A First Course in :
Mathematical Analysis

David Brannan

CAMBRIDGE


http://www.cambridge.org/9780521864398

This page intentionally left blank



A First Course in Mathematical Analysis

Mathematical Analysis (often called Advanced Calculus) is generally found by students
to be one of their hardest courses in Mathematics. This text uses the so-called sequential
approach to continuity, differentiability and integration to make it easier to understand
the subject.

Topics that are generally glossed over in the standard Calculus courses are given
careful study here. For example, what exactly is a ‘continuous’ function? And how
exactly can one give a careful definition of ‘integral’? This latter is often one of the
mysterious points in a Calculus course — and it is quite tricky to give a rigorous
treatment of integration!

The text has a large number of diagrams and helpful margin notes, and uses many
graded examples and exercises, often with complete solutions, to guide students
through the tricky points. It is suitable for self study or use in parallel with a standard
university course on the subject.
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Preface

Analysis is a central topic in Mathematics, many of whose branches use
key analytic tools. Analysis also has important applications in Applied
Mathematics, Physics and Engineering, where a good appreciation of the
underlying ideas of Analysis is necessary for a modern graduate.

Changes in the school curriculum over the last few decades have resulted
in many students finding Analysis very difficult. The author believes that
Analysis nowadays has an unjustified reputation for being hard, caused by
the traditional university approach of providing students with a highly polished
exposition in lectures and associated textbooks that make it impossible for
the average learner to grasp the core ideas. Many students end up agreeing with
the German poet and philosopher Goethe who wrote that ‘Mathematicians are
like Frenchmen: whatever you say to them, they translate into their own
language, and forthwith it is something entirely different!’

Since 1971, the Open University in United Kingdom has taught Mathematics
to students in their own homes via specially written correspondence texts, and
has traditionally given Analysis a central position in its curriculum. Its philo-
sophy is to provide clear and complete explanations of topics, and to teach these
in a way that students can understand without much external help. As a result,
students should be able to learn, and to enjoy learning, the key concepts of the
subject in an uncluttered way. This book arises from correspondence texts for
its course Introduction to Pure Mathematics, that has now been studied suc-
cessfully by over ten thousand students.

This book is therefore different from most Mathematics textbooks! It adopts
a student-friendly approach, being designed for study by a student on their own
OR in parallel with a course that uses as set text either this text or another text.
But this is the text that the student is likely to use to learn the subject from. The
author hopes that readers will gain enormous pleasure from the subject’s
beauty and that this will encourage them to undertake further study of
Mathematics!

Once a student has grasped the principal notions of limit and continuous
Sfunction in terms of inequalities involving the three symbols ¢, X and 6, they
will quickly understand the unity of areas of Analysis such as limits, continu-
ity, differentiability and integrability. Then they will thoroughly enjoy the
beauty of some of the arguments used to prove key theorems — whether their
proofs are short or long.

Calculus is the initial study of limits, continuity, differentiation and integra-
tion, where functions are assumed to be well-behaved. Thus all functions
continuous on an interval are assumed to be differentiable at most points in
the interval, and so on. However, Mathematics is not that simple! For example,
there exist functions that are continuous everywhere on R, but differentiable

Johann Wolfgang von Goethe
(1749-1832) is said to have

studied all areas of science of
his day except mathematics —
for which he had no aptitude.
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nowhere on R; this discovery by Karl Weierstrass in 1872 caused a sensation in
the mathematical community. In Analysis (sometimes called Advanced
Calculus) we make no assumptions about the behaviour of functions — and
the result is that we sometimes come across real surprises!

The book has two principal features in its approach that make it stand out
from among other Analysis texts.

Firstly, this book uses the ‘sequential approach’ to Analysis. All too often
students starting on the subject find that they cannot grasp the significance of
both € and ¢ simultaneously. This means that the whole underlying idea about
what is happening is lost, and the student takes a very long time to master the
topic — or, in many cases in fact, never masters the topic and acquires a strong
dislike of it. In the sequential approach they proceed at a more leisurely pace to
understand the notion of limit using € and X — to handle convergent sequences —
before coming across the other symbol ¢, used in conjunction with € to handle
continuous functions. This approach avoids the conventional student horror at
the perceived ‘difficulty of Analysis’. Also, it avoids the necessity to re-prove
broadly similar results in a range of settings — for example, results on the sum
of two sequences, of two series, of two continuous functions and of two
differentiable functions.

Secondly, this book makes great efforts to teach the e—6 approach too. After
students have had a first pass at convergence of sequences and series and at
continuity using ‘the sequential approach’, they then meet ‘the e—6 approach’,
explained carefully and motivated by a clear ‘c—6 game’ discussion. This
makes the new approach seem very natural, and this is motivated by using
each approach in later work in the appropriate situation. By the end of the book,
students should have a good facility at using both the sequential approach and
the e—6 approach to proofs in Analysis, and should be better prepared for later
study of Analysis than students who have acquired only a weak understanding
of the conventional approach.

Outline of the content of the book

In Chapter 1, we define real numbers to be decimals. Rather than give a heavy
discussion of least upper bound and greatest lower bound, we give an intro-
duction to these matters sufficient for our purposes, and the full discussion is
postponed to Chapter 7, where it is more timely. We also study inequalities,
and their properties and proofs.

In Chapter 2, we define convergent sequences and examine their proper-
ties, basing the discussion on the notion of null sequence, which simplifies
matters considerably. We also look at divergent sequences, sequences
defined by recurrence formulas and particular sequences which converge
tom and e.

In Chapter 3, we define convergent infinite series, and establish a number of
tests for determining whether a given series is convergent or divergent. We
demonstrate the equivalence of the two definitions of the exponential function
x+— ¢€*, and prove that the number e is irrational.

In Chapter 4, we define carefully what we mean by a continuous function, in
terms of sequences, and establish the key properties of continuous functions.
We also give a rigorous definition of the exponential function x — a*.

Preface

We define ¢* as lim (1 +%)"

o0
and as >
n=0

X
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Preface

In Chapter 5, we define the limit of a function as x tends to c or as x tends
to oo in terms of the convergence of sequences. Then we introduce the -6
definitions of limit and continuity, and check that these are equivalent to the
earlier definitions in terms of sequences. We also look briefly at uniform
continuity.

In Chapter 6, we define what we mean by a differentiable function, using
difference quotients Q(h); this enables us to use our earlier results on limits to
prove corresponding results for differentiable functions. We establish some
interesting properties of differentiable functions. Finally, we construct the
Blancmange function that is continuous everywhere on R, but differentiable
nowhere on R.

In Chapter 7, we give a careful definition of what we mean by an integrable
function, and establish a number of related criteria for establishing whether
a given function is integrable or not. Our integral is the so-called Riemann
integral, defined in terms of upper and lower Riemann sums. We check the
standard properties of integrals and verify a number of standard approaches for
calculating definite integrals. Then we give a number of applications of
integrals to limits of certain sequences and series and prove Stirling’s Formula.

Finally, in Chapter 8, we study the convergence and properties of power
series. The chapter ends with a marvellous proof of the irrationality of the
number 7 that uses a whole range of the techniques that have been met in the
previous chapters.

For completeness and for students’ convenience, we give a brief guide to our
notation for sets and functions, together with a brief indication of the logic
involved in proofs in Mathematics (in particular, the Principle of Mathematical
Induction) in Appendix 1. Appendix 2 contains a list of standard derivatives
and primitives and Appendix 3 the first 1000 decimal places in the values of the
numbers /2, 7 and e. Appendix 4 contains full solutions to all the problems set
during each chapter.

Solutions are not given to the exercises at the end of each chapter, however.
Lecturers/instructors may wish to use these exercises in homework assignments.

Study guide

This book assumes that students have a fair understanding of Calculus. The
assumptions on technical background are deliberately kept slight, however, so
that students can concentrate on the newer aspects of the subject ‘Analysis’.

Most students will have met some of the material in the early chapters
previously. Although this means that they can therefore proceed fairly quickly
through some sections, it does NOT mean that those sections can be ignored —
each section contains important ideas that are used later on and most include
something new or have a different emphasis.

Most chapters are divided into five or six sections (each often further divided
into sub-sections); sections are numbered using two digits (such as ‘Section
3.2’) and sub-sections using three digits (such as ‘Sub-section 3.2.4%).
Generally a section is considered to be about one evening’s work for an
average student.

Chapter 7 on Integration is arguably the highlight of the book. However,
it contains some rather complicated mathematical arguments and proofs.

Xi

Stirling’s Formula says that,
for large n, n! is ‘roughly’
V27nn (g) " in a sense that we
explain.
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Therefore, when reading Chapter 7, it is important not to get bogged down in
details, but to keep progressing through the key ideas, and to return later on to
reading the things that were left out at the earlier reading. Most students will
require three or four passes at this chapter before having a good idea of most of it.

We use wide pages with a large number of margin notes in which we place
teaching comments and some diagrams to aid in the understanding of particular
points in arguments. We also provide advice on which proofs to omit on a first
study of the topic; it is important for the student NoT to get bogged down in
a technical discussion or a proof until they have a good idea of the message
contained in the result and the situations in which it can be used. Therefore
clear encouragement is given on which portions of the text to leave till later, or
to simply skim on a first reading.

The end of the proof of a Theorem is indicated by a solid symbol ‘I’ and the
end of the solution of a worked Example by a hollow symbol ‘[]’. There are
many worked examples within the text to explain the concepts being taught,
together with a good stock of problems to reinforce the teaching. The solutions
are a key part of the teaching, and tackling them on your own and then reading
our version of the solution is a key part of the learning process.

No one can learn Mathematics by simply reading —it is a ‘hands on’ activity.
The reader should not be afraid to draw pictures to illustrate what seems to be
happening to a sequence or a function, to get a feeling for their behaviour. A
wise old man once said that ‘A picture is worth a thousand words!”. A good
picture may even suggest a method of proof. However, at the same time it is
important not to regard a picture on its own as a proof of anything; it may
illustrate just one situation that can arise and miss many other possibilities!

It is important NOT to become discouraged if a topic seems difficult. It took
mathematicians hundreds of years to develop Analysis to its current polished
state, so it may take the reader a few hours at several sittings to really grasp the
more complex or subtle ideas.

