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Foreword 
First Edition 

to the 

I was delighted to be asked to write a preface to this beautiful and outstand- 
ingly original book. It is the unique treatise on its subject, it fills a serious 
gap in the literature and it covers the theory and the huge range of appli- 
cations in a masterly way. 

The authors are right to distinguish Voronoi dingrums and Delone tessel- 
lations. The Delone construction decomposes a Euclidean space of rn 
dimensions, containing a given set of points, into non-overlapping space-filling 
simplexes (not, of course, all of the same shape and size), so that it tessel- 
lates the space using tiles that are identical with one another up to linear 
transformations The Voronoi construction also splits up the space into poly- 
hedral cells, but now they are much less uniform in character - the number 
of faces will vary from one cell to another, so that it would be wrong to call 
the result a tessellation. 

These mutually dual procedures give fascinating but different insights into 
the structure of a set of points in m dimensions, and they have found 
numerous applications. At the time of writing there is a new application on 
the largest of all possible scales which throws light on the structure of the 
Universe as we see it. This will be seen as a particularly interesting devel- 
opment when one recalls that most of the earlier applications (for example, 
to the study of the structure of metallic composites, and other such aggre- 
gates) were on the microscopic scale. The reader of this book is strongly 
urged to look at a review paper just published by Icke and van de Weygaert 
(Quarterly Journal, Royul Astronomical Society, 32,85-112). There it is shown 
that the Voronoi construction not only gives insight into the distribution of 
galaxies, but also permits a new approach to the dynamics that mould the 
shape of the universe we live in. 

My own contributions have been in the Delone tradition, and are 
concerned (for example) with the way in which high-dimensional Delone 
simplexes pack together around a common vertex. Thus in 15 dimensions 
the number of such locally associated simplexes turns out to be of the order 
of 44 million million. This implies a related statement about the Voronoi 
polyhedra, and there tells us something about the number of faces of an 
individual cell. It seems likely that the huge number of Delone simplexes in 
such a local ‘fan’ can be roughly partitioned into a moderate number of 
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xii FOREWORD TO THE FIRST EDITION 

‘chunky’ simplexes (substantial faces in the Voronoi case), and a vast number 
of ‘needle-like’ ones (tiny faces), but we have no precise information on this 
matter at the moment. 

It is a great pleasure to welcome this book to the Wiley series. 

David Kendall 



Preface to the Second 
Edition 

The First Edition of this book was published in 1m. In 1995, it was reprinted. 
At that time, we suggested to the publishers that, given the continuing interest 
in Voronoi diagrams in so many quarters, rather than consider further reprints 
they allow us to prepare a new, revised, Second Edition. We were pleased 
to receive a positive reply and so this volume was born. 

While this edition maintains the overall structure of the first, there are 
substantial changes in the content. In particular, on-going growth in research 
relating to Voronoi diagrams is retlected in the addition of much new mate- 
rial to this volume. Although such additions occur throughout the book, they 
are most visible in new generalizations of the ordinary Voronoi diagram, new 
and revised results relating the Poisson Voronoi diagram, and new applica- 
tions of all forms of Voronoi diagrams The growth in Voronoi diagram 
research is also manifest in several other ways. One is the presence of a 
fourth author, Sung Nok Chiu, without whose contribution the original three 
authors would probably still be labouring over the revisions. Another is the 
increase in the number of references from 677 in the First Edition to 1680, 
523 of which have appeared since the First Edition was published. 

In order to accommodate the new developments we have omitted some 
material from the First Edition. This is most obvious in the mathematical 
preliminaries in Chapter 1 where we have omitted the sections relating to 
matrices, derivatives, integration and probability. 
This book is accompanied by a World Wide Web site (http://okabe.t. 

u-tokyo. ac . jp/okabelab/Voronoi/index. html) which provides addi- 
tional material such as pointers to available Voronoi diagrams and related 
geometric softwarc and other Web sites featuring Voronoi diagrams. Our 
WWW page can also be used to notify us of any errors. Although the text 
has been proofread many times by ourselves and others, it is inevitable that 
some logical and typographical errors will not have been detected. We will 
correct any errors we become aware of and provide an Errata list on our 
WWW page. 

December 1998 The authors 



Acknowledgments 
(First Edition) 

So many people helped in so many ways during the preparation of this book 
that it is only possible to acknowledge a few of them individually. First, we 
are deeply grateful to D.G. Kendall, who read through the draft and encour- 
aged its publication; and to Y. Asami, C.M. Hoffmann, M. Iri, K. Murota and 
A. Suzuki, who suggested or commented on parts of the draft. Our special 
thanks also go to D.A. Aboav, E Aurenhammer, H. E d e l s b m e r ,  
S. Egginton, J.D. Embury, M.F. Goodchild, M. Hori, H.-C. imhof, G. Le Ca&r, 
U. Lorz, J. Mecke, R.E. Miles, J. Mgller, L. Muche, Y. Ohsawa, N. Rivier, 
Y.M. Seoung, D. Stoyan,T. Suzuki, M. Tanemura, G. Toussaint, D.S. Wilkinson, 
H. Yomano and L. Zaninetti, who provided material. We must also express 
our debt to A. Dawkins, S. Henry H. Honkers, J. Horton,T. Kaneko, 0. Kurita, 
R. Metcalfe, l? Schaus, M. Stone and T. Yoshikawa, among others, who assisted 
in production. For the help that they have given us, we are indebted to 
the staff of the publisher, in particular, C. Farmer. S. Gale, J. Narain and 
H. Ramsey. We should also acknowledge the award of a Book Preparation 
Grant from Wilfrid Laurier University which helped meet costs incurred 
during the preparation of the manuscript. Finally we are grateful for acad- 
emic e-mail networks which made us feel as if we had been working in the 
same office. 



Acknowledgments 
(Second Edition) 

As with the First Edition, so many people helped us in different ways in the 
preparation of this edition that it is impossible to acknowledge all of them 
individually. However, we are especially indebted to two individuals who 
exposed us to significant applications which were either overlooked or 
received only passing reference in the first edition. Initially by means of a 
footnote in Oden et al. (1993) and later by direct communication, H. Goebl 
revealed the use of Voronoi diagrams in linguistics, while E. Agrell, by way 
of his book (Agrell, 1997), showed us how much we had missed on the use 
of Voronoi diagrams in coding. For their comments and suggestions on the 
First Edition or drafts of this edition we would like to thank 13. Tmai, 
K. Imai, R. Klein, R.C. Lindenbergh, U. Lon, M. McAllister, L. Muche, T. 
Roos, M. Schlather, N. Shiode, and C.A. Wang. We would also like to thank 
those who generously shared their unpublished research or other material 
with us, C. Gold, U. Lorz, K. McLeod, C. Moukarzel, L. Muche, K. Ohnishi, 
M. Schlather, D. Stoyan, and D. Watson. Thanks are also due to those who 
assisted in the production of this edition, especially F? Churcher, S. Horiike, 
J. Horton, C. Kanasaki, T. Kuroiwa, M. Lefebvre, H. Rayner, €! Schaus, and 
C. Yoshimoto. Finally, it is again a pleasure to acknowledge the help and 
guidance we have received from the staff of the publisher, in particular, S. 
Clutton, S. Corney, and H. Ramscy, who dcalt with the idiosyncrasies of four 
authors scattered around the globe with both patience and good humour. 



CHAPTER 1 

Introduction 

On initial consideration the following problems, which concern a variety of 
phenomena at disparate scales, would appcar to have little in common: 

0 

0 

0 

0 

0 

0 

an astronomer studying the structure of the Universe; 
an archaeologist attempting to identify the parts of a region under the 
influence of different neolithic clans; 
a meteorologist estimating precipitation at a gauge which has failed to 
operate; 
an urban planner locating public schools in a city; 
a physicist studying the behaviour of liquid argon; 
a physiologist examining capillary supply to muscle tissue. 

However, these problems (all of which, together with many others, are dealt 
with below) can be resolved by approaches developed from a single concept 
which forms the subject of this book. 

The concept is a simple but intuitively appealing one. Given a finite set 
of distinct, isolated points in a continuous space, we associate all locations 
in that space with the closest member of the point set. The result is a parti- 
tioning of the space into a set of regions. Figure 1.0.1 shows a simple instance 
for two-dimensional Euclidean space. Given its widespread occurrence it is 
not surprising that this concept has been ‘discovered’ many times in many 
different places and as a result both the diagram and its constituent regions 
are known by a plethora of aliases. One immediate problem we faced in 
writing this book was the choice of an appropriate name which would be 
recognized by those interested in the concept. We selected the terms Voronoi 
diagram and Voronoi region, which seem to be the most extensively used, 
although equivalent terms are identified in Section 1.2. 

A second diagram can be constructed from the Voronoi diagram in 
rn-dimensional space by joining those points whose regions share an (m-1)- 
dimensional face (see Figure 1.0.1). We refer to this dual diagram as the 
Delaunay tessellation, although it too has a number of aliases (see Section 
1.2). The Delaunay tessellation may also be constructed directly from the 
point set by taking each (rn+l)-ad of points and examining its circumsphere. 
If the interior of this docs not contain a point of the set, we construct the 
simplex determined by the (m-kl) points, but if it is not empty we do nothing. 

Spatial Tessellations: Concepts and Applications 
of Voronoi Diagrams 

Edition by ATSUYUH OKABE & BARRY BOOTS 
and SUNG NOK CHIU 

Copyright 0 1992,2000 by John Wdey & Sons Ltd 



2 INTRODUCTION 

Figure l.O.1 A planar Voronoi diagram (solid lines) and its dual Delaunay tessella- 
tion (dashed lines). 

After all possible (rn+l)-ads have been considered in this way, the result is 
the Delaunay tessellation. 

Voronoi diagrams and Delaunay tessellations are two of a few truly 
interdisciplinary concepts with relevant material to be found in, but not 
limited to, anthropology, archaeology, astronomy, biology, cartography, chem- 
istry, computational geometry, crystallography, ecology, forestry, geography, 
geology, linguistics, marketing, metallography, meteorology. operations 
research, physics, physiology, remote sensing, statistics, and urban and 
regional planning. An unfortunate consequence of this is that the material 
is extremely diffused, of varying mathematical sophistication and quite often 
idiosyncratic. The amount of material relating to Voronoi diagrams has also 
been growing steadily since the early 1980s as witnessed by the dominance 
of recent references in the References. This proliferation results in part from 
the opening up of new areas of application and in part from the basic concept 
being extended in a variety of ways (see Chapter 3). Consequently, our major 
motive for writing this book was to synthesize and to unify as much of the 
material as possible and to present it in a structured form. This seemed 
particularly important at the time we wrote the First Edition because no 
other book had appeared which was devoted exclusively to the topic. The 
one which came closest was Aurenhammer (1988a) (also published as 
Aurenhammer, l W a ,  1991) but this was a short (87 pages), highly selective 
survey which emphasized computational algorithms and only offered brief 
descriptions of applications. A number of contemporary books also provided 
limited treatments of Voronoi diagrams as part of more extensive coverage, 
€or example, Ahuja and Schachter (1983), Preparata and Shamos (1985), Iri 
and Koshizuka (1986), and Stoyan ef al. (1987) but in most cases Voronoi 
diagrams accounted for less than ten percent of the books’ contents. In addi- 
tion, the second-last work was in Japanese, which restricted its exposure to 
an English language audience. 



OUTLINE 3 

While texts which devote part of their contents to Voronoi diagrams 
continue to be published (e.g. de Berg ef al., 1997) and others focusing on a 
particular kind of Voronoi diagram (e.g. Mqller, 1994) or a particular area 
of application (e.g. Agrell, 1W) are starting to appear, we believe that our 
text remains the only one which attempts to provide a comprehensive 
and balanced treatment of all aspects of Voronoi diagrams including their 
definition, history, computation, statistical properties and applications. It is 
our hope and intention that the book should appeal equally to those 
whose concern with Voronoi diagrams is theoretical, practical or both. 
However, in view of the continuing development of Voronoi diagrams, we 
feel that, like the First Edition, this one should be regarded as a report on 
the current state of affairs from a most dynamic area rather lhan an exhaus- 
tive study. 

l.1 OUTLINE 

We have already noted that the concept of the Voronoi diagram is used 
extensively in a variety of disciplines and has independent roots in many of 
them. In Section 1.2 we begin our treatment of the Voronoi diagram by 
tracing its origins and that of the Delaunay tessellation from the nineteenth 
century up to the present. In the course of this exploration we identify the 
other names by which both structures are known. Before proceeding further, 
in order to make the book as self-contained as possible, in Section 1.3 we 
briefly review some basic features of several topics involved in the subse- 
quent discussion of Voronoi diagrams. These are vector geometry, graphs, 
stochastic point processes and computational efficiency. The material in this 
section is not intended to be exhaustive but rather to provide a sufficient 
introduction for those who may be unfamiliar with such topics. 

Chapter 2 begins with a formal definition of both thc Voronoi diagram 
(Section 2.1) and the Delaunay tessellation (Section 2.2). Sections 2.3 and 
2.4 present properties of both structures, most of which are exploited in appli- 
cations described elsewhere in the book. A number of other spatial structures 
which are related to the Delaunay tessellation and which have been used in 
a variety of applications including diffusion modelling, numerical taxonomy 
and the exploratory display and analysis of data are described in Section 2.5. 
The chapter concludes by considering techniques for determining if a given 
structure is a Voronoi diagram and, if not, the extent to which it approxi- 
mates one. 

A major reason for the continuing success of the Voronoi diagram is 
that it can he generalized in a variety of ways. Such gencralizations are the 
subject of Chapter 3 and include weighting the points in various ways 
(Section 3.1), considering regions associated with subsets of points rather 
than individual points (Sections 3.2 and 3.3), including obstacles in the 
space (Section 3.4). considering regions associated with sets of geometric 
features other than points (Sections 3.5 and 3.6), examining Voronoi diagrams 



4 INTROD UCrION 

in non-Euclidean spaces (Section 3.7), on networks (Section 3.8), and for 
moving points (Section 3.9). Accompanying each extension is a discussion of 
its applications. 

In Chapter 4, after considering some computational preliminaries 
(Scction 4. I), we examine data structures for representing the Voronoi 
diagram (Section 4.2). Then we present major algorithms for constructing 
it (Sections 4.3-4.5). For application purposes it is necessary to be able to 
implement these algorithms and in Section 4.6 we consider various practical 
techniques for doing this. Up to this point in the chapter the discussion 
concentrates on the planar Voronoi diagram but in Section 4.7 we consider 
Voronoi diagrams in higher dimensions and in Sections 4.8 and 4.9 we 
examine algorithms for generating the various generalized diagrams intro- 
duced in Chapter 3. 

The Poisson Voronoi diagram (PVD) refers to the situation in which points 
are located in space ‘at random’ according to the homogeneous Poisson 
point process (Section 1.3.3). This diagram has been used extensively both 
as a descriptive and a normative model in the investigation of a wide range 
of cmpirical situations in both the natural and social sciences (Section 5.3) 
as diverse as galaxies, nesting territories of Royal Terns and mouthbreeder 
fish, and carbon particles in steels. Since the PVD is an infinite Voronoi 
diagram, Chapter 5 begins with a consideration of the properties of such 
structures (Section 5.1). We then focus on the major properties of the PVD 
(Section 5.2) and its constituent regions (Section 5 3 ,  as well as those of the 
dual Poisson Delaunay tessellation (Section 5.1 1 ), sections of the three- 
dimensional PVD (Section 5.7) and generalizations of the PVD produced by 
weighting the points (Section 5.8). considering subsets of points rather than 
individual points (Section 5.9) and the PVD on the surface of a sphere 
(Section 5.10). We also consider stochastic processes induced by the 
PVD (Section 5.6) and briefly examine other types of ‘random’ Voronoi 
diagrams (Section 5.12). In view of the importance of the PVD and associ- 
ated Voronoi diagrams to applications, the emphasis in this chapter is on the 
presentation of results relating to characteristics of Voronoi regions in such 
structures. Although some of these are exact results derived analytically, the 
majority are estimates obtained from Monte Carlo simulation procedures, 
the different types of which are described in Section 5.4. 

