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PREFACE

Ergodic theory is a crossroads for many branches of mathematics and
science, from which it has drawn problems, ideas, and methods, and in
which it has found applications.
In recent years the interaction of ergodic theory with several kinds of
harmonic analysis has been especially evident: in the Fourier method of
proving almost everywhere convergence theorems introduced by Bourgain
and developed by Rosenblatt, Wierdl, and others; in the application of the
real-variable harmonic analysis of the Stein school to ergodic theory by,
for example, Bellow, Boivin, Deniel, Derriennic, Jones, and Rosenblatt; in
rigidity theory, where Katok, Margulis, Mostow, Ratner, Spatzier, Zimmer,
and others blend ergodic theory with dynamics, noncommutative harmonic
analysis, and geometry; in the study of singular measures, spectral properties, and subgroups by Aaronson, Host, Mela, Nadkarni, and Parreau,
which has furthered the analysis of nonsingular transformations and has
led to progress on old problems like the higher-order mixing conjecture; in
the structure theory of single transformations, where concepts like rank,
joinings, and approximation are helping workers such as del Junco, King,
Lemanczyk, Rudolph, and Thouvenot to classify systems, to understand
better the important family of Gaussian processes, and to explore the connections among spectral and dynamical properties; in the combinatorics
of adic transformations, introduced by Vershik and pursued by Herman,
Kerov, Livshitz, Putnam, and Skau, which makes visible the connections
between some invariants of dynamical systems and certain C*-algebras,
especially those associated with group representations; and in the applications of ergodic theory to combinatorial number theory and Diophantine
approximation discovered by Furstenberg and developed also by Bergelson, Hindman, Katznelson, and Weiss, which rely in an essential way on
techniques from harmonic analysis and spectral theory.
Egypt is a crossroads of many cultures and peoples, convenient to the
countries of the Middle East, Africa, and Europe, and roughly equidistant
from Asia and America. Our conference, focussed on the interaction of
ergodic theory with harmonic analysis, found a natural site in Alexandria,
the home of Euclid, Diophantus, Hypatia, Ptolemy, ... (some of whom
we could try to claim as early ergodic theorists—Ptolemy, in his celestial
mechanics, perhaps even as someone who applied harmonic analysis to dynamics). While no attempt was made to cover the area completely, some
important sectors were described in survey talks, and the research talks
reported interesting new developments.
vii

viii

PREFACE

Part I of these Proceedings contains three survey articles expanding presentations given at the conference. Each gives an up-to-date description
of an area of lively interaction of ergodic theory and harmonic analysis,
laying out the background of the field and the sources of its problems, the
most important and most interesting recent results, and the current lines
of development and outstanding open questions. These papers—by Rosenblatt and Wierdl on Fourier methods in almost everywhere convergence, by
Spatzier on rigidity, and by Thouvenot on joinings—should provide convenient starting points for researchers beginning work in these areas.
Part II is a collection of refereed research papers presenting new results
on questions related to the theme of the conference. Some of these papers were presented at the meeting, others were contributed later. Two
of them (Lesigne, Rudolph) concern the problems in noncommutative harmonic analysis that emerge in trying to understand the nonlinear ergodic
averages arising from Furstenberg's diagonal approach to Szemeredi's Theorem, and three others (Forrest, Hendrick, and McCutcheon) treat further
developments in this dynamical multiple-recurrence theory. The remainder
deal with problems in almost everywhere convergence and a variety of other
topics in dynamics.
It is a pleasure to thank the many people and institutions who contributed to the success of the conference and to the preparation of these
Proceedings. The National Science Foundation and Institute of Statistics of
Cairo University provided financial support. Special thanks are due to Professor Ahmed E. Sarhan and Professor Mahmoud Riad for their hospitality
and handling of the official arrangements in Egypt. We also thank Professor Mounir Morsy for welcoming us to his Department of Mathematics at
Ain Shams University. Further, we are indebted to the anonymous referees, who improved the papers presented here beyond their original versions,
to the many excellent typists who produced the T^X files, and to Lauren
Cowles and David Tranah, who smoothly handled the publishing.

Karl Petersen and Ibrahim Salama
Chapel Hill, N.C.
July 11, 1994

TgK and AM.S-T&. are trademarks of the American Mathematical Society.
This book was prepared in
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by the author.

PART I

SURVEY ARTICLES

POINTWISE ERGODIC THEOREMS
VIA HARMONIC ANALYSIS

JOSEPH M. ROSENBLATT AND MATE WIERDL
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INTRODUCTION
Historical remarks
It has been eighty-five years since Bohl [1909], Sierpiflski [1910] and
Weyl [1910] proved the now famous equidistribution theorem: if a is an
irrational number then the sequence a, 2a, 3 a . . . is uniformly distributed
mod 1. This means that for each subinterval I of the unit interval [0,1) we
have

lim *{-\n<N(na)eI}
7V-»oo

N

=

where (x) denotes the fractional part of x, that is (x) — x — [x], and | / | is
the length of the interval / . In fact, Weyl went on to prove, in [Weyl, 1916],
that the sequence a, 2 2 a, 3 2 a . . . is uniformly distributed mod 1. A bit less
than twenty years later Vinogradov [cf. Ellison & Ellison, 1985] proved,
as a byproduct of his solution of the 'odd' Goldbach conjecture1, that the
sequence (pn&), where pn denotes the n-th prime number, is uniformly
distributed mod 1. On the other hand, it is easy to see that for some
irrational a the sequence (2 n a) is not uniformly distributed mod 1.
Now the question arises what happens if we replace the interval / i n (1)
by an arbitrary Lebesgue measurable subset of [0,1). What kind of extensions do the results of Weyl and Vinogradov have in this direction? We cannot expect a word-for-word generalization of their results since the Lebesgue
measure of any fixed sequence is 0, and / may even be disjoint from the
sequence! In the beginning of the 30's Birkhoff [1931] and Khintchin [1933]
proved the appropriate generalization of (1): for any fixed Lebesgue measurable / C [0,1), for almost every x we have

lim #{n\n<N,(X
N-+oo

+

na)eI}

=

N

where now | / | denotes the Lebesgue measure of / . (It is not at all clear
at first sight, but the result in (2) does imply the one in (1).) This is
an instance of the individual (or pointwise) ergodic theorem. But then it
took more than fifty years to obtain similar generalizations of the other
result of Weyl and the result of Vinogradov! Bourgain [1988, 1988a, 1989]
developed a very powerful method with which he proved in 1987: for any
fixed Lebesgue measurable / C [0,1), for almost every x we have

lim *{n\n<N,(x + n^)€l}
N—>-oo

and

lim #{n\n<N,(x+Pna)eI}
N-+oo

1

=

I\

=

N

That every large enough odd number is a sum of three prime numbers.
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(recall that pn is the n-th prime). Bourgain's method is a wonderful blend
of (analytic) number theory, Fourier analysis and ergodic theory: he uses
estimates on the Fourier transforms (or exponential sums)
i

