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This book presents an integrated treatment of the theory of nonnegative matri-
ces, emphasizing connections with the themes of game theory, combinatorics,
inequalities, optimization, and mathematical economics. Some related classes
of positive matrices such as positive semidefinite matrices, M-matrices, P-
matrices, and distance matrices are also discussed, but the main emphasis is on
entrywise nonnegative matrices.

The book begins with the basics of the subject, such as the Perron-Frobenius
Theorem. Only a minimal background in linear algebra is assumed, although
familiarity with linear programming and statistics will be helpful in following
some sections. Each of the later chapters is devoted to an area of applications,
including doubly stochastic matrices (price fixing, scheduling, and the fair di-
vision problem), combinatorial matroids, and economics. These applications
have been carefully chosen both for their elegant mathematical content and for
their accessibility. The treatment is rigorous and almost all results are proved
completely.

About half of the material in the book presents standard topics in a novel
fashion, the remaining portion reports many new results in matrix theory for
the first time in a book form.
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PREFACE

This book is aimed at first year graduate students as well as research work-
ers with a background in linear algebra. The theory of nonnegative matrices is
unfolded in the book using tools from optimization, inequalities and combina-
torics. The topics and applications are carefully chosen to convey the excitement
and variety that nonnegative matrices have to offer. Some of the applications
also illustrate the depth and the mathematical elegance of the theory of nonnega-
tive matrices. The treatment is rigorous and almost all the results are completely
proved. While about half of the material in the book presents many topics in a
novel fashion, the remaining portion reports many new results in matrix theory
for the first time in a book form. Although the only prerequisite is a first course
in linear algebra and advanced calculus, familiarity with linear programming
and statistics will be helpful in appreciating some sections.

To give some examples, the Perron-Frobenius Theorem and many of its
consequences are derived using the theory of matrix games where all rows and
columns are essential for optimal play. The chapter on conditionally positive
definite matrices and distance matrices has several new results appearing for the
first time in a book. A transparent proof of the Alexandroff inequality for mixed
discriminants is presented and a characterization of graphs giving rise to a finite
Coxeter group is given in the chapter on combinatorial theory. The importance
of P-matrices and M-matrices to several areas besides linear economic models
is stressed and many of these results are seen via Game theory.

The application topics include, among other things, areas like game theory,
Markov chains, probabilistic algorithms, numerical analysis, discrete distribu-
tions, categorical data, group theory, matrix scaling and economics. The chapter
on doubly stochastic matrices contains applications to the pricing of houses in
markets with known expectations, the problem of arriving at a fair division
that respects peoples’ individual preferences, scheduling jobs in a preemptive

xi



xii Preface

environment, and assigning people to jobs to minimize total job completion
time. As described in the chapter on matrix scalings, while scaling is a power-
ful tool to speed up convergence, it is also a useful tool to estimate cell entries
of an unknown matrix of the future parametric values from the known entries
of the past. Such a procedure could be used to estimate the size of a population
in a city or the growth of tumor after an operation and to reconstruct an image
based on partial information.

The chapter on topics in economics describes the economic implications of
properties of many special classes of matrices. The Perron-Frobenius Theo-
rem can be used to explain both the Leontief and the Sraffa system. In the
Leontief system, workers slave with fixed consumption and fixed wage to
achieve targeted social output for the future generations. In the Sraffa system,
all are entrepreneurs of identical skill who get equal rate of return. In interna-
tional trade, the famous Hecksher-Ohlin Theorem shows that free trade could
very well be a substitute for immigration. Another application for such matri-
ces occurs in the price stability of an economy where any two goods are gross
substitutes. In such economies, consumers switch from one brand to another if
there is a steep price increase for a particular brand. An increase in price for a
brand at a price equilibrium triggers a price increase for other substitute brands
due to increased demand. However a dynamic price stability for the brand can
be attained, allowing for varying speeds of price adjustments for other brands
that are gross substitutes. It may be noted that these topics and results have
been cited as major contributions to economic theory by P. Samuelson, Sir John
Hicks and B. Ohlin (all Noble prize laureates) by the Noble prize committee.

This book was being written over a period of several years and it has benefitted
from the comments, suggestions, and works of a large number of people. We
only mention here some names that immediately come to mind. At the outset
we wish to acknowledge the influence of the magnificent contributions of John
von Neumann and Issai Schur on our approach to the subject at many places.
We would also like to mention that the short note by Blackwell on minimax and
irreducible matrices and Kaplansky’s notion of completely mixed games have
given the necessary game theoretic armory for many matrix problems.

We gratefully acknowledge comments and corrections, pertaining to various
portions of the manuscript, due to Adi Ben-Israel, Charles Broyden, Gregory M.
Constantine, S. Chandrasekaran, John Copas, M. V. Menon, S. R. Mohan, Dale
Olesky, S. Panchapakesan, Ashok Ramu, Arunava Sen, Debapriya Sengupta,
R. Sridhar, Pauline van den Driessche, and James Weber.

Evangelista Fe, Tamas Solymosi, Murali Srinivasan, Zamir Syed, and Julin
Wu took a course based on the first three chapters from Raghavan and made
helpful remarks. In particular, Fe made several corrections in spelling, grammer
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etc., Solymosi suggested improvements on the section on cooperative games
and assignment problems and corrected some mathematical typos, while Murali
carefully went through some topics on doubly stochastic matrices.

We owe a lot to S. Sankaran who made extensive corrections, particularly in
the usage of syntax and grammar.

Dipankar Dasgupta convinced Raghavan of the Sraffa system as a much
refined application of the Perron-Frobenius Theorem to Economics, whereas
V. K. Chetty spent hours explaining to him the contributions and the depth of
the works of Ricardo and Sraffa’s formulation of the theory of production of
commodities by means of commodities as a clear solution to the problem that
Ricardo attempted to solve without success.

We warmly acknowledge the support given by our family members, Ragini,
Sudeep, Usha, Deepa, Sampath, Santanu, Tara, and Manu, during the course of
writing this book. The theory of Nonnegative matrices is indeed a fascinating
and rewarding area. The Perron-Frobenius Theorem, the central result of the
theory, was formulated at the beginning of the twentieth century and many
significant developments have taken place during the past ninety years. In this
book we have tried to touch upon some of these developments and the choice
of topics clearly reflects our personal interests. We would consider our efforts
amply rewarded even if a single curious and youthful mind is drawn to the
subject and happens to share the same fascination after reading this book.