In the remaining chapters the emphasis shifts towards applications of 
Voronoi diagrams. We identify four major areas, spatial interpolation, models 
of spatial processes, point pattern analysis, and locational optimization, each 
of which is the subject of a separate chapter. In Chapter 6, under the general 
heading of spatial interpolation, we consider how the Voronoi diagram has 
been used to facilitate the presentation and analysis of spatial data (values 
of one or more variables observed at a set of data sites in space). Such uses 
include employing Voronoi diagrams and Delaunay tessellations for defining 
various types of neighbour relationships (Section 6.1), creating meshes for 
finite element methods (Section 6.5), ordering multivariate data (Section 6.6), 
and constructing continuous surfaces from a set of data values observed at 
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punctiform data sites (Sections 6.1-6.3), including the approximation of such 
surfaces (Section 6.4). 

Chapter 7 considers how, by equating the procedures involved in defining 
the Voronoi diagram with assumptions involved in spatial processes, we may 
produce simple spatial models. At least four types of spatial processes, assign- 
ment (Section 7.1), growth (Section 7.2), some spatial temporal processes 
(Section 7.3) and spatial competition (Section 7.4) can be represented in this 
way. The application of such models is extensive and examples from areas 
as diverse as crystallography, solid state physics, biology, astronomy, physi- 
ology, archaeology and urban economics are presented. 
Use of the Voronoi diagram and the Delaunay tessellation in point pattern 

analysis is described in Chapter 8. Section 8.1 considers different methods 
using the Voronoi diagram while Section 8.2 examines those methods which 
make use of the Delaunay tessellation. In both of these sections our concern 
is with how the points in a given set are positioned with respect to each 
other and the space in which they are located. In Section 8.3 our attention 
shifts to a consideration of how the members of the point set are located 
with respect to other objects, not members of the set, which are also located 
in the same space. These objects may be other points, lines or areas, or a 
combination of all three. We also examine how Voronoi concepts can be used 
to describe the shape of a point pattern (Section 8.4), estimate its spatial 
intensity (Section 8.5) and divide it into sub-units (Section 8.6). Section 8.7 
echoes Section 5.6 by considering some stochastic point processes that are 
induced by Voronoi diagrams. 

F'inally, Chapter 9 deals with the various ways in which the Voronoi 
diagram can be applied in solving locational optimization problems. Although 
problems relating to locational optimization on a network have been the 
subject of extensive investigation, less work has been undertaken on prob- 
lems in the plane and it is such problems which are emphasized in this 
chapter. Planar optimization problems are important in a number of natural 
and social sciences. Examples range from locating observation sites lor estim- 
ating a continuous spatial random variable to the location of various 
types of public facilities such as health clinics, fire stations and public trans- 
portation stops. All of these problems involve objects which can be 
represented as points and they, and other situations, form the subject matter 
of Section 9.2. Section 9.3 considers problems relating to the location of 
linear features, while Section 9.4 extends the discussion to situations where 
the objects under study are not located synchronously in the space. The final 
section (Section 9.5) illustrates how locational optimization procedures relate 
to fitting a Voronoi diagram to a given tessellation, a topic which is treated 
more generally in Section 2.6. 
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1.2 HISTORY OF THE CONCEPT OF THE 
VORONOI DIAGRAM 

It is quite possible that the concept of the Voronoi diagram is of consider- 
able antiquity. As we show elsewhere in the book (but especially in Chapter 
7), many different kinds of natural structures closely resemble Voronoi 
diagrams and it seem unlikely that such structures would have gone unno- 
ticed by early scientists and observant laymen alike. In his treatment of 
cosmic fragmentation in both Le M o d e  de Mr Descartes, ou Le Trait de la 
Lurniire published in 1644 (but written between 1629 and 1633) and in Part 
I11 of Principiu Philosophiae, also published in 1644, Descartes uses Voronoi- 
like diagrams to show the disposition of matter in the solar system and its 
environs (see Figure 1.2.1). Since these diagrams are not accompanied by 
any special commentary relating to their construction, it is possible that such 
figures were not uncommon at that time. In fact, diagrams such as that in 
Figure 1.2.1 are actually more akin to a generalized version of a Voronoi 
diagram, known as a weighted Voronoi diagram (see Section 3.1). 

The first undisputed comprehensive presentations of the concept that 
we are aware of appear in the work of Peter Gustav Lejeune Dirichlet 
(1805-1859) and Georgy Fedoseevich Voronoy (Georges Voronoi) (1868- 
1908) who, in their studies on positive definite quadric forms (Dirichlet, 1850; 
Voronoi', 1907,1908,1909) considered a special form of the Voronoi diagram. 
Dirichlet treated two- and three-dimensional cases whereas Voronoi' exam- 
ined the general rn-dimensional case. Their concern was with the distribution 
of points with integer coordinates that give minima of the values of a given 
quadric form. In that context, they considered the set of points regularly 
placed in the m-dimensional space generated by linear combinations of M 

linearly independent vectors with integer coefficients. This set contains 
infinitely many points, and the Voronoi diagram generated by this set of 
points gives the partition of the space into mutually congruent polyhedra. 
Using this concept Voronoi3 for example, extended the work of Minkowski 
(1897) to give a simple proof of the upper bound 2(2m-1) of the number of 
(m- 1)-dimensional facets of an rn-dimensional polyhedron, the translational 
repetition of which can fill the whole space without overlap. As far as we 
can determine, it was the Russian number theorist, Boris Nikolaevitch Delone 
(1890-1980) (see below), who was the fmt to associate the names of Dirichlet 
and Voronoi with such polyhedra. He coined both the term dornaine de 
Dirichlet (Dirichlet domain) (Delaunay, 1929a, b) and Voronoikchen Bereich 
(Voronoi region) (Delaunay, 1932) which have subsequently become the two 
most frequently encountered terms. 

Given that the initial developments of the Voronoi diagram concept 
involved sets of points which were regularly placed in space, it is not 
surprising that some of its first applications were in crystallography. Work in 
this area began in the late nineteenth and early twentieth centuries (see 
Nowacki, 1933,1976, for reviews) and was dominated by German and Russian 
researchers. At this time Voronoi rcgions were known by a number of names. 
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F’igure 12.1 The disposition of matter in the Solar System and its environs by 
Descartes (S is the sun; E is a star; RQD represents the path of a cornet; polygonal 
areas represent heavens). (Source: Copy of the original in Descartes, 1644, reproduced 
in Mahoney, 1979.) 

For example, Fedorov (1885), who was the first to determine the five combi- 
natorial types of space-filling parallelohedra in R3 (see Section 7.1), called 
such regions stereuhedru, while Schoenflies (1891), Steinitz (1906) and Speiser 
( 3  927) used the term Fundumentulbereich (fundamental area), and Wulff 
(1908) used Wirkungssphiire (sphere of influence). Later Schoenflies (1923) 
and Niggli (1 927) independently introduced the term Wirkungsbereich 
(domain of action, field of activity, area of influence). The line of research 
originating in the early work concerned with identifying congruent space- 
filling domains has continued to the present (see Section 7.1) and Grtinbaum 
and Shephard (1980) have coined the term plesiuhedru for Voronoi regions 
encountered in this context. 

At the same time as the Voronoi diagram concept was being applied in 
crystallography, it appears to have been developed independently in at least 
two other areas, both involving spatial interpolation. The first of these 
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occurred in meteorology when Thiessen (1911) used Voronoi regions as an 
aid to computing more accurate estimates of regional rainfall averages (see 
Section 6.1.1). While acknowledging Thiessen’s paper, Horton (1917) claims 
to have developed the procedure independently in exactly the same context. 
Notwithstanding this, Whitney (1929) refers to the procedure as ‘Thiessen’s 
method’ and since then the term Thiessen polygon has remained a popular 
one in two-dimensional applications in meteorology, geography and related 
social sciencc disciplines. 

The second area involved the estimation of ore reserves in a deposit using 
information obtained from bore holes (see Section 6.1.1). The earliest work 
on this topic by Boldyrev appeared in Russia in 1909 (Smirnov ef al., 1960) 
and was independently developed in the United States by Davis and Harding 
(Harding, 1920-21, 1923). Here the Voronoi regions are termed simply area 
of influence polygons, a name which remains current in this area of appli- 
cation (Hayes and Koch, 1984). 

Despite this expansion of the use of Voronoi diagrams, further indepen- 
dent rediscoveries continued. In their study of the chemical properties in 
metallic sodium the physicists Wigner and Seitz (1933) described Voronoi 
regions for points arranged on a lattice in three-dimensional space. Although 
they did not label these polyhedra, the term Wigner-Seitz regions has come 
into quite common usage amongst physicists even when thcy are aware of 
the precedence of Voronoi diagrams, with the former term being used when 
the regions are regular polytopes and the latter when they are not. Somewhat 
ironically, over twenty years later, Voronoi diagrams were rediscovered in a 
similar context by Frank and Kasper (1958) modelling complex alloy struc- 
tures as packings of spheres. Their concern focused on the neighbour 
relationships defined by the Voronoi polyhedra of atoms contiguous to that 
of the Voronoi polyhedron of a given atom, which they labelled the domuin 
of an arorn. Later still, Venables and Ball (1971) defined the equivalent of 
Voronoi regions to approximate capture zones of xenon crystals growing 
on graphite. 

Meijering (1953) also appears to have been unaware of Voronoi concepts 
since he developed a crystal aggregate model which is a specific instance of 
the Voronoi Growth Model (see Section 7.2). In his cell model, crystals start 
to grow simultaneously and isotropically from nuclei randomly distributed 
in space so that the resulting structure is equivalent to a Poisson Voronoi 
diagram (see Chapter 5).  

Voronoi regions were also developed independently in the study of codes 
In the communication model introduced by Shannon (1948a,b. 1949), one of 
C equally likely messages is presented for communication to a transmitter 
containing a code book with C code words, each of which can be represented 
by a vector in W3. A received signal is represented by a vector consisting 
of the sum of the sent vector (code word) and a noise vector whose com- 
ponents are independent Gaussian variates The ideal receiver for such a 
communication system is one which chooses the code word nearest to the 
received vector, since it can be shown that such a strategy minimizes 
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the average error probability of the transmitted code words. This operation 
is equivalent to defining the Voronoi diagram of the set of code words 
and noting in which Voronoi region a transmitted message is located. Since 
this type of decoding scheme was labelled minimum distance decoding or 
maximum likelihood decoding (Shannon, 1959), the resulting Voronoi regions 
have been labelled maximum likelihood regions (Slepian, 1965, 1968). Later 
still, in the same context Conway and Sloane (1992, p.56) refer to the Voronoi 
diagram as the Voronoi honeycomb. 

In a span of only two years in the 1960% Voronoi diagrams were redis- 
covered not once but twice more in the field of ecology. first, when estimating 
the intensity of trces in a forest, Brown (lUtj5) defined a Voronoi region for 
an individual tree, calling it the area potentially available (APA) to a tree. 
One year later Mead’s paper appearcd (Mead, 1 %6) using the same concept 
for plants and labelling the resulting Voronoi regions as plant polygons. ’Ihis 
name has remained reasonably common in this area of application despite 
the early recognition by Jack (1967) that such polygons are equivalent to 
Voronoi regions. 

The final rediscovery that we are aware of is by Hoofd et al. (1985) who 
defined Voronoi regions with respect to the centres of capillaries in sections 
of tissue, labelling the resulting polygons capillary domains. However, as late 
as 1987 icke (Icke and van de Weygaert, 1987) admits to developing them 
yet again, this time in an astronomical context, only to be saved from claiming 
such work as novel by his co-author’s discovery of the vast field of litera- 
ture on Voronoi diagrams. 

Given the continuing integration of Voronoi concepts into so many fields 
of application (and the sales of the first edition of this book!), we do not 
anticipate that there will be any future rediscoveries of the Voronoi diagram. 
However, since most of its generalizations havc a much shorter history and 
more specialized applications (and some individuals did not contribute to 
our sales!), it seems almost inevitable that many of these generalizations will 
inherit the trait of rediscovery. Indeed, weighted Voronoi diagrams (see 
Section 3.1) are already witness to this, with the additively weighted Voronoi 
diagram (see Section 3.1.2) being rediscovered by Medvedev (1994) and 
Goede et al. (1997) and the multiplicatively weighted diagram (see Section 
3.1.1) by Aparicio and Cocks (1995), Moukarzel (1993), and Gerstein et al. 
(1995), and both diagrams by Parr (1995a,b, 1997a,b). 

Although much of the development and many of the initial applications 
of Voronoi diagrams occurred in the natural sciences, the earliest applica- 
tion of Voronoi concepts known to us appears in a map included in the 
Report on the Cholera Outbreak in the Parish of St. James, Westminster, During 
the Autumn of 1854 (Cholera inquiry Committee, 1855). This map shows 
a continuous broken line, described as the ‘Boundary of equal distance 
between Broad Street Pump and other Pumps’, which encloses an area 
around the Broad Street Pump. Although there is no attribution associated 
with this map, it is most likely the work of John Snow whose map showing 
the spatial distribution of cholera deaths around the Broad Street Pump in 
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1854 (Snow, 1855) has become ‘the most famous 19th century disease map’ 
(Meade ef al., 1988) being reproduced in a varicty of forms in many texts in 
both epidemiology and cartography (e.g. Stamp, 1964; Longmate, 1966; 
Thrower, 1972; Monmonier, 1%). The remarkable thing about the boundary 
defined on the map in the Report is that distance is not measured in terms 
of the Euclidean metric but in tern5 of distance along the street network of 
Westminster (including allowances for the presence of culs-de-sac), making 
this a network Voronoi-area diagram (see Section 3.8.3), a concept which 
would not reappear for nearly one hundred and fifty years. 

The next social science application appears in the work of the German 
dialectologist Carl Haag (1860-1946) who used the Voronoi diagram as a 
means of visualizing dialect variation and identifying linguistic divides 
(isoglosses). In his study of dialects in south-west Germany (Haag, 1898), he 
defined the equivalent of the Voronoi diagram of a set of localities at which 
dialect data had been collected. He then decorated the Voronoi edge shared 
by two localities if those localities differed in terms of a dialect feature. 
Highly decorated edges thus sigmfied the presence of isoglosses. The basis 
of this approach was adopted by the three main German dialectical insti- 
tutes and variants are still in current use (see Section 7.1). Although Carl 
Haag made no mention of this, it is likely that his ideas were influenced by 
the work of the early chemists, one of whom was his brother, E Haag, who 
wrote quite extensively on Voronoi diagrams of point sets’in two dimensions 
(Haag, 1911,1923,1924,1925). 

Despite these early studies, most social science applications have been 
developed only in the last fifty years. The first of these was by Bogue (1949) 
who used the Voronoi polygons defined about US metropolitan centres 
(represented as points on a map) as surrogates for their market areas. Aided 
by other early studies by Snyder (1962) and Dacey (1965), this has remained 
the main area of application with work extending down to the level of indi- 
vidual retail stores, although geographers, anthropologists and archaeologists 
have also used the concept to model other types of human territorial systems 
Related antecedents to such applications, some dating back to the mid- 
nineteenth century (see Shieh, 1985, for a review) can be found in spatial 
economics in the ‘law of market areas’. This law considers the form of the 
boundary between the market areas of two competing centres under various 
conditions of market prices and transportation costs. Similar considerations 
are used in the definition of various kinds of weighted Voronoi diagrams 
(see Section 3.1). Following the suggestion of Evans (1%7), geographers were 
also the first to use Voronoi (and Delaunay) concepts in the analysis of two- 
dimensional point patterns (Boots, 1974). 

