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PREFACE

Since the publication of the first book on the finite strip method in 1976,
tremendous developments of the method have been made. Interpolation
functions have been generalized such that it permits the usage of functions
other than the trigonometrical series for the series component of the shape
functions. The availability of these shape functions has not only greatly
widened the applications of this method in structural analysis but also
extended the applications to fields beyond structural engineering. Recently,
researchers have further carried out non-linear analyses using this method, and
current publications have demonstrated the activities and interests in this area.
Furthermore, finite strips formulated by carrying out appropriate Fourier or
Hankel transformations have been widely adopted with particular reference to
the geotechnical field. In view of the recent advancement, it was decided that
an updated text on the finite strip method should be written such that “state of
the art” reference on this subject could be made available to both researchers
as well as practising engineers.

In this book, we attempt to provide a concise introduction to the theory of
the finite strip method including the classical strip as well as the newly
developed spline strip and computed shape function strip. The applications of
various topics in structural engineering with special reference to practical
structures such as bridges, box girder bridges, tall buildings, etc. are
extensively discussed. References to the applications in the geotechnical field
are also made. Recent development of the applications of the method in
nonlinear analyses is also briefly described.

A detailed introduction on the theory of the finite stnp method is made in
Chapters 1 and 2. Chapters 3 to 5 cover the applications of the method in
fundamental problems including plate bending, plane stress/strain as well as
vibration and stability problems. The extension of the method to three-
dimensional analysis is explored in Chapter 6. The domain transformation
which has proved to be a valuable method for mapping complex geometry into
regular domain is discussed in Chapter 7. The recent applications of finite
strip method in various areas of engineering significance are fully covered in
Chapters 8, 9 and 10. Development in nonlinear applications is reserved to
Chapter 11, whereas the next chapter concentrates on the transformation
approach of the method for semi-infinite domains.

The source code of a program for the static analysis of folded plate
structures is listed in Appendix I. The program is written for the IBM SP2 but
it can also easily be adapted for the micro-computer environment.



Taylor & Francis
Taylor & Francis Group

http://taylorandfrancis.com


http://taylorandfrancis.com

ACKNOWLEDGMENTS

The authors would like to express their sincere gratitude to Associate
Professor J. C. Small of University of Sydney and Associate Professor S. C.
Fan of Nanyang Technological University for reading parts of the manuscripts
and making helpful suggestions, and to Ms. K. Wong for preparing the figures.

Permission from our former graduate students for us to use material from
their theses are acknowledged :

Dr.F. T.K. Ay,

Dr. C. R. C. Delcourt,

Associate Professor S. C. Fan,

Dr. D. J. Guo,

Dr. J. Kong,

Mr. H. Y. Szeta,

Associate Professor S. Swaddiwudhipong, and

Professor D. S. Zhu.

The contribution of the late Dr. W. Y. Li to the development of the spline
finite strip method is also acknowledged. We wish to pay tribute to him by
making extensive references to materials from his thesis.

Our sincere thanks are also extended to American Society of Civil
Engineers, Elsevier Science, John Wiley & Sons Limited, Structural
Engineering International and Thomas Telford Publishing for their permission
to use material from their journals.



Taylor & Francis
Taylor & Francis Group

http://taylorandfrancis.com


http://taylorandfrancis.com

CONTENTS

CHAPTER ONE
INTRODUCTION

REFERENCES

CHAPTER TWO
INTERPOLATION SHAPE FUNCTIONS

2.1 CHOICE OF INTERPOLATION SHAPE FUNCTIONS
2.2 AVAILABLE INTERPOLATION FUNCTIONS FOR
CLASSICAL FINITE STRIPS
2.2.1 SERIES PART OF INTERPOLATION FUNCTIONS
2.2.1.1 Vibration eigenfunctions
2.2.1.2 Buckling eigenfunctions
2.2.1.3 Exponential functions
2.2.1.4 Decaying power series
2.2.2 SHAPE FUNCTION PART OF THE INTERPOLATION
FUNCTION
2.3 LONGITUDINAL FUNCTIONS FOR SPLINE FINITE
STRIPS
2.4 COMPUTED SHAPE FUNCTIONS
2.4.1 LONGITUDINAL COMPUTED SHAPE FUNCTION
STRIPS
2.4.2 TRANSVERSE COMPUTED SHAPE FUNCTION
STRIPS

APPENDIX 2.A: CONSTANT STRAIN CONDITIONS

REFERENCES

CHAPTER THREE
PLATE BENDING PROBLEMS

3.1 INTRODUCTION
3.2 FORMULATION FOR THIN PLATE BENDING

25
25

27

28

29

31
32



3.3 CLASSICAL PLATE STRIPS
3.3.1 LOWER ORDER RECTANGULAR STRIP (LO2)
3.3.2 HIGHER ORDER STRIP WITH ONE INTERNAL
NODAL LINE (HO3)

3.3.3 HIGHER ORDER RECTANGULAR STRIP WITH TWO

NODAL LINES (H02)
3.3.4 EXAMPLES
3.4 SPLINE BENDING STRIPS
3.4.1 FORMATION OF STRIP STIFFNESS MATRIX
3.4.2 LOAD VECTORS
3.4.3 TREATMENTS FOR BOUNDARY CONDITIONS
3.4.4 ELASTIC SPRING SUPPORTS
3.4.5 EXAMPLES
3.5 COMPUTED SHAPE FUNCTION (COMSFUN) STRIP
3.5.1 MIXED STRIPS
3.5.2 ELASTIC SPRING SUPPORTS
3.5.3 EXAMPLES
3.6 CURVED PLATE STRIPS
3.6.1 DISPLACEMENT FUNCTION
3.6.2 STIFFNESS AND LOAD MATRICES
3.6.3 EXAMPLES
3.7 SKEW PLATES
3.8 ANALYSIS OF MODERATELY THICK PLATES
3.9 LEAST SQUARE FORMULATION OF PLATE BENDING
PROBLEMS

REFERENCES

CHAPTER FOUR
PLANE STRESS ANALYSIS

4.1 INTRODUCTION
4.2 CLASSICAL PLANE STRESS STRIPS
4.2.1 LOWER ORDER STRIP WITH TWO NODAL LINES
(LO2)
4.2.2 HIGHER ORDER STRIP WITH ONE INTERNAL
NODAL LINE (HO3)
4.2.3 HIGHER ORDER STRIP WITH TWO NODAL LINES
(HO2)
4.3 SPLINE PLANE STRESS STRIP
4.3.1 FORMATION OF STRIP STIFFNESS MATRIX
4.3.2 LOAD VECTORS
4.4 COMPUTED SHAPE FUNCTION STRIP (COMSFUN)

