participated and a national committee was established to coordinate Bulgarian entries. Bulgarian towns were frequently among the most successful participants in the Tournament. During this time towns from other countries in the (then) Eastern Bloc also participated. These countries included Romania and Poland.

In 1988 I attended ICME-6 in Budapest and received an invitation via two Bulgarian mathematicians, Jordan Tabov and Petar Kenderov, to enter Australian teams in the Tournament. At the time Australia had become under increasing notice for its successful Australian Mathematics Competition and hosting the 1988 International Mathematical Olympiad, both under the direction of my colleague at the University of Canberra, Peter O'Halloran. Under Peter's influence the World Federation of National Mathematics Competitions (WFNMC) had also been founded in 1984. So I think Jordan and Petar were acting on behalf of the organisers wanting to spread the Tournament to the West, and they felt that Australia might have the infrastructure to start.

I looked at the problems from the previous Tournament. They looked very creative, not purely technical as in most Olympiads, but requiring good structural thinking, as well as technical knowledge. The problems were often presented in real-life settings which could be explained to people who were not mathematicians and having unexpected results. It looked very interesting, enough to form a mathematics circle in Canberra which could continue that which had been run for some time by colleagues Mike Newman and Laci Kovacs. So we reassembled their circle with the Tournament problems as material.

So then at short notice students from Canberra did participate in the 10th Tournament (1988 to 1989), becoming the first Western students and first English-speaking students to participate in the Tournament. The 11th Tournament (1989 to 1990) saw further growth in the Tournament. More Australian towns participated, and a national committee was established to coordinate Australian participation. Entries were also received from Hamburg (then West Germany) and colourado Springs (USA).

In May 1989, for the first time I met Andy Liu, whom we had invited to Canberra to help set the 1990 papers of the Australian Mathematics Competition. I acquainted him with the Tournament, and he was obviously just as impressed by the quality of the problems as I had been. He and I became close working colleagues on the Tournament in the years to come.

In 1990 I visited Moscow for discussions, mainly with Konstantinov, problems committee chairman Nikolay Vasiliev and others. I explained to Konstantinov that we were enthusiastic, and had started organising the Tournament, but in order to have complete integrity in English we needed all the back papers in English. He went to a filing cabinet and gave me a complete set, but of course all in Russian. I undertook to translate all the questions into English and to publish them with solutions via the Australian Mathematics Trust.

Many of my colleagues contributed the solutions, and we published the best, but Andy Liu was now working closely with me, and he produced the greatest number of solutions, and some of really outstanding quality.

The 12th Tournament saw even further growth. Towns from Canada, Spain, Czechoslovakia, Iran, Yugoslavia, New Zealand, the United Kingdom, Zimbabwe, French Polynesia, India, Indonesia, Singapore, Israel, Colombia, Hong Kong and the Philippines either entered or were gearing up for entering in the near future.

In August 1990, the First Conference of the WFNMC was held at the University of Waterloo, Canada, though Andy did not attend. At a meeting, the International Mathematics Tournament of the Towns was formally set up, and the following committee was elected.




	Patron:

	Ludwig Fadeev, Moscow.




	President:

	Nikolay Konstantinov, Moscow.




	Vice-Presidents:

	Agnis Andjans, Riga, Helmut M ller, Hamburg,




		Jordan Tabov, Sofia, Peter Taylor, Canberra,




		and Alexey Tolpygo, Kiev.




	Members:

	Kiril Bankov, Sofia, Lubomir Lubenov,




		Stara Zagora and Alexey Sosinski, Moscow.




	Problems

	Nikolay Vasiliev (Chairman), Moscow,




	 Committee:

	Dimitry Fomin and Sergey Fomin, Leningrad.






It should be noted that Professor Konstantinov, the President of this Committee and the Moscow organising committee, had a long history in the Tournament, dating back to being a member of Kolmogorov's All-Union Olympiad jury from 1969 to 1979.

The next meeting of the international committee was held in Quebec City, Canada, in conjunction with ICME-7 in 1992. Andy Liu was this time in attendance, and his absence from the founding committee was rectified by his appointment there as a Vice President.

The Tournament complements the national and international mathematics Olympiads, and it has the advantage of not requiring travel, thus enabling all talented students to participate.

In Russia the Tournament has additional activity, including a summer research conference, to which Russian and international students are invited, and where students are introduced to problems with known and unknown solutions to work on. They usually take on the problems in groups, and just as in mathematical circles, where students from different schools meet each other and become friends, this also happens, and there are often discussions on matters other than mathematics. This has helped create valuable friendships and collaborations. For an account of the 1993 conference in Beloretsk, Russia, see “A Mathematical Journey,” by Andy Liu, available at http://cms.math.ca/publications/crux/issue/?volume=20&issue=1.

A more detailed history of the Tournament is to be found in the article: “Birth of the Tournament of the Towns,” by N. N. Konstantinov, J. B. Tabov and P. J. Taylor, Journal of the World Federation of National Mathematics Competitions, Volume 4, Number 2, 1991. It is available at http://www.wfnmc.org/mc19912.html.

Peter Taylor, University of Canberra, 2022.




Preface

Klaus Peters and I first met at the annual joint meeting of the American Mathematical Society and the Mathematical Association of America. He had a booth featuring fantastic publications from the company, A. K. Peters Publishers, which he founded with his wife Alice. We also met at the biannual Gathering for Gardner, and had become good friends. The company became a sponsor of the Alberta High School Mathematics Competition. Later, I bought a few shares in Klaus's company.

Klaus passed away shortly after. I was delighted when Colm Mulcahy, the current president of the Gathering for Gardner, informed me recently that CRC Press, under the banner of Taylor & Francis Publishers, was planning an A. K. Peters/CRC Recreational Mathematics Series. He suggested that I should contribute a volume.

I am no general in the army of recreational mathematicians, but I am a reasonably competent chief of staff. Over my long involvement with mathematics outreach and mathematics competitions, I have come across many outstanding problems. Invariably, they all have a recreational element in them. So I turn to what I consider the best collection, the International Mathematics Tournament of the Towns.

I first became aware of the Tournament when I visited Australia in 1989. It marked the beginning of my long friendship with Peter Taylor. We collaborated closely on many fronts, but principally on the Tournament. I met the great Nikolay Konstantinov in person in 1993 at the Tournament's Summer Seminar in Beloretsk, Russia, and again in 2005 at the Seminar in Mir Town, Belarus. In between, I invited Nikolay for a visit to Edmonton.

The problems and solutions to the first 28 Tournaments have been published by the Australian Mathematics Trust, with Peter at the helm. After he stepped down as the Executive Director of the Trust, the project was abandoned. Part III of this book continues from Tournament 29 to Tournament 42.

To justify the inclusion of this book in the series, Peter and I have identified 162 Tournament problems with distinctly recreational flavour. They are loosely organized into 18 sets of 9 problems with similar themes and presented in Part I. We also find that many Tournament problems are very suitable for introducing mathematical ideas to young minds, and put them together in Part II.

Andy Liu, University of Alberta, 2022.
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Part IMathematical Recreations

There are two major world events in mathematical recreations, the International Puzzle Party (IPP) and the Gathering for Gardner (G4G).