So by the 1960s knowledge of the Voronoi concept was current in both 
the natural and social sciences. However, empirical applications remained 
somewhat limited because of the lack of a simple and efficient means of 
constructing them, with practitioners relying on methods involving compass 
and ruler and fraught with ambiguities (Kopec, 1963). This situation motiv- 
ated solutions from the rapidly developing area of computer science and by 
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the early 1970s a number of algorithms had been developed to construct 
Voronoi diagrams in both two and three dimensions. In turn, this work 
stimulated other developments in computer science which contributed to the 
now flourishing field of computational geometry. This endeavour is typified 
by the seminal paper of Shamos and Hoey (1975). Not only did they present 
an algorithm for constructing the Voronoi diagram, they also illustrated how 
it could be used to solve a series of what were then seen as essentially inde- 
pendent problems relating to a finite set of distinct points in Euclidean space, 
such as finding the minimum spanning tree, identifying the nearest neigh- 
bour of each point, and finding the largest circle, containing no points of the 
set, whose centre is inside the convex hull of the point set (see Section 2.3). 
In addition, they also suggested ways of generalizing the Voronoi diagram 
by considering Voronoi regions associated with subsets of k points of the 
entire point set rather than individual points (see Section 3.2). As a conse- 
quence of this and other contemporary initiatives, in the past twenty-five 
years the basic concept has been extended in a great variety of ways which 
are detailed in Chapter 3. 

The dual concept of the Delaunay tessellation also has a history marked 
by rediscoveries, although these are not as frequent as in the case of the 
Voronoi diagram. The concept originated with Voronoi (1908) who defined 
it by way of the neighbour relationships in the Voronoi diagram, referring 
to the resulting structure as l’ensembk (L) de simplexes. However, it was 
Delone who first defined the tessellation using the empty sphere method. 
Delone’s initial paper on this topic was included in an International 
Mathematical Congress held in Toronto, Canada, in 1924. Both this paper 
and its follow-up (which was dedicated to the memory of Voronoy) were 
written in French under the name of Delaunay (Delaunay, 1928, 1934), as 
were other of his earlier papers written in French (Delaunay, 1929a,b) and 
German (Delaunay, 1932). These circumstances may help to explain why 
Delaunay is often encountered misspelt Delauney (e.g. Baranyai and Ruff, 
1986; Lingas, 1986a,b; Kermode and Weaire, 1990; Cressie, 1991; Finney, 1991; 
Voigtmann et ul., 1994; Blatov et ul., 1995) and why Davies and Bell (1996) 
mistakenly label him as a French mathematician. Delone did not propose a 
term for the tessellation and followed VoronoY’s lead by calling it la purti- 
tion de l’espuce en tetruedres L. The term L-partition is still in current use in 
some quarters (e.g. Gruber and Lekkerkerker, 1987). 

One of the properties of the Delaunay tessellation in two dimensions is 
that the individual triangles are as equilateral as possible (see Section 2.4, 
Property D15). Thus, when Whitney (1929) adopted this criterion to select 
triangles for a triangulation for use in spatial interpolation, he unknowingly 
constructed a Delaunay tessellation. 

Smith (1964) seems to have rediscovered the concept in his work on 
three-dimensional aggregates, labelling the structure the simplicul gruph. 
Nevertheless, a year later he recognized the precedence of Delaunay’s work 
and re-labelled the constituent regions as Delaunay simplices (Smith, 1965), 
a term which appears to have been coined by Rogers (1964) in his compre- 
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hensive work on tessellations. Since then, the term Delaunay tessellation has 
been increasingly used which, given Delone's pivotal role in developing the 
concept, seems entirely appropriate. 

There has been at least one recent rediscovery of the structure since this 
naming, that of Christ et al. (1982a) in the context of random lattice field 
theory. Although they recognized that the structure is the dual of the Voronoi 
diagram, they did not give a name to it. 

l.3 MATHEMATICAL PRELIMINARIES 

In this text, the reader is assumed to be familiar with basic mathematical 
notions related to sets, matrices, derivatives, geometry, integration, proba- 
bility and statistics (such as Rartle, 1964 (real analysis); Feller, 1957 
(probabilities) and Freund, 1962 (statistics)). For the reader's convenience, 
this section presents some basic geometrical notions that will be commonly 
used in this text. The major notions are those related to vector geometry, 
graphs, spatial stochastic point processes and computational efficiency. Since 
space is limited, some developments may not be in full detail. The reader 
who wishes to understand these notions with full formal derivations should 
consult the relevant mathematical textbooks (such as Royden, 1963 (real 
analysis); Busacker and Saaty, 1965 (graph theory); Wilks, 1962 (statistics); 
Karlin, 1%9 (stochastic processes); Knuth, 1968 (algorithms)). 

L3.1 Vector Geometry 

Consider an rn-dimensional real Cartesian space, denoted by R"' (R2 in Figure 
1.3.1). In this space an rn-tuple or the Cartesian coordinates (q, . . . , x,) indi- 
cate a point, denoted by p ( p  = (xl, x2) in Figure 1.3.1). If there are n points 
in BB", these points are denoted by p , ,  . . . , p n  with Cartesian coordinates 
(xil, . . . , xi,), i = 1, . . . , n (for brevity, i = 1, . . . , n will be referred to as i E I,, 
hereafter, where I,, = (1, . . . , n) is a set of integers from I to n). Points p and 
p i  may also be represented by vectors 

Figure 13.1 Vectors. 
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(1.3.1) 

respectively. Note that the corresponding row vectors are indicated by 
xT = (x,, . . . , x,,,) and x? = . . . , x , ~ ) ,  respectively, where T is a transpose 
operator; by definition, x, = (x l , ,  . . . , xh )r. In some contexts, it is more 
convenient to represent a point p as the arrow from the origin o of BB" 
to the point p ,  denoted by 07;. The length of the arrow in R2 is, using thc 
Pythagorean theorem, given by &; + X ;  . Similarly, in R", the length of the 
arrow, or the norm of a vector x, denoted by Ilxll, is givcn by 

(1.3.2) 

(generally, xrx, = ( X ~ ~ X , ,  + . . . + xlnlx?,JT indicates the inner product of 
vectors x, and x2). If a vector is designated as an arrow, it may be shifted 
provided that its length and direction are maintained; that is, an arrow 
may be shifted in a parallel way. In Figure 1.3.1, for example, p x  and i$ 
have the same length and the same direction, and so these two arrows 
indicate the same vector. It should be noted, however, that if a vector is 
designated as a point, then the point cannot be shifted. For example, in Figure 
1.3.1 a point p is indicated by 2 but not by p x .  We sometimes call a vector 
indicating a point a location vector or a point vector. 

The scalar multiplication of x by a positive scalar A, i.e. hx = (Ax,, . . . , 
is represented by the arrow obtained from extending (shrinking) 

i$ h times in the same direction (Figure 1.3.2(a)). The scalar multiplication 
of x by a negative scalar -h, i.e. -Ax, is represented by the arrow obtained 
from extending (shrinking) @ h times in the opposite direction (Figure 
1.3.2(a)). The vector addition, x1 -!- x, = (xl, + . . ,xi,,, + x2JT, is repre- 
sented by the diagonal oF3 of the parallelogram constructed from ox and 
03 (Figure 1.3.2(b)). The vector subtraction, x1 - x,, is obtained from the 
addition xi + ( -xz) = (I], -xZ1, . . . , x ~ , ~ - x ~ , , ) ~ ,  whcre the vector -x, is 
obtained from the vector x, multiplied by a negative scalar -1; that is,x, - x, 
is indicated by the diagonal o x  of the parallelogram Constructed from o x  
and 03 (Figure 1.3.2(c)). Alternatively, the vector subtraction, x1 - x,, is 
represented by the diagonal p z  of the parallelogram constructed from ox 
and 03 (observe that 07; and p x  represent the same vector x1 - xz). 

Suppose that two vectors x, and x2 are given by those in Figure 1.3.3(a). 
Then, we can find a scalar h that satisfies x2 = Ax,. On the other hand, we 
cannot find such a h for the vectors shown in Figure 1.3.3(b). We say that 
the vectors in panel (a) are Lineurfy dependent and those in panel (b) are 
linearly independent. This notion can be extended to n vectors in Rm. We say 
that vectors xl, .  . . ,x, are linearly dependent in R"' if there exists a set 
A = (hi, . . . , A,, J of n scalars which are not all zero such that 

h, x, + . , . + h" x, = 0. (1.3.3) 
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Pcgnre 1.3.2 Vector operations: (a) scalar multiplication; (b) addition; (c) subtraction. 

On the other hand, if the only A for which equation (1.3.3) holds is A, = 
... = A,, = 0, then the vectors are said to be linearly independent. 'Ihe number 
of linearly independent vectors in R" is at most m. For example, in R2, as is 
shown in Figure 1.3.3(c), two vectors xl and x2 are linearly independent, but 
three vectors x,, x2 and x3 are linearly dependent, because, as is indicated by 
the broken arrows in Figure 1.3.3(c), Alxl + hq - x3 = 0 holds. 

When two vectors x, and x2 form the right angle as in Figure 1.3.4(a), we 
say that the vectors x1 and + are orthogonal, and denote it by x, Ix,. From 
Figure 1.3.4(a) it is evident that vectors x, and x2 are orthogonal if and only 
if Ilx, + x211 equals Ilx, - x2I4 i s .  (xi + x2)T (xl + x2) = (x, - x2)* (x, - x2). 
After a few steps of calculation, we obtain the following relation: 

xl lx2  if andonlyif x:x,=O. (1.3.4) 

In Figure 1.3.4(b) we perpendicularly project p 2  or the line containing $. 
Let p i  be the projected point and xi be its location vector. Then we say that 
p i  is the perpendiculur projection or orthogonal projection of p 2  on the line 
containing ox. Since xi  = Ax,, and (Ax, - X ~ ) ~ ( A X , )  = 0, from equation 
(1.3.4), the vector xi is written as 

x; = x,. 
/I x,ll (1.3.5) 

Equation (1.3.5) becomes simpler when p i  with coordinates (x i l ,  xn) in R2 is 
projected orthogonally onto the x,-axis. In this case the orthogonal projec- 
tion of pi  onto the x,-axis is given by (+,O). Similarly, the orthogonal 
projection of pi  with coordinates (xil ,xi2,xi3) in R3 onto the x,-x, plane is 
given by (xi , ,  xiz, 0). Furthermore, we can project a set S in R3 orthogonally 
onto the x1-x2 plane by S' = ( (x l ,  x2, 0) I (x , ,  +, x3) E S} (note that a set of 
elements constrained by conditions is denoted by {elements I conditions]). 
In this case we say that S' is the orthographic projection of S onto the xI-x2 
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p 
Figure 1.33 (a) ' h o  vectors being linearly dependent; (b) linearly independent 
vectors; (c) three vectors being linearly dependent. 

- x2 0 x2 0 x; 4 PI 

Rgure 1.3.4 (a) Orthogonal vectors; (h) an orthogonal projection. 

I x3 

Flgure 13.5 Orthographic projection. 
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plane. Figure 1.3.5 depicts the orthographic projection of a triangle placed 
in W3 onto the x,-x2 plane. 

As is seen in Figure 1.3.2(c),px and o x  both represent the vector x, - xl. 
Since the length of 03 is given by equation (1.3.2), where x = x2 - xl, we 
understand that the Euclidean distunce between a point r, = (xl1, . . . , 
and a point xi = ( x , ~ ,  . . . , x,,,,)~ is given by 

__ 
Ilx, -x,ll= ,icx,-x,)yx,-x,) 

= &;= * (X,k - X,k I* * 
I (1.3.6) 

We call the m-dimensional real Cartesian space with the Euclidean distance 
the m-dimensional Euclidean space. 

In the Euclidean space, we now show a few topological concepts For a 
point c in Wm and E > 0, we define the set 

N , ( x ) = ( x l  Ilx-cll <€) ,  (1.3.7) 

which is called an open ball (in particular, an open disk for m = 2, as in 
Figure 1.3.6(a)) with radius E centred at c. Using this term, we say that a set 
A in BBm is open if every point in A is the centre of some open ball entirely 
contained in A (Figure 1.3.6(c)); a set A in Wm is closed if Rm \ A  is open in 
Rm where \ means a complement operator (i.e. for two sets A and B, A \ B 
means a set of points which are included in A but not in B); a point x in 
Rm is a boundury point of A if every open ball centred at x contains a point 
of A and a point of Wm \ A  (Figure 1.3.6(d)). The set of all boundary points 
of A is called the boundury of A, and is denoted by aA. If a set A includes 
the boundary of A, then every point in iRm \A  is the centre of some open 
ball entirely contained in Rm \A. Thus a set A is closed if it contains its 
boundary. A point x in R" is called an interior point of a set A if there exists 
an open ball centred at x that contains only points in the set A (point x 
in Figure 1.3.6(c)). If c is a point in Wm (CE Rm), then any set that contains 
an open set containing c is called a neighbourhood of e in W" (generally, 
a E A means that a is an element of the set A). The open ball defined by 
equation (1.3.7) is a neighbourhood of c, and is sometimes referred to as 
an eneighbourhood. For a set A, the intersection of all closed sets including 
A is called a closure of A. 

In conjunction with an open ball, we define the sets 

Ee(c) = (x I IIX - CII 5 € 1  for CE IW", E > O  (1.3.8) 

(notice that < in equation (1.3.7) is replaced by <), and 
- 

aNe(c)={x l  Ilx-cll = E )  forcERm,E>O,  (1.3.9) 

which is a hypersphere in R"' (-specifically, a circle in R2, a sphere in R3). The 
set i3EP(cJ is the boundary of N,(c). Since the set Re(.) includes its boundary, 
the set N,(c) is a closed set. Thus we call hr, (c) a closed bail (specifically, a 
closed disk for m = 2, as in Figure 1.3.6(b)) centred at c with radius E. 
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(a) (b) (4 (dl 

Figure 1.3.6 (a) An open disk; (b) a closed disk; (c) an open set; (d) a closed set. 

Figure 1.3.7 (a) A disconnected set C; (b) a connected set C. 

R p  U.8 Lines (bold lines) defined by vectors: (a) a line; (b) a half line; (c) a line 
segment. 

For a set C, if there exist two open sets A and B such that (A n C) n 
( B  n C) = 0 and (A n C) U ( B  n C) = C,  then the set C is said to be discon- 
nected (Figure 1.3.7(a); note that n is an intersection operator, i.e. for two 
sets A and B, A fl B means a set of points that are included in A and B; 
u is a union operator, i.e. A u B means a set of points that are included in 
A or B; 0 denotes a set of no elements or an empty set). If a set is not 
disconnected, then the set is said to be connected (Figure 1.3.7(b)). 

As we showed in Figure 1.3.2(c), p 2  represents the vector x, -x2 We 
extend or shrink this arrow by multiplying by a scalar h keeping its initial 
point at p z  (Figure 1.3.8(a)). This extended or shrunken arrow represents the 
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vector h(xl - x2). Let x be the location vector indicating the head point, p, 
of this vector. Recalling the vector addition depicted in Figure 1.3.2(b), we 
notice that ?$ is obtained by adding 0 5  and p g  (Figure 1.3.8(a)). Since 
these arrows represent the vectors x, x2 and L(xl - x2), respectively, we obtain 
the equation x = h(x, - q) + x, = Ax, + (1 - h)x2. From this equation the 
(snaighr) line passing through p1 and p 2  (pI # p 2 )  is written as 

(1.3.10) 

Observing that x = x2 if h = 0, and x = x1 if h = 1, we notice that the hay 
fine radiating from p2 passing through p1 (Figure 1.3.8(b)) is given by the set 

(1.3.11) 

and the (straight) fine segment connecting p1 and p2 (Figure 1.3.8(c)) is given 
by the set 

(1.3.12) 

The points p ,  and p2 are called the end points of L,. The line segment L, 
contains its end points p ,  and p2 .  

