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PREFACE

In modern times logic has become a deep and broad subject. Only in recent years have systematic relations between logic and mathematics been established and a completely explicit theory of inference formulated which is adequate to deal with all the standard examples of deductive reasoning in mathematics and the empirical sciences. The concept of axioms and the derivation of theorems from axioms is at the heart of all modern mathematics. The purpose of this book is to introduce the student to modern mathematics at a level which is rigorous yet simple enough in presentation and context to permit relatively easy comprehension.

The importance of both the theory of proof and the methodology of deriving theorems from axioms in modern mathematics cannot be questioned. Yet development of the skills of deductive reasoning has been left largely to incidental learning in the school mathematics curriculum. The point of view represented in this book is that deliberate and well-planned teaching of mathematical logic when presented early in the career of a student will provide background for a deeper and more penetrating study of mathematics.

The scope of the present volume comprises the sentential theory of inference, inference with universal quantifiers, and applications of the theory of inference developed to the elementary theory of commutative groups, or, as it is put in the text, to the theory of addition. Because of the complexities introduced by existential quantifiers, their consideration has been delayed and will be given in the subsequent volume, Second Course in Mathematical Logic. It may be noted that the restriction to universal quantifiers occurring at the beginning of formulas is not as severe as it may seem. Most elementary mathematical theories which the student will encounter may be easily formulated within this framework. This restriction provides the student with an opportunity to learn how to make rigorous and nontrivial mathematical proofs without becoming entangled with the subtleties that surround existential quantification. Emphasis throughout the book has also been given to the pervasive and important problem of translating English sentences into logical or mathematical symbolism.

The present book is the fourth version of a set of notes developed in 1960-61. The second version of the text was used with eleven classes of selected students in 1961-62. The third version was used experimentally in 1962-63 with ten classes of selected school students and 200 college students in a project sponsored jointly by the Office of Education and the National Science Foundation. The writing of the book has also been supported by grants from the Carnegie Corporation of New York.

We have attempted to write the book in such a fashion that it may be used by students in a wide range of age and ability. Logic, fortunately, is one of the subjects not requiring extensive background or experience in order to be thoroughly mastered. For this reason a book of this particular type may be used by a wide variety of students. We believe that the book will prove useful for many a secondary school and elementary college mathematics class. The Second Course in Mathematical Logic is in preparation for those classes with time for a more ample exposure to the subject.

We are grateful to Mrs. Madeline Anderson for her patient and competent work in typing the manuscript. We are most indebted to Mr. Frederick Binford for many helpful suggestions and criticisms. He has also been responsible for preparing the detailed Teacher’s Edition. Mr. Richard Friedberg gave a number of very useful comments and criticisms on the final draft of the manuscript.

PATRICK SUPPES 
SHIRLEY HILL

Stanford University 
Stanford, California 
January, 1963




CHAPTER ONE

SYMBOLIZING SENTENCES

[image: e9780486150949_img_9654.gif] 1.1 Sentences

In the study of logic our goal is to be precise and careful. The language of logic is an exact one. Yet we are going to go about building a vocabulary for this precise language by using our sometimes confusing everyday language. We need to draw up a set of rules that will be perfectly clear and definite and free from the vagueness we may find in our natural language. We can use English sentences to do this, just as we use English to explain the precise rules of a game to someone who has not played the game. Of course, logic is more than a game. It can help us learn a way of thinking that is exact and very useful at the same time.

To begin, let us look at English sentences. Each sentence has a logical form to which we shall give a name. At first, we shall be discussing and symbolizing two kinds of sentences in logic. The names given to these two types of sentences are atomic and molecular.

In this age of science, you have seen the word atomic used many times. As a matter of fact, the meaning of the word in the language of logic is similar to its original meaning in the physical sciences. In logic, atomic refers to the simplest (or most basic) kind of sentence. If we put one or more atomic sentences together with a connecting word, then we have a molecular sentence. An atomic sentence is one complete sentence with no connecting words. We use connecting words to make molecular sentences from atomic sentences.

For example, let us consider two atomic sentences,


Today is Saturday.

There will be no school.


Both sentences are atomic sentences. By using a connecting word, we can put them together and we will have a molecular sentence. For example, we can say


Today is Saturday and there will be no school.