The IPP was founded by Jerry Slocum in 1978. It is held every year, with the location rotating among North America, Asia and Europe. The emphasis is on mechanical puzzles, the best-known example being Rubik's Cube, designed by the Hungarian engineer Ernő Rubik. Jerry is a puzzle collector and historian. He is both the authority and an expert in this field. He had donated his collection of mechanical puzzles, one of the largest in the world, to the Lilly Library of Indiana University.

Noted designers, mainly of packing and assembly puzzles in three dimensions, are Oskar van Deventer, Nobuyuki Yoshigahara, Stewart Coffin, Akio Kamei and William Cutler. Among the younger generation are Tom van der Zanden, Hajime Katsumoto and Koichi Miura.

The G4G was founded by Tom Rodgers in 1993. It is held every two years, always in Atlanta. It focuses on three areas in which Martin Gardner was interested and had significant contributions. They are mathematical recreations, magic and debunking of pseudo-science. More than half of the attendees come for mathematical recreations, primarily in the form of pencil and paper puzzles.

In the nineteenth century, the dominant puzzlists were Henry Dudeney and Sam Loyd. Their work was popularized by Martin Gardner in the twentieth century. It should be mentioned that earlier in that century, the Russian author Yakov Perelman was writing recreational books in mathematics and physics. They were translated into other languages.

One of the books edited by Martin is the English translation of “The Moscow Puzzles” by Boris Kordemsky. More recent books in mathematical recreations are “Mathematical Puzzles” by Peter Winkler, published by the CRC in 2021, and “Arithmetical, Geometrical and Combinatorial Puzzles from Japan” by Tadao Kitazawa, published by the AMS/MAA in 2021. See also many puzzle books by Richard I. Hess.

Bridging the gap between the two types of mathematical recreations are the mechanical puzzles in two dimensions. The most popular family of planar puzzle pieces are the polyominoes, consisting of unit squares joined side to side. The name is derived from the domino which consists of two unit squares. Thus the monomino is just a unit square. There are two different trominoes. The 1×3 rectangle is called the I-tromino, while the V-tromino is a 2×2 square with a unit square missing from one corner.

The diagram below shows the five tetrominoes, which are shaded, along with the twelve pentominoes. Each has a letter code.

[image: ]
The standard reference in this field is Polyominoes: Puzzles, Patterns, Problems & Packings by Solomon Golomb, published by Princeton University Press in 1994. He was a world-class scientist whose pioneering research spearheaded the conversion from analog computing to digital computing. He won numerous awards, including a Gold Medal of Science from President Barack Obama in 2012.

Many colourful laser-cut acrylic and wooden sets, of polyominoes and other geometric figures, are produced by Kate Jones, a Hungarian-American artist. They may be ordered from the website of Kadon Enterprises:

http://gamepuzzles.com

A remarkable example is the set Shardinaires-9, produced by Kadon Enterprises and designed by computer wizard George Sicherman, of the Sicherman Dice fame. The nine pieces may be packaged in a 4×5 rectangle as shown in the diagram below.

[image: ]
The principal task is to use all nine pieces to construct, one at a time, each of the tetrominoes and the pentominoes. In other words, the challenge is to build both four squares and five squares with the same nine pieces.

In this book, we focus on mathematical recreations of the type promoted by the G4G. David Singmaster has published many scholarly papers in this field. He is also very knowledgeable in mechanical puzzles. In fact, he was among the first who studied Rubik's cube and wrote about it.

Many problems from the International Mathematics Tournament of the Towns have very strong recreational flavour, making it a fertile source for mathematical recreations. We have selected 162 of them and grouped them into 18 sets of 9 loosely related problems. Each problem is identified by the round and the year in which it occurred, followed by the level (O for ordinary and A for advanced) and its number in that paper. The reader can track down its solution in Part III.


Problems


Set 1.


	(Fall 2010 Senior O-5)

In a tournament with 55 participants, one match is played at a time, with the loser dropping out. In each match, the numbers of wins so far of the two participants differ by not more than 1. What is the maximal number of matches for the winner of the tournament?


	(Fall 2020 Junior O-2)

Eight players participated in several tournaments. In each, they paired themselves in four quarterfinals. The winners move onto to two semifinals, and eventually, two of them reach the final. Each player had played every other players during these tournaments.


	Must each player reach the semifinals more than once?


	Must each player reach the finals at least once?





	(Fall 2012 Junior O-1)

The family names of Clark, Donald, Jack, Robin and Steven are Clarkson, Donaldson, Jackson, Robinson and Stevenson, but not in that order. Clark is 1 year older than Clarkson, Donald is 2 years older than Donaldson, Jack is 3 years older than Jackson and Robin is 4 years older than Robinson. Who is older, Steven or Stevenson, and what is the difference in their ages?


	(Spring 2014 Junior A-1)

During the Christmas Party, Santa hands out 47 chocolates and 74 marshmallows. Each girl gets 1 more chocolate than each boy, and each boy gets 1 more marshmallow than each girl. How many children are at the party?


	(Spring 2008 Junior A-5)

Standing in a circle are 99 girls, each with a candy. In each move, each girl gives her candy to either neighbour. If a girl receives two candies in the same move, she eats one of them. What is the minimum number of moves after which only one candy remains?


	(Spring 2013 Senior A-2)

A boy and a girl are sitting at opposite ends of a long bench. One at a time, twenty other children take seats on the bench. If a boy takes a seat between two girls or if a girl takes a seat between two boys, he or she is said to be brave. At the end, the boys and girls are sitting alternately. What is the number of brave children?


	(Fall 2014 Senior O-5)

At the beginning, there are some silver coins on a table. In each move, we can either add a gold coin and record the number of silver coins on a blackboard, or remove a silver coin and record the number of gold coins on a whiteboard. At the end, only gold coins remain on the table. Must the sum of the numbers on the blackboard be equal to the sum of the numbers on the whiteboard?


	(Fall 2018 Junior A-2)

On an island with 2018 inhabitants each person is either a knight, a knave or a kneejerk. Everyone knows who everyone else is. Each inhabitant is asked in turn whether there are more knights than knaves on the island. A knight always tells the truth, a knave always lies, and a kneejerk agrees with the majority of those who speak before him. In case of a tie, such as when a kneejerk speaks first, he answers “Yes” and “No” at random. If exactly 1009 answers are “Yes”, at most how many kneejerks are on the island?


	(Spring 2021 Junior A-4)

Fifty natives stand in a circle. Each announces the age of his left neighbour. Then each announces the age of his right neighbour. Each native is either a knight who tell both numbers correctly, or a knucklehead who increases one of the numbers by 1 and decreases the other by 1. Each knucklehead chooses which number to increase and which to decrease independently. Is it always possible to determine which of the natives are knights and which are knuckleheads?






Set 2.


	(Fall 2008 Junior O-2)

Twenty-five of the numbers 1, 2, …, 50 are chosen. Twenty-five of the numbers 51, 52, …, 100 are also chosen. No two chosen numbers differ by 0 or 50. Find the sum of all 50 chosen numbers.


	(Spring 2014 Junior O-1)

When each of 100 numbers was increased by 1, the sum of their squares remained unchanged. Each of the new numbers is increased by 1 once more. How will the sum of their squares change this time?


	(Fall 2014 Junior O-2)

Do there exist ten pairwise distinct positive integers such that their average divided by their greatest common divisor is equal to


	6;


	5?






	(Spring 2015 Junior O-3)

Basil computes the sum of several consecutive positive integers starting from 1. Patty computes the sum of 10 consecutive positive powers of 2, not necessarily starting from 1. Can the two sums be equal?


