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Foreword 

The untimel y deat h of Claud e Bloch leaves us with an unfinishe d but significan t 
work , composed of publishe d articles , interna l report s as well as lecture s delivere d at 
variou s institute s or  schools, which ar e sometime s in unedite d form . 

The dept h of insight , the clarit y of ideas , the complet e master y of the tools of 
mathematic s which Claud e Bloch possessed to a rar e degre e permitte d him to gras p 
directl y the essentia l issues and to stat e the result s of his researc h in a fashion at once 
simple, elegant and rigorous . These qualitie s appea r  as much in his origina l article s as 
in the notes of the course s which he had taught . Man y of these notes also show an 
unusua l approac h presente d in a clear  and concise style greatl y appreciate d by all 
those who had access to them . It seemed to us tha t to gathe r  the work s of Claud e 
Bloch into book form for  the benefit of the scientific communit y would both brin g 
into focus his main lines of though t and insur e for  this work the recognitio n tha t it 
deserves . 

In orde r  to keep this book within reasonabl e bounds , we have left aside a few minor 
or  redundan t writings . An exhaustiv e bibliograph y of Claud e Bloch' s work s is. listed 
in the biographica l articl e which opens this volume. The include d work s follow the 
chronologica l order . Rathe r  tha n tryin g to regrou p the publication s by subjec t 
matter , we have preferre d to keep the orde r  in which they were conceived , to rende r 
mor e apparen t the developmen t of Claud e Bloch' s thoughts . In this way a common 
threa d often shows throug h the article s on nuclea r  physics , on statistica l mechanics , 
on black box theorie s or  rando m ensembles , and any attemp t to separat e them into 
distinc t categorie s seemed to us artificial . For  the convenienc e of the reade r  and in 
orde r  to guide him if he is especially intereste d in a particula r  subject , this tabl e of 
content s is followed with classificatio n by subject s and a list of lectur e notes and 
monographs . 

We ar e gratefu l to the Commissaria t ä l'Energi e Atomiqu e and to the Firs t 
Europea n Nuclear  Conferenc e of Aix-en-Provence , dedicate d to the memor y of 
Claud e Bloch, 1972, for  their  suppor t which rendere d possible thi s publication . 

We wish to than k Mrs . M. Porneu f and her  staff for  their  collaboratio n in preparin g 
the materia l for  this book . 

Saclay, November  15, 1973 

R. Balian , C. De Dominicis , V. Gillet , A. Messiah 
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Preface 

La mort prematuree de Claude Bloch nous laisse une oeuvre inachevee mais con-
siderable, faite d'articles publies, de notes restoes ä l'otat de rapports internes, ainsi 
que de cours professes dans divers Instituts ou ecoles et parfois inidits. 

La profondeur de vues, la clarte d'idies, la maitrise complete des outils math£-
matiques que possedait, ä un degre rare, Claude Bloch, lui permettaient d'aller droit ä 
l'essentiel et de donner aux resultats de ses recherches un aspect ä la fois simple, 
dopouillo et rigoureux qui apparait tant dans ses articles originaux que dans les notes 
des cours qu'il a professes. Nombre de ces notes contiennent d'ailleurs une approche 
inhabituelle, couchee dans un style clair et concis, largement apprecie de tous ceux qui 
y ont eu acces. II nous est apparu que rassembler au benefice de la communaute 
scientifique les travaux de Claude Bloch en un livre, c'otait ä la fois en eclairer les 
lignes directrices et assurer ä cette oeuvre le rayonnement qu'elle merite. 

Afin de conserver ä cet ouvrage des dimensions raisonnables, nous avons ete 
amenos ä renoncer ä certains textes mineurs ou redondants. La liste complete des 
travaux de Claude Bloch se trouve dans la notice biographique qui ouvre ce volume. 
La Präsentation des oeuvres retenues suit l'ordre chronologique. Plutot que d'essayer 
de classer les publications par grands sujets, nous avons prefere conserver l'ordre dans 
lequel elles ont ete ecrites pour mieux faire apparaitre le developpement de la pensee. 
C'est ainsi qu'une trame commune transparait souvent dans des articles relevant de 
la physique nucleaire, de la mecanique statistique, des theories de boites noires ou 
d'ensembles aleatoires, et toute tentative de les soparer en categories distinctes nous 
a semble artificielle. Pour la commodite du lecteur, et pour le guider s'il est plus 
particulierement interesse par un domaine determine, nous faisons suivre cette table 
des matieres d'une classification par sujets ainsi que d'une liste des cours et mono-
graphies. 

Nous sommes reconnaissants au Commissariat ä l'Energie Atomique, ainsi qu'a 
la Premiere Conference Europeenne de Physique Nucleaire d'Aix-en-Provence, 
1972, dedieeä la memoire de Claude Bloch, pour leur aide ä la publication de cet 
ouvrage. 

Nous remercions Mme M. Porneuf et son groupe de documentation qui en ont 
assuro la priparation matirielle. 

Fait ä Saclay, le 15 novembre 1973 

R. Balian, C. De Dominicis, V. Gillet, A. Messiah 
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CLAUDE BLOCH 
18 Marc h 1923 — 29 December  1971 

Born in Paris, Claude Bloch was admitted to the Ecole Polytechnique in 1942, 
graduated first in his class, and entered the Corps des Mines in 1946. Instead of pur-
suing the career opened to him in the French administration, his devotion for science 
led him to choose his path in fundamental research. 