This molecular sentence is made up of two atomic sentences and the connecting word ‘and’. When we take a molecular sentence apart, we separate it into its smallest complete atomic sentences. In the example above, we can separate the molecular sentence into the two atomic sentences. The connecting word ‘and’ is not a part of either atomic sentence. It is added to the atomic sentences to make a molecular sentence.
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The connecting words, small as they may be, cannot be overlooked for they are very important. In fact, we shall learn some strict rules for the use of these key words. Much of what we shall be doing in our study of logic depends upon how carefully these connecting words are used. The connecting word in the sample sentence ‘Today is Saturday and there will be no school’ is the word ‘and’. There are others, but before we take up each word separately we should learn the correct logical name for them. That name is sentential connective. This name should be very easy to remember because it actually tells us what job the word does. It connects sentences. It makes molecular sentences from atomic sentences.

The sentential connectives we shall use in this chapter are the words ‘and’, ‘or’, ‘not’, and ‘if . . . , then . . . ’. In the study of English you may learn other names for them, but in learning logic we shall call them all sentential connectives, or just connectives. Remember that when you add a sentential connective to either one or two atomic sentences, you then have formed a molecular sentence. Three of the above connectives, ‘and’, ‘or’, and ‘if . . . , then . . . ’, are used to connect two atomic sentences, but one of them is added to just one atomic sentence to make a molecular sentence. That connective is the word ‘not’. We may say then that the connective ‘not’ controls one atomic sentence at a time and that the other connectives control two atomic sentences at a time. Remember that the connective ‘not’ is the only one that does not really connect two sentences. When added to just a single sentence, “not” forms a molecular sentence.

Let us look at some examples of molecular sentences that use the connectives we have named. The sentence,


The moon is not made of green cheese


is a molecular sentence that uses the connective ‘not’. The connective, in this case, controls just one atomic sentence: ‘The moon is made of green cheese’.

An example of a sentence using the connective ‘or’ is

 



Those clouds will be blown away or it will surely rain today.

 


The connective ‘or’ controls two atomic sentences. They are ‘Those clouds will be blown away’ and ‘It will surely rain today’. The molecular sentence,


If this is October then Halloween is coming soon


illustrates the use of the connective ‘if . . . , then . . . ’, which also controls two atomic sentences. Can you tell what those two atomic sentences are? We have already seen an example of a sentence that uses the connective ‘and’. Another is


The soil is very rich and there is enough rainfall.


What are the two atomic sentences contained in this molecular sentence?

The exercises below will give you a chance to check your ability to recognize atomic sentences, molecular sentences, and sentential connectives. Remember that every sentence having a connective is molecular.

EXERCISE 1

A. Write an A for each sentence that is an atomic sentence and an M for each sentence that is a molecular sentence. For each molecular sentence write the sentential connective used.


	Lunch will be at exactly noon today.

	The big black bear lumbered lazily down the road.

	That music is very soft or the door is closed.

	That big dog likes to chase cats.

	He called for his pipe and he called for his bowl.

	Bob is a good player or he is very lucky.

	If Bob is a good player, then he will be on the school team.

	California is west of Nevada and Nevada is west of Utah.

	Many college students study logic during the first year.

	Kittens do not usually wear mittens.

	If kittens wear mittens, then cats may wear hats.

	Jane can be found at Susan’s house.

	Sea lions do not grow long manes.

	If Molly is singing, then she must be happy.

	Sophomores do not follow freshmen in the registration schedule.

	Jack’s favorite subject is mathematics.

	If those clouds are moving this way, then we will have rain.

	If wishes were horses, then beggars would ride.

	This sentence is atomic or it is molecular.

	The sun was hot and the water looked very inviting.

	If x = 0 then x + y = 1.

	x + y > 2.

	x= 1 or y + z = 2.

	y = 2 and z = 10.


B. Make four molecular sentences by using one or two of the atomic sentences listed below together with a sentential connective. For example, you could put the connective ‘and’ between two of them. You may use the same atomic sentence more than once. Use each of the four connectives exactly once so that each of your molecular sentences has a different connective.


	The wind blows very hard.

	Paul should be able to win easily.

	The rain may cause them to call off the race.

	We shall know what the plans are by tomorrow.

	There will still be time to get there by seven.

	Jean’s friend is right.

	We were wrong about the time for the meeting.


C. Tell what the connectives are in each of the following sentences. For each molecular sentence, tell the number of atomic sentences you find in it. Remember that ‘if . . . then . . .’ is a single connective.