Let us next consider a plane in R3 passing through points p1,p2  and p3 
which are not all on the same line, or equivalently, x2 - x, and x3 - x, are 
linearly independent. A point v on the line passing through p ,  and p2 is, 
from equation (1.3.10), given by v = ax, + (1 - a)%; a point w on the line 
passing through p1 and p3 is given by w = Bxl + (1 - p)x3 (Figure 1.3.9). 
Thus a point x on the plane is given by x = yv + (1 - y ) w  = (ay + 
(1 - y)fl)xl + y(1 - a)x2 + (1 - p)(1 - y)x3 (Figure 1.3.9). It follows from 
this equation that if we define the set by 

L, = (x I x = Ax, + (1 - h)x,, h E R}. 

r, = { x I x = Ax, + (1 - h)x2, h I O), 

& = (Y I x = Ax, + (1 - h)x2, 0 5 h 5 1 ). 

X 
3 

Rgure l.3.9 A plane in DBD. 
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(1.3.13) 

then the set A, represents a plane. More generally, we define the set in Rm 
A,= (x I x=%x1+ hx2 + (1 - h.I - %)x3,4, % E R}, 

by 

x.,S~R,iet,,,-,}. (1.3.14) 

where x, - x,, . . . ,x, - x, are linearly independent. We call the set A, a 
hyperplane in Rm. 
In the Cartesian plane R2, a line is given by equation (1.3.10). The equa- 

tion on the right-hand side of equation (1.3.10) is written as x I  = Ax,, + 
(1 - h)x,, and x, = Ax,, + (1 - Cancelling h from these equations, 
we obtain (x2, - +)x,  + (x , ,  - q 2 ) x 2  = (x2] - x n ) ~ , ~  + (x , ,  - x,,)xu. Thus, 
a line is alternatively written as L, = {(q, x,) I a,xl + a,,x2 = b), where q and 
a, are constants, at least one of which is non-zero, and b is a constant. 
Similarly, in R3, a plane is alternatively written as A, = [(x1,x2,xg I alxl 
+ %x, + a3x3 = b},  where al, a, and a3 are constants, at least one of which 
is non-zero. Extending this expression to Rm, we can alternatively write the 
hyperplane A, as 

A, = (X I uTx = b, U, x E W", llall# 0) .  (1.3.15) 

A line splits a plane into two disjoint regions (Rgure 1.3.8(a)); a plane 
splits a space into two disjoint regions (Figure 1.3.9); generally, a hyperplane 
splits a space into two disjoint regions. We call one of the regions with the 
hyperplane, i.e. the region defined by 

(1.3.16) 

a (closed) half space (in particular, a (closed) half plane for m = 2; Figure 
1.3.10(a)). 

Observing Figure 1.3.10(a), we readily understand that the line segment 
between any two points in a half plane is included in the half plane. This 

H= (x I uT x I b, a, x E R", IMI # 0)  

(a) (b) (c) 

Figure 13.10 Convex and non-convex sets: (a) a half plane; (b) a convex set; (c) a 
non-convex set. 
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property holds not only for a half plane but also for other figures, such as 
Figure 1.3.10(b). Unlike Figure 1.3.10(c), Figure 1.3.10(b) does not have holes 
or its boundary does not bend into the figure. In such a case we say that a 
geometrical figure is convex. Formally, if for any two points x1 and x, in A 
the line segment joining the points is contained in A, i.e. 

Ax, + (1 - h)xz E A for all 0 5 h I 1, (1.3.17) 

then we call the set A a convex set; otherwise, a non-convex set. In partic- 
ular, if for any two points x1 and x, in A the relation 

Ax, +(1- h)xz E A \ ~ A  for all 0 5  h 5  1 (1.3.18) 

holds, we call the set A a strictly convex set. 
A half space (equation (1.3.16)) is convex, because uT(hx, + (1 - h)x,) = 

huTx, + (1 - h)uTx, 5 hb + (1 - h)b = 6 for x,,x, E H and 0 < h < 1. The 
intersection of two convex sets is also convex. To prove it, let x1 and x, be 
arbitrary points in the intersection of two convex sets A, and A,. Then, 
x,, x, E A, and xl, x, E A,. Since A, and A, are convex sets, from relation 
(1.3.17) the line Ax, + (1 - h)x2, 0 5 h I 1, is in A, and in A,. Therefore, the 
line Ax, + (1 - A)%, 0 5 h 5 1, is in A, n A,. Applying this proof, we can see 
that the intersection of convex sets is also convex. It is left as an exercise to 
show that a convex polygon A with vertices x,, . . . ,x,, is given by 

hi xi where 2 hi = 1, hi 2 0, i E I,, 
i =  1 i =  1 

(1.3.19) 

(recall the derivation leading to equation (1.3.13)). 
A type of convex sets which is of particular interest is the so-called convex 

hull. To be explicit, consider the geometric figure in Figure 1.3.11(a) and 
suppose that this figure is encircled by a rubber band. Then the rubber band 
becomes like the heavy line in Figure 1.3.11(b). We fill the inside of this 
rubber band with points. Then we obtain Figure 1.3.11(c), which we call a 
convex hull. To give a formal definition of the convex hull of a set A, consider 

(4 (b) (c) 

Figure 13.11 A convex hull: (a) a non-convex figure A; (b) the boundary of the 
convex hull of A (the heavy line); (c) the convex hull of A. 
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figure l.3.12 Simplices. 

all possible convex sets that contain the set A. The number of such sets 
is infinite. We take the intersection of all such convex sets. Then the result- 
ing set is called the convex hull of the set A. Since the intersection of 
convex sets is a convex set, the convex hull of the set A is a convex set. 
Moreover, it is the ‘smallest’ convex set that contains the set A. Obviously, 
if the set A is a convex set, then the convex hull of A is A itself. 

As a special type of a convex hull, we define a simplex. A simplex in Rm 
is the convex hull of any set of m+l  points which do not all lie on one 
hyperplane in Rm. If m = 0, the simplex is a point itself, called the zeroth- 
order simplex; if m = 1, the simplex is the straight line segment connecting 
two points, called the first-order simplex (Figure 1.3.12(a)); if m = 2, the 
simplex is a triangle, called the second-order simplex (Figure 1.3.12(b)); if 
m = 3, the simplex is a tetrahedron, called the third-order simplex (Figure 
1.3.12(c)), and so forth.The first-order simplex is written as equation (1.3.12). 
Similarly, the second-order simplex is written as equation (1.3.19), where 
n = 3 and x, - xl. and x3 - x, are linearly independent. In general, the mth- 
order simplex is written as equation (1.3,19), where x, - q, . . . ,xm+, - x, 
are linearly independent. If a set is contained in a simplex, we say that the 
set is bounded; otherwise unbounded. We sometimes say that the region given 
by a bounded set is afinite region and the region given by an unbounded 
set is an irtjnire region. 

Let A be a subset of Rm. We call an element uu in 88” an upper bound of 
A if a, > x for all x in A. Similarly, we call an element a, in Rm a lower 
bound of A if a, € x for all x in A. When the set A has an upper bound, we 
say that A is bounded above. Similarly, if the set A has a lower bound, 
we say that A is bounded below. If the set A is bounded above in Rm, we 
say that an upper bound of A is a supremum of A if it is less than my other 
upper bound of A. Similarly, we say that a lower bound of A is an infimum 
of A if it is greater than any other lower bound of A. 

The concept of convexity can be introduced into a function. Let f(x) be 
a function from R” to R, and ((x, y) I y L f(x), x E S), where S is the domain 
of the function f. This set is called the epigraph of the function f .  Two exam- 
ples of the epigraph are shown in Figure 1.3.13. If the epigraph of the function 
fis convex, we call the function f a  convex function (Figure 1.3.13(a)); other- 
wise, a non-convex function (Figure 1.3,13(b)). 
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I 

Figure 1.3.13 (a) The epigraph of a convex function, and (b) that of a non-convex 
function. 

Suppose, as is shown in figure 1.3.14, that five half planes, H,, . . . , H,, are 
given. Using a finite number of intersection and union operations with respect 
to these half planes, we may construct a connected region. For example, 
( H , n H , n H , ) u ( H ,  nH,nH,)  in Figure 1.3.14(a). We call this region a 
polygon. Stated a little more generally, if a region constructed from a finite 
number of intersection and union operations with respect to a finite number 
of half planes is a non-empty connected set, then we call the region a polygon. 
The boundary of a polygon consists of straight line segments. These line 
segments are called edges and their end points are called vertices. If a polygon 
does not have a hole in it, and cach vertex of a polygon has exactly two 
edges and every edge intersects only at vertices, we call the polygon a simple 
polygon. The polygon in Figure 1.3.14(a) is a simple polygon, but that in 
Figure 1.3.14(b) is not. 

Figure L3.14 A polygon constructed from half planes: (a) a simple polygon; (b) a 
polygon that is not simple. 
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Figure l.3.15 (a) A star-shaped polygon (the shaded region) and its kernel (the 
densely shaded region); (b) a polygon that is not star-shaped. 

The notion of a polygon defined in R2 can be extended to W". If a set 
constructed from a finite number of intersection and union operations on a 
finite number of half spaces is a non-empty connected bounded set, we call 
the set a polyhedron. A polyhedron (polygon) may be convex or non-convex. 
If a polyhedron is convex and bounded, it is sometimes called a polytope. 
A simplex (for example, the tetrahedron shown in Figure 1.3.12(c)) is a 
polytope. 

The boundary of a polyhedron in R3 consists of polygons, which are called 
faces. Generally, the boundary of a polyhedron in W" consists of polyhedrons 
in 0gm-', which are called (rn-l)-faces; the boundary of an (m-1)-face 
consists of polyhedrons in %Bm-*, which are called (rn-2)-faces; and so forth. 
Note that 0-faces are vertices, and 1-faces are edges, and that (m-1)-faces 
are sometimes called facets. 

Recalling the definition of a convex set (equation (1.3.17)), we notice 
that the sets shown in Figure 1.3.15 are non-convex, because the line 
segment connecting points p 1  and p z  is not contained in the set. However, 
if we fix one end point at po,  as in Figure 1.3.15(a), the line connecting 
po and any point in the set is contained in the set. We call a set with 
this geometric property star-shaped. Stated precisely, the set A is star- 
shaped if there exists a point x, in A for which hx, + (1 - h ) x  € A  holds 
for all O < h l l  and for all X E A .  The set of such points, { x l h x o +  
(1 - h)x E A ,  0 5 h 5 1, x E A), is called the kernel of the set A. The kernel 
of the star-shaped polygon of figure 1.3.15(a) is shown by the densely shaded 
region. Obviously, a convex polygon is star-shaped, and its kernel is the 
convex polygon itsel€ 

Let S be a closed subset of Bgn, Si be a closed subset of S and Y = (S,, 
. . . , S,) (when we deal with an infinite n, we assume that only finitely many 
S, hit a bounded subset of Rm). If elements in the set 9' satisfy 

(1.3.20) [S, \as, In [S, \as,] = 0, i # j ,  i, j E I , ,  
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(4 (b) 

Figure 13.16 Tessellations: (a) a tessellation that is not a triangulation; (b) a trian- 
gulation. 

and 
n 

U S i  = S, u . . * USn = s, (1.3.21) 

then we call the set Y a tesstllation of S.  Specifically, we call a tessellation 
in R2 a planar tessellufion of S. Figure 1.3.16 shows two planar tessellations. 
The tessellation in panel (a) consists of polygons with three or more vertices, 
whereas that in panel (b) consists of only triangles. We call a planar tessel- 
lation like panel (b), i.e. a tessellation in which Si in Y is a triangle for all 
i E I,,, a triangulation of S.  

i = l  

1.32 Graphs 

Suppose, as is shown in figure 1.3.17(a), that there are four towns pgl,. . . , 
pg4 (indicated by the filled circles) in a region and those towns are connected 
by roads Lgl,. . . , L ,  (indicated by line segments). We are living in the town 
pgl  and wish to visit towns pG3 and pg4 in this order without going through 
the other towns, and return to the town pg.. To examine this type of trip 
feasibility, the distance between towns or the shape of roads are not essen- 
tial; the essential information is whether or not there exists a direct road 

Figure 1.3.17 (a) Towns and roads between towns, and (b) one-way streets, which can 
be regarded as geometric graphs. 
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Table W.1 Roads and their incident towns 

Roads L,, Towns incident with road Lgi 

=,I Pgl9 Pp 
L,, PgZ'PP3 

LG PG'PP4 
4 4  Pg49 Pp 

between towns. This information is summarized in Table 1.3.1. Mathematic- 
ally, we can treat the incidence of roads with towns listcd in Table 1.3.1 using 
graph theory, which is to be introduced here. 

To define a graph formally, let P = [ p , ,  . . . ,p,J be a non-empty set, and 
(p, ,pl]  be an unordered pair, where p,,p, E P. The set of all distinct 
unordered pairs ( p l ,  p,) I p,, p,  E P )  is called the unordered product of P ,  
and denoted by P * P (note that ( p i , p , ]  is allowed). Let L = ( L l , .  . . , L,,) 
be a set which is possibly empty, and f be a mapping of L into P * P, i.e. 
( p , , p k )  = f (L,) .  Just for notational simplicity, we write L, - ( p , , p k )  for 
(pj,p,) = f(L,) .  We call the paired sets P and L with the mapping f a n  (un- 
directed) absrract graph, or simply a(n) (undirected) graph, and denote it by 
G(P, L , n ,  G ( P ,  L )  or G. To distinguish a geometric graph to be defined 
below, we sometimes use G, for an abstract graph. An example of an abstract 
graph is given by 

Ga (P,L,f = Ga ( [ P I , P P P ~ , P ~  1, ILi,&z, L3rL4 1, 
-(pt*p2 1, & -(p2,p3 1, L3"(p3,p4 ), LQ"( pZ,p4 1) 1' (1.3.22) 

If the sets P and L in G are finite, we call the graph a fuite graph. In this 
text, we shall deal with only finite graphs. 

Given a graph G(P, L , f ) ,  we can construct a graph, called a subgraph, 
consisting of selected links and nodes of G with the same incidences as those 
of G satisfying that the selected nodes include all of the end points of the 
selected links. Mathematically, we call G(P*,  L,,f,) a subgruph of G if and 
only if G(P, ,  L,,f,) satisfies the following three conditions: (i) P, C P and 
La c L; (ii) f (L,)  = fa(L,) for every L, E L,; (iii) if L, E L, and [p,, pk) = f ( L , ) ,  
then p ,  E P, and p k  E Ps.  

Inspecting the similarity between the function f of equation (1.3.22) and 
Figure 1.3.17(a) or Table 1.3.1 (which actually shows a function), we notice 
that the above abstract graph may be represented by a set of geometric 
points, and a set of geometric line segments connecting those points. For this 
representation, let us introduce the notion of a geometric graph. 