RBB
TESR



1

Perron-Frobenius theory and
matrix games

The Perron-Frobenius Theorem is central to the theory of nonnegative matri-
ces. An irreducible nonnegative matrix can be viewed as the payoff matrix of
a zero-sum, two-person game with positive value. A matrix game is said to
be completely mixed if no row or column is dispensable for optimal play. In
this chapter we first exploit the properties of completely mixed matrix games
to prove the Perron-Frobenius Theorem. The next few sections deal with cer-
tain related topics such as M-matrices, the structure of reducible nonnega-
tive matrices, primitive matrices, and polyhedral sets with a least element. We
then describe the basic aspects of finite Markov chains. In the final section we
prove the Perron-Frobenius Theorem for operators that leave the Lorentz cone
invariant.

1.1. Irreducible nonnegative matrices

We work with real matrices throughout, unless stated otherwise. Let A = (a;;)
be an m x n matrix. We say that the matrix A is nonnegative and write A > 0,
if a;j > 0 foralli, j. If a;; > Oforall i, j, then the matrix A is called positive
and we write A > 0. For matrices A, B, we say A > B if A — B > 0. Similar
definitions and notation apply for vectors. The Euclidean n-space is denoted by
R". The identity matrix of the appropriate order is denoted by . The transpose
of the matrix A is denoted by AT.

An n x n matrix P is called a permutation matrix of order n if P can be
obtained from the rn x n identity matrix by permuting its rows and columns.
Suppose we permute the rows of a matrix A to get the new matrix B. We can
write the matrix B as B = P A, where P is the permutation matrix obtained by
permuting the rows of the identity matrix, in the same way as B is obtained from
A. Similarly, any column permutation of A corresponds to a matrix C = AP,
where P is a permutation matrix.
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A matrix A of order n x n is said to be reducible, either if A is the 1 x 1 zero
matrix or if n > 2 and there exists a permutation matrix P such that
B 0 ]

T _
PAP _[C D

where B and D are square matrices and O is a zero matrix. The matrix A is
irreducible if it is not reducible.
The following lemma is useful in identifying reducible matrices.

Lemma l.1.1. Let Abeannxnmatrixwithn > 2. Leta;; =0fori € S,j ¢ S
for some nonempty, proper subset S of {1,2, ..., n}. Then A is reducible.

Proof. Let S = {iy, i, ..., i}, where we assume, without loss of generality,
thati) < iy < --- < ip_) < i;.Let S = T be the complement of S consisting
of the ordered set of elements j; < j, < --- < j,—. Consider the permutation
o of {1,2,...,n} given by

0_(1 2 ok k41 k42 - n)
it B2 - ik J1 B2 ek )

Note that o can be represented by the permutation matrix P = (p;;), where
prs = 1 if 0(r) = s. We prove that
B 0
T _
PAP' = [ c D] ,
where B and D are square matrices and O is a k x (n — k) zero matrix. Consider
row ¢« and column B, where 1 <o <kandk+1 < < n.Now

(PAPT)op = ZZPuiaijPﬁj-
i v

It is enough to show that each term in the summation is zero. Suppose p,; =

pgi = 1. Thus o(@) = i and 6(B) = j. Since 1 < o < k, theni €

{i1, i2, ..., i}; similarly, since k+1 < 8 < n,wehave j € {ji, j2 - - - » Ju—k}-
By assumption, for such a pair i, j, we have a;; = 0. That completes the proof.
n

Some important characterizations of irreducible matrices are given in the
next result.

Theorem 1.1.2. Let A > 0 be an n x n matrix. Then the following conditions
are equivalent:
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(1) A isirreducible.

(2) d+A4a)"1>0.

(3) Forany pair (i, j), 1 <1i, j < n, there is a positive integert = t(i, j) <n
such that (A");; = ai(jt.) > 0.

Proof. (1) = (2):Lety > 0, y # O be an arbitrary vector in R". If a coordinate
of y is positive, the same coordinate is positive in y + Ay = (I + A)y as well.
We claim that (I + A)y has fewer zero coordinates than y as long as y has
a zero coordinate. If the claim is not true, then y; = 0 = y; + (Ay); = 0
for any coordinate j.Let J = {j : y; > O}. Forany j ¢ J,r € J, we have
(Ay); = Y papyr = 0 and y, > 0. Thus, aj, = 0. It follows by Lemma
1.1.1 that A is reducible, which is a contradiction and the claim is proved. Thus
(I + A)y has at most n — 2 zero coordinates. Continuing in this manner we
conclude that (I + A)*~'y > 0. We now set y as a column of the identity
matrix, so the corresponding column of (I + A)"~! must be positive. Thus (2)
holds.
(2) = (3): Since (I + A)"~! > 0, A > 0, then A # 0 and we have

n
n—1
A+ A" = AF > 0.
I+ A) > ( L 1) >0
k=1
Thus for any i, j, at least one of the matrices A, AZ, ..., A" has its @i, j)-th
coordinate positive.
(3) = (1): Suppose A is reducible. Then for some permutation matrix P,

B 0 ]

PAPT =
[Cl D,

where B and D are square matrices. Furthermore, PAPT PAPT = PA?PT,
whence for some square matrices By, C, we have

(B, O
PA%PT = X
L C2 Dz]
More generally, for some matrix C, and square matrices B, and D,,
B, ©
PA'PT = |77 .
|C: D

Thus (PA’PT)a,g =0fort = 1,2,... and for any «, B corresponding to an
entry of the zero submatrix in PAPT.
Now

0= (PA’PT)aﬂ = ZZpaka,g)pm fort=1,...,n.
P
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Choose k, I so that p,y = pg = 1. Then a,(c}) = 0 for all ¢, contradicting the
hypothesis and thereby completing the proof. ]

It follows from Theorem 1.1.2 that AT is irreducible whenever A is irre-
ducible.

We will make use of elementary concepts from graph theory without defining
them explicitly. We refer the reader to Lovisz (1979) and Bondy and Murty
(1976) for these concepts.