	This is not my lucky day.

	The winter is coming and the days grow shorter.

	Many germs are not bacteria.

	Amphibians are found in fresh water or they are found on land near moist places.

	If there are fractures in great rock masses then earthquakes are likely to occur.

	That number is greater than two or it is equal to two.

	If it is a positive number then it is greater than zero.

	This boy is my brother and I am his sister.

	My score is high or I shall get a low grade.

	If you hurry then you will be on time.

	If x > 0 then y = 2.

	If x + y = 2 then z > 0.

	x = 0 or y = 1.

	If x= 1 or z = 2 then y > 1.

	If z> 10 then x + z > 10 and y + z > 10.

	x + y = y + x.


D. First make up five atomic sentences and then make up five molecular sentences.
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The rules for the use of the sentential connectives are the same no matter what atomic sentences they connect or with what atomic sentences they are used. In one of the last exercises you found that it was possible to choose any one or two of a group of atomic sentences and combine them with a connective. The form of the molecular sentences that you made up depended upon the connective you chose, not upon what was in the atomic sentence or sentences. In other words, if you replace the atomic sentences in a molecular sentence with any other atomic sentences the form of the molecular sentence will remain the same. The way the ‘if . . . , then . . .’ connective is written shows this clearly. The three dots after ‘if’ and the three dots after ‘then’ stand in place of sentences. To form a molecular sentence using that connective you can simply put atomic sentences, any atomic sentences, in place of the dots.

It is easy to see the form of a molecular sentence if we do not write out the atomic sentences but just show where they belong. We can show the form of a molecular sentence using the ‘and’ connective as


______and______


or as


( ) and ( )


Any sentences can be put in the spaces and the form is the same. Suppose we chose the two atomic sentences ‘It is red’ and ‘It is blue’. Filling in the spaces above, we have the molecular sentence, ‘It is red and it is blue’. We might have chosen two other atomic sentences and formed, for example, the sentence, ‘I am tall and he is small’. The form remains the same. It is a molecular sentence using the connective ‘and’. Another way of emphasizing the form is to leave the parentheses in the English sentence, as in the following sentences:


(It is red) and (it is blue).

(It is raining) and (Peter is wet).


We have said that we can fill in the spaces with any sentences. We are not limited to just atomic sentences. We can also use molecular sentences and the form is the same. For example, we can fill the first space with the molecular sentence, ‘John is not here’ and the second space with the molecular sentence ‘Herb is not here’. The sentence will then be


John is not here and Herb is not here.


Again, the form is the same. The connective ‘and’ connects two sentences but this time they are molecular sentences.

We could also have used one molecular sentence and one atomic sentence, as in


John is not here and Joe is here.


The important point is that whatever sentences we use to fill the spaces shown, the form of the sentence is that of a molecular sentence using the connective ‘and’.

This is true of the other connectives too. We might show the form of other types of molecular sentences as follows:


( ) or ( )

If ( ) then ( ).


We can fill the spaces with any sentences, atomic or molecular. The following are examples, some of which have parentheses included for emphasis.

Mary is here or Helen is home.

(John is in town) or (Mary is not at home).

If 2 + 3 = x then x = 5.

If (y + 1 = 4) then (y = 3).

If (Bill is not dishonest) then (John is honest).


Sometimes, in English sentences, we use one word for a particular connective, sometimes we use two or more. For instance, we can use the single word ‘or’ as a connective as in


It is very heavy or it is hollow.


We might also write the same sentence adding the word ‘either’ as a part of the connective.

Either it is very heavy or it is hollow.


The words ‘either’ and ‘or’ are both part of the connective. In English sentences we sometimes use ‘either-or’ and sometimes just ‘or’. When we refer to the connective ‘or’ we know that this may also include the word ‘either’, if we choose to use it. The form for the connective ‘or’, therefore, may be


Either ( ) or ( ).


The following examples are of this form.

Either John is here or it is not raining.

Either (Mary is not here) or (Susan is not here).

Either x + y = 6 and y = 2, or x = 0.

Either (x + y = 7 and y ≠ 2) or (x > 0).


In some cases, we may wish to include the word ‘both’ in addition to ‘and’ as a way of using the ‘and’ connective. For example, we can say


Both it is raining and the sun is shining.


The words ‘both’ and ‘and’ are parts of the connective. We usually just use ‘and’ but you may find the word ‘both’ included occasionally. We shall refer to the connective as ‘and’, but the form may be seen as


Both ( ) and ( ).


