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PREFACE 


This monograph is intended as a handy reference of standard statistical anal-
yses and data regression techniques. It is written in a short format to enable 
the user to obtain a working knowledge of important statistical tests. Each 
method is fully illustrated with practical problems drawn from engineering 
and science-oriented applications. The volume does not provide rigorous 
treatment of statistical theorems and theory, but lists useful references for 
those readers who desire more in-depth understanding of the mathematical 
bases. The book also provides direction in constructing regression routines 
that can be used with worksheet software on personal computers. A software 
program called DATA-FIT developed for simple linear and non-linear regres-
sions and capable of handling up to three variables is described in this volume. 
The program is designed to run with LOfUS 1-2-3 spreadsheet on an IBM 
compatible personal computer. Appendix A provides a full description of the 
program and can serve as the user's guide. A floppy disc of this user friendly 
program can be obtained by using the convenient tear-out order form in the 
back of this volume. In addition, the volume provides a listing of various com-
mercial software programs and the statistical analyses capabilities associated 
with each. 

Science and engineering students should find this to be a good supplemental 
reference in course work and in graduate studies. Process engineers, chemists 
and researchers involved in experimental programs and pilot plant operations 
may find this to be a handy guide in designing experiments and analyzing data. 

Special thanks are extended to the staff of Technomic Publishing Co. for the 
production of this volume, and their continued interest and attention. 

NICHOLAS P. CHEREMISINOFF 
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 CHAPTER 1
 

Notations and Definitions 


USE OF SUBSCRIPTS 

Subscripts are used to denote the number of an observation in a set. For Ex-
ample: x1  is the ith observation in a set. x(l)  is the ith ordered observation in 
a set. Let us review Illustration l. 

Illustration 1 

Consider the following data set { 5,  10, 6, 2 } . The observations are: 

X1  = 5,  Xz  = 10, X3  = 6, X4 = 2 

x(l, = 2, Xcz1 = 5,  Xcll = 6, Xc41 = 10 

Summations are denoted by the symbol of capital Sigma (E) and the operation 
is performed over the limits of the observation. 

Illustration 2 

4 

Ex,  = X1  + Xz  + X3  + X4 

1•1 

EX1  = X1  + Xz  + X3  + ... + x~ 

1•1 

E ex,  = c  EX1  = c(x1  + Xz  + ... + x~), where c  = constant 
i•l  l•l  

Ec  = nc  



2 NOTATIONS AND DEFINITIONS 

E <x,  :::t: ,,> = Ex,  :::t: E,, 

l l l 

I; I; XIJ  = I; (x,l + Xa) =Xu +Xu  + X31 +Xu  + X11  + X31  

181 J-1 1•1 

DEFINITIONS OF DISTRIBUTIONS 

An important step in analyzing the statistical significance of data and in 
regression is the layout and tabulation of data values. Frequency distributions  
are a useful format for scanning and reviewing the important features of large 
bodies of data. In preparing frequency distributions one must select data 
groups. Important rules-of-thumb to apply when choosing data groups are: 

• Find the minimum and maximum values in the set. 

• Do not use fewer than 6 or more than 15 groups. 

• Select unambiguous grouping criteria. 

• Group intervals should be of equal length. 

• Select a convenient group midpoint. 

An example of preparing frequency distributions using the above rules is 
shown below. 

Illustration 3 

Bales of rubber are checked in a warehouse for brown spots. These brown 
spots are considered as contamination and can be the basis for rejection by 
customers. The number of brown spots per bale is tabulated in Thble 1-1 for 
100 data sets. 

The minimum and maximum values in the set are identified in Thble 1-1. We 

Table  1-1. Data Tabulation  of Brown Spots. 

