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Preface
Jeffrey J. Lockman,    Department of Psychology Tulane University, New Orleans, LA, United States


Volume 63 of Advances in Child Development and Behavior continues the rich tradition established in 1963 by Lew Lipsitt and Charles Spiker, founding editors of the Advances series. In their preface (1963, p. vii) to Volume 1 of this series, they wrote:
The serial publication of Advances in Child Development and Behavior is intended to provide scholarly reference articles in the field and to serve two purposes. On the one hand, it is hoped that teachers, research workers, and students will find these critical syntheses useful in the endless task of keeping abreast of growing knowledge in areas peripheral to their primary focus of interest. There is currently an indisputable need for technical, documented reviews which would facilitate this task by reducing the frequency with which original papers must be consulted, particularly in such secondary areas. On the other hand, the editors are also convinced that research in child development has progressed to the point that such integrative

and critical papers will be of considerable usefulness to researchers within problem areas of great concern to their own research programs.

Similar to Volume 1 of the Advances series, Volume 63 features overviews and critical analyses of research areas in developmental science. These reviews are directed to researchers, educators, policy-makers, and students, all of whom are either specialists in a research area and/or share an abiding interest in the science of child development. Given what often seems like the exponential growth of research in developmental science, I am convinced that the Advances series is needed more than ever to help synthesize current knowledge and build on the resulting foundation to ensure the future growth of our field.

Volume 63 comprises 11 chapters, which together span the infancy to adolescence period. The chapters highlight theoretical and substantive advances in research that are diverse with respect to populations and methods. Notably, each chapter considers the reciprocal relation between research and translation.

In Chapter 1, Siegler and Tian address children's understanding of percentages within the context of overall numerical development. By integrating theory with educational practice, Siegler and Tian's programmatic studies illuminate why children often encounter difficulties in solving percentage problems. Their findings suggest straightforward ways to promote children's understanding of percentages through appropriately designed instruction and materials. In Chapter 2, Gunnar and Howland provide a truly developmental overview of recent work on calibration and recalibration of stress response systems in humans. Their masterful synthesis offers new insights into the possibility of recalibration of some of these systems at different points during the life span, thereby suggesting new strategies for intervention. In Chapter 3, Patterson assesses what has been learned about lesbian, gay, bisexual, transgender, and queer (LGBTQ+) parents and the development of their children, especially in light of the dramatic increase in the number of these families around the world. Despite the obstacles faced by many LGBTQ+ families because of societal laws and attitudes, Patterson's review demonstrates that these families are resilient and that children from these families typically thrive. By providing a roadmap for future research on LGBTQ+ families, Patterson shows how such research can broaden the understanding of parenting and child development.

Chapter 4, by Rowe, is also situated at the intersection of research and policy. Rowe asks how research on the role of experience in language and literacy development can be leveraged to reduce socioeconomically associated differences in these skills, which are already evident when children first enter school. Rowe suggests that policies that are aimed at enhancing high school students’ knowledge about child development coupled with policies that reduce parental stress can lead to improved quality and quantity of language input to children and thus boost child language and academic outcomes.

In the next two chapters, prosocial development during the adolescent period is considered. In Chapter 5, Carlo and Knight highlight a fundamental challenge faced by many Latinx youth in the United States: daily and long-term exposure to social and structural inequities. Exposure to these inequities increases developmental risk and reduces developmental opportunity. To help combat the effects of these inequities, Carlo and Knight advocate for a developmental strengths approach that promotes prosocial behaviors between diverse youth, especially the majority and minority members of our society. In Chapter 6, Crone, Sweijen, te Brinke, and van de Groep also focus on prosocial behaviors in adolescence. They offer a comprehensive review of the behavioral and neural pathways that underlie the development of prosocial behaviors during adolescence by focusing on affective and sociocognitive domains. Their review has important implications for the design of effective interventions that foster prosocial behaviors and, more broadly, resilience and adaption throughout the life span.