For example,


Both (x > 0) and (y ≠ 0).

Both x ≠ y and y ≠ z.


In most cases in which the connective ‘if . . . , then . . .’ is used, both words are included. Sometimes, however, you may find that the word ‘then’ is eliminated. An example might be


If it is Dan, he is late.


Sentences of this kind are formed by the ‘if . . . , then . . .’ connective and are of the form


If ( ),( ).


Examples of this form are


If x + y = 2 and y = 0, x = 2.

If (x + y = 7 and x=6), (v = 1).

If Mary loves John, John loves Mary.


The word ‘not’ is found most often within the atomic sentence in English. For this reason it is easy to overlook. But a sentence such as


Logic is not difficult


is a molecular sentence because it contains ‘not’. It is possible to write the connective using the phrase ‘it is not the case that’. The sentence then would read


It is not the case that logic is difficult.


Thus it is possible to show the form of the molecular sentence using the connective ‘not’ as


It is not the case that ( )


or we may shorten it to


not ( ).


Examples of this form are


It is not the case that (x = 0).
It is not the case that (x + y > 2).
Not (x = 2 + 1).
Not (7 > x + y).


The use of ‘Not ( )’ is not ordinary English usage, of course, but it is often convenient, as we shall see later in mathematical contexts.

In mathematical sentences using the equality symbol = we often indicate negation by a slant line through the equality symbol: ≠. Thus, ‘x ≠ 1’ is read ‘x is not equal to 1’.

In neither of the sentences ‘x ≠ 1’ and ‘John is not here’, can we use parentheses to show the form of the molecular sentence because the connective ‘not’ occurs inside the atomic sentence.

EXERCISE 2

A. Use parentheses to show the form of the following molecular sentences.



	John is here and Mary has left.

	If x+ 1 = 10 then x=9.

	Either Mary is not here or Jane is gone.

	If either x = 1 or y = 2 then z = 3.

	If x ≠ 1 and x + y = 2 then y = 2.

	If either Smith is at home or Jones is in court then Scott is innocent.

	y = 0 and x = 0.

	Either y = 0 and x ≠ 0 or z=2.

	It is not the case that 6=7.

	It is not the case that if x + 0 = 10 then x = 5.


B. Write English sentences in the following forms. Drop the parentheses when you write the English sentences.



	Either ( ) or ( ).

	( ) or ( ).

	Both ( ) and ( ).

	( ) and ( ).

	Not ( ).

	If ( ) then ( ).

	If ( ), ( ).

	If not ( ) then not ( ).

	It is not the case that ( ).
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We often think of atomic sentences as short sentences. But even some of the atomic sentences in our everyday language are long and for this reason they become clumsy and awkward to handle. In logic we take care of this problem by using symbols in place of, or to stand for, entire sentences.

The symbols we use in logic to stand for sentences are capital letters such as ‘P’, ‘Q’, ‘R’, ‘S’, ‘A’, and ‘B’. For example, let


P = ‘The snow is deep’, 
Q = ‘The weather is cold’.


Now consider the sentence, ‘The snow is deep and the weather is cold’. First, we show the logical form of the sentence by using parentheses.


(The snow is deep) and (the weather is cold.)


Then we use ‘P’ and ‘Q’ to symbolize the sentence as


(P) and (Q).


Suppose we wish to symbolize a molecular sentence that uses the connective ‘or’. Consider the sentence ‘You may choose soup or you may choose a salad’. We symbolize it in the following way:

Let


R=‘You may choose soup’, 
S = ‘you may choose a salad’.


The sentence will then be symbolized,


(R) or (S).


In symbolizing a sentence that includes the connective ‘not’, the word ‘not’ is put in front of the symbol that stands for the atomic sentence even though in the English sentence you will usually find the word ‘not’ inside the atomic sentence that it controls. The connective, however, is not a part of the atomic sentence and therefore the word ‘not’ must be separated from the atomic sentence. For example, we would symbolize the sentence ‘Ducks are not four-legged animals’ in this way:

Let


Q = ‘Ducks are four-legged animals’.


The molecular sentence will then be


Not (Q).


The letter symuol stands only for the atomic sentence and does not include the connective.

You will find later that if we use symbols for the atomic sentences it is far easier to deal with the molecular sentences, which can become very long and complicated.