33
33
39

40

43
45
45
47
48
49
50
53
53
55
55
55
56
57
62
64
66
76

78

83
85
86

90
92
92
92

93
94



4.5 CURVED PLANE STRESS STRIPS
4.6 EXAMPLES
4.7 MIXED FORMULATION OF PLANE STRESS ANALYSIS

REFERENCES

CHAPTER FIVE
VIBRATION AND STABILITY

5.1 MATRIX THEORY OF FREE VIBRATION
5.2 DERIVATION OF CONSISTENT MASS MATRIX OF
CLASSICAL STRIPS
5.2.1 CONSISTENT MASS MATRICES OF BENDING
STRIPS
5.2.1.1 Lower order classical rectangular strip (LO2)
5.2.1.2 Higher order classical rectangular strip (HO2)
5.2.1.3 Mixed strip
5.2.1.4 Lower order classical curved strip (LO2)
5.2.1.5 Lower order classical skew strip (LO2)
5.2.2 CONSISTENT MASS MATRICES FOR CLASSICAL
PLANE STRIPS
5.3 DERIVATION OF CONSISTENT MASS MATRIX OF
SPLINE STRIP
5.4 EXAMPLES
5.5 LINEAR INSTABILITY AND GEOMETRIC (STRESS)
STIFFNESS MATRIX
5.6 VIBRATION AND STABILITY ANALYSIS OF
MODERATELY THICK PLATES

REFERENCES

CHAPTER SIX

MODELLING OF THREE-DIMENSIONAL SOLIDS :
FINITE PRISM AND FINITE LAYER METHODS

6.1 INTRODUCTION
6.2 FINITE PRISM METHOD
6.2.1 INTRODUCTION
6.2.2 SERENDIPITY ELEMENTS: 8-NODED
SERENDIPITY ELEMENT
6.2.3 HIGHER ORDER QUADRILATERAL FINITE PRISM

96
101
104

106

109
110

111

111
111
112
113
115
117

118

119
125

131

133

137
138
138
138

143



6.2.4 EXAMPLES

6.3 FINITE LAYER METHOD
6.3.1 RECTANGULAR LAYER
6.3.2 CYLINDRICAL LAYER
6.3.3 EXAMPLES

REFERENCES

CHAPTER SEVEN

DOMAIN TRANSFORMATION : TREATMENT FOR
ARBITRARILY SHAPED STRUCTURES

7.1 INTRODUCTION
7.2 PARAMETRIC REPRESENTATION OF ARBITRARY
PLANE CURVES
7.2.1 CONIC CURVES
7.2.2 CUBIC SERENDIPITY SHAPED FUNCTION
7.2.3 SPLINE FUNCTIONS
7.2.4 ISOMETRIC FAMILY OF CURVES
7.3 TRANSFORMATION FOR ARBITRARILY SHAPED
QUADRILATERAL PLATES
7.3.1 CUBIC SERENDIPITY SHAPED FUNCTION
7.3.2 BLENDING FUNCTIONS
7.3.3 AN EXACT TRANSFORMATION METHOD FOR
PLATES WITH A PAIR OF STRAIGHT PARALLEL
EDGES
7.3.4 RELATED TRANSFORMATION MATRICES
7.3.5 SOME APPLICATIONS OF DOMAIN
TRANSFORMATION IN THE ANALYSIS OF PLATES
7.4 TRANSFORMATION OF ARBITRARILY SHAPED
SHELLS
7.4.1 THE GENERAL DESCRIPTION OF SHELLS
7.4.2 ORTHOGONAL CURVILINEAR COORDINATE
SYSTEM
7.4.3 EXAMPLES
7.5 TRANSFORMATION FOR LONGITUDINALLY
ARBITRARILY CURVED BOX GIRDERS
7.5.1 GEOMETRY OF STRUCTURES
7.5.2 CURVILINEAR COORDINATE SYSTEM

REFERENCES

144
148
148
152
155

157

159
159

160
161
162
162
164

164

165
165

167
168
172

172
172

174
175

173
176

177



CHAPTER EIGHT
APPLICATIONS TO SHELL STRUCTURES AND BRIDGES

8.1 SHELL STRUCTURES
8.1.1 GENERAL SHELL THEORIES
8.1.2 CLASSICAL FINITE STRIPS FOR SHELLS
8.1.2.1 Rectangular flat shell strips
8.1.2.2 Conical frustrum shell strip
8.1.3 SPLINE SHELL STRIP
8.1.4 COORDINATE TRANSFORMATION FOR
FOLDED PLATE STRUCTURES
8.1.5 STATIC ANALYSIS
8.1.6 VIBRATION ANALYSIS
8.1.7 STABILITY ANALYSIS
8.1.8 ANALYSIS OF FOLDED PLATE STRUCTURES
USING MINDLIN'S PLATE THEORY
8.1.9 COMPOUND STRIP METHOD
8.2 BRIDGES
8.2.1 INTRODUCTION
8.2.2 SLAB BRIDGES WITH OR WITHOUT STIFFENING
GIRDERS
8.2.2.1 Analysis of column supported bridge decks
8.2.2.2 Treatment of the stiffening girders
8.2.2.3 Examples
8.2.3 DEEP BOX GIRDERS WITH VERTICAL AND
INCLINED WEBS
8.2.3.1 Examples
8.2.4 DYNAMIC ANALYSIS: FREE VIBRATION AND
EFFECTS DUE TO MOVING MASS
8.2.5 LINEAR STABILITY

REFERENCES

CHAPTER NINE
APPLICATIONS TO TALL BUILDINGS

9.1 GENERAL CONSIDERATION AND STRUCTURAL
IDEALIZATION
9.2 STRIP ELEMENTS
9.2.1 SHELLS WITH MODIFIED DISPLACEMENT
FUNCTIONS

179
180
183
183
184
189
193

195
204
210
212

214
218
218
219

219
220
221
227

229
238

243

244

251

254
255



9.2.2 STANDARD FLAT SHELL STRIP
9.3 LINE ELEMENTS
9.3.1 LOWER ORDER LINE ELEMENT (LLE)
9.3.2 HIGHER ORDER LINE ELEMENT (HLE)
9.4 DISCRETE BEAM MODEL
9.5 EXAMPLES
9.5.1 STATIC EXAMPLES
9.5.2 VIBRATION AND STABILITY EXAMPLES