If A is a nonnegative n x n matrix then we may associate a directed graph
with A as follows: The graph has n vertices, which we denote by 1,2, ..., n.
There is an edge from vertex i to vertex j if and only if a;; is positive. Denote
this graph by G(A). A directed graph is said to be strongly connected if there
is a path from any vertex to any other vertex. (In contrast with the standard
terminology, we will not make any distinction between a walk and a path; thus
a path may have a vertex appearing more than once.) Observe that ai(J’.) > 0if
and only if there is a path of length ¢ from vertex i to vertex j in G(A). It follows
from the equivalence of (1) and (3) in Theorem 1.1.2 that A is irreducible if
and only if G(A) is strongly connected.

1.2, Perron’s Theorem on positive matrices

A set S C R” is said to be convex if for any x,y € S and forany 0 <A <1,
Ax + (1 — A)y € S. The empty set and any set with exactly one element are
convex. Geometrically, a set S is convex if for any pair of points in S, the line
segment joining the pair of points completely lies in S.

Here are some examples of convex sets:

() S1= {1, %2, ., %) 1 20, %7 < 1}
i) $ = {(x1,x2, ..., %) : Z,’ aijxj = bj,i =1,2,...,m}, where a;;, b;
are given real numbers.
i) S3 ={(x1,x2,..., %) : ijj = 1;x; > Ofor all j}.

We may think of a nonnegative » x n matrix A as a linear transformation
with respect to a fixed basis. Notice that if x > Oin R", then Ax > 0. Thus the
set of all nonnegative vectors in R” is mapped into itself by the matrix A. A set
K CR'iscalledaconeifx,yc K=>x+yecKandx € K = Ax € K for
any A > 0. A set K in R" is called a convex cone if it is a convex set and if for
any x € K and A > 0, .x € K. The set of all nonnegative vectors is a convex
cone, and a nonnegative matrix leaves this cone invariant.

The Perron-Frobenius Theorem was originally proved by Perron for posi-
tive matrices. In this section we prove the main aspects of Perron’s Theorem.
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The technique is elementary, except for the fact that we will use Brouwer’s
Fixed Point Theorem, which we now state without proof. For a proof using
combinatorial ideas, see Bondy and Murty (1976).

Theorem 1.2.1 (Brouwer’s Fixed Point Theorem). Let S be anonempty, closed,
bounded, convex set in R". Let f : S — S be a continuous map. Then there
exists an x € S such that f(x) = x.

We now recall some elementary facts about multiplicities of eigenvalues,
which will be needed in subsequent sections. For any square matrix of order n
with real or complex entries, the characteristic polynomial of the matrix can be
written as p(A) = ch=1 (A — A)™, where c¢ is a constant and A1, A, ..., Ag
are distinct. Here m; is called the algebraic multiplicity of the characteristic root
Aisi=1,2,...,k. We call aroot, say Ay, a simple root, if m; = 1. If m; =1,
then £ p(Mlr=y, # 0.Ifmy > 1, then & p(A)[s=, = 0. Thus, a characteristic
root A, is simple if and only if the derivative p’(A;) is nonzero. Another notion
of multiplicity is that of the geometric multiplicity of the characteristic root.
For any characteristic root A, let S, = {u : Au = Au}. Here S, is a vector
space in its own right and A, viewed as a linear transformation, leaves the
subspace invariant. The dimension of S, is called the geometric multiplicity of
the characteristic root A. In general the two multiplicities need not be the same.
For example, the matrix

0 00
1 00
02 0

has p(A) = |A—AI| = —A3, where |- | denotes determinant. Thus, 0 is a root of
A with algebraic multiplicity 3. However, the only characteristic vector for the
characteristic root 0 is (0, 0, 1), up to a scalar multiple. Hence the geometric
multiplicity of A is 1. In general the algebraic multiplicity is not less than the
geometric multiplicity. The following argument can be made precise to show
this claim. Fix an eigenvalue A¢, and think of A as a linear transformation on
the vector space Sy, into itself. This restriction of A to S, can be thought of
as another linear transformation Ay with [Ag — AI] = (A — A¢)™, where m is
the dimension of §,,. Clearly, we have m < m,, where m,, is the algebraic
multiplicity of Ao as an eigenvalue of A.

Theorem 1.2.2 (Perron’s Theorem). Let A > 0 be an n X n matrix. Then

(i) Ay = Aoy for some Ao > 0,y > 0.
(ii) The eigenvalue Ao is maximal in modulus among all the eigenvalues of A.
That is, for any eigenvalue p of A, |p] < Ao.
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(iii) The eigenvalue )\ is geometrically simple. That is, any two eigenvectors
corresponding to A are linearly dependent.

(iv) Any positive eigenvector of A (corresponding to any eigenvalue) is a scalar
multiple of y.

Proof. Let

S = {(xl,xz,...,x,,)T : in = 1and x; zOforalli}.
i

Define the map f : S — S as follows:

-1
f@) = {Z(Ax»} Ax.

Here (Ax); is the i-th coordinate of Ax. If x € § then, because A > 0, the
vector Ax is nonzero and the map f is well defined. It is easily checked that f is
continuous and maps S into S. By Brouwer’s Fixed Point Theorem, f(y) =y
for some y € S. Thus

-1
{Z(Ay)i} Ay =y.

If we set . (Ay); = Ag, then Ay > 0 and Ay = Agy. Since A > 0, it follows
that y > 0. Hence (i) is proved.

If we apply (i) to AT, then we conclude that ATz = A,z for some A; >0,
z > 0. Now

amyTz=y"ATz =20y 2,
and since yTz > 0, wehave Ay = A;. Thus ATz = Agz. This fact will be used in
the rest of the proof. Let Au = pu for some real or complex eigenvalue w. Let
ut be defined by ut = (juy|, |ual, ..., lus])T, where u = (uy, uy, ..., u,)".
Without loss of generality, let u™ be a probability vector. We have

Zaij|uj| > Zaijuj
J J

Thus Aut > |u|u*. Premultiply this last inequality by z7 to conclude that
[u} < Xo. This completes the proof of (ii).