The following exercises will give you practice in symbolizing sentences.

EXERCISE 3

A. Symbolize the following molecular sentences by replacing the atomic sentences with capital letters.


	1. I need to put on my glasses or this light is poor.


Let


G = ‘I need to put on my glasses’, 
L = ‘This light is poor’.


Then the sentence is symbolized as


(G) or (L).



	2. Ducklings do not grow into swans.

	3. He walked three steps to the right and then he went two steps forward.

	4. These problems are not easy for me.

	5. If the buzzer sounds, then it is time for class to begin.

	6. If chemistry class has already begun then I am late.

	7. One side of the moon is not seen from the earth.

	8. Either Dick will go to the dance or he will go to the show.

	9. Roses are red and violets are blue.

	10. If Brazil is in South America then it is in the Southern Hemisphere.


B. Translate the following sentences into English sentences that have the same form. (Use the same connective and replace the letters with atomic sentences.) Tell the atomic sentence for which each letter symbol stands.


	If (P) then (Q)

	(R) or (S)

	(P) and (Q)

	Not (E)

	If (S) then (B)

	Not (P)

	(R) and (T)

	(S) or (Q)

	Not (T)

	If (R) then (S)


C. Each of the following sentences is molecular. First tell what the connective or connectives are in each sentence. Then write out every atomic sentence you find in each of the molecular sentences.


	John is second and Tim is fourth.

	Either Jack is the winner or Jim is the winner.

	Eddie is not the winner.

	If Jim is the winner then he gets the medal.

	If Jim is not the winner then he must have placed second.

	The Alps are young mountains and the Appalachians are old mountains.

	Spiders are not insects.

	If spiders are insects then they must have six legs.

	If material is heated then it expands.

	Most planets are either too hot for living things like ourselves or they are too cold for living things like ourselves.


D. Symbolize the following mathematical sentences by replacing the atomic sentences with capital letters. Remember that ≠ is the negation of =.



	If x=y then x = 2.

	If x ≠ 2 then y > 1.

	If either x ≠ 2 or x ≠ 3 then x = 1.

	If x + y = 3 then y + x = 3.

	If x — y = 2 then y — x ≠ 2.

	x + y = 2 and y = 1.

	x + y + z = 2 or x + y = 10.

	If x ≠ y and y ≠ z then x>z.

	If x+y>z and z = 1 then x+y> 1.

	If x ≠ y, then x ≠ 1 and x ≠ 2.
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Now that we can symbolize atomic sentences, working with molecular sentences will be much easier. But we can also use symbols for the sentential connectives themselves. We shall take up each of the connectives separately and learn the symbol for it. We shall also learn a name for the molecular sentence that is formed by the use of each connective. These connecting words are so important that we shall discuss them separately in the following sections, reviewing some of the things we have already discussed.

And. When we use the word ‘and’ to join two sentences we call this the conjunction of two sentences. An example of a conjunction is this sentence,


Your eyes are brown and your brother’s eyes are brown too.


Let P be the atomic sentence ‘Your eyes are brown’ and let Q be the atomic sentence ‘Your brother’s eyes are brown too’. Then we may symbolize the molecular sentence, which is a conjunction, by


(P) and (Q).


A conjunction is a type of molecular sentence. The molecular sentence is the conjunction of atomic sentence P and atomic sentence Q. It is also helpful to have a symbol for ‘and’. We use the symbol that occurs on most typewriters,


&.


Using this symbol, we may write the conjunction of two sentences P and Q as


(P) & (Q).


Remember that the symbol & stands for the entire connective whether it is ‘and’ or ‘both . . . and . . .’ in English. The symbol & is called the ampersand.

EXERCISE 4

A. Symbolize completely the following sentences, using the proper logical symbol for the connectives. Show the atomic sentence for which each capital letter stands.


	Bob lives on our street and Janet lives on the next block.

	Joe’s old records are good and the newer ones are even better.

	He put in his thumb and he pulled out a plum.

	The sun went behind a cloud and at once it seemed cooler.

	The jet climbed out of sight and it left a faint, white trail behind.

	Janet is thirteen and Pat is fifteen.

	George is tall and Andy is short.

	Starfish are echinoderms and sand dollars are also echinoderms.

	Today’s date is the thirtieth and tomorrow will be the first.

	The game has begun and we shall be late.