Acknowledgements

The material in the Open University course on which this book is based was
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It is important to read the
margin notes!

This signposting benefits
students greatly in the
author’s experience.

Tackling the problems is a
good use of your time, not
something to skimp.



Numbers

In this book we study the properties of real functions defined on intervals of the
real line (possibly the whole real line) and whose image also lies on the real
line. In other words, they map R into R. Our work will be from a very precise
point of view in order to establish many of the properties of such functions
which seem intuitively obvious; in the process we will discover that some
apparently true properties are in fact not necessarily true!

The types of functions that we shall examine include:

exponential functions, such as x +— a*, where a,x € R,
trigonometric functions, such as x+ sinx, where x € R,

root functions, such as x — /x, where x > 0.

The types of behaviour that we shall examine include continuity, differ-
entiability and integrability — and we shall discover that functions with these
properties can be used in a number of surprising applications.

However, to put our study of such functions on a secure foundation, we need
first to clarify our ideas of the real numbers themselves and their properties. In
particular, we need to devote some time to the manipulation of inequalities,
which play a key role throughout the book.

In Section 1.1, we start by revising the properties of rational numbers and
their decimal representation. Then we introduce the real numbers as infinite
decimals, and describe the difficulties involved in doing arithmetic with such
decimals.

In Section 1.2, we revise the rules for manipulating inequalities and show
how to find the solution set of an inequality involving a real number, x, by
applying the rules. We also explain how to deal with inequalities which involve
modulus signs.

In Section 1.3, we describe various techniques for proving inequalities,
including the very important technique of Mathematical Induction.

The concept of a least upper bound, which is of great importance in
Analysis, is introduced in Section 1.4, and we discuss the Least Upper
Bound Property of R.

Finally, in Section 1.5, we describe how least upper bounds can be used to
define arithmetical operations in R.

Even though you may be familiar with much of this material we recommend
that you read through it, as we give the system of real numbers a more careful
treatment than you may have met before. The material on inequalities and least
upper bounds is particularly important for later on.

In later chapters we shall define exactly what the numbers 7 and e are, and
find various ways of calculating them. But, first, we examine numbers in
general.

For example, what exactly is
the number \/i?

You may omit this section
at a first reading.



2 1: Numbers

1.1 Real numbers

We start our study of the real numbers with the rational numbers, and investi-
gate their decimal representations, then we proceed to the irrational numbers.

1.1.1 Rational numbers

We assume that you are familiar with the set of natural numbers

N=1{1,2,3,...}, Note that 0 is not a natural

. . number.
and with the set of integers

Z={.,-2,-1,0,1,23,..}

The set of rational numbers consists of all fractions (or ratios of integers)
_J)P.
Q=<=:peZ,qgeN;.
q

Remember that each rational number has many different representations as a
ratio of integers; for example

1 2 10

3630 "
We also assume that you are familiar with the usual arithmetical operations of
addition, subtraction, multiplication and division of rational numbers.

It is often convenient to represent rational numbers geometrically as points
on a number line. We begin by drawing a line and marking on it points
corresponding to the integers O and 1. If the distance between O and 1 is
taken as a unit of length, then the rationals can be arranged on the line with
positive rationals to the right of 0 and negative rationals to the left.

negative positive

L
T T

2 3

4
T

1

o= 4+
wlw 4

1
|
3 -3 2 -1 0

For example, the rational %is placed at the point which is one-half of the way
from O to 3.
This means that rationals have a natural order on the number-line. For
example, % lies to the left of % because
19 76 7T
22 88 8 88’
If a lies to the left of b on the number-line, then
aislessthan b or b is greater than a,
and we write
a<b or b>a.

For example
19 7 7 19

<= o =>_—=

2 8 8 22
We write a < b, or b > a, if eithera<b or a=2>b.



1.1 Real numbers

Problem 1 Arrange the following rational numbers in order:

0.1.—1 17 17 45 45
) )

7200 20053 53°

Problem 2 Show that between any two distinct rational numbers there
is another rational number.

1.1.2 Decimal representation of rational numbers

The decimal system enables us to represent all the natural numbers using only
the ten integers

0,1,2,3,4,5,6,7,8 and 9,

which are called digits. We now remind you of the basic facts about the
representation of rational numbers by decimals.

Definition A decimal is an expression of the form

:i:a() ~ayapas .. .,

where a is a non-negative integer and ay, a,, as, . . . are digits.

If only a finite number of the digits a,, a,, as, ... are non-zero, then the
decimal is called terminating or finite, and we usually omit the tail of Os.

Terminating decimals are used to represent rational numbers in the follow-
ing way

ai a An
T 102+"'+1on)'

It can be shown that any fraction whose denominator contains only powers
of 2 and/or 5 (such as 20 =27 x 5) can be represented by such a terminating
decimal, which can be found by long division.

However, if we apply long division to many other rationals, then the process
of long division never terminates and we obtain a non-terminating or infinite
decimal. For example, applying long division to 1 gives 0.333.. ., and for 43
we obtain 0.86363 .. ..

+ap-ayaas...a, = j:(aO +

Problem 3 Apply long division to % and % to find the corresponding
decimals.

These non-terminating decimals, which are obtained by applying the long
division process, have a certain common property. All of them are recurring;
that is, they have a recurring block of digits, and so can be written in shorthand
form, as follows:

0.333... =03,
0.142857142857 ... = 0.142857 ...,
0.86363 ... = 0.863.

It is not hard to show, whenever we apply the long division process to a
fraction ’;;, that the resulting decimal is recurring. To see why we notice that
there are only g possible remainders at each stage of the division, and so one
of these remainders must eventually recur. If the remainder O occurs, then the
resulting decimal is, of course, terminating; that is, it ends in recurring Os.

For example
0.8500.. .,
13.1212.. .,
—1.111....

For example,
0.8500...=0.85.

For example

8 5
0.85—0+W+W
8 17

=700 20°

Another commonly used
notation is

0.3 or 0.142857.



Non-terminating recurring decimals which arise from the long division of
fractions are used to represent the corresponding rational numbers. This
representation is not quite so straight-forward as for terminating decimals,
however. For example, the statement

1 = 3 3 3

37 0 e T e

can be made precise only when we have introduced the idea of the sum of a

convergent infinite series. For the moment, when we write the statement = 0.3

we mean simply that the decimal 0.3 arises from % by the long division process.

The following example illustrates one way of finding the rational number
with a given decimal representation.

Example1 Find the rational number (expressed as a fraction) whose decimal
representation is 0.863.

Solution  First we find the fraction x such that x = 0.63.
If we multiply both sides of this equation by 10” (because the recurring block
has length 2), then we obtain

100x = 63.63 = 63 + x.

Hence
63 7
99x—63:>x—®_ﬁ.
Thus
_— 8 x 8 7 95 19
0863 =10 70 =10 T 110~ 110~ 22" =

The key idea in the above solution is that multiplication of a decimal by 10*
moves the decimal point k places to the right.

Problem 4 Using the above method, find the fractions whose decimal
representations are:

(a) 0.231;  (b) 2.281.

The decimal representation of rational numbers has the advantage that it
enables us to decide immediately which of two distinct positive rational numbers
is the greater. We need only examine their decimal representations and notice
the first place at which the digits differ. For example, to order % and % we write

7 19
3= 0.875... and 7= 0.86363.. .,

and so

| ! 19 7
.86363 ... .87 — =.
0.86363 <085:>22<8

Problem 5  Find the first two digits after the decimal point in the deci-

mal representations of % and %, and hence determine which of these

two rational numbers is the greater.

Warning Decimals which end in recurring 9s sometimes arise as alternative
representations for terminating decimals. For example

1=09=0.99... and 1.35=1.349=1.34999....

1: Numbers

We return to this topic in
Chapter 3.

Whenever possible, we avoid
using the form of a decimal
which ends in recurring 9s.



1.1 Real numbers

You may find this rather alarming, but it is important to realise that this is
a matter of convention. We wish to allow the decimal 0.999 ... to represent
a number x, so x must be less than or equal to 1 and greater than each of the
numbers

0.9, 0.99, 0.999, .. ..

The only rational with these properties is 1.

1.1.3 Irrational numbers

One of the surprising mathematical discoveries made by the Ancient Greeks
was that the system of rational numbers is not adequate to describe all the
magnitudes that occur in geometry. For example, consider the diagonal of a
square of side 1. What is its length? If the length is x, then, by Pythagoras’
Theorem, x must satisfy the equation »=2. However, there is no rational
number which satisfies this equation.

Theorem 1 There is no rational number x such that x*> = 2.

Proof Suppose that such a rational number x exists. Then we can write x :§.
By cancelling, if necessary, we may assume that p and ¢ have no common
factor. The equation x* =2 now becomes
2

p
Z2=2

q
Now, the square of an odd number is odd, and so p cannot be odd. Hence p is
even, and so we can write p = 2r, say. Our equation now becomes

(2r)? =24, so ¢ =2r%

so p*=24%

Reasoning as before, we find that g is also even.

Since p and ¢ are both even, they have a common factor 2, which contradicts
our earlier statement that p and ¢ have no common factors.

Arguing from our original assumption that x exists, we have obtained two
contradictory statements. Thus, our original assumption must be false. In other
words, no such x exists. [ |

Problem 6 By imitating the above proof, show that there is no rational
number x such that x* =2.

Since we want equations such as x>=2 and x> =2 to have solutions, we
must introduce new numbers which are not rational numbers. We denote these
new numbers by v/2 and v/2, respectively; thus (\/5)2: 2 and (3/5)3: 2.0f
course, we must introduce many other new numbers, such as \/§, \S/H , and
so on. Indeed, it can be shown that, if m, n are natural numbers and x = n has
no integer solution, then {/n cannot be rational. A number which is not rational
is called irrational.

There are many other mathematical quantities which cannot be described
exactly by rational numbers. For example, the number = which denotes the area
of a disc of radius 1 (or half the length of the perimeter of such a disc) is
irrational, as is the number e.

1

C=1+1"=2

This is a proof by
contradiction.

For

(2k + 1) = 4k> + 4k + 1
=4(k* + k) + 1.

The case m =2 is treated in
Exercise 5 for this section
in Section 1.6.

Lambert proved that 7 is
irrational in 1770.