N
and

N

,

n=l
AT

n=l

respectively, as they were obtained even by Weyl and Vinogradov.
In this paper we will examine the following general question: for what sequences of integers (a n ) do we have that for any fixed Lebesgue measurable
/ C [0,1), for almost every x

Jim^ # { n | n ~ i V ' ^

+ Qna)€J }

= |/| ?

(5)

While our primary goal is to introduce the reader to Bourgain's method
that led to the results in (3) and (4), we will also discuss other methods
and results of related interest, in particular the "early" results of Krengel,
Bellow and others. In fact, the problem formulated in (5) is only the starting
point of our investigations. To give an idea of some of the questions we shall
examine, let us give the analytic reformulation of the results above.
Let / denote the characteristic function of the interval / C [0,1). Then
(1) can be rewritten as
N

lim — 7

;v->oo TV

^

and an approximation argument shows that in the above we can take / to
be any Riemann integrable function defined on [0,1).
Similarly, if / denotes the indicator function of the Lebesgue measurable
set / C [0,1), then (2) can be written as
..

i

N

N

Now Khintchin showed that in the above we can take / to be any Lebesgue
integrable funcion. How about a similar generalization of (3) and (4)? That
is, writing
1
N

r1

N

,
71=1
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and
i

N

j™,]v £

f{{x + Pna)) =

I

7

r1
f{x)dx

'

(4>)

can we take f to be any Lebesgue integrable function? The answer is not
known! All we know is that (3') and (4') hold for every Lp for p > 1. So
we arrive at the following question: let (an) be a sequence of integers (or
real numbers). For what values of p, 1 < p < oo, do we have that for each
feLP
i N
rr1

= f{x)dx

I

for almost every xl If for some p for every / G Lp we have (6) a.e., then
we call the sequence (a n ) a universally good averaging sequence (for L p ),
because there is no restriction on the irrational a.
We have already mentioned that for some irrational a the sequence (2na)
is not uniformly distributed mod 1. But we also have a result of Weyl
which says that for almost every a the sequence (2na) is uniformly distributed mod 1. So at least there is something good to be said here. The
picture changes dramatically in the ergodic-theoretical setting. It is a result
of Bellow that for every irrational a there is a characteristic function / for
which

1 J2 /«* + 2»a»
n=l

diverges for almost every x. We can say that in a sense the sequence (2n)
is a universally bad averaging sequence.
The methods — mostly developed by Bourgain — to solve the above
"subsequence" problems helped to settle other almost everywhere convergence problems. We will mention a number of these problems, but we will
develop the method in the special context of these subsequence problems,
and usually we refer to other type of applications in the notes after the
chapters.
Prerequisites
We do not assume that the reader is familiar with any deeper theories,
but this does not mean that she/he has an easy task. The difficulty is that
we use tools and results from five branches of mathematics.
Thorough knowledge of the Lebesgue integral is certainly assumed, as
well as the elements of functional analysis, such as Baire's category theorem
and the uniform boundedness principle. The books [Wheeden, Zygmund,
1977] or [Royden, 1988] contain all the material that is needed from measure
theory, and Chapters 7 and 9 of [Royden, 1988] have all the functional
analysis we need.
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We will use basic facts about harmonic analysis on the classical groups
T, Z and R. We will also use facts about the Hardy-Littlewood maximal
function (both on the integers and on the real line), although we will give
a proof on Z, since we will use it to prove the ergodic maximal inequality.
At certain points — not crucial — we will use the M. Riesz interpolation
theorem. Herglotz's theorem on the representation of positive definite sequences is used. All the material that is needed from harmonic analysis can
be found in the first two chapters of [Helson, 1991]. Straightforward treatments of the Hardy-Littlewood maximal function can be found in section
4.6 of [Helson, 1991] or in Chapter 9 of [Wheeden, Zygmund, 1977].
From number theory we use the basic properties of congruences. Some
of the examples and exercises will refer to deep results of analytic number theory, such as the prime number theorem for arithmetic progressions,
but skipping these will not seriously affect the reader's understanding of
the other parts of the material. All the material needed from elementary
number theory can be found in the first eleven chapters of [Weil, 1979].
The material we assume to be known from probability theory is, in addition to elementary concepts, the moment estimate of Marcinkiewicz and
Zygmund. This inequality is a generalization of Khintchin's inequality for
the Rademacher functions. The facts we use from probability theory can
be found in the first chapter of [Durrett, 1991]. The moment estimate of
Marcinkiewicz and Zygmund is in [Garsia, 1970].
Although we will give proofs of both the mean and pointwise ergodic
theorems, it is desirable that the reader have some idea of the significance
of these results. The reader should know what an aperiodic and an ergodic
transformation is, and should know about Rokhlin's tower construction.
Strictly speaking, all the material we need from ergodic theory is the first
7 sections (the seventh is "Consequences of ergodicity") and the section
"Uniform topology" from [Halmos, 1956]
Summing up: the material is accesible for a third-year (US) graduate
student, but she/he may want to skip some of the examples at first reading.
How to use these notes
Our presentation is fairly concise. Although we will try to give careful
explanations of the underlying ideas of each proof, we will leave the routine
computations to the reader.
There are exercises throughout the text, not just at the ends of the
sections. Some of the exercises are difficult, but we provide hints for most
of them. The exercises form an integral part of the text, and they often
contain interesting developments of the preceding results.
We hope that these notes will motivate the reader to think about some
of the unsolved problems of this field (many of which are mentioned in the
sequel).
Finally, it is important to note the following. Even with the assumed
prerequisites we could not give a full account of Bourgain's method; we
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9