B. Finish symbolizing the following sentences by replacing the connective with its proper logical symbol.


	(P) and (Q)

	Both (A) and (B)

	(H) and (K)

	Both (T) and (G)

	(S) and (Q)


C. Translate the sentences below into English sentences that have the same form. This means that English sentences will be substituted for letter symbols and the English connective substituted for the logical symbol.


	(P) & (Q)

	(R) & (S)

	(T) & (C)

	(B) & (H)

	(Q) & (P)


D. In the following mathematical sentences, symbolize only the connective ‘and’.


	x = 0 and y = 4.

	x ≠ 0 and x + y = 2.

	x - x = 0 and x + 0 = x.

	x + y = y + x ana
x + (y + z) = (x + y) + z.



Or. When we use the word ‘or’ to connect two sentences, we call this the disjunction of the two sentences. For example,


This is Room Four or this is a physics classroom


is the disjunction of two sentences. A disjunction is a molecular sentence formed by the connective ‘or’. The molecular sentence above may seem a little clumsy to you. Probably this is because in our everyday language we often include the word ‘either’ when we use the word ‘or’. For example, our molecular sentence might read


Either this is Room Four or this is a physics classroom.


In either case, the two atomic sentences are still the same; first, the sentence ‘This is Room Four’ and second, the sentence ‘This is a physics classroom’. In other words, do not make the mistake of including the word ‘either’ as a part of the first atomic sentence. It is a part of the connective.

The symbol we will use for disjunction is the wedge sign,


V.


In the preceding example if we let F be the sentence ‘This is Room Four’ and R be the sentence ‘This is a physics classroom’, then the whole disjunction is symbolized


(F) ∨ (R).


We can read this sentence by saying (F) or (R). Sometimes we may say Either (F) or (R). Remember that the symbol V stands for the entire connective, whether the words in the English sentence are ‘or’ or ‘ither . . . , or . . .’.


EXERCISE 5

A. Symbolize completely the following sentences, using the proper symbol for the connectives. Tell the atomic sentence for which each capital letter stands.


	The area of triangle ABC is equal to the area of triangle DEF or the area of triangle ABC is less than the area of triangle DEF.

	He will enter the high jump event or he will run the half mile.

	Either she will act in the play or she will help with the costumes.

	Either the boat sprang a leak or it was swamped by the waves.

	We will have to get there earlier or someone else will get the job.

	Either the needle is worn out or the record is a bad one.

	Either Jones will be re-elected or he will be appointed to a new position.

	We can specify the vector by giving two components, or our concern is three dimensions.

	Lungfishes can take oxygen from air or they can take oxygen from water.

	Either an anemone is an animal or it is a plant.


B. Finish symbolizing the following sentences by putting in the proper symbol for the connective.


	(P) or (Q)

	Either (P) or (Q)

	Either (R) or (S)

	(T) or (E)

	Either (P) or (N)


C. Translate the following sentences into English sentences of the same form.


	(P) V (Q)

	(R) V (S)

	(G) V (H)

	(R) V (Q)

	(A) V (E)


D. Symbolize the following mathematical sentences using & and V but retaining the mathematical symbols.


	Either x = 0 or x > 0.

	x ≠ 0 and y ≠ 0.

	Either x> 1 or x + y = 0.

	Either y = x or y ≠ x.

	y + x > y + x + z or z = 0.

	y + z = z + y and 0 + x = x.


E. Symbolize the following mathematical sentences using & and V but retaining the mathematical symbols and the parentheses.


	Either (x + y = 0 and z > 0) or z = 0.

	x = 0 and (y + z > x or z = 0).

	Either x ≠ 0 or (x = 0 and y > 0).

	Either (x = y and z = w) or (x < y and z = 0).


Not. When the connective ‘not’ is added to a sentence, we shall call the result the negation of the sentence. Thus, a negation is a molecular sentence using the connective ‘not’. The connective ‘not’ is like the other connectives in that it makes molecular sentences out of atomic sentences. But it is unlike the other connectives because it is used with only a single sentence. The word ‘not’ is usually found within a sentence in everyday language. In logic, however, we should learn to think of the connective apart from the sentence it controls. This is necessary in order to translate a negation into logical symbols.

An example of a negation is the sentence


Presidential elections do not often end in ties.


Although this resembles a simple atomic sentence because it contains only one atomic sentence, it is not. It is the negation of the atomic sentence,


Presidential elections do often end in ties.