In the next three chapters, common assumptions regarding the development of joint attention (Chapter 7) and peer interaction (Chapters 8 and 9) are reexamined. In Chapter 7, Astor and Gredebäck review work on the early development of gaze following. As Astor and Gredebäck note, research on gaze following in infancy has been plentiful. They argue, however, that more work needs to be focused on the mechanisms that underlie the development of gaze following during early development. By identifying the unresolved issues in the gaze following literature, Astor and Gredebäck's essay can advance research in this area. In Chapter 8, Hay, Paine, and Robinson take up the relation between cooperation and conflict in very young children. Hay et al. observe that although these two forms of social interaction are often studied in isolation from one another, the two forms of interaction often occur in concert and constitute part of the ongoing dynamic of young children's social exchanges. As the authors demonstrate through their longitudinal research, social interchanges populated by cooperation and conflict offer rich opportunities to refine social, cognitive, and communication skills during the early childhood years. In Chapter 9, Bowker and Weingarten also argue for a new wave of research on the development of children's friendships. In contrast to a good deal of research on children's friendships that examines these relationships at one point in time, they advocate for an approach that emphasizes temporal changes over developmental time. Such an approach can generate new insights into the processes of friendship formation, dissolution, and re-formation during different periods of development and inform intervention efforts.

The final two chapters address ways in which children understand their own thinking abilities and how they reason about other people. In Chapter 10, Schneider, Tibken, and Richter discuss the development of metacognition. In their systematic review, they consider both the declarative and procedural components of this ability. Although work on metacognition originated in the field of memory development, Schneider et al. show how subsequent research on metacognition has been applied to different academic domains, including reading comprehension. Their work reveals how a focus on metacognitive skills in classroom settings can lead to improvement in children's school performance. Finally, in Chapter 11, Liu and Xu review developmental models that address how very young children reason about others. Although the literature is replete with findings on this topic, Liu and Xu observe that the literature is nevertheless short on research that directly addresses the mechanisms that drive developmental growth in this area. To fill this important gap, Liu and Xu discuss how Bayesian probabilistic models may be used to deepen our understanding of these mechanisms. Liu and Xu's integrative approach paves the way for future work that can illuminate how young children's reasoning about others’ mental states and their actions develops.

In conclusion, this volume represents not only the contributions of the authors whose chapters appear before you, but also the work of many others behind the scenes at Elsevier. Chief among them is Naiza Mendoza, Developmental Editor at Elsevier, without whose efforts this volume would not have been possible. My deepest thanks to Naiza for her dedication in helping bring this volume to fruition.

Finally, at the end of September 2021, Lewis P. Lipsitt, one of the founding editors of this series, and an overall visionary in the field of developmental science, passed away. Lew was a prolific, careful, and generous scholar; he shaped many fields of inquiry in developmental science, especially the field of infancy as we currently know it. His far-ranging contributions live on as well in this series. It is to his work and memory that I dedicate Volume 63 of Advances in Child Development and Behavior.




Chapter One
Why do we have three rational number notations? The importance of percentages
Robert S. Sieglera,⁎ and Jing Tianb,    aTeachers College, Columbia University,    bTemple University, Philadelphia, PA, United States,    ⁎ Corresponding author:, rss2169@tc.columbia.edu


Abstract
The integrated theory of numerical development provides a unified approach to understanding numerical development, including acquisition of knowledge about whole numbers, fractions, decimals, percentages, negatives, and relations among all of these types of numbers (Siegler, Thompson, & Schneider, 2011). Although, considerable progress has been made toward many aspects of this integration (Siegler, Im, Schiller, Tian, & Braithwaite, 2020), the role of percentages has received much less attention than that of the other types of numbers. This chapter is an effort to redress this imbalance by reporting data on understanding of percentages and their relations to other types of numbers. We first describe the integrated theory; then summarize what is known about development of understanding of whole numbers, fractions, and decimals; then describe recent progress in understanding the role of percentages; and finally consider instructional implications of the theory and research.
Keywords
Math learning; Percentages; Rational numbers; Fractions; Decimals; Whole numbers; Numerical development; Integrated theory of math learning; Textbook influences
1 The integrated theory of numerical development
Most prominent theories of numerical development focus on knowledge of whole numbers. This is true of privileged domain theories (e.g., Spelke & Kinzler, 2007), conceptual change theories (e.g., Carey, 2009), evolutionary theories (e.g., Geary, 2006), and information processing theories (e.g., Fias, Sahan, Ansari, & Lyons, 2021). Rational numbers have received far less emphasis, and usually have been used primarily as contrastive cases when they have received attention. For example, within privileged domains, evolutionary, and conceptual change theories, the rapid, effortless, and universal development of basic understanding of whole numbers is often contrasted to the gradual, painstaking, and far-from-universal grasp of rational numbers (e.g., Geary, 2004; Gelman & Williams, 1998; Wynn, 2002).