REFERENCES

CHAPTER TEN

APPLICATIONS TO LAYERED SYSTEMS IN STRUCTURAL

AND GEOTECHNICAL ENGINEERING

10.1 SANDWICH AND LAMINATED PLATES
10.1.1 SANDWICH PLATES
10.1.1.1 Finite strip model
10.1.1.2 Finite strip-prism model
10.1.1.3 Finite layer model
10.1.2 LAMINATED PLATES
10.1.2.1 Equivalent stiffness model
10.1.2.2 Examples
10.2 GEOTECHNICAL PROBLEMS
10.2.1 INTRODUCTION
10.2.2 SOILS UNDER SURFACE LOADINGS
10.2.3 ANALYSIS OF PILES BY INFINITE LAYER
MODEL

REFERENCES

CHAPTER ELEVEN
NON-LINEAR ANALYSIS

11.1 INTRODUCTION

11.2 SOLUTION FOR NON-LINEAR SYSTEM
11.2.1 DIRECT ITERATION
11.2.2 NEWTON-RAPHSON METHOD
11.2.3 ARC-LENGTH ITERATION METHOD

258
259
259
261
261
263
263
269

272

275
275
276
283
286
287
288
289
291
291
292
298

306

311
311
312
312
314



11.3 MATERIAL NON-LINEARITY
11.3.1 CONSTITUTIVE RELATIONSHIPS AND
FORMATION OF THE CHARACTERISTIC
MATRICES
11.3.2 EXAMPLES
11.4 GEOMETRIC NON-LINEARITY
11.4.1 INTRODUCTION
11.4.2 INELASTIC STABILITY PROBLEMS
11.4.3 FORMULATION OF LARGE DEFORMATION
PROBLEMS IN CARTESIAN COORDINATES
11.4.4 FORMULATION OF LARGE DEFORMATION
PROBLEMS IN CONVECTIVE CURVILINEAR
COORDINATES
11.4.5 EXAMPLES
11.5 NON-LINEAR VIBRATION
11.5.1 EXAMPLES

REFERENCES

CHAPTER TWELVE

TRANSFORMATION APPROACH: FOURIER AND HANKEL
TRANSFORMS

12.1 INTRODUCTION

12.2 PLANE STRAIN ANALYSIS

12.3 CIRCULAR LOADING

12.4 THREE-DIMENSIONAL PROBLEM
12.5 VISCOELASTIC MATERIAL (CREEP)
12.6 CONSOLIDATION ANALYSIS

12.7 TRANSPORT PROBLEMS

REFERENCES
APPENDIX
PROGRAM FOR THE ANALYSIS OF FOLDED PLATES AND

BOX GIRDER BRIDGES BY CLASSICAL FINITE STRIP

INDEX

317
318

319
322
322
323
324

326

330
337
338

341

345
346
349
353
356
358
361

362

367

387



Taylor & Francis
Taylor & Francis Group

http://taylorandfrancis.com


http://taylorandfrancis.com

CHAPTER ONE

INTRODUCTION

Rapid developments of various numerical techniques in engineering analyses
have occurred in the last three decades as faster and bigger computers are
made available in rapid succession. It is widely acknowledged that the finite
element method" has dominated the field, but various other methods, such as
the finite strip and the boundary element® methods, continue to have their
own roles to play and have not been outclassed in their more specialized areas.

The finite element method, being the most versatile tool, requires
discretisation in every dimension of the problems, and, therefore, will
generally require more unknowns for approximation than the other methods.
The advent of super-computers has provided engineers and scientists with the
means to handle millions of unknowns, and problems which had once been
considered to be intractable because of their complex nature and size have
been solved successfully by the finite element method. Though the cost of the
solutions has decreased considerably, it is still far from being considered
cheap. The cost also multiplies by orders of magnitude when a more refined,
or a higher dimensional analysis is required. Furthermore, the availability of
such powerful machines is still limited to the privileged few, and this is
particularly true in developing countries. In such countries, most computations
have to be carried out either on less powerful machines or personal micro-
computers. Very often the problem size of an accurate analysis might be so
overwhelming as to overtax machines of these grades, so that the problem
either will have to be solved roughly, or some additional lengthy, time-
consuming subroutines have to be written to lower the core requirements. It is
also well known that for many problems having regular geometric shapes and
simple boundary conditions a full finite element analysis is very often both
extravagant and unnecessary. Therefore, alternative methods that can reduce
the computational effort and core requirements, while at the same time
retaining to a great extent the versatility of the finite element analysis, are
evidently desirable.

The finite strip method for two-dimensional problems, which has been
developed since the late sixties, is one of the alternative methods. In the three-
dimensional regime, the method is referred to as either the finite prism method
or the finite layer method depending on the form of the functions chosen for
describing the variables for the analyses.

The philosophy of the finite strip methods is similar to the Kantorovich®
method which is used extensively for reducing partial differential equations to
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ordinary or partial differential equations of a lower order. In the finite strip
method, the reduction is achieved either by assuming that the separation of
variable approach can be applied in expressing the interpolation functions of
the unknowns (separation of variable approach) or by carrying out suitable
transformations (transformation approach).

Early formulations of the finite strips have been based on the former
approach. The methods initially call for the use of simple polynomials in some
directions and continuously differentiable smooth trigonometrical as well as
hyperbolical series in the other directions. The general form of the
displacement function is given as a product of polynomials and series. Broadly
speaking, all series, which can satisfy a priori the boundary conditions at the
ends of the strips (prisms or layers), can also be used. For example,
exponential and decaying power series have been employed in the analyses of
field problems and stress problems with one or two boundaries of infinite
extent. Such an approach can be referred to as the classical finite strip method,
and a brief comparison between this method and the finite element method is
listed in Table 1.1.

The recently developed spline finite strip and computed shape function
strip have further increased the flexibility in the choice of the interpolation
functions by allowing polynomials to be used in all directions.

The spline finite strip, which has been devised to overcome the
difficulties experienced by the classical finite strip method in dealing with
multi-span or column-supported structures, has chosen the B-3 spline
functions to replace the trigonometrical series and hyperbolic series in the
interpolation functions for plates and shell analyses. Since the B-3 spline
functions are, in fact, the solution of a beam under a point load, the spline
strips also show considerable improvements in convergence in simulating the
action of a point load. In conjunction with the domain transformation concept,
the method can handle arbitrarily shaped structures easily. In addition, the
localized property of the spline functions has allowed all characteristic
matrices or vectors of the analyses to be formed section by section. Integration
for the formation of these matrices or vectors can be carried out by explicit
formulae (for regular domain) or numerical integration schemes (for
arbitrarily shaped structures). Apart from being nearly as versatile as the
standard finite element method, the method can also achieve a higher order of
continuity (C? continuity) with a smaller number of degrees of freedom.