After the war, physics in France was deeply disorganized and research was dormant. 
Claude Bloch fought against these difficult conditions. Through self-teaching and 
mutual training with a group of his contemporaries (including A. Abragam, J. Horo-
witz and A. Messiah), he succeeded in acquiring a deep knowledge of the foundations 
of modern physics. He pursued his studies at the Bohr Institute in Copenhagen 
(1948-1951), where he learned field theory and worked on problems of non-local 
fields 1 - 3 ) . Soon his interest focussed on nuclear physics and during his stay at the 
California Institute of Technology he made his first contribution to statistical nuclear 
physics 4* 6). 

On his return to France, he entered the Commissariat k l'Energie Atomique, where 
he remained throughout his career. He began to lecture at Saclay on topics of theo-
retical physics and his illuminating lectures had a major influence on the postwar 
renaissance of French physics. He soon took charge of the theoretical department at 
Saclay, which he led and developed, drawing to it physicists from many nations and 
disciplines. Through a spirit of friendly criticism he instilled the group with his own 
high standards. Much of its present productivity and renown can be traced to his 
inspiring effort. Throughout the period in which he led this group, he continued to 
amass, without interruption, a truly impressive collection of scientific works encom-
passing nuclear physics, the many-body problem, and statistical physics. 

As early as 1953, Claude Bloch became interested in nuclear statistical physics 
through the problem of nuclear level densities 4> 6). Using an approach of Bethe based 
on the evaluation of the grand partition function, he replaced the estimates obtained 
from a continuum of single-particle levels by more realistic expressions which took 
shell structure into account. In this manner he obtained a good fit with experimental 
data on the level density and moment of inertia of 20Ne. As can be seen from this 
later work, he always kept a fondness for statistical attacks of the nuclear problem 
[refs. 9 . 4 9 ~ 5 3 ) ] . in 1957, for example, he explained the Lorentzian shape of the 
strength function near a single-particle resonance by treating as random variables the 

1 

November  1972 

IX 



2 CLAUDE BLOCH 

matrix elements of the residual interaction between the particle and the target 15). 
In 1953 Claude Bloch first gave his course on nuclear reactions 5). In teaching it, 

he was led to restate the various theories and formalisms of this field in a newer and 
clearer way which contributed to an improved understanding of topics like the optical-
model and direct-reaction theories. His outstanding work of that period 14) is the 
unified presentation of the formal reaction theories of Kapur and Peierls, Wigner and 
Eisenbud, and Brown and De Dominicis. Their formalisms, which impose boundary 
conditions in each channel at a finite radius, had rather lengthy presentations, which 
required successive inversions of various matrices in order to yield the scattering 
amplitude. The original idea of Claude Bloch was the introduction of an operator, 
now referred to as Bloch's operator, which is the sum of the Hamiltonian of the sys-
tem and of a boundary operator. The latter is defined on the surface separating the 
internal region from the external one. By inverting Bloch's operator, one obtains in 
a single step the general formal expression of the S-matrix in terms of the parameters 
of the various reaction theories characterized by the choice of the boundary operator. 
Thus all the results of the different black box theories are obtained in a unique and 
simple framework. Furthermore, if H is divided into a model Hamiltonian H0 and 
a residual interaction K, the formal expression of the scattering matrix can be devel-
oped into powers of V, and yields a method for computing direct reactions in the 
framework of the resonance theories. For example from his expression Claude Bloch 
showed how to derive a microscopic expression for the imaginary part of the optical 
potential. The unified theory of nuclear reactions of Claude Bloch is nowadays the 
standard presentation of the formal nuclear reaction theories and is adopted in text-
books, lectures and papers by many authors. 

At the same time Claude Bloch was completing his work on resonance theory, he 
began to think about a microscopic theory of nuclear structure. His attention was 
drawn by the recent publications of Goldstone and Brueckner. After Brueckner's 
first calculations on nuclear matter, Goldstone had established diagrammatic pertur-
bation expansions for the ground-state energy and wave function of non-degenerate 
systems. Using this thorough knowledge of field-theory techniques, Claude Bloch then 
started a pioneering work in the field of the many-body problem which he pursued 
for several years. He made his first important contribution to the many-body problem 
by finding a very simple and elegant derivation of Goldstone's expansion 1 7 ' 2 0 ) . 

An essential feature of this expansion, which is a diagrammatic form of Rayleigh-
Schrödinger's perturbation theory, is the fact that its successive terms are propor-
tional to the volume of the system, so that it is well adapted to the study of large sys-
tems. However, it applies neither to excited states, nor to degenerate cases, and is thus 
useless for finite nuclei. Claude Bloch had just studied perturbation theory for degen-
erate levels * 9), which he had restated in a rapidly convergent form, anticipating the 
now popular Pade approximant method. He noticed that the implicit Brillouin-
Wigner type of expansions used in this case had advantages and drawbacks relative 
to Goldstone's, and, together with J. Horowitz, he worked out a synthesis of the two 
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approaches: the bulk of the nucleus, corresponding to the inner shells, was to be 
treated by an explicit Rayleigh-Schrödinger perturbation theory, whereas the few 
nucleons of the last shell were to be described by an implicit equation of the Brillouin-
Wigner type. This formalism 21) may be considered as the foundation of most nuclear 
structure calculations performed since. 

While the techniques of field theory became applicable to the ground state of large 
systems, perturbation theory remained impracticable and even obscure at non-zero 
temperature, in spite of an attempt by Matsubara. Claude Bloch contributed greatly 
to working out such an extension. He established with C. de Dominicis new expan-
sions for the Gibbs potential 16> 22-24-  ̂ which are now well known, and uses as a 
starting point for many studies in solid-state physics and in statistical mechanics. 
The idea consists in showing that independent particle density matrices play in statis-
tical mechanics exactly the same role as the vacuum in field theory, and in particular 
that averages of products of operators may be calculated in the same way as by Wick's 
theorem. 