Let Pg = (p,,, . . . ,p,,) be a set of np distinct points in the rn-dimensional 
Euclidean space and L, = . . , Lw,) be a set of n, non-self-intersecting 
line segments with end points in P,. The line segments in L, may be straight 
or may be curved, but they should satisfy the following three properties. 
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(i) Every line segment that forms a loop (a non-self-intersecting line 
segment whose end points coincide) contains exactly one point of P, 
(for example, a loop with pel in Figure 1.3.18). 
Every line segment that does not form a loop contains exactly two 
points of P,, and these points agree with its end points (for example, 
L,  with p,, and p@ in Figure 1.3.18). 

(iii) Every line segment in L, has no common points except for points of 
pB (for example, L,, and L,, share pe3 in figure 1.3.18). 

We call the paired sets (P,, LJ satisfying the above properties a geometric 
graph and denote it by G(P,, L,) or G. In particular, when L, is a set of 
open straight line segments, G(P,, L,J is called a planar straight-Line graph 
and abbreviated to PSLG (Preparata and Shamos, 1985). When we distin- 
guish a geometric graph from an abstract graph G,, we sometimes use G,. 
As is noticed from this definition, the end points of every line segment in 
L, are included in P,, but a point in P p  is not necessarily an end point of a 
line segment in L, (such as psn in Figure 1.3.18). 

From the definition of a geometric graph, we notice that the geometric 
points and the geometric line segments shown in Figure 1.3.16(a) actually 
form a geometric graph, i.e. 

(ii) 

G g  ('g' L8'fg = G g  ( Pgl~p@*p@,Pg4 1 9  [ L B l ,  Lg,' Lg4 1 9  

{Lg~-(pg~P#?gzl,  L@-lp@,p@l, L g 3 - [ p g 3 , p g d l ,  'g4-(P@,Pg4l])* (1*3'23) 

Moreover, we notice that there is a one-to-one correspondence between 
the vertices in the abstract graph G, of equation (1.3.22) and those in the 
geometric graph Gg of equation (1.3.23) such that the adjacency relations 
are preserved. 

To state this correspondence more precisely, let us consider two graphs 
G(Pa, La,fa) and G(P,, L,,f,). First, when G(Pa, La,fa) is an abstract graph 
and G(Pp, Lo, fa) is an abstract graph or a geometric graph, if there exist a 
one-to-one mapping cp of Pa onto Pp, and a one-to-one mapping cp, of La 
onto L, such that fp j , pk ]  =fa&), L, E L,,pj ,pk E Pa, if and only if 
( ~ p ( p j 1 ,  ~ P , ( P J ]  = f'(c~l(L,)), then we say that the graphs G(& La, fa) and 
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Figure l3.N (a) An undirected graph and (b) a directed graph. 

G(P,, LB,fa) are bomorphic. If an abstract graph G, is isomorphic to a 
geometric graph G,, then we say that graph Gg is a geometric realization of 
the abstract graph G,. If a graph has a geometrical realization in R2, we call 
the graph a planar graph; otherwise, a non-planar graph. Although graphs 
are not always planar graphs, every finite graph has a geometric realization 
in R3. Comparing equations (1.3.22) and (1.3.23), we readily notice that the 
abstract graph G, and the geometric graph G, are isomorphic, and hence 
the geometric graph G, is a geometric realization of the abstract graph G,. 
Moreover, since the geometric graph G, can be drawn on a plane (Figure 
1.3.17(a)), it is a planar graph. 

Second, when two graphs G,(Pa, La,fa) and G,(P,, La,&) are both 
geometric graphs, the notion of isomorphic becomes a little stronger than 
the above. If G,(P,,La,fa) is obtained by deforming G,(Pa,La,fa) by 
moving the vertices continuously in R2 in such a way that the edges are also 
moved as their end points are moved (the edges may be extended or 
shrunken) and that no edges hit a vertex other than its own end points, then 
we say that graphs G,(P,,  La,fa)  and G,(P,, L,,f,) are isomorphic. 

In the example of Figure 1.3.17(a) we implicitly assume that every road 
is two-way; we can drive, say, from pgl to psz as well as from pg2 to pg, .  In 
the downtown of a city, however, streets are often one-way, such as in Figure 
1.3.17(b). To take this directional feature into account in a graph, we intro- 
duce a direction on links in L. 

Let P = ( p , ,  . . . , p , , )  be a non-empty set, (pi, pi) be an ordered pair, where 
p i , p i €  P (cE ( p i , p j ) ) ,  L = ( L l , .  . . , L,,,) be a set which is possibly empty.The 
set of all distinct ordered pairs ( ( p i , p j )  I p i , p j  E P) is called the ordered 
product of P, and denoted by P x P. Let f be a mapping of L into P x P, i.e. 
( p i , p j )  = f ( L k ) ,  which is simply written as L, - (p i , p , ) .  We call the paired 
sets P and L with mapping f a directed gruph, which should be distinguished 
from the undirected graph defined above. The graphs in Egures 1.3.19(n) 
and 1.3.19(b) are an undirected graph and a directed graph, respectively. 

The elements of P and L in G are called nodes and links, respectively, and 
f is called an incidence mapping. In particular, in a directed graph, pi and pk 
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c, = 

in L, - (p , ,  P k )  are called an initial node and a terminal node. respectively. 
For example, in the directed graph in Figure 1.3.19(b), p ,  is the initial node 
of L,, and p ,  is the terminal node of L,. If L, - [ p , , p k }  (for an undirected 
graph) or Ll - ( p , , p k )  (for a directed graph), then L, is said to be incident 
with each of p, and pk.  In particular, in a directed graph, L, is said to be 
positively incident with p, and negatively incident with pk .  The nodes incident 
with a link are called end points. For L, - (pj,pkj or L, - (p,,Pk), if p,  = P k ,  

then L, is called a loop (Lgl in Figure 1.3.18 is a loop). If L, - [p , ,p , ]  or 
L, - (p , ,  pk )  and L, - (p , . pk ]  or L, - (p , ,  P k ) ,  then L, and L, are called parallel 
links (LBs and L,, are parallel links in Figure 1.3.18). 

If L, - [ p, ,  pk} or L, - (p , ,  pk), then pl and P k  are called adjucent nodes (for 
example, pz and p3 in Figure 1.3.19(a),(b) are adjacent nodes). If L, and L, 
share at least one common end point, then L, and L, are called adjacent 
links (for example, L, and L, in Figure 1.3.l9(a),(b) are adjacent links). The 
number of links incident with pi  is called the degree of p, ,  and denoted by 
6 ( p , )  (for example, 6(p2)  = 3 in Figure la3.l9(a),(b)). In particular, in a 
directed graph, the number of positively incident links with p,, denoted 
by 6+(p , ) ,  is called the positive degree of p,, and the number of negatively 
incident links with p, ,  denoted by 6-(p , ) ,  is called the negative degree of p ,  
(for example, 6+(p,)  = 1 and 6-(p2)  = 2 in Figure 1.3.19(b)). Obviously, the 
equation 6(p , )  = 6+(p , )  + 6 - ( p , )  holds. A node in P whose degree is zero 
is called an isolated node (for example, pgs in Figure 1.3.18). 

The adjacency of nodes may be indicated in terms of a matrix, called an 
adjucency matrix. To be explicit, consider a graph C([ p , ,  . . . , pa ) ,  L) and let 
C be an n x n matrix (n  columns and n rows), 

0 1 0 0 0 1  0 1 0 0 0 1  
1 0 1 0 0 1  0 0 1 0 0 1  
0 1 0 1 0 1  0 1 0 0 0 1  

9 c,= 
0 0 1 0 1 1  
0 0 0 1 0 1  0 0 0 1 0 0  
1 1 1 1 1 0  0 0 0 1 1 0  

0 0 I 0  0 0 ’  

(I .3.24) 
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From the definition of c8, and that of 6(p i ) ,  it follows that the equation 
6(p,) = x;=l c,, holds for an undirected graph, and the equations 6+(p8)  = c;=l c,, and 6-(p,) = xy/”=l c,~ hold for a directed graph. 

For a given graph, if we can traverse from node to node on successively 
adjacent links without visiting the same links more than once, we call such 
a set of l inks a chain in an undirected graph, and a path in a directed graph 
(note that in a directed graph, we are supposed to follow directions). For 
example, L,, L9, L,, L,, L, in Figure 1.3.19(a) is a chain, and L,, L,, L,, L,, L, 
in Figure 1.3.19(b) is a path. In traversing a chain or a path, if we visit every 
node only once, the chain or the path is called a simple chain or a simple 
path. The chain or the path in the above example is not a simple chain nor 
a simple path, because we visit p6 twice. An example of a simple chain in 
Figure 1.3.19(a) is &, L,, L,, and that of a simple path in Figure 1.3.19(b) is 
L,, L,, L,. Note that we allow a chain or a path that returns to the same 
node, for example L,, L,, L,, L4, I,,, L ,  in Figure 1.3.19(a), and L,, L,, L,, L, 
in Figure 1.3.19(b). Such a chain and a path are called a circuit and a cycle, 
respectively. If we can traverse a circuit and a cycle visiting every node only 
once, we call them a simple circuit and a simple cycle, respectively. The circuit 
in the above example is not a simple circuit because we visit p6 twice, but 
the cycle in the above example is a simple cycle. 

In the graph of Figure 1.3.19(a) we can traverse from any node in P to 
any node in P through links. In this sense, the graph is connected. Stated a 
little more precisely, an undirected graph G(P, L) is connected if there exists 
at least one chain between every pair of nodes in P; the graph G is discon- 
nected if there exists no chain between at least one pair of nodes in P. For 
example, the graph in Figure 1.3.19(a) is connected; the graph in figure 1.3.18 
is disconnected. In a directed graph G(P, L), if there exists at least one path 
from any node to any node in P, we say that the graph is strongly connected. 
The directed graph in Figure 3.3.19(b) is not strongly connected because 
there is no path from node p z  to node p , .  A connected subgraph which is 
not contained in any larger connected subgraph is called a component. The 
graph in Figure 1.3.18(a) consists of three components. 

The graph shown in Figure 1.3.20 is a connected graph, which looks like 
a tree (we shall often show a tree upside down). Obviously, an actual tree 
does not have looped twigs. In graph theory, if a graph is connected and does 
not have circuits, the graph is called a tree (graph). When a graph is a tree, 
the following equation holds: 

Hgure M.20 A tree graph 
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n , - n , = l ,  (1.3.25) 

where np is the number of nodes and n, the number of links in a tree. 
When a graph is not a tree, equation (1.3.25) does not necessarily hold, 

but we have a more general equation, called Euler's formula. When a graph 
is a planar graph, links of the graph may partition the plane into disjoint 
regions one of which is unbounded. Let n, be the number of those regions. 
Note that when a graph is a tree, the links of the tree do not partition the 
plane and hence we have only one (unbounded) region (n, = 1). In terms of 
np, n, and n,, Euler's formula is stated as follows. 

Euler's formula For a connected planar graph with np nodes, nl links and 
n, regions, the equation 

(1.3.26) 

holds. 

np - n, + n, = 2 

Euler's formula can be generalized in Rm. 

The Euler-Poincard formula (the EulerSchlaeffi formula) Let 3' be a 
tessellation of a bounded set S in R", and ni be the number of i-faces in 3'. 
Then the equation 

(1.3.27) 
m 

C( - l)'n,= 1 + (-  1)" 
i s 0  

holds. 

We call this equation the Euler-Poincark formulu or the Euler-Schlu@i 
formula. 

A planar graph is always associated with a 'dual graph'. To define it expli- 
citly, let Gg(Pg, L& be a planar graph with k regions Ri,  i E Zk. We take a 
point qi in each region Ri (the unfilled circles in Figure 1.3.21(a)) and let 
P t  = (qi, i E Zk].  For each link which is shared by regions R, and R,, we 
generate a line segment combining qi and qj which crosses the common link 
only once and has no point in common with any other links of L (the broken 

(a) 

Figure 13.21 The primal and its dual graph. 



MATHEMATICAL PRELIMINARIES 31 

line in Figure 1.3.21(a)). Let L z  be the set of resulting links. Then we obtain 
the new geometric graph G; with P; and Lz (Figure 1.3.21(b)). We call 
G,(P,*, L,*) the dual graph of Gg(Pg, Lg). For the dual graph G:, Gg is called 
the primel graph. Note that the dual graph and the primal graph are a rela- 
tive notion. We can say that the dual graph of G: is Gg. In this case, the 
primal graph is G;. 

L3.3 Spatial stochastic point processes 

A stochastic point process is a probabilistic generation of points in a space 
according to a probability distribution function defined over the space. From 
the term 'process', the reader might call to mind a process over time. In the 
study of spatial stochustic point processes, however, a time process is usually 
implicit. When we explicitly deal with a spatial stochastic point process over 
time, we call it a spatial-temporal stochastic point process. 

Let f be a probability density function defined over S. The meaning of f(x) 
is that the probability of a point being placed in a very small volume (area), 
AS, around x is given by f (x) AS. An example off is the uniform distribution 
given by 

(1.3.28) 

where S c IW" and IS I is the area or volume of S (IS I < m). We call the process 
in which points are generated over S according to the uniform distribution 
a binomial point process. Figure 1.3.22 shows the binomial point process with 
n = 50 points in a unit square. 

The reader may be curious to know why the above point process is cded  
the binomial point process. To see the reason, let A be a subset of S, and 
N(A) be the number of points placed in A when n points are generated 
according to the uniform distribution. Since the probability of a point being 
placed in A is given by IAI/ISI, the probability, Pr (N(A) = x ) ,  that x points 
are placed in A is given by 

I' 1 

a * .  . * .  * .  
: -. 

' .  . . .  

Figure l.322 A binomial point 
process (n = SO). 
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(1.3.29) 

This distribution is the binomial distribution with the parameter values n and 
0 = IAI/ISI, after which the above process is named. 

In the above we defined the binomial point process by the uniform distri- 
bution. Alternatively, we can directly define the binomial point process by 
the binomial distribution. The binomial point process is defined by the process 
in which, for any subset A in S, the probability distribution of N(A)  is given 
by equation (1.3.29). 

In a similar way, we can define a general stochastic point process. Let S 
be a non-empty subset of Rm, and N(A) be the number of points in a subset, 
A, of S. Then a stochastic point process is defined by the process in which 
points are generated according to a probability distribution Pr(N(A) = x ) ,  
x = 0,1, .  . . , for any A in S. Specifically, if M = 2, the process is called a 
planar stochastic point process. If the probability of two points being coinci- 
dent is zero under a stochastic point process, we say that the process is simple. 
If any finite region A in Rm contains a finite number of points under a 
stochastic point process, the process is said to be locally finite. In this text, 
we deal with stochastic point processes that satisfy these two conditions, 

Among many simple and locally finite stochastic point processes, the most 
fundamental process is the Poisson point process, which is defined by the 
process in which for any subset A in S = w"', Pr(N(A) = x )  is given by 

, x=o,1,2 ,.... h IAl e-M'r 
X !  

Pr (N(A) = X) = (1.3.30) 

We can also define the Poisson point process as a limit of the binomial point 
process The limit means the expansion of the finite region S to an infinite 
region keeping n/lSI constant. Since h = n/lSI is the density of points, this 
expansion implies the expansion of the region S keeping the density of 
points constant. In the limit, the binomial distribution of equation (1.3.29) 
approaches the Poisson distribution of equation (1.3.30). We understand from 
this derivation that the parameter h in the Poisson point process shows the 
density of points in a unit volume. The density h is sometimes referred to 
as intensity. 

In the above, we derived the Poisson point process directly from the 
Poisson distribution. More fundamentally, we can derive the Poisson point 
process from the following four postulates, through which we can see the 
characteristics of the Poisson point process explicitly. 

Postulate PO1 0 < Pr(N(A) = 0) < 1 if 0 < IAl < m. 

Postulate PO2 
Pr(N(A) 2 1) approaches zero as IAl approaches 0. 