Two forms of computed shape function strips (transverse and longitudinal
strips) were made available recently for structural analysis. The transverse
(longitudinal) component of the shape function of a transverse (longitudinal)
strip is obtained by analyzing a typical transverse (longitudinal) section. In
the analysis, a unit load is placed sequentially on selected points (joints) of the
section, and deflections of the joints due to such loads are computed by a
simple frame stress analysis program. These deflections constitute the basis of
the interpolation parameters along the transverse (longitudinal) direction. As



TABLE 1.1

Comparison between finite element and classical finite strip methods.

Finite element

Finite strip

Applicable to any geometry, boundary
conditions and material variation. Extremely
versatile and powerful.

In static analysis, more often used for
structures with two opposite simply supported
ends and with or without intermediate clastic
supports.

In dynamic analysis it is used for structures
with all boundary conditions and with
discrete supports.

Usually large number of equations and matrix
with comparatively large bandwidth. Can be
very expensive and at times impossible to
work out solution because of limitation in
computing facilities.

Usually much smaller number of equations
and matrix with narrow bandwidth, especially
true for problems with an opposite pair of
simply supported ends.

Consequently much shorter computing time
for solution of comparable accuracy.

Large quantities of input data and easier to
make mistakes. Requires automatic mesh and
load generation schemes.

Very small amount of input data because of
the small number of mesh lines involved due
to the reduction in dimensional analysis

Large quantities of output. As a rule all nodal
displacements and element stresses are
printed. Also many lower order elements will
not yield correct stresses at the nodes and
stress averaging or interpolation techniques
must be used in the interpolation of results.

Easy to specify only those locations at which
displacements and stresses are required and
then output accordingly.

Requires a large amount of core and is more
difficult to program. Very often, advanced
techniques such as mass condensation,
subspace iteration or Lanczos method have to
be resorted to for cigenvalue problems in
order to reduce core requirements.

Requires smaller amount of core and is easier
to program. Because only the lowest few
cigenvalues are required (for most cases
anyway), the first two or three terms of the
series will normally yield sufficiently accurate
results for the classical finite strip method.
Matrix can usually be solved by standard
cigenvalue subroutines.

in the finite element method, simple polynomials in terms of the joint
deflections are used to interpolate for the deflection between the joints.
Standard polynomials are chosen for the other components of the shape
functions.

Applications of Fourier and Hankel transforms in the analysis of
geotechnical problems are examples of the transformation approach. The
transformations reduce the governing differential equations for each strip
(layer) into lower order equations for which solutions can be sought. The
undetermined coefficients of the solutions can then be determined by
conditions based on physical relations (e.g. flexibility relations).

Though the underlying principle is the same for the two approaches, the
formulations and procedures are slightly different.  For clarity, the
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transformation approach will be discussed in detail in Chapter 12 after
allowing for a more systematic coverage on the separation of variable
approach in the previous eleven chapters. Nevertheless, the following common
procedures are adopted for both approaches:

®

@i1)

The continuum is divided into two- (strips) or three-dimensional (prisms,
layers) subdomains in which one opposite pair of sides (2-dimensional) or
one or more opposite pairs of faces (3-dimensional) of such a subdomain
are in coincidence with the boundaries of the domain (Figure. 1.1). The
geometry of the domain is preferably constant along one or two
coordinate axes so that the width of a strip or the cross-section of a prism
or layer will not change from one end to the other. Recent advances show
that two-dimensional (three-dimensional) problems defined in irregular
geometrical domain can be dealt with by transforming the domain into a
unit square (cube) before the discretisation. For convenience, only the
strip will be discussed in the general formulation, which is in any case
also applicable to prisms and layers.

The strips are assumed to be connected to one another along a discrete
number of nodal lines which coincide with the longitudinal boundaries of
the strips. In some cases it is also possible to use internal nodal lines to
arrive at a higher order strip.

The degrees of freedom (DOF) at each nodal line, called nodal
parameters, are normally connected with the displacements and the partial
derivatives of the displacements. They can also include non-displacement
terms such as forces and strains (including direct strains, shear strain,
bending and twisting curvatures) in stress analysis; pore pressure in
consolidation and seepage analyses; as well as temperature in thermal
analysis, etc.

Due to the use of continuous functions in the longitudinal direction, the
DOF of the strip nodal line is usually less than that at the element node.
For example, in plate bending, w and O, exist at each strip nodal line
while w, 8,, 8, exist at each element node.

(iii) An interpolation function (or functions), in terms of the nodal parameters,

is (are) chosen to represent the variables. Consequently, the stress/strain
field (in the case of stress problems) and the velocity field (in the case of
field problems) can be derived.

(iv) Based on the chosen functions, it is possible to obtain the respective

characteristic matrices through variational or energy principles. In the
case of static analysis of structural problems, the stiffness and load
matrices which equilibrate the various external loadings acting on the
strip are formed through minimum total potential energy principles. The
principle states that



"ased pauoddns A[duwrs= ( ) 1S9UIS JO SULIY JO JIQUINU = )'J {IPIMPUE] JIey = MTH
“(3ke] auruy) areqd soke-ninw Yoy (p) ‘(swsud Ay aneupenb) sojoy rernand pim 98puq qeys papIoA (9)
“(sds [[ays) 93puiq 3opi8 x0q paaIn) (q) “(sdins erd) qels ansedus (e) :SUOISIAIP Ysaw [eo1dA) pue smonns swos -] 1ndiy

o= (P)
(9)419=MBH Q)

L 6L

(Z1)4Z1=MBH

(EE)J EE=MBH

H
Y
- (o)
t
|

(7)17=M8H




W)

Chapter one : Introduction

of all compatible displacements satisfying the boundary conditions, those
which satisfy the equilibrium conditions make the total potential energy
assume a stationary value.

In mathematical form we have

a6 |_
[a—{ST]‘O (1.1)

in which the total potential energy ¢ is defined as the sum of the potential
energy of external forces W and the strain energy U.

Other approaches may be used to formulate the solutions as well. For
example, flexibility approach has been used to formulate the structural
problems, and weighted residual method is widely used in the formulation
for the field problems.

The characteristic matrices of all strips are assembled to form a set of the
overall equations for the whole domain under consideration. Since the
bandwidth and the size of the matrix are usually small, the equations can
be solved easily by any standard band matrix solution technique to yield
the nodal parameters.
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CHAPTER TWO

INTERPOLATION SHAPE FUNCTIONS

2.1 CHOICE OF INTERPOLATION SHAPE FUNCTIONS

It has been pointed out in the previous chapter that the choice of suitable
interpolation functions for a strip based on the separation of variable approach
is the most crucial part of the analysis, and great care must be exercised at
such a stage. A wrongly chosen interpolation function might not just produce
obviously ridiculous answers but might even lead to results which converge to
the wrong answer for successively refined meshes.”