This elaboration of a microscopic formalism for dealing with large interacting 
quantum systems had a major influence on the renewed interest in statistical mechanics 
over the past ten years. Several applications were soon worked out by Claude Bloch. 
He was the first to explain why the reaction matrix appearing in nuclear matter cal-
culations is related to the tangent of the phase shift, and not to the phase shift itself, 
although the latter appears in Bethe and Uhlenbeck's evaluation of the second virial 
coefficient in statistical mechanics 16·24). At the time this point was quite obscure. 
He then explored systematically the various possible resummations of the diagram-
matic perturbation expansions at finite temperature. In a classical review article 38), 
he showed that the application to the diagrams of the topological theorem of Euler-
Poincare resulted in variational properties of the resummed expressions. Another 
important application was the extension to quantum systems of the virial expansion 
established 30 years before by Yvon and Mayer in classical statistical mechanics 31·32). 

In 1963, Claude Bloch returned to the theory of nuclear reactions, with the aim of 
casting it into the framework of the microscopic theory of nuclear structure to which 
he had contributed so much. Starting from the 1931 work of U. Fano on the scattering 
of electrons by atoms, he gave with V. Gillet 41) the first simple derivation of the scat-
tering amplitudes from the configuration mixing of several continua each limited to 
one unbound particle. He showed 42) the feasibility of practical calculations based on 
the discretization of the energy spectrum of unbound shell-model states. In his lec-
tures at Varenna in 1965 [ref. 4 5)] , he used this microscopic framework to discuss 
nuclear resonances and the nature of intermediate structures in nuclear spectra. He 
related their characteristics to those of the underlying quasi-bound states, thus ex-
tending the shell-model concepts high into the continuum. Resonances were classified 
into a hierarchy of states of increasing density and decreasing widths governed by the 
number and the complexity of the quasi-bound states which could be constructed 
within the shell model. These ideas and the discretization method gave birth to many 
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development s and they have been applie d with success in actua l calculation s to ex-
plain , for  example , the fine structur e of giant resonances , the cross sections for  photo -
nuclea r  reaction s and for  inelasti c single-particl e scattering . 

Quit e naturall y the problem s of intermediat e structure s brough t Claud e Bloch to 
consider  the question s raise d by the analysi s of experimenta l dat a at intermediat e 
energies . At tha t time much interes t in the cross-sectio n fluctuations  had been stirre d 
up by T. Ericson' s work on their  statistica l aspects . On his par t Claud e Bloch was 
looking for  a rigorou s metho d of analysin g the dat a so as to separat e the simple 
intermediat e structures , which carr y the relevan t nuclea r  information , from the statis -
tical backgroun d or  nuclea r  noise which modulate s them . He solved this proble m 
elegantl y 50»51) by introducin g in the phenomenologica l analysi s of the dat a the 
concept s of informatio n theory . His metho d still remain s the only correc t one for 
extractin g the position s and width s of the intermediat e structure s containe d in fluc-
tuatin g cross sections . 

Two year s ago, Claud e Bloch becam e intereste d in the theor y of nuclea r  fission. 
Highly deforme d fissioning  nuclei ar e commonl y describe d by a crud e model of in-
dependen t nucleon s in a potentia l well, and the determinatio n of the fission param -
eter s relies on the evaluatio n of the energ y levels of this well as a functio n of the de-
formation . The existing calculation s showed unexpecte d shell effects for  non-spherica l 
nuclei , and it was a challeng e to find  an explanatio n for  them . Claud e Bloch was thu s 
led to study , togethe r  with R. Balian , the distributio n of single-particl e levels for 
potential s of arbitrar y shape , and in particula r  the densit y of eigenmode s in a cavity , 
in term s of the shap e of its boundary . This proble m extend s in fact far  beyond the 
domai n of nuclea r  physics ; for  instanc e to acoustics , to electromagneti c modes in 
conductin g cavities , and to the electron s or  phonon s of a small metalli c grain . The 
metho d uses a semi-classica l type of approximatio n for  the Gree n function , from 
which the level densit y is readil y derived . Althoug h this work was not completed , it 
led to severa l importan t result s 5 4 , 5 6 , 5 9 , 6 2 ) . On the one hand , the smooth par t of 
the densit y of eigenmode s was evaluate d as an asymptoti c expansion , the dominan t 
ter m of which , proportiona l to the volume, had been found by H. Weyl at the begin-
ning of the century . The succeedin g term s correspon d in nuclea r  physics to surfac e 
and curvatur e correction s in the Weizsäcke r  mass formula ; in electromagnetism , 
they yield size correction s to Planck' s formul a for  small black bodies . On the other 
hand , a mor e detaile d stud y exhibite d regularl y oscillatin g term s in the densit y of 
eigenvalues . Such oscillation s were shown to be relate d to the closed trajectorie s of 
the classical proble m associate d with the wave equation . Remarkabl y these densit y 
oscillation s exist for  any potentia l shape , so tha t the modes ar e never  distribute d at 
rando m even when they ar e dense . This phenomeno n explain s why shell effects were 
observe d in the computatio n of single-particl e levels for  highly deforme d nuclei , a 
fact which in tur n is at the origin of the doubl e hum p in the fission barrier . Like his 
previou s works , this last contributio n of Claud e Bloch to physics present s a simple 

XII 
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and elegant method, giving a clear explanation of a physical phenomenon and allow-
ing new practical calculations. 

Claude Bloch leaves many scientific writings, remarkable for their depth, elegance 
and clarity. Endowed with a profound knowledge of mathematics and a discerning 
critical ability, he moved freely from one field to another, discarding the inessential 
in order to gain a deeper understanding of physical reality. Although he was a theo-
retician, he did not disdain technical problems. On occasion he turned his hand to 
accelerator design 7 '12) and nuclear power. 