The probability distribution of N ( A )  depends on IAl and 
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Figure 13.23 
(a) Panslation; (b) 

(b) rotation. 

I 

Postulate PO3 
mutually independent and N(A,  U . . . u A,,) = N(A,) + . . . + N(A,). 

If A,, . . . ,A, are disjoint, then N(A,), . . . , N(A,) are 

Postdate PO4 

= 1. Pr(N(A) 2 1) lim 
MI-" Pr(N(A)= 1) 

(1.3.3 1) 

Postulate PO1 asserts that if a region A has a positive volume, then the 
probability of a point being placed in the region A is not zero. Postulate 
PO2 asserts that Pr(N(A) = x) does not depend upon the location of A but 
only upon its volume (or its area for m = 2). There is no tendency for points 
to occupy particular regions in R',. Postulate PO3 means no interactions 
between points. We call this property independent scattering. It should be 
noted that the binomial point process is not independent scattering, because 
if x points are placed in A, then n -x points are inevitably placed in S \ A. 
Postulate PO4 implies thal the process is simple. If the random variable N(A)  
satisfies the above four postulates for A c Wi, then N(A) is proved to follow 
the distribution of equation (1.3.30). Since this proof requires much space, 
we omit it here; the reader should consult a textbook on stochastic processes, 
for example Karlin (1969, pp. 337-43). 

As is seen in Postulate P02, the Poisson point process has the invariance 
property in the sense that Pr (N(A,) = x) = Pr (N(A,) = x) for IA, I = IA,I . 
Generally, we can examine the characteristics of stochastic point processes 
in terms of invariance properties. First, let us consider the transformation of 
A in S defined by 

(1.3.32) 

where C E  Wm is a constant vector. If we regard A as a figure in W", we may 
say that cp,(A) moves the figure A without rotation in Rni (see Figure 
1.3.23(a), rn = 2). We call such a transformation a frumlution. In observing 
equation (1.3.30), we readily notice that Pr(N(A) = x) = Pr(N(cp,(A)) = x) 
holds; that is, the Poisson point process is invariant under translation. 

cp,(A) = ( X +  c I x E A ) ,  A c S, pc(A) c S, 
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Generally if a stochastic point process satisfies 

Pr @(A,) = x,, . . . , N(A, ) = x k )  = Pr (N(cp, (A, ))= x,, . , . , N(qc (A, ) = xk I), 
(1.3.33) 

~.cS,CP,(A,)CS, i = l ,  ..., k, k = 1 , 2  ,..., 
we say that the stochastic point process is homogeneous or stationary. The 
binomial point process and the Poisson point process are homogeneous. This 
may be intuitively understood from the fact that the processes are derived 
from the uniform distribution. 

We next consider the transformation of A in S defined by 

cp,(A) = (& I x E A, IBI = 1,  BT B =  l),  A c S, cp,(A) c S, (1.3.34) 

where B is an m x m matrix and IBI is its determinant. The transformation 
qe rotates the figure A around the origin in R'" as is shown in Figure 1.3.23(b) 
(m = 2). We call such a transformation a rotation. Since IA I = I cpe(A) I holds, 
Pr(N(A) = x )  = Pr(N(cp,(A)) = x )  holds for equation (1.3.30). Generally, if 
a stochastic point process satisfies 

(1.3.35) 
A,cS,cp,(A,)cS, i = l ,  ..., k, k = 1 , 2  ,..., 

we say that the stochastic point process is isotropic. If a stochastic point 
process is homogeneous and isotropic, we call the stochastic point process 
motion-invariant. The binomial point process and the Poisson point process 
are motion-invariant. 

The binomial point process and the Poisson point process have a stronger 
property than the motion-invariant property. If a transformation, cpv, of A in 
S satisfies 

(1.3.36) 

we call cp, the volume-preserving tramformation (area-preserving transfor- 
mation for m = 2). Obviously, translation and rotation are volume-preserving 
transformations. Generally, if a stochastic point process satisfies 

lcpy (A)I = I A I , A C S, (A) C S, 

(1.3.37) 

we say that the stochastic point process is volume-preserving. From equation 
(1.3.29), we notice that the binomial point process is volume-preserving. The 
Poisson point process is also volume-preserving because Postulate PO2 is 
satisfied in that process. 

The volume-preserving transformation can be extended to a measure- 
preserving transformation. To be explicit, consider a set S and a set d of 

A,cS,pV(Ai)cS, i=l, ..., k, k = 1 , 2  ,..., 
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subsets of S which satisfy the following three conditions: (i) S E ~ ;  (ii) if 
A i E  d ,  then S\A, E d; (iii) if A, E d, i = 1,2,. . . , then UE, A, E 4. We call 
the pair (S, d) satisfying these conditions a measurable space. If a function, 
m, from d to a non-negative real number satisfies m ( 0 )  = 0 and 
m(UZl Ai) = x:=, m(A,), where A,, A,, . . . are mutually disjoint, we say that 
m is a measure on (S ,  d). A measurable space (S,d) with a measure m is 
called a memure space and is denoted by a triple (S, d, m). In particular, if 
m(S) = 1, we call (S ,  d, m) a probability space. If a transformation cp satis- 
fies cp-'(A,) E d for A, E A, we say that v, is measuruble (cp-' is the inverse 
function of cp). If cp is one-to-one, if cp(S) = S and if A,€ 1 implies 
cp-'(A,) E d, then we say that v, is invertible. For a measurable transforma- 
tion cp in (S,  Se, m), if 

m(cp-'(A))=m(A), A E ~ ,  (1.3.38) 

we say that cp is a meawepreserving transformation and a point process 
which satisfies equation (1.3.37) for all measure-preserving transformations 
is a memure-preserving stochastic point process; if cp is invertible, equation 
(1.3.38) is equivalent to m(cp(A)) = m(A). In the following exposition, we 
assume, for simplicity, that a measure-preserving transformation is invertible. 
Obviously the volume-preserving transformation is a measure-preserving 
transformation. Thus the binomial point process and the Poisson point 
process are measure-preserving point processes. 

To sum up, the Poisson point process is simple, independent scattering 
and invariant under the measure-preserving transformation; consequent Iy it 
is motion-invariant, i.e. it is homogeneous and isotropic. Because of these 
properties, we sometimes say that a pattern of points resulting from the 
Poisson point process is a complete spatial random pattern or complete spatial 
randomness, and abbreviated to CSR (Diggle, 1983; note that Daley and 
Vere-Jones, 1988, refer to independent scattering as complete randomness). 

We next introduce another important property of the Poisson point 
process, called ergodicity, which plays an important role in deriving the 
properties of the Poisson Voronoi diagram in Chapter 5. In the above 
discussion we regard a point process as a counting process (i.e. counting the 
number N(A)  of points in a region A). Alternatively we may regard a point 
process as a 'random set' of points. To be explicit, we consider the collec- 
tion, M, of all simple and locally finite sets of points in BB", and a collection, 
A, of subsets of M that satisfies (i), (u) and (iii) above. Namely we consider 
a measurable space, (MI, A). Let U be an element of A (i.e. a set of sets of 
points), and 0 be a random variable of which each realization is an element 
of M (i.e. a set of points). We call such a set of points 8 a random set of 
points. Let P ( v )  be the probability of a random set 8 being an element of 
U, i.e. 

P(U)=Pr(OEU), U E A .  (1.3.39) 

Then (M,A) with P forms a measure space, or more specifically a proba- 
bility space, (M,A,P) .  In this context we may regard a stochastic point 
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process as a random set 8 determined by the probability distribution P over 
"44,. 

Let (px be the translation transformation, i.e. 

cpl(u)=(x,+x,x2+x ,... I{XI,X2 ,... )€U], WE&, (1.3.40) 

where x E Rm. The set cp,(U) implies the set of sets of points that are trans- 
lated by x. For the sets cp,(U) and U, if the following equation holds, 

P(U) = P(qr (U)) for any x E R" and U E  A, (1.3.41) 

we say that a point process 8 is stationary. This definition is found to be 
equivalent to the definition given by equation (1.3.33) above. 

Let [- a,  a]" be a hyper-cube in Rm whose edge is given by [- a, u]. For 
any sets U and W in A, if the following relation holds, 

P(Uncp,(W))dr- P(U)P(W)-,O asu-0,  (1.3.42) 

we say that a stationary point process 0 determined by the distribution P is 
ergodic. A homogeneous Poisson point process, @,, is ergodic. 

To give an alternative definition of ergodicity, we define a set U,  called an 
invariant set, as 

P(V\~?. (U)UC~X(U)\U)=O forall X E  R". (1.3.43) 

In this term, we may alternatively say that a stationary point process 8 is 
ergodic if P(U) is 0 or 1 for any invariant set U E & .  Stated differently, a 
stationary point process 0 determined by the distribution P is ergodic if 
P is not a mixture of two distinct stationary distributions, i.e. there do 
not exist two distinct stationary distributions P' and P" such that P = pP' + 
(1 - p)P" for any 0 < p  < 1. Intuitively, this implies that P is not decom- 
posable. 

The ergodicity of a spatial stochastic point process enables us to find the 
spatial averages in individual realizations of the stochastic point process. 
To be explicit, consider a stationary point process 8 with intensity h > 0 in 
which its distribution is given by P. For a set U in At, we consider a point 
pi satisfying that the point is an element of a set 8 of points and is included 
in the cube [0,1]" (i.e. xi E 8 n [0, lIm) and that the set 8 is an element of 
the set qX,( U )  of sets of points (i.e. f x,, x,, . . . ] E qr,( U), where xi is the loca- 
tion vector of p i ) .  We consider the number of such points pi, i.e. # { i  I x i c  
(xt,x2,. . . ,} n [ 0,1]" and (x,,x2,. . . } E cp,,(U)), where #(a set) means the 
number of elements in the set. Then the sum of this number for 8 in M 
divided by h is written as 

(Note that there are various expressions for P(d0); see Stoyan et al., 
1995, p.101.) We call this distribution the Palm distribulion, Po, of P. This 
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distribution implies that the point process, Q,, determined by the distribu- 
tion Po is a random shift of 0 such that Q,, has a point at the origin. 

The ergodicity and the Palm distribution defined above have an impor- 
tant relation, which is shown in the following theorem (Daley and Vere-Jones, 
1988, Proposition 12.4.1). 

Theorem V1 Let P be the distribution of a stationary ergodic point process 
in Rm with finite intensity h >O and Po the corresponding Palm distribution. 
Denote by E, and E, the expectations under the distributions P and Po, 
respectively. For non-negative functions f and g defined on M such that 
EP(f(eP)) and EPo(g(Qo)) are finite, we have the following relations with 
probability 1. 

where xN, is the ith nearest point in 8 to the origin. 

Equation (1.3.45) implies that the averages along an individual realization 
converge to the theoretical mean, which, loosely speaking, is the average of 
infinitely many realizations. Equation (1.3.45) is particularly important for 
the study of the Poisson Voronoi diagram (see Chapter 5). Suppose that 
g(0) is a characteristic of the Voronoi cell (see Chapter 2) containing the 
origin. Then the left-hand side of equation (1.3.45) means the average of 
the Characteristic of n distinct Voronoi cells in an individual realization. If 8 
is ergodic, the limit of the averages exists and is defined to be the mean of 
the characteristic of a typical Voronoi cell called by Cowan (1978, 1980; see 
Chapter 5). Equation (1.3.45) enables us to calculate the mean by using the 
Palm distribution (see Chapter 5) .  

The following theorem is quite useful to simplify the expectation calcula- 
tion under the Palm distribution of a Poisson point process (Slivnak, 1962). 

Theorem V2 A stationary point process 0 is a Poisson point process if and 
only if 0 U (0)  has the same distribution as 0, where o is the origin. 

The Poisson point process satisfies a stronger property than ergodicity. 
A stationary point process 8 determined by the distribution P is said to be: 

(i) strongly mixing (a-mixing) if for any subsets U and V in A, 

P(Vncp,(W))- P(U)P(W)- 0 as Ilcll- 0; 

weukly mixing if for any subsets U and I/ in A, 

(1.3.46) 

(ii) 
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Strong mixing implies weak mixing, which in turn implies ergodicity. 
In addition to the above mixing conditions, there are many other mixing 

conditions which are different in their so-called mixing coeficients. Let '% 
and W be two collections of subsets of M. Then the a-mixing coefficients and 
the P-mixing cuefficienfs are defined as: 

(1.3.48) 

(1.3.49) 

where E is an expectation operator under the probability Pr and Pr (W I '%) 
is the conditional probability of W given '%. If a(%!, W )  or P(% , W )  goes to 
zero as the 'distance' (to be defined) between % and W tends to infinity, 
then we say that the a-mixing condition or the pmixing (absolute regularity) 
condition is satisfied, respectively. Other mixing coefficients such as y(aU , W),  
cp('%, W) and e(%, W )  have also been defined in the literature (see, for 
example, Lin and Lu, 1996). 

If Q and W are the collections of subsets of M which involve 43 and (p-=(0), 
respectively, and the distance between them is defined to be Ilcll, then the 
point process 0 is a-mixing or fi-mixing if the mixing coefficient a ('%, W )  + 0 
or /3 (%, W )  + 0, respectively, as llcll-+ 00. 

Finally, let us mention one more useful mixing condition. Suppose that '% 
and W are collections of subsets of M which involve 8 n [-a, a]'" and 
Q n {Rm \ [-b, b]"}, respectively, and the distance between them is defined to 

Figure U.24 A general Poisson point process with X(x) = c, exp(- c, a). 
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be b - a. Heinrich (1994) established various theorems for Voronoi diagrams 
generated by a point process 8 (e.g. a homogeneous Poisson point process) 
for which fl ("u, W )  + 0 as b - a 3 (see Section 5.6.1). 

The Poisson point process may be extended in several directions. First, we 
may relax homogeneity, and define the point process by 

, x=o,1,2 ,..., h (A)I A le- qAoW1 * 
X! 

Pr (N(A) = n) = 

where 

h(A) = h(x) &. 
A 

(1.3.50) 

(1.3.51) 

We call this point process the general Poisson point process with the inten- 
sity function h x . An example is shown in Figure 1.3.24, where h(x) = 
c1 exp (-cz +* xl, + x ), c,, c, >O. 

The general Poisson point process reduces to the Poisson point process of 
equation (1.3.30) if h(x) = h (a constant). Since h in equation (1.3.30) indi- 
cates the density of points, h(x) implies that the density depends upon where 
A is placed. Thus the density of points may vary from location to location 
in a general hisson point process. This property distinguishes Rom that of 
the Poisson point process defined by equation (1.3.30) which we call the 
homogeneous Poisson point process. 

In the homogeneous Poisson point process the parameter h is determin- 
istic. We may relax this assumption, and regard it as probabilistic. We call 
the Poisson point process with a probabilistic parameter h a doubly stochusric 
Poisson point process, a compound Poisson point process, or a Cox point 
process. Such a point process is in general not ergodic. 

We may also relax the property of independent scattering. Examples 
include the Poisson cluster processes, hard core processes and Gibbs point 
processes. We briefly mention these point processes here (in Section 5.12, we 
deal with Voronoi diagrams generated by these point processes). 