give his fundamental inequality without proof, and we refer the interested
reader either to Bourgain's original paper [1989] or to Thouvenot's [1990]
Acknowledgements
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List of Symbols
We give the page number where the symbol first occurs. We explain the
meaning of the symbol or notation only if a brief explanation is possible.
Z: the set of integers
T: the torus; R/Z
E: the set of real numbers
C: the set of complex numbers
Z_|_: the set of positive integers
R+: the set of positive real numbers
N: the natural numbers
logrr: natural logarithm of x
[x]: largest integer not exceeding x
(x): fractional part of x; (x) = x - [x]
#A: the cardinality of the set A
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CHAPTER I
GOOD AND BAD SEQUENCES IN PERIODIC SYSTEMS
The ergodiotheoretical reformulation of the results in (2')-(4') rests on
the observation that for a fixed real number a the transformation r of the
unit interval [0,1) defined by
T(X)

= (x + a)

is Lebesgue measurable, and preserves the (mod 1) Lebesgue measure. To
fix the more general terminology to be used in the sequel we introduce
Definition 1.1. Let (X, E,ra) be a probability measure space, and let
r be a map of X into itself. We say r is E-measurable if and only if for each
A G E we have r~lA G E. We say r preserves m if and only if for each
A G E we have m{r~lA) = m(A). A measure preserving transformation of
X is a E-measurable map of X into itself which preserves m. Finally, the
quadruple (X, E,m,r), where r is a measure-preserving tranformation of
X, is called a dynamical system.
Let r be a measure-preserving transformation of the probability space
(X, E, ra), and let A = (an) be a sequence of positive integers. For f : X ->
C consider

The purpose of these notes is to examine the almost everywhere convergence
of the averages in (1.1) for various sequences A when / is a characteristic
function or even when it belongs to some Lp-class. In general, the a.e. limit
of the averages in (1.1) is not equal to fx fdm even if r is ergodic. We will
see simple examples below. Nevertheless, for irrational rotations the a.e.
limit will often be the mean of / .
It turns out that instead of the averages in (1.1) it is often more instructive (and easier) to deal with

Mt(AJ)(x) = Mtf{x) -

^

where A(t) is the counting function of A: A(t) = #{a | a G A, 1 < a < t}.
Note that A(t) is defined for every — large enough — positive real number
t. If the sequence (an) is strictly increasing then the a.e. behavior of the
averages in (1.1) and (1.2) are equivalent. In fact,
in this article, unless we say otherwise, a sequence (an) will mean an
infinite, strictly increasing sequence of positive integers.
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In this chapter we examine the special case when our measure-preserving
system is periodic. This means that X consists of q symbols, say X =
{ 0 , 1 , . . . , q — 1}, the measure of each x G X is 1/q, and T(X) = x + 1
mod q. A periodic system is particularly simple, and this chapter is of
illustrative nature, but some of the results will be used later. For example,
in periodic systems we will even be able to prove rate of convergence results
which will have important consequences for Fourier transform estimates.
In this chapter Xq denotes the set { 0 , 1 , . . . , q — 1}; mq denotes the measure on Xq specified by mq(x) = 1/q for x G Xq; and rq denotes the shift
transformation r(x) = x 4- 1 mod q on Xq.
Let (A", E,m,r) be a periodic system on q symbols, s o l = Xq. Every
function on X is a linear combination of characteristic functions of h G X.
It follows that the examination of the convergence of the M*/'s reduces
to the examination of the convergence of the averages Mt&h, where Sh is
the Dirac mass at the point h, i.e. the characteristic function of {h}. It is
clear that it is enough to examine the convergence of the sequences MtSh(0)
for each h G X. In other words, we just need to examine the asymptotic
behavior of A(t, q, h)/A(t), where
A(t, q, h) = # { a \ a e A, I < a <t,a = h

mod q} ,

that is, A(t, q, h) is the number of a's that are less than or equal to t and
are in the arithmetic progression qs + h, s = 0,1,
1. Ergodic sequences for periodic systems
In this section we give examples for sequences with the nicest property:
they are uniformly distributed in residue classes for every modulus q. Since
we do not want to mix this concept with the concept of uniform distribution
mod 1 discussed in the introduction we use the term "ergodic sequence":
Definition 1.2. We say that the sequence of positive integers A — (an)
is ergodic mod q if and only if for each h we have
(1.3)
The sequence A = (an) is ergodic for periodic systems if and only if it is
ergodic mod q for every q.
Note that if A is ergodic for periodic systems, then in every periodic
system we have
lim Mtf(x) = f fdm

i-»oo

for every x.

Jx

(1.4)
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Example 1.3. The sequence of positive integers. We take A =
Z+, the sequence of positive integers. We clearly have the estimate, since
A{t) = [t],

, A ))

1 1 < 1,

which implies (1.3), hence the ergodicity of Z+ in periodic systems.

Example 1.4. Randomly generated sequences of positive density. Here we consider random sequences. Let (0,/?, P) be a probability
space, and let 0 < a < 1. Let Yi, Y 2 ,... be an i.i.d. sequence of 0-1 valued
random variables with P(Yn = 1) = o and P(Yn = 0) = 1 - a. Then
for each w G i l w e can define a sequence of positive integers A" by letting
n £ A" if and only if Yn{uo) = 1.
We want to show that for almost every uo the sequence A" is ergodic for
periodic systems.
It is enough to show that for each fixed q, with probability 1 the sequence
A° is ergodic mod q. In anticipating the techniques used later, we give
a proof which is not the simplest one; we are going to show that with
probability 1 we have

lim Mt(AUJJ)(x) = [ fdm
*->°°
Jx

(1.5)

for every x. By the strong law of large numbers, since the expectation of
Yn is cr, with probability 1 we have
l i m l .