We now prove (iii). Suppose Av = Agv for some real, nonzero vector v. We
must show that v is a scalar multiple of y. If v and y are linearly independent,
then there exists a real number « such that y — av is a nonnegative, nonzero
vector with at least one zero coordinate. Since

= [uu;| = ||l

A(y —av) = Ao(y — av),
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¥y — av is an eigenvector of A. However, since A > 0, any nonnegative eigen-
vector of A must in fact be positive and we get a contradiction. Thus v is a
scalar multiple of y. By considering the real and the imaginary parts separately,
we can show that any complex eigenvector of A corresponding to A is a scalar
multiple of y.

To prove (iv), suppose Au = pu for u > 0. We have uz’u = 7T Au =
XozTu. Since z"u > 0, we have ;. = Ag. The result now follows by (iii). =

1.3. Completely mixed games

The theory of games is concerned with problems of conflict. The simplest
form of such games are the so-called matrix games played as follows: Players
I and II secretly choose a column j and a row i, respectively, of a matrix
A = (a;;),1 i <m,1 £ j < n. Their choices are revealed to a referee
who then calls Player II to pay Player I the amount a;;. If a;; < 0, it is an
income to Player II from Player I. (We have slightly deviated from the standard
conventions of matrix games in which the rows are usually chosen by Player I.)

Example 1.1. Player 1 shows 1, 2, or 3 fingers, and simultaneously Player II
shows 1 or 2 fingers. The payoff to I from II is the total number of fingers shown
by both. The matrix of this game is

I'sactions= 1f 2f 3f

R . _1f 2 3 4
II’s actions _2f <3 4 5 )

Obviously, if they play the game several times, Player I will show 3 fingers and
Player II will show 1 finger every time.

Example 1.2. The game is the same as above but the payoff to Player I is 1
if the total number of fingers shown is odd and -1 if the number is even. The

payoff matrix is
-1 1 -1
=0 a0

In repeated play it is not good for Player II to always show 1 finger, for in that
case, Player I will show 2 fingers every time and collect 1 unit from IL. Similarly,
it is not desirable for I to always show the same number of fingers. It is clear,
however, that for Player I showing 1 finger is the same as showing 3 fingers
against any choice of the opponent and Player I might as well not bother about
showing 3 fingers. Suppose Player I shows 1 or 2 fingers based on the outcome



8 1 Perron-Frobenius theory and matrix games

of the toss of a fair coin. If Player II chooses 1 finger, then I loses 1 unit half
the time and gains 1 unit half the time. Irrespective of the choice of Player II,
the average gain for I is zero. Similarly, Player II's loss on the average is zero
if he also uses a fair coin to show 1 or 2 fingers. Thus, tossing a coin to select
1 or 2 fingers is a good strategy for both Players.

Example 1.3. The game is the same as above. We have the following modified
payoff to Player I: Player I receives from Player II the total of the number of
fingers shown if the total is odd; otherwise he pays Player II the total of the
number of fingers shown. The payoff matrix to Player I is

—2 3 —4
N

Suppose, as in the previous example, Player I tosses a fair coin and decides
to show 1 or 2 fingers depending on the outcome. By showing 1 finger all the
time, Player I can gain on the average at most half a unit. Player II can do better.
Suppose he shows 1 finger with chance 7/12 and 2 fingers with chance 5/12.
The average gain to Player I would be 1/12 if he shows 1 or 2 fingers and
—3/12 if he shows 3 fingers. Thus, Player II loses no more than 1/12 on the
average—no matter what Player I does. This is certainly better than tossing a
coin. However, it is not clear whether Player II can do better than this. From the
point of view of Player I, the strategy that selects 1 finger with chance 7/12 and 2
fingers with chance 5/12 guarantees, on the average, 1/12 to player I, no matter
how many fingers Player II shows. Therefore, we say that the mixed strategy
(7/12, 5/12) is optimal for Player II and the mixed strategy (7/12,5/12, 0) is
optimal for Player 1. Further, we say that the value of the game is 1/12.

Example 1.4. The following dialogue takes place between a teacher and a
student:

Student: Professor, will you give us a take home final for the Game Theory
course?

Teacher: I don’t believe in them.

Student: I am nervous in the regular exam. I get only Cs in those exams.

However, I can do much better with a take home.

Teacher: I know.

Student: I heard that you always recycle old questions!

Teacher: I would not contradict that. In fact, for the final exam, I have pho-
tocopied one among the ten questions that are on my desk.

Student: Can I pick up all of them to try at home?

Teacher: No, not really. I can let you pick up only one of them.
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Student: I appreciate your help. I am curious. What do you expect from me
if I take one of these questions home?

Teacher: It depends. If you pick up question i, and if it also happens to be
the final exam question, you could probably score ¢; > 0; otherwise you
can hope for your usual score c.

How shall we compute the expected score for this pessimistic student? With-
out loss of generality, let g; > g2 > --- > g0 > ¢ > 0. The student keen on
maximizing his average score and ensuring a score ¢ on any exam, can use the
following payoff matrix for the game between him and the teacher:

1 2 10
1 qr—c¢ 0 0
2 0 g —c - 0
10 0 0 0 qu-—c

If x; is the chance for the i-th question to be selected by the student, then the
expected score for the student is at least min;(g; — ¢)x;. Temporarily pretend-
ing (q; — ¢)x; = v for all i, we get x; = v/(g; — ¢). Summing x;, we get
v =1/%,1/(gi — c). The same strategy is seen to also work for the sadistic
teacher.

The existence of such optimal strategies and value is not just a coincidence
in these examples. We have the following celebrated theorem of von Neumann.
For a proof, see, for example, Parthasarathy and Raghavan (1971).

Theorem 1.3.1 (Minimax Theorem). Let A = (a;;) be an m x n payoff matrix.
Then there exists a unique constant v (called the value) and mixed strategies
X = (X1,%2, ..., %) for Player Hand y = (y1, y2, ..., y)! for Player I such
that

Ea,'jyjzv, i=12,....,m, EaijxiSv, j=12,...,n.
i

7

(1.3.1)
(Here x; > Oforalliand } ;x; =1, y; > Oforall jandy_;y; = 1.) The
strategy x is called an optimal strategy for Player II. The strategy y is called
an optimal strategy for Player L.