6 20 6 20 26 15 12 19 20 30 
3 23 3 (33) 15 0 23 7 19 8 

10 19 7 14 20 18 24 8 22 13 
20 17 7 15 18 17 25 8 22 15 
22 19 8 12 6 15 25 6 17 9 
23 24 10 10 7 16 22 23 18 12 
27 12 10 13 7 17 19 24 21 11 
2 9 15 15 9 17 18 26 26 15 

(0) 7 16 17 10 22 18 23 20 18 
15 5 15 19 0 21 17 25 18 17 



 

 
 

 

3 DejinitiOfJ  of Distributions  

Table  1-2.  Tally of Raw Data to Prepare Frequency Distribution.  

Contamination Level 
(No. Brown Spots per Group Relative 

Frequency Frequency 

0- 5 7 0.07 
6- 11 23 0.23 

12-17 27 0.27 
18-23 31 0.31 
24-29 10 0.10 
30-35 2 0.02 

100 1.00 

can now select groups and tally as shown in Thble 1-2. The relative frequency 
column in Table 1-2 is calculated from the following definition. 

Relative Frequency = Group Frequency/1btal Data (1) 

The frequency distribution can be represented graphically as shown in Figure 
1-1. Figure 1-la shows a line chart frequency distribution histogram, where the 
midpoint of each group set is used for the corresponding group frequency. 
Figure 1-1b shows a bar chart histogram. 

On a personal computer using a spreadsheet program such as Lotus 1-2-3, 
this exercise should only take moments, once the data have been typed in. 

MEASURES OF LOCATION. MEANS AND DATA CODING 

The measures of location  refer to the centrality or norm that characterizes 
a typical value of a population or sample population of data. The principle 

AO 

.... 

f .H 

l  .20

I ... 
... 

... 


FIGURE 1-la. Line chart histogram. 
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FIGURE 1-lb. Bar chart histogram. 



 

4 NOTATIONS AND DEFINITIONS 

term used to describe this property is the mean,  of which there are several 
definitions (average, arithmetic mean, expected value, geometric mean). Sym-
bols used are: 

p.  = population mean 

x = sample mean 

These are the most widely used measure of location and can best be related 
by analogy to the concept of center of gravity for bodies. 

The mean value is computed from a data set x., . . . x,.  as follows: 

- ,..
X=-- (2)

n  

The population mean, p.,  is calculated on a similar basis. 

Illustration 4 

Calculate the mean value for the following set: (16, 12, 7, 11, 17, 9): 

j = 16 + 12 + 7 + ll + 17 + 9 = 72 = 12 0 
6 6 . 

The calculation of the mean ofgrouped data is more readily performed on the 
basis of a weighted avemge.  Grouping the data will result in some loss of ac-
curacy, compared with averaging ungrouped data. 

Illustration 5 

Tabulate the k group midpoints, x, and group frequencies};. Then compute 
the mean. Use the data set in Illustration 3. 

From Table 1-2 we tabulate the following: 

X1  j;  /iXI  

2.5 7 17.5 
8.5 23 195.5 

14.5 27 391.5 
20.5 31 635.5 
26.5 10 265.0 
32.5 2 65.0 

100 1570.0 



Measures of Localion,  Means  and Data  Coding  S  

The mean is calculated from: 

k  

E fix~ 
~~ 1570 

.i= =--= 15.70
k  100

E fi  
l•l 

Note that the mean value of the raw data was 15.47.  
The median denotes the 50th percentile value (i.e., the middlemost value). 

·The symbol most often used is i. It is the second most important measure of 
location. It does, however, have limitations; it does not use the entire popula-
tion of data and, hence, is less reliable than the mean as an estimate of p..  A 
further disadvantage is that it can be a cumbersome calculation for large 
samples. Consequently, it is most often used for small data samples. Whereas 
the mean cannot be used for ordered qualitative data, the median can. 

The calculation procedure for the median is: 

• First, order the data. 