A classical strip reduces a two-dimensional problem to a one-dimensional
one with the shape functions for the interpolation variables in the analysis
given as

r
8= 3 fulx) Yaly) 2.12)

m=1

Similarly, three-dimensional problems can be reduced to two-dimensional
or one-dimensional ones in cases of finite prism and finite layer respectively.
The shape functions for the finite prisms are

T
8= 3 fu(x.2) Yu() (2.1b)

m=1

while those for the finite layers are

t r
8= % Y fun(®) Yu(y) Zu(2) 2.1¢)

n=1 m=1

In the above expressions, fn(x), fu(x,z) and fy,(x) are polynomial
expressions with undetermined constants for the m-th and mn-th terms. Y(y)
and Z,(z) are series which satisfy the end conditions in the y and z directions
respectively.

Recently developed spline and computed shape function strips have
allowed the replacement of the series component by polynomials. The
interpolation variables are then written as

8 =1f(x) & (¥) (2.1d)

where m represents the node number and mode number for the spline and
computed shape function strips respectively.
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To ensure convergence to correct results the following simple

requirements have to be satisfied:

0

(i)

The series part (Y, and Z,) or ¢, (after modifications) of the

interpolation function should satisfy a priori the end conditions (for
vibration problems only the displacement conditions have to be satisfied).
For example, for a simply supported plate strip in bending, the
displacement function should be able to satisfy the conditions of both
deflection w and normal curvature 3*w/dy® being equal to zero at the two
ends.

The polynomial part of the interpolation function (fn(x), fn(x,z) and
faa(x)) must be able to represent a state of constant 'strain' in the
transverse (x) direction or x-z plane. If this is not obeyed, then there is no
guarantee of convergence as the mesh is further and further refined.

The methods for the checking of the constant 'strain’ conditions are
discussed in detail in Appendix 2.A.

(iii) The interpolation function must satisfy the compatibility requirement

along the boundaries with the neighbouring strips, and this might include
the continuity of the partial derivatives of the interpolated variables as
well as the variables themselves.

The above statement in the stress analysis context can also be rephrased
as:

"the displacement function should be chosen in such a way that the
strains which are required in the energy formulations should remain
finite at the interface between the strips".

Thus for in-plane and three-dimensional elasticity the strains involved are
the first partial derivatives, and only the displacements need to be
continuous. On the other hand, for bending problems the strains involved
are the second partial derivatives of the deflection (curvatures), and
therefore both the deflection and its first derivatives have to be continuous
along the interface.

If such conditions are complied with, then there will be no infinite strains
at the interface and therefore no contribution to the energy formulation
from the interface, which can be considered as a narrow strip of area
converging to zero. Only in this way can we be assured that a simple
summation of the total potential energy of all strips will in fact be equal to
the potential energy of the elastic body in question. The total potential
energy of such a finite strip representation will always provide an
approximate energy greater than the true one and, therefore, give a bound
to the absolute total potential energy of the elastic system. A detailed
mathematical discussion of this condition was presented in a paper by
Tong and Pian.?

Similar argument for field problems, which are described by second order
differential equations, leads to the fact that only the variables, such as
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excess pore water pressure and temperature, have to be continuous along
the boundaries.

2.2 AVAILABLE INTERPOLATION FUNCTIONS FOR CLASSICAL
FINITE STRIPS

Since an interpolation function is always made up of two parts [see Egs. 2.1a
to 2.1c], it would be more convenient for us to discuss each part separately.
The polynomial component (shape function) is governed by the shape of the
cross-section (e.g. line, triangle, etc.) together with the nodal arrangement
within the cross-section, and the series part is determined by the end
conditions.

2.2.1 SERIES PART OF INTERPOLATION FUNCTIONS

Depending on the boundary conditions as well as the nature of the problems,
different series have been sought. Some of the choices are listed as follows:
(1) Vibration eigenfunctions
(2) Buckling eigenfunctions
(3) Exponential functions
(4) Decaying power series

2.2.1.1 Vibration eigenfunctions

The most commonly used series for stress analysis are the basic functions (or
eigenfunctions) which are derived from the solution of the beam vibration
differential equation

ay _pt

ayt ©#
where [ is the length of the strip and p is a parameter.
The general solution of Eq. 2.2 is

(2.2)

Y(y) =C, sin( %) + C; cos( ll_l)' ) + C; sinh( %) + C4 cosh( %Y-) 2.3)
with the coefficients C,, etc., to be determined by the end conditions. These
have been worked out explicitly in the literature® for the various end
conditions and are listed below:

(a) Both ends simply supported (Y(0) = Y"(0)=0,and Y() =Y"(l) =0)

Yay) = sin(-2

(b) Both ends clamped (Y(0) = Y'(0) = 0, and Y(/) = Y'(/) = 0)

Y u(y) = sin( a ';’ J ) - sinh( e ‘;‘ 23 o [cos( - ';‘ Y ) - cosh(

) (Um=T, 27, 37, ... mm) 24)

KmY
l

N (25)
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_ sinppy, —sinhp g,

2m+1
= =4.7300, 7.8532, 10.9960,.. = —
COSM g —coshp e ™)

2

(c) One end simply supported and the other end clamped (Y(0) = Y"(0) = 0,
and Y()=Y'())=0)

M oy
Yay) = sin(—) - o sinh( 1) 26)
sini 4m+1
= = =3. 7 , 10.2102,... ===
sinh L, (1m = 3.9266, 7.0685, 10.2102 4 )

(d) Both ends free (Y"(0) = Y"(0)=0,and Y'() = Y"()) =0)

Yiy)=1, =0 (2.7a)
2
Yap=1-7F Ho=1 (2.7b)
Y (y) = sin( a ';‘ Y ) + sinh( o 'l“ y ) - Om[cos( B ’l" ¢ ) + cosh( a ’;‘ 4 )] (2.7¢)
o Sinby sty 4 7300,7.8532, 2035 m=34, ..)