A player not knowing the exact choice of his opponent must be ready to take
care of himself under every possible course of action by the opponent. The first
of these inequalities expresses the fact that when Player I chooses column j in
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the payoff matrix with chance y;, then for any choice i by Player II, the expected
income > j aijyj toPlayerlisatleastv. Similarly, Player II, though not knowing
the actual choice of Player I, can safeguard his expected losses by choosing
action i (row i) with chance x;. The expected loss of Player II when Player 1
chooses column j is 3, a;;x;. The second inequality says that it is at most v.

A mixed strategy x for Player II is called completely mixed if x > 0, that
is, if all the rows of the payoff matrix are chosen with positive probability. A
completely mixed strategy for Player I is defined similarly. A matrix game is
called completely mixed if every optimal mixed strategy x for Player IT and y
for Player I are completely mixed.

Before we state the next result we recall the following facts on systems of
equations. Let A be areal m x n matrix. The null space {x : Ax = 0} is a vector
space with dimension n — r, where r is the rank of A. The dimension of the
range space {Aw : w € R"} is r. We can choose a basis for the null space with
n — r elements. Thus, we have Aw® = Aw® = ... = Aw®™ " = 0, where
w®, w?, ... w* " are linearly independent.

If u, v are vectors in R", then we denote their inner product by (u, v). We
denote by 1 the column vector of appropriate size with each entry equal to 1.

Theorem 1.3.2. Let v be the value of the matrix game A. Let some optimal
strategy of Player Il be completely mixed. Then, for any optimal strategy y of
Player I, Ay = vl.

Proof. If x and y are optimal strategies for Player II and Player I respectively,
then it follows from (1.3.1) that x” Ay = v. Now suppose x is completely
mixed. We have

0= (x, Ay) — v = (x, Ay — v]l). (1.3.2)

Letu; = (Ay—vl); = > j @ijy;j — v. Since y is an optimal strategy for Player
Lu = Zj a;jy; — v = 0. From (1.3.2) we have ), x;u; = 0. Since x; > 0
for all i, u; = 0. That completes the proof. ]

Theorem 1.3.3. Let the value of the m x n matrix game A = (a;;) be zero
and suppose that every optimal strategy for Player Il is completely mixed. Then
m—1 < rankA < n—1.IfrankA = m — 1, then the optimal strategy for
Player 11 is unique.

Proof. By Theorem 1.3.2 we have Ay = O for any optimal strategy y of Player
I. Since y # 0,rank A < n — 1. Incase rank A < m — 2 there exist at least two
linearly independent solutions to ATu = 0. We can assume that one of them
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is independent of an optimal strategy x of Player II. Let 7 be such a solution.
Without loss of generality, either >, m; =0or ), m; = 1.

Case (i): Y m; =0.

Since 7 % O and > 7; = 0, then 7; > O for some ;. Let 0% = max,-(%) > 0.
The vector x — 6 (= 0) has at least one of its coordinates equal to zero. (It
is that coordinate i for which the above maximum is attained.) Further, since
S~ @ = 0, x — O is a probability vector. Also, we have AT (x —0m) = ATx <
0. This shows that the vector x —8 is optimal for Player 11, but is not completely
mixed. This is a contradiction to our assumption. Thus rank A > m — 1.

Case (ii): Y m; = 1.

Let x > 0 be any optimal strategy for Player II. Consider the vector z =
(14 68)x — 6x. For 6 > 0 and sufficiently small, the vector z is positive. If 6
is chosen such that 13_9 = max; %L, then z is a nonnegative vector with at least
one zero coordinate. Since > 7; = 1, z is a probability vector. Furthermore,
ATz =(1+4+6)ATx—0ATn = (1+60)ATx < 0. Thus, z is an optimal strategy
for Player II that is not completely mixed. This contradicts our assumption and
therefore rank A > m — 1.

Lastly, let rank A = m — 1. This means that the equation A”7 = 0 has
precisely one solution up to a scalar multiple. Suppose Player II has two distinct
optimal strategies. They are necessarily linearly independent, and one of them
will be linearly independent of . We can repeat the above proof verbatim
with = and the chosen optimal strategy of Player II, which is independent of
7. As proved above, we can again contradict our assumption that the optimal
strategies of Player II are completely mixed. Hence, when rank A = m — 1,
Player II has a unique optimal strategy. a

We now wish to obtain an important characterization of completely mixed
games due to Kaplansky (1945). We first prove some preliminary results.

Theorem 1.3.4. Let A be an m X n payoff matrix. If m > n, then Player Il can
optimally skip a row. If m < n, then Player I can optimally skip a column.

Proof. 1f v is the value of the matrix game A = (a;;), then the matrix B =
(aij — v) has value zero and the optimal strategies of the players remain un-
changed. Therefore, we may assume that v = 0. Let m > n. If every optimal
strategy of Player Il is completely mixed, then by Theorem 1.3.3,m—1 < n—1.
Because this contradicts our assumption there should be an optimal strategy that
selects a row with zero probability (that is, it skips a row). A similar argument
can be given when m < n. n
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Theorem 1.3.5. Let A be an n x n payoff matrix. If the game is not completely
mixed, then both players have optimal strategies that are not completely mixed.

Proof. We again assume, without loss of generality, that v = 0. Contrary to the
assertion, let us suppose that every optimal strategy of Player II is completely
mixed. By Theorem 1.3.3 the optimal strategy is unique for Player II. since
the game is not completely mixed, Player I has an optimal strategy that is not
completely mixed. Let y be such a strategy with, say, y; = 0. By Theorem
1.3.2, Ay = 0. Also, because A is singula;,

Za,-jAkj =0, i=12,...,nforeachfixedk,
J
where A;; denotes the cofactor of a;;. By Theorem 1.3.3, the rank of Aisn — 1.
Therefore,

(Ar, A2 oo Are) = (01, Y2, -+ 04 V)

for some oy, and Ay = ary; = O, for each k. Thus, Aj; = Ay = - =
A,1 =0 and, therefore,

a2 4 - A
An2 Anp3 - Qup
has rank < n — 2. Then the system of equations Y , a;ju; =0, j =2,...,n

has at least two linearly independent solutions. The optimal strategy x for
Player II comprises one solution; the other solution, call it 7, necessarily sat-
isfies Y _; aiym; # 0, for otherwise Y, a;ju; =0, j = 1,2, ..., n will have x
and 7 as two linearly independent solutions, which contradicts rank A = n — 1.
As in Theorem 1.3.3 we can assume >, w; =0Qory_,m; = 1.