Along with his own scientific work, Claude Bloch devoted a large part of his activity 
to the development of fundamental research. His lectures at Saclay, presenting ideas 
often far in advance on his time, shaped an entire generation of young physicists. 
But, above all, as head of the Department of Theoretical Physics at Saclay, he assem-
bled a group of theorists, drawn from the Commissariat ä l'Energie Atomique, the 
Centre National de la Recherche Scientifique and foreign laboratories, whose re-
searches span the entire field of physics. The innumerable contributions of this group 
are a result of Claude Bloch's scientific policy: avoid a narrow specialization, submit 
all work to constant professional criticism, and maintain communications among 
French and foreign laboratories, through personal contacts, seminars, schools, and 
conferences. In a spirit of friendly competition between laboratories research will 
flourish. His influence extended far beyond the limits of his group. He was constantly 
preoccupied with the progress of fundamental research in France, research whose 
importance he understood and for whose defence he was always prepared to take the 
initiative. 

One year before he died, his responsibilities were increased to include the direction 
of the entire physics research program of the CEA. In this new task as in the pre-
vious ones, he manifested those qualities of judgement, authority and decision which 
demonstrated that he knew how to be not only a scientist but a man of action. 

All those who knew him closely appreciated his warm sensitivity, often sheltered 
beneath a certain reserve and apparent coldness. His modesty drove him to discredit 
the external marks of success, and he frequently expressed this disdain with biting 
irony. But there was never a young physicist eager to do research who was not the 
object of his patience, benevolence and help. His loss is deeply felt by all his colleagues, 
who will keep alive the memory of a cultivated companion, a humanist devoted to 
progress and a friend who was always there. 

List of Publication s 
1) Variationa l principl e and conservatio n equation s in non-loca l field theory , Mat . Fys. Medd . 

Dan. Vid. Selsk. 26 (1950) no. 1 
2) On some development s in non-loca l field theory , Progr . Theor . Phys. 5 (1950) 606 
3) On field theorie s with non-localize d interaction , Mat . Fys. Medd . Dan. Vid. Selsk. 27 (1952) no. 8 
4) On the theor y of nuclea r  level density , in Proc . Int . Conf. on theoretica l physics, Kyoto and 
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Summary. 

Arelativistic field theory with non-localized interaction is in-
vestigated. The field equations are deduced by the variational 

principle from a Lagrange function containing an interaction 
term involving a form function. The essential departure from 
conventional field theory is the lack of causality, or, in other 
words, the lack of propagation character of the field equations. 
It is shown, however, that under certain conditions which must 
be satisfied by the form function this property remains limited 
to small domains. Similarly there are no continuity equations, 
but conservation laws hold in the large. The quantization is per-
formed according to an extension of the scheme developed by 
YANG and FELDMAN making use of the concept of incoming and 
outgoing fields. It is shown that this procedure is always con-
sistent with the field equations. Assuming that the field equations 
can be solved by means of power series expansions it is possible 
to give rules generalizing Feynman's rules giving all the terms of 
the expansion of an outgoing operator in terms of the incoming 
operators. E\ery term is associated with a doubled graph. An 
investigation is made of the convergence of the integrals obtained in 
this way. It is shown that many terms converge automatically as 
soon as the Fourier transform of the form function is supposed 
to fall off rapidly at large momenta. Some divergences remain 
in the higher order terms. They can, however, be removed by 
assuming that the Fourier transform of the form function has 
only time-like components. It is finally shown that the gauge in-
variance requires the addition of a new interaction term in the 
Lagrange function, corresponding to a sort of exchange current. 

l* 
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1. Introduction . 

It has been shown by PEIERLS and MACMANUS(1) that it is 
possible to introduce a smearing function in a field theory in a 
Lorentz-invariant way. YUKA\VA(2), on the other hand, has pro-
posed a theory invoking non-local fields, which, as will be shown 
later, is equivalent to an ordinary field theory with an interaction 
containing a form function, if one takes a variation principle as 
a starting point(3). These theories cannot be put into a Hamil-
tonian form and, consequently, have met with some difficulty 
in quantization. Recently, however, a new treatment of conven-
tional field theory was developed by YANG and FELDMAN(4) and 
by KALLEN(O), which can immediately be applied to field theories 
involving smearing functions*6' ' \ It has therefore become pos-
sible to build a complete Lorentz-invariant quantized field theory 
with a non-localized interaction, and it may be worth while to 
investigate the consistency of such a scheme, and the convergence 
of the results it yields. 

If we take, for simplicity, the example of a nucleon field inter-
acting with a neutral scalar meson field, the scalar non-localized 
interaction term reads*** 

Lt =  g\dx,dx"dx'"F(x') x", χ'") ψ+ ( χ ' ) ii (,r") ψ ( * ' " ) , (1,1) 

where the form function F must be Lorentz invariant and such 
that contributions to L{ come only from the volume elements for 
which the three points x\ .r", x" are Aery near each other. By 
points near each other is meant points whose coordinates differ 
by amounts of the order of a characteristic length λ. The inter-
action (1,1) is Hermitian if the form function satisfies the condi-

(*) In this formula x stands for x1, x2, x3, x4 = t, and rfx for dx1dx2dx3dxi. 
We shall use units such that h = c =  1. We shall write ab for the scalar product 
Σα b', where a, = a' for ί = 1, 2, 3, and a4 = —a4. The metric tensor g,lv is 
defined by gf(V =  0 if μ Φ ν, 9μμ =  1, if // = 1, 2, 3, and gAi = — 1. 