£-»oo (J • t

(The observant reader will notice that this is also incuded in (1.14) to be
proved below.) It follows that for almost every uo (1.5) is equivalent with

lim Q?f(x)=

f fdm,

t-foo

Jx

where

E

Let us rewrite Q% f as

n<t

(1.6)
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Then we are given the idea to compare Q"f with its "expectation"

n<t

which is just the usual ergodic average examined in the previous section.
(Here we see the advantage of using the averages of (1.2) instead of (1.3).)
Since X has only finitely many elements, it is enough to prove that with
probability 1
Um \\Qtf(x) - Vtf{x)\\LHX) = 0.
(1.8)
In fact, we shall not prove (1.8), but a weaker version of it. Namely, we shall
prove it only when t runs through a subsequence of the positive integers.
Our first lemma tells us what subsequence we can take.
L e m m a 1.5. Let (fn) be a sequence of nonnegative numbers. For p > 1
denote Ip — {t \ t = pk for some positive integer k}. Suppose that for each
p > 1 the averages
1
n<t

converge to some finite limit as t runs through the sequence Ip.
Then for each p > 1 this limit is the same, say L, and we have
n<t

Proof. Let us set Ft = \Yl,n<t fn- ket P > 1- For an arbitrary (but
large enough) t let us choose the positive ineger m so that pm < t < p m + 1 .
Since the sequence (/ n ) is nonnegative, we can estimate
Ft

= \yfn<—

y

fn = P• FP,«+I.

(i.9)

n</o m + 1

n<t

Similarly, we get
-•Fpm
P

<Ft.

(1.10)

Let us denote
Lp = lim Fs.
Let us choose a sequence (pk) so that pk > 1, IPk C IPk+1 and pk -± 1.
Clearly, LPh — LPl for each A:,/, so set L = LPk. Using the estimates in
(1.9) and (1.10) with a p G (pk) we obtain
- - L < lim inf Ft < lim sup Ft < p • L .
Since p G (pk) can be taken as close to 1 as we wish, our proof is complete. •
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Exercise 1.6. Show, using the lemma above, that (1.8) follows from
the following: For each p > 1 there is ftp C ft with P(ftp) = 1, so that for
each LJ e ftp
Urn \\Q?f(x)-Vtf(x)\\LHx)=0,
(1.11)
teiP

where Ip is defined in the lemma. (Hint: use the lemma for the negative
and positive parts of / separately)
The proof of (1.11) gives us the first opportunity to use Fourier-analysis.
For / : Xq —» C we define its Fourier transform / as follows. The dual
group of Xq is the set Xq = {0,1/g,..., (q — l)/q} with addition mod 1.
We define f:Xq-+C
by
r
f(b/q) = / f(x)e(-xb/q)dm

i q~l
=- ^

f(x)e(-xb/q),

where we set e(y) = e2lTiy. Often we will use Tf to denote / .
The inverse Fourier transform of / : Xq -t C is defined by the formula

T~lf{x) = f{x) = I f(b/q)e(xb/q)dm = ^2f(b/q)e(xb/q).
Jx

6=0

<i

Note that the m-measure of each point in Xq is 1. Of course this is so we
can write Parseval's relation in the following form

\f\2dm= [ \f\2dm.
Jxq
Before we rewrite (1.11) using Fourier transforms we observe that
^(Qtf)(b/q) =FQ?(-b/q)'Ff(b/q)

(1.12)

and
?(Vtf) (b/q) =T(Vt) (-b/q) • Tf(b/q),

(1.13)

where
T(Q»)(-l-

l

and
n<t

The idea behind the formulas in (1.12) and (1.13) is, of course, that Q"f
and Vtf can be regarded as convolutions, and the Fourier transform of a
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convolution is the product of the Fourier transforms. Now using Parseval's
formula and (1.12), (1.13) we can estimate as
- Vt) {-blq)Tf{b/q)\\L2{R)

Sr/(s) - Vtf(x)\\LHX) =

<

< sup
n<t

Since there are only finitely many 6/^'s, we see we just need to prove that
for each b/q E X, for a.e. u we have
hm

= 0.

(1.14)

n<t

Let us introduce the random variable Zn = (Yn - a)e(nb/q). We will get
(1.14) if we prove

dP(u>) =
n<t

. (1.15)
4. /-

T

v

i4

We observe, using independence, that the Z n 's are orthogonal:
~ZjdP = 0 if j ^ n. It follows that

L

Zn

n<t

which implies (1.15).
Let us summarize the main ideas in the above proof. First of all we observe that it is enough to prove the convergence of the averages Mt(A, f) =
Mtf when t runs through a sparse sequence. Then we compare the Mt/'s
to another sequence of averages Vtf for which we previously established
convergence. This comparison is done by showing that the L2-norm of the
difference Mtf — Vtf is small. This is achieved — and this is the main step
of the proof — by estimating the Z/°°-norm of the difference of the Fourier
transforms TMt — TVt. In case of a periodic system, since the space Xq has
only finitely many points, it was a simple matter to estimate this L°°-norm;
namely, we just needed an estimate at each point b/q G Xq.
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Exercises for Example 1.4
Ex.1. Let A = (a n ) be a strictly increasing sequence of positive integers.
a) Show that A is ergodic mod q if and only if for each bj£O mod q

a<t

b) Using part a), give another proof that the random sequence Au discussed in Example 1.4 is ergodic mod q for every q. (This proof is the same,
in principle, as the one given in the text, but the viewpoint is different; it
is along the lines of Weyl's proof of his equidistribution theorem.)
Ex.2. Give yet another proof that the random sequence A" of Example
1.4 is ergodic mod q by considering the product space Q, x Xq with the
product measure P x m etc. (Hint: use the techniques used to establish
(1.14).)
Ex.3, a) Show that for every 1 < p < oo

\nao\\Qrf(x)-Vtf(x)\\L,>{Xii)=0.
(We use the notation of the text.)
b) Does the conclusion of part a) hold if p = oo?
Ex.4. Let (£),/?, P) be a probability space, and let 0 < a < 1. Let
Yi,Y2 ... be an i.i.d. sequence of ((—l)-l)-valued random variables wih
P(Yn = 1) = <r and P(Yn = -1) = I - a. Denote an{u) = Ek<nYk(u)Show that with probability 1, for / : Xq -> C we have

n<t

for every x G Xq. (Note that the random sequence (an(u;)) is not an
increasing sequence of integers anymore even if it has a "positive drift",
that is when a > 1/2.)
Ex.5. Let Yi,y2»--- be a sequence of mean 0, orthogonal and uniformly bounded random variables on the probability space (fi, /?, P). Then
a Yn(uj) -> 0 almost surely.
Example 1.7. Randomly generated sequences of 0 density. The
random sequence A" of Example 1.4 had positive density. In this section
we examine random sequences of 0 density. In fact, a random sequence of
0 density has the additional property that even its Banach-density is 0.
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Definition 1.8. Let A = (an) be a strictly increasing sequence of positive integers.
The upper density, the lower density, and density of A are defined respectively as
a(A) = hm sup
t—»oo

t

d(A) =\imi
£»o

V

'

t-+oo

t

The upper Banach density, the lower Banach density, and Banach density of A are defined respectively as
Bd(A) = hm sup
Bd(A) =liminf