6 1: Numbers

It is natural to ask whether irrational numbers, such as v/2 and =, can
be represented as decimals. Using your calculator, you can check that [n fact
(1.41421356)* is very close to 2, and so 1.41421356 is a very good appro- (1.41421356)>
ximate value for v/2. But is there a decimal which represents V2 exactly? If —1.9999999932878736.
such a decimal exists, then it cannot be recurring, because all the recurring
decimals correspond to rational numbers.
In fact, it is possible to represent all the irrational numbers mentioned so
far by non-recurring decimals. For example, there are non-recurring decimals

such that
V2 =1.41421356... and 7 =3.14159265.... We prove that /2 has a
. . . decimal representation in
It is also natural to ask whether non-recurring decimals, such as Section 1.5.

0.101001000100001 ... and 0.123456789101112.. .,

represent irrational numbers. In fact, a decimal corresponds to a rational
number if and only if it is recurring; so a non-recurring decimal must corres-
pond to an irrational number.

We may summarise this as:

recurring decimal < rational number

non-recurring decimal < irrational number

1.1.4 The real number system

Taken together, the rational numbers (recurring decimals) and irrational num-
bers (non-recurring decimals) form the set of real numbers, denoted by R.
As with rational numbers, we can determine which of two real numbers is
greater by comparing their decimals and noticing the first pair of correspond- ~ When comparing decimals in

ing digits which differ. For example this way, we do not allow
I . either decimal to end in
0.10100100010000. .. < 0.123456789101112 .. .. recurring 9s.

We now associate with each irrational number a point on the number-line.
For example, the irrational number x =0.123456789101112 . .. satisfies each
of the inequalities

0.1 <x<02
0.12 <x<0.13
0.123 <x < 0.124

We assume that there is a point on the number-line corresponding to x,
which lies to the right of each of the (rational) numbers 0.1, 0.12,0.123 .. ., and
to the left of each of the (rational) numbers 0.2, 0.13, 0.124, .. ..

R

or  onf o3 ' ' ' ' Y
x =0.12345...
As usual, negative real numbers correspond to points lying to the left of O;
and the ‘number-line’, complete with both rational and irrational points, is
called the real line.



1.1 Real numbers

There is thus a one—one correspondence between the points on the real line
and the set R of real numbers (or decimals).

We now state several properties of R, with which you will be already
familiar, although you may not have met their names before. These properties
are used frequently in Analysis, and we do not always refer to them explicitly
by name.

Order Properties of R
1. Trichotomy Property If a, b € R, then exactly one of the following
inequalities holds
a<b or a=b or a>b.
2. Transitive Property If a, b, c € R, then
a<b and b<c=a<ec.
3. Archimedean Property If a €, then there is a positive integer n
such that
n>a.

4. Density Property Ifa, b€ R and a < b, then there is a rational number
x and an irrational number y such that

a<x<b and a<y<b.

Remark

The Archimedean Property is sometimes expressed in the following equiva-
lent way: for any positive real number a, there is a positive integer n such
that% <a.

The following example illustrates how we can prove the Density Property.

Example 2 Find a rational number x and an irrational number y satisfying
a<x<b and a<y<b,
where @ = 0.123 and b = 0.12345 .. ..

Solution The two decimals

| l
a=0.1233... and b =0.12345...

differ first at the fourth digit. If we truncate b after this digit, we obtain the
rational number x = 0.1234, which satisfies the requirement that a <x <b.
To find an irrational number y between a and b, we attach to x a (sufficiently
small) non-recurring tail such as 010010001 . . . to give y = 0.1234/010010001 . . .
It is then clear that y is irrational (because its decimal is non-recurring) and that
a<y<b. ]

Problem 7 Find a rational number x and an irrational number y such
thata <x< b and a <y < b, where a = 0.3 and b = 0.3401.

The first three of these
properties are almost self-
evident, but the Density
Property is not so obvious.



Theorem 2 Density Property of R

If a, b€ R and a < b, then there is a rational number x and an irrational
number y such that

a<x<b and a<y<b.

Proof For simplicity, we assume that a, b > 0. So, let a and b have decimal
representations

a=ap-ayaas. .. and bzbo'b]bﬂ):;...7

where we arrange that a does not end in recurring 9s, whereas b does not
terminate (this latter can be arranged by replacing a terminating representation
by an equivalent representation that ends in recurring 9s).

Since a < b, there must be some integer n such that

ag Zb()7 ai :b1, ceey Qpy :bn—ly but a, < b,.

Then x=ay - ajasas . . . a,_1b, is rational, and a < x < b as required.
Finally, since x < b, it follows that we can attach a sufficiently small non-
recurring tail to x to obtain an irrational number y for which a <y <b. [ |

Remark

One consequence of the Density Property is that between any two real numbers
there are infinitely many rational numbers and infinitely many irrational
numbers.

Problem 8 Prove that between any two real numbers a and b there are
at least two distinct rational numbers.

1.1.5 Arithmeticin R

We can do arithmetic with recurring decimals by first converting the decimals
to fractions. However, it is not obvious how to perform arithmetical operations
with non-recurring decimals.

Assuming that we can represent v/2 and 7 by the non-recurring decimals

V2 =141421356... and == 3.14159265...,

can we also represent the sum /2 + 7 and the product v/2 x 7 as deci-
mals? Indeed, what do we mean by the operations of addition and multi-
plication when non-recurring decimals (irrationals) are involved, and do
these operations satisfy the same properties as addition and multiplication
of rationals?

It would take many pages to answer these questions fully. Therefore, we
shall assume that it is possible to define all the usual arithmetical operations
with decimals, and that they do satisfy the usual properties. For definiteness,
we now list these properties.

1: Numbers

You may omit the following
proof on a first reading.

Here ag, by are non-negative
integers, and ay, by, az, b,, . ..
are digits.

A proof of the previous
remark would involve ideas
similar to those involved in
tackling Problem &.



1.2 Inequalities

Arithmetic in R

Addition Multiplication

Al Ifa, b e R, then M1 Ifa, b € R, then
a+beR. axbeR.

A2 Ifa € R, then M2 Ifa e R, then

a+0=0+4+a=a. axl=1xa=a.

A3 Ifa € R, then there is a M3  Ifa € R— {0}, then there is a
number —a € R such that number a~ ' € R such that
a+(—a)=(—a)+a=0. axa '=a'xa=1.

A4 Ifa, b, c €R,then M4 Ifa, b, c € R, then
(a+b)+c=a+(b+c). (axb)yxc=ax(bxc).

A5 Ifa, b eR,then M5 Ifa, b € R, then

at+b=b+a. axb=bxa.

D Ifa,b,ceR, thenax(b+c)=axb+axec.

To summarise the contents of this table:

o Ris an Abelian group under the operation of addition +;
o R— {0} is an Abelian group under the operation of multiplication x;

e These two group structures are linked by the Distributive Property.

It follows from the above properties that we can perform addition, subtraction
(where a — b=a+ (—Db)), multiplication and division (where §=a x bil) in
R, and that these operations satisfy all the usual properties.

Furthermore, we shall assume that the set R contains the nth roots and
rational powers of positive real numbers, with their usual properties. In
Section 1.5 we describe one way of justifying the existence of nth roots.

1.2 Inequalities

Much of Analysis is concerned with inequalities of various kinds; the aim of
this section and the next section is to provide practice in the manipulation of
inequalities.

1.2.1 Rearranging inequalities

The fundamental rule, upon which much manipulation of inequalities is based,
is that the statement @ < b means exactly the same as the statement b —a > 0.
This fact can be stated concisely in the following way:

a<b& b—a>0.

Rule 1 Forany a, bR,

Put another way, the inequalities a < b and b — a > 0 are equivalent.
There are several other standard rules for rearranging a given inequality into
an equivalent form. Each of these can be deduced from our first rule above. For

CLOSURE

IDENTITY

INVERSES

ASSOCIATIVITY

COMMUTATIVITY

DISTRIBUTATIVITY

Properties A1-AS

Properties M1-M5

Property D

Any system satisfying the
properties listed in the table is

called a field. Both Q and R
are fields.

Recall that the symbol ‘<’
means ‘if and only if” or
‘implies and is implied by’.
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example, we obtain an equivalent inequality by adding the same expression to
both sides.

Rule 2 Foranya,b,ccR, a<b<sa+c<b+ec.

Another way to rearrange an inequality is to multiply both sides by a non-zero
expression, making sure to reverse the inequality if the expression is
negative.

Rule 3
e Foranya,beRandany ¢ >0, a<b <& ac < bc;

e Foranya,beR andany c <0, a<b < ac > bc.

Sometimes the most effective way to rearrange an inequality is to take reci-
procals. However, in this case, both sides of the inequality should be positive,
and the direction of the inequality has to be reversed.

Rule 4 (Reciprocal Rule)

For any positive a, bR, a<b&<1>1

Some inequalities can be simplified only by taking powers. However, in order
to do this, both sides must be non-negative and must be raised to a positive
power.

Rule 5 (Power Rule)

For any non-negative a, b€ R, and any p > 0, a <b & a” <b”.

For positive integers p, Rule 5 follows from the identity
V—a'=0b—a) ("' +V2a+ - +ba > +ad");
thus, since the right-hand bracket is positive, we have
b—a>0&b0 —d >0,
which is equivalent to our desired result.

Remark

There are corresponding versions of Rules 1-5 in which the strict inequality
a < b is replaced by the weak inequality a < b.

Problem 1 State (without proof) the versions of Rules 1-5 for weak
inequalities.

We shall give one more rule for rearranging inequalities in Sub-section 1.2.3.

1.2.2 Solving inequalities

Solving an inequality involving an unknown real number x means determin-
ing those values of x for which the given inequality holds; that is, finding
the solution set of the inequality. We can often do this by rewriting the
inequality in an equivalent, but simpler form, using the rules given in the
last sub-section.

1: Numbers

For example

2<3 & 20<30 (c = 10),
2<3 & 20> 30

(¢ = —10).

For example

1

1
—(=0.25).
> 4(=0.25)

For example
4<9 s 4(=2)
< 95(=3).
We shall discuss the meaning

of non-integer powers in
Section 1.5.

For example,
P —a*=(b—a)x
(bz + ba + az).