4



Nr. 8 5 

tion F(x'", x", x) =  F- (χ', x" f x"). The introduction of a form 
function in Lt corresponds to a kind of interaction which has no 
propagation character, and it is important that such effects should 
remain limited to small domains. Because of its Lorentz invariance 
F will remain finite for arbitrarily large distances of the points 
x , x"', χ'" as long as they remain near the light cones of one 
another. Under certain conditions, however, compensations can 
occur in the neighborhood of the light cones in such a way that 
the corresponding volume elements do not contribute appreciably 
to the integral (1,1)(1). A quantitative study of this effect will 
be made in section 2, and the conditions which F must satisfy 
will be established. 

It may be of some interest to show that YUKAWA'S non-local 
field theory leads to an interaction of the form (1,1) with a 
particular form function F. We may take, for instance, a non-
local field U interacting with a conventional field ψ. The field U 
is a function of two points x and x" in space-time(2), and the 
field equations can be deduced from a variation principle in-
volving the interaction term 

L{ =  g[dx'dx"'y>+ (x')(x'\u\x")y>(x'"). (1,2) 

The field U can be represented by the Fourier integral 

(x'\u\ x'") =  \ dk a (k) eikX δ (AT) δ (r2- λ2), 

where X =  (1/2) (.τ' + x") and /· = x — x". If we associate 
with the field U the local field 

u(x") - \dka(k)eikx", 

we can write (1,2) in the form of (1,1) with 

F(x'f x", x"') =  (2n)-4[dkeik(X-x,,) δ (kr) δ (r* - λ*). 

Detailed investigation of this form function, however, shows that 
it does not yield convergent self-energies(8). 

The non-localized interaction is also connected with the field 
theories involving higher order equations considered by several 
authors and systematically investigated by PAIS and UHLEN-
BECK(9). The general type of these equations is 
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/ " (D)u(x) = ρ ( χ ) , (1,3) 

where ρ(χ) is the source of the field. If / i s an analytical function 
it can be factorized and each factor corresponds to a possible 
mass of the particles described by the field u. Theories with more 
than one mass, however, should be rejected because they intro-
duce negative energies. The only acceptable equations (1,3) are 
then of the form 

e ' ( G >(D—/n 2 )ü(x) = ρ ( χ ) . (1,4) 

The differential operator e^(G) has an inverse and we can write 
(1,4) in the equivalent form 

(D — in*)u(x) =  e~no)g(x) =  \dx'G(X — X')Q(X')9 (1,5) 

where 

G(x) =  (2 π)~4 jj dk e- / (- f c 2 ) eikx. (1,6) 

This is the equation which would be obtained with the inter-
action (1,1) and a form function F =  G(x" — χ') δ (χ' — x"). 
The possibility of transforming an equation such as (1,3) into 
an equation of the form (1,5) shows that one has to eliminate 
certain types of form functions corresponding to the introduction 
of particles with different masses and negative energy. If the 
Fourier transform of G has poles, G can be written 

G(x) =  ( 2 w ) - 4 J d f r e f t e
f l r ( - A i ) / 7 J i ( A , + in?), (1,7) 

and the equation (1,5) is equivalent to the multi-mass equation 

7 T ( - D + m ? ) ( D - m « ) u ( i r ) = g(D)e(x). 
i 

The function (1,7), however, behaves for large x like |x2 |~3/* as 
does every propagation function (the flux of the square of the 
function through a given solid angle is independent of the dis-
tance). The occurrence of additional masses will then be avoided 
if it is specified that the form functions should fall off for large 
x faster than propagation functions. 

The field equations are deducechfrom the Lagrange function 
by the variation principle. Because of the introduction of a form 
function in the interaction the field equations are not ordinary 
differential equations, and the values of the field functions at 
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/ + dt are not simply defined in terms of the values at t. Con-
sequently, the conservation equations do not hold in their differen-
tial form. It will be shown, however, that conservation laws hold 
in the large, in the sense that energy, momentum, angular momen-
tum and electric charge at a time t, before any collision has taken 
place, are equal to the corresponding quantities after collision. 

The quantization can be performed by postulating that the 

a 

b 
Fig. 1. 

asymptotic values of the fields for / = — GO and / = + oo (called 
the incoming and the outgoing fields) satisfy the usual commuta-
tion relations of the free fields. It must then be shown that these 
commutation relations are consistent with the field equations. 
This can be done by using the fact that the constants of collision: 
energy, momentum, etc. . . . define the infinitesimal canonical 
transformations corresponding to the infinitesimal translations 
etc. . . . The S-matrix is then defined as the matrix which trans-
forms the incoming fields into the outgoing fields. 

Any outgoing operator can in principle be computed from the 
field equations as a power series of the incoming operators. The 
calculations are simplified by a set of rules similar to FEYNMAN'S 
rules for electrodynamics*10). These rules are used for an in-
vestigation of the convergence of the self-energies to all orders. 
The way in which convergence results from the introduction of 
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a form function in the interaction can easily be seen on the second 
order self-energy. The graph corresponding to the conventional 
field theory is represented on Fig. 1 a. To the lines going from 
Xx to x2 correspond functions of xx — x2 which are singular on 
the light cone, and a divergence arises from the fact that the self-
energy integral involves a product of two functions becoming 
singular at the same points. The small circles on Fig. 1 b cor-
respond to the introduction of form functions F (χ', x", χ'"), 
and it is seen that the divergence will disappear if F is a smooth 
function of x — x" and x" — x". A rigorous treatment requires 
the use of the energy-momentum space. However, it can already 
be seen that the convergence of the self-energies of both types of 
particles requires that F b e a smooth function of all three variables. 