"~ cospg—coshp 2

(e) One end clamped and the other end free (Y(0) = Y'(0) = 0, and Y"()) =
Y"()=0)

Hm

Yaly) = sin(— 4 )-sinh(u =

1

HmY
l

M
) - ulcos(—7) - cosh(—12)] 2.8)

sinft, +sinhpt

0y = (1 = 1.875, 4.694, lmz—_l,, )

coSl p, +coshp

(f) One end simply supported and the other end free (Y(0) = Y"(0) = 0, and
Y'(D=Y"()=0)

Yi(y) = % =1 (2.9a)
m m
Yaly) = Sin(—3) + Ggsinh(—2 )] (2.9)
- Sinkpm = 4m-3
o= Sinhp, (M = 3.9266, 7.0685, 10.2102,... 4 n)
(g) Continuous beam®

To derive the series solution for a continuous beam consisting of S spans
(Figure 2.1), the eigenfunctions can be computed by using a general stiffness
approach. The vibration of the s-th span of such a beam, with reference to the
local coordinate system, is defined by:

Y =0 (2.10)
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Y, is the amplitude of the mode and w is the natural frequency of the beam. I, ,
m,, and E;, are respectively the second moment area of the section, the mass
per unit length and Young's modulus.

It can be shown readily that the general solution (basis function) for Eq.
2.10is

Yim = AmsinGyinys + BimcosGypnys + ConsinhGypnys + DemcoshG,pny, (2.11)
mak T* m, lya a4
= |—2 = | i m
where Bl and G, [Esls] [EI]- . E, I and m are the

reference values of the corresponding variables and are usually taken as the
parameters of the first span.

—

Figure 2.1 A typical continuous finite strip.

The undetermined coefficients, Wy , Agm » Bsm » Cam » Dsm are determined
by considering the boundary conditions at both end supports and at all
intermediate supports. They can be determined by the procedures described as
follows.

Inserting the coordinates of the two end supports of the s-th span, the end
deflections and rotations can be written as

Y, (0) 0 1 0 1Y Agq
esm (O) -B 0 —B 0 Bsm

= 2.1
Yom (k) st ¢ 8 ¢ ||Csm .

o 0
3

Osm () —Bey Bs; —Bcy Bs,
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The two end moments for this particular span can also be written in terms
of the undetermined coefficients as:

A

M., (0 0 -1 0 1||B

[ - )]=ESISBz[Sl cp s ¢€ C$m RED
s sm

Dsm

In the above equations (Egs. 2.12 and 2.13) the following definitions are
adopted:

2
Ogn= - -(LYﬂ-,M,n:-E,I,d zYsm , B =G
Ys d Ys

s, = sinPl; , s, = sinhPl, ¢; = cosPl , c; = coshPl,

Taking into account the fact that the intermediate supports are rigid, end
moments and slopes for each span (except the first and last spans) are related

as:
Mn(0) | _[adl)  v() || 85m(0)
= 2.14
{Msm(ls)} [Y(ls) a(ls)]{esm(ls)} ( )
in which o(ly) =E, I, B(s; c3 -s3 ¢ )/(1-¢; ¢3 ), and

) =E, I, B(sz-s; Y/(1-c; ¢z ).

Having established the moment equilibrium and compatibility conditions
at all intermediate supports, the following matrix equation can be obtained:

I

9,,,(0) 0

W) od)+ody) Yk 0 0 . 0 0 0 0] 2"":3; g
¥(h) ath)+a() ¥ . 0 0 o of

’ . ={.

v) 00 :’“’(‘,‘”) g
l [} 0 28

7( l—l) (!.(, |)+(1( :) o_ Ylm(o) 0

Ym(ll) 0

(2.15)

Incorporating the boundary conditions at the end supports (two at each
end), this equation is reduced to a square matrix. As examples, the reduced
matrix equations for a three span beam with simply supported, free and
clamped ends respectively are given as follows:*
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(a) simply supported ends
aly) ) 0 0 7[8;,(®] [0
y(h) o) +ad) Y(l) 0 (|92 (0) _ 0 2.16)
0 Y(h) a(h)+a) Y(3) (|03n@) | |0
0 0 7(!3) 0(13) 63m(l3) 0
(b) free ends
[ay) -pmy Y(h) 0 0 0 ][6,©®) [0
-pn;  B%, -BE, 0 0 0 |[|Yim@@® | [O
Y(h) -BG a)+ah) (k) 0 0 [[6n@]_JO|
0o 0 1) aly)+als) vl B ||8sm@ [ |0
0 0 0 ¥(h) o) PBns ||8m()| |0
| O 0 0 BEs Bns  B%s)(Yam@p)| (0]
(2.17)
where L, =E, LB (c2-c))/(1-cic) 5 Me=E; LB sy 51/(1 - ¢y¢7)
E=E LB (516 + c182/(1 - €1c))
(c) clamped ends
[‘l(l|)+(1(12) () ]{ez...m)}z{o} .18
Yh) o) +als)||8sa] |0

In the next step, the non-trivial solution of p, is obtained by equating the
determinant of this matrix to zero. The solution can be obtained either by the
Newton-Raphson method® or ‘modified regula falsi' method.” Attention
should be drawn here to the fact that for the case of a beam clamped at both
ends, Eq. 2.18 will miss out on the roots corresponding to the situation in
which the whole displacement vector is equal to zero, that is, the continuous
structure degenerates into a series of single span substructures with both end
clamped. The eigenvalues of such beams are, of course, common knowledge
and they can be inserted into the correct positions in the ascending array of pp,.
The position of missing roots can also be determined by using a method
proposed by Wittrick and Williams® in which a 'sign count' of the matrix is
made.

Having p,, determined, the eigenfunction coefficients (A, to D,y ) can be
determined by utilizing the moment equilibrium, the compatibility condition
and the zero deflection conditions at intermediate and end supports,

a) for all spans
Y,(0)=0

Y1) =0
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b) for all intermediate supports
Ys-105-1) = Ys(ls)

Elg—1Ys-1(k~1) = ElsY5 ()5)
c) for simple end support

Y"1 (0)=0
d) for clamped end support

Y1(0)=0

If A is taken as a unit reference constant, the other coefficients can be
determined accordingly. Referring to the simply-supported three span example
once again, the independent unknowns can be chosen to be'”

[Almv Blm :Clm'AZm »BZm vaavASm’B:!mvChn]
and they can be determined by solving the following matrix equation:

-

—
’
>

Alm

 =[ABCK B,y ¢ (2.19)

O 0O 00 o0 0 o0 O
Q
]
£}

N

.C3m4

The matrix [ABC] is given explicitly in Table 2.1.

The above functions [Cases (a) to (g)) are primarily used for bending
strips. For two- and three-dimensional elasticity problems, which will be
discussed in more detail in Chapter 4, both Y, and Y,,' will be used for the u,
v (and w) displacements. Only one other function has been employed
successfully in plane analysis and will be discussed later.

Some of these basic functions also possess the valuable properties of
orthogonality, i.e. for m#n

J§ YmYndy=0 (2.20a)
J§ YimYndy=0 (2.20b)

It will be observed that these integrals appear in all subsequent
formulations, and the utilization of these properties results in a significant
saving in computational effort.
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The existence of so many functions should in no way be interpreted as a
need for a matching number of computer subroutines. In actual practice all the
relevant functions are stored in the same subroutine, and integrals involving
different combinations of the functions are integrated numerically.
Consequently problems with many different types of boundary conditions can
be solved by the same program.