The solution set is the set of
those values of x for which the
inequality holds.



1.2 Inequalities

In this activity we frequently use the usual rules for the sign of a product, and
the fact that the square of any real number is non-negative. Also, we need to
remember the difference between the logical statements: ‘implies’, ‘is implied
by’ and ‘implies and is implied by’.

: : 2 -3
Example 1 Solve the inequality % > 5=

Solution We rearrange this inequality to give a somewhat simpler inequality,
using Rule |

x—|—2>x—3 @x+2_x—3 -
x+4 2x—1 x+4+4 2x-—1
o x> +2x+ 10
(x+4)2x—1)

(x+1)*+9
(x+4)2x—1)

0

>0

> 0.

Now, the numerator is always positive. The denominator vanishes when
x=—4orx= % By examining separately the sign of the denominator when
x< -4, —-4<x< % and x > % we can deduce that the last fraction is positive
precisely when x < —4 or x> % Hence the solution set of the original

inequality is

x+2 x-—3
. = (— _4 1 .
{x x+4>2x—1} (=00, )U(z,oo) 0

1 1
W2 <1

Example 2 Solve the inequality

Solution Since 2x* +2 > 0, we have

1 1
m<z<:>2x2+2>4 (byRule4)
sS4 1>2 (by Rule 3)
e (by Rule 1)

& (x—1)x+1)>0.

This last inequality holds precisely when x < —1 or x > 1. It follows that the
solution set of the original inequality is

1 1

Problem 2 Use each of the following expressions to write down an
inequality with the given expression on its left-hand side which is equi-
valent to the inequality x > 2:

(a) x+3; (b) 2 —ux; (c) 5x+2; @ =

Sx+2°

Problem 3 Solve the following inequalities:
(a) 221> 3.  (b) 22 > (x+ 1)%

x2—1

11

It is a common strategy to
bring all terms to one side.

We bring everything to a
common denominator.

Here we complete the square
in the numerator, since we
cannot factorise it.

This is because the final
displayed inequality is
equivalent to the inequality
we are solving. The logical
implication symbols between
the displayed inequalities
were all ‘implies and is
implied by’.

Here we factorise the left-
hand side of the inequality
to examine the signs of its
factors.
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Warning Great care is needed when solving inequalities which involve
rational powers. In particular, when applying Rule 5 both sides of the inequal-
ity must be non-negative.

Example 3 Solve the inequality v/2x + 3 > x.

Solution The expression v/2x + 3 is defined only when 2x 4 3 > 0; that is,

when x > — 3. Hence we need only consider those x in [52, 00).

We can obtain an equivalent inequality by squaring, provided that both
v/2x + 3 and x are non-negative. Thus, for x > 0, we obtain
V2X+3>xe2x+3>x° (by Rule 5, with p =2)
e -2x-3<0
< x=3)(x+1)<0.
So the part of the solution set in [0, co) is [0, 3).
We now examine those x for which f% <x<0.Forsuchx, vV2x+3 >0
and x < 0, so that v/2x + 3 (> 0) > x, for all such x. It follows that all these x,

namely the set [— %, 0), belong to the solution set too.
Combining these results, the solution set of the original inequality is

{x: V2x+3>x} = [—;,0) ulo,3)

3
=1-=,3).
[ 2 ' > D
Problem 4 Solve the inequality v2x2 — 2 > x.

1.2.3 Inequalities involving modulus signs

We now turn our attention to inequalities involving the modulus, or abso-
lute value, of a real number. Recall that, if a € R, then its modulus |a| is
defined by

oo { @ ifazo
) —a, ifa<DO.

It is often useful to think of |a| as the distance along the real line from 0 to a.

" 6 ;

In the same way, |a — b| is the distance along the real line from 0 to a — b,
which is the same as the distance from a to b.

<la—b| > <—|a — b|—>

a—b 0 a b
Notice also that |a 4+ b| = |a — (—b)| is the distance from a to —b.

-« —|la+ b ——»

la + b|

—'b 0 a b a;b

1: Numbers

Note that, for the moment, we
are examining only those x for
which x> 0.

Notice the use of the
Transitive Property here.

y =1

For example

31 =13 =3.

We sometimes write

|a —b| =d(a,b).

For example, the distance
from —2 to 3 is

(-2) =3[ =|-5 =5.



1.2 Inequalities

We now list some basic properties of the modulus, which follow immediately
from the definition:

Properties of the modulus For any real numbers a and b:
1. |a| > 0, with equality if and only if a =0;
2. —a|<a<|al;

3. |a|* =a*
4. la—b|=|b—al;
5. |ab| = |a| x |b|.

There is a basic rule for rearranging inequalities involving modulus signs:

Rule 6 Forany real numbers a and b, where b > 0: |a| < b < —b < a < b.

Also, it is often possible, and sometimes easier, to use Rule 5 with p = 2 than to
use Rule 6. The following example illustrates the use of both rules.

Example 4 Solve the inequality |x — 2| < 1.
Solution Using Rule 6, we obtain
x=2l<le -l<x-2<1
1 <x<3.

So the solution set of the original inequality is
{x:x—=2] < 1} = (1,3).
Alternatively, using Rule 5 (with p =2), we obtain
k=2l <1e (x—2)°<1

e —4x+3<0
S x—1)(x-3)<0.

Again, this shows that the required solution set is (1, 3). ]

Example 5 Solve the inequality |x — 2| <|x+ 1].
Solution Using Rule 5 (with p =2), we obtain
=2l <+ 1] & (x—2)°< (x+ 1)°
& X —dx+4< P +2x+1
& 3 < 6x
= l <x.
7S

So the solution set of the original inequality is
1
{x:|x—2|§|x+1|}:[§,oo>. O

The inequalities in Examples 4 and 5 can easily be interpreted geometrically.

In Example 4, the inequality |[x— 2| < 1 holds when the distance from x to 2
is strictly less than 1. So it holds for all points on either side of 2 at a distance
less than 1 from 2 — namely, in the open interval (1, 3).

13

For example, ifa=—2,b=1,

then:

1. |-2|>0;

2. —|-2|<-2<-2);

3. |-2P=(-2%

4. 1(=2) = 1|=1 =(=2)];
5. |(=2)x 1| =|-2] x [1].

Note that, in a similar way

la| <be —b<a<bh.

Wetakea=x—2,b=11n
Rule 6.

For [x —2* = (x — 2)*.
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In Example 5, the inequality |x — 2| < |x + 1| holds when the distance from x
to 2 is less than or equal to the distance from x to —1, since |x + 1] = [x — (= 1)|.
The mid-point of 2 and —1 (that is, the point x where the distance from x to 2
equals the distance from x to —1) is % So the inequality holds when x lies
in [, c0).

Some good ideas when tackling problems involving inequalities of these
types are:

e use your geometrical intuition, where possible, to give yourself an idea of
the sets involved;

o test one or two values of x in your final solution set to see if they are valid —
this often detects errors in manipulating inequality signs!

Problem 5 Solve the following inequalities:

(@) |2x* —13] <5 (b) x—1|<2px+1].

1.3 Proving inequalities

In this section we show you how to prove inequalities of various types. We
shall use the rules for rearranging inequalities given in Section 1.2, and also use
other rules which enable us to deduce new inequalities from old. We have
already met the first rule in Section 1.1, where it was called the Transitive
Property of R.

Transitive Rule a <b and b<c=a<c.

We use the Transitive Rule when we want to prove that a < ¢, and we know
thata < band b < c.
The following rules are also useful:

Combination Rules
Ifa < band ¢ < d, then:

Sum Rule a+c<b+d,
Product Rule ac<bd (provided that a,c > 0).

There are also weak and weak/strict versions of the Transitive Rule and
Combination Rules, which we will ask you to work out and use as they arise.

Remark

It is important to appreciate that the Transitive Rule and the Combination
Rules have a different nature from Rules 1-6 in Section 1.2. Rules 1-6 tell you
how to rearrange inequalities into equivalent forms, whereas the Transitive
Rule and the Combination Rules enable you to deduce new inequalities which
are not equivalent to the old ones.

1: Numbers

For example, since 2 < 3 and
4 <5, then

2+4<3+5;
2x4<3x5.

For example, if a < b and

¢ <d, then
at+c<b+d

and

ac < bd,provided a,c > 0.



1.3 Proving inequalities

1.3.1 The Triangle Inequality

If a and b are both vectors in Rz, then the vector a+ b is obtained from the
‘parallelogram construction’:

A

By elementary geometry, the length of any side of a triangle is less than or
equal to the sum of the lengths of the other two sides. In the special case of R,
when all the vectors lie on a line, this can be interpreted as the Triangle
Inequality, which involves the absolute value of the real numbers a, b and a + b.

Triangle Inequality If a, b € R, then:
1. |a+b| < |a| + |b;

2. la—b| > Ha\ - \bH (the ‘reverse form’ of the Triangle Inequality).

Proof In order to prove part 1, we use Rule 5, with p=2
ja+b] < la| + |b] & (a+b)< (la] +[b])*
& d® +2ab + b* < a® + 2|a||b| + b*
< 2ab < 2|al|b).
The final inequality is certainly true for all a, b € R, and so the first

inequality must also be true for all a, b € R. Hence we have proved part 1.
We prove part 2 by using the same method

la—b| > ||a| = |b]| & (a—b)*> (la] - |b])®
& a® —2ab+b* > a* —2a||b| + b
& —2ab > —2|al|b]
< 2ab < 2|al|b],
which is again true for all ¢, b € R. [ |

Remarks

1. Although we have used double-headed arrows here, the actual proof
requires only the arrows going from right to left. For example, in the
proof of part 1 the important implication is

la +b| < |a| + |b| < 2ab < 2]a||b|.
2. Part 1 of the Triangle Inequality can also be proved by using Rule 6, as
follows. By Rule 6
la+b| < la| +[b| & —(la] + [b]) < a+b < (Ja] + [b]). (D)

15

Here we discuss ]RZ, rather
than R, simply because the
argument is then
geometrically clearer.

In the ‘parallelogram
construction’, you draw the
vector a from the origin to
some point, then the vector b
from that point to a final point.
The vector a+ b is then the
vector from the origin to that
final point.