	(Fall 2014 Senior O-3)

Peter writes down the sum of every subset of size 7 of a set of 15 distinct integers, and Betty writes down the sum of every subset of size 8 of the same set. If they arrange their numbers in non-decreasing order, can the two lists turn out to be identical?


	(Spring 2013 Junior A-1)

The sum of any two of n distinct numbers is a positive integer power of 2. What is the maximum value of n?


	(Fall 2015 Junior A-2)

From {1,2,3,…,100}, k integers are removed. Among the numbers remaining, do there always exist k distinct integers with sum 100 if


	k=9;


	k=8 ?






	(Spring 2019 Junior A-1)

Do there exist seven distinct positive integers with sum 100 such that they are determined uniquely by the fourth largest among them?


	(Spring 2014 Junior A-4)

On each of 100 cards, Anna writes down a positive integer. These numbers are not necessarily distinct. On 1002 cards, Anna writes down the sums of these numbers taken 2 at a time. On 1003 cards, she writes down the sums taken 3 at a time. She continues until she finally writes down the sum of all 100 numbers on 1 card. She is allowed to send some of these 2100−1 cards to Boris, no two of which may contain the same number. Boris knows the rules by which the cards are prepared. What is the minimum number of cards Anna must send to Boris in order for him to determine the original 100 numbers?






Set 3.


	(Spring 2016 Junior O-3)

Do there exist 2016 integers whose sum and product are both 2016?


	(Fall 2017 Junior O-1)

Five nonzero numbers are added in pairs. Five of the sums are positive and the other five are negative. If they are mutiplied in pairs, find the numbers of positive and negative products.


	(Fall 2018 Junior O-2)

Determine all positive integers n for which the numbers 1, 2, …, 2n can be arranged in pairs so that if the sum of each pair is computed, the product of the sums is the square of an integer.


	(Spring 2021 Senior O-3)

For which positive integers n do there exist n consecutive positive integers whose product is equal to the sum of n other consecutive positive integers?


	(Fall 2014 Junior A-3)

Is it possible to divide all positive divisors of 100!, including 1 and 100!, into two groups of equal size such that the product of the numbers in each group is the same?


	(Spring 2021 Senior A-2)

Does there exist a positive integer n such that for any real numbers x and y, there exist n real numbers such that x is equal to their sum and y is equal to the sum of their reciprocals?


	(Spring 2014 Senior A-1)

Anna writes down several 1s, puts either a + sign or a × sign between every two adjacent 1s, adds several pairs of brackets and gets an expression equal to 2014. Boris takes Anna's expression and interchanges all the + signs with all the × signs. Is it possible that his expression is also equal to 2014?


	(Fall 2014 Senior A-3)

Gregory writes down 100 numbers on a blackboard and calculates their product. In each move, he increases each number by 1 and calculates their product. What is the maximum number of moves Gregory can make if the product after each move does not change?


	(Fall 2016 Senior A-4)

The 2016 pairwise sums of 64 numbers are recorded on one piece of paper. They are distinct and positive. The 2016 pairwise products of the same 64 numbers are recorded on another piece of paper. They are also distinct and positive. Later, it is forgotten which piece is which. Is it still possible to determine which piece is which?






Set 4.


	(Fall 2020 Junior O-5)

Eight elephants are lined up in increasing order of weight. Starting from the third, the weight of each elephant is equal to the total weight of the two elephants immediately in front.

One of them tests positive for Covid, and may have lost some weight. The others test negative and their weights remain the same. Is it possible, in two weighings using a balance, to test if there has been a weight loss, and if so, to determine the elephant which has lost weight?


	(Fall 2017 Junior O-3)

Among 100 coins in a row are 26 fake ones which form a consecutive block. The other 74 coins are real, and they have the same weight. All fake coins are lighter than real ones, but their weights are not necessarily equal. What is the minimum number of weighings on a balance to guarantee finding at least one fake coin?


	(Fall 2019 Junior A-3)

The weight of each of 100 coins is 1 gram, 2 grams or 3 grams, and there is at least one of each kind. Is it possible to determine the weight of each coin using at most 101 weighings on a balance?


	(Fall 2012 Senior O-5)

Among 239 coins, there are two fake coins of the same weight, and 237 real coins of the same weight but different from that of the fake coins. Is it possible, in three weighings on a balance, to determine whether the fake coins are heavier or lighter than the real coins? It is not necessary to identify the fake coins.


	(Fall 2018 Junior O-4)

Kate has three real coins of the same weight and two fake coins whose total weight is the same as that of two real coins. However, one of them is heavier than a real coin while the other is lighter. Can Kate identify the heavier coin as well as the lighter coin in three weighings on a balance? She must decide in advance which coins are to be weighed without waiting for the result of any weighing.


	(Spring 2021 Junior O-3)

There are four coins of weights 1001, 1002, 1004 and 1005 grams, respectively. Is it possible to determine the weight of each coin using a balance at most four times?


	(Spring 2021 Senior O-2)

There are four coins of weights 1000, 1002, 1004 and 1005 grams, respectively. Is it possible to determine the weight of each coin using a balance at most four times, if


	the balance is normal;


	the balance is faulty, in that its left pan is 1 gram lighter than its right pan?






	(Fall 2008 Junior A-2)

Each of four coins weighs an integral number of grams. Available for use is a balance which shows the difference of the weights between the objects in the left pan and those in the right pan. Is it possible to determine the weight of each coin by using this balance four times, if it may make a mistake of 1 gram either way in at most one weighing?


	(Fall 2017 Junior A-1)

We have a faulty balance with which equilibrium may be obtained only if the ratio of the total weights in the left pan and in the right pan is 3:4. We have a token of weight 6 kg, a sufficient supply of sugar and bags of negligible weight to hold the sugar. In each weighing, you may put the token or any bags of sugar of known weight on the balance, and add sugar to a bag so that equilibrium is obtained. Is it possible to obtain a bag of sugar of weight 1 kg?






Set 5.


	(Spring 2009 Junior O-4)

When a positive integer is increased by 10%, the result is another positive integer whose digit-sum has decreased by 10%. Is this possible?


	(Spring 2013 Junior O-2)

Start with an non-negative integer n. In each move, we may add 9 to the current number or, if the number contains a digit 1, we may delete it. If there are leading 0s as a result, they are also deleted. Is it always possible to obtain the number n+1 in a finite number of steps?


	(Fall 2013 Junior O-2)

Can the ten digits 0, 1, 2, 3, 4, 5, 6, 7, 8 and 9 be arranged in a row so that no matter which six digits are removed, the remaining four digits, without changing their order, form a composite number?


	(Fall 2016 Junior O-1)

Do there exist five positive integers such that their ten pairwise sums end in different digits?


	(Fall 2020 Senior O-3)

A positive multiple of 2020 has distinct digits, and if any two of them switch positions, the resulting number is not a multiple of 2020. How many digits can such a number have?


	(Spring 2010 Junior A-4)

Is it possible that the sum of the digits of a positive integer n is 100 while the sum of the digits of the number n3 is 1003?


	(Spring 2017 Junior O-1)

Find the smallest positive multiple of 2017 such that its first four digits are 2016.


	(Spring 2020 Junior A-1)

Does there exist a positive multiple of 2020 which contains each of the ten digits the same number of times?