Case (i): 3, anm >0,y _,m; =0.
As in the proof of Theorem 1.3.3 we can choose A > 0 such that the vector

72=1(21,22,....22) withz; = x; — Am;, i = 1,2, ..., n satisfies z; > O for
all i, and z;, = O for some iy. However, Y ; a;jz; = >, aijxi — A Y_; a7 =
—)"Zi aijT; for all j FOI'j = 1, Zia“zi = —Aziailm <0 and, by

assumption, Y ; a;;z; = —A y_, a;m; =0forj =2,3,...,n.Also,> z; = 1.
Thus, z is optimal for Player II with z;, = 0. This contradicts our assumption
on the optimal strategies of Player II.

Case (ii): Y ; anm; <0, ;7 =0.
The vector (z1, 22, ..., zs). Withz; = x; + Am;, i = 1,2, ..., n can be used
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to contradict our assumption on the optimal strategies of Player II.

Case (iii): Y ;aiim; > 0, m = 1.

The vector z = (21, 22, . . ., Zu)T with z; = (1 + A)x; — Am; for suitable A > 0
can be used to contradict our assumption on the optimal strategies of Player 11
as in case (7).

Case (iv): > ;ainm; <0, m = 1.

Usez; =(1—-A)x;+Am;, i = 1,2, ..., n. The proof is similar to the previous
cases. Thus, in all cases there is a strategy for Player II that is not completely
mixed, and the proof is complete. [ |

Theorem 1.3.6. An m x n matrix game with value zero is completely mixed if
and only if

(i) m = n and the rank of the matrix isn — 1.
(ii) All cofactors are different from zero and are of the same sign.
(iii) The optimal strategies are unique for the two players.

Proof. (Necessity). By Theorem 1.3.4 and Theorem 1.3.5 we observe that con-
dition (i) is necessary. Furthermore, since both players have unique completely
mixed optimal strategies, (iii) also follows. Now j Gij Ay =0,i=12,..,n
and (Ag1, Ak, - - - s Akn) = a2 (Y1, Y2, - - - » yn) for the unique optimal y of Player
I for some «. Since the y;s are positive, the vector (A1, Ag, . . ., Agy) is either
positive or negative or zero. By using the unique completely mixed strategy of
Player Il we have a similar assertion for (A1, Azj, ..., Ap;) forany j. Thusall
the cofactors A;; are positive or negative or zero. Since the rank of the matrix is
n — 1, some cofactor A;; is nonzero and the matrix C = (A;;) is either positive
or negative.

(Sufficiency). Conversely, let the matrix A be square with rank » — 1 and
with all cofactors A;; of the same sign. Let é =3 j Arj. Observe that y =
a(Ayg, Ap, ..., Ayy) is a mixed strategy and that

Zaij}’j =0‘ZaijA1j =0, i=12,...,n.
J J

Thus y is optimal for Player I.
Similarly, for % =Y, A1, the vectorx = B(Aq1, Azp, - .., Ayr)T isamixed
strategy and

Zaijxi=ﬁ2aiinj=0, i=1,2,...,n.

4

Hence, x and y are optimal strategies for Players II and I, respectively. From
Theorem 1.3.2 any optimal strategy u of Player I will satisfy > jaiju; = 0.



14 1 Perron-Frobenius theory and matrix games

Because the rank of A is n — 1, u = y and the optimal strategy for Player I is
unique. Similarly, the optimal strategy for Player II is unique. Thus, the optimal
strategies are completely mixed and, by Theorem 1.3.5, the game is completely
mixed. That completes the proof. ]

A determinantal formula for the value of a completely mixed game is given
in the next result.

Theorem 1.3.7. Let A be a square matrix such that the game A is completely
mixed. Then Zi, j A;j is nonzero and the value v of A is given by

,_ Al
Zi,j Ajj

Proof. If v = 0, Theorem 1.3.2 shows that Ay = 0 and |A| = 0. Furthermore,
by Theorem 1.3.6, Zi‘ j A;; is nonzero. This proves the theorem for v = 0. If,
however, v # 0, then A must be nonsingular, for otherwise there would exist
7 # 0 with Amr = 0. From Theorem 1.3.2 we get Ay = v1, which is nonzero
for the optimal y of Player I. Obviously, = and y are independent. We can use
them as in Theorem 1.3.3 to contradict the fact that the game is completely
mixed. Thus A cannot be singular. Now, Ay = v1 gives

(adj A)1
lA] -
[Here (adj A) is the transpose of the matrix C = (A;;).] Thus,

1 _ Vi > Aij

y=AlAy=vA1=v

v v |A]
This completes the proof of the theorem. ]

Theorem 1.3.8. Let A be an n X n payoff matrix that is not completely mixed.
Then the value v of the game satisfies the equation
vV = min max v;; = max min v;;,
i j J i
where v;; is the value of the (n — 1) x (n — 1) game obtained by deleting the
i-th row and the j-th column in A.

Proof. Let A j be the payoff matrix obtained from A by deleting column j
with value v ;. Since the square matrix A is not completely mixed, by Theorem
1.3.5, both players can skip one of their choices (row or column) optimally.
Thus, v = max(vj,vy,...,v,). (Player I will skip the column in such a
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way that the value is not reduced by playing the subgame.) Similarly, if A;
is the matrix obtained from A by deleting row i and with value v;, we have
v=min(vy, vz, ..., vp.). Let v;; be the value of the matrix game A(, j) ob-
tained from A by deleting row i and column j. Since A ; is a payoff with more
rows than columns, by Theorem 1.3.4, Player I can skip a row and play op-
timally. Therefore, v; = min; v;;, which shows that v = max; v; = max;
min; v;;. Similarly, we have v = min; v; = min; max; v;;, and the proof is
complete. [ ]

In a seminal paper Kaplansky (1945) first introduced the notion of completely
mixed strategies. The theorems in this section are essentially from this paper.