• For an odd-numbered sample size n: i  = x ( .. ; 1 ) 

* For an even-numbered sample size n: i  = 1/2 (x f +x .. ; 2 ) 

Illustration 6 

Using the data set from Illustration 4: 

Xctl = 7, Xc21 = 9, XcJI = 11, Xc4l 16, Xc61 = 17 

(a) For n  = 6, n/2 = 3 and (n  + 2)/2 = 4, 

Therefore, 

_ I I 
X  = 2 (Xm  + Xc41) = 2 (II + 12) = 11.5 

(b) Assume n  = 5;  then (n  + 1)/2 = 3 

x  = xc31 = 11 

The mode is a property value that corresponds to the highest frequency 
in the data. It can be thought of as the most likely value. If the data values 
are random, the mode may not exist. In addition, it may not be unique; 



--

 
 

  

6 NOTATIONS AND DEFINITIONS 

Jable  1-3.  78bulations  for IIJstration  7. 

Column No. (I) (II) (Ill) (IV) (V) 

Xt c Zt fl ftZt 

2.5 *14 *11.5 7 • 80.5 
8.5 *14 • 5.5 23 *126.5 

14.5 *14 0.5 27 13.5 
20.5 *14 6.5 31 201.5 
26.5 *14 12.5 10 125.0 
32.5 *14 18.5 2 37.0 

170.0 

that is, two or more values may exist with equal frequency. It can be used 
for qualitative data having no natural ordering and in samples above the 
median point. 

Manipulating or coding of data is a useful technique for simplifying 
statistical calculations. This is done by subtracting a number from each 
data value. The number chosen should be rounded off and approximately in 
the center of the data in order to obtain the coded data. The formula is: 

(3) 

Illustration 7 

Using the data in Illustration 3, subtract a round number c approximately in 
the center of the set to obtain the coded data. Using the midpoint values x, and 
from the frequency distribution in Table 1-2, we calculate the coded midpoint 
z,  (refer to columns (I) - (III) in Table 1-3). 

Next, we compute the coded mean z using the coded midpoints,  z,  

• 

- ,.,z=-­• 

I•I 

f,z,  and frequency in columns (IV) and (V) of Table 1-3. Therefore, 

- 1'iU
z = 100 = l.'iU 

We now decode the value to obtain the true mean: 

x=z+c  
x = 1.7 + 14.0 = 15.7 



7 Jilriability of Data  

VARIABILITY OF DATA 

The spread or dispersion of a data set provides a measure of the variability 
of the population about the mean. The parameter that describes this property 
is the standard deviation  (also called the root mean square deviation). The 
symbols used are u for the population standard deviation, and s for the sample 
standard deviation. 

N  

E (x1  - p.)1 

I• I 
(4)a=  

N  

N  

E (x1- .i)1 


I• I 

(5)
s=  
n- 1 

The units of a and s are the same as the units of the data. The quantity (n  - 1) 
is referred to as the degrees of freedom.  The deviations squared, a1  and r, are 
called the variances of the population and sample, respectively. An alternate 
formula for the sample standard deviation is: 

s=  (6) 


Illustration 8 

For the data x" ... x~ in Illustration 4, calculate the standard deviations. 
From the data, x = 12.0. The following values are tabulated: 

X1  (x1- X) (x1  - .i)1 

16 4 16 
12 0 0 
7 -5 25 

11 -1 1 
17 5 25 
9 -3 9 

76 



8 NOTATIONS AND DEFINmONS 

By using formula (5), we get: 

s = ~(:.1) = 3.90 

Or, with formula (6): 

2 l: x1 = 256 + 144 + 49 + 121 + 289 + 81 = 940 

s=  ~940 ; 864 = 3.90 


The sample  range,  R,  represents the difference between the largest and 
smallest value in the sample. It is most often used as a cross-check of the a  
calculation. R does not use all the data and, hence, is not as accurate ass. 
Usefulness is limited to sample sizes less than 15. 

Illustration 9 

By using the data from Illustration 4, we obtain: 

R = 17 - 7 = 10 

The relative variation of data is called the coefficient of variation.  It is defined 
as the ratio of the standard deviation to the mean and is expressed as a percen-
tage: 

a  
r  =- · 100 (7)

p.  