#{a | a e An 1}

Bd(A)=]im

#{a | a e An 1}

|/|->oo

|/|->oo

\1\

where / denotes (finite) subintervals of 1+.
The random sequence Au will have 0 Banach density if we put the integer
n into A" with probability an, where an ->> 0 as n -+ oo.
Let (crn) be a sequence of positive numbers satisfying the following properties:
(i) The sequence (an) is decreasing;
(ii) lim^oo J2n<t an = oo.
Property (i) will guarantee the ergodicity of the random sequence Au; property (ii) guarantees that A" has infinitely many elements.
Let (Yn) be a sequence of independent, (0-1)-valued random variables on
the probability space (fi,/3,P) so that P(Yn = 1) = an and P(Yn = 0) =
1 — <7n. In other words, the expectation E(Yn) of Yn is crn.
We shall show that with probability 1 the random sequence A°, defined
by n G A" if and only ifYn(uo) = 1, is ergodic for periodic systems.

So we will show that with probability 1, if / : Xq -> C then (1.5) holds.
This time we will compare Mtf with

The fact that lim^oo Vtf(x) = Jx fdm follows from the following lemma.
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L e m m a 1.9. Suppose the sequence (an) of positive numbers satisfies
properties (i) and (ii) above. Suppose that for some sequence (fn) of complex numbers we have
lim - Y^ fn = a .
t-+oo t

n<t

Then we have
lim

O-nfn

= OL .

Proof. It is an exercise in summation by parts.
The key step in Example 1.4 was to establish (1.14), and this time we
will prove a similar result, but we need to take a sparser sequence than
Ip. Indeed, for p > 1 we take Ip to consist of the numbers £*., k — 1,2,...
defined by tk = min{£ | pk < X) n <t Gn ^ Pk+1}- Similarly to Example 1.4
(using an appropriate generalization of Lemma 1.5), we need to prove

J2(Yn(u)-an)e(nb/q)

lim

t—>oo
i

= 0.

(1.16)

We will get (1.16) if we prove
1

Y

n{w)

-

vn)e{nb/q) dP{uj)<oo.

By the orthogonality of the random variables (Yn - an)e(nb/q),

(1.17)
we have

- an)e(nb/q) dP(uj) =
L.18)
By the definition of Ip, the inequality in (1.17) will follow from (1.18) and
the estimate
(1.19)
But this follows since

n<t
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Exercise 1.10. Suppose that the sequence (o~n) satisfies property (ii)
but not necessarily property (i).
a) Give a necessary and sufficient condition on (an) so that with probability 1 the averages Mt{AUJ,f){x) converge for each / : Xq -> C and
xeXq.
b) Give an example for (an) such that with probability 1 the sequence A°
is not ergodic, but the averages Mt(AUJ^f)(x) converge for each / : Xq -> C
and x e Xq.
2. Sequences that are good in residue classes
In this section we examine sequences that are not ergodic for periodic
systems but lim^oo Mt(A, f)(x) exists.
Definition 1.11. We say that the sequence of positive integers A = (an)
is good mod q if and only if for each h the limit
(1.20)
exists. The sequence A — (an) is good for periodic systems if and only if it
is good mod q for every q.
Note that if A is good for periodic systems, then in every periodic system
the limit
lim Mtf{x)
(1.21)
t—>-oo

exists for every x E Xq.
If the sequence A is good mod q, then for each b/q G Xq the limit
(1.22)
a£A

exists. We have seen in Exercise 1 for Example 1.4 that A is ergodic mod q
if and only if A(b/q) = 0 for each b ^ 0 mod q. Therefore, for a nonergodic
sequence we will find a b for which A(b/q) ^ 0. Now, we have the trivial
estimate \A(b/q)\ < 1 for every b. In the examples below we shall see good
sequences that are not ergodic mod q; nevertheless,
sup \A(b/q)\-+0
b/qexq

gcd(6,g) = l

as q -> oo. So at least in the asymptotic behavior of the Fourier transform
we can detect some kind of uniform distribution in residue classes.
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Example 1.12. The sequence of squares; \A(b/q)\ < C/^/q. Here
we examine the sequence of squares A = {n2 \ n G Z+}. This sequence
is certainly not ergodic; for example, we have A(t, 3,2) = 0. To estimate
A(t,q,h)y let 6{h) = 6{q,h) = # { j | 0 < j < q,j2 = h mod q}. Clearly,
for any fixed j with 0 < j < q we have
#{n | 1 < n < A(t),n = j mod q] hence
A(t,q,h)-6(h)

A(t)

<

A(t)

(1.22)

It follows that A is good for periodic systems, and A(<7, h) = 9{h)/q.

Exercise 1.13. Let q be an odd prime number, and suppose gcd(#, h) =
1. Then 9(q, h) is either 0 or 2. (Hint: the fact that j2 = h mod q has at
most 2 solutions follows if we notice that the residue classes mod q form a
field.)
Let us see how the lack of ergodicity is reflected in the asymptotic behavior of the Fourier transform

Proposition 1.14. Suppose gcd(b,q) — 1. Then we have the following
equalities
\A(b/q)\ = lim 4= £
t—>-OO

e(nH/q)

\
y/2/q
0

if q = ±1 mod 4
ifq = O mod 4
ifq = 2 mod 4 .