	(Spring 2017 Senior A-6)

Find all positive integers n which have a multiple with digit sum k for any integer k≥n.






Set 6.


	(Fall 2007 Junior O-1)

Black and white counters are placed on an 8×8 board, with at most one counter on each square. What is the maximum number of counters that can be placed such that each row and each column contains twice as many white counters as black ones?


	(Spring 2009 Senior A-3)

There is a counter in each square of a 10×10 board. We may choose a diagonal containing an even number of counters and remove any counter from it. What is the maximum number of counters which can be removed from the board by these operations?


	(Fall 2012 Junior O-3)

The game Minesweeper is played on a 10×10 board. Each square either contains a bomb or is vacant. On each vacant square is recorded the number of bombs among the eight adjacent squares. Then all the bombs are removed, and new bombs are placed in all squares which were previously vacant. Then numbers are recorded on vacant squares as before. Can the sum of all numbers on the board now be greater than the sum of all numbers on the board before?


	(Spring 2018 Junior O-1)

Six rooks are placed on the squares of a 6×6 board so that no two of them attack each other. Is it possible for every empty square to be attacked by two rooks


	at the same distance away;


	at different distances away?






	(Fall 2018 Senior O-5)

Pete is placing 500 kings on a 100×50 board so that no two attack each other. Basil is placing 500 kings on the white squares of a 100×100 board so that no two attack each other. Who has more ways to place the kings?


	(Spring 2020 Senior A-7)

For which k is it possible to place a finite number of queens on the squares of an infinite board, so that the number of queens in each row, each column and each diagonal is either 0 or exactly k?


	(Spring 2010 Junior A-7)

A number of ants are on a 10×10 board, each in a different square. Every minute, each ant crawls to the adjacent square either to the east, to the south, to the west or to the north. It continues to crawl in the same direction as long as this is possible, but reverses direction if it has reached the edge of the board. In one hour, no two ants ever occupy the same square. What is the maximum number of ants on the board?


	(Spring 2011 Junior A-6)

Two ants crawl along the sides of the 49 squares of a 7×7 board. Each ant passes through all 64 vertices exactly once and returns to its starting point. What is the smallest possible number of sides covered by both ants?


	(Fall 2017 Senior O-5)

On a 100×100 board, an ant starts from the bottom left corner, visits the top left corner and ends on the top right corner. It goes between squares sharing a common side. The moves are alternately vertical and horizontal, with the first move horizontal. Must there exist two adjacent squares such that the ant has gone from one to the other at least twice?






Set 7.


	(Fall 2020 Junior O-3)

Anna and Boris play a game with n counters. Anna goes first, and turns alternate thereafter. In each move, a player takes either 1 counter or a number of counters equal to a prime divisor of the current number of counters. The player who takes the last counter wins. For which n does Anna have a winning strategy?


	(Fall 2008 Senior A-3)

Anna and Boris play a game with n>2 piles each initially consisting of a single counter. The players take turns, Anna going first. In each move, a player chooses two piles containing numbers of counters relatively prime to each other, and merge the two piles into one. The player who cannot make a move loses the game. For each n, determine the player with a winning strategy.


	(Fall 2013 Junior A-7)

Peter and Betty are playing a game with 10 stones in each of 11 piles. Peter moves first, and turns alternate thereafter. In his turn, Peter must take 1, 2 or 3 stones from any one pile. In her turn, Betty must take one stone from 1, 2 or 3 piles. Whoever takes the last stone overall is the winner. Which player has a winning strategy?


	(Fall 2007 Junior A-4)

Two players take turns entering a symbol in an empty square of a 1×n board, where n is an integer greater than 1. Aaron always enters the symbol X and Betty always enters the symbol O. Two identical symbols may not occupy adjacent squares. A player without a move loses the game. If Aaron goes first, which player has a winning strategy?


	(Spring 2008 Junior A-3)

Alice and Brian are playing a game on a 1×(n+2) board. To start the game, Alice places a counter on any of the n interior squares. In each move, Brian chooses a positive integer k. Alice must move the counter to the k-th square on the left or the right of its current position. If the counter moves off the board, Alice wins. If it lands on either of the end squares, Brian wins. If it lands on another interior square, the game proceeds to the next move. For which values of n does Brian have a strategy which allows him to win the game in a finite number of moves?


	(Spring 2008 Senior A-2)

Alice and Brian are playing a game on the real line. To start the game, Alice places a counter on a number x where 0<x<1. In each move, Brian chooses a positive number d. Alice must move the counter to either x+d or x−d. If it lands on 0 or 1, Brian wins. Otherwise the game proceeds to the next move. For which values of x does Brian have a strategy which allows him to win the game in a finite number of moves?


	(Spring 2012 Senior O-5)

In an 8×8 board, the rows are numbered from 1 to 8 and the columns are labeled from a to h. In a two-player game on this board, the first player has a white rook which starts on the square b2, and the second player has a black rook which starts on the square c4. The two players take turns moving their rooks. In each move, a rook lands on another square in the same row or the same column as its starting square. However, that square cannot be under attack by the other rook, and cannot have been landed on before by either rook. The player without a move loses the game. Which player has a winning strategy?


	(Spring 2020 Junior O-5)

On an 8×8 board, there is a rook in each of the squares (a,1) and (c,3). Alice moves first, followed by Bob, and turns alternate thereafter. In each turn, the player moves one of the rooks any number of squares upwards or to the right. The rook may not move through or stop at the square of the other rook. The player who moves either rook into the square (h,8) wins. Which of Alice and Bob has a winning strategy?


	(Fall 2020 Junior A-3)

Anna and Boris play a game in which Anna goes first and turns alternate thereafter. In her turn, Anna suggests an integer. In his turn, Boris writes down on a whiteboard either that number or the sum of that number with all previously written numbers. ls it always possible for Anna to ensure that at some moment among the written numbers there are one hundred copies of the number


	5;


	10?










Set 8.


	(Fall 2009 Junior O-4)

On a lottery ticket, a number consisting of seven different digits is to be written. On the draw date, an official number with seven different digits is revealed. A ticket wins a prize if it matches the official number in at least one digit. Is it possible to guarantee winning a prize by buying at most six tickets?


	(Fall 2011 Senior O-2)

Peter buys a lottery ticket on which he enters an n-digit number, none of the digits being 0. On the draw date, the lottery administrators will reveal an n×n table, each square containing one of the digits from 1 to 9. A ticket wins a prize if it does not match any row or column of this table, read in either direction. Peter wants to bribe the administrators to reveal the digits on some squares chosen by Peter, so that Peter can guarantee to have a winning ticket. What is the minimum number of digits Peter has to know?


	(Spring 2012 Junior A-6)

A bank has one million clients, one of whom is Inspector Gadget. Each client has a unique PIN number consisting of six digits. Dr. Claw has a list of all the clients. He is able to break into the account of any client, choose any n digits of the PIN number and copy them. The n digits he copies from different clients need not be in the same n positions. He can break into the account of each client, but only once.

What is the smallest value of n which allows Dr. Claw to determine the complete PIN number of Inspector Gadget?