For example, with a = —1 and
b=3:

Lo |=14+3[<|=1]+3;
2 1==3>|1-1]-13]-

Remember that |a|*= a?.

Part 2 is sometimes called the
‘cunning form’ or ‘backwards
form’ of the Triangle
Inequality.



16 1: Numbers

Now, we know that —lal <a <lal and —1bl < b <1bl; so, by the Sum Rule
—(lal +[b]) < a+b < (laf + [b]).
It follows that the left-hand inequality in (1) must also hold, as required.

3. An obvious modification of the proof in Remark 2 shows that the following
more general form of the Triangle Inequality also holds:

Triangle Inequality for » terms For any real numbers ay, as, .. ., a,
lar +az + -+ an| < |ar| + |az] + -+ + |ay|.

The following example is a typical application of the Triangle Inequality.

Example 1 Use the Triangle Inequality to prove that:
@) |a|<1=]3+a’|<4;  (b) |b|<1=|3—-b|>2.

Solution

(a) Suppose that |a| < 1. The Triangle Inequality then gives

[3+a] < 3]+ al

=3+ a)
<3+1 (since |a] < 1) Note the use of the Transitive
— 4. Rule here.

(b) Suppose that |b| < 1. The ‘reverse form’ of the Triangle Inequality then
gives

3 —b] > |[3] - |b|
=3
>3- |b|.

Now |b| < 1, so that — |b| > —1. Thus

3—p|>3-1
-9 Again, we use the Transitive
' Rule.
and we can then deduce from the previous chain of inequalities that
|3 — b| > 2, as desired. O

Remarks
1. The results of Example 1 can also be stated in the form:
(a) |3 +a3| <4, for |a| < 1;
(b) 3—b|>2, for|b|<1.
2. The reverse implications
3+a|<4=1a/<1 and 3-b[>2=|b| <1
are FALSE. For example, try putting a = —% and b= —-2!

Problem 1 Use the Triangle Inequality to prove that:
@ la| <i=la+1/<3  ®) b <i=[pP-1>1



1.3 Proving inequalities

1.3.2 Inequalities involving n

In Analysis we often need to prove inequalities involving an integer n. It is a
common convention in mathematics that the symbol 7 is used to denote an
integer (frequently a natural number).

It is often possible to deal with inequalities involving n by using the
rearrangement rules given in Section 1.2. Here is such an example.

Example 2 Prove that 2% > (n+ 1), forn > 3.
1 2 3
Solution Rearranging this inequality into an equivalent form, we obtain ‘

17

4

2 8 18
4 9 16

2n?

2> 2 2_ 2>
2n” > (n+1)"<2n"—(n+1)">0 (4 17

e -2m—-1>0

< (n— 1)2— 2 >0 (by ‘completing the square’)
& m-17>2
This final inequality is clearly true for n >3, and so the original inequality
2n% > (n+ 1)? is true for n > 3. ]
Remarks

1. InProblem 3 of Section 1.2, we asked you to solve the inequality 2x* > (x + 1)%
its solution set was (—oo, 1 — v/2] U [1 4+ v/2,00). In Example 2, above,
we found those natural numbers 7 lying in this solution set.

2. An alternative solution to Example 2 is as follows

1 2
22> (n+ 17> 2> (ﬂ> (by Rule 3)
n

1 1
SV2>1+- (by Rule 5, with p :E);
n
and this final inequality certainly holds for n > 3.

Problem 2 Prove that 35 < 1, for n > 2.

1.3.3 More on inequalities

We now look at a number of inequalities and methods for proving inequalities

that will be useful later on. This has the following

32
25

geometric interpretation: The

Example 3 Prove that ab < (%”)2, fora, b €R. area of a rectangle with

. .. . . . sides of length a and b is
Solution  We tackle this inequality using the various rearrangement rules and  Jess than or equal to the area

a chain of equivalent inequalities until we obtain an inequality that we know  of a square with sides of

length <.

must be true
2 2 2 | O
ab < a+b <:>ab§a +2ab+Db
2 4 b
& dab < a® + 2ab + b? ul 0

= 0<d®—2ab+ b
& 0< (a—Db)
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This final inequality is certainly true, since gll squares are non-negative. It
follows that the original inequality ab < (“—;b) is also true, fora, b € R. [
Remark

A close examinzzltion of the above chain of equivalent statements shows that in
fact ab = (5£)” if and only if a =b.

Problem 3 Prove that % < Va2 +b2 fora,beR.

Problem 4 Suppose that @ > /2. Prove the following inequalities:
@ i(a+2d)<a; ) ((a+2)’>2.

Hint: In part (b), use the result of Example 3 and the subsequent remark.

Example 4 Prove that va? + b* < a+ b, fora,b > 0.

Solution We tackle this inequality using the various rearrangement rules and
a chain of equivalent inequalities until we obtain an inequality that we know
must be true

V@ + <a+bsd+b<(a+b)
o d® 4+ b* < d®+2ab + b?
< 0 < 2ab.

This final inequality is certainly true, since a, b > 0. It follows that the
original inequality va? + b? < a + b is also true, for a, b > 0. ]

Problem 5 Use the result of Example 4 to prove that
Ve +Vd, fore,d > 0.

c+d<

Example 5 Prove that |/a — Vb| < \/]a — b], fora, b > 0.

Solution Notice first that interchanging the roles of a and b leaves the
inequality unaltered. It follows that it is sufficient to prove the inequality
under the assumption that a > b.

So, assume that a > b. Then we know that \/a > Vb and l|a —b|=a—b.
Hence

’ﬁ—\/lglﬁx/|a—b|<:>\/_—\/3§\/a—b
& \a<va—b+Vb.

This final inequality is certainly true, and is obtained from the result of
Problem 5 by simply substituting a — b in place of ¢ and b in place of d. It
follows that the original inequality |\/— —b ] < y/|a — b| is also true, for
a,b>0. ]

Problem 6 Prove that va + b+ ¢ < \/a+ vb + \/c, fora,b,c > 0.

We often use the Binomial Theorem and the Principle of Mathematical
Induction (see Appendix 1) to prove inequalities.

Example 6 Prove the following inequalities, for n > 1:
@ 2">1+n (b)) 22<1+1.

1: Numbers

In the form vab < # this
inequality is sometimes called
the Arithmetic—Geometric
Mean Inequality for a, b.

This has the following
geometric interpretation: The
length of the hypotenuse of a
right-angled triangle whose
other sides are of lengths

a and b is less than or equal to
the sum of the lengths of those
two sides.

a? + b* b

This will simplify the details
of our chain of inequalities.

We avoid one modulus as a
result of our simplifying
assumption!

Never be ashamed to utilise
every tool at your disposal!
(Why do the same work
twice?)

n ‘1 2 3 4
» 2 4 8 16
l+nl2 3 4 5




1.3 Proving inequalities

Solution

(a) By the Binomial Theorem for n > 1
-1
(1+x)"=1 —|—nx+%x2+-“+x”
> 1+ nx, for x > 0.

Then, if we substitute x =1 in this last inequality, we get
2">1+n, forn>1.
(b) We start by rewriting the required result in an equivalent form

1 1\"
2<1+-e2< (1 +—> (by the Power Rule).
n n

Now, if we substitute x = % in the Binomial Theorem for (1 + x)", we get

(1+%)”:1+n(%) +%<%>2+.”+ G)n

>1+1=2.
Since the inequality 2 < (1+1)" is true, it follows that the original
inequality 2 <1+ %, for n > 1, is also true, as required. ]

Problem 7 Prove the inequality (1 +1)">3—1L forn>1.

1
n
Hint: consider the first three terms in the binomial expansion.
Example 7 Prove that 2" > n?, for n > 4.
Solution Let P(n) be the statement
P(n): 2" > n’.
First we show that P(4) is true: 24> 42,

Step 1 Since 2*=16 and 4% = 16, P(4) is certainly true.

Ster 2 We now assume that P(k) holds for some k>4, and deduce that
P(k+ 1) is then true.
So, we are assuming that 2* > k% Multiplying this inequality by 2

we get

2k+l >0 k2,
s0 it is therefore sufficient for our purposes to prove that 2% > (k + 1),
Now

2K > (k+ 1) <262 > K +2k+ 1
& k> —2k—1>0 (by ‘completing the square’)
& (k—1)72-2>0.

This last inequality certainly holds for k>4, and so 257" > (k+ 1)*
also holds for k > 4.
In other words: P(k) true for some k >4 = P(k+ 1) true.

It follows, by the Principle of Mathematical Induction, that 2" > n?, for
n>4. O

Problem 8 Prove that 4" > n*, for n > 5.
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n |1 2 3 4
2 2 141 126 1.19
1+ ]2 15 133 125

We decrease the sum by
omitting subsequent
non-negative terms.

We decrease the sum by
omitting all but the first two
terms.

2 4 8 16 32
1 4 9 16 25

This assumption is just P(k).

Since P(k+ 1) is:
PH S (k4 1)
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Three important inequalities in Analysis

Our first inequality, called Bernoulli’s Inequality, will be of regular use in later
chapters.

Theorem 1 Bernoulli’s Inequality
For any real number x > —1 and any natural number n, (1 +x)" > 1 + nx.

Remark

In part (a) of Example 6, you saw that (1 +x)">1+nx, for x>0 and n a
natural number. Theorem 1 asserts that the same result holds under the weaker
assumption that x > —1.

Proof Let P(n) be the statement

P(n):(1+x)">1+nx, forx>—1.

Step 1 First we show that P(1) is true: (14x)'>1+x. This is obviously
true.
Step 2 We now assume that P(k) holds for some k > 1, and prove that P(k + 1)
is then true.
So, we are assuming that (1 4 x)* > 1 + kx, for x > —1. Multiplying
this inequality by (1 4 x), we get

(140" > (1 + 21 + k)
=1+ (k+ Dx+kx*
> 1+ (k+ 1)x.

Thus, we have (1 +x)*™'> 1 4 (k + 1)x; in other words the statement
P(k+ 1) holds.
So, P(k) true for some k> 1 = P(k+ 1) true.