This proposition shows two things. First, we now see in terms of the
Fourier transform that the sequence of squares is not ergodic for any q > 1.
Second, we have some kind of uniformity of the distribution of the squares
in residue classes; we have
sup
b/gexq

\A(b/q)\-+0.

gcd(b,q) = l

Proof of Proposition 1.14. First of all, we have the following explicit
formulas for A(b/q):

= - £ e{n2b/q) = - £ 9(h)e(hb/q).
n<q

h<q
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Because of periodicity by q, for any integer m we have
* n<q

Using this, we can write

|A(6/<z)|2 = A(b/q) • A(b/q) = J £ e(-m2b/q)^ £ e(n2b/q) =
^ m<q

5] (

e

n

^ n<q

) - £ ((

Now, - X]m< ^(2nm6/^) is nonzero — and then it is equal to 1 — if and
only if q divides 2n, that is when either n = 0 or (in case q is even) n — q/2.
It follows that for odd q we have

and for even q we have

•

1

f —, if 4 divides q

q

\ 08 if q = 2 mod 4 .

Exercises for Example 1.12
Ex.1. Let A = (a n ) be a strictly increasing sequence of positive integers.
Show that A is good mod q if and only if for each b/q £ Xq the limit
^

e(ab/q)

exists.
Ex.2. Let A: be a positive integer, and let A = (nk) be the sequence of
fc-th powers.
a) Show that the sequence A is good for periodic systems by showing
that A(q,h) = 6k(q,h)/q, where 9k(q,h) is the number of solutions of the
congruence xk = h mod q.
b) Show that

-J2 <rihblq) = - £ Ok(h)e(hb/q).
^ n<q

% h<q
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Ex.3. Let A; be a positive integer, and let A = (nk) be the sequence of
fc-th powers. Let q be a prime number and let b be relatively prime to q.
a) Show that for any fixed n the congruence mk = n mod q has at most
k solutions.
b) Show that
n<q

(Hint: Use Parseval's identity for the function / : Xq —> C defined by

f(x)=ek(x,q).)

c) Show that
n<q

(Hint: If gcd(n,tf) = 1, then A(b/q) = A(nkb/q).)
d) Show that
p/2
Ex.4. Let A;, A, q, b be as in the previous exercise. Let d = gcd(fc, q — 1).
Show that

4

(Hint: Be more careful with the estimations in the previous exercise.)
We remark that the best constant in the above inequality is d - 1.
Ex.5. Let (an) be a sequence of positive numbers satisfying the properties:
(i) the sequence (an) is decreasing;
(ii) lim^oo Y^n<t °n = oo.
Let (Yn) be a sequence of independent, (O-l)-valued random variables on the
probability space (ft, /?, P) so that P(Yn = 1) = crn and P(y n = 0) = 1 -cr n .
Let A: be a fixed positive number. Show that with probability 1 the
random sequence Aw, defined by nk G A" if and only if Yn(u) = 1, is good
for periodic systems.
Ex.6. Let (crn) be a sequence of positive numbers satisfying the properties
(i) limn_^oo crn = 0;
(ii) limt->oo En<t °n = oo.
Let (Yn) be a sequence of independent, (O-l)-valued random variables on the
probability space (ft, /?, P) so that P(Yn = 1) = an and P(Yn = 0) = l-<rn.
Show that with probability 1 the random sequence A°, defined by n G Au
if and only if Yn(u) = 1, is of 0 Banach density.
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Example 1.15. The sequence of primes. Let A be the sequence of
prime numbers. To describe the distribution of the primes in residue classes
we introduce the function

u(t)= T r*~Note that t^J t -* 1. The prime number theorem tells us that y4^| -»
1. If q and ft are not relatively prime, then the arithmetic progression
qn -f ft, n = 1,2,..., contains at most 1 prime number. On the other hand,
the primes are uniformly distributed among the reduced residue classes.
This is the content of Siegel-Walfis's theorem [Ellison & Ellison, 1985] on
the distribution of primes in arithmetic progressions. Before we state the
theorem, we recall the definition of Euler's "^-function": 4>(q) = #{ft | 0 <
ft <q, gcd(h,q) = 1}.
Lemma 1.16 (The prime number theorem for arithmetic progressions). Let gcd(g, ft) = 1. Then we have

An immediate consequence of this lemma is that the sequence of primes
is good for periodic systems and A(g, ft) = l/4>(q) if gcd(q,h) = 1 and
, ft) = 0 otherwise.

Exercises for Example 1.15
Ex.1. Suppose gcd(6, q) = 1. Then we have

where /i denotes the Mobius function:
1,
ifg = l
fc
(—l) , if q is squarefree, and k is the number of
prime-divisors of q
0,
otherwise.
(Hint: use the inversion formula of Mobius.)
Ex.2.
a) Show that there is a positive constant c so that for every q

b) Show that there is a positive constant c so that for every q
log log q
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Ex.3. Let (o~n) be a sequence of positive numbers satisfying the properties
(i) the sequence (o~n) is decreasing;
(ii) limt_>oo Y,n<t an = oo.
Let (Yn) be a sequence of independent, (O-l)-valued random variables on the
probability space (ft, /?, P) so that P(Yn = 1) = an and P(Yn = 0) = 1 -an.
Let p n denote the n-th prime number. Show that with probability 1 the
random sequence A", defined by pn G A° if and only if Yn{uj) = 1, is good
for periodic systems. (Compare this with Exercise 5 for Example 1.12. Is
there a common generalization?!)

3. Sequences that are bad for periodic systems
In this section we briefly examine sequences A = (an) that are not good
for periodic systems. We may distinguish several degrees of bad behavior.
It is possible that A is not good mod q for only some values of q. But
maybe A is not good mod q for every q. If we know that Mt(A, f)(x) does
not converge, it may mean only that we do not have convergence only for
some x G Xq, but maybe there is no convergence for any x G Xq. Since
0 < A(t,q, h)/A(t) < 1, the worst possible scenario is when
^

=

l

(1.23)

and
%^=0

(1.24)

for every h G Xq.
Definition 1.17. We say that the sequence of positive integers A — (an)
is bad mod q if and only if for each h G Xq the limit

does not exist. The sequence A = (an) is bad for periodic systems if and
only if it is bad mod q for every q.
We say that the sequence of positive integers A = (an) is sweeping out
mod q if and only if for each h G Xq the equalities in (1.23) and (1.24) hold.
The sequence A = (an) is sweeping out for periodic systems if and only if
it is bad mod q for every q.
Note that A is sweeping out mod q if and only if for every x G Xq we
have
limsupM t (A,£ 0 )Oz) = 1,
t-±nn

liminf Mt(A,60)(x)
£->OO

=0.