1.4. The Perron-Frobenius theorem

The results on completely mixed matrix games proved in the previous section
will now be used to establish the Perron-Frobenius Theorem on nonnegative
matrices. The next result provides the crucial link for such a proof. For each
real A, let v(X) be the value of the matrix game with payoff A — Al.

Theorem 1.4.1. Let A be an n X n payoff matrix. Then

(i) v(A) > £oo as A — Foo.
(ii) v(A) is nonincreasing in A.
(iii) v()) is Lipschitz continuous.

Proof. (i) Let Player 1I choose all rows with equal chance 1/n. Then Player 1
can expect on the average at most max % >, aij —(A/n) for the payoff A—Al.
Thus, no matter what Player I does, we have

1 A
v(A) < max — ii—— —> —00 asai — oo.
@) = j nIZaU n

(i) Since A — Al > A — pl when A < p, Player I gains as much by playing
A — Al as by playing A — pI. Thus v(A) > v(u) and v(A) is nonincreasing
inA.

(iii) Let x° and y° be optimal strategies for Player II and Player Iin A — A[.
Let x*, y* be optimal strategies for Player Il and Iin A — /. We have for the
inner product

(x*, (A = ADy°) = v(}) 141
and

(A= uDTx* y°) = (x*, (A — uDy°) < v(). (14.2)
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Using (1.4.1) and (1.4.2) we get

v(A) —v(p) < (x* (A —ADY®) — (x*, (A — ul)y°)
< (u =", y°)
<lu—2l,
since (x*, y°) <), x¥>"; yo = 1. Similarly,
=l = A = = w)x°, ¥y S ) —v(w)
and therefore

) —v()| < A — pl.

Thus v is Lipschitz continuous. [ |

Lemma 1.4.2. Let A > 0 be an irreducible matrix of order n. Then there exists
Ao > O with v(hy) = 0.

Proof. Suppose v(0) = value (A) < 0. Thus, for some optimal x of Player II,
ATx < 0. Since A > 0 we have ATx = 0.If x, > 0 for some coordinate p
of x, thena,; = Ofor j = 1,2,..., n. Permuting the first row with the p-th
row and the first column with the p-th column we find that the matrix A can be
reduced to the form

B 0

c o)

where B, D are square matrices of order 1 and n — 1, respectively. This con-
tradicts the irreducibility of A. By Theorem 1.4.1, v(A) - —oc0oas A — oo
and v(A) is Lipschitz continuous. Since v(0) > 0 we have v(Ag) = O for some
Ag > 0. |

Lemma 1.4.3. Let A > 0 be irreducible. Let 1y be defined as in Lemma 1.4.2.
Then the matrix game A — Ayl is completely mixed.

Proof. By Theorem 1.3.5 it is enough to prove that every optimal strategy of
Player II in the game A — Ayl is completely mixed. Suppose to the contrary
that x is an optimal strategy of Player II with x, = 0 (i.e., row p is skipped
optimally by Player IT). We have (A — Ao)Tx < 0. This gives ATx < Aox.
Since A > 0, (AT)¥x < Afx forallk = 1,2, ..., n. In particular, 3, afyx; <
Agxp = 0. However, at least some x, > 0 and therefore al¥) = 0 for all k.
This contradicts the irreducibility of A by Theorem 1.1.2 and completes the

proof. [
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We are now ready to prove the Perron-Frobenius Theorem.

Theorem 1.4.4 (Perron-Frobenius Theorem). Let A > 0 be an n X n irre-
ducible matrix. Then

(i) Ay = Aoy for some g > 0,y > 0.
(ii) The eigenvalue Ly is geometrically simple.
(iii) The eigenvalue Ay is maximal in modulus among all the eigenvalues of A.
That is, for any eigenvalue | of A, || < Ag.
(iv) The only nonnegative, nonzero eigenvectors of A are just the positive scalar
multiples of y.
(v) The eigenvalue )\ is algebraically simple.
(vi) Let Ao, M1, ..., Ag—1) be the distinct eigenvalues of A with |A;| = ko, i =
1,2,...,k — 1. Then they are precisely the solutions of the equation
M-k =0

Proof. Let Ay be defined as in Lemma 1.4.2. Then v(i¢) = O and, by Lemma
1.4.3, the game A — Ao/ is completely mixed. If y is an optimal strategy for
Player I and x is an optimal strategy for Player II, we know that (A —~XoI)y = 0.
This proves (i). We know from Theorem 1.3.6 that rank (A — Aol) = n — 1.
Thus, any solution u to (A — Ag/)u = O is a scalar multiple of y, which gives
(ii).

Let Au = pu for some real or complex eigenvalue . Recall that u™ is
defined as

T
u+ = (lull’ |u2|a e |unD s

where u = (uj, us, ..., u,)’. Without loss of generality, let u™ be a probability
vector. Now, for A = (a;;) > 0, we have

Zaijluj! > Zaijuj
J J
Thus Aut > |u|ut and (A — |u|DDu* > 0, showing that v(|u]) > 0. In the
case where |i| > Ao, we can use the completely mixed optimal strategy x of
Player Ilin A — 40! to get

(A—pIDTx = (A= 2DTx + (Ao = [kl)x =0+ (Ao — |D)x <O,

which contradicts v(||) > 0. Thus |p| < Aq.

Let Aw = aw, where w > 0. We know AT x = Ax for the optimal strategy
x of Player IT in A — A¢l. We also have x > 0. Thus a(w, x}) = (ew,x) =
(Aw, x) = (w, ATx) = (w, Aox) = Ag(w, x). Since (w, x) > 0, @ = Ag and,
from (ii), w is a scalar multiple of y. This proves (iv). [

= |pui| = |plluil.
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Before proving (v) we recall the following:

Lemma 1.4.5. Let C(A) = A — Al. Let C;j () be the cofactor of the (i, j)-th
entry in C()). Then

d
It = —zijcii(x).

Proof. For any continuously differentiable function F = F(uy, uy, ..., ) in
(uy, ..., un) we have, by the chain rule,
oF
dF = Wd u j

If the u’j are functions of a real parameter ¢, then
dF OF du;
dr ; du; dr
Applying this formula to F = |C| = F(cu, C12, -+« » Cun) We get

dF = ZZ . dc,,,

where ¢;; = ¢;;(1). Thus,

d 0 d

~—|CQ)| = — —cij(A).

lcw) Z;acv('c')dﬂ"
Since |C} = 3 ; ¢;;Ci; we have

EICI C;; foralli, j.