Pokson cluster processes are point processes in which a cluster of points 
are independently scattered around a point of a Poisson point process; the 
clusters are independent and finite with probability 1; points of the Poisson 
point process are then deleted. If the clusters are not only independent but 
also identically distributed, such Poisson cluster processes are called the 
Neyman-Scon processes. Hard core processes are point processes in which 
there is a minimum interpoint distance. Cibbs point processes are a class of 
point processes in which interaction between points exists. A rigorous treat- 
ment of Gibbs point processes is rather mathematically involved. Here we 
present the simplest case: a Gibbs point process with a non-random total 
number of points in a bounded subset of am. The distribution P of such a 
point process (see equation (1.3.39)) is in the form: 

,$"I &, . . . 
where the probability density function is given by 
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f(x,, . . . ,xn)  Q: exp (-C(x,, . . . ,m)) (1.3.53) 

The function C, which does not depend on the order of its arguments, is 
called the interaction energy function. In statistical physics C is usually 
assumed to be the sum of pair potentials given by 

(1.3.54) 

If the pair potential function is 

00 if l lr i -r , i15r,  

h(llx, - rill) = - b if r < Ilr, - x,ii 5 R ,  (1.3.55) i 0 ifIlx,-x,II>R, 

then the corresponding Gibbs point process is a hard core point process with 
minimum interpoint distance r. If b > 0 or b < 0, there is attraction or repul- 
sion, respectively, between points within a distance R. When the bounded 
subset is replaced by Rm, the formulation is more sophisticated and so we 
do not discuss it here. The reader who is interested in general point processes, 
including the Gibbs point processes, should consult Bartlett (1979, Haggett 
et al. (1977, Chapter 13), Pielou (1977), Getis and Boots (1978), Matthes et 
al. (1978), Cliff and Ord (1981), Diggle (1983), Kallenberg (1983), Upton and 
Fingleton (1985), Daley and Vere-Jones (1988), Ripley (1988), Cressie (1991), 
Snyder and Miller (1991), Kingman (1%3), Reiss (1993), and Stoyan et al. 
(1995), among others. 

A random set of points or a stochastic point process may be generalized 
to a random set of lines or a stochastic line process Stated precisely, a 
stochastic line process is a random collection of lines in !fP and there are 
only finitely many lines that hit each bounded subset of Rm. A line is uniquely 
determined by its perpendicular distance to the origin and the angle between 
the line and the x,-axis measured in a counterclockwise direction. Thus a 
line can be represented by a point in Rm x (0, n]. The Poisson line process in 
Rm has the same distribution as the Poisson point process in !Rmx(O,x].  
Similarly, a random set of kdimensional hyperplanes in R"' (15 k I rn) forms 
a hyperplane proce.ss, which can be regarded as a point process in Rm x (0, n 1. 
The Poisson hyperplane process is a stochastic hyperplane process the distri- 
bution of which is the same as the Poisson point process in Rm x (0, ~t 1. 
A Poisson rn-dimensional hyperplane process divides the space 08" into poly- 
topes. The resultant structure is known as the Poisson hyperplane tessellation. 
In particular, the Poisson rn-dimensional hyperplane process (tessellation) is 
known as the Poisson line process (tessellation) if rn = 2 and the Poisson 
plane process (tessellation) if m = 3. Details of the Poisson hyperplane tessel- 
lations can be found in Santal6 (1976), Miles (1964a,b, 1972a, 1973, 1995), 
Matheron (1975), Crain and Miles (1976), Mecke (1995, 1999), and Stoyan 
et al. (1995). 
In a stochastic line process we consider a random set of lines Naturally, 

we can consider a random set of line segments. For example, at each point 
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of a Poisson point process we put a line segment the length of which is 
random and the angle bctween the line segment and the x,-axis is uniformly 
distributed on (0, x]. A line segment can be further generalized to a fibre, 
which is a segment of a curve. A random set of fibres in W2 is called a 
stochastic fibre process. Just as a line process in W2 can be generalized to a 
hyperplane process in W", a stochastic fibre process can be generalized to a 
s t o c ~ ~ t i c  manifold process (Mecke, 1981), which is a random set of frag- 
ments of manifolds of fixed dimension. A manifold is the solution of a system 
of equations f,(x) = 0,. . . ,fk(x) = 0. Thus, a random set of fragments of 
hyperplanes is a stochastic manifold process. 

1.3.4 Efficiency of computation 

When we carry out a computation using an algorithm with a set of input 
data, we wish to evaluate how 'efficiently' the algorithm runs. A standard 
method for evaluating the efficiency is to observe the asymptotic behaviour 
of the time required by the algorithm with respect to the size of input data 
(Knuth, 1968; Aho el al., 1974). Let T(n) denote the time required by an 
algorithm to process input data of size n. In general there are many different 
input data of the same size and they require different processing times. Hence 
we usually considcr the worst case or the average case. In the worst case, 
T(n)  is the maximum time over all possible inputs of size n, whereas in the 
average case T(n) is the average time over them. For some positive function 
f ( n )  if there exists a constant C such that 

(1.3.56) 

we write T(n) = O( f (n)) and say that T(n) is of orderf(n). If T(n) = O(f(n)), 
we also say that the time complexity of the algorithm is of O(f(n)) .  Intuitively, 
T(n) bcing of O(f(n)) implies that T(n) does not increase more rapidly that 
f (n)  does as n grows. Hence the algorithm can be considered as being effi- 
cient if it admits a slowly increasing function f (n)  satisfying equation (1.3.56). 

We say, for example, an algorithm with T(n) = 0(1) is ' ideally fast', and 
an algorithm with T(n) = O(1og n)  is 'very fast'. An algorithm with T(n) = 
O(n) is called a linear time algorithm, and an algorithm with T(n) = O(ne) 
is called a polynomial time algorithm. 

lhring proposed an abstract model of a computer, which is called a Turing 
machine. There are two types of IWng machines. One is a deterministic 
Turing machine; it corresponds to an actual computer in which the machine 
behaves deterministically according to a given sequence of instructions (i.e. 
a program). The other type is a non-deterministic Turing machine. It does not 
correspond to an actual computer; it is more powerful in the sense that this 
machine can choose one of any possible branches of instruction sequences 
non-deterministically. See Aho et al. (1974), for example, for the strict 
definition of the Wing machine. 
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A problem whose answer is either ‘yes’ or ‘no’ is called a decision problem. 
For example, for a given set V of vectors, to judge whether V is linearly 
independent is a decision problem, whereas to find a maximal linearly inde- 
pendent subset of V is not a decision problem. The set of all decision 
problems that can be solved in polynomial time by a deterministic Thing 
machine is called a class P. On the other hand, the set of all decision prob- 
lems that can be solved in polynomial time by a non-deterministic W i g  
machine is called a class NP. Since the non-deterministic %ring machine is 
more powerful than the deterministic one, the class NP includes the class I? 
It is a big open problem to judge whether the class P is a proper subset of 
the class NP. 

A decision problem p is called NP-complete provided that p satisfies the 
following two conditions: 

(i) 
(ii) 

p belongs to the class NI? 
If p belongs to the class P, all the problems in the class NP belong to 
the class €? 

Condition (ii) intuitively means that if someone finds an algorithm for solving 
p in polynomial time, then all the problems in the class NP can be solved 
using this algorithm. Hence, an NP-complete problem can be regarded as 
one of the most difficult problems in the class NP. The set of all NP-complete 
problems is called class NP-complete. 

For a given graph, a cycle visiting all the vertices exactly once is called 
a Hamilton cycle. To judge whether a given graph has a Hamilton cycle is a 
decision problem belonging to the class NP-complete. 

A general problem (i.e. a problem which is not necessarily a decision 
problem) is said to be NP-hard if it contains an NP-complete problem as a 
subproblem. 

For a given geometric graph, finding the Hamilton cycle whose total length 
is minimum is called the travelling salesperson problem. The travelling sales- 
person problem is NP-hard, because if we solve this problem, we can also 
judge whether the graph has a Hamilton cycle. 



CHAPTER 2 

Definitions and Basic 
Properties of Voronoi 
Diagrams 

In Chapter 1 we discussed the concept of a Voronoi diagram from a histor- 
ical viewpoint. In this chapter we wish to fully develop this concept from a 
geometric viewpoint. 

The chapter consists of six sections. in Section 2.1 we define a Voronoi 
diagram and introduce notations to be commonly used in this text. In Section 
2.2 we define a Delaunay tessellation, in particular a Delaunay triangulation 
in terms of the 'dual tessellation' of a Voronoi diagram. Voronoi diagrams 
and Delaunay tessellations are, as we overviewed in Section 1.2, quite useful 
in various fields because of their nice geometric properties. In Sections 2.3 
and 2.4 we show the basic geometric properties of Voronoi diagrams and 
Delaunay triangulations, respectively (specific properties only used in each 
chapter will be shown in that chapter). In Section 2.5 we refer to geometric 
graphs closely related to a Delaunay triangulation, such as a Gabriel graph, 
a relative neighbourhood graph and a minimum spanning tree. In Section 
2.6 we show how to judge whether or not a given diagram is a Voronoi 
diagram. 

2.1 DEFlNITIONS OF THE ORDINARY VORONOI DIAGRAM 

For ease of exposition, we first give a fairly intuitive definition of a Voronoi 
diagram in a plane. We next restate this definition more precisely in math- 
ematical terms Lastly, extending the definition in Rz to R", we define an 
rn-dimensional Voronoi diagram. 

Suppose that a set of points is given in the Euclidean plane (for example, 
the filled circles in Figure 2.1.1). The number of points is assumed to be two 
or more but fmite and they are all distinct in the sense that no points coin- 
cide in the plane. Given this point set, we assign every location in the plane 
to the closest member in the point set (in Figure 2.1.1, for example, the point 
p is assigned to the filled circle incident to the heavy broken line). If a loca- 
tion happens to be equally close to two or more members of the point set, 
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Figurc 2.11 A planar ordinary 
Voronoi diagram. 

we assign the location to those members (point p' in Figure 2.1.1 is assigned 
to the two filled circles incident to the dash-dot lines in Figure 2.1.1). As a 
result, the set of locations assigned to each member in the point set forms 
its own region (the shaded region in Figure 2.1.1). The resulting regions are 
collectivcly exhaustive in the plane because every location is assigned to at 
least one member in the point set. The set of locations assigned to two or 
more members in the point set forms the boundaries of the regions (the 
continuous lines in figure 2.1.1). Hence adjacent regions overlap only on 
their boundaries. Thus the set of the regions is collectively exhaustive and 
mutually exclusive except for boundaries; namely, the set of the regions forms 
a tessellation. We call this tessellation a planar ordinary Voronoi diagram, 
and the regions constituting the Voronoi diagram ordinary Voronoi polygons. 

To sum up, we have the following definition of a Voronoi diagram. 

Definition V1 (a planar ordinary Voronoi diagram) Given a set of two or 
more but a finite number of distinct points in the Euclidean plane, we asso- 
ciate all locations in that space with the closest member(s) of the point set 
with respect to the Euclidean distance. The result is a tessellation of the 
plane into a set of the regions associated with members of the point set. We 
call this tessellation the planar ordinary Voronoi diagram generated by the 
point set, and the regions constituting the Voronoi diagram ordinary Voronoi 
polygons. 

Note that when the Euclidean plane (space) is understood, or when there 
is no confusion with generalized Voronoi diagrams (to be shown in 
Chapter 3), we shall often refer to a planar ordinary Voronoi diagram simply 
as a Voronoi diagram and an ordinary Voronoi polygon as a Voronoi polygon. 
Also note that we exclude from our discussion the point set consisting of 
only one member, because such a Voronoi diagram is too trivial (it consists 
of only one Voronoi polygon which i s  the whole plane). 
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In the above definitions we define the Voronoi diagram for a set of finitely 
many points, but we can also define a diagram for a set of infinitely many 
points in the same manner. We also call the resulting diagram a Voronoi 
diagram (which is referred to as an infinite Voronoi diagram in Chapter 5) .  
One diagram of this kind, the Poisson Voronoi diagram, is the subject of 
Chapter 5. In other chapters, however, we deal with only the former Voronoi 
diagram (which may be called a finite Voronoi diagram) because it is con- 
sistent with the applications to be presented throughout the book and, 
moreover, we want to avoid lengthy treatments resulting from the distinc- 
tion between finite and infinite. 

Let us now restate Definition V l  in mathematical terms. We consider a 
finite number, n, of points in the Euclidean plane, and assume that 2 5 n< m. 
The n points are labelled by p l y .  . . , p ,  with the Cartesian coordinates 
(xI1, x,?), . . . , (xnl, xn2) or location vectors x,, . . . , x,,.The n points are distinct 
in the sense that x, # x j  for i z j ,  i ,  j E I ,  = (1, . . . , n).  Let p be an arbitrary 
point in the Euclidean plane with coordinates (xl, x2) or a location vector x. 
Then the Euclidean - - - . ~  distance between p and p i  is given by d(p ,p , )  = 
Ilx - xi! = d(xl - xJ2 + (xz - x , ~ ) ~ ,  If p i  is the nearest point from p or pi  
is one of the nearest points fromp, we have the relation IIx - xill 5 Ilx - xjll 
for j f i, i, j E I,, (recall the heavy broken and dash-dot lines in Figure 2.1.1). 
In this case, p is assigned to p i .  Therefore, Definition Vl is written mathe- 
matically as follows. 

Definition V2 (a planar ordinary Voronoi diagram) Let P = (PI, .  . . ,p,,) 
c R2, where 2 < n < co and xi ?t xi for i f j ,  i, j E I,, . We call the region given by 

v ( P , ) = { x I  IIX-X~II< I IX -X~ I I  f o r j # i , j ~ ~ , , ]  (2.1.1) 

the planar ordinary Voronoi polygon associated with pi  (or the Voronoi 
polygon of pi) ,  and the set given by 

V = { V b ,  ), . . . 9 v(l, )I (2.1.2) 

the planar ordinary Voronoi diagram generated by P (or the Voronoi diagram 
of P) .  We call p i  of V ( p i )  the generator point or generator of the ith Voronoi 
polygon, and the set P = Ip,, . . . , p,) the generator set of the Voronoi diagram 
"Ir (in the literature, a generator point is sometimes referred to as a site). 

For brevity we may write V, for V ( p i ) .  Also, we may use V ( X , ~ , X , ~ )  or V(xJ 
when we want to emphasize the coordinates or location vector of the gener- 
ator point pi. In addition, we may use V(P)  when we want to explicitly 
indicate the generator set P of V .  

In Definition V2 the reader should notice that the relation in equation 
(2.1.1) is defined in terms of 5, but not <. A Voronoi polygon is hence a 
closed set. Alternatively, we may define a Voronoi polygon as 

V " ( p i ) = ( x l  llx-x,ll~llx-x~ll forj#i,jEI, ,) ,  (2.1.3) 

which is an open set. Both definitions are acceptable, but in this text we 
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Fcgure 2l.2 Degenerate Voronoi diagrams. 

define a Voronoi polygon as a closed set. When we want to emphasize this 
property, we call V(p , )  a closed Voronoi polygon, and V'(pi) an open Voronoi 
polygon. 

Since a Voronoi polygon is a closed set, it contains its boundary, which is 
denoted by W ( p , ) .  The boundary of a Voronoi polygon may consist of line 
segments, half lines or infinite lines, which we call Voronoi edges. We denote 
a Voronoi edge by e,. Note that a Voronoi diagram is sometimes defined 
by the union of Voronoi edges, i.e. U;=, W ( p i )  in place of the set 
(V(pl), . . . , V(p,)) .  Since the union of Voronoi edges may be regarded as a 
network, it is sometimes called a Voronoi network (Medvedev et al., 1988; 
Bartkowiak and Mahan, 1995). 

Noticing that = is included in the relation of equation (2.1.1), we may 
alternatively define a Voronoi edge as a line segment, a half line or an infin- 
ite line shared by two Voronoi polygons with its end points. Mathematically, 
if V(p,) n V(p j )  # 0, the set V(p,)  n V(pj) gives a Voronoi edge (which may 
degenerate into a point). We use e(pi ,p , )  for V(p,) n V(p,), which is read as 
the Voronoi edge generated by p i  and pi .  Note that e (p j ,p j )  may be empty. 
If e(pi ,pj)  is neither empty nor a point, we say that the Voronoi polygons 
V(p,) and V(pj )  are adjacent. 