	(Spring 2020 Junior A-2)

A dragon has 41! heads and the knight has three swords. The gold sword cuts off half of the current number of heads of the dragon plus one more. The silver sword cuts off one third of the current number of heads plus two more. The bronze sword he cuts off one fourth of the current number of heads plus three more. The knight can can use any of the three swords in any order. However, if the current number of heads of the dragon is not a multiple of 2 or 3, the swords do not work and the dragon eats the knight. Will the knight be able to kill the dragon by cutting off all its heads?


	(Spring 2011 Junior O-5)

A dragon gives a captured knight 100 coins. Half of them are magical, but only the dragon knows which they are. Each day, the knight divides the coins into two piles which are not necessarily equal in size. If each pile contains the same number of magic coins, or the same number of non-magic coins, the knight will be set free. Can the knight guarantee himself freedom in at most


	50 days;


	25 days?






	(Fall 2009 Senior A-1)

After a gambling session, each of one hundred pirates calculates the amount he has won or lost. Money can only change hands in the following way. Either one pirate pays an equal amount to every other pirate, or one pirate receives the same amount from every other pirate. Each pirate has enough money to make any payment. Is it always possible, after several such steps, for all the winners to receive exactly what they have won and for all losers to pay exactly what they have lost?


	(Spring 2020 Senior O-3)

There are 41 letters on a circle; each letter is A or B. We may replace ABA by B and vice versa, as well as replace BAB by A and vice versa. Is it always possible, using these replacements, to obtain a circle containing a single letter?


	(Fall 2019 Junior O-3)

Counters numbered 1 to 100 are arranged in order in a row. It costs 1 dollar to interchange two adjacent counters, but nothing to interchange two counters with exactly 3 other counters between them. What is the minimum cost for rearranging the 100 counters in reverse order?


	(Fall 2019 Senior O-2)

Counters numbered 1 to 100 are arranged in order in a row. It costs 1 dollar to interchange two adjacent counters, but nothing to interchange two counters with exactly 4 other counters between them. What is the minimum cost for rearranging the 100 counters in reverse order?






Set 9.


	(Fall 2007 Junior O-4)

Each square of a 29×29 table contains one of the integers 1, 2, 3, …, 29, and each of these integers appears 29 times. The sum of all the numbers above the main diagonal is equal to three times the sum of all the numbers below this diagonal. Determine the number in the central square of the table.


	(Spring 2014 Junior O-3)

Each of the squares in a 5×7 table contains a number. Peter knows only that the sum of the numbers in the 6 squares of any 2×3 or 3×2 rectangle is 0. He is allowed to ask for the number in any position in the table. What is the minimum number of questions he needs to ask in order to be able to determine the sum of all 35 numbers in the table?


	(Spring 2018 Junior O-3)

In a 4×4 square, the sum of the numbers in each row and in each column is the same. Nine of the numbers are erased, leaving behind the seven shown below. Is it possible to recover uniquely


	one;


	two




of the erased numbers?
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	(Spring 2020 Senior O-1)

Is it possible to fill a 40×41 table with integers so that for each n, there are n copies of n among the squares which share common sides with its square?


	(Spring 2017 Senior O-3)

In a 1000×1000 table of numbers, the sum of the numbers in each rectangle consisting of n of the squares is the same. Find all values of n for which all the numbers in the table must be equal.


	(Spring 2020 Junior A-4)

For which integers n≥2 is it possible to write real numbers into the squares of an n×n table, so that every integer from 1 to 2n(n−1) appears exactly once as the sum of the numbers in two adjacent squares?


	(Spring 2015 Junior A-5)


	A 2×n table of numbers with n>2 is such that the sums of all the numbers in the columns are different. Is it always possible to permute the numbers in the table so that the column sums are still different and now the row sums are also different?


	Is this always possible for a 10×10 table?





	(Fall 2016 Junior A-2)

There are 64 positive integers in the squares of an 8×8 board. Whenever the board is covered by 32 dominoes, the sum of the two integers covered by each domino is unique. Is it possible that the largest integer on the board does not exceed 32?


	(Spring 2018 Senior A-3)

One hundred different numbers are written in the squares of a 10×10 table. In each move, you can take out a rectangle formed by the squares, perform a half-turn and then put it back. Is it always possible to arrange the numbers in the square so that they increase in every row from left to right, and in every column from top to bottom, in no more than 99 moves?






Set 10.


	(Spring 2018 Junior A-1)

Thirty-nine nonzero numbers are written in a row. The sum of any two adjacent numbers is positive, while the sum of all the numbers is negative. Is the product of all these numbers negative or positive?


	(Spring 2020 Junior O-2)

What is the maximum number of distinct integers in a row such that the sum of any 11 adjacent integers is either 100 or 101?


	(Spring 2019 Senior O-5)

Several positive integers are arranged in a row. Their sum is 2019. None of them is equal to 40, and the sum of any block of adjacent numbers is not equal to 40. What is the maximum length of this row?


	(Spring 2008 Senior A-5)

The positive integers are arranged in a row in some order, each occurring exactly once. Does there always exist an adjacent block of at least two numbers somewhere in this row such that the sum of the numbers in the block is a prime number?


	(Fall 2011 Junior O-4)

Along a circle are the integers from 1 to 33 in some order. The sum of every pair of adjacent numbers is computed. Is it possible for these sums to consist of 33 consecutive numbers?


	(Spring 2015 Senior O-5)

Along a circle are 2015 positive integers such that the difference between any two adjacent numbers is equal to their greatest common divisor. Determine the maximal value of a positive number which divides the product of these 2015 numbers.


	(Spring 2010 Junior A-3)

Along a circle are placed 999 numbers, each 1 or −1, and there is at least one of each. The product of each block of 10 adjacent numbers along the circle is computed. Let S denote the sum of these 999 products.


	What is the minimum value of S?


	What is the maximum value of S?





	(Spring 2013 Junior A-4)

On a circle are 1000 non-zero numbers painted alternately black and white. Each black number is the sum of its two neighbours while each white number is the product of its two neighbours. What are the possible values of the sum of these 1000 numbers?


	(Spring 2013 Senior A-4)

Is it possible to arrange the numbers 1, 2, …, 100 on a circle in some order so that the absolute value of the difference between any two adjacent numbers is at least 30 and at most 50?






Set 11.


	(Fall 2009 Junior O-1)

Is it possible to dissect a square into nine squares, with five of them of one size, three of them of another size and one of them a third size?


	(Fall 2011 Junior O-3)

From the 9×9 board, all 16 unit squares whose row numbers and column numbers are both even have been removed. The punctured board is dissected into rectangular pieces. What is the minimum number of square pieces?


	(Spring 2015 Junior O-4)

The figure in the diagram below is to be dissected along the dotted lines into a number of squares which are not necessarily all of the same size or all of different sizes. What is the minimum number of such squares?
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	(Spring 2016 Junior O-4)

In a 10×10 board, the 25 squares in the upper left 5×5 subboard are black while all remaining squares are white. The board is divided into a number of connected pieces of various shapes and sizes such that the number of white squares in each piece is three times the number of black squares in that piece. What is the maximum number of pieces?


	(Spring 2009 Junior A-2)


	Does there exist a non-convex polygon which can be dissected into two congruent parts by a line segment which cuts one side of the original polygon in half and another side in the ratio 1:2?


	Can such a polygon be convex?






	(Spring 2011 Junior A-1)

Does there exist a hexagon that can be dissected into four congruent triangles by a straight cut?


	(Spring 2021 Junior O-4)

Is it possible to dissect a polygon into four isosceles triangles no two of which are congruent, if the polygon is


	a square;


	an equilateral triangle?