Therefore,
d
I = Z Z Cij (x) ~cij(4).
However, ¢;; (1) = a;; — Ad;; (where 6,~ ; denotes the Kronecker §) and
d
3 Cii W =
Thus ZICW| = —~3; Cu(h).
Now continuing with our proof of Theorem 1.4.4, for the characteristic poly-
nomial p(A) = |A — AT|,

d d
P00 = T PRz = = Z Cii(Ao).
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Because the game A — A/ is completely mixed with value zero, by Theorem
1.3.6, all cofactors C;; (Ag) are different from zero and are of the same sign. Thus
% p(Xo) # 0 and, therefore, Ag is a simple root of the characteristic polynomial
p(A). This proves (v). [ ]

Before we prove the last assertion of Theorem 1.4.4 we need the following
lemma.

Lemma 1.4.6. Let x = (x1, X2, . .., X,) be a vector with complex coordinates
such that | >, x;l = >_; |xi|. Then x; = 6|x;|, i = 1,2, ..., n for some com-
plex number @ with |6] = 1.

Proof. The proof is easily seen by induction on n, and we verify only the case
n = 2. Let x; and x; be two complex numbers. If |x1 + x3| = |x;| + |x2|
and |x; + x| =0, then in that case x; =x, =0 and the lemma follows. Let
x1 + x5 # 0. We can represent xy, x3, x] + x; by points P, O, R in the complex
plane. Our hypothesis says that |OP| +|0Q| = |OR|, where |OP)|, for example,
denotes the length of the line segment OP with O as the point O of the complex
plane. Thus O, P, O, and R lie on the same line and, therefore,

_ X1 _ X2 _ X1 +X2
il w2l x ol
This is the same as saying x; = 0|x;|, i = 1,2, where § = 2+ ]

[x1+x2]*

The last assertion in Theorem 1.4.4 does not appear to be based on game
theoretic ideas. We first prove the last assertion for the special case Ay = 1,
from which the general case easily follows. The first step in this direction is the
following:

Lemma 1.4.7. Let A > 0 be an n X n irreducible matrix with the maximal
eigenvalue (in modulus) .o = 1. Then the set of eigenvalues of absolute value
unity form a group under multiplication.

Proof. Let A and n be two eigenvalues (not necessarily distinct) of A with
A} = ||l = 1. Let Au = Au and Av = uv. As before, let ut denote the
vector ut = (luy}, |uzl, ..., a7, where u = (uy, uz, . . ., uy). Without loss
of generality, we can assume that u* and v™ are probability vectors. We have

E aijuj=lui, i=1,2,...,n.
j
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Taking absolute values on both sides of the above equation, we get

E (l,'juj
J

lwi| = 1A ui] = |Aui| =

fZaiqujI, i=12,...,n.
J
(14.3)

We thus have (A —Iut > 0. Since Ao = 1, the game A — I is completely mixed
with value zero by Lemma 1.4.3, and so (A — Iu* = 0. That is, Au™ = u*
and, similarly, Av* = v*. From (1.4.3) we see that

> ailul =\ > aiu;
j J

Applying Lemma 1.4.6 n times we see that, for some 6;, ir; of absolute value
unity,

, i=12,...,n.

aijUj =0,~a,-j|uj|, ajvj =7'r,-a,'j|vj| for all i, ] (144)
However, the probability vector u* is the unique eigenvector for the maximal

eigenvalue 1 and, therefore, ut = v+. Now consider the vector (r1u,, . . . , Talt,).
We show that it is an eigenvector. We have

Zaii”f“j = Zaij“ﬂfj
J J
=Y m;fa;lu;| [from (1.4.4)]
j
= aneia,-jlvjl (since IujI B Ivjl)
J
= 6; anaij (Zajklvkl) (since Avt =)
j k
= aizaij (Zﬂjajklm)
j %
=60, aj (Za,-kvk> [from (1.4.4))]
j 3

= b Zaijuvj (since Av = uv)
J
= u@iZa,-jvj
J

= u6; > _maijlv;| [from 1.4.4]
J
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= pub; Zﬂ'iaijlujl (since ut = v")
J
= um; Y Oia;luj|
j

= um »_ayu; [from (14.4)]
j
= [.LA]T,'M,‘.

Thus (miuy, ..., Tu,)T is an eigenvector for the eigenvalue pA. This shows
that the set of eigenvalues of absolute value uriity is closed under multiplication.
Since there are only a finite number of distinct eigenvalues, we have, for any
arbitrary eigenvalue A of absolute value unity, that A, A2, . .., A/ are eigenvalues
and A* = A! for some s > [. In particular, * ! = 1. If s — I = 1, then A = 1
is the only eigenvalue of absolute value unity. If s ~ 7 > 1, then A7~ is
also an eigenvalue of A and, further, since A*7*~! = A~1, the multiplicative
inverse of A, the set of eigenvalues of absolute value unity form a group under
multiplication. ]

The proof of Lemma 1.4.7 is based on Karlin (1959), who attributes it to
Bohnenblust. Rota (1961) extended the technique to positive operators on L
and L, spaces.

We recall the following property of finite groups:

Lemma 1.4.8. Let id denote the identity element of a finite group G with N
elements. Let x # id be any arbitrary element of G with x* # idfor1 <k < h
and x* = id. Then h divides N.

Proof. This is essentially Lagrange’s Theorem. [See, Herstein (1964), p. 35.]
|

Now, continuing with our proof of Theorem 1.4.4, by a direct application of
Lemmas 1.4.7 and 1.4.8, A* — 1 = 0 has Ag, A1, A2, . .. , A1) as the solution
set. The proof for the general case in assertion (vi) of Theorem 1.4.4 follows
by considering the matrix ,TIOA- This completes the proof of Theorem 1.4.4.

We refer to Ay as the Perron eigenvalue (or the Perron root) and to y as a
(right) Perron eigenvector of A. A left Perron eigenvector of A is simply a right
Perron eigenvector of AT .

We will often refer to basic concepts from the theory of linear programming
[see, for example, Gale (1960), Chvital (1983)] and, in particular, the Duality