An end point of a Voronoi edge is called a Voronoi vertex. Alternatively, 
a Voronoi vertex may be defined as a point shared by three or more Voronoi 
polygons. We denote a Voronoi vertex by qi. When there exists at least one 
Voronoi vertex at which four or more Voronoi edges meet in the Voronoi 
diagram 'V (the unfilled circle in Figure 2.1.2(a)), we say that 'V is degen- 
erate; otherwise, we say that 'V is non-degenerate. The Voronoi diagram in 
Figure 2.1.2(a) is degenerate and that in Figure 2.1.1 is non-degenerate. 
A degenerate Voronoi diagram often appears when generator points are 
regularly spaced, such as in Figure 2.1.2(b). In some derivations, a degen- 
erate Voronoi diagram requires special lengthy treatments which are not 
always essential. To avoid this difficulty, we shall often make the following 
assumption. 
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(a) (b) 

Figure 2.W Bounded Voronoi diagrams: (a) a disconnected boundary Voronoi region 
(the shaded region) and a non-star-shaped boundary Voronoi polygon with respect to 
its generator (the broken line segment); (b) star-shaped boundary Voronoi polygons 
with respect to their generator points. 

Assumption V1 (the non-degeneracy assumption) Every Voronoi vertex in 
a Voronoi diagram has exactly three Voronoi edges 

In Definition V1 or V2, we defined a Voronoi diagram in an unbounded 
plane. In practical applications, however, we often deal with a bounded region 
S where generator points are placed (the heavy lines in Figure 2.1.3). In this 
case we consider the set, VM, given by 

Y", = (V@* ) ns, . . ., VOD, )n sl. (2.1.4) 

We call this set a bounded Voronoi diagram or the Voronoi diagram bounded 
by S (which should be distinguished from the bounded Voronoi diagram 
defined by Wang and Schubert, 1987; see Section 3.4). If a Voronoi polygon 
V(pJ shares the boundary of S, we call the region V(p,) n S a boundary 
Voronoi polygon or region (the term 'region' is used when aS is curved or 
when V(pJ n S is not connected). 

We should note that a boundary Voronoi region may be disconnected (the 
shaded region in Figure 2.1.3(a)), and that the line segment joining a point 
in V(pi)  and pi may not be contained in V(pj) n S (the broken line segment 
in Elgure 2.1.3(a)). In practical applications, such boundary Voronoi polygons 
are often problematic, and so we have to define a more appropriate Voronoi 
diagram. We shall show such an alternative Voronoi diagram in Section 3.4. 
A bounded Voronoi diagram may be meaningful in practice if every boundary 
Voronoi region is star-shaped with respect to its generator point (Figure 
2.1.3(b); recall Figure 1.3.15). In practice, we usually treat such a well-formed 
bounded Voronoi diagram. 
As we observed in Figure 2.1.1, the ordinary Voronoi diagram consists of 

polygons. Recalling that a polygon is defined in terms of half planes (Section 
1.3), we may alternatively define a Voronoi diagram in t e r n  of half planes. 
To show this alternative definition, we consider the line perpendicularly 
bisecting the line segment pipi joining two generator points pi and pi (figure 
2.1.4). We call this line the bisector between pi and pi and denote it by 



48 DEFINITIONS AND BASIC PROPERTlES OF VORONOI DIAGRAMS 

Figure 21.4 A Voronoi polygon obtained from half planes. 

b (p,, p,). Since a point on the bisector b (p, ,  pl) is equi-distant from the gener- 
ator points y, and pj ,  b(p,,p,) is written as 

b(p,,p,)=(xl Ilx-x,ll= llx-x,ll) j#i. (2.1.5) 

The bisector divides the plane into two half planes and gives 

H @ , , p , ) = ( x l  llx-x,llS llx-xlll) j#i. (2.1.6) 

We call the region H(p , ,p , )  the dominance region of p, over p,. In Figure 
2.1.4 we indicate the dominance regions of p1 over p2, p3 and p4 by the hori- 
zontally, diagonally and vertically hatched regions, respectively. Obviously, in 
the dominance region H(p,,p,) the distance to the generator p, is shorter 
than or equal to the generator p,. In Figure 2.1.4, therefore, the distance from 
a point p in the intersection of the vertically, horizontally and diagonally 
hatched regions to the generator p, is shorter than or equal to the distance 
from p to the generator pj ,  j = 2,3,4. This relation is equivalent to equation 
(2.1.1), and hence the intersection H(p, ,p , )  n H(p, np3) n H(pl ,p , )  gives the 
Voronoi polygon associated with pl. From this example, we understand that 
the following definition is an alternative to Definition V2. 

Definition V3 (a planar ordinary Voronoi diagram defined with half planes) 
Let P = (p, ,  . . . , p,) c R2, where 2 5 n 4 33 and xi f x, for i # j ,  i, j E I , .  We call 
the region 

n H@i,pj) (2.1.7) 

the ordinary Voronoi polygon associated with pi and the set T(P) = (V(p,) ,  
. . . , V(pn)) the plumr ordinary Voronoi diagram generated by P. 

ie tn\!4 
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Figare 2.15 A stereographic view of a three-dimensional Voronoi diagram (view the 
left panel with the left eye and the right panel with the right eye at the same time, or 
use a stereographic viewer). (Source: Gen, 1983, p. 178.) 

The equivalence of Definition V3 to Definition V2 is apparent, because 

We can readily extend the above definition to the rn-dimensional Euclidean 
Ilx-xil l iIlx-xil l ifandonlyifn~H(p,,p,)  f o r j # i .  

space. 

Definition V4 (an ordinary Voronoi diagram in Wm) Let P = (p, ,  . . . ,pn ]  
c Rm, where 2 5 n < M and xi ;c x, for i # j ,  i, j E I,, . We call the region 

V(P,)= (x I lln-.r,llS llx-.r,ll forj#i, ~ E Z , , }  (2.1.8) 

= n H(P,,P,) (2.1.9) 

the m-dimensional ordinary Voronoi polyhedron associated with pi, and the 
set 'V(P) = (V(pl),  . . . , V(p,)) the m-dimensional ordinary Voronoi diugrum 
generated by P,  where H(p , ,p , )  is  given by equation (2.1.6) for p,,p, E Rm. 

Note that when Wm is understood, we may simply call T ( P )  an ordinary 
Voronoi diugrum or just a Voronoi dkgrarn, and that Voronoi polyhedra 
(polygons) are sometimes called Voronoi cells. 

For the three-dimensional Voronoi diagram, the boundaries of a Voronoi 
polyhedron consists of facets, which we call Voronoi facers. The boundaries 
of a Voronoi facet consist of line segments, half lines or infinite lines, which 
we call Voronoi edges. The boundaries of a Voronoi edge consist of points, 
which we call Voronoi vertices. Figure 2.1.5 shows a stereographic view of 
a three-dimcnsional Voronoi diagram obtained by Gen (1983) (see also 
Bowyer, 1981). In astronomy, realized Voronoi polyhedra in a three-dimen- 
sional space are sometimes called Vuronoifbarns (Icke and van der Weygaert, 
1987). In winner-take-all type neural networks, the Voronoi polyhedron V(p,) 
is called the receptive field of a neural unit i with x, being the synaptic weight 
vector of this neural unit (Martinet2 and Schulten, 1W4). 

A visual presentation of an rn-dimensional Voronoi diagram becomes diffi- 
cult when m 2 4 .  Formally, we call the boundaries of an rn-dimensional 

J C- I ,  
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Fgnre 2.1.6 A Voronoi diagram on a line. 

Voronoi polyhedron (m - l)-dimensional Voronoi faces; the boundaries of an 
(m - 1)-dimensional Voronoi face (m -2)-dimensional Voronoi faces etc.; the 
boundaries of a three-dimensional Voronoi face two-dimensional Voronoi 
faces or simply Voronoi faces; the boundaries of a two-dimensional Voronoi 
face one-dimensional Voronoi faces or Voronoi edges; the boundaries of a 
one-dimensional Voronoi face zero-dimensional Voronoi faces or Voronoi 
vertices. An (m-l)-dimensional Voronoi face is also called a Voronoi facet. 

Obviously we allow m = 1, a one-dimensional Voronoi diagram, or a 
Voronoi diagram on a line (Figure 2.1.6). In this case, a ‘one-dimensional 
Voronoi polyhedron’ is a half line or a line segment called a Voronoi line, 
and Voronoi vertices are end points of Voronoi lines. We easily notice that 
the boundary point between two adjacent Voronoi lines is the midpoint of 
the generator points of those Voronoi lines; the number of unbounded 
Voronoi lines is always two; the number of Voronoi lines adjacent to 
a Voronoi line is one or two. Because of these simple geometric properties, 
a Voronoi diagram on a line is often adopted in a simplified theoretical 
context to avoid complicated geometric arguments (for example, the orig- 
inal Hotelling model in Section 7.3). In this text we shall mainly treat a 
Voronoi diagram whose dimension is two or more. 

In the above definitions, a space is represented by a continuous plane. lhis 
representation, however, may not be acceptable in some contexts, for instance 
raster image analysis. In such an analysis a space is represented by a set 
of square cells forming a grid lattice, and a geometrical figure is represented 
in terms of these cells To be explicit, let cij = ( (x ,  y) I i 5 x 5 i + 1, j 5 y 
I j + 11, i, j = . . . , -n, . . . , -l,O, 1,. . . , n, . . . . For a set of points repre- 
senting a geometrical figure, G, we define Im(G) = (cij I cij n G # a), called 
the image of G. In terms of Im(G), we give the following definition (Dehne, 
198% Dehne et al., 1991). 

Definition V5 (a planar digitized Voronoi diagram) Let ‘V = (V(pl), . . . , 
V(pn)]  be the Voronoi diagram defined in Definitions Vl-V3. We call the set 
ImT = (Im(V(pl)), . . . , Im(V(pn))) the (planar ordinary) digitized Voronoi 
diagram of T, Im (V( pi)) a digitized Voronoi region, and Im (W( p i ) )  the border 
of a digitized Voronoi region Im(V(p,)). 

An example is shown in Figure 2.1.7. Dehne (1989) shows a computational 
method for the planar ordinary digitized Voronoi diagram. Dehne (1989) 
also shows a computational method for a planar digitized Voronoi diagram 
generated by a set of objects with convex distance functions (see Section 
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Figure 2L7 A planar ordinary digitized Voronoi diagram. 

3.7). Embrechts and Rome (1996) develop a parallel algorithm using the 
Euclidean transfonnation. Also see Adamatzky (1994, 19%). 

Alternatively we may define a Voronoi diagram by assigning ceIIs to their 
nearest cells (Melkemi and Vandorpe, 19% Watanabe and Murashima, 19%). 

Definition V6 (a planar digital Voronoi diagram) Let C = (cij, i = 1,. . . , 
nh,j = 1,. . . ,n , )  and P, = (pc,. . . . ,pw] be a subset of C, where 2 < n _ <  
n,nh < 00, and pci f pcj  for i f j ,  i, j E I,,, and d(cii, pck) denotes the Euclidean 
distance between the centre of ctj and that of pck. We call the region 

VdO,)={c,, Id(c,,,P,)<4C,,,Py) for j f i ;  

d (G,, Pci ) = d (CH, P y  )< d (% Pm ) (2.1.10) 

foricj#m, k E I n 6 ,  f G  I,,") 

the digifuf Voronoi polygon associated with pci and the set 'Y(Pc) = (V(pcl), 
. . . , V(p,)) the digitaf Voronoi diagram generated by P,. Note that the second 
condition in equation (2.1.10) means that if a cell ck! is equally distant from 
the generator cells p~ and pc,,. we assign, for convenience, the cell ck/ to the 
generator that has a smaller rudex, i.e. pci where i < j  (not both as in the 
ordinary Voronoi diagram). Toriwaki and Yokoi (1988), Schwarzkopf (1989), 
Melter and Stojmenovii: (1995), and Wataaabe and Mwashima (19%) call 
the digital Voronoi diagram the discrete Voronoi diagram. 

Recalling Definition V2, we notice that V(p,)  is alternatively written in 
terms of a function f ; :  (x) = Ilx - xi I 1  as 

V(p))=(xIfi<x>=min(f,(x)I). (2.1.11) 

Geometrically, z = f i  (x) shows the cone centred at xi in the three-dimen- 
sional space ((x,,  x2, z ) } ,  and hence z = fmin(x) = minja,, (4 (x)) shows the 
lower envelope of the n cones, z = f, (x), . . . , z = f, (x). This envelope forms 
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Fcgare 2.U A Voronoi surface (look at the left-hand figure with the right eye and 
the right-hand figure with the left eye). 

a surface, which we call the Voronoi surface of ‘V (Huttenlocher el al., 1993). 
An example is shown in Figure 2.1.8 (also see Figure 2 in Webster, 1998). 
Alternatively we may replace f .  (x) =Ilx - xi II with f .  (x) =Ilx - .rill2, and 
obtain another surface z = fmb(x). This surface is differentiable except at 
points on the boundaries q-, aV(pJ. Siersma (1998) examines the differ- 
ential topology of this surface through the Morse theory. 

2.2 DEFINITIONS OF THE DELAUNAY TESSELLATION 
(TRIANGULATION) 

In the same way that a planar graph has its dual graph, a Voronoi diagram 
has its ‘dual tessellation’, called a Delaunay tessellation. In this section we 
define a Delaunay tessellation, in particular a Delaunay triangulation. 

We consider a Voronoi diagram in the Euclidean plane, and assume that 
generator points of the Voronoi diagram are not on the same line as in Figure 
2.2.l(a). Since this assumption will be adopted often in this text, we shall 
refer to it as: 

(a) (b) 

Rgure 2.2.1 (a) Collinear generator points; (h) cocircular generator points. 



DEFWITIONS OF THE DELAIJNAY TESSELLATION 53 

(c) (4 

Figure 2.2.2 Voronoi diagrams (the broken lines) and triangulations (the solid lines): 
(a) a Delaunay triangulation; (b) a Delaunay pretriangulation; (c) a Delaunay trian- 
gulation obtained from (b); (d) another Delaunay triangulation obtained from (b). 

Assumption D1 (the non-collinearity assumption) For a given set P =  
(p l , . .  . , p a ]  of points, the points in P are not on the same line. 

Note that Elbaz and Spehner (1990) show an approximation test for col- 
linearity, which is useful in numerical computation with finite digits. 

in addition to this assumption we assume that the number of points is three 
or more but finite. Note that the non-collinearity assumption implicitly implies 
n 1 3 ,  because two points are always on the same line. Also note that this 
assumption was not made in the preceding section, but it is made here because, 
as will be shown later, without these assumptions we cannot obtain a trian- 
gulation. Also note that we can obtain a Voronoi diagram even when n = 2 
or when generator points are collinear (the broken lines in Figure 2.2.l(a)). 

Under the non-collinearity assumption and 3 I n < 00, we now show how 
to obtain a Delaunay triangulation from a Voronoi diagram (the broken lines 
in Figure 2.2.2). First we choose a Voronoi edge in a Voronoi diagram (the 
heavy broken line in Figure 2.2.2(a)). This Voronoi edge is shared by two 
Voronoi polygons. We join the generator points (the filled circles) of these 
Voronoi polygons by a line segment (the heavy solid line in Figure 2.2.2(a)). 
We carry out this line generation with respect to all Voronoi edges in the 
Voronoi diagram. As a result, we obtain a second tessellation of the convex 
hull of the generator points (the solid lines in Figure 2.2.2(a)). In Figure 