	(Spring 2010 Junior O-2)

Karlsson and Lillebror are dividing a square cake. Karlsson chooses a point P of the cake which is not on the boundary. Lillebror makes a straight cut from P to the boundary of the cake, in any direction he chooses. Then Karlsson makes a straight cut from P to the boundary, at a right angle to the first cut. Lillebror will get the smaller of the two pieces. Can Karlsson prevent Lillebror from getting at least one quarter of the cake?


	(Spring 2017 Senior A-3)

Is it possible to dissect a cube into two pieces which can be reassembled into a convex polyhedron with only triangular and hexagonal faces?






Set 12.


	(Fall 2015 Senior A-2)

A 10×10 board is partitioned into 20 pentominoes by 80 unit segments lying on common sides of adjacent unit squares. What is the maximum number of different pentominoes among these 20?


	(Fall 2018 Junior O-3)

A 7×14 board is constructed from copies of the O-tetromino and the V-tromino. Is it possible that


	the same number of copies of each piece is used;


	more copies of the O-tetromino are used than copies of the V-tromino?






	(Fall 2016 Senior O-4)

A 100-omino can be dissected into two congruent 50-ominoes as well as 25 congruent tetrominoes. Is it always possible to dissect it into 50 dominoes?


	(Spring 2014 Junior A-2)

Anna paints several squares of a 5×5 board. Boris' task is to cover up all of them by placing non-overlapping copies of the V-tromino so that each copy covers exactly three squares of the board. What is the minimum number of squares Anna must paint in order to prevent Boris from succeeding in his task?


	(Spring 2018 Senior O-4)

A corner square of an 8×8 board is painted, and a counter is put on it. Peter and Basil take turns moving the counter, Peter going first. In his turn, Peter moves the counter once as a queen to an unpainted square, and Basil moves the counter twice as a king to unpainted squares. The square visited by Peter and both squares visited by Basil are then painted. The player without a move loses the game. Which player has a winning strategy?


	(Fall 2015 Junior A-1)

A polyomino is said to be amazing if it is not a rectangle and several copies of it can be assembled into a larger copy of it. The diagram below shows that the V-tromino is amazing.
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	Does there exist an amazing tetromino?


	Determine all n>4 such that there exists an amazing n-omino.






	(Fall 2016 Junior A-4)

In a 7×7 box, each of the 49 pieces is either dark chocolate or white chocolate. In each move, Alex may eat two adjacent pieces along a row, a column or a diagonal, provided that they are of the same kind.

What is the maximum number of pieces Alex can guarantee to be able to eat, regardless of the initial arrangement the pieces?


	(Fall 2018 Junior A-4)

An invisible alien spaceship in the shape of an O-tetromino may land on our 7×7 airfield, occupying four of the 49 squares. Sensors are to be placed in certain squares of the airfield. A sensor will send a signal if it is in a square on which the spaceship lands. From the locations of all the sensors which send signals, we must be able to determine exactly on which four squares the spaceship has landed. What is the smallest number of sensors we have to place?


	(Fall 2019 Junior O-5)

Basil has sufficiently many copies of the I-tricube, which is a 1×1×3 block, and of the V-tricube, which is a 1×2×2 block with a unit cube missing at a corner. Basil builds with these pieces a solid rectangular box each dimension of which is at least 2. What is the minimum number of copies of the I-tricube which Basil must use?






Set 13.


	(Fall 2016 Junior A-1)

Each of ten boys has 100 cards. In each move, one of the boys gives one card to each of the other boys. What is the minimal number of moves before each boy has a different number of cards?


	(Fall 2010 Senior A-1)

There are 100 points on the plane. All 4950 pairwise distances between two points have been recorded.


	A single record has been erased. Is it always possible to restore it using the remaining records?


	Suppose no three points are on a line, and k records were erased. What is the maximum value of k such that restoration of all the erased records is always possible?





	(Spring 2017 Junior O-4)

One hundred children of distinct heights stand in a line. At each step, a group of 50 consecutive children is chosen and they are rearranged in an arbitrary way. Is it always possible, in 6 such steps, to arrange the children so that their heights decrease from left to right?


	(Spring 2017 Senior O-4)

Ten children of distinct heights stand in a circle. In each step, one of them moves to a new place in the circle between two children. What is the minimum number of steps in which the children can always be arranged so that their heights increase in clockwise order?


	(Spring 2012 Junior O-1)

Buried under each square of an 8×8 board is either a treasure or a message. There is only one square with a treasure. A message indicates the minimum number of steps needed to go from its square to the treasure square. Each step takes one from a square to another square sharing a common side. What is the minimum number of squares one must dig up in order to bring up the treasure for sure?


	(Spring 2011 Senior O-3)

An integer k is given, where 2≤k≤50. Along a circle are 100 white points. In each move, we choose a block of k adjacent points such that the first and the last are white, and we paint both of them black. For which values of k is it possible for us to paint all 100 points black after 50 moves?


	(Fall 2016 Junior O-5)

One hundred bear-cubs have 1, 2, …, 299 berries, respectively. A fox chooses two bear-cubs and divides their berries equally between them. If a berry is left over, the fox eats it. What is the least number of berries the fox can leave for the bear-cubs?


	(Fall 2010 Junior A-7)

Merlin summons the n knights of Camelot for a conference. Each day, he assigns them to the n seats at the Round Table. From the second day on, any two neighbours may interchange their seats if they were not neighbours on the first day. The knights try to sit in some cyclic order which has already occurred before on an earlier day. If they succeed, then the conference comes to an end when the day is over. What is the maximum number of days for which Merlin can guarantee that the conference will last?


	(Spring 2014 Senior A-6)

A computer directory lists all pairs of cities connected by direct flights. Anna hacks into the computer and permutes the names of the cities. It turns out that no matter which other city is renamed Moscow, she can rename the remaining cities so that the directory is perfectly correct. Later, Boris does the same thing. However, he insists on exchanging the names of Moscow with another city. Is it always possible for him to rename the remaining cities so that the directory is perfectly correct?






Set 14.


	(Spring 2012 Junior O-2)

The number 4 has an odd number of odd positive divisors, namely 1, and an even number of even positive divisors, namely 2 and 4. Is there a number with an odd number of even positive divisors and an even number of odd positive divisors?


	(Spring 2018 Junior O-4)

Each of three positive integers is a multiple of the greatest common divisor of the other two, and a divisor of the least common multiple of the other two. Must these three numbers be the same?


	(Spring 2012 Junior A-5)

Let p be a prime number. A set of p+2 positive integers, not necessarily distinct, is called interesting if the sum of any p of them is divisible by each of the other two. Determine all interesting sets.


	(Fall 2007 Junior A-2)


	Each of Peter and Basil thinks of three positive integers. For each pair of his numbers, Peter writes down the greatest common divisor of the two numbers. For each pair of his numbers, Basil writes down the least common multiple of the two numbers. If both Peter and Basil write down the same three numbers, must these three numbers be equal to each other?


	Is the analogous result true if each of Peter and Basil thinks of four positive integers instead?






	(Spring 2009 Junior O-2)

Let a∧b denote the number ab. The order of operations in the expresson 7∧7∧7∧7∧7∧7∧7 must be determined by inserting five pairs of brackets. Is it possible to put brackets in two distinct ways so that the expressions have the same value?