Since it is a dimensionless quantity, it can be used to compare variability 
among different units of scale. 



 

9 

jA+O"  lA  + 20" 

'l)pes of Distributions  

Illustration 10 

Using the data from Illustration 8. calculate r  for x = 12.0. s = 3.90. 
Hence, 

s  3.90
r  =- · 100 =- x  100 = 3.25%x  12 

TYPES OF DISTRIBUTIONS 

Previously we introduced distributions of discrete variates that take on a 
limited number ofdistinct values. Now we direct attention to variables that are 
continuous, such as height, weights. concentrations, or yields. The variable 
continues without a break from one value to the next with no limit to the 
number of distinct values. Consider the histogram of contamination levels in 
Figure 1-1b. Imagine that the size of the sample is increased without limit and 
the class intervals on the horizontal axis are decreased correspondingly. 
Figure 1-1b would gradually become a continuous curve. Continuous variables 
are distributed in a number of ways; we first consider the normal distribution.  

The normal or Gaussian distribution is a symmetrical, bell-shaped curve, 
and is entirely determined by its mean p. and standard deviation a. With a con-
tinuous variable x. we may define a functionf(x) that states that the height or 
ordinate of the continuous curve at the abscissa value x. The heightf(x) at the 
value xis: 

(8) 

The theoretical Gaussian distribution curve is shown in Figure 1-2. The 
areas corresponding to the intervals shown are as follows: 

Interval Area(%) Interval Area(%) 

P.  :t: a  68.27 p.  :t: 0.674a 50 
p.  :t: 2a  95.45 p.  :t: 1.645a  90 
p.  :t: 3a 99.73 p.  :t: 1.960a  95  
p.  :t: 4a  99.994 p.  :t: 2.576a 99 

We can interpret the Gaussian distribution in the following manner. If a very 

lA  + 30" 

FIGURE 1-2. Gaussian distribution curve. 



10 NOTATIONS AND DEFINmONS 

large sample were drawn from this population, we could expect 95.45% of the 
values to lie within the limits of p.  ± 2u.  

The importance of the Gaussian distribution is as follows: 

1 Many distributions of variables of natural phenomenon are 
approximately normal; examples include bubble sizes in fluidized 
reactors, natural soil particle sizes, pollutant concentrations in the 
atmosphere. 

2 For measurements whose distributions are not normal, a simple 
transformation of the scale of measurements may approximate 
normality. These transformations often occur as a square root, .Ji,  
and the logarithm, lnx.  

3 	The normal distribution provides a simple mathematical relation, thus 
facilitating analytical solutions to many problems. This approach often 
provides reasonable approximations within engineering standards even 
when samples are derived from non-normal populations. This 
approach is often feasible even when handling populations with 
discrete variables. 

4 Even when the distribution in the original population is highly non-
normal, the distribution of the sample means x tends to approach 
normal under random sampling, as the sample size increases. This in 
itself is justification for the importance of the Gaussian distribution. 

Since the normal curve depends on the two paramaters p.  and u,  there are 
many different normal curves. Standard tables of this distribution given in 
statistics textbooks such as Snedecor and Cochran {1980), Walpole and Myers 
(1972), and Fisher (1950), are for the distribution with p.  = 0 and u  = 1. 
Therefore, for a measurement x  with mean p.  and standard deviation u,  in 
order to use a table of the normal distribution, one must rescale x so that the 
mean becomes 0 and the standard deviation becomes unity. The rescaled 
measurement can be calculated from: 

z'  = (x - p.)/u 	 (9) 

Variable z'  is called the staru:!Drd normal variate  (also the standard normal 
deviate or normal variate in standard measure). Values can be transformed 
back to the x-scale by: 

x=p.+uz 	 (10) 

A skewed  distribution is one that is non-symmetrical. Skewness can be 
measured by the following formula: 

(11) 