(1.25)
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Example 1.18. A sweeping out sequence.
Here we will show that there is a strictly increasing sequence of positive
integers which is sweeping out for periodic systems.
The idea of the construction is to make sure that for each q and h there
is a t = t(q^ so that most of the elements a\, a2,..., at of A are congruent
to h mod q. It follows, of course, that for some t' most of the elements
ai, <22,..., at* of A are not congruent to h mod q. It is more convenient in
this proof to consider the averages
Mtf(x) = *.<t

and we assume that t is an integer. For each q let us define Kq — 1 + 2 +
Yq. Note that each residue class mod q has a representative k satisfying
Kq-i < k < Kq. Let us consider a sequence (tk) of positive integers which
satisfy the following condition:
tk

tk-i

- - + 1; foriiV-i <k<Kq.

(1.26)

Let us define the strictly increasing sequence A = (an) to satisfy, for every
an = k mod q for tk-i < n < tk .

(1-27)

Let us show (1.25); so fix q > 1 and let x £ Xq. Then there is h with
0 < h < q such that x = — h mod q. For each positive integer s define the
indices k(s) by k(s) — Ks.q-\ -h h. We claim that
lim Mtk{s)60(x) = 1.

(1.28)

To see this, first we note that by (1.27) we have for every s
an = h mod q for tk(8)—i < n 5: tk(s) >
and hence
x + an = 0 mod q for ^( S )_i < n < tk^ .

(1.29)

We also have, by the property in (1.26),
tk{s)

> s -q - h i .

Now we can estimate, by (1.29) and (1.30),
Mtk{3)S0(x) >

(1.30)
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which implies (1.28). On the other hand, we claim that
(1-31)

limoMtk{s)+l60(x) = 0-

This, together with (1.28), proves (1.25). To see (1.31), note that for every
s> 1
an = h + 1 mod q for t^^ < n < t^s^i ,
and hence, if q > 1,
x + an ^ 0 mod q for tk(s) < n < £fc(s)+i .

(1.32)

This time we can estimate, by (1.32),
*fcW+1^

^)

+ 1

sq

'

finishing the proof of (1.31).
Exercises for Example 1.18
Ex.1. Construct a sequence that is bad mod q for some q but which is
good mod q for infinitely many g's.
Ex.2. Is it true that if a sequence is bad mod q for some q then it is
bad mod q for infinitely many ql
Ex.3. Is it true that if a sequence is sweeping out mod q for some q then
it is sweeping out mod q for infinitely many ql
Ex.4. Construct a sequence of positive density that is sweeping out for
some q .
Ex.5. Is there a sequence of positive lower density that is bad for periodic systems?
Ex.6. Let (bn) be a strictly increasing sequence of positive integers with
the property that 6n+i — bn -» oo as n -» oo. Construct a sequence (an)
that is bad for periodic systems and satisfies bn < an < bn+i for every n.
Ex.7, a) Show that there is a lacunary sequence of integers which is
good for periodic systems. (A sequence (a n ) is lacunary if and only if there
is a constant p > 1 such that an+i/an > p for every large enough n.)
b) Is there a lacunary sequence of integers which is ergodic for periodic
systems? (Hint: there is ... )
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CHAPTER II
GOOD SEQUENCES FOR MEAN L2 CONVERGENCE
In this chapter we will examine the L2-norm convergence of the averages
Mt(A, f)(x) for various sequences A — (an). We recall that for a given
sequence of positive integers A = (an) we have defined

Mt(A, f)(x) = Mtf(x) - 777T

E
l<a<t

where r is a measure-preserving transformation of the probability space
(X,E,ra), and / : X-> C
In the previous chapter we have seen that Fourier - transform estimates
played an important role in establishing convergence in periodic systems,
but all the results could have been proved without any reference to Fourier
analysis. The role of Fourier analysis will be more significant in this chapter.
Indeed, the only known proof of the mean convergence of the averages
Mt(A, / ) for a random sequence or for the sequence of primes is via Fourier
analysis. As we will see, the L2-convergence of the averages Mt(A,f) is
equivalent with the convergence of the Fourier transforms

for every real /?.
1. Ergodic sequences
Definition 2.1. Let r be an ergodic measure-preserving transformation
of the probability space (X, E,ra). We say that the sequence of positive
integers A = (an) is ergodic for the system (X, E,m,r) if and only if for
each / : X —> C we have

lim Mt(AJ) = I fdm

t—>oo

(2.2)

in L2-norm. The sequence A = (an) is ergodic if and only if it is ergodic
for every ergodic system (X, E, m, T).
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Example 2.2. The mean ergodic theorem.
In this section we shall prove that the sequence of positive integers A =
Z+ is ergodic.
We shall give two different proofs. The first is due to von Neumann
[1932], and uses Fourier analysis; the second proof is due to F. Riesz [Riesz,
Sz.-Nagy, 1990], and it uses geometric (Hilbert space) techniques. Although
the first method of proof is more important for our purposes, the main idea
of the second proof will also be used later.
Both proofs depend on the observation that the operator TT defined by
TTf(x) = f(rx) is a contraction of the Hilbert space L2(X, E, ra). Therefore
the following should be proved:
Proposition 2.3. Let U be any contraction of the Hilbert space H.
Then for each f G H we have
lim Mtf = Pf,

t—>oo

where Mtf = (1/t) Yln<t Unf and P is the projection onto the space of
U-invariant points of H.
This result implies the ergodicity of the sequence of the natural numbers,
for if r is ergodic then the r - invariant functions are the constants, and
hence, as can be seen easily, Pf = fx fdm.
Both in the Fourier analysis and in the geometric proof we just prove
the existence of the limit. For the identification of the limit — that it is
Pf — we refer the reader to Exercise 5 below.
Fourier analysis proof. We want to prove that the directed set {Mtf |
t G K+} is "Cauchy", that is
lim \\Mtf-Msf\\H

t,s—)>oo

= Q.