It follows, by the Principle of Mathematical Induction, that (1 + x)" >
14 nx, forx>—1,n>1. [l

Problem 9 By applying Bernoulli’s Inequality with x = —ﬁ, prove
that 2v > 1 + 5, for any natural number n.
Our second inequality is of considerable use in various branches of
Analysis. In Problem 3 you proved that % < Va?+b? for a, beR. We
can rewrite this inequality in the equivalent form (a + b)*< 2(a® + b%) or
(a+ b)*< (a* + b*)(12 + 12). The Cauchy-Schwarz Inequality is a general-
isation of this result to 2n real numbers.

Theorem 2  Cauchy-Schwarz Inequality

For any real numbers a;, a, . . ., b,, we have
(a1b1 +ayby +--- —|—a,,b,,)

+ay) (b7 + b3+ +by).

L ay and b],bz, ..
2

<(af+a3+--

1: Numbers

The value of this result will
come from making suitable
choices of x and n for
particular purposes.

We prove the result using
Mathematical Induction.

This assumption is P(k).
This multiplication is valid
since (1 +x) > 0.

We decrease the expression
if we omit the final non-
negative term.

You saw in part (b) of
Example 6 that 2 <1+ %

We give the proof of
Theorem 2 at the end of the
sub-section.



1.3 Proving inequalities

Problem 10 Use Theorem 2 to prove that for any positive real numbers
ai, a, ..., a, then (a +az+---+an)(i+%+~--+i) > n?.

ay An
Our final result also has many useful applications. In Example 3 you proved
that ab < (#)2, for a, b €R; it follows that, if a and b are positive, then

1
(ab)’ < #. The Arithmetic Mean—Geometric Mean Inequality is a general-
isation of this result for two real numbers to n real numbers.

Theorem 3  Arithmetic Mean—-Geometric Mean Inequality
For any positive real numbers a,, a,, ..., a,, we have

L_ai+a+---+a
(may...a,)" < ! 2 .

n

Problem 11 Use Theorem 3 with the n+ 1 positive numbers 1, 1+ %,
1+1 ..., 1+41to prove that, for any positive integer n

1n 1 n+1
)= it
n n+1

Proofs of Theorems 2 and 3

Theorem 2 Cauchy-Schwarz Inequality
For any real numbers a4, as, .. ., a, and by, by, ..

(arbi+aby + - +ab,) < (@2 + a3 + -+ a®) (b} + b3+ -~ + b2).

., b,, we have

Proof If all the as are zero, the result is obvious; so we need only examine

the case when not all the as are zero. It follows that, if we denote the

sum Y}_af =a}+a5+---+a> by A, then A>0. Also, denote

S bi=b}+b}+---+b>by Band Y}_ arb, = a1b, + asb, + -+ +a,b, by C.
Now, for any real number /, we have that (1a; + bk)2 > 0, so that

n n

> (Paq + 2abi + b7) =Y (a +bi)* >0,
k=1 k=1

which we may rewrite in the form
JA+2)C+B>0.
But this inequality is equivalent to the inequality

(A + C)*+AB > C?, for any real number .

Since A is non-zero, we may now choose 1 = — %. It follows from the last
inequality that AB > C?, which is exactly what we had to prove. [ |
Remark

If not all the as are zero, equality can only occur if 3 (Za; + b)* = 0; that is,

k=1
if all the numbers a, are proportional to all the numbers b;, 1 < k < n.
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For example, with n=3

11 11
(1+2+3)(T+5+§>:6xF

=11>3%

We give the proof of
Theorem 3 at the end of the
sub-section.

For example, with n =3

N° 64
l4-) =—=237...
(+3) e

n* 625
<(1+4-) =2=244...
(+4> 256

You may omit these proofs at
a first reading.

Note that we will use the X
notation to keep the argument
brief.

A is non-zero, by assumption,
so that 1/A makes sense.
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Theorem 3  Arithmetic Mean—-Geometric Mean Inequality

For any positive real numbers ay, a,, .. ., a,, we have

(a1ay a)5<a1+a2+-~~+an
1 L)' s

2

n

Proof Since the g; are positive, we can rewrite (2) in the equivalent form

(a1a2 .. .dn)% 1

(a1 + ax+---+ay)/n—

Now, replacing each term a; by Aq; for any non-zero number / does not alter
the left-hand side of the inequality (3). It follows that it is sufficient to prove the
inequality (2) in the special case when the product of the terms a; is 1. Hence it
is sufficient to prove the following statement P(n) for each natural number n:

3)

P(n): For any positive real numbers a; with aja,...a,=1, then
ay+ay+---+a,>n.

First, the statement P(1) is obviously true.

Next, we assume that P(k) holds for some k> 1, and prove that P(k+ 1) is
then true.

Now, if all the terms ay, as, ..., a;; are equal to 1, the result P(k+ 1)
certainly holds. Otherwise, at least two of the terms differ from 1, say a; and a5,
such that @; > 1 and a, < 1. Hence

(a1 — 1) x (ap — 1) <0,
which after some manipulation we may rewrite as

ay+a > 1+ aa. 4)

We are now ready to tackle P(k+ 1). Then
artat-ta >l +aa+az+as+ -+ aep
>k+1,

since we may apply the assumption that P(k) holds to the k quantities a;a,,
as, dg, - .., diy1. This last inequality is simply the statement that P(k + 1) is
indeed true.

It follows by the Principle of Mathematical Induction that P(7) holds for all
natural numbers n, and so the inequality (2) must also hold. [ |

Remark

A careful examination of the proof of Theorem 3 shows that equality can only
occur if all the terms qa; are equal.

1.4 Least upper bounds and greatest lower bounds

1.4.1 Upper and lower bounds

Any finite set {xy, x5, . . ., X,,} of real numbers obviously has a greatest element
and a least element, but this property does not necessarily hold for infinite sets.

1: Numbers

We denote the typical term by
a; rather than a; to avoid
confusion with a different use
of the letter k in the
Mathematical Induction
argument below.

We will prove this by
Mathematical Induction.

The argument is exactly the
same whichever two terms
actually differ from 1.

You should check this
yourself.

By (4).

That is

(alaz) asdy .. .dgy1 = 1

= (qyax)+az+as+---
+agy1 >k



1.4 Least upper bounds and greatest lower bounds

For example, the interval (0, 2] has greatest element 2, but neither of the sets
N= {1, 2,3, ...} nor [0, 2) has a greatest element. However the set [0, 2) is
bounded above by 2, since all points of [0, 2) are less than or equal to 2.

Definitions A set EC R is bounded above if there is a real number, M
say, called an upper bound of E, such that

x <M, forallx €E.

If the upper bound M belongs to E, then M is called the maximum element
of E, denoted by max E.

Geometrically, the set E is bounded above by M if no point of E lies to the
right of M on the real line.

For example, if E = [0, 2), then the numbers 2, 3, 3.5 and 157.1 are all upper
bounds of E, whereas the numbers 1.995, 1.5, 0 and —157.1 are not upper
bounds of E. Although it seems obvious that [0, 2) has no maximum element,
you may find it difficult to write down a formal proof. The following example
shows you how to do this:

Example 1 Determine which of the following sets are bounded above, and
which have a maximum element:
(a) E; =10,2); b) E;={ln=12} (c) E3 =N.

Solution
(a) The set E is bounded above. For example, M = 2 is an upper bound
of E|, since
x <2, forallx € E;.
However, E| has no maximum element. For each x in E;, we have x < 2,
and so there is some real number y such that
x<y<?2,

by the Density Property of R.
Hence y € E|, and so x cannot be a maximum element.

(b) The set E, is bounded above. For example, M = 1 is an upper bound of E,,
since

1
-<1, foralln=1,2,....
n

Also, since 1 € E,
max E, = 1.
(c¢) The set E3 is not bounded above. For each real number M, there is a
positive integer n such that n > M, by the Archimedean Property of R.
Hence M cannot be an upper bound of E;.
This also means that E5 cannot have a maximum element. O

Problem 1 Sketch the following sets, and determine which are bounded
above, and which have a maximum element:

(a) E;=(—o00, 1]; (b) EZ:{l—ﬁ:n:l727...};

(c) Es={n*n=1,2,...}.
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For example, y can be of the
form 1.99...9 or y =3(x+2).

2 is not a maximum element,
since 2¢ E.
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Similarly, we define lower bounds. For example, the interval (0, 2) is
bounded below by 0, since
0<x, forallxe (0,2).

However, 0 does not belong to (0, 2), and so 0 is not a minimum element of
(0, 2). In fact, (0, 2) has no minimum element.

Definitions A set E C R is bounded below if there is a real number, m say,
called a lower bound of £, such that

m<x, forallxecE.

If the lower bound m belongs to E, then m is called the minimum element of
E, denoted by min E.

Geometrically, the set E is bounded below by m if no point of E lies to the
left of m on the real line.

Problem 2 Determine which of the following sets are bounded below,
and which have a minimum element:

(a) E; = (—o0, 1]; (b) E; ={1 —%: n=12,...}
(c) Es={n*n=1,2,...}.

The following terminology is also useful:

Definition A set EC R is bounded if it is bounded above and bounded
below.

For example, the set E; = {1 — %: n=1,2,...} is bounded, but the sets
Ei=(—00, 1] and E5; = {nzz n=1, 2, ...} are not bounded.
Similar terminology applies to functions.

Definitions A function f defined on an interval / C R is said to:

o be bounded above by M if f(x) < M, for all x € I; M is an upper bound of f;
o be bounded below by m if f(x) > m, for all x € I, m is a lower bound of f; Strictly speaking, M and m are
o have a maximum (or maximum value) M if M is an upper bound of f and | the upper bound and lower
f(x) =M, for at least one x € I bound of the image set
o have a minimum (or minimum value) m if m is a lower bound of f and H:xe.
f(x) =m, for at least one x € I.

Example 2 Let f be the function defined by f (x) =x°,x € [1,3). Determine

whether f is bounded above or below, and any maximum or minimum value
of f.