There is then a little difficulty when the interactions writh the 
electromagnetic field are taken into account since the interaction 
term (1,1) is not gauge invariant. It will be shown, however, 
that a supplementary interaction term can be added to (1,1) in 
such a way that the sum is gauge invariant. This term describes 
the current due to the jumping of the charge between the points 
.r" ' and x'yi x"' and x'9. 

2. Th e for m functions . 

In this section we shall investigate under which conditions 
the non-localizability of the interaction is limited to dimensions 
of the order of a given length λ. We consider first a simple case: 

A. Functions of two points^. In the conventional theory 
with a localized interaction the function F is a product of two 
four-dimensional Dirac functions: F {x , χ", χ'") = δ {x — x ") 
δ (χ" — x"). As a first generalization we shall assume that 
F contains only one four-dimensional Dirac function: F = 
6{a'x + a"x" + a'"x'")G, where the scalar constants a', a" y a" 
satisfy the relation a + a" + a" =  0. The factor G can be ex-
pressed as a function of two points only, x and x"', for instance, 
if a" =t 0. The invariance under translations and Lorentz 
transformations requires that G should be a function of s = 
Or'  - x'Y*\ 

(*) For s <_ 0 th e functio n G can also tak e two differen t value s for  th e sam e 
valu e of s dependin g on whethe r x\ — x  ̂ is positiv e or  negative . We shal l come 
back to thi s later . 
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We shal l now investigat e unde r  which condition s th e for m 
facto r  become s ver y smal l as soon as x' an d x" ar e not ver y 
nea r  one another . Mor e precisely , considerin g th e integra l 

I = ^dx'G(s)f(x')t (2,1) 

wher e f(x') is an arbitrar y smoot h function , it shoul d depen d 
only on th e value s of f(x') for x' ver y nea r  x" . A first conditio n 
to be fulfilled is tha t G(s) shoul d fall off ver y rapidl y as | s | be-
comes muc h large r  tha n λ2. Thi s condition , however , is not suf-
ficient as G(s) remain s finite for x' nea r  th e light cone of x". 
Thus , th e contributio n to /comin g fro m th e volum e element s which 
ar e far  from x", bu t nea r  th e light cone of x" , require s a specia l 
investigation . 

It is convenien t to introduc e th e poin t x0 of th e light cone of 
x" which is nea r x an d ha s th e sam e thre e first coordinates . We 
call a th e three-dimensiona l lengt h of x' — x" or x0 — x". We 
hav e x 4 — x" 4 = εα, wher e ε is + 1 or — 1 dependin g on whethe r 
x* — x" 4 is positiv e or  negative . Th e distanc e of x' to th e light 
cone is convenientl y define d by ξ = e (x4 — x' 4). Th e relatio n 
betwee n s an d ξ is 

s = 2αξ-ξ*. (2,2) 

It shows tha t for  larg e a a smal l variatio n of ξ correspond s to a 
larg e variatio n of s. As G is ver y smal l for  larg e value s of | s | , it 
follows tha t for  larg e a we can expan d th e functio n f in power s 
of ξ aroun d th e light cone an d exten d th e integratio n with respec t 
to x' 4 or ξ fro m — oo to + oo . 

As we ar e intereste d in order s of magnitud e only we shal l 
omit all numerica l coefficients . Th e Taylo r  expansio n of f aroun d 
the light cone read s 

f(x') = f(Xo,xt-££) = Ztkfok> 

wher e f* = (d/dx' 4)* f(xf) take n at th e poin t x'  = x0. Finally , 
we replac e th e variabl e of integratio n x' 4 by s. We hav e 

</x'4 = <fc /2(a-£ ) ^  ( i / S / a ) ^ ( f / a ) m , 

an d fro m (2,2) we deduc e 

9



10 Nr. 8 

ξ =  a — ia^ — s)'1' Ä (s/a)^(.sla2T-

Using all the preceding expansions the contribution to / of the 
neighborhood of the light cone of x" can be written 

[ dx' G(s)f(x')  ̂ \dx'ds^^k+mG (*) f*/am + x Ä 

[dx'dsZ(sla)k+ m(slarG(s)f^am + 1^\dx'ZMm + kf0
k/a 

t/ 0 * 0 

where the Mn are the * 'moments ' ' of the function G defined by 

Mn =  \dssnG(s). 

^ m + fc+l 
(2,3 ) 

The formula (2,3) shows how the contributions to / coming from 
the neighborhood of the light cone of x" decrease with increasing 
distance a. Namely, if 

A/0 - Μτ =  M2 = · · · = Mp_t =  0, Mp φ 0, (2,4) 

the contributions decrease as ( l / a ) p + 1 . As the volume element dx' 
is proprotional to a2da, it is seen that the integral / extended to 
the whole space-time is convergent for any bounded function f 
with bounded derivatives if p ^ 3 . The integral $ dx'G(s) is 
convergent for p ^ 2 . 

It should be noted that integrals such as / are usually not 
absolutely convergent. The convergence is due to cancellations 
arising within the volume elements which are near the light cone 
of x". In calculating such integrals, one must always use a method 
allowing these cancellations to take place. For instance, one can 
start by restricting the domain of integration to a finite part of 
space-time enclosed within a closed surface Σ, and then let Σ go 
to infinity. It is easily seen that the cancellations which make the 
integral / convergent will take place if the angle under which Σ 
cuts the light cone tends nowhere to zero. The possibility of 
defining in a Lorentz invariant way an integral which is not 
absolutely convergent clearly comes from the fact that the can-
cellations making the integral convergent take place within layers 
along the light cone which become infinitely narrow at infinity. 