In logic the addition of the connective ‘not’ to an atomic sentence results in a molecular sentence. Because in ordinary language we are most likely to meet a negation with the word ‘not’ inside the atomic sentence, it is easy to make the mistake of forgetting to place the ‘not’ in front of the capital letter we choose to symbolize the atomic sentence. The correct way of symbolizing the sentence, ‘Presidential elections do not often end in ties’, would be this

Let


P = ‘Presidential elections do often end in ties’


Then the sentence is written


Not (P).


In order to symbolize the sentence completely, we use a symbol for the negation,


¬


The symbolized sample sentence is now


¬(P).


It is sometimes easier to think of the sentence in English as beginning with the phrase ‘It is not the case that’. You may always translate the symbol ¬ as ‘it is not the case that’. For example, to translate the sentence ¬(P) back into the English sentence about Presidential elections, we might say, ‘It is not the case that Presidential elections do often end in ties’.

Connectives may be used with one or more molecular sentences as well as atomic sentences. For example, in the form ‘If ( ) then ( )’, we can fill the empty spaces with either atomic or molecular sentences. Negations are often combined with other sentences to form a longer molecular sentence. For example,

If a number is greater than 0, then it is not a negative number

is a molecular sentence of the ‘if . . . then . . . ’ form in which the connective joins an atomic sentence and a negation. The form, ‘Either ( ) or ( )’ might include negations as in the following disjunction:


Either the game has not started or there is not a big crowd.


Here we have the disjunction of two molecular sentences, both negations. We symbolize this sentence in the same way that we do other molecular sentences. First, its logical form can be shown more clearly by putting parentheses in the English sentence,


Either (the game has not started) or (there is not a big crowd).


Choosing a capital letter for each atomic sentence, we then show its negation by putting the symbol ¬ in front of the letter. Next, we connect the two molecular sentences by our major connective, which in this case is the ‘or’ connective. Completely symbolized, the sentence might look like this:


(¬S) V (¬C).



EXERCISE 6

A. Symbolize completely the following sentences, using the proper symbol for the connectives. Show the atomic sentence for which each capital letter stands.


	In the Southern Hemisphere, July is not a summer month.

	Neon tubes are not incandescent.

	It is not the case that all income is taxed at the same rate.

	Mars is not closer to the sun than the earth is.

	Texas is not the largest state in the United States.

	It is not the case that all liquids boil at the same temperature.

	John Quincy Adams was not the second President of the United States.

	Not all germs are bacteria.

	It is not the case that a sea lily is a flower.

	Louise is not a tall person.


B. Symbolize completely the following sentences by using the proper symbol for each connective.


	It is not the case that (R)

	Not (Q)

	Not (H)

	It is not the case that (T)

	Not (J)


C. In the following sentences, more than one connective is used. Symbolize the sentences completely by replacing connectives by the proper symbol.


	(P) and not (Q)

	Not (R) and not (M)

	(S) or not (B)

	Either not (P) or not (Q)

	(T) and not (R)


D. First, write out each connective in the sentences below. Then symbolize the entire sentence, letting P = ‘Jack is early’ and Q = ‘Tim is late’ in all five sentences.


	Either Jack is early or Tim is late.

	Either Jack is not early or Tim is late.

	Tim is late and Jack is not early.

	Tim is not late and Jack is not early.

	Jack is not early and Tim is late.


E. Identify each of the following molecular sentences by writing the word that denotes its form (for example, ‘negation’, ‘conjunction’, ‘disjunction’).


	¬(Q)

	(P) & (Q)

	¬(R)

	(R) V (S)

	(R) & (S)

	¬(T)

	(P) V (Q)

	(R) & (T)

	¬(S)

	(T) V (Q)


F. Examine the following sentences and write out every connective you find in each.


	It is not noon and lunch is not ready.

	If we are not there then we lose our vote.

	If two numbers are not equal then one is greater than the other.

	Mary has gone or she is not at her desk.

	If it is black then it will not reflect the light.

	x > 0 or x = 0.

	If x + y = z then y + x = z.

	If x + y = 0 and x > 0, then y < 0.

	If x + y = 0 and x = 0, then y = 0.

	Either x = 0 or x ≠ 0.


If . . . then. . . . When we put two sentences together by using the words ‘if. . . then . . .’ to join them, we call the resulting molecular sentence a conditional sentence.
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