Solution First, f is increasing on the interval [% , 3), so that since% <x<3it
follows that% < f(x) < 9. Hence f is bounded above and bounded below.
Next, since f (1) =1 and 1 is a lower bound for / on the interval [1,3), it
follows that f has a minimum value of % on this interval.
Finally, 9 is an upper bound for f on the interval B, 3) but there is no point
xin [%, 3) for which f(x)=9. So 9 cannot be a maximum of f on the interval.
However, if y is any number in (8, 9) there is a number x> ,/y in (\/y, 3) -

(2v2, 3) C [.3) such that f(x) = x> >y, so that no number in (8, 9) will serve

02 y 3



1.4 Least upper bounds and greatest lower bounds

as a maximum of f on the interval. It follows that f has no maximum value

on [1,3). 0

Problem 3 Let f be the function defined by f(x) = %, x € [-3,-2).
Determine whether f is bounded above or below, and any maximum or
minimum value of f.

1.4.2 Least upper bounds and greatest lower bounds

We have seen that the interval [0, 2] has a maximum element 2, but [0, 2) has
no maximum element. However, the number 2 is ‘rather like’ a maximum
element of [0, 2), because 2 is an upper bound of [0, 2) and any number less
than 2 is not an upper bound of [0, 2). In other words, 2 is the least upper
bound of [0, 2).

Definition A real number M is the least upper bound, or supremum, of a
set EC R if:

1. M is an upper bound of E;
2. if M' < M, then M is not an upper bound of E.

In this case, we write M =sup E.

If E has a maximum element, max E, then sup E=max E. For example,
the closed interval [0, 2] has least upper bound 2. We can think of the least
upper bound of a set, when it exists, as a kind of ‘generalised maximum
element’.

If a set does not have a maximum element, but is bounded above, then we may
be able to guess the value of its least upper bound. As in the case E = [0, 2), there
may be an obvious ‘missing point’ at the upper end of the set. However it is
important to prove that your guess is correct. We now show you how to do this.

Example 3 Prove that the least upper bound of [0, 2) is 2.

Solution We know that M =2 is an upper bound of [0, 2), because

x <2, forallx € [0,2).
To show that 2 is the least upper bound, we must prove that each number
M' <2 is not an upper bound of [0, 2). To do this, we must find an element

x in [0, 2) which is greater than M. But, if M’ < 2, then there is a real number
x such that

M <x<?2
and also
0<x<?2.

Since x € [0, 2), the number M’ cannot be an upper bound of [0, 2). Hence
M =2 is the least upper bound, or supremum, of [0, 2). ]

Although the conclusion of Example 3 may seem painfully obvious, we have
written out the solution in detail because it illustrates the strategy for determin-
ing the least upper bound of a set, if it has one.
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Part 1 says that M is an upper
bound.

Part 2 says that no smaller
number can be an upper
bound.

For example, x can be of the
form 1.99 ... 9 for a suitably
large number of digits, or it
can be § (M’ + 2) since

M <IM +2)<2.
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Strategy Given a subset E of R, to show that M is the least upper bound, or
supremum, of E, check that:

1. x<M, forall x € E; GUEss the value of M, then
2. if M’ < M, then there is some x € E such that x > M'. CHECK parts I and 2.

Notice that, if M is an upper bound of E and M € E, then part 2 is auto-
matically satisfied, and so M = sup E =max E.

Example 4 Determine the least upper bound of E = {1 — L:n=1,2,...}.

Solution We guess that the least upper bound of E is M = 1. Certainly, 1 is
an upper bound of E, since

1
l-—=<1, forn=12,...
n

To check part 2 of the strategy, we need to show that, if M’ < 1, then there
is some natural number n such that

1 !
1— P > M. (1)
However

1 1
1——2>M’ PEN 1—M’>—2
n n

& m<n2 (since 1 — M’ > 0)
1 ) 1
=4 m <n (SIHCC m >0
and n > 0).

We can certainly choose n so that this final inequality holds, by the
Archimedean Property of R, and so we can choose n so that inequality (1) holds.
Hence 1 is the least upper bound of E. [ Thatis, 1 =sup E.

Remark

Although we used double-headed arrows in this solution, the actual proof
required only the implications going from right to left. In other words, the
proof uses only the fact that
1
1—=>M Sy
n? ” “Vitw
Problem 4 Determine sup E, if it exists, for each of the following sets:
(a) E;y=(—o0, 1]; (b) Eg:{l—%:nzl,Z,...};
(c) Ey={n*n=1,2,...}.

< n.

Similarly, we define the notion of a greatest lower bound.

Definition A real number m is the greatest lower bound, or infimum, of

aset ECRif:
1. mis a lower bound of E; Part 1 says that m is a lower
2. if m' > m, then n’ is not a lower bound of E. bound.

Part 2 says that no larger
number can be a lower bound.

In this case, we write m =inf E.




1.4 Least upper bounds and greatest lower bounds

If £ has a minimum element, min E, then inf £ =min E. For example, the
closed interval [0, 2] has greatest lower bound 0. We can think of the greatest
lower bound of a set, when it exists, as a kind of ‘generalised minimum
element’.

The strategy for establishing that a number is the greatest lower bound of
a set is very similar to that for proving that a number is the least upper bound
of a set.

Strategy Given a subset E of R, to show that m is the greatest lower
bound, or infimum, of E, check that:

1. x>m, forall x e E;

2. if m' > m, then there is some x € E such that x < m’.

Notice that, if m is a lower bound of E and m € E, then part 2 is automatically
satisfied, and so m =inf E=min E.

Problem 5 Determine inf E, if it exists, for each of the following sets:
(@ Ey=(1,5]; () E;={5:n=1,2,...}.

Remarks

1. For any subset E of R, inf E <sup E. This follows from the fact that, for
any x € E, we have inf E<x <sup E.

2. For any bounded interval I of R, let a be its left end-point and b its right
end-point. Then inf /=a and sup I =b.

Least upper bounds and greatest lower bounds
of functions

Similar terminology applies to bounds for functions.

Definitions Let f be a function defined on an interval / C R. Then:
o A real number M is the least upper bound, or supremum, of f on 7 if:

1. M is an upper bound of f(I);
2. if M’ <M, then M’ is not an upper bound of f(I).

In this case, we write M = supf or supf or sup{f(x):x € I}or supf(x).
o A real number m is the greatest lower bound, or infimum, of flgn I if:

1. mis a lower bound of f(I);
2. if m' >m, then m’ is not a lower bound of f(I).

In this case, we write m = inf f or ir}ff or inf{f(x):x €I} or ingf(x).
xe

Notice, for instance, that:
e if M is an upper bound for fon 7, then supf < M,
I

o if m is a lower bound for f on /, then ir}ff > m.
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GUESS the value of m, then
CHECK parts 1 and 2.

There are similar definitions
for the least upper bound and
the greatest lower bound of f
on a general set S in R.

These are really the
definitions for the least upper
bound or the greatest lower
bound of the set { f(x): x € I}.

For
supf is the least upper bound,
1

and irllf f is the greatest lower
bound, for fon 1.
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The strategies for proving that M is the least upper bound or m the greatest
lower bound of f on [ are similar to the corresponding strategies for the least
upper bound or the greatest lower bound of a set E.

Strategies Let f be a function defined on an interval / C R. Then:

o To show that m is the greatest lower bound, or infimum, of f on 7, check
that:

1. f(x)>m, forall x <1,
2. if m' > m, then there is some x € I such that f(x) < m'.
o To show that M is the least upper bound, or supremum, of fon I, check that:
1. fx) <M, forall x<l,
2. if M’ < M, then there is some x € I such that f(x) > M'.

Example 5 Let f be the function defined by f(x) = x*,x € [1,3). Determine
the least upper bound and the greatest lower bound of f on [% , 3).

Solution We have already seen that 9 is an upper bound for f on B , 3), and
that no smaller number will serve as an upper bound. It follows that 9 must be

the least upper bound of f on [1,3).

Similarly, we have already seen that % is the minimum value of f on [% , 3);
1

it follows that i is the greatest lower bound of f on [5 , 3), and this is actually
attained (at the point 3). ]

Problem 6 Let f be the function defined by f(x) =%, x € [1,4).
Determine the least upper bound and the greatest lower bound of f on [1, 4).

Remark

For any interval I of R, irllf f <supf. This follows from the fact that, for
any x € I, we have inf f < f(x) < slpf.

The least upper bound and the greatest lower bound of a function on an
interval will be particularly significant in our later work on continuity and
integrability of functions.

1.4.3 The Least Upper Bound Property

In the examples in the previous sub-section, it was easy to guess the values of
sup E and inf E. At times, however, we shall meet sets for which these values
are not so easy to determine. For example, if

1 n
e={(1+1) =12},
n

then it can be shown that E is bounded above by 3, but it is not easy to guess the
least upper bound of E.

In such circumstances, it is reassuring to know that sup E does exist, even
though it may be difficult to find. This existence is guaranteed by the following
fundamental result.

1: Numbers

You saw this in Example 2.

Example 2.

Chapters 4 and 7.

We will study this set closely
in Section 2.5.



1.4 Least upper bounds and greatest lower bounds

The Least Upper Bound Property of R Let £ be a non-empty subset
of R. If E is bounded above, then E has a least upper bound.

We leave the proof of the Least Upper Bound Property of R to the next sub-
section. However, the Property itself is intuitively obvious. If the set E lies
entirely to the left of some number M, then you can imagine moving M steadily
to the left until you meet E. At this point, sup E has been reached.

The Least Upper Bound Property of R can be used to show that R does
include decimals which represent irrational numbers such as V2, as we
claimed in Section 1.1.

In Sections 1.2 and 1.3 we have taken for granted the existence of rational
powers and their properties, without giving formal definitions. How can we
supply these definitions? For example, how can we define v/2 as a decimal?

Consider the set

E:{er:x>0,x2<2}.

This is the set of positive rational numbers whose squares are less than 2.
Intuitively, v/2 lies on the number line to the right of the numbers in E, but
‘only just’! In fact, we should expect /2 to be the least upper bound of E.
Certainly E has a least upper bound, by the Least Upper Bound Property,
because E is bounded above, by 1.5 for example. Thus it seems likely that sup £
is the decimal representation of v/2. But how can we prove that (sup E)> =27

We shall prove this in Section 1.5, once we have described how to do
arithmetic with real numbers (decimals).

Finally, note that there is a corresponding result about lower bounds.

The Greatest Lower Bound Property of R Let E be a non-empty subset
of R. If E is bounded below, then E has a greatest lower bound.