If for s ^ 0 the form function takes different values depending 
on the sign of .r4, it is convenient to write G a s a sum of an even 
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function G+ which is invariant under the substitution x->—x, 
and of an odd function G_ which changes sign under the same sub-
stitution. It follows from the relativistic invariance that G_ must 
vanish for s > 0. It is easily seen that the functions G+ and G_ 
must satisfy the conditions (2,4) independently. 

For many calculations it is more appropriate to represent G 
by a Fourier integral 

*dkeikxg(k), (2,5) G(x) = J 
where g(k) is a function of the argument q = k2, and can be 
represented by a sum of an even function g+ and an odd func-
tion g_. The Fourier transformation (2,5) gives then G+ in terms 
of g+, and G_ in terms of g_. We shall now investigate which 
conditions must be satisfied by g+ and g_ in order that the cor-
responding G should be an acceptable form function. This re-
quires a closer investigation of the correspondence between G 
and g given by (2,5). 

The integration in (2,5) with respect to the angular orientation 
of k yields 

G(x) =  4—[]dlCfk^Smlae-ik4xtg(k) 

4 π 9 f+*f+" 4· 7T a i·" 1" ^  i»" 1-00 

- — £- \ dl \ dk* Cos lae-^'g (k) 

» + oo Λ + Χ 
— -^[dlidtfeW'-Wgik), 
a 9 a L e L e 

where a =  \x\, and | /1 = | k | . Introducing now the decomposi-
tion of G and g into even and odd parts we get 

— oc 

+ oc 

G_(«) = - — g^^dldk^^-^hik^g^q), 

where s =  x2, q =  k2, and ε(&4) = A'4/1 /c41. It should be noted 
that the precise definition of G_(s) is 

G_(x) = G_(s) if x* >  0, G_(x) =  — G_(s) if x4 < 0. 

5



12 Nr . 8 

A simila r  definitio n hold s for g_(q). Replacin g the variable s of 
integratio n / an d kA by 

a = / 2 _ ( F ) 2 , an d « = ^—^ d if a φ x4 , 

or a = —;—. if a = x4, a + x4 

we get afte r  some simpl e manipulation s 

GO 

+ oo 

G ( s ) = _^JJ^e(«/2)(«. +«/«) f f_ ( g ) . 
QC 

1 d d , 
As - -̂ - = 2 ^  , we can also writ e 

α^α os 

G+(s) = -miidadqeicdeVI2""·**'") g+(q), 

■—co 

+ 00 

G_(s) = -/^(Uad 9e(i/2)(as+9 /ß)
t9 _(9)(*). 

(2,6 ) 

Th e formula s (2,6) ma y be interprete d in th e following manner . 
G  is obtaine d fro m g by thre e successive transformations : 

a) th e Fourie r  transformatio n 

V(ß) = \dqe^ß"g(q), 
b) th e transformatio n 

ψ+(«) = ε(α)<ρ+(1/α)9 or  γ>_(α) = 9?_(1/«) , 

c) th e Fourie r  transformatio n 

J  —o o 

(*) In thi s formul a g_(q) = 0 for q > 0. It follows the n from Cauchy' s theore m 
applie d to th e integratio n with respec t to « tha t G_(s) = 0 for s > 0. 
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Nr . 8 13 

We shal l use thi s decompositio n to find  th e propertie s of g suf-
ficient  tha t G define d by (2,5) shal l be an acceptabl e for m func -
tion . 

Th e condition s which mus t be satisfie d by G are : 

1) to be continuous ; 
2) to go to zero as | s | -> oo , for  instanc e as (l/s)k; 

3) \dss n G(s ) = 0, for n = 0, 1, . . ., p — 1. 
(2,7 ) 

As regard s th e conditio n 2), one migh t requir e tha t G(s) shoul d 
ten d to zero muc h faste r  tha n we assum e here , exponentiall y for 
instance . It seems, however , natura l to requir e only tha t G be-
have s for  larg e s in such a way tha t its integra l over  th e whole 
space-tim e is convergent . Th e conditio n 2) with A"  > 3 is the n 
sufficient . Th e convergenc e of th e moment s involved in th e con-
ditio n 3) require s in fact A > p + 1(*\ Th e conditio n assume d 
her e seems natura l in view of th e fact tha t th e contributio n to th e 
integra l (2,1) comin g fro m th e neighborhoo d of th e light cone 
never  decrease s faste r  tha n an invers e power  of th e distance . 

Sufficien t condition s for ψ(α) correspondin g to (2,7) ar e tha t 
ψ mus t hav e A continuou s derivative s such tha t 

1) ida\y)(a)\<°c; 
·- OC 

2) C da | yW («) I < °° > for n= 1, 2, . . ., A<**>; 

3) ν*η)(0) = 0, for n = 0, 1, . . ., p— 1. 

(2,8 ) 

Th e derivative s of ψ (with respec t to a) ar e given in term s of th e 
derivative s of φ (with respec t to β) by th e formul a 

m = n v(n)(«) = i ; r + y m ) o s ) , (2,9) 
m = l 

wher e β = 1/«, an d wher e th e numerica l coefficient s hav e been 

(*) Th e expansio n (2,3) require s th e existenc e of moment s of all order s i. e. 
an exponentia l decreas e of G for  larg e s. Th e whole argument , however , can be 
carrie d throug h by mean s of limite d asymptoti c expansion s only. Th e conditio n 
we hav e assume d is the n sufficient . 

(**) Her e we mak e use of a well-know n theore m on th e aysmptoti c valu e of 
Fourie r  integrals ; see for  instance , S. BOCHNER , Fouriersch e Integrale , Chelsea 
Publishin g Co., New York , p . 11. 
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14 Nr. 8 

omitted. The presence in the relation between φ+ and ψ+ of the 
factor ε(α) which has a discontinuous variation at a =  0 does 
not modify the equation (2,9) since the function ψ and all its 
derivatives involved here vanish at a = 0 (this follows from 3 
for the p — 1 first derivatives and for the derivatives of the order 
p, p + 1, . . ., k from the behavior of <p(m) at infinity as indicated 
below). 