2.2.1.2 Buckling eigenfunctions

In stability analysis, more accurate results can be obtained if the buckling
mode shape is used for the interpolation series. For example, the functions for
a structure clamped at the base and free at the tip can be chosen to be:”

¥ =1- cos(z—“‘;i"l @21

2.2.1.3 Exponential functions

Attempts have been made to model the behaviour of layered medium of
infinite extent in the horizontal plane by exponential functions,®
a) rectangular coordinate system

Ym(X) = exp(- % (2.22)
b) circular coordinate system
Y u(r) = exp(- % (2.23)

where L and R are length constants and are sufficiently large in magnitude so
that the infinite extent of the medium can be modelled approximately. In most
cases, only one term is necessary for the analysis.

Exponential series in the time variable have also been used in the solution
of the parabolic differential equation.”” For example, the temperature field is
defined as:

a) one-dimensional problem

r 2.2
TxD= Y fn (x)[l-exp(-"‘—’z”)] (2.24a)
m=1 Lx
b) two-dimensional problem
. m?r2t  n’n’t
Txy, D= 3 3 faxyIl -exp(- 20—+ - 05 (2.24b)
m=1 n=l1 x Ly
c) three-dimensional problem
r r r 2.2 2.2 22
Tayzd= Y Y T fawGya)l-exp-DEL DTT knr,
m=1 n=1 k=1 Lx Ly Lz

(2.24¢)
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where T is the temporal variable; L, , Ly and L, are characteristic lengths in the
corresponding directions.

2.2.1.4 Decaying power series

Instead of exponential series, decaying power series may also be chosen to
model a medium of infinite extent in two directions,"” such as layered soils.
In order to reflect the difference in behaviour between the near and far fields,
the series should consist of two parts:

a) near field functions (r < R): series of ™

Yi' =1 (2.252)
Y. ®=% (2.25b)
Y @=3(£)-4 (%) (2.25¢)
m-1
e ] (m+k-1)!
Ym ()= %( D =Dk DI R L)k (2.25d)
b) far field function (r > R): series of 1/r™
v o=(R) (2.25¢)

in which R is distance of the interface of the far and near field from the centre.

Enforcing the continuity along the interface, it is possible to relate the two
sets of interpolation parameters. For example, if L terms are chosen for the far
field functions, we will have

ZY m (R) &' =ZY 2(R)zs 2 (2.26a)
): Y ®) &, =z 4 o Y.2(R) a.,,’ (2.26b)
Z—d—Y R) &, = (2.26¢)

where 8, and 6,.,2 are the interpolation parameters for the near field and far
fields respectively.
In matrix form,
AA' =BA? (227
where A' and A? are the vectors containing 3,,’ and 8,,”.
The elements (a;; and b) of A and B are defined as follows:
a;j = Tik au Cji and bl.l =ik bu

1. i- fed @i-1)! : 5 3
ru:{(—R—) i Y j 12)

’ ij = —l! . .
0 i#] i ("0) i<j
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1 i=j=1

= (} i-2)1 i=l#jori#j=lori<j
_nj2_ (i+j-2)! .. o
-1 G- i,j>1 and 12

o gy (i+j=2)!

by =C1) i-1)!

On simplification, the n-th term of the series can be written as

L
Yo=T R Ym +Tre 2€/m Yo, (2.28)
I=1

L
where  €/m= Y bjaym
k=1

r 1 pSr<gq
M~ o elsewhere

2.2.2 SHAPE FUNCTION PART OF THE INTERPOLATION FUNCTION

A polynomial shape function is a polynomial associated with a nodal
interpolation parameter, and it describes the corresponding interpolation field
within the cross-section of a strip when the nodal interpolation parameter in
question is given a unit value. Such shape functions are, in fact, derived by
specifying a normalized unit value of the relevant interpolation component at
its own node, and a value of zero for the same interpolation component at all
other nodes.

For example, the shape functions for a strip with three nodes (Eq. 2.1a)
can be written as

: 81
r r 3

w= Y [C1 C2 C3Kd2} Ym = XY X [Cul{d:}, (2.29)
m=1 53 " =1 k=l

in which {Sk }m is a vector representing the m-th term nodal displacement

parameters (deflection) at nodes 1, 2, and 3, and C, , C; , C; are the shape
functions associated with §,, 8,, 8; respectively.
In order to satisfy the stated criterion, it can be shown readily that

at x=0 {CiC;C3]1=[100]
at x=b/2 [C,C;C3]1=[010]
and at x=b [C;C,C3]1=[001]

These three relations suggest that the shape functions should be second
degree polynomials. The methods for the derivation of such shape functions
can be found in most standard finite element texts.
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The main purpose of using the shape function directly instead of a simple
polynomial with the undetermined constants is twofold: to avoid the lengthy
process of relating the undetermined constants to the nodal displacement
parameters, and to make sure that there is compatibility of displacement along
the adjoining strips (prisms). The first point is rather obvious and requires no
discussion. The second point can be best explained by noting that the
displacements along any interface of adjoining strips (prisms) are uniquely
determined by the displacement parameters at the node (or nodes) common to
the adjoining strips (prisms), since by definition the shape function for the
displacement parameters of any other node will take up zero value at the said
interface. Many shape functions are available, and some of the more common
ones are listed below.

1 2 1 1
x . X 2 x 2
L"—I l_.b__l L_b__l
(a) (b) te)
1 X 2 k) 1 x 2
o———o0——90
&2 | s | Y v2 |
L T Rl | r | e |
{d) e}
) 2 3 3
oO—-O0—0—0

Lo {w o |
(t)

6 3
]
S
L
y : ( y
2

x X
(g} (th)
Figure 2.2 Strip and prism cross-scctions.
2
Nodal DOF: o=f; o=f.-gf—x: I=f-%:%
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(a) Straight line with two nodes (Figure 2.2a) and with variables (zero
derivatives) as nodal parameters:

Ci=(l-X) , =X (2.30)
where X = x/b

(b) Straight line with two nodes (Figure 2.2b); variables and first derivatives:

[Ci]=[(1-3X 42X %), x(1-2X+% ) ] (2.31a)
[C)=[(3%X%2% %), x(X%%)] (2.31b)

(c) Straight line with two nodes (Figure 2.2c); variables, first and second
derivatives:

[C]=[(1-107%+15%%6% %), x(1-6X 248X 3-3% 4,

x%(0.5-1.5% +1.5%X 2-0.5% %] (2.32a)
[C=[10% 15K %46% %), x(-4X 47X 33K 9,
x}0.5% -X 240.5% %) (2.32b)

(d) Straight line with three nodes (Figure 2.2d); variables only:
Ci=(1-3X42X2) , C,=(4X4%X?%) , C3=(-X+2X?) (2.33)
(e) Straight line with three nodes (Figure 2.2¢); variables and first derivatives:
[C=1(1-23X 2466 X 3-68X “+24X ), x(1-6X +13X 212X 344X 4)
(2.34a)
[Cl=1(16X%32X *+16X %), x(-8 X +32X 240X *+16X ¥ (2.34b)
[Cl=[(TX-34X34+52X 424X %), x(-X +5X 28X 3+4 X %)} (2.34¢c)

(f) Straight line with four nodes (Figure 2.2f); variables only

Lo} =-% (i-%)(i-%)(i-l) (2.352)
Ciw % i(i-%)(i-l) (2.35b)
c,=-221 i(i-%)(i-l) (2.35¢)
Q:% i(i-%)(i‘-%) (2.35d)

(g) Triangle with six nodes (Figure 2.2g); variables only:

(1) Corner nodes: C; = (2L; -1)L; (i=1,2,3) (2.36a)
(2) Midside nodes: C4=4L, L,, Cs=4L, L;, C¢=4L; L,, (2.36b)
in which L;, etc., are area coordinates.
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A useful formula for integrating area coordinate quantities over the area
of a triangle is

arbyc —__alblc!
[JEiL LS dxdy = Gibtos )i 2 (2.37)

in which A refers to the area of the triangle.

(h) Serendipity and Lagrange elements: variable only. For example 8-noded
Serendipity elements (in natural coordinates) (Figure 2.2h):

(1) Corner nodes:
Ci= 4 (481NN 1) (2.38a)
(2) Midside nodes (&; = 0)
Ci=1 -8t (2.38b)
TABLE 2.2

Family of Serendipity and Lagrange elements (&, = EE, . . =nn.).

+ (+a14n)

0 11 12
35 (1HEX(14MA{9E+n?)-10] (Comer
9 2 nodes)
8 3 25 (1+5)(1-n?) (1+9m0) (Nodes : 2.3.8,9)
7 4
6 S

% (149Eo)(1-E?) (147o) (Nodes : 5,6,11,12)

- (1+£:)(1+16XI™-1) (Corner nodes)

=5 (14511 (1491,) (Side Nodes)
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3) Midside nodes (n; = 0)
G=1 -’ (2.38¢)

with & = EE; , o = MM, and &; and 1; being the £ and 1 coordinates of the i-th
node.

Table 2.2 lists a number of other members of the element families that
have been called up for use in the finite strip analysis. In addition, such
elements can also be used for domain (geometric) transformation®".,

(i) Higher order quadrilateral elements;'? interpolation parameters include the
variables as well as the derivatives of the variables. Some examples of such
elements are given in Table 2.3.

TABLE 2.3

Higher order quadrilateral elements (&, = EE , N, =Nn,).

F'E u displacement : fy; u; + f @xy
v displacement : f}; v;

w displacement : fiy w; + fy Wxy
where

fu= 4 (14EX14m0

fa= g5 M@ 22X 14EM (uX1-5)]
(107X 24505

f = - 7 BRI+ (xzxaX1-1)
(15X 24men )

u displacement : fy; u;

v displwcment fuw

w displacement : fy; w; + 3 8,
where

fy= -41 (14+EX1410)

fa= 75 (1+E2A14MN2+EE)
- a&mo(1-6%)
fu=-4 B (16) fu
0 = 0 = (ar-as)ag ; 02 = O3 = (a2-a4)/ag
B1 = (3aja¢+a)a2+8384-8283 V404
B2 = (3ai1az+aartaia-azaVda;

B = (Gazaz+ajactazar-am Vdaz
Ba = (Gazas+aia +azar-aiaz)/da
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2.3 LONGITUDINAL FUNCTIONS FOR SPLINE FINITE STRIPS®™?

The spline finite strip was initially developed for the analysis of plates and
shells. In such a model, a strip is divided into a number of sections by knots
(nodes) (Figure 2.3), and variables are expressed in terms of the knot values.

¢,
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| wm sections N
J 1

(c) ¢
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B; - spline expression
nodal line i
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Yivl = == v
/ TYPICAL STRIP / shape function

“nodal tine. i
/ Z(w)

X(u)

Figure 2.3 (a) Typxcal B 3 spline. (b) Basis of B-3 spline expression. (c) Displacement
functions for typical strip."
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The shape functions, which consist of two parts, are written as the product of
spline functions and suitable piecewise continuous polynomials (see Section
2.2.2). A variety of spline functions"” are available, but it has been
demonstrated that the B-3 spline function is the most appropriate choice for
most plate and shell problems.

Each local spline function has non-zero values over four consecutive
sections with the section knot y=y; as the centre. The functions with equal
spacings are
' 0 Y<Yi-2

(y-¥i-2)’ Yi-2 SY SYi-y
b%+30%(y - yi) + 300y ~yi-)? =Xy =¥’ yi Sysy

¢i=gll‘?‘h3+3h2( o P S T, ,
Yit1 =Y +30(Yip1 = ¥) = 3¥is1 =¥)"  YiSYSYin
Yisz -y Yit1 SYSYis2
{ 0 Y <VYis2
(2.39a)

Spline functions of unequal spacings were also adopted in analyses, and
the explicit forms of the local B-3 splines in the normalized variable m
(-1=n<l1) are:
( 0 <N,
Ai(n-1;5)’° Mi-2 SN<N;
AiM-ni)’ +Ci(n-mi)® Mo sy

B My - 4Dy - M <<y,
B;(Mis2 -1 )° Ni+1 SNSNjy2
| 0 N<Mi+2

where  A; = [hiy (Biy +h; Yhiy+h; +hi )]
B; = [hisz (his2 +his Wiz +hiey +hy))!
Ci = ~(hiy +hy +hisy +his )i by (hisy +hi)(hisz +hisy +h;)]"
D = -(hiy +h; +hi +hid)hisz By (hiey +h; Y(hiay +hy +hiy )]
hi=ni- M.
Therefore, the displacement function for the deflection of a lower order
plate strip (Figure 2.3) is:
(4]
w=[[C][C.]] i {8} (2.40)
(¢]
)
where C, and C; are given by Eq. 2.31,
(8) = [(0); (@) (Ow)ir” (Cweis T
[6]=100100.....0mOmu1 ]