Although differences between acquisition of understanding of whole and rational numbers are important, they are only part of the story of numerical development. Along with the differences, there are strong commonalities in development across different types of numbers. The integrated theory focuses on both the commonalities and the differences in acquisition of understanding of different types of numbers. It also focuses on commonalities as well as differences in development of understanding of individual numbers and arithmetic combinations of numbers of each type.

The basic tenet of the integrated theory is that numerical development is fundamentally a process of acquiring increasingly precise knowledge of the magnitudes of an increasingly broad range of numbers (Siegler et al., 2011). That is, numerical development involves learning the relations of numbers to their magnitudes. This process occurs earlier with non-symbolic than with symbolic numbers, with smaller symbolic whole numbers than with larger symbolic whole numbers, and with whole numbers than with rational numbers. Fig. 1 illustrates the hypothesized developmental progression.

[image: A diagram shows progression from non - symbolic numbers to rational numbers using dots, number lines and magnification of values near 0.]
Fig. 1 Numerical development progression as proposed by the integrated theory of numerical development.The diagram presents four labeled stages from top to bottom, depicting levels of numerical understanding. At the top, the label Non - symbolic Numbers appears next to a square containing six dots. Below it, the label Small Whole Numbers is placed beside a short number line marked from 0 to 10 with endpoints indicated by small filled circles. Further down, the label Larger Whole Numbers is placed next to a long horizontal number line that begins at 0 and ends at 1000, with only the endpoints labeled. A magnifying glass symbol appears at the left end of this line near 0, pointing downward to the section labeled Rational Numbers. This bottom section includes a shorter number line ranging from 0 to 1, with intermediate values labeled as 0.25, 1 over 2 and 75 percent. A diagonal arrow from the magnifying glass points to the 1 over 2 marker on the rational number line, illustrating a zoomed in view of the small number range.

The importance of magnitude knowledge extends to arithmetic combinations of numbers as well as to individual numbers. Consider potential reactions to a common fraction arithmetic error, separately adding numerators and denominators (e.g., claiming that 2/3 + 1/7 = 3/10.) A child who understood the magnitudes of these fractions and who knew that sums of positive numbers must be greater than the individual addends would know that this answer was impossible, because the operand 2/3 is greater than the proposed sum 3/10. Given that many children know and use both this incorrect fraction addition strategy and the correct approach (Siegler & Pyke, 2013), attention to magnitudes could increasingly lead children to reject the incorrect strategy and rely on the correct one. In contrast, children who did not know or ignored the magnitudes of the operands and sum might be satisfied with this answer, because “2 + 1” does equal “3” and “3 + 7” does equal “10.”

The process of learning about magnitudes generally occurs earlier, and to a higher asymptotic level, with the magnitudes of individual numbers than with the magnitudes of arithmetic combinations of numbers. This is true with both whole and rational numbers, though the degree of difference is much greater with fractions (and perhaps other rational numbers) than with whole numbers. Evidence for this claim was provided by Braithwaite, Tian, and Siegler (2018) who found that number line estimates of 6th and 7th graders for individual whole numbers were somewhat more accurate than estimates for individual fractions, whereas estimates for whole number sums were far more accurate than those for fraction sums.

In addition to understanding relations between various types of numbers and their magnitudes, children also need to learn which properties of whole numbers extend to other types of numbers and which do not. One similarity that children need to understand is that adding all types of positive numbers, not just whole numbers, always results in a sum larger than any of the addends. One difference that they need to learn is that multiplying positive rational numbers, unlike multiplying whole numbers, does not always result in products larger than the multiplicands. In particular, multiplying numbers between zero and one never results in a product larger than any of the multiplicands.