It is seen from (2,9) that we must assume that φ has k con-
tinuous derivatives. From the condition 1) it follows that φ must 
be such that 

ψ\ψ(β)\<°>-
OO 

This condition is satisfied if we assume that φ is bounded for 
β =  ± °° > is regular at β =  0, and that φ(0) =  φ'(0) =  0. 
Finally, it is easily seen that the conditions 2) are satisfied if we 
assume that <p(m)(/?) (m =  1, 2, . . ., k) behaves at infinity as 
(l/ß)m + k. The conditions 3) are then automatically satisfied. From 
the relations 9?(0) = ^ ' (0 ) = 0 it follows that 

[ dqg (q) =  ί dqqg (?) = 0 . (2,10) 
· >- 00 « J— 'JO 

On the other hand, 

V 00 

and this function behaves at infinity as (l/ß)m + k if qmg(q) has 
m +  k continuous derivatives absolutely integrable from — oo to 
+ oo (BOCHNER loc. cit.). As m takes the values 1, 2, . . ., k we 
are led to the following conditions: 

g(q) is continuous and has 2 k continuous derivatives; 
#(n) (?) (n =  0, 1, . . .,2 k) goes to zero as q-+  ± oo 

faster than (l/q)k +  1. 
(2,11) 

The condtitions (2,10 and 11) are sufficient to insure that 
G(s) satisfies (2,7). The function g^(q) vanishes for q>0.  It 
follows then from the continuity of the 2 k first derivatives that 

^ ) ( 0 ) = 0, for n =  0, 1, . . ., 2 k. (2,12) 
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The conditions (2, 10 and 11) allow us to choose functions 
g(q) which vanish outside a certain interval. In such a case, g(q) 
and its 2 k first derivatives must vanish at the ends of the interval. 

The function G_(s) can be expressed in terms of the usual 
function D of field theory. Performing in (2,5) first the integra-
tion at q constant, and then the integration over q, we get indeed 

G_(s) =  (2nyi[°dqg_(q)D(s,q), (2,13) 

where D(s, q) is the function corresponding to the mass [/—q. 
If we assume that g+ (q) is different from zero only if q < 0 
(which implies that </+*(0) = 0, for n =  0, 1, . . ., 2 k), we can, 
similarly, express G+(s) in terms of i)*1)*11); 

G+0) = (2π)^9+(ς)0^(8,9). (2,14) 

The expressions (2,13 and 14) are identical with those used in 
the theory of regularization(12). The relations (2,10) also belong 
to the latter theory. They express the condition that the singulari-
ties of the functions D and D(1) at s =  0 should not appear in 
G(s). The conditions (2,11), however, are in contradiction with 
the limiting process used in the idealistic renormalization, or with 
the introduction of a discrete set of masses. Consequently, the 
behavior for large s of a form function is essentially different from 
that of a regularized function. 

It may be noted, finally, that the transformations considered 
in this section are special cases of the Fourier-Bessel transforma-
t i o n ^ . The transformation of the odd functions, for instance, 
can be written 

rG_(r)  =  2 in2\xdxJi(xr)xg__(x), 
Jo 

where r =  | / — s , and κ =  γ—q. 

B. Functions of three points. As it was shown in section 1, the 
form function should actually be a smooth function of all three 
variables. It will then be a function of the invar iants^ 

s =  ( x " — x ' " ) 2 , t =  Or'" — x'Y, u =  (x — x"y. 
(*) Thes e invariant s ar e not entirel y independent . No triangl e x\ x" , xf" 

exists if s, / an d u ar e negativ e an d if s2 + t2 + u2 — 2 s/ — 2 tu — 2 us < 0. 
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First of all, the form function should fall off rapidly as s, t, or 
u becomes large (strictly speaking, one could also require that F 
falls off as any of two only of the quantities s, t, u becomes large). 
There are, however, large triangles oc , oc , oc for which s, t and 
u are small. The contribution to an integral such as 

/ = [ dx dx" dx" Ff(x', x", χ'") (2,15) 

coming from such triangles can be investigated by the same method 
as for the functions of two variables. Let a, b and c be the lengths 
of the space parts of x" — x" ' , x" — x and x — x", respectively, 
and suppose that a ^ b ̂  c. For a large triangle a and b at least 
will be large compared with λ. Let x0 and xx be the points of the 
light cone of x" which are near x and x" , and have the same 
space coordinates. We have 

4 ΙΙΙΛ 4 tt/Λ I 1 

xL — x 4 = εα, x0 — x * = εσ, ε = = 1 . 

Introducing the distances of x' and x" to the light cone of x'" by 

ξ =  ε(χ\-χ"*), η =  ε(χ*-χ'*), (2,16) 
we have 

s =  2 αξ — I 2 , t = 2brj — ri2. (2,17) 
Again, we can carry out the integration in / with respect to a:'4 

and x" 4 using Taylor expansions around the light cone of x". 
It is then convenient to replace the variables x '4 and x' 4 by s 
and t with the help of (2,16) and (2,17). An additional complica-
tion comes from the fact that u is now a function of s and / since 
all three quantities are functions of x'4 and x" 4 (or ξ and η). It 
is readily found that 

which shows that when the triangle becomes large the quantity 
q =  c2 — (a — b)2 must remain finite. It is one of the parameters 
which define the way in which the triangle is increasing. As other 
parameter we can take a/b =  μ, and we have then 

u = (1 — μ) (t — s/μ) +  q +  . . ., 
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