1.4.4 Proof of the Least Upper Bound Property

We know that E is a non-empty set, and we shall assume for simplicity that £
contains at least one positive number. We also know that E is bounded above.
The following procedure gives us the successive digits in a particular decimal,
which we then prove to be the least upper bound of E.

Procedure to find a =ay-aja, ... =sup E
Choose in succession:

o the greatest integer a, such that a; is not an upper bound of E;
o the greatest digit a; such that ag - @, is not an upper bound of E;

o the greatest digit a, such that ag - @1a, is not an upper bound of E;

o the greatest digit a,, such that ay - @ a, . .. a, is not an upper bound of E;
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The Least Upper Bound
Property of R is an example
of an existence theorem, one
which asserts that a real
number exists having a certain
property. Analysis contains
many such results which
depend on the Least Upper
Bound Property of R. While
these results are often very
general, and their proofs
elegant, they do not always
provide the most efficient
methods of calculating good
approximate values for the
numbers in question.

You may omit this proof at a
first reading.

For example, if
E={xeQ:x>0,
¥ <2},
then
ay = 1,since 17 < 2 < 22;
ap -a; = 1.4,since
14 <2< 1.5%
ap - ayar = 1.41,
1417 <2 < 1.42%

since
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Thus, at the nth stage we choose the digit a,, so that:
e ay-aja ... a,is not an upper bound of E;
e ag-ajdy...d, + I—(I)U is an upper bound of E.

We now prove that the least upper bound of Eisa=ag-aa, .. ..

First, we have to prove that a is an upper bound of E. To do this, we prove
that, if x > a, then x¢ E (this is equivalent to proving, that, if x € E, then x < a).
We begin by representing x as a non-terminating decimal x =xq- XX, .. ..
Since x > a, there is an integer n such that

a < Xg-X1X2...Xp,.

Hence

X0 XX ... X, > dg - A1y ... Ay +W’
and so, by our choice of a,, x =x¢-x; x> ...x, is an upper bound of E. Since
X>Xg- XX ... X,, we have that x¢ E, as required.
Next, we have to show that, if x < a, then x is not an upper bound of E. Since
x < a, there is an integer n such that

x<ap-aaz...d,

and so x is not an upper bound of E, by our choice of a,,.
Thus we have proved that a is the least upper bound of E. L]

Remark

Notice that this proof does not use any arithmetical properties of the real
numbers but only their order properties, together with the arithmetical proper-
ties of rational numbers. In the next section, we use the Least Upper Bound
Property to define some of the arithmetical operations on R.

1.5 Manipulating real numbers

1.5.1 Arithmeticin R

At the end of Section 1.1 we discussed the decimals
V2 =1.41421356... and =7 = 3.14159265.. .

and asked whether it is possible to add and multiply these numbers to obtain
another real number. We now explain how this can be done, using the Least
Upper Bound Property of R.

A natural way to obtain a sequence of approximations to the sum v/2 4+ 7
is to truncate each of the above decimals, and form the sums of the
truncations.

If each of the decimals is truncated at the same decimal place, this gives a
sequence of approximations which is increasing:

1: Numbers

Here we are assuming that v/2
and 7 can be represented as
decimals.
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V2 n V2+m
1 3 4

1.4 3.1 4.5

1.41 3.14 4.55
1.414 3.141 4.555

1.4142 3.1415 4.5557

Intuitively, we should expect that the sum /2 + 7 is greater than each of the
numbers in the right-hand column, but ‘only just’! To accord with our intuition,
therefore, we define the sum V/2 + 7 to be the least upper bound of the set of
numbers in the right-hand column; that is

V2 +n = sup{4, 4.5, 4.55, 4.555, 4.5557,...}.

To be sure that this definition makes sense, we need to show that this set
is bounded above. But all the truncations of \/E are less than 1.5, and all the
truncations of m are less than, say, 4. Hence, all the sums in the right-hand
column are less than 1.5 44 =15.5. So, by the Least Upper Bound Property, the
set of numbers in the right-hand column does have a least upper bound, and we
can define \/§ + 7 in this way.

This method can be used to define the sum of any pair of positive real
numbers.

Let us check that this method of adding decimals gives the correct answer
when we use it in a familiar case. Consider the simple calculation

1 2
~+-=0.333...4+0.666.. ..
3+3 +

Truncating each of these decimals and forming the sums, we obtain the set
{0, 0.9, 0.99, 0.999,...}.

The supremum of this set is, of course, the number 0.999. .. =1, which is the
correct answer.

Similarly, we can define the product of any two positive real numbers. For
example, to define v/2 x 7, we can form the sequence of products of their
truncations:

V2 T V2xn
1 3 3

1.4 3.1 4.34

1.41 3.14 4.4274
1.414 3.141 4.441374

1.4142 3.1415 4.4427093

31

We do not expect you to use
this method to add decimals!
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As before, we define v/2 x 7 to be the least upper bound of the set of numbers
in the right-hand column.

Similar ideas can be used to define the operations of subtraction and
division.

Thus we can define arithmetic with real numbers in terms of the familiar
arithmetic with rationals, using the Least Upper Bound Property of R.
Moreover, it can be proved that these operations in R satisfy all the usual
properties of a field.

1.5.2 The existence of roots

Just as we usually take for granted the basic arithmetical operations with real
numbers, so we usually assume that, given any positive real number a, there is
a unique positive real number b = /a such that b*=a. We now discuss the
justification for this assumption.

First, here is a geometrical justification. Given line segments of lengths 1
and a, we can construct a semi-circle with diameter a + 1 as shown.

Using similar triangles, we see that

a b

b1
and so

b =a.

This shows that there should be a positive real number b such that b*> =a,
so that the length of the vertical line segment in the figure can be described
exactly by the expression y/a. But does b = /a exist exactly as a real number?
In fact it does, and a more general result is true.

Theorem 1 For each positive real number a and each integer n > 1, there
is a unique positive real number b such that

b =a.

We call this number b the nth root of a, and we write b = {/a. We also define
{/0 =0, since 0"=0, and if n is odd we define ! (—a) = —{/a, since
(—¥a)"= —aif nis odd.

Let us illustrate Theorem | with the special case @ =2 and n = 2. In this case,
Theorem 1 asserts the existence of a real number b such that »*> = 2. In other
words, it asserts the existence of a decimal » which can be used to define V2
precisely.

Here is a direct proof of Theorem | in this special case. We choose the
numbers 1, 1.4, 1.41, 1.414, ... to satisfy the inequalities

1: Numbers

We omit the details.

These properties were listed
in Sub-section 1.1.5.

For each positive integer n,
we can also construct /7 as
follows:

We shall prove Theorem 1 in
Sub-section 4.3.3.

For example, {/(—8) = —2.
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1°<2<2?
(142 <2< (1.5)?
(1.41)° < 2 < (1.42)°
(1.414)* < 2 < (1.415)

This process gives an infinite decimal
b=1414...,

and we claim that

B =(1414..) =2

This can be proved using our method of multiplying decimals:

ey

Notice that
b=1414...
is the decimal that we
obtained as the least upper
bound of the set
{xeQ:x>0, x> <2}
in Sub-section 1.5.1.

b b b
1 1 1
1.4 1.4 1.96
1.41 1.41 1.9881

1.414 1.414

1.999396

We have to prove that the least upper bound of the set E of numbers in the right-

hand column is 2, in other words that

sup E = sup {1, (1.4)%, (1.41)%, (1.414)%,

To do this, we employ the strategy given in Sub-section

=2
1.4.2.

First, we check that M = 2 is an upper bound of E. This follows from the left-

hand inequalities in (1).

Next, we check that, if M’ < 2, then there is a number in E which is greater

than M’. To prove this, put

X0 = 17 X1 = 14, Xy = 1.41, X3 = 1414,

Then, by the right-hand inequalities in (1), we have that

1 2
(Xn+1—0n>>2
Also
L] P, 2
) T T 10\ T q0m
1 5
<—02x24+1)=
o 2 X2t =150
and so
e (ni )3
n TG 10
5
2_
> lOn
=1.99...95.

n digits

For example, if n =1, then

1 2
—_— = 2
(1.4+10> 1.5 > 2.

For example, if n =2, then

(1.41)* > 1.95.
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So, if M’ < 2, then we can choose n so large that x,% > M’ (while still having
x, € E). This proves that the least upper bound of Eis 2, and so (1.414. ..)> =2.
Thus we can define

V2=1414. .,

which justifies our earlier claim that v/2 can be represented exactly by a
decimal.

1.5.3 Rational powers

Having discussed nth roots, we are now in a position to define the expression
a*, where a is positive and x is rational.

Definition Ifa >0, mecZ and n €N, then

m m
ar = ({‘/E) .

For example, for a >0, with m=1 we have ar = {/a, and with m=2 and
n=>3 we have & = (J/a)’.

This notation is particularly useful, because rational powers (or rational expo-
nents) satisfy the following exponent laws (whose proofs depend on Theorem 1):

Exponent Laws

o Ifa,b>0and x€Q, thena'b* = (ab)".
o Ifa>0 andx,ycQ, thena* o’ =a""".
e Ifa>0 andx,y€Q, then (a*)’'= av.

If x and y are integers, these laws actually hold for all non-zero real numbers
a and b. Howe\l/er, if x and y are not integers, then we must have a, b > 0. For
example, (—1)? is not defined as a real number.

However, if a is a negative real number, then a+ can be defined whenever
meZ,neNand “is reduced to its lowest terms with  odd, as follows

ar = (Va)".

Finally, you may have wondered why we did not mention that each positive
number has two nth roots when 7 is even. For example, 2% = (—2)2 =4. We
shall adopt the convention that, for a > 0, /a and ar always refer to the positive
nth root of a. If we wish to refer to both roots (for example, when solving
equations), we write & {/a.

1.5.4 Real powers

We conclude this section by briefly discussing the meaning of " when a > 0
and x is an arbitrary real number. We have defined this expression when x is
rational, but the same definition does not work if x is irrational. However, it

. . . . V2
is common practice to write down expressions such as v/2" ~, and even to apply
the Exponent Laws to give equalities such as

1: Numbers
For example
2 x 3 =6,
28 % 25 = 28,

(2%)3: 2%,

This extends our above
definition of a’; for instance,
it defines @+ whenever n € N
and n is odd. For example,
(—8)3=4.