	(Spring 2012 Junior O-4)

Brackets are to be inserted into the expression 10÷9÷8÷7÷6÷5÷4÷3÷2 so that the resulting number is an integer.


	Determine the maximum value of this integer.


	Determine the minimum value of this integer.





	(Spring 2015 Junior O-5)

We have one copy of 0 and two copies of each of 1, 2, …, n. For which n can we arrange these 2n+1 numbers in a row, such that for 1≤k≤n, there are exactly k other numbers between the two copies of the number m?


	(Spring 2011 Junior A-3)

Baron Munchausen has a set of 50 coins. The mass of each is a distinct positive integer not exceeding 100, and the total mass is even. The Baron claims that it is not possible to divide the coins into two piles with equal total mass. Can the Baron be right?


	(Fall 2011 Junior A-3)

A set of at least two objects with pairwise different weights has the property that for any pair of objects from this set, we can choose a subset of the remaining objects so that their total weight is equal to the total weight of the given pair. What is the minimum number of objects in this set?






Set 15.


	(Spring 2011 Junior O-4)

Each diagonal of a convex quadrilateral divides it into two isosceles triangles. The two diagonals of the same quadrilateral divide it into four isosceles triangles. Must this quadrilateral be a square?


	(Fall 2016 Senior O-2)

Of the triangles determined by 100 points on a line plus an extra point not on the line, at most how many of them can be isosceles?


	(Spring 2010 Senior A-1)

Is it possible to divide all the lines in the plane into pairs of perpendicular lines so that every line belongs to exactly one pair?


	(Spring 2020 Junior O-1)

In a 6×6 county, 27 of the squares are cities and the other 9 villages. Each village is claimed by a city if and only if it shares at least one vertex with the city. Is it possible that the number of cities claiming a village is different for each village?


	(Spring 2013 Junior A-3)

Is it possible to mark some of the squares of a 19×19 board so that each 10×10 board contains a different number of marked squares?


	(Fall 2019 Junior A-7)

Peter has an n×n stamp, n>10, such that 102 of the unit squares are coated with black ink. He presses this stamp 100 timies on a 101×101 grid, each time leaving a black imprint on 102 unit squares of the grid. Is it possible that the grid is black except for one unit square at a corner?


	(Spring 2014 Senior O-5)

A park is in the shape of a convex quadrilateral ABCD. Alex, Ben and Chris are jogging there, each at his own constant speed. Alex and Ben start from A at the same time, Alex jogging along AB and Ben along AC. When Alex arrives at B, he immediately continues on along BC. At the time Alex arrives at B, Chris starts from B, jogging along BD. Alex and Ben arrive at C at the same time, and lex immediately continues on along CD. He and Chris arrive at D at the same time. Can it happen that Ben and Chris meet each other at the point of intersection of AC and BD?


	(Fall 2011 Junior O-5)

On a highway, a pedestrian and a cyclist are going in the same direction, while a cart and a car are coming from the opposite direction. All are travelling at constant speeds, not necessarily equal to one another. The cyclist catches up with the pedestrian at 10 o'clock. After a time interval, the cyclist meets the cart, and after another time interval equal to the first, she meets the car. After a third time interval, the car meets the pedestrian, and after another time interval equal to the third, the car catches up with the cart. If the pedestrian meets the car at 11 o'clock, when does he meet the cart?


	(Fall 2013 Senior O-5)

A spaceship lands on an asteroid, which is known to be either a sphere or a cube. The spaceship sends out an explorer which crawls on the surface of the asteroid.

The explorer continuously transmits its current position in space to the spaceship, until it reaches the point which is symmetric to the landing site relative to the centre of the asteroid. Thus the spaceship can trace the path along which the explorer is moving. Can it happen that these data are not sufficient for the spaceship to determine whether the asteroid is a sphere or a cube?






Set 16.


	(Fall 2019 Junior O-1)

A magician lays the 52 cards of a standard deck in a row, and announces in advance that the Three of Clubs will be the only card remaining after 51 steps. In each step, the audience points to any card. The magician can either remove that card or remove the card in the corresponding position counting from the opposite end. What are the possible positions for the Three of Clubs at the start in order to guarantee the success of this trick?


	(Fall 2007 Senior O-4)

The audience chooses two of twenty-nine cards, numbered from 1 to 29. The assistant of a magician chooses two of the remaining twenty-seven cards, and asks a member of the audience to take them to the magician, who is in another room. The two cards are presented to the magician in an arbitrary order. Does there exist an arrangement with the assistant beforehand such that the magician can deduce which two cards the audience has chosen?


	(Spring 2019 Junior O-5)

As the assistant watches, the audience puts a coin in each of two of 12 boxes in a row. The assistant opens one box that does not contain a coin and exits. The magician enters and opens four boxes simultaneously. Does there exist a method that will guarantee that both coins are in the four boxes opened by the magician?


	(Spring 2019 Senior O-4)

As the assistant watches, the audience puts a coin in each of two of 13 boxes in a row. The assistant opens one box that does not contain a coin and exits. The magician enters and opens four boxes simultaneously. Does there exist a method that will guarantee that both coins are in the four boxes opened by the magician?


	(Fall 2007 Junior A-6)

The audience arranges n coins in a row. The sequence of heads and tails is chosen arbitrarily. The audience also chooses a number between 1 and n inclusive.

Then the assistant turns one of the coins over, and the magician is brought in to examine the resulting sequence. By an agreement with the assistant beforehand, the magician tries to determine the number chosen by the audience.


	If this is possible for some n, is it also possible for 2n?


	Determine all n for which this is possible.





	(Spring 2021 Junior A-6)

A hotel has n unoccupied rooms upstairs, k of which are under renovation. All doors are closed, and it is impossible to tell if a room is occupied or under renovation without opening the door. There are 100 tourists in the lobby downstairs. Each in turn goes upstairs to open the door of some room. If it is under renovation, she closes its door and opens the door of another room, continuing until she reaches a room not under renovation. She moves in that room and then closes the door. Each tourist chooses the doors she opens. For each k, determine the smallest n for which the tourists can agree on a strategy while in the lobby, so that no two of them move into the same room.


	(Spring 2008 Senior A-6)

Seated in a circle are 11 wizards. A different positive integer not exceeding 1000 is pasted onto the forehead of each. A wizard can see the numbers of the other 10, but not his own. Simultaneously, each wizard puts up either his left hand or his right hand. Then each declares the number on his forehead at the same time. Is there a strategy on which the wizards can agree beforehand, which allows each of them to make the correct declaration?


	(Spring 2013 Senior A-7)

One thousand wizards are standing in a column. Each is wearing one of the hats numbered from 1 to 1001 in some order, one hat not being used. Each wizard can see the number of the hat of any wizard in front of him, but not that of any wizards behind. Starting from the back, each wizard in turn calls out a number from 1 to 1001 so that every other wizard can hear it. Each number can be called out at most once. At the end, a wizard who fails to call out the number on his hat is removed from the Council of Wizards. This procedure is known to the wizards in advance, and they have a chance to discuss strategy. Is there a strategy which can keep in the Council of Wizards


	more than 500 of these wizards;


	at least 999 of these wizards?






	(Spring 2018 Senior A-7)

Each of n wizards in a column wears a white hat or a black hat chosen with equal probability. Each can see the hats of the wizards in front of him, but not his own.