A considerable body of evidence consistent with the integrated theory of numerical development has emerged. Accuracy of number line estimates of the magnitudes of individual numbers is strongly correlated with accuracy of solutions to arithmetic problems for both whole numbers (Castronovo & Göbel, 2012; Gunderson, Ramirez, Beilock, & Levine, 2012; Linsen, Verschaffel, Reynvoet, & De Smedt, 2015) and fractions (Siegler et al., 2011; Torbeyns, Schneider, Xin, & Siegler, 2015). On magnitude comparison tasks, ratio dependence is present with fractions and decimals, just as it is with whole numbers (Hurst & Cordes, 2018). With regard to individual differences, children's knowledge of the magnitudes of whole numbers in first grade predicts their knowledge of the magnitudes of fractions in eighth grade, even after statistically controlling for the students' IQ, executive functioning, race and gender, as well as their parents' education and income (Bailey, Siegler, & Geary, 2014). Perhaps most compelling, interventions that improve children's knowledge of the magnitudes of individual whole numbers improve their knowledge of the magnitudes of whole number sums (Booth & Siegler, 2008; Siegler & Ramani, 2009), and interventions that improve children's knowledge of the magnitudes of individual fractions improve their knowledge of the magnitudes of fraction sums (Braithwaite & Siegler, 2021; Fazio, Kennedy, & Siegler, 2016). Thus, the integrated theory of numerical development is useful for characterizing the development of different types of numbers, both individual numbers and arithmetic combinations of numbers.
2 The importance of rational numbers
As noted previously, the integrated theory places greater emphasis on rational numbers than do alternative theories of numerical development. Both theoretical and practical considerations have led to this emphasis. A major theoretical reason is that learning rational numbers provides the first challenge to many children's assumption that properties of whole numbers are properties of all numbers (Gelman, 1991). This is a reasonable assumption when all or almost all of children's numerical experience has been with whole numbers, but many children (and even adults) continue to generalize properties of whole numbers to other types of numbers even after years of instruction demonstrating that some of the generalizations are wrong (Braithwaite & Siegler, 2018; Ni & Zhou, 2005). From the perspective of the integrated theory, comprehensive numerical understanding requires knowledge of which properties do and do not generalize and of why they do or do not.

Numerous applied considerations also argue for the integrated theory's emphasis on rational numbers. Such knowledge is vital to academic, occupational, and everyday competence. In academic contexts, knowledge of fractions and decimals is essential in math courses such as algebra, trigonometry, and statistics; science courses such as chemistry and physics; and social science courses, such as psychology, sociology, and economics. Consistent with this view, individual children's knowledge of fractions and decimals in elementary school is predictive of their later success in algebra and overall math achievement in high school, even after controlling for their whole number arithmetic knowledge, reading comprehension, IQ, working memory, and family background (e.g., Siegler et al., 2012).

Knowledge of rational numbers also is essential in occupational contexts. Among a nationally representative sample of more than 2300 US workers in a wide range of blue- and white-collar occupations, 68% reported using fractions in their jobs, vs 22% reporting use of any more advanced mathematics, such as algebra, geometry, or statistics (Handel, 2016). Weak understanding of decimals and fractions precludes many people from employment in well-paying occupations, such as pharmacist, nurse, and machinist (McCloskey, 2007; Sformo, 2008).

Understanding of rational numbers is also needed in a wide variety of everyday contexts. Among these contexts are adjusting recipes to feed a specific number of guests, adjusting doses of medications according to one's weight, and dividing pizzas and desserts into equal size portions.

Commensurate with their usefulness in academic, occupational, and everyday contexts, fractions and decimals receive prolonged attention in school. In the United States and many other countries, fractions are introduced in third or fourth grade; are a major topic of instruction in fourth, fifth, and sixth grades; and receive some attention in seventh grade. Decimals are introduced somewhat later and receive somewhat less instruction, but still a substantial amount. (Details of the textbook coverage are provided below.) Commensurate with this emphasis in school, many research studies of children's acquisition of knowledge about fractions and decimals have been conducted (Siegler et al., 2020).

Percentages are a different story.a Little is known about people's understanding of percentages or how that understanding develops. They receive far less coverage in textbooks, and the coverage they receive is provided later than that of fractions and decimals. A recent review found fewer than 10 studies of children's knowledge of percentages (Tian & Siegler, 2018).

The paucity of knowledge about development of understanding of percentages is unfortunate. Informal observation suggests that percentages are used in many everyday situations, quite possibly more everyday contexts than fractions and decimals (Jacobs Danan & Gelman, 2017). Sales on consumer goods are typically described in percentage terms (e.g., a 20% off sale), as are classroom test scores (e.g., 85% correct), the remaining electric charge on phones and computers (5% left), and information in news stories (e.g., breakthrough cases of COVID-19 have occurred in 0.08% of people with two vaccinations). Percentages are also often used in arithmetic computations, such as calculating tips in restaurants and comparing prices (e.g., is a jacket a better buy after a 30% reduction