(2.3)

Let (/,#) denote the inner product on H. Let us define the sequence of
operators (Tn\n = 0, ± 1, ± 2 , . . .) by Tn = Un for n > 0 and Tn = (t/*)~ n
for n < 0. Then for a fixed / G H the sequence of real numbers (xn | n =
0, =bl, ± 2 , . . .) defined by xn = (T n /, / ) is a positive - definite sequence (cf.
Section 9 of the Appendix in [Riesz, Sz.-Nagy, 1990]), hence, by Herglotz's
theorem, there is a (nonnegative) Borel measure \i = /i/ on the interval
[0,1) so that for every n G Z

J

(2.4)

Note that we have, in particular, /d[i — ||/|| 2 . A consequence of (2.4) is
the following fundamental inequality of von Neumann:
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Exercise 2.4. Let p(x) be a polynomial with complex coefficients. Then
we have, for every / G H,

<supb(e(/J))| 2 -||/|| 2

(2.5)

P

(Hint: Use (2.4) and induction on the degree of p(x).)
By this exercise, we have

\\Mtf - M8ftf < j \Mt((3) - ~
where

—

1

Mt(0) = -

l<n<t

Observing that e(n/3), n = l , 2 , . . . , i s a geometric progression, we get that
Mt(0) -> 0 for 0 G [0,1) \ {0}, hence Mt(0) - M8(0) -> 0 for every 0. But
then, by the bounded convergence theorem, we get (2.3). •
Geometric Proof. Let / denote the space of [/-invariant points of
iJ, and let C be the set of coboundaries, that i s , C = { / | / = <7 —
Ug for some g G H}. It is clear that for / G / we have Mtf -> / , and if
/ G C then Mtf -> 0. By the uniform boundedness principle, we just need
to prove that the linear span / + C = {/ + g | / G / , # G C } o f the invariant
points and coboundaries is dense in H. We shall prove this by showing that
the orthocomplement C1- of C contains only [/-invariant points.
Suppose that h is orthogonal to all points / of the form f = g — Ug. We
want to show that h is [/-invariant. By assumption we have (g — Ug,h) = 0
for every g G H. In particular, we have (h — Uh, h) = 0. But then, by the
Pythagorean theorem, and using that U is a contraction, we get

=
which implies that h = Uh.

\\Uh\\2H-\\hfH<0,

•

Exercises for Example 2.2
Ex.1. Let A = (a n ) a "block" sequence. This means that A is a union
of intervals of consecutive integers: A = \Jh HZ+, where (Ik) is a sequence
of intervals in M_|_.
Show, using both the Fourier - analytic and the geometric method, that
A is ergodic provided \Ik\ -» oo as k -> oo.
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Ex.2. Let F(t) be a real function satisfying the properties
(i) F(t) < t;
(ii) lim^oo F(t) = oo.
a) Show that there is a strictly increasing sequence A of positive integers
which is ergodic and satisfies

(Hint: use the result of the previous exercise.)
b) Is there is a strictly increasing sequence A of positive integers which
is ergodic and satisfies
*->oo F(t)
Ex.3. Let A = (an) be a strictly increasing sequence of positive integers.
Show that A is ergodic if and only if for each /? G (0,1)

lim - i - V e(a(3) = 0.

Ex.4, a) Let 1 < p < oo. Prove that M*(Z+, /) -> / in Lp norm, where
/ is r-invariant. (The Lp ->> Lp operator T is defined by T/(x) = f(rx).)
b) Can we take p = oo in part a)?
Ex.5. Finish the proof of Proposition 2.3 by identifying lim^oo Mtf as
Pf. With the notation of the geometric proof, this means that you have to
show that, in fact, CL = I. (Hint: In the geometric proof we showed that
C1- £ /. To show that I C C 1 write f el as f = g + h with g e CL and
h e C. Then, since h G / D C, we have h = lim^oo Mth = 0.)

Example 2.5: Randomly generated sequences of positive den-

sity. Here we examine the random sequence considered in Example 1.4. So
let (£2,/?,P) be a probability space, and let 0 < a < 1. Let Yi,l2,... be
an i.i.d. sequence of 0-1 valued random variables with P(Yn = 1) = a and
P(Yn = 0) = 1 - a. For w G i l w e define the sequence of positive integers
A° by letting n e A" if and only if yn(cj) = 1.
We want to show that for almost every u the sequence A" is ergodic.
As in Example 1.4, we want to show that with probability 1 we have, for
every / G L 2 ,
t->oo

where

'

1 \-^
G

n<t
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and

Vtf(x) =

yYl<T^Tnx^

° n<t
Again, we just need to show that for each fixed p > 1, with probability 1
we have, for every / G L 2 ,

Urn \\Qff{x) - Vtf(x)\\L2(x) = 0,

(2.7)

where Ip = {t \ t — pk for some positive integer k}. By the second inequality of Exercise 2.4 we need to prove
lim sup |QSr(/J)-VJ(/?)|=O,

(2.8)

where
n<t

n<t

In Example 1.4 we computed second moments to establish what we wanted
(cf. (1.15)). Here we need to take 4-th moments; we will prove that

i{

^sup

\Q«{(3)-Vt{l3)\4\dP{u)
/
sup \Q?(0) - Vt{f3)\AdP{uj) < oo . (2.9)

= Y\ f

The reason for this complication is that in proving (2.9) we cannot get
by with estimates for a single fixed /? from the dual group as we did in
Example 1.4, because this time the "dual group" — the interval [0,1) —
has infinitely many elements. But it turns out we do not really have to get
estimations for every 0 G [0,1). We will use the fact that Q?(/3) - Vt{(5) is a
trigonometric polynomial of degree [t] and hence cannot change too rapidly.
As a consequence of Bernstein's theorem on the derivative of a trigonometric
polynomial, it is enough to obtain estimates on \Qf(/3) — Vt((3)\ for roughly
t well chosen /3's to get a uniform estimate for every /? G [0,1).
We shall prove the following: there is a constant C (< 100) so that for
every /? and t

j

*

(2.10)

^

Let us see how one can finish the proof, assuming (2.11). Let us denote
St = {0,l/10*,2/10*,...,(l(tt--l)/10*}. By (2.11), we have the estimate

sup | O T ) - Vt{p)\AdP(u) < £ .

0€S t

t

(2.11)