Starting from the last wizard, each in turn guesses the colour of his own hat. Also, each wizard except the first one announces a positive integer which is heard by everyone. The wizrds can agree in advance on a collective strategy on what number each should announce, in order to maximize the number of correct guesses. Unfortunately, some of the wizards do not care for this, and may do as they like. It is not known who they are, but that there are exactly k of them. What is the maximal number of correct guesses which can be guaranteed by some collective strategy, despite the possible actions of the uncaring wizards?






Set 17.


	(Spring 2009 Senior A-6)

A positive integer n is given. Anna and Boris take turns marking points on a circle. Anna goes first and uses the red colour while Boris uses the blue colour. When n points of each colour have been marked, the game is over, and the circle has been divided into 2n arcs. The winner is the player who has the longest arc both endpoints of which are of this player's colour. Which player can always win, regardless of any action of the opponent?


	(Spring 2014 Senior A-5)

A scalene triangle is given. In each move, Anna chooses a point on the plane, and Boris decides whether to paint it red or blue. Anna wins if she can get three points of the same colour forming a triangle similar to the given one. What is the minimum number of moves Anna needs to force a win, regardless of the shape of the given triangle?


	(Spring 2020 Junior A-6)

Alice has a deck of 36 cards, 4 suits of 9 cards each. She picks any 18 cards and gives the rest to Bob. In each of 18 turns, Alice plays one of her cards first and then Bob plays one of his cards. If the two cards are of the same suit or of the same value, Bob gains a point. What is the maximum number of points he can guarantee regardless of Alice's actions?


	(Fall 2020 Junior A-6)

Anna and Boris play a game involving two round tables at each of which n children are seated. Each child is a sworn friend of both neighbours but no others. Anna can make two children agree to be sworn friends, whether they sit at the same table or at different tables. She can do so with 2n pairs. Boris can then make n of those pairs change their minds. Anna wins if the 2n children can be seated at one large round table so that each is a sworn friend of both neighbours. For which n does Anna have a winning strategy?


	(Fall 2018 Senior A-7)

There are n≥2 cities, each with the same number of citizens. Initially, every citizen has exactly 1 dollar. In a game between Anna and Boris, turns alternate. Anna chooses one citizen from every city, and Boris redistributes their wealth so that the at least one citizen has a different number of dollars from before.

Anna wins if in every city, there is at least one citizen with no money. Which player has a winning strategy if the number of citizens in each city is


	2n;


	2n−1 ?






	(Fall 2009 Senior A-6)

Olga and Max visit a certain archipelago with 2009 islands. Some pairs of islands are connected by boats which run both ways. Olga choose the first island on which they land. Then Max choose the next island which they can visit. Thereafter, the two take turns choosing an accessible island which they have not yet visited. When they arrive at an island which is connected only to islands they have already visited, whoever's turn to choose next will be the loser. Can Olga always win, regardless of how Max plays and regardless of the way the islands are connected?


	(Spring 2021 Senior A-4)

There is a row of 100n tuna sandwiches. A boy and his cat take alternate turns, with the cat going first. In her turn, the cat eats the tuna from one sandwich anywhere in the row if there is any tuna left. In his turn, the boy eats the first sandwich from either end, and continues until he has eaten 100 of them, switching ends at any time. Can the boy guarantee that, for every positive integer n, the last sandwich he eats contains tuna?


	(Spring 2011 Senior A-7)

Among a group of programmers, every two either know each other or do not know each other. Eleven of them are geniuses. Two companies hire them one at a time, alternately, and may not hire someone already hired by the other company. There are no conditions on which programmer a company may hire in the first round. Thereafter, a company may only hire a programmer who knows another programmer already hired by that company. Is it possible for the company which hires second to hire ten of the geniuses, no matter what the hiring strategy of the other company may be?


	(Fall 2010 Senior A-4)

Two dueling wizards are at an altitude of 100 metres above the sea. They cast spells in turn, and each spell is of the form “decrease the altitude by a metres for me and by b metres for my rival,” where a and b are real numbers such that 0<a<b. Different spells have different values for a and b. The set of spells is the same for both wizards, the spells may be cast in any order, and the same spell may be cast many times. A wizard wins if after some spell, he is still above water but his rival is not. Does there exist a set of spells such that the second wizard has a guaranteed win, if the number of spells is


	finite;


	infinite?










Set 18.


	(Spring 2011 Junior O-3)

Worms grow at the rate of 1 meter per hour. When they reach their maximum length of 1 meter, they stop growing. A full-grown worm may be dissected into two new worms of arbitrary lengths totalling 1 meter. Starting with 1 full-grown worm, can one obtain 10 full-grown worms in less than 1 hour?


	(Fall 2010 Senior O-3)

From a police station situated on a straight road infinite in both directions, a thief has stolen a police car. Its maximal speed equals 90% of the maximal speed of a police cruiser. When the theft is discovered some time later, a policeman starts to pursue the thief on a cruiser. However, he does not know in which direction along the road the thief has gone, nor does he know how long ago the car has been stolen. Can the policeman be sure of catching the thief?


	(Spring 2014 Junior O-2)

Olga's mother bakes 7 apple pies, 7 banana pies and 1 cherry pie. They are arranged in that exact order on a the rim of a round plate when they are put into the microwave oven. All the pies look alike, but Olga knows only their relative positions on the plate because it has rotated. She wants to eat the cherry pie. She is allowed to taste three of them, one at a time, before making up her mind which one she will take. Can she guarantee that she can take the cherry pie?


	(Spring 2014 Junior O-5)

Forty Thieves are ranked from 1 to 40, and Ali Baba is also given the rank 1. They want to cross a river using a boat. Nobody may be in the boat alone, and no two people whose ranks differ by more than 1 may be in the boat at the same time. Is this task possible?


	(Fall 2015 Junior O-5)

In a country there are 100 cities. Every two cities are connected by direct flight in both directions, both costing the same amount. We wish to visit all the other 99 cities and then return to our home city, so that the average cost per flight on our trip is not greater than the average cost of all flights.


	Is it always possible to do so?


	Is it always possible to do so if we leave out one of the other 99 cities?





	(Fall 2013 Junior A-4)

Penny chooses an interior point of one of the squares of an 8×8 board. Basil draws a subboard, consisting of one or more squares, whose boundary is a single closed polygonal line which does not intersect itself. Penny will then tell Basil whether the chosen point is inside or outside this subboard. What is the minimum number of times Basil has to do this in order to determine whether the chosen point is black or white?


	(Fall 2017 Junior A-4)

One hundred doors and one hundred keys are numbered 1 to 100 respectively. Each door is opened by a unique key whose number differs from the number of the door by at most one. Is it possible to match the keys with the doors in n attempts, where


	n=99;


	n=75;


	n=74 ?






	(Fall 2008 Senior A-7)

A contest consists of 30 true or false questions. Victor knows nothing about the subject matter. He may write the contest several times, with exactly the same questions, and is told how many questions he has answered correctly each time. Can he be sure that he will answer all 30 questions correctly


	on his 30th attempt;


	on his 25th attempt?






	(Fall 2009 Senior A-7)

At the entrance to a cave is a rotating round table. On top of the table are n identical barrels, evenly spaced along its circumference. Inside each barrel is a herring either with its head up or its head down. In a move, Ali Baba chooses from 1 to n of the barrels and turns them upside down.
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