new mathematical monographs: 4

. A Pl
= N T

Heights in
Diophantine
Geometry

Enrico Bombieri and
walter Gubler

Canmminos. |

www.cambridge.org/978052 1846158


http://www.cambridge.org/9780521846158

This page intentionally left blank



Heights in Diophantine Geometry

The first half of the book is devoted to the general theory of heights and its applications,
including a complete, detailed proof of the celebrated subspace theorem of W. M. Schmidt.
The second part deals with abelian varieties, the Mordell-Weil theorem and Faltings’s
proof of the Mordell conjecture, ending wih a self-contained exposition of Nevanlinna
theory and the related famous conjectures of Vojta. The book concludes with a
comprehensive list of references. It is destined to be a definitive reference book on modern
diophantine geometry, bringing a new standard of rigor and elegance to the field.

Professor ENRICO BOMBIERI is a professor of Mathematics at the Institute of Advanced
Study, Princeton.

Dr WALTER GUBLER is a lecturer in Mathematics at the University of Dortmund.



New Mathematical Monographs

Editorial Board

Béla Bollabas, University of Memphis

William Fulton, University of Michigan

Frances Kirwan, Mathematical Institute, University of Oxford
Peter Sarnak, Princeton University

Barry Simon, California Institute of Technology

For information about Cambridge University Press mathematics publications visit
http://publishing.cambridge.org/stm/mathematics/



HEIGHTS IN
DIOPHANTINE GEOMETRY

Enrico Bombieri
Institute of Advanced Study, Princeton

Walter Gubler

University of Dortmund

CAMBRIDGE

&) UNIVERSITY PRESS



CAMBRIDGE UNIVERSITY PRESS
Cambridge, New York, Melbourne, Madrid, Cape Town, Singapore, Sao Paulo

Cambridge University Press
The Edinburgh Building, Cambridge cB2 2ru, UK
Published in the United States of America by Cambridge University Press, New York

www.cambridge.org
Information on this title: www.cambridge.org/9780521846158

© Cambridge University Press 2006

This publication is in copyright. Subject to statutory exception and to the provision of
relevant collective licensing agreements, no reproduction of any part may take place
without the written permission of Cambridge University Press.

First published in print format 2006

ISBN-13  978-0-511-13809-6  eBook (Adobe Reader)
ISBN-IO  0-511-13809-1  eBook (Adobe Reader)

ISBN-13  978-0-521-84615-8 hardback
ISBN-10  0-521-84615-3 hardback

Cambridge University Press has no responsibility for the persistence or accuracy of URLs
for external or third-party internet websites referred to in this publication, and does not
guarantee that any content on such websites is, or will remain, accurate or appropriate.


http://www.cambridge.org/9780521846158
http://www.cambridge.org

Preface

Contents

Terminology

1. Heights

1.1.
1.2.
1.3.
1.4.
1.5.
1.6.
1.7.
1.8.

Introduction

Absolute values

Finite-dimensional extensions

The product formula

Heights in projective and affine space

Heights of polynomials

Lower bounds for norms of products of polynomials
Bibliographical notes

2. Weil heights

2.1.
2.2.
2.3.
24.
2.5.
2.6.
2.7.
2.8.
2.9.
2.10.

Introduction
Local heights
Global heights
Weil heights
Explicit bounds for Weil heights
Bounded subsets
Metrized line bundles and local heights
Heights on Grassmannians
Siegel’s lemma
Bibliographical notes

3. Linear tori

3.1.
3.2.
3.3.
3.4.

Introduction

Subgroups and lattices

Subvarieties and maximal subgroups
Bibliographical notes

page xi

XV

O N — =

57
66
72
80

82

82
82
88
92



vi

Contents

Small points

4.1.
4.2.
4.3.
4.4.
45.
4.6.
4.7.

Introduction

Zhang’s theorem

The equidistribution theorem
Dobrowolski’s theorem

Remarks on the Northcott property
Remarks on the Bogomolov property
Bibliographical notes

The unit equation

5.1.
5.2.
5.3.
54.
5.5.

Introduction

The number of solutions of the unit equation
Applications

Effective methods

Bibliographical notes

Roth’s theorem

6.1.
6.2.
6.3.
6.4.
6.5.
6.6.

Introduction

Roth’s theorem
Preliminary lemmas
Proof of Roth’s theorem
Further results
Bibliographical notes

The subspace theorem

7.1.
7.2.
7.3.
7.4.
7.5.
7.6.
7.7.

7.8.

Introduction

The subspace theorem

Applications

The generalized unit equation

Proof of the subspace theorem

Further results: the product theorem

The absolute subspace theorem and the Faltings—Wiistholz
theorem

Bibliographical notes

Abelian varieties

8.1.
8.2.
8.3.
8.4.

Introduction
Group varieties
Elliptic curves
The Picard variety

93

93

93
101
107
117
120
123

125

125
126
140
146
149

150

150
152
156
163
170
174

176

176
177
181
186
197
226

227
230

231

231
232
240
246



9.

8.5.
8.6.
8.7.
8.8.
8.9.
8.10.
8.11.

The theorem of the square and the dual abelian variety
The theorem of the cube
The isogeny multiplication by n
Characterization of odd elements in the Picard group
Decomposition into simple abelian varieties

Curves and Jacobians

Bibliographical notes

Néron—Tate heights

9.1.
9.2.
9.3.
9.4.
9.5.
9.6.
9.7.

Introduction

Néron—Tate heights

The associated bilinear form
Néron—Tate heights on Jacobians
The Néron symbol

Hilbert’s irreducibility theorem
Bibliographical notes

10. The Mordell-Weil theorem

11.

10.1.
10.2.
10.3.
10.4.
10.5.
10.6.
10.7.

Introduction

The weak Mordell-Weil theorem for elliptic curves
The Chevalley—Weil theorem

The weak Mordell-Weil theorem for abelian varieties
Kummer theory and Galois cohomology

The Mordell-Weil theorem

Bibliographical notes

Faltings’s theorem

11.1.
11.2.
11.3.
11.4.
11.5.
11.6.
11.7.
11.8.
11.9.

Introduction

The Vojta divisor

Mumford’s method and an upper bound for the height
The local Eisenstein theorem

Power series, norms, and the local Eisenstein theorem
A lower bound for the height

Construction of a Vojta divisor of small height
Application of Roth’s lemma

Proof of Faltings’s theorem

11.10. Some further developments
11.11. Bibliographical notes

Contents

vii

252
257
263
265
267
268
282

283

283
284
289
294
301
314
326

328

328
329
335
341
344
349
351

w W
W W
NS )

359
360
362
371
376
381
387
391
400



viii Contents

12. The abc-conjecture

12.1.
12.2.
12.3.
12.4.
12.5.
12.6.
12.7.

Introduction

The abc-conjecture

Belyi’s theorem

Examples

Equivalent conjectures

The generalized Fermat equation
Bibliographical notes

13. Nevanlinna theory

13.1.
13.2.
13.3.
13.4.
13.5.

Introduction
Nevanlinna theory in one variable

Variations on a theme: the Ahlfors—Shimizu characteristic
Holomorphic curves in Nevanlinna theory

Bibliographical notes

14. The Vojta conjectures

14.1.
14.2.
14.3.
14.4.
14.5.
14.6.

Introduction

The Vojta dictionary

Vojta’s conjectures

A general abc-conjecture

The abc-theorem for function fields
Bibliographical notes

Appendix A. Algebraic geometry

Al
A2
A3.
AA4.
AS.
A.6.
AT
AS.
A9.

A.10.
A.ll.
A12.
A.13.
A.14.

Introduction

Affine varieties

Topology and sheaves

Varieties

Vector bundles

Projective varieties

Smooth varieties

Divisors

Intersection theory of divisors
Cohomology of sheaves
Rational maps
Properties of morphisms
Curves and surfaces
Connexion to complex manifolds

401

401
402
411
416
424
435
442

444

444
444
457
465
477

479

479
480
483
488
498
513

514

514
514
518
521
525
530
536
544
551
563
574
577
581
583



Appendix B. Ramification

B.1. Discriminants

B.2. Unramified field extensions
B.3. Unramified morphisms
B.4. The ramification divisor

Appendix C. Geometry of numbers
C.1. Adeles
C.2. Minkowski’s second theorem
C.3. Cube slicing

References

Glossary of notation

Index

Contents

X

586

586
591
598
599

602

602
608
615






Preface

Diophantine geometry, the study of equations in integer and rational numbers, is
one of the oldest subjects of mathematics and possibly the most popular part of
number theory, for the professional mathematician and the amateur alike. Cer-
tainly, one of its main attractions is that, far from being a disconnected assembly
of isolated results, it provides glimpses of a view which hints at a well-organized
underlying structure.

Diophantine equations are of course determined by the underlying algebraic equa-
tions and therefore their associated algebraic geometry, obtained by dropping the
condition that the solutions must be integers or rational numbers, plays a big role in
their study. However, algebraic geometry is already not an easy subject. A pioneer
and one of the founding fathers of algebraic geometry, the German mathematician
Max Noether, after seeing the theory of algebraic curves with its elegance, simplic-
ity, and also depth of results, and comparing it with the collection of the existing
examples of algebraic surfaces at the time, for which nothing comparable could be
found, used to say that algebraic curves were created by God and algebraic sur-
faces by the Devil. Only later, with the development of new tools, in particular
the introduction of cohomological and topological methods, the theory of surfaces
and higher-dimensional varieties over a field found a satisfactory status.

Of special importance for arithmetic was the development of algebraic geom-
etry over fields of positive characteristic and p-adic fields, since the study of
polynomial congruences leads very naturally to such problems. The next big
step, the study of varieties over general rings (in contrast to fields), was done by
Grothendieck in his monumental construction of the theory of schemes. This pro-
vided the basic setting for the study of diophantine equations from a geometric
point of view. Bits and pieces of a theory were provided at an early stage (Weil’s
proof of the Mordell-Weil theorem is possibly the first example) and Weil’s theory
of heights, with its good arithmetic and geometric properties, was for a long time
the main tool. However, the development of a consistent theory was hindered by
two major obstacles.

An algebraic curve X over, for example, the ring Z of rational integers is, from
the point of view of schemes, a two-dimensional object, an arithmetic surface, en-
dowed with a morphism f : X — Spec(Z). Ideally, we would like to find an

xi



xii  Preface

analogue of the classical theory of algebraic surfaces which applies in this arith-
metic setting.

This can be done only to some extent. First of all, global results require working
with complete varieties, and a first problem was to compactify Spec(Z) and de-
velop a good intersection theory for divisors. This step was brilliantly solved by
Arakelov, using adeles and introducing metrics on the “fibre at infinity.” Arakelov’s
work can be regarded as the start of a beautiful new theory, aptly named “arith-
metic geometry.” As an example, in arithmetic geometry the theory of heights is a
special chapter of the much more precise arithmetic intersection theory.

Arakelov’s theory did not solve all problems and major questions remain. In the
“horizontal direction” given by the base Spec(Z), infinitesimal methods are no
longer at our disposal and genuine new difficulties, with no counterpart in the
classical theory, do appear. This is one of the major stumbling blocks for further
progress. Thus at the present stage we may take a view half-way towards Max
Noether’s view: Arithmetic surfaces were also created by God, but their study
encounters devilish difficulties.

Today, there are already good books devoted to the subject, and we can mention
here Lang’s [169], Serre’s [277], the more expository but very comprehensive ac-
count of Lang’s [171] and Hindry and Silverman’s [153]. So, why a new book on
diophantine geometry?

As is often the case, this book grew from introductory lectures at the graduate
level, given over a decade ago at the Scuola Normale Superiore di Pisa and the
Mathematisches Forschungsinstitut of the Eidgendssische Technische Hochschule
in Ziirich. An advanced knowledge of algebra or algebraic geometry was not a
prerequisite of the courses. Thus the subject was developed mainly through clas-
sical lines, namely the theory of varieties over fields of characteristic 0 insofar
as algebraic geometry was concerned, and the theory of heights for the number
theoretic aspects.

Already with the initial rough notes, embracing the view that in order to learn tools
it is best to use them in practice, it was decided to keep mathematical rigor as a
strict requirement, supplying references whenever needed and making a clear dis-
tinction between a proof and a plausible argument. Examples, including unusual
ones, and advanced sections in which deeper aspects of the theory were either
developed or described, were included whenever possible. Rather than including
this type of material as “exercises” at various levels of difficulty, often disguising
good research papers as exercises, it was decided to include proofs and extended
comments also for them. However, in the time needed to put the original material
together, the subject matter continued to advance at a fast pace, whence the need
for inclusion of additional interesting material, as well as substantial revisions of
what had been done before.
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In the final product, this book is basically divided into three parts. Chapters 1 to
7 develop the elementary theory of heights and its applications to the diophantine
geometry of subvarieties of the split torus G, , including applications to diophan-
tine approximation with proofs of Roth’s theorem and Schmidt’s subspace theorem
and some unusual applications.

Chapters 8 to 11 deal with abelian varieties and the diophantine geometry of their
subvarieties, ending with a detailed proof of Faltings’s celebrated theorem estab-
lishing Mordell’s conjecture for curves, following Vojta’s proof as simplified in
[29]. However, we felt that a proper treatment of Faltings’s big theorem, namely
his proof of Lang’s conjectures about rational points on subvarieties of abelian va-
rieties, was best done in the context of arithmetic geometry and with regrets we
limited ourselves on this matter only to a few comments about the theorem itself
and to some of its applications.

Chapters 12 to 14 are more speculative and at times straddle the borderline be-
tween diophantine geometry and arithmetic geometry. Chapter 12 deals with the
so-called abc-conjecture over number fields, including a complete proof of Belyi’s
theorem and its application to Elkies’s theorem, various examples, concluding
with a finiteness result for the generalized Fermat equation, due to Darmon and
Granville. Chapter 13, which is largely self contained, is an exposition of the
classical Nevanlinna theory, with proofs of the first and second main theorems of
Nevanlinna, and also Cartan’s extension of them to the theory of meromorphic
curves. Its purpose is to motivate the final Chapter 14 dealing with the well-known
Vojta conjectures, which have spurred a great deal of work in the field.

Proofs are usually given in full detail, but of course it was not feasible to de-
velop all algebra and algebraic geometry from scratch and they tend to be fairly
condensed at times. To alleviate this, Appendix A summarizes all concepts of al-
gebraic geometry needed in this book and Appendix B gathers the necessary facts
about ramification in number theory and algebraic geometry. Both are provided
with complete references to standard books and should help the reader in under-
standing which notions and notations we use. Finally Appendix C contains an
account of Minkowski’s geometry of numbers, with proofs, at least to the extent
we need in this book.

Some sections in this book appear in small print. Their meaning is simply that
they can be omitted in a first reading, either because they require more advanced
knowledge of algebra and geometry, or because they deal with side topics not
appearing elsewhere in the book. At the end of every chapter, the reader will find
some bibliographical notes, containing both historical comments and references
to additional literature. However, in no way do these references pretend to be
complete and they only represent our personal choices for additional reading.
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This book does not represent an introduction to diophantine geometry, nor a com-
plete treatment of the theory of heights. Neither do we strive for maximum gener-
ality, and most of the book is concerned only with a number field as ground field,
dealing only marginally with the function field case and even less with ground
fields of positive characteristic. Also, we do not extend the theory to semiabelian
varieties or non-split commutative linear groups, which are also quite important
and lead to delicate questions.

The whole theory of effective diophantine approximation, and Baker’s theory of
logarithmic forms, are missing entirely from this book and relegated to a few com-
ments at the end of Chapter 5. This is not due to a perception of lack of importance
of the subject. Rather, an adequate treatment of the topic would have required a
second large volume for this already large book.

The same can be said for arithmetic geometry, which no doubt deserves an ad-
vanced monograph by itself, also for the arithmetic theory of elliptic curves and
abelian varieties, and for the arithmetic theory of modular functions and its appli-
cations to diophantine problems.

Our goal in writing this book was to provide, in addition to the existing literature,
a wide selection of topics in the subject, containing foundational material with
complete proofs, numerous examples, and additional material viewed as a bridge
between the classical theory and arithmetic geometry proper. A fair portion of this
book is meant to be accessible to a reader with only a basic course in algebra and
algebraic geometry, but even the specialist in the field should be able to find inter-
esting material in it. We made no serious attempt to reach completeness about the
history of the subject, also referenced material (we never quote from secondary
sources) is for this very reason mostly from literature in the English and French
languages. Finally, although we attempted to put together a comprehensive bib-
liography, in no way do we pretend it to be complete. We apologize in advance
for the inevitable omissions in our bibliography, regarding priorities and precursor
works.

At the end of the book the reader will find an index of mathematical names in
lexicographic order and an index of notations ordered by page number. The vanity
index (index of authors mentioned in the text) has been omitted.



Terminology

We try to use standard terminology, but for convenience of the reader we gather
here some of the most frequently used notation and conventions.

In set theory, A C B means that A is a subset of B. In particular, A may be
equal to B. If this case is excluded, then we write A & B. The complement of A
in B is denoted by B\ A as we reserve — for algebraic purposes. We denote the
number of elements of A by |A| (possibly co). The identity map is id.

A quasi-compact topological space is characterized by the Heine—Borel property
for open coverings. In this book, a compact space is quasi-compact and Hausdorff.

We denote by N the set of natural numbers with 0 included and Z is the ring of
rational integers. Then @, R and C are the fields of rational, real, and complex
numbers. A positive number means x > 0, but we use R for the non-negative
real numbers. The Kronecker symbol d;; is O for ¢ # j and 1 for ¢ = j.

The real (resp. imaginary) part of a complex number z is denoted by Rz (resp.
$z) and Z is complex conjugation.

The floor function |z |, defined for = € R, is the largest rational integer < z. The
ceiling function [z] denotes the smallest rational integer > x.

The real functions on X are denoted by R¥ . For f,g € R¥X, the Landau symbol
f = O(g) means |f(z)| < Cg(z) for some unspecified positive constant C.
If we want to emphasize the dependence of C' on parameters ¢, L, ... we write
f=0cr. (g). Asaspecial case, f = O(1) means that f is a bounded function
on X . We also use, with the same meaning, the equivalent Vinogradov’s symbol
f<gand f <., . g.Thesymbol g > f isinterpreted as f < g.

If X is a topological space and f, g are defined on a subset Y with an accumu-
lation point x, then f = O(g) for y — x means that |f(y)| < Cg(y) holds for
all y € Y contained in a neighbourhood of x. If this is true for all C' > 0 (with
neighbourhoods depending on C'), then we use the Landau symbol f = o(g) for
y — x. The asymptotic relation f ~ g for y — = means that f — g = o(|g]).

The Landau symbols and the Vinogradov symbol must be used with caution in
presence of parameters, not just because the constant involved may depend on pa-
rameters, but especially because the neighbourhood in which the inequality holds
will also depend on the parameters, an easily overlooked fact.

XV
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In number theory, we use GCD(a, b) for the greatest common multiple of a and
b. As usual, a|b means that a divides b. The number of primes up to x is 7(x).

The group of multiplicative units of a commutative ring with identity is denoted
by R*. We use the symbol V* to denote the dual of a vector space V. Rings and
algebras are always assumed to be associative, fields are always commutative. If
the rings have an identity, then we assume that ring homomorphisms send 1 to 1.
The ideal generated by g1, ..., gm is denoted by [g1, ..., gm]. The characteristic
of afield K is char(K) and we write F, for the finite field with ¢ elements.

The ring of polynomials in the variable x with coefficients in K is denoted by
K[x]. A monic polynomial has highest coefficient 1. The minimal polynomial
of an algebraic number « over a field is assumed to be monic and its degree is
the degree of «, denoted by deg(a). If we consider the minimal polynomial
over Z (or any factorial ring), then we replace monic by the assumption that the
coefficients are coprime. We use x to denote a vector with entries z;, thus K[x]
is the ring of polynomials in the variables ;. By K we denote a choice of an
algebraic closure of the field K .

For the terminology used in algebraic geometry, the reader is referred to
Appendix A.

The numbering in this book is by chapter (appendices in capitals), section, and
statement, in progressive order. Equations are numbered separately by chapter (ap-
pendices in capitals) and statement in progressive order, with the label enclosed in
parentheses. References to equations not occurring on the same page or the pre-
ceding page also give the page numbers; the first example is: (A.13) on page 558,
occurring on page 15.



1 HEIGHTS

1.1. Introduction

This chapter contains preliminary material on absolute values and the elementary
theory of heights on projective varieties. Most of this material is quite standard,
although we have included some of the finer results on classical heights which are
not usually treated in other texts.

In Section 1.2 we start with absolute values, and places are introduced as equiv-
alence classes of absolute values. The definitions of residue degree and ramifica-
tion index are given, as well as their basic properties and behaviour with respect
to finite degree extensions. In Sections 1.3 and 1.4 we introduce normalized ab-
solute values and the all-important product formula in number fields and function
fields. Section 1.5 contains the definition of the absolute Weil height in projective
spaces, the characterization of points with height 0, and a general form of Liou-
ville’s inequality in diophantine approximation. Section 1.6 studies the height of
polynomials and Mahler’s measure and proves Gauss’s lemma and its counterpart
at infinity, Gelfond’s lemma. Section 1.7, which can be omitted in a first read-
ing, elaborates further on various comparison results about heights and norms of
polynomials, including an interesting result of Per Enflo on /; -norms.

The presentation of the material in this chapter is self contained with the excep-
tion of Section 1.2, where the basic facts about absolute values are quoted from
standard reference books (N. Bourbaki [47], Ch.VI, S. Lang [173], Ch.XII, and N.
Jacobson [157], Ch.IX).

1.2. Absolute values

Definition 1.2.1. An absolute value on a field K is a real valued function | | on
K such that:

(@ |z| >0and |x| =0 ifand only if © = 0.
(b) [zy| = [x] [y|.
© |lz+y| <|z|+ |yl (triangle inequality).

1



2 HEIGHTS

1.2.2. The trivial absolute value is equal to 1 except at 0. If an absolute value
satisfies instead of the triangle inequality (c) the stronger condition

") |z +y| < max{|z|, |y}

then it is called non-archimedean. If (c’) fails to hold for some z,y € K, then
the absolute value is called archimedean. The distance of =,y € K is |z — y|.
This metric induces a topology on K. In the non-archimedean case, we have an
ultrametric distance and (¢”) is called the ultrametric triangle inequality . If two
absolute values define the same topology, they are called equivalent .

Proposition 1.2.3. Two absolute values |
there is a positive real number s such that

1, | |2 are equivalent if and only if

|zl = |a[3
forx e K.
Proof: See [157], Th.9.1 or [173], Prop.X1II.1.1. O

1.2.4. A place v is an equivalence class of non-trivial absolute values. By | |,
we denote an absolute value in the equivalence class determined by the place v.
If the field L is an extension of K and v is a place of K, we write w|v for a
place w of L if and only if the restriction to K of any representative of w is a
representative of v, and say that w extends v and, equivalently, that w lies over
v. We also employ the notation w|v (that is, w divides v), motivated by the fact
that non-archimedean places in number fields correspond to prime ideals.

The completion of K with respect to the place v is an extension field K, with a
place w such that:

(a) wlv.
(b) The topology of K, induced by w is complete.

(c) K is adense subset of K, in the above topology.

The completion exists and is unique up to isometric isomorphisms ([157], Th.9.7
or [173], Prop.XI1.2.1). By abuse of notation, we shall denote the unique place w
also by v.

Example 1.2.5. If the field is Q, then there is only one archimedean place oo on
Q, given by the ordinary absolute value | |. We also write | | for this absolute
value (cf. [157], Th.9.4).

For a prime p we have the p-adic absolute value | |, determined as follows. Let
m/n € Q be a rational number and write it in the form

m m
— =P R
n n



1.2. Absolute values 3

where m/, n’ are integers coprime with p. Then we set

|ﬁ| —p@
n'p ’

In fact, it suffices to define | |, by the conditions

% if ¢ =p.

The p-adic absolute values so defined give us a set of inequivalent representatives
for all non-archimedean places on Q ([157], Th.9.5). The field Q, of p-adic
numbers is the completion of Q with respect to the place p. The compact subset
Z,, of p-adic integers is the closure of Z in QQ,, (for compactness, see [47], Ch.VI,
85, no.1, Prop.2). On the other hand, the completion of @Q with respect to the
archimedean place oo is R. In full generality, we have the following well-known
Theorem of Ostrowski:

1 for primes q # p
lalp =

Theorem 1.2.6. The only complete archimedean fields are R and C.
Proof: [157], §9.5 or [47], Ch.VI, §6, no.4, Th.2. O

Proposition 1.2.7. Let K be a field which is complete relative to an absolute
value | |, and let L be a finite-dimensional extension field of K. Then there is
a unique extension of | |, to an absolute value | |, of L. For any x € L the
equation

2l = [N ()15
holds, where Ny, ;5 is the norm from L to K. Moreover, the field L is complete
with respect to | |y, .

Proof: [157], Th.s 9.8, 9.9, 9.12 or [47], Ch.VI, §8, no.7, Prop.10. O

Remark 1.2.8. Clearly, the preceding proposition implies that there is a unique
extension to an absolute value on the algebraic closure of K. Note however that
the last clause of this proposition need not hold for infinite-dimensional extensions;
a well-known example is an algebraic closure of the p-adic field Q,, (cf. S. Bosch,
U. Giintzer, and R. Remmert [43], 3.4.3).

1.2.9. Let K be a field with a non-archimedean place v and let L be a finite-
dimensional field extension of X . Assume that w is a place of L with w|v. The
ring

R, ={zx e K||z|, <1}
is called the valuation ring of v. The definition is obviously independent of the

representative | |, of v. R, is a local ring with unique maximal ideal m, :=
{zr e K||z|, <1}.

The residue field k(v) is defined by R, /m, . The quotient map R, — k(v),x +—
T is called the reduction. Applying it to coefficients, it extends to polynomials
and to power series.
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The residue degree f,,/,, of L/K in w is the dimension of k(w) over k(v). Let
| | be an absolute value representing w and | |, the restriction of | |, to K.
The value group |K*|, is a multiplicative subgroup of |L*|,, and its index is
called the ramification index ¢/, of w in v.

The place v is called discrete if the value group |K *|, is cyclic. Then m, is a
principal ideal and any principal generator is called a local parameter.

The following result is the very useful Hensel’s lemma.

Lemma 1.2.10. Let K be complete with respect to a non-archimedean place v .
Let f(t) € KJt] be a monic polynomial with reduction f(t) = g(t)h(t) for
some monic coprime polynomials G(t), h(t) € k(v)[t]. Then there exist monic
polynomials G(t), H(t) € Ry[t] with F(t) = G(t)H(t) and G(t) = g(t),
H(t) = h(t).

Proof: For discrete valuations, we refer to [157], §9.11. The general case is proved
in [43], 3.3.4. O

Proposition 1.2.11. Let L/K and w|v be asin 1.2.9.

(a) The residue degree and the ramification index do not change if we pass to
completions.

(b) The product of the residue degree and the ramification index is at most
[L : K], with equality if v is discrete and K is complete relative to v.

Proof: [157], §9.10 or [173], Prop.s X11.4.2, XI1.6.1, and §XIL.S5. O

1.2.12. A number field is a finite-dimensional field extension of Q. The ring
of algebraic integers of K is denoted by O . Now let L be a locally compact
field containing a number field K as a dense subset and assume that the topology
is not discrete. Then it follows that L is complete because it is locally compact.
The classification of non-discrete locally compact fields is well known and tells
us that there is a place v of K such that L is the completion of K with respect
to v. Moreover, if L is connected, then L is isomorphic to R or C or to a finite
extension of QQ,. The closure of O in L coincides with the valuation ring R,
of L.

On the other hand, every completion of a number field with respect to a non-
archimedean place is a finite extension of Q,,, hence locally compact. For details,
we refer to [47], Ch.VI, §9, no.3, Th.1. The following result of Artin and Whaples
is called the approximation theorem:

Theorem 1.2.13. Let | |1,...,]| |n be inequivalent non-trivial absolute values on
afield K. Thenfor x1,...,x, € K and € > 0 there is x € K such that
|z —zkle <e (k=1,...,n).

Proof: [157], §9.2 or [173], Th.XII.1.2. O
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1.3. Finite-dimensional extensions

Let K be a field with a fixed non-trivial absolute value | | .

Proposition 1.3.1. Ler L be a finite-dimensional field extension of K generated
by a single element £. If f(t) is the monic minimal polynomial of § over K and

k "
F@&) = frr@) - £ (t)
is its decomposition into different irreducible monic factors f;(t) € K,[t], then
for each j there is an injective homomorphism

v L— Kj = K,[t]/(f;(t))

of field extensions over K , given by € +— t. There is a unique extension | |; of the
absolute value of K, to K. The absolute values | |; are pairwise inequivalent.
Moreover, K; is the completion of L with respect to | |; and the embedding .
For any absolute value | |, extending | |, to L, there is a unique j € {1,...,r}
such that the restriction of | |; to L is equal to

-

Proof: Proposition 1.2.7 leads to the unique extension | |; of the absolute value of
K, . The map ¢ is a well-defined homomorphism of field extensions over K and
the image of ¢ is dense in K;. Hence K is the completion of L with respect to
| |;. If the restrictions of | |; and | | are equivalent, then we have an isometric
isomorphism of K; onto K}, leaving K, fixed. Therefore, the images of ¢ have
to be roots of the same irreducible factor of f(¢) in K,[t], yielding j = k. Let
| | be an absolute value on L extending | |,. The closure of K in L, can be
identified with K,,. Now ¢ generates a finite-dimensional subfield of L,, over
K, which is complete by Proposition 1.2.7, therefore this subfield is L,, itself.
Also ¢ must be a root of some f;, hence L, is isomorphic to K; over K,.
Moreover, we can assume that L is fixed under this isomorphism. Then it is clear
from Proposition 1.2.7 that | |,, is equal to the restriction of | |; to L. O

Corollary 1.3.2. If L is a finite-dimensional separable field extension of K , then
> [Lw: K] =[L: K],
wlv

where the sum ranges over all places w of L with w|v.

Proof: By the primitive element theorem (see N. Jacobson [156], §4.14), there
is an element ¢ of L which generates L over K. Proposition 1.3.1 implies the
formula. (]

Remark 1.3.3. If the extension is not separable, we still have Zw‘v [Ly : K] <
[L : K].If L is generated by a single element over K, this is clear from Proposi-
tion 1.3.1. For the general case, we use induction on the degree.

Definition 1.3.4. The number [L., : K] is called the local degree of L/K in w.
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Corollary 1.3.5. Let L/K be a finite-dimensional Galois extension with Galois
group G = Gal(L/K) and let | |u,, | |w be absolute values on L extending
| |». Then there is an element o € G with

|z|w = |o(z)]w, for =€ L.

The completions L., and L., are isomorphic over K, . However, they need not
to be isomorphic over L.

Proof: As in the proof of Corollary 1.3.2, there is an element £ of L with L =
K(&). If f(t) is the minimal polynomial of £ over K, then L,, is obtained by
adjoining a root of f;(t) to K, in a fixed splitting field of f over K, where
f;(t) is an irreducible factor of f(t) in K,[t]. Since L is a Galois extension, all
roots of f are contained in L,,, therefore L,, = L,,, as a field. Then the absolute
values | |y, and | |, correspond to embeddings ¢y and ¢ of L into L., over
K . There is a unique p € Gal(Ly,/K,) with ¢ = po g, given by ¢o(§) — ¢(§).
If | | is the unique absolute value of L,,, extending the one of K, and if o is the
unique element of G with po ¢y =9 o o, then

|z = |t(x)] = |poto(x)] = |woo(z)] = |o(x)|w, forz e L. O

1.3.6. Let K be a field with a fixed non-trivial absolute value | |,. We consider
a finite-dimensional separable extension field L of K and a place w of L with
wl|v. For any x € L, we define

[l = [NL, sk, ()]0

and

@l = |NL, /&, (x)[3/ 50,
. _ 1/[Lu:Ky) .

We know from Proposition 1.2.7 that the restriction of [Ny, /x, |v to L is
arepresentative of w extending | |, . The obvious inequality [L,, : K,] < [L : K]
implies that | |,, is an absolute value representing w. If v is not archimedean or
[Ly @ Ky] = 1, we have that || ||,, is also an absolute value representing w. On
the other hand, if v is archimedean and [L,, : K,] = 2, we have L,, = C and
K, = R. Assume that the restriction of | |, to Q is the ordinary absolute value;
then || ||, is not an absolute value because the triangle inequality is not satisfied.

Lemma 1.3.7. Let v € K \ {0} and y € L\ {0}. With the notation above

Zlog || = log|z|y ,

wlv

> loglyllw = log Nz (4)lo-

wlv
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Proof: Corollary 1.3.2 implies the first statement. There is an element ¢ of L with
L = K(&). With the notation of Proposition 1.3.1, we have ky = --- =k, = 1
and an isomorphism

Leow Ko = [ Koltl/(;0)
j=1
of K, -algebras, given by & — (t);—1,..., (this is a form of the Chinese remain-
der theorem). By Proposition 1.3.1 we get

Np/k(y) = H N, k., (Y),

wlv
proving the second claim. U

1.3.8. If K is a number field, the archimedean absolute values of K are deter-
mined by the embeddings ¢ : K — C of K into the complex numbers. There
are exactly [K : Q] such embeddings. An embedding o is said to be real if o(K)
is in the real subfield R of C, and complex otherwise. If ¢ is a complex em-
bedding, composition with complex conjugation yields a conjugate embedding o,
and it is clear that ¢ and & determine the same archimedean absolute value. Con-
versely, if o and ¢’ are two embeddings of K in C determining the same absolute
value, we have ¢’ = o or ¢/ = 7. All this is immediate from Proposition 1.3.1,
because K has a primitive element over Q.

The completion of K at an archimedean place is isometric to either R or C. Ac-
cordingly, the set of archimedean places is subdivided into real places and com-
plex places.

Example 1.3.9. Let p be an odd prime and K = Q(¢) with ¢ a primitive pth root of
unity. Our goal in this example is to determine all extensions of an absolute value of Q to
K.

The minimal polynomial of ¢ over Q is given by
FO =t P,
which is proved by applying Eisenstein’s criterion to f(¢ + 1).

To begin with, we determine the extensions of the ordinary absolute value | | of Q to
K . The irreducible factors of f(¢) in R[¢] have degree 2. By Proposition 1.3.1, there are
exactly % extensions of | | ; all archimedean absolute values of K are associated to
the (p — 1)/2 pairs of complex conjugate embeddings of K and the local degree is equal
to 2.

Next, we consider the extensions of the non-archimedean absolute value associated to a
prime number ¢. Suppose first that ¢ # p. We need to decompose f(t) into irreducible
factors over Q,. There is a smallest number r» > 1 with p|¢” — 1, determined by the
property that F,~ is the smallest field of characteristic ¢ containing a non-trivial pth root
of unity (note also that, by Fermat’s little theorem, r|p — 1). In that case, the field Fqr
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contains all pth roots of unity. Hence f(t) is a product of ”r;l distinct irreducible factors
in Fy[t], each degree r. The same is true in Qq[t] by Hensel’s lemma (see Lemma 1.2.10).
We conclude again by Proposition 1.3.1 that there are exactly Z :1 extensions of | |4 to K
and the local degrees are equal to 7. It is obvious that { remains a unit in any completion
of K with respect to such an absolute value and its representative in the residue field is also
a non-trivial primitive pth root of unity. By Proposition 1.2.11, the residue degree is equal

to r and the ramification index is 1.

It remains to consider the place p. As before, Eisenstein’s criterion shows that the polyno-
mial f(t) is irreducible in @, [t]. Then there is only one extension | |, of | |, to K and
the local degree is p — 1. The minimal polynomial of ¢ — 1 over Q, is f(¢ + 1) and so
Nk, /g, (¢ — 1) = p. Proposition 1.2.7 implies

€= 1l =700,

By Proposition 1.2.11, the ramification index is equal to p — 1 and the residue degree is
equalto 1.

1.3.10. In the final part of this section, we handle finite-dimensional field extensions without
separability assumptions. It turns out that it suffices to adjust the exponents in the normal-
ization 1.3.6. Since we focus almost exclusively on number fields, the reader may skip the
rest of this section in a first reading.

Let K be a field with absolute values | |, and let L/K be a finite-dimensional field
extension. Our goal is to generalize Proposition 1.3.1 describing the extensions of | |, to
the field L.

Since L ®k K, is a finite-dimensional K, -algebra, the structure theorem of commutative
artinian rings ([157], Th.7.13) gives uniquely determined ideals R, which are local K, -
algebras with maximal ideals m; and such that

Lok K, =[] R;. (1.1)

j=1

We have natural embeddings of L and K, into the residue field K; = R;/m; of R;. By
Proposition 1.2.7, there is a unique extension | |; of | |, to K. Clearly, L is dense in
K, whence K is the completion of L with respect to this absolute value.

Proposition 1.3.11. The restrictions of | |;, j =1,...,r,to L are all extensions of | |v
to absolute values on L and they are pairwise inequivalent.

Proof: Suppose the restrictions to L of | |; and | |r are equivalent. Then there is an
isomorphism ¢ : K; =~ K, which is the identity on L and K, . Let ¢; be the canonical
isomorphism of L ®x K, onto K;. Then ¢ = ¢ o go]fl (check on L and K, ), which
is possible only if j = k. This proves the last clause of our claim.

Let | | be an extension of | |, to L. The closure of K in L, will be identified with
K, . Since L is finite dimensional over K , it follows that LK, is a closed subfield of L., ,
from which we conclude that LK, = L,, . By the universal property of the tensor product,
there is a homomorphism of L ®x K, onto L, . The kernel of this homomorphism is a
maximal ideal, hence equal to m; x [, ; Ri forsome j. Therefore, K is isomorphic to
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L., as a K, -algebra, and by Proposition 1.2.7 we infer that it is in fact an isometry. This
shows that the restriction of | |; to L is | |w, as we wanted. O

1.3.12. Now we are ready to define the correct normalizations of the absolute values as
above. We have seen that the places w of L with w|v are in one-to-one correspondence
with the local K, -algebras in (1.1), thus we may write

Lok Ko =]]T. (1.2)
v
and identify the residue field of T, with the completion L., . For y € L, we set
Il 5= Ny 1, G
and
[yho = llylla/ ™.

With these modifications the analogue of Lemma 1.3.7 still holds, namely:

Lemma 1.3.13. I[f z € K\ {0} and y € L\ {0}, then

Z log |z|w = log|z|s, (1.3)

wlv
> togllyllw = log [Nk (y)]o - (1.4)
wv
Proof: Formula (1.4) is a trivial consequence of Proposition 1.2.7 and (1.2). If we set y = «
in (1.4), then (1.3) follows immediately from (1.2). g

1.4. The product formula

The product formula over Q may be stated and proved as a consequence of the
factorization of a non-zero rational number into a product of primes and a unit. In
spite of its simplicity and essentially trivial nature, it plays a fundamental role and
its importance cannot be overstated. The fact that it involves all places, including
the places at co, means that, from the geometrical point of view, we are dealing
with a complete variety. In the case considered here, the general fibre of the variety
is a point and everything is quite simple. However, the best interpretation of the
product formula and its generalizations is found in the framework of Arakelov
theory.

1.4.1. Let K be afield and My be a set of non-trivial inequivalent absolute values
on K such that the set

{I |o€ Mk | |z}, # 1}
is finite for any x € K\{0}. We identify the elements of My with the corre-
sponding places and say that Mg satisfies the product formula if

II Izl =1

vEMp
forany = € K\{0}.
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We shall also refer to
Z log |x‘v =0
vEMgk
as the product formula for z # 0.

If L/K is a finite-dimensional extension and M is a set of places with associ-
ated normalized absolute values satisfying the product formula, we obtain a set of
places M, consisting of representatives | |, of w|v for v € Mg, normalized as
in 1.3.6 and 1.3.12.

Proposition 1.4.2. The set of places M|, so normalized again satisfies the product
formula.

Proof: Let x € L*. We need to check that |z|,, # 1 only for finitely many
w € My, . Since x is algebraic over K, we have

2" 4 12" 4 ag =0 (1.5)

for suitable a; € K. By assumption, we have |a;|, € {0,1} up to finitely many
v € Mg . Since there are only finitely many w € M lying over a given v
(Corollary 1.3.2), we have |a;|,, < 1, up to finitely many w € M7, . Clearly, there
are only finitely many archimedean places in My and hence in My, . Thus it is
enough to consider non-archimedean w € M, and then the ultrametric inequality
applied to (1.5) shows that |z|,, < 1 whenever all coefficients |a;|, < 1. The
same argument applied to 1/ completes the proof that |z|, = 1 up to finitely
many w € My .

Once this is done, it is immediate from Lemmas 1.3.7 and 1.3.13 that the normal-
ized set of absolute values on L satisfies the product formula. U

1.4.3. By Example 1.2.5, we get
Mg :={| |p | p prime number or p = oo},

normalized as follows. If p = co, then | | p is the ordinary absolute value on Q,
and, if p is prime, then the absolute value is the p-adic absolute value on Q, with
|p|p =1/p.

Let K be a number field and let Mg be the associated set of places and normal-
ized absolute values, obtained from the above construction applied to the extension

K/Q.
Proposition 1.4.4. If K is a number field, M satisfies the product formula.

Proof: By the above discussion, we can assume that K is equal to Q and it is
obviously enough to show the product formula for a prime number z

1
II 1=l = l2l. [oloo = —2 =1, O
pEMg



1.4. The product formula 11

In this book, whenever we talk about M of a number field it will always be
the set so constructed from M. This is important for our normalizations, which
we repeat: If p = oo, then | \p is the ordinary absolute value on @Q, and, if p is
prime, then the absolute value is the p-adic absolute value on Q, with |p|, = 1/p.
In either case, we have

2]y = N, /q, (z) |5/ 1KY (1.6)
for x € K and v|p.

As an application of our previous considerations in this chapter, we prove the fol-
lowing refinement of Theorem 1.2.13 for a number field K, called the strong
approximation theorem:

Theorem 1.4.5. Let (| |v),cg be representatives for a finite set S of non-
archimedean places of the number field K , let x,, € K, for every v € S, and let
€ > 0. Then there is x € K with |x — x|, < € forall v e S and |x|, <1 for
all non-archimedean v ¢ S

Proof: There is no loss of generality in assuming that z,, € K, because, by def-
inition of completion, K is dense in K,. By Proposition 1.2.3, we may also
assume that the absolute values extend the p-adic absolute values | |, from Ex-
ample 1.2.5. By Corollary 1.3.2, there are only finitely many places lying over a
natural prime number, hence we may enlarge S' to the set of all places lying over a
finite set Sy of prime numbers, taking x,, = 0 at every new place v introduced by
doing so. For any « € K, Proposition 1.4.2 shows that |z|, # 1 only for finitely
many places v. Now take z to be the approximation to x,, (v € S) obtained from
Theorem 1.2.13 with £ = 1. Then there is a finite set .S; of prime numbers, dis-
joint from Sy, such that |z|, = 1 for all places v of K, which do not lie over
So U S1. By the Chinese remainder theorem, there is m € Z with |m — 1], < ¢
for p € Sp and |m|, < § for p € S;. If we choose § > 0 sufficiently small, then
the approximation ma satisfies the conclusion of Theorem 1.4.5. U

1.4.6. Function fields (see A.4.11) are also important examples in diophantine geometry,
where the product formula holds and we devote the rest of this section to its discussion. In
order to understand the background from algebraic geometry, the reader may consult the
material on divisors in Sections A.8 and A.9. Since the focus of this book is mostly on
number fields, we may skip the proofs in a first reading.

Let X be a projective irreducible variety over a field K and let us fix an ample line bundle
L (see A.6.10). We denote by deg(Z) the degree of a cycle Z with respect to L. Since
the function field does not change by passing to the normalization (see A.12.6), we may and
shall assume that X is regular in codimension 1 (see A.8.10). For any prime divisor Z of
X , the local ring Ox 7 is a discrete valuation ring and the valuation of f € K(X)* is the
order of f at Z. The latter is denoted by ordz (f). Since the degree of a principal divisor
is 0, we have

; ordz (f)deg(Z) = 0. (1.7
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We normalize the absolute value corresponding to ordz by

O d d Z
‘f|Z .= OF z (f) deg( )’
where ¢ is some fixed number, 0 < ¢ < 1.

Proposition 1.4.7. The absolute values | | z, 4 prime divisor of X, are not trivial,
inequivalent, and satisfy the product formula.

Proof: Since Ox,z is a discrete valuation ring, the absolute value | |z is not trivial. Let
Y, Z be different prime divisors. We may think of X as embedded in projective space.
There is a hyperplane not containing Y, Z. Let H be the corresponding very ample divisor
on X andlet n € N be so large that nH + Y is very ample (see A.6.10). By the same
argument as above, there is an effective divisor H' not containing Y and Z such that

H =nH+Y +div(f)

for some f € K(X)*. Wehave |f|z =1 and |f|y = ¢~ 9°() We conclude that | |y
and | |z are inequivalent. The product formula is a consequence of (1.7). (]

Example 1.4.8. Let C' be an irreducible projective curve over K. The curve is regular
if and only if it is normal (see A.8.10). So let C' be regular (note however that this does
not mean that C' is smooth, see A.13.3). Then C' is a regular model for the function field
K(C). The prime divisors of C' are in one-to-one correspondence with orbits of points
under Gal(K/K) (see A.2.7). The order at a prime divisor is the order at any point in the
associated orbit.

This example fits with the preceding considerations if L = O([P]) for some point Py €
C(K) (and L is of course automatically ample). The product formula follows from the
fact that any rational function f € K(C)* has the same number of zeros and poles.

1.4.9. On the function field K (X), we shall always use the set of absolute values consid-
ered above. We denote it by Mx to emphasize the role of the model X . Obviously, the
choice of the constant c is irrelevant. Usually, we shall choose ¢ = 1/e.

Lemma 1.4.10. The following statements hold:

(a) Any finitely generated field over K is a function field of an irreducible projective
normal variety over K .

(b) Two irreducible varieties are birationally equivalent over K if and only if they have
isomorphic function fields over K .

(c) If L is a finite-dimensional extension of the function field K(X) of an irreducible
projective variety X over K, then there are an irreducible projective normal va-
riety Y over K, and a finite surjective morphism ¢ @'Y — X, such that
L = K(Y) and the inclusion K(X) C L corresponds to ¢* : K(X) — K(Y).

(d) In (c), there is a distinguished choice for Y called the normalization of X in
L, uniquely characterized up to isomorphisms by the following property: Given a
dominant morphism ¢’ 1 Y' — X of an irreducible normal K -variety Y' to X
and a homomorphism p : K(Y) — K(Y') over K(X), then there is a unique
dominant morphism o : Y' — 'Y with * = p.
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Proof: Let L be a finitely generated field over K with generators z1,...,x,. Let J be
the kernel of the homomorphism

Klt1,...,ts] — L

given by t; — x;. Denote the corresponding closed subvariety of A" by X . Since J is
prime, X is an irreducible variety. Obviously, K (X) is isomorphic to L. The closure X
of X in P} is a projective variety. The normalization of X is a projective normal variety
(see A.12.7) with function field L (see A.12.6, A.12.7). This proves (a).

For (b), see A.11.4.

To prove (c) and (d), a generalization of the construction in A.12.6 leads to the normalization
of X in L. If X were affine, then we would take the integral closure of K[X] in L. For
any variety X , we glue the normalizations of the affine open charts to get the normalization
of X (see A. Grothendieck [135], 6.3.9). The morphism from the normalization to X is
finite ([135], 6.3.10) and hence projectivity of X implies projectivity of the normalization
(see A.12.7). O

Remark 1.4.11. Note that a curve regular in codimension 1 is regular and hence deter-
mined up to isomorphism by its function field. For a higher-dimensional function field
K (X), there is no canonical choice for the model X . Even if X is smooth, we may blow
up a point to get another smooth model X’ for K(X) and it is clear that Mx & My .
Hence we always fix a model when dealing with higher-dimensional function fields.

If L/K(X) is a finite extension, then Lemma 1.4.10 (d) shows that the normalization
¢ :Y — X of X in L is a canonical model for the function field L. Let ¢’ : Y’ — X
be any finite surjective morphism of an irreducible projective variety Y’ onto X with
K(Y") = L and with K(X) — L equal to (¢')*. We claim that My = My .

We first show that we may replace Y’ by its normalization Y’ (in L) without changing the
set of places. Indeed, the normalization morphism 7 : Y — Y is finite and birational.
Since Y’ and Y’ are projective, the valuative criterion of properness (see A.11.10) shows
that 7 induces an isomorphism outside of subsets of codimension > 2 in Y and Y’,
hence My = My . So we may assume Y’ normal and then Lemma 1.4.10 (d) yields a
unique dominant morphism 1 : Y — Y factoring through ¢’ . The morphism 1) is proper
(see A.6.15) and has finite fibres, hence ) is finite (see A.12.4). Since K(Y') = K(Y) =
L, the morphism ¢ is also birational (Lemma 1.4.10 (b)) and the same argument as above
shows that 1) is an isomorphism in codimension 1, hence My = My .

We see that the set of places of L is well determined by X and in the following examples
we will show that My is the set of places of L extending the places of My .

Example 1.4.12. Let us consider a finite-dimensional field extension of the function field
K (C) of an irreducible projective regular curve C' over the ground field K. By Lemma
1.4.10, there is an irreducible projective regular curve C’ over K and a morphism ¢ :
C’ — C such that the extension corresponds to the extension K (C’)/K(C) induced by
(. We know from the above that the order at a closed irreducible subset Z of dimension 0
induces an absolute value | |, € Mc . Since C is regular, Cartier divisors can be identified
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with Weil divisors (cf. A.8.21) and ¢*(Z) is well defined. We have
90*(2) = ZmZ’Z/7
Z/

where Z’ ranges over all irreducible closed subsets of C’ lying over Z and where my/

denotes the multiplicity in Z’. Note that for f € K(C')* we have ordz/ (f)=mz ordz(f).
Thus Z' induces a place v' on C’ with v'|v. Its ramification index and residue degree are

ev//v =My, fu’/v = [K(Z/) K(Z)]
The projection formula for proper intersection products (see W. Fulton [125], Prop.2.5(c))
gives
Z.9.(C") = pul9™(2)),
hence

’

[K(C’) : K(C)] = Z my [K(Z’) : K(Z)] = Z ev’/va’/v-
z' v
By Remark 1.3.3 and Proposition 1.2.11, we see that all places v’ dividing v are induced
by the “fibre points” Z’ and the local degree satisfies
[K(C)yr : K(C)u] = mu[K(Z') : K(2)].

Example 1.4.13. In order to extend the above example to higher dimensions, we use the
language of schemes. Let us consider a finite-dimensional extension of a function field
K(X).ByLemma 1.4.10, we may identify this extension with an extension K (X')/K(X)
induced by a finite surjective morphism ¢ : X’ — X of irreducible projective varieties
over K and regular in codimension 1.

Let Z be a prime divisor on X with corresponding place v. To study the places v’ of X’
with v’|v, we may assume that X , and hence X', are affine. The fibre over the generic
point ¢ of Z is the affine scheme

¢~ 1(¢) = Spec (K[X'] @xx) K(Q)) »
where K (¢) is the residue field of Ox . By the structure theorem of finite-dimensional
algebras ([157], Th.7.13), we have
KXTokx K= [[ Oure
(9]

Note that K[X'] ®kx] Ox,c is a finitely generated module over the discrete valuation
ring Ox ¢ . Since it is also torsion free (as a subring of K (X)), itis free of rank [K(X') :
K (X)]. We conclude that

K(X'):KX)] = > [Op-100¢: K(Q)
Ecp™1(Q)

Clearly, the order at any point £ € o~ *(¢) yields a place v’ of K (X’) with v’|v. Indeed,
denoting by t¢ alocal parameter in Ox ¢, we have

orde (f) = orde (t¢)ordc (f),
forany f € K(X)*. Moreover, we verify that

evrjo = 0rde(te),  forje = [K(€) : K({)].
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Now, using O, -1y ¢ = Ox/¢/(tc), we see that

[Ow_l(C),f : K(C)} = ev’/va’/v~

Therefore, as in the preceding example, we conclude that all places of K(X') dividing v
are induced by points of ¢ ~'(¢).

Moreover, let L be an ample line bundle on X . Then the absolute values are normalized
by

flo == cordv (f) deg (v) (v € My(x), f € K(X))

to satisfy the product formula for some constant c. If we use the normalizations from 1.3.6
on K(X') and the equation

deg,. (w) = [K(w) : K(v)]deg (v)
obtained from the projection formula (A.13) on page 558, then the above implies

ordy (g) deg,,* f, (w)

lglw = ¢; (we Mg (x,g9 € K(X")
for ¢; := /KX DEX] Note that " L is ample (cf. A.12.7) and hence the normaliza-
tions on K (X') fit with 1.4.6 for the new constant c; .

1.5. Heights in projective and affine space

1.5.1. We denote by Q a choice of an algebraic closure of Q. Let us consider
the projective space IP’% with standard global homogeneous coordinates x = (g :

X1 i -+ xy,). Let P € IP%. We now define a function, called height, on
algebraic points of ]P%, which may be considered as a measure of the “algebraic

complication” needed to describe P. This is a fundamental notion at the basis of
diophantine geometry.

Let P be a point of IP% represented by a homogeneous non-zero vector x with
coordinates in a number field K . Then we set

h(x) := Z max log |z |-

vEME
Lemma 1.5.2. h(x) is independent of the choice of K .

Proof: Let L be another number field containing the coordinates xq,...,z, of
x. We can assume that X C L. Then

Z max log |z]w = Z ijax log |2 ]w-

weMr, vEMK wlv

Our claim now follows from the first formula of Lemma 1.3.7. O

Lemma 1.5.3. h(x) is independent of the choice of coordinates.
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Proof: Let y be another coordinate vector. By the preceding lemma, we may
assume that zg, ..., %y, Yo,--.,Yn € K. Thereis A € K, XA # 0, with y = A\x,
hence

h(y) = E max log|y;|, = E log | Al + E max log |z;|,.
y J p - J
vEMK vEMK vEMyK

Thus we get h(y) = h(x) by the product formula. O

These two lemmas show that the height so defined depends only on the point P
and not on the choice of coordinates of a homogeneous vector representing P.

Definition 1.5.4. We call h(x) the absolute logarithmic height (briefly, height)

of P and we denote it by h(P). We also use the multiplicative height H(P) =
eh(P),

Example 1.5.5. If the coordinates xg,...,x, of P € P% can be chosen in Q, we

can assume that they are integers and that x, . .., x,, have no common factors. If
we take such a representative for the coordinates of P, then the non-archimedean
places give no contribution to the height, and we obtain

h(P) = max log |z;|c-
J

1.5.6. A similar notion holds for affine space. Let A% be the affine space of

dimension n over Q, together with the usual embedding in IP% given by
P=(z1,...;xn)—~ (Limy: i xy);

then we define h(P) as the height of the image of P.

1.5.7. It should always be clear from the context whether we are dealing with

points in affine or projective space, and there should be no problem in using the
same notation h for heights in affine or projective space.

In performing local calculations, it proves to be convenient to introduce the func-
tion

log™ t = max(0, logt)
on the positive real numbers, extended by log* 0 = 0. Then it is immediate that
the height on affine space is given by

h(z,...,z,) = Z max log™ |z,
vEMy
As a special case, the height of an algebraic number « is
h(a)= Y log" al,
vEMy
with K any number field with o € K.
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1.5.8. Since any point in projective space admits a homogeneous representative
with one coordinate equal to 1, it is clear that the height so defined is never nega-
tive. The next result, Kronecker’s theorem, characterizes the case of equality.

Theorem 1.5.9. The height of ( € @X is 0 if and only ( is a root of unity.

Proof: Let K be a number field and let ¢ € K. If { is a root of unity, then its
absolute values are all equal to 1, and hence its height is 0.

Conversely, assume h(¢) = 0. Then |{|, < 1 for every v € M ; in particular, ¢
is an algebraic integer (for a formal argument, see the successive Remark 1.5.11).
Let d be the degree of ¢ and let { = ({3, ...,(4) be a full set of conjugates of (.
Now consider, for every positive integer m, the elementary symmetric functions
si(¢™), i =0,...,d,of ([*,...,¢J". Since ( is an algebraic integer, we have
5;(¢™) € Z for every m.

Since |(j|, = 1 forevery j and v, and since s,(¢"™) is the sum of (‘f) terms each
of which is a product of factors not exceeding 1 in absolute value, it is now clear

that
d d d
NGOEDS <Z> o
=0 =0

There are only finitely many possibilities for the vector of such symmetric func-
tions, and by Dirichlet’s pigeon-hole principle there are two integers m, n with
m > n and with the same vector of symmetric functions.

Obviously, this is the same as saying that " = 7(¢") for some permutation 7
of {1,...,d} and by iterating this relation we find that C;”k = C;‘: (i) - If we take

- . . k k .
k such that 7* is the identity, we conclude that ("™ —" =1 with m* —n* > 0.
U

1.5.10. We recall here some basic facts about S -integers and .S -units in a number
field K. Let S C Mg be a finite set of places, which includes the set S, of all
archimedean places of K. Anelement z € K is an S-integer if |z|, < 1 for
v ¢ S. The S-integers of K form a subring Og x of K . The units in Og  are
called the S-units of K and form a group Us x. Anelement z € Og  is an
S -unit if and only if |z|, =1 forall v ¢ S.

Remark 1.5.11. An easy application of the non-archimedean triangle inequality
and Gauss’s lemma (see Lemma 1.6.3) shows that an S, -integer is the same as
an algebraic integer in K. If S = S, we simply talk about the integers and the
units of the number field K. The units of K are the algebraic integers z € K
with norm Ny ,q(x) = =£1, as we see from writing the norm as a product of
conjugates of x.

1.5.12. We consider the following homomorphism

(b : US,K - Rlslu X = (IOg |x|v)v€S
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of groups. By taking the logarithm of the product formula, we see that the image
of ¢ is contained in the hyperplane > sy, = 0,y € RI®l. By Kronecker’s
theorem, the kernel of ¢ is the group px of roots of unity in K . This is part of
Dirichlet’s unit theorem:

Theorem 1.5.13. Let S be as in 1.5.10. The image of ¢ is a lattice of maximal
rank |S| — 1 in the hyperplane ) .y, = 0. Hence Us x = px X ZIS1-1,

We will not prove this result here, and refer instead to W. Narkiewicz [215], Th.3.6,
or S. Lang [172], p.104.

1.5.14. The Segre embedding
n m (n+1)(m+1)—1
]P’@ X IP’@ — P@
is given by
(Xay) — X®y = (liy]) )

where the pairs ij are, for example, ordered lexicographically (see A.6.4). An
easy calculation shows that

h(x®y) = h(x) + h(y),
using max |z;y;|, = max |z;|, - max |y;|, forevery v.
1] 7 J

This notion extends in an obvious fashion to finite products of projective spaces
with an arbitrary number of factors.

Proposition 1.5.15. If P, ..., P, are points of A%, then
h(Pl + - +Pr) < h(Pl) + -+ h(Pr) + log r.

Proof: Let x(*) be coordinate vectors of P, k=1,...,r, which we assume to
be in a suitable number field KX . Then
h(Pi4---+P,) = Z max log™ ‘x§1) +...+z§7-)|v_
J
vEMEKk

If v is not archimedean, then
1 r k
\x§ ) _|_...+a:§- )|v Sm]?x |x§ )\v.

If instead v is archimedean, we use the triangle inequality for the ordinary absolute
value getting
(k)

|£L';1) + e —|—(E§r)|v é ‘71|'u m]?X'x] |’U.

Then Lemma 1.3.7 implies

Zlog |r], = logr

v|oo
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leading to
h(Py+---+ P,) <logr + Z max log™ |x§.k)\v.
vEMg 7
The obvious fact
+1.,.(k) + 1,.(k)
max log™ [2;"], < ;mjax log™ [,

concludes the proof. O

1.5.16. The following considerations show that the inequality in Proposition 1.5.15 cannot
be improved upon in general.

Let a1, ..., a, be algebraic numbers. By the preceding Proposition 1.5.15, we have
h(ar + -+ ar) < h(ar) + -+ h(a,) + logr.

Now suppose that equality occurs for some r» > 2. Looking at the proof above, we must
have

log" o 4 - + ar | = logt(|7]w max lok]o) = log |7], + log™ max |t |w
for any archimedean prime v. This is equivalent to the two conditions
max |ak |y > 1

and

[rlo maxjaklo = |ay + - 4 arfo.
Hence a; = - - - = a,. and we conclude directly

h(on + -+ ar) = h(ran) <logr + Z log™ |aua |y = logr + h(a).
vEME
On the other hand, the equality assumption implies h(rai) = logr + rh(ai), hence
h(a1) = 0 because r > 2. Thus by Kronecker’s theorem in 1.5.9, «; is a root of unity
and we get h(rai) = h(r) =logr.

Another example yielding almost equality in Proposition 1.5.15 is obtained taking a; =
/(I + a;) with 1 < a; < N and distinct a; and with [ = NIt + 1, ¢ any positive
integer. Then the numbers [, [ +a1,...,l+a, are coprime in pairs and an easy calculation
shows that h(a;) = log(l + «;) and h(> a;) = > log(l + ai) + log(>" a;). Hence
h(ar + -+ ap) > h(a1) + -+ - + h(ar) + logr — e for sufficiently large ¢.

The following result, quite useful in practice, expresses the fact that the height is
invariant by Galois conjugation.

Proposition 1.5.17. Let P be a point of dffine or projective space with coordi-
nates (x;) in Q. If o € Gal(Q/Q) and if the point o(P) is given by the coordi-
nates (o(z;)), then h(P) = h(c(P)).
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Proof: We choose a finite-dimensional Galois extension K of Q containing all
coordinates. Let | |, be an element of Mg and | | be an extension to an absolute
value of K. The composition of | | and o is again an extension. Thus we have
an action of Gal(K/Q) on the absolute values of K extending | |,. Therefore,
o permutes the extensions and we have

Zmax log |z;]y, = Zmax log |o(25) |- O
J J
v|p vlp
Lemma 1.5.18. [f « € K \ {0}, and A\ € Q, then h(a?) = |\ - h(a). In
particular, h(1/a) = h(a).
Proof: If A > 0, the result is clear by definition of height. Thus we need only
consider A = —1. For any absolute value | |, of K, we have

log |, = log™ |a|, —log™ |1/als,.
If we sum over v, the left-hand side is O by the product formula and the right-hand
side equals h(a) — h(1/a). O
1.5.19. Let S C Mg be a finite set of places. For o € K \ {0}, we have

Z log af, < h(a).

veS
If we use 1/« instead of «, then the preceding lemma shows that

> loglal, = —h(a).

veS
This proves the so-called fundamental inequality

—h(e) <Y loglal, < h(a). (1.8)
veS
1.5.20. Now let L be a finite-dimensional field extension of K and consider a
finite set .S’ of places w € M, . A classical problem of diophantine approximation
is that of approximating an element o € L by elements § € K, at all places
w € S. Classically, this is done with absolute values normalized relative to the
field K rather than L, i.e. with || ||, asin 1.3.6. In order to emphasize that this
normalization depends on v € My , we shall use the notation || ||, & , hence for
x € L we have
€ /lw. e = INL, /x, (@) o-
With this normalization relative to K, the fundamental inequality applied to o — 3
gives
—ha =) < > 10g [la— B/ K" < hia - )
wesS

under the assumption o # (. Now applying Proposition 1.5.15 we find
Liouville’s inequality:
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Theorem 1.5.21. If « € L and 3 € K with o # (3, then
H()H () < T lla = Bllwx < (2H (a) H(B)HH.

weS

The left-hand side inequality is a general formulation of the familiar Liouville
inequality in diophantine approximation.

1.5.22. Heights can be introduced in any field with a product formula. We indicate the
necessary changes. Let F' be a field with a set Mr of non-trivial inequivalent absolute
values, satisfying the product formula. This field F* will play the role of Q in our previous
considerations.

Let K/F be a finite-dimensional field extension and consider all places w with w|v for
some v € MF , together with corresponding absolute values | |, normalized as in 1.3.12.
Then the set M of such absolute values satisfies the product formula, because of (1.4)
on page 9. As before, this yields a non-negative height on P%-, independent of the choice
of coordinates. On the other hand, Kronecker’s theorem does not hold in general, as the
following example shows.

Example 1.5.23. Let K be a field and let F = K(X) be the function field of an irre-
ducible projective variety X over K, which is regular in codimension 1 (see 1.4.9). Let
P € P"(F), hence P = (fo -+ fn) for certain rational functions f; on X . Then

Z deg(Z mln ordz (f;),

where Z ranges over all prime divisors and the degree is with respect to a fixed ample class.
In particular, the height of a rational function f € K(X)™ is

h(f) = Z deg(Z) min(0, ordz (f)).
Thus h(f) = 0 if and only if f has no poles. By h(f) = h(f™'), this is equivalent to
div(f) =0.

If X is normal, a function without poles is regular (R. Hartshorne [148], Proposition
1.6.3A), hence constant on the irreducible components of Xz-. We conclude that in this
case h(f) =0 if and only if f is locally constant on X (use A.6.15).

1.6. Heights of polynomials

Definition 1.6.1. The height of a polynomial
Ftrs ot Z Qrog, Bt =D ¥
1seeesn J
with coefficients in a number ﬁeld K is the quantity

2: k@|fb’

vEME
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where
| flo = max a0 (1.9)
is the Gauss norm for any place v .

Proposition 1.6.2. Let f(t1,...,t,) and g(s1,...,Sm) be polynomials in differ-
ent sets of variables. Then

h(fg) = h(f) + h(g)-

Proof: Note that the height of a polynomial is equal to the height of the vector of
coefficients in appropriate projective space. Then the claim follows from 1.5.14.
O

We will need estimates for h(fg) in terms of h(f) and h(g), without assuming
different sets of variables for f and g. For finite places we have Gauss’s lemma.

Lemma 1.6.3. If v is not archimedean, then |fgl, = |f|v|glv-

Proof: The inequality | fg|, < |f|v|g|, is immediate because v is not archimedean.
Let us assume first that f(¢) and g(t) are polynomials in one variable ¢. We de-
note by c¢; the coefficient

5 wh

j=k+1
of f(t)g(t). Without loss of generality, we can assume that |f|, = 1, |g|, = 1.
Suppose |fgl, < 1. Let j be the smallest index with |a;|, = 1. Since |c;|, < 1
and |ag|, < 1 for k < j, we get |bo|l, < 1. Now we apply the above formula
for the coefficient ¢;; and conclude |bi], < 1 by induction. This contradiction
proves the lemma in the one-variable case. For several variables, let d be an integer
larger than the degree of fg. The Kronecker substitution

z=t"" (j=1,...,n)
reduces the problem to the one-variable case. g

1.6.4. Gauss’s lemma applies to every non-archimedean absolute value of a field.
The archimedean case is more complicated and will be handled below.

If f(t1,...,t,) is a polynomial with complex coefficients, we define |f|o as in
(1.9), namely the maximum of the euclidean absolute value | | of the coefficients
of f.

Another very useful quantity in studying polynomials is the Mahler measure

M(f) :=exp (/ log|f(e, ..., e") du1-~dun>,

where we have abbreviated T for the unit circle {e? | 0 < 6 < 27} equipped with
the standard measure dp = (1/27)d#. Its main advantage is the multiplicativity
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property
M(fg) = M(f)M(g)-

Let f(t) = aqt? + - - -+ ag be a polynomial with complex coefficients and factor-
ization

fW)y=aq(t—ay) - (t — aq).

Now we note that the mean value of log |t — | on the unit circle is log™ |a|. In
fact, for |a| > 1 the function log |t — «| is harmonic in the unit disk, therefore its
mean value on the unit circle is its value at the centre, namely log |a| = log™ |a|.
If instead |« < 1, the function log |1 — «| is harmonic in the unit disk and
coincides with log |t — «| on the unit circle, while its value at the centre is 0, that
is log™ |a|. Finally the case |o| = 1 is deduced by continuity.

We have shown that M(t — a) = log™ |a|. If we combine this with the multi-
plicativity property of the Mahler measure, we obtain Jensen’s formula:

Proposition 1.6.5.

d
log M(f) =log |ag| + Y _ log™ |a.

j=1

The following result shows the connexion between the Mahler measure and the
height and gives a bound for the absolute norm of an algebraic number.

Proposition 1.6.6. Let o € Q and let f be the minimal polynomial of o over 7.
Then

log M(f) = deg(a)h(a).
In particular
log [ Ng(a)/q(a)] < deg(a)h(a).
Proof: Let d = deg(«) and write
f(t) = aqt + -+ ao.

We choose a number field K which contains « and is a Galois extension over
Q, with Galois group G. Then the list (c«),c¢ contains every conjugate of «
exactly [K : Q]/d times. Gauss’s lemma gives

4/[KQ) _
|aglo HGmaX(L loaly) =1 (1.10)
o€

for any non-archimedean v € My .
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We have
[K : Q] h(a) = Z Z log™ |oal, (by Proposition 1.5.17)
vEMK o€G
K:Q
=>_ D log"loal, - [ y ] > loglaals  (by (1.10))
v|oo c€G vfoo
d
(K : Q]
= d Z log |ad‘v + 210g+ ‘Oéj|v s
v|oo j=1

where in the last step we have used the product formula and collected the elements
oo into the conjugates o5, j = 1,...,d, of a. By Jensen’s formula, this proves
the first claim.

By the second formula of Lemma 1.3.7, we also have

d
10g [ No(ayo(@)] > log™ [ayl,

v|oo j=1
and the second claim follows from the preceding computation. g

The following lemma is useful in estimates. Let f(t) = aqt? + --- + aq be a
polynomial of degree d with complex coefficients, and for 1 < p < oo denote by
£,(f) the norm

d 1/p
G0 = (Sl
3=0
For p = 00, we set oo (f) = max |a;| = | f|oo-

Lemma 1.6.7. If f(t) is as above, then M (f) < £1(f). Moreover

d ) -

loo(£) < M(f) < 6a(f) < (d+1)2Loo(f).
<Ld/2J

Proof: The first inequality is obvious from the definition of M (f) and the point-

wise bound |f(e??)| < ¢1(f) on T.

Next, by convexity, we get

M(f) < ( / |f<e1‘9>2du)l/2.

By Parseval’s formula, the right-hand side equals
1/2

d
L) =D lal | <@+ DY 0u(f).
j=0
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Finally, we remark that

ad—r
=12 anal,

J1<<Jr

hence

d
d
aaer) < (1) ol TTmax(1. o)

j=1
By Jensen’s formula, we conclude that

d
sl < () M0 0
The following consequence, Northcott’s theorem, is very important.

Theorem 1.6.8. There are only finitely many algebraic numbers of bounded
degree and bounded height.

Proof: Let « be algebraic of degree d and height h(«) < log H. Let f(t) =
aqt? + --- 4 ap be the minimal polynomial of @ over Z. By Proposition 1.6.6,
we have M(f) < H?. Also, Lemma 1.6.7 shows that max |a;| < 27M(f).
Therefore, the coefficients of f are bounded by (2H)?. Since there are d + 1
integer coefficients for each f, they give rise to not more than (2| (2H)? |+ 1)4+!
distinct polynomials f. Since each f has d roots, the number of algebraic integers
of degree d and height at most H is at most d(2[(2H)?| + 1)4+1 < (5H)4+d,

O

For later use, we prove here a result of K. Mahler [188], which gives a bound for
the discriminant in terms of the Mahler measure.

Proposition 1.6.9. Let f(x) = aqz® + --- + ag be a polynomial with real or

complex coefficients, with roots o, ..., aq. Let
2d—2
= ag " [J(es = )’
1>7

be its discriminant. Then
ID| < d* M(f)* .

In particular, if f(x) is the minimal polynomial over Z of an algebraic number &
of degree d, it holds

élog |D| < logd+ (2d — 2)h(§).

Proof: We write D as the product of a2d % and the square of a Vandermonde
determinant (see B.1.10 and Remark B. 1 5) and estimate the determinant using
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Hadamard’s inequality,* obtaining

1 o ... a‘li_l 2
1 ag ... ag_l d ,d-1
Dl =faaf = faet |7 <l T (X ledl?).
. . e . i=1 i—0
1 d—1 /
aq ... @y

The right-hand side of this inequality does not exceed

d
2d—2 ;d 2d—2
|aa*2d? | max(1, |as])
1=1
and the first statement follows from Jensen’s formula, Proposition 1.6.5.

The second statement is also clear from Proposition 1.6.6. O

Lemma 1.6.10. Let f(t1,...,t,) be a polynomial with complex coefficients and
partial degrees d, . ..,d, . Then

[Tt + 077207 < ) < IT (5, ) 000

Proof: The same proof as in Lemma 1.6.7 holds for the inequality on the left. We
prove the other assertion by induction on n. We can write uniquely

dn
Fltr, b)) =D filte o tan) B,
=0

for certain polynomials f;(¢1,...,%,—1). By definition, it holds
log M(f) = / logM(f(ewl, cey ew”*%t)) dpq -+ dpepn—q
Tn—1

and this is not smaller than

, ‘ d
log max | f5(e’*,..., e ~1)| dpy -+ dpin— 10g< / )
/]1‘"*1 i ' ' ldn /2]

by Lemma 1.6.7, and which in turn is not smaller than

i 1 1 dn
mjax/% tog (e, )l dp -+ dyan—y —log (Ldn/m)'

*The inequality states that a determinant of a real matrix is majorized by the product of the
euclidean lengths of its rows. Geometrically, it says that the volume of a parallelepiped generated
by real vectors v1, ..., vy, of given length is maximal when the vectors v; are pairwise orthogonal,
which is quite easy to prove. The result also holds for complex matrices. Hadamard’s proof of 1893 can
be found, among an interesting analysis of extremal cases with entries £1 (the so-called Hadamard’s
matrices), in [143]. The result was known much earlier to Lord Kelvin and was proved by T. Muir in
1885, see [209], p.32.
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We conclude that J
) MU 2 b (1)

and the induction hypothesis implies the claim. U

As remarked above, Lemma 1.6.7 leads to Gelfond’s lemma:

Lemma 1.6.11. Let f1,..., fm be complex polynomials in n variables and set
f=frfm. Then
m m
27 [ loo(f) < loo(f) <29 [] ool £),
j=1 j=1

where d is the sum of the partial degrees of f .

Proof: Let (dgj ), R dﬁf )) be the partial degrees of f;. By carrying out the
multiplication, we see that

j=1
with .
c=TITI(1+a?) <2
=1 k=1

In the other direction, Lemma 1.6.10 implies

m m n d(]) n m 1/2

k
[Tewtn < (TITL( oy ) | [TT (1420 ] xtr
j=1 Jj=1k=1 Lk /2] k=1 Jj=1

The next lemma completes the proof.

Lemma 1.6.12. Let a < A,b < B and d be natural numbers. Then (A) (B) <

a b
(’2:5) and (Ld(;zj)(dJr 1)Y/2 <24,

Proof: The first statement is a trivial consequence of the identity
1+ +1)8 =1 +0)2+8.

For the second claim (which also follows from a straightforward application of
Stirling’s formula), we proceed by induction. The inequality is obviously satisfied
ford=0and d=1.Set Cy := (\_d(/j2J)(d+ 1)'/2 and let m € N; then

1 1/2
Comas1/Com =2(1— <2
2mt1/Cs ( 2m+2>
and

1 1/2
Comy2/Copm =4 (1 — (2m—|—2)2) < 4.
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The induction hypothesis implies the second statement. U

Gelfond’s and Gauss’s lemma together with Lemma 1.3.7 give us

Theorem 1.6.13. Let f1,..., fi be polynomials in n variables with coefficients
in Q and let d be the sum of the partial degrees of f == f1--+ fm. Then

~dlog2+ Y _h(f;) < h(f) < dlog2 + Y _h(f;).

J=1 Jj=1

Remark 1.6.14. For the upper bound, only the sum d’ of the partial degrees of
f1--+ fin—1 does matter. In fact, the proof of Gelfond’s lemma shows

m—1 n m m
flo< { TT TR +a ) 110 < 125 TT 141
j=1 k=1 j=1 j=1
for any archimedean place v of a number field containing all the coefficients. Then
m m—1 n m
B < DR + Y0 Y log(l+d) <3 h(f;) +d'log?2,
j=1 j=1 k=1 j=1

which is often important for applications.

1.6.15. We conclude this section by mentioning an interesting question raised by D.H.
Lehmer ([180], p.476), known today as the Lehmer conjecture (in Lehmer’s paper, this
was addressed as a problem rather than a conjecture). If a # 0 is algebraic with minimal
polynomial f, the Mahler measure of « is M(a) := M(f). By Proposition 1.6.6, we
have M (a) = H(a)%°®®) . Now the question raised by Lehmer is whether there is an ab-
solute constant ¢ such that M (a)) > ¢ > 1 for o € Q"™ not a root of unity. Alternatively,
h(a) > ¢/d for some absolute constant c.

The last inequality in the proof of Lemma 1.6.7 with » = 0 or d shows that h(a) >
(log2)/d unless « is a unit. The same argument also shows that

ha) > ~log2 + 5 log (e (f)

for all «. In particular, h(a) > (log2)/d if £oo(f) > 2%T'. Since there are only
finitely polynomials f of degree d with integer coefficients and with £oo (f) < 2411, by
Kronecker’s theorem 1.5.9 we deduce that there is ¢(d) > 0 such that any « of degree d,
not a root of unity, satisfies h(a) > ¢(d). Thus in studying Lehmer’s problem we may
assume that d is arbitrarily large.

The algebraic number o with minimal polynomial z'°+xz° —2” —2% —2° —2* — 23+ 241

has M (a) = 1.17628081825991 . .. and is conjectured to yield the infimum of the Mahler
measure of an algebraic number. '

This polynomial already appears in Lehmer’s paper loc. cit., with a slightly different numerical
value which we have corrected here.
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If f is not reciprocal (a reciprocal polynomial f(z) satisfies f(z) = +2z9°¢) f(1/2)),a
nice theorem by C.J. Smyth [287] states that the minimum of M («) occurs for the cubic
number with minimal equation * — 2 — 1. This non-reciprocal number « is about o =
1.32471795724474 . .. . In the general case, for large d we have E. Dobrowolski’s theorem
(90] .
loglogd

M(a) > 1+c(m> ,

following from Theorem 4.4.1.

1.7. Lower bounds for norms of products of polynomials

We elaborate here further on the question of lower bounds for norms of products of poly-
nomials. The interesting question is to obtain lower bounds which are proportional to the
product of the norms, as in Gelfond’s lemma of the preceding section. It turns out that for
certain natural norms the constants involved in such lower bounds depend only on the de-
grees of the polynomials, not on the number of variables. This section will not be needed at
other places of the book.

1.7.1. Letus denote by £,(f) the £, -norm of the coefficients of a complex polynomial f .
We shall prove that for p = 1 and p = 2 the ¢, -norm has the properties mentioned above.
This result extends to all p, 1 < p < oo, but we will not prove this extension here. The
more difficult case p = 1 is due to Enflo, who used it in his work on invariant subspaces of
bounded operators in Banach spaces.

Theorem 1.7.2. Let d,e € N. Then there is a constant C(d, e) > 0 such that
6(fg) =2 C(d, e)la(f)r(g)

for complex polynomials f, g of degree d, e in several variables.

Proof: (H.L. Montgomery) For k € N, we define

L(P*Q)
(P)E 01 (Q)’

where the infimum ranges over all homogeneous polynomials P, ) of degree d, e.

C(d, e, k) :=inf

We shall use in the sequel Euler’s formula
Z tj 8t
for a homogeneous polynomial f € (C[tl, ..., tn] of degree d, and the formula
of of
4y blti=— ) =dl .

() =T (vg) =
Both are proved directly by looking at each monomial in f.
Lemma 1.7.3. The following two estimates hold:

C(d,0,k+1)>C(d—1,dk,1)C(d,0,k) if d>1,

C(d, e, k) > ﬁcm,kl,kﬂ) if e>1.
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Proof: Let f be homogeneous of degree d. We compute

9 ki) v Of
o) = wrna(sg)

> (k+1)0(d—1,dk,1)£1(af) ( )
> (k+1)C(d — 1,dk, 1) C(d, 0, k) &1 (Tf) W(HE
Summing over j, we find
(k+1)db <f’“+1) > (k+1)0(d - 1,dk, 1) C(d, 0, k) d € (f)F

proving the first statement.

In a similar fashion, for f and g homogeneous of degrees d and e, we also have

k+1, [ Og k+1 99
C(d,e — 1,k + 1) 4:1(f) 51(5) §£1<f (97)

J 7]

“u(r 2t -wrte )
<o a( o) ra(re) ().

Summing over j, we obtain

Cldye =1,k + 1) el (£ ta(g) < (dh+ ) () 2 (£g) + ks (f*9) 2()
= kd+e)t(f)6(frg).

After cancelling a factor ¢1(f), we get the claim. O

The proof of Enflo’s theorem is now easy. There is no loss of generality in assuming that
f and g are homogeneous polynomials. We order the triples (d, e, k) lexicographically.
Proceeding by induction, we prove that C(d,e,k) > 0. If d = 0 or k = 0, then
C(d,e,k) = 1. So let us assume that d > 0,k > 0. By Lemma 1.7.3, it is enough
to show the claim for a smaller triple, and we are done. This gives Theorem 1.7.2, with
C(d,e) :=C(d,e, 1) > 0. u

1.7.4. The double induction in the proof of the theorem is very expensive for the final esti-
mates. Let us compute some of the constants so obtained. We define recursively I'(d, e, k)
as follows

1 ifd=0o0rk =0
I'(d,e,k) =< T(d—1,d(k —1),1)T(d,0,k — 1) ife=0anddk #0

srire L(d e — Lk +1) if dek # 0
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and hence I'(d, e, k) < C(d e, k) For example

I'(d,0,1) = C(d,0,1) =1
T(1,1,1) = 1/3 0(1,1,1):%
'(2,2,1) = 1/34020
(3,3, 1) = 1/(3.840584... x 10%°)
['(4,4,1) = 1/(2.089942... x 10'%%%?)

['(5,5,1) = 1/(6.562189... x 1019906418

and the computer took too much time for I'(6,6, 1).

1.7.5. The solution for the case p = 2 uses the concept of hypercube representation
of a polynomial. The usual way of writing a homogeneous polynomial of degree d in n
variables is to represent it in the form

_ il ’L
Flbrsoota) =D ) @i iy b
i1+ tin =d

The sum here runs over the lattice points in the hyperplane ¢1 + -+ + ¢, = d of the n-
dimensional cube 0 < i, < d, v =1,...,n. Note that the number of lattice points in this
cube is (d + 1)", growing exponentially in n for fixed d.

There is another way of writing the same polynomial, namely

f(t t)_liiit et
1y«--ylm 7d' _/=18t1'1"'8tid 11 iq )

we define this as the hypercube representation of f, since now the sum is indexed by the
lattice points of the d-dimensional cube 1 < is <n, d = 1,...,d. The number of lattice
points in this cube is n¢, which grows polynomially in n for fixed d.

The hypercube representation of a polynomial is very convenient if we want to study poly-
nomials of low degree in a large number of variables.

1.7.6. Define for p > 1

[flp = Z Z

i1=1 ig=1

1/p

8tu

If we compare this norm with the ¢, -norm of the coefficients, simple combinatorics lead to

1
1\ %
() "<l <6 (1.11)
1.7.7. Let d, e € N. A shuffle of type (d, e) is apair (K, L), where K and L are disjoint
subsets of {1,...,d + e} of cardinality d and e. The set of shuffles of type (d,e) will
be denoted by sh(d,e). Its cardinality is equal to (“1%). For x = (z1,...,%ate) €
[0,1]%F¢, we define xx := (Tk,,...,2x,), where {ki,..., kg = K and k1 < --- <
ka.
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Let k,(d, e) be the largest constant such that

[fglp > kp(d, e) [flplgly

holds for all homogeneous polynomials f, g of degree d, e. Moreover, we define ¢, (d, €)
as the largest constant for which

F(xk)G(x1)

2 cp(d, ) |Fllp [|Gllp

H (K,L)€sh(d,e) p

holds for all symmetrical functions F' € L”([0,1]*), G € LP([0,1]°), with || ||, denot-
ing the L* -norm.

Lemma 1.7.8. The constants c,(d, e) and ky(d,e) are related by

cp(d,e) = <d—£e> kp(d,e).

Proof: Let f(ti,...,tn) be a homogeneous polynomial of degree d and let F' be the
symmetrical step function on [0, l)d given by

1 o'f
F(z1,...,2q)=nY?P— 21
(@1, a) d! Oti, --- Ot
for % <z < %,,% <xq < ’;d Also, let g(t1,...,t,) be a homogeneous

polynomial of degree e and define G in the same way as F'.
Then we verify that

dle!

o =1Flp, gl = 1Glle,  [Fol = ——;

(d—l—e)‘ F(XK)G(XL)

(K,L)esh(d,e)

P

The rest of the proof is an approximation argument. Consider the discretization ¢/n, i =
1,...,n of [0,1]; given continuous F', G on [0,1]? and [0, 1]°, we approximate F', G
by step functions as above and construct corresponding polynomials f, g. As n — oo,
these functions are dense in LP ([0, 1]%) and L? ([0, 1]¢). O

Proposition 1.7.9. The constant c2(d, e) is

p 1/2
02(d7e):< Ze) .

Proof: Let F, G be symmetrical L?-functions as in 1.7.7. Then

F(XK)G(XL)

=Y [ P0G Fo )Gl e
2 (K,L)esh(d,e) 700,114+

H (K,L)€sh(d,e)
(K',L')esh(d,e)

and this is equal to

d+ " -
( de>||F||§||G|§+ 3 FO0B) )Gl d
y J10.1]d+e

(K.L)#(K'.L/
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The integral is not negative, as we verify as follows. We have

/[0 oy, PO0GT) ) Gl =

/ o F(XKDK/nyﬁL’)G(XKﬁL’,XLﬂL/)X
[0,1]d+e

F(XKOK/:XLOK’)G(XLQK’»XLHL/) dx gk’ dXxnr dXpnkr dXpazs-

Now we integrate first with respect to dxy 7 dxp k. By Fubini’s theorem, we obtain
2

‘/F(XKnKuZ)G(LXLnL/)dZ

This proves non-negativity and ca(d, e) > (d:fe)l/Q .
The choices

F(zi1,...,2q) = cos(2wz1) - - - cos(2mxq), G(x1,...,Te) =sin(2mwz1) - - - sin(2mxe),
(d+e)1/2

also show, by orthogonality, that the constant is sharp. O

Corollary 1.7.10. Let f, g be complex polynomials of degree d,e. Then:

~1/2

@ ka(d,e) = (*1°)
(b) L2(fg) > ——— la(f) L2(g).

(d+e)!

Proof: We may suppose that f, g are homogeneous. The first claim follows from
Lemma 1.7.8 and Proposition 1.7.9. The second follows from (a) and (1.11) on page 31. O

1.8. Bibliographical notes

The material in the first five sections of this chapter is quite standard and was
mainly taken from S. Lang [169] and J.-P. Serre [277]. However, the reader must
be warned that our normalization for absolute values does not always agree with
the normalization used by other authors. The rationale for our normalization is
that the degree [K : Q] does not appear in the first formula in Lemma 1.3.7, and
therefore it is absent in the definition of the absolute logarithmic height. This leads
to formulas invariant by field extensions.

The proof of Gelfond’s lemma in Section 1.6 follows K. Mahler [187], where
the important Mahler’s height is introduced. The inequality M (f) < | f|z2(m)
appearing in the proof of Lemma 1.6.7 can be found in E. Landau [164], Satz 443,
with a somewhat different proof.

Section 1.7 is mostly from B. Beauzamy, E. Bombieri, P. Enflo, and H.L.
Montgomery [18].



2 WEIL HEIGHTS

2.1. Introduction

In this chapter we study heights from a geometric point of view.

We begin with the important Section 2.2 introducing local Weil heights associated
to Cartier divisors on a projective variety X, and studying their properties. These
considerations are given here only for projective varieties, where the treatment is
simpler.

Section 2.3 studies global Weil heights and their equivalence classes up to bounded
functions.

In Section 2.4, we study the height on a projective variety induced by the height in
the ambient projective space and in particular we prove the important Northcott’s
theorem on the finiteness of the number of points of bounded degree and bounded
height in a fixed projective space.

These three sections are very important for the handling of heights in diophantine
geometry and are required from Chapter 9 onwards.

In Section 2.5, which contains new material, the notion of presentation of a pro-
jective variety is introduced and explicit comparison theorems for the heights of
a variety X in two different projective embeddings are given, in terms of presen-
tations of these embeddings. This section may be skipped in a first reading. It
will be used only partially in Section 11.7 and implicitly in questions dealing with
effectivity.

Sections 2.6 and 2.7 extend the results obtained on local and global Weil heights
to the associated heights of locally bounded metrized line bundles on a complete
variety. They will be also used in the second half of the book.

Section 2.8 studies heights on Grassmann varieties and their properties. We need
it only for Section 2.9, where we state the important Siegel’s lemma in a strong
form, as a consequence of Minkowski’s geometry of numbers. For a quick tour, the
reader may take from the last two sections only the elementary version of Siegel’s

34
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lemma over Z given in 2.9.1 and its Corollary 2.9.2 over number fields, where the
constants are not made explicit, but which is quite often enough for applications.

2.2. Local heights

The reader should be familiar with the concept of Cartier divisors and its connexion
to meromorphic sections of line bundles, as in A.8.

In this section we introduce local heights associated to Cartier divisors on a projec-
tive variety X . However, in order to define them properly we need additional data
beyond the divisor D itself, namely a realization O(D) = O(D;) ® O(—D_)
with base-point-free line bundles O(D4) coming with given sets of generating
global sections. The set of Cartier divisors equipped with these additional data
forms a monoid, and the local heights so defined behave functorially with respect
to this monoid. This removes the need of working modulo bounded functions when
studying Weil heights, a point of crucial importance for applications because it al-
lows precise estimates.

2.2.1. Let K be a field and let us fix an absolute value | | on K. Let X be a
projective variety over K , which for simplicity we assume here to be irreducible.

Let D be a Cartier divisor on X with associated line bundle O(D) and meromor-
phic section sp. For construction of O(D) and sp, see A.8.18. Note that the
associated Cartier divisor D(sp) of sp isequal to D.

There are base-point-free line bundles L, M on X such that O(D) = L ® M~!
(cf. A.6.10 (a)). Now choose generating global sections s, ...,s, of L and
to,...,tm of M, and call the data

D= (SD; L7S; M7t)
a presentation of the Cartier divisor D.

2.2.2. For P ¢ supp(D), we define

Mp(P) := max mlin log

Sk
—(P)|.
2 p)
We use the notation #;sp for t;®sp and sy, /s’ for s, ®(s')~t. Hence si./(t1sp)
is a rational function on X .

We call Ap(P) the local height of P relative to the presentation D and, by abuse
of language, relative to D. In fact, it depends on the choice of sp as well as
on L, M and their generating sections. The local height is a real-valued function
defined outside of the support of the divisor D.

Example 2.2.3. Let f be a non-zero rational function on X with Cartier di-
visor D := D(f). Then O(D) = Ox and f is a meromorphic section of
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O(D). Thus there is a local height A relative to D, given by the presentation
(f; Ox,1; Ox,1). For P ¢ supp(D), we have
Ap(P) = —log [f(P)].
If g is another non-zero rational function on X', then Ay = Ay +Ag and Ap1 =
—Af.
2.2.4. Let D1 and D be Cartier divisors with presentations
D; = (sp,; Li,si; My, t;)
and local heights Ap,. Then s1sy = (s1xS2k7), t1ta = (t1;tor) are generating
global sections of L; ® Lo, M; ® My, and we define Ap, +p, as the local height
relative to the presentation
Dy + Dy = (5p,5D,; L1 ® La,s182; My @ My, t1ts)

of the divisor D + Ds. It is obvious that with this presentation we have

AD,+D, (P) = Ap, (P) + Ap,(P)
for P € X, P ¢ supp(D1) Usupp(Dz2).
2.2.5. If Ap is a local height with presentation (sp; L,s; M,t), then A_p is
defined by the presentation (sBl; M,t; L,s) and we have
A-p(P) = =Ap(P)
for P € X \ supp(D). With these operations, the space of local heights is an

abelian group.

2.2.6. Another important operation on presentations is the pull-back. If
D = (sp; L,s; M,t)
is a presentation of D on X and m : ¥ — X is a dominant morphism of
irreducible projective varieties over K , then
7D = (n*sp; 7" L,w"s; 7" M, 7*t)
is a presentation of 7*D. We have A\ «p(P) = Ap(w(P)) forevery P € Y such

that 7(P) ¢ supp(D). More generally, this works for a morphism 7 : ¥ — X
of irreducible projective varieties such that 7(Y") is not contained in supp(D).

We consider an affine variety U over K .

Lemma 2.2.7. Let h; € K[U], j = 1,...,N, be without common zero in U .
Then the ideal generated by the functions h; is equal to K[U].

Proof: Choose a closed embedding U — A% and let I(U) be the ideal of U in
Klt1,...,t,]. The K-algebra K[U] can be identified with K[t1,...,t,]/I(U).
Let J be the inverse image of the ideal generated by hq, . .., h,, under the projec-
tion

K[tl,...,tn} I K[t1,7tn]/I(U)
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We claim that J is equal to Kty ...,t,]. In fact, the polynomials in J have no
common zero, and our claim follows from Hilbert’s Nullstellensatz in A.2.2. [

Definition 2.2.8. The set E C U(K) is bounded in U if for any f € K[U] the
function |f| is bounded on E.

Lemma 2.2.9. Let {f1,..., fn} be generators of K[U] as a K-algebra. If

.....

holds, then E is bounded.

Proof: Let f € K[U]. Then we can write f = p(f1,..., fn) with p a polynomial
with coefficients in K . Let C' be the number of monomials in p and let d be the
degree of p. We define

5 { 1 if the absolute value is archimedean

0 otherwise.

Then, with |p| the Gauss norm of p from 1.6.3, we find

d
sup |f(P)| < C‘S|p| max (1, sup max |f](P)|) < 00, 2.1
PeE pPeE j=1,....N
concluding the proof. (]

Lemma 2.2.10. If {U,} is a finite affine open covering of the affine K-variety U
and if E is bounded in U, then there are bounded subsets E; of U, such that
E=|E.

l

Proof: Tt is enough to prove the claim for a refinement of {U;}. Hence we can
assume that there are regular functions h; on U such that U; = {x € U | h; #
0}, see A.2.10. By Lemma 2.2.7 there are regular functions g; on U such that
Y-, gthi = 1. If C is the cardinality of the covering and ¢ is as before, then

1
i > (9 . 2.2
Fl)g%mlax |hi(P)| > C (;lé%mlax |gl(P)|> >0 (2.2)

We define
By = {P € B | |u(P)| = max | (P)]}.
Obviously, E; C Uj(K) and E = |JE;. Let f1,..., fy be a set of generators

1
of K[U]. Then fi,..., fn,1/h; are generators of K[U;]. By Lemma 2.2.9, it is
enough to show that |1/h;| is bounded on E;. In fact, the bound

sup |1/hy(P)| < C° sup max |gi(P)| < oco. (2.3)
PEE, PecE k

follows from (2.2). O
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Theorem 2.2.11. Let X be a projective variety over K and let D, D' be two
presentations of the Cartier divisor D . Then

[Ap — Apr| <
for some constant vy < cc.

Proof: By 2.2.4, we see that A\p — A\p/ is a local height relative to the presentation

D — D’ of the zero divisor. Therefore, the left-hand side of the inequality extends

to a well-defined real function on X . Moreover, it is enough to show the claim for

D=0and D' = (1; L,1; M,1). Then D has the form (1; L,s; L,t). We need
to find ~y as above such that

—v < max min log S—k(P)

k l t

<.

To this end, it suffices to obtain only the right-hand of this inequality, because we
can interchange the role of s and t.

Now choose a closed embedding of X into P¥. with standard coordinates (o :

-1 xn), let U; be the affine open subset {x € X | z; # 0} of X, and let Uy
be the affine open subset {x € U; | t;(x) # 0}. The restrictions of gy := s/t
to Uy are regular functions. The functions f;; := x; /xi, j=0,..., N, generate
K|[U,] as a K-algebra (see A.2.10). Then define sets E; by

Eyi= (P € X(R) | las(P)] = masx o (P}

It is clear that, if P € F;, we have
max |fi;(P)] =1, (2.4)

hence E; is bounded in U; (Lemma 2.2.9). Thus we can apply Lemma 2.2.10 to
U, E; and the covering {U;;}, obtaining bounded subsets E;; of U;; such that
Ei = U Eil and

1

sup max |gx (P)| < oo.
PeE; k

Since the sets E;; cover X (K), we get the claim. O

2.2.12. Since Hilbert’s Nullstellensatz is effective, the constant v in Theorem
2.2.11 is effectively computable in terms of presentations of D and D’. An
effective version of the Nullstellensatz can be found in D. Masser and G. Wiistholz
[195], Th.IV.

Remark 2.2.13. For the purpose of giving a precise meaning to the words “effectively
computable,” we need a closer look at the bounds in the results above.

In Lemma 2.2.9, there are finitely many elements p, € K and d € N such that

d
sup [(P)] < max ] ma (1, sup max 1,(P)] )
PcEE a PecE J
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The elements p, may be chosen to be the coefficients of the polynomial p in (2.1) on
page 37 if the absolute value is not archimedean, while in the archimedean case it suffices
to add to this list C' times the coefficients of the list, where C' is the number of coefficients.
Note also that the list of elements p, so obtained and the degree d depend only on the
geometric data (U, f, f1,..., fn), butnot on E, nor on the absolute value.

In the situation of Lemma 2.2.10, the bound of f € K[U;] is again of the same type,
namely

d
sup |f(P)| < max |pm| max (17 sup max | f; (P)|) ,
PEE, m PcE J

where again f1,..., fx are generators of K[U], the finitely many elements p,, € K,
and d, depend only on geometric data ( f, the covering, generators) but not on F, the
absolute value | |, or the decomposition {E;}. This is clear by applying the above result
to f € K[U;] with generators fi,..., fn, 1/h and then again to every g; € K[U] in
(2.3) on page 37.

If we apply these remarks to the proof of Theorem 2.2.11 and use (2.4), then we may choose
v = maxlog" |pp|
m

for a certain finite set of elements p,, € K, independent of the absolute value | | and
determined exclusively in terms of geometric data.

2.3. Global heights
In this section, starting from the local heights previously defined, we consider the
case in which K is a number field and define global heights.
2.3.1. Let X be an irreducible projective variety defined over K .
We consider a Cartier divisor D on X with presentation
D = (sp; L,s; M, t).

Let F be a number field with K € F C K and let P € X(F) \ supp(D). For
v € Mp, we define the local height

Ap(P,v) := mgxmlin log ts—k(P)

15D v
using our normalizations from 1.3.6. Let p € Mg be the restriction of v to Q
and let | |, be an absolute value on K such that the restriction to K is equivalent
to | |, and such that the restriction to Q is equal to | |,. The existence of | |,
follows from Proposition 1.3.1. Then
[Fy : Q]
Ap(P,v) = WAD(P,U),

where \p(P,u) is the local height relative to the absolute value | |, from 2.2.2.
This allows us to apply the results from Section 2.2 to Ap(P,v).
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Example 2.3.2. The hyperplane {zy = 0} in P}, has the presentation
D= (.170; OPn (1),.170, ey Ty O[pm 5 1)
For P € P*(F') with 2o(P) # 0 and v € M the corresponding local height is
T
Ap(P,v) = max log ’I—O(P)‘

v

and the product formula becomes

hP)= Y Ap(Pv).
vEMPp
This explains the name local height. This notion will be extended later to arbitrary
divisors.

2.3.3. We go back to the general case in 2.3.1. Let Ap be a local height relative to
the presentation D = (sp; L,s; M,t) of a Cartier divisor D on X . For P € X
there are s; and t; such that s;(P) # 0, t;(P) # 0. Therefore, we can find a non-
zero meromorphic section s of O(D) such that P is not contained in the support
of the Cartier divisor D(s). Then D(s) = (s; L,s; M,t) is a presentation of
D(s) and we have
Ap(s) = Ap + Ay,

where f is the rational function s/sp. If F is a finite extension K C F C K
such that P € X (F), the local height Ap (s (P, v) is finite for any v € M,
because P is not in the support of D(s). Then we define the global height of P
relative to A := Ap by

ha(P) = > Ap(s)(Pov).

vEMp
The next result justifies the definition and the name global height.

Proposition 2.3.4. The global height h) is independent of the choices of F' and
of the section s.

Proof: By Lemma 1.3.7, the global height is independent of F'. Its independence
from the choice of s can be verified as follows. Let ¢ be another non-zero mero-
morphic section of O(D) with P ¢ supp(D(t)). Then 2.2.4 and 2.2.5 show
that

)\D(s)(va) - )‘D(t)(va) = )‘s/t(P7v)
for any v € M. On the other hand, the product formula shows that the global
height of P relative to Ay /; is 0, proving the claim. 0

Remark 2.3.5. As an immediate consequence the global height relative to the
natural local height of a non-zero rational function is identically 0. It is also clear
that the map A — h) is a group homomorphism.

Theorem 2.3.6. Ler A\, \' be local heights relative to Cartier divisors D, D’ with
D — D’ a principal divisor. Then hy — hy/ is a bounded function.
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Proof: By Remark 2.3.5, we can assume D = D’ = 0 and A’ = 0, hence we
need only to show that h) is a bounded function for any local height relative to
the zero divisor. Theorem 2.2.11 and Remark 2.2.13 give us a family {7, }ve s,
of non-negative real numbers, almost all 0, such that

AP, u)lu < o
for any P € X and any place u on K with ulv. As before, let F' be a finite
extension K C F' C K suchthat P € X(F'). By 2.3.1, we obtain
[Fu:Qp]

(F:Q]

for any w € Mp, which divides v € Mg and p € Mg. By Corollary 1.3.2, we
have

AP w)] <

v

> [Fu: K, =[F: K]
wlv

and we get

K,:Q,
P < Y APw)< Y B, <o 0

weMp vEM

2.3.7. There is an isomorphism of the group of Cartier divisors modulo principal
Cartier divisors onto Pic(X), given by cl(D) +— cl(O(D)). Let us denote the
real functions on X by R¥ and the subspace of bounded functions by O(1). Let
¢ € Pic(X) and choose a Cartier divisor D with ¢ = cl(O(D)) and a local height
A relative to D. By Theorem 2.3.6, the image h. of h, under the projection

R¥ — R¥/0(1)

is independent of the choice of D and \. A representative of h, is called a height
function associated to c.

In other words, an isomorphism class of line bundles determines a real-valued
height function up to bounded functions. We note however that considering only
equivalence classes of heights modulo bounded functions, as propounded by Weil,
although it has attractive functorial properties, it also has the great disadvantage of
throwing away the finer properties of heights needed to prove the deeper theorems
of diophantine geometry. A better point of view is offered in the next sections.

Theorem 2.3.8. The map
h : Pic(X) — R¥/0(1),

given by ¢ — he, is a homomorphism. If ¢ : Y — X is a morphism of irreducible
projective varieties over K, then

hy-c =hcoop
for any ¢ € Pic(X).
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Proof: The first claim follows from Remark 2.3.5 and Theorem 2.3.6. The second
one is an immediate consequence of 2.2.6. g

It is quite trivial, but important, to remark that a base-point-free line bundle has
always a non-negative height function. A more general result is the following

Proposition 2.3.9. Let D be an effective Cartier divisor on X . Then there is a
local height X relative to D such that, for any P ¢ supp(D) and for any place u
of K, it holds A\(P,u) > 0.

Proof: There are base-point-free line bundles L, M on X such that O(D) 2
L ® M~'. Choose generating global sections t, . ..,t; of M. We can complete
spto,...,spt; to a family sg,...,s; of generating global sections of L. The
local height given by the presentation

D= (3D§ L,s; Mvt)
is non-negative outside of the support of D. g

2.3.10. The results of Sections 2.2 and 2.3 extend immediately to varieties which
are not necessarily irreducible. Here we must be careful to require that all mero-
morphic sections considered are invertible, i.e. not identically 0 on any irreducible
component of X . For the functorial property of 2.2.6, we must assume that no ir-
reducible component of Y is mapped into the support of D, in order to guarantee
a well-defined pull-back of the Cartier divisor.

2.3.11. We may introduce global heights for any field with product formula as long
as we work with properly normalized absolute values (see 1.3.6 for a perfect field
and 1.3.12 in general). Then all results of this section continue to hold.

2.3.12. We may also replace the ground field K by K . Then all geometric data
as varieties, morphisms, line bundles, and sections are defined over a sufficiently
large number field K and there is no problem about considerations with global
heights relative to the ground field K. Since the global height does not depend
on the ground field, it also makes sense to consider it as a global height over the
algebraically closed field K .

2.4. Weil heights

In this section we consider global heights given by a morphism of a projective
variety to a projective space. In fact, we will see that any global height is the
difference of two such Weil heights. We will formulate Theorem 2.3.8 and North-
cott’s theorem in terms of Weil heights. The results are based on the previous
sections.

Let X be a projective variety X over Q.
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Definition 2.4.1. Let p : X — ]P% be a morphism over Q. The Weil height of

P € X(Q) relative to ¢ is defined by h,(P) := h o @(P), with h the usual
height on IE%.

242. If v : X — IP’% is another morphism over Q, the join 1) is the
morphism

X S B (o (@),
with the lexicographic ordering on pairs (3, j).

It may be viewed as the composition of the graph morphism G(¢) : X — X XP%? ,
the product map ¢ x id : X x IP’% — }P’% x P2 and the Segre embedding

Q b
PL x P2 — Pg““’"*”*l (cf. A.6.4).

Remark 2.4.3. If ¢ is a closed embedding, then p#4) is a closed embedding.
In order to prove this claim, note that G(v) is always a closed embedding (see
A. Grothendieck [134], Cor.5.4.3). If ¢ is a closed embedding, then ¢ x id is a
closed embedding ([134], Prop.4.3.1). The Segre embedding is also a closed em-
bedding (cf. A.6.4). Since the composition of closed embeddings remains a closed
embedding ([134], Prop.4.2.5), we conclude that p#) is a closed embedding.

The following proposition formalizes a remark already made in 1.5.14 about the
height in Segre embeddings.

Proposition 2.44. If ¢ : X — IP% and Y : X — IP%L are morphisms over Q,
then

hosy = ho + hy.
2.4.5. We claim that every Weil height may be viewed as a global height in the
sense of Section 2.3. There is a linear form ¢ = {yxg + - - - + £, 2, , which does
not vanish identically on any irreducible component of X . Then it follows from
Example 2.3.2 and 2.2.6 that h,, is the global height relative to the presentation

QD*(&OP%(l),l’o, .. .,(En;O]p%, 1)

2.4.6. Conversely, we can write every global height as a difference of two Weil
heights. Let h) be the global height relative to the presentation

D= (s;L,80,...,8n; M,to,...,tm).
We consider the morphisms
p: X — P2, x = (so(x) - sp(x))
and
P X — P2, x = (to(x) i it ()
as in A.6.8. Then it follows from the independence of hy from s and 2.4.5 that
hx = hy — hy.
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2.4.7. Note that in 2.4.6 we may even assume that ¢ and 1) are closed embeddings
into projective spaces. This follows from Remark 2.3.5 and Proposition 2.4.4,
choosing any closed embedding 6 of X into some projective space over Q and

replacing ¢, ¥ by p#60, V#0.

Theorem 24.8. If p: X — IP% and p : X — IP’% are morphisms over Q with
©*Opn (1) = ¢*Opm (1), then hy, — hy is a bounded function.

Proof: Using 2.4.5, this is a reformulation of Theorem 2.3.6. U

Our next result is the general version of Northcott’s theorem, which is both sim-
ple and fundamental.

Theorem 2.4.9. Let X be a projective variety defined over the number field K
and let he be a height function associated to an ample class ¢ € Pic(X). Then
the set

(P e X(E) | he(P) < C, [K(P) : K] < d}
is finite for any constants C,d € R.

Proof: There is m € N such that mc is very ample. By Theorem 2.3.8, mh.
is a height function associated to mc. Therefore, we can assume without loss
of generality that c is very ample. By Theorem 2.4.8, it is enough to prove the
statement for X = ]P% and ¢ = cl(Opn (1)), i.e. for the standard height on IP’%.

Let U := {x; # 0} be a standard affine subset of P We have to show that there

are only finitely many points P in U(Q) with h(P) < C and [K(P) : K| <
d. The height of P € U is an upper bound for the heights of the coordinates.
Therefore, the case n = 1 implies the general statement. This is Theorem 1.6.8,
ending the proof. O

Remark 2.4.10. Clearly, we may also introduce Weil heights for any field with
product formula and all results above remain true with the exception of Northcott’s
theorem. We may use Example 1.5.23 as a counterexample if the field is infinite.

Example 2.4.11. The following example shows that Weil heights in the geometric case may
be interpreted in terms of intersection theory, as a degree function. This is conceptually very
important, because it allows us to use the intuition and methods of algebraic geometry in
dealing with heights.

The corresponding result in the arithmetic case lies much deeper and requires intersection
theory in the setting of arithmetic algebraic geometry (see Example 2.7.20).

Let X be an irreducible regular projective variety over an arbitrary field K, and let deg be
the degree of cycles corresponding to a fixed embedding of X into a projective space P .
By Proposition 1.4.7, we have a canonical set of absolute values on K (X) satisfying the
product formula. A point P € P (K (X)) is given by coordinates fo, ..., fn € K(X).
Let ¢ be the rational map

X --» Pk, z— p(x) = (fo(z): -t fulx)).
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Let zo,...,z, be the coordinates of P} , viewed as global sections of Opn (1). Choose
J €{0,...,n} such that z;|,(x) # 0. Then the vector (fo,..., fn) is proportional to
(P wo/@ s, ..., wn [0 ;) € K(X)" T

and we may assume that they are equal. By Example 1.5.23, we have

h(P) = — Z ‘71(1)1in ordz(fi)deg Z
7 = n

,,,,,

Z (ordz(cp*a:j) -, rglin . ordz (go*wl)> deg Z,
~
where the sums range over all prime divisors Z of X . By the valuative criterion of proper-
ness (cf. A.11.10), the domain U of ¢ has a complement of codimension at least 2. The
local ring associated to a prime divisor was introduced in A.8.7. By choosing a trivialization
of (¢|v)*Opn (1) at a generic point of Z, we may view ¢* (z;) as regular functions in Z .
Therefore, we have

%ﬁn . ordz (¢ z;) =0

and thus
h(P) = Z ordz (¢"z;) deg Z.
Z

Since X \U is of codimension at least 2, the restriction map induces an isomorphism
Pic(X) == Pic(U)
(because on a regular variety Cartier divisors and Weil divisors can be identified, cf. A.8.21).

So it makes sense to view (¢|y)*Opn (1) as an element of Pic(X), which we simply
denote by ¢*Opn (1). It follows that

h(P) = deg ©"Opn (1),
where the right-hand side denotes the degree of any divisor of a non-zero meromorphic
section of ¢*Opy (1) (see A.9.26). If Y is a projective variety over K(X) and ¢ : Y —
P% (x) is a closed embedding over K (X) into projective space, then P € Y (K(X))
induces a rational map

p: X --»Y

as above, and we have

hi(P) = deg ¢"Oy (1),
where Oy (1) is the pull-back of Opn (1) to Y.

2.5. Explicit bounds for Weil heights

This is a somewhat technical section, the reading of which can be omitted at first. Its ulti-
mate purpose is to give a meaning to the phrase “effectively computable,” which otherwise
would be only a hollow claim, devoid of true mathematical significance.

The main tool in this section is the concept of presentation of a closed embedding of a
projective variety in projective space. The basic idea can be described as follows. Let
X — ]P’% be a projective algebraic variety over the algebraically closed field Q, embedded
in projective space ]P%. It is well known that every rational function on X is then induced
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by restriction of a rational function in the ambient space P%. On the other hand, we often
need to compare situations relative to different embeddings. The point of view taken in this
section is therefore the following. Since we are dealing with the function field Q(X) of X,
we are allowed to choose a hypersurface in ]P%+1 as a birational model. The homogeneous
coordinate ring S is the quotient of a polynomial ring by a principal ideal. This allows us to
introduce a height in .S'. Thus fixing this choice gives us a reference description of elements
inS.

This being done, we consider an arbitrary closed embedding X — IF’%. Then a presentation
of the embedding X — ]P’%, relative to the reference ring S, consists in expressing the
rational functions (z;/x;)|x as elements of S. Now the problem of comparing heights
relative to different embeddings can be solved by comparing corresponding presentations.
This leads to very explicit comparison estimates for heights. The details are as follows.

2.5.1. Let X be an irreducible projective variety over Q of dimension r. There is a Q-
morphism

T X — ]P’grl
such that X is mapped birationally onto a hypersurface (cf. A.11.5 and A.11.6). We
denote by zo, ..., 2,41 the standard coordinates of IP%+1 . Then we may assume that the
hypersurface is given by an irreducible homogeneous polynomial f of degree d of the form

f(z0,. - ze41) = fo+ frzegn + o+ fa1Zi0] + 20,
where fi € Q|zo, ..., 2] is homogeneous of degree d — i, f(0,...,0,1) # 0 and d is
the degree of X with respect to 7" Opr+1(1) (cf. A.11.7). This situation is fixed for the
whole section.
2.5.2. Let S be the homogeneous coordinate ring of 7(X). We have

S = Q[Z()7 BERE) Z7'+1}/j7
where J is the homogeneous ideal generated by f. Let Z; be the image of z; in S (0 <
i < r+ 1) and note that Z,;1 is integral over Q[Zo, .. .,Z]. The variables Zo, ..., 2,
are algebraically independent, because the transcendence degree of Q(7(X)) = Q(X) is
r (cf. A.4.11). By abuse of notation, we denote them again by 2o, ..., 2,. The minimal
polynomial of Z,1 over the polynomial ring Q[zo, . ..,2,] is equal to f(20,...,2r,"),
since

0= fo+ fizrs1 +"'+fd715f~l;% +Eg+1~ (2.5)
The elements 1,Z, 41, ... ,Ef;i form a basis of S over Q[zo,. .., z-] and so we have an
isomorphism of Q-vector spaces
S = {p € Qlzo, ..., 2r+1] | deg. . (p) < d}.

By means of this map, we define the height of an element of S as the height of the corre-
sponding polynomial.

2.5.3. For | € N, there are uniquely determined q;; € Q[z0,...,2+] (j =0,...,d — 1)
such that

d—1
Zor = ) qFg- (2.6)
7=0
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The polynomials ¢;; are homogeneous of degree [ — j (elements of negative degree are 0),
and ¢q;; = d;; for 0 <1 < d — 1, where ¢;; is Kronecker’s symbol. We may now assume
that [ > d. Equation (2.5) shows

d—1 d—1d—1
L _k4i—d —j
Zr41 = *kazmﬂ = 722.]07? Qk+1—d,j Zi-&-lv
k=0 §=0 k=0
leading to the recursive formula
d—1
Q== frQri-dj, @7
k=0
where j = 0,...,d—1. Let F' be anumber field containing the coefficients of fo, ..., fa—1

and for v € Mp define §, to be 1 if v is archimedean and O otherwise. The recursion
(2.7) yields a bound

d+r+1
1y <
laus ‘( r+1 )

for the Gauss norms. Here we have used that f; has (

d
Z(dk+r>_(d+r+l>. 28)
= r r+1

(i—d)s,
il < d+r+1
@il = r+1

and thus Lemma 1.3.7 leads to

3y

o, max awsl

v

di’:”) summands and

By induction we obtain

it 2.9)

v

d+r+1
h(qzj)S(l—d+1)h(f)+(l—d)log< )
r+1
Let p : X — ]P% be a closed embedding over Q and let xo,...,, be the standard
coordinates of P%. Let p be a vector with entries p; € S, ¢ =0, ..., n, homogeneous of

degree d(p).

Definition 2.5.4. The vector p is said to be a presentation of ¢ if the following conditions
are satisfied:

(@ If1€{0,...,n} and x;|x # 0, then we have p; # 0.
(b) Iflasin(a)and i € {0,...,n}, then

Di T
powly
in Q(X).
2.5.5. The number d(p) is called the degree of p. Consider the vector whose entries
are given by all the coefficients of po,...,p.. The height of the corresponding point in

appropriate projective space is called the height of the presentation, denoted by h(p).
The existence of a presentation of ¢ is an obvious consequence of Q(X) = Q(m(X)).
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Lemma 2.5.6. Let ¢; : X — ]P%" ,j = 1,...,k, be closed embeddings over Q with

presentations p) and let n = (ni+1)---(nk + 1) — 1. Then the join p13 - - #pk
gives a closed embedding

P X — P%: Pr— (Lplll(P) T Py, (P))LJ €{0,...,n; } °
It has a presentation p defined by
po=pl) opl) (€40 ng))
of degree d(p) = d(p™) + - - - + d(p™) and height
h(eP) + Y log (6+6d(e)/r) +C - (k- 1)

j=1

IA
M-

with
C=(d-1h(f)+dd+r+1).

Proof: By Remark 2.4.3, ¢ is a closed embedding. Also, p is a presentation of ¢ of degree
d(p) = d(p) + - +d(p™).

To prove the estimate for the height, by induction we may assume k = 2. We have the
decomposition

p = Zp%z:;l (G =1,2),
m=0

whence

(1) —m (2) —m
< Z p’lel T-‘y—ll> ( Z p221n2 7‘-{—21> .
m1=0 mo=0

Equation (2.6) on page 46 leads to the decomposition

d—1
_ —m
- DPim Zr4+1
m=0

with
2d—2
- @ (2) 1 (2
pim A Z pL17rL1pL21rL2 + Z Z ptlml pl2’”2 qlm
m1+mo=m mi+ma=l
m1,mo<d—1
Let F' be a number field extension of Q containing the coefficients of fo, ..., fa—1 and of
all pz(]Zn ,j=1,2,and for v € My define d, asin 2.5.3. Then we verify
(2)
[pimlo < 1B 15 1o 331 max, (L lam ), (2.10)

where B is an upper bound for

S () B (o (o)

m1=0 mi=l—d+1
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Thereby we have used the fact that number of monomials of degree D in r + 1 variables

is equal to (") . We use the estimates

<r +dp®) —m

r

r

) < = (rrae™) < (3+3dmD)/r)

(T +1- m) < 27‘+lfm
r

B = d2rt? (3 ¥ 3d(p(1))/r>r

and

to conclude that

is such an upper bound. From (2.9) on page 47 and (2.10), we get

r+d+1
h(p) < h(p'") + h(p™) +log B + (d = Dh(f) + (d - 2)log ( g )
With the above value for B, we have
h(p) < h(P™) + h(P®) + rlog(6 + 6d(p'") /7)) + C
with
C:=d-1h(f)+dd+r+1). O

Remark 2.5.7. If we work over a fixed number field K and with an irreducible reduced
projective variety, then the constructions in 2.5.1 to 2.5.3 can be done over K and every
K-morphism to projective space has a presentation defined over K. Moreover, Lemma
2.5.6 remains valid.

2.5.8. We use the following notation. For a multi-index o = (c, ...,an) € NVT1 we
set

la) ;=0 + -+ an
and for x = (20,...,2N) € Q""" we define

x* = a0 al .

If Y is a closed subvariety of PY , we denote by Jy the ideal sheaf of Y.

Proposition 2.5.9. Let ¢ : X — IP%, P X — ]P’%’ be closed embeddings over Q, with
corresponding presentations p, q. We assume

¢ Opn (1) 2 4 Opn (1).

There is a positive integer ky, such that if k > ky, then

H* (PG, Jux ® O () = 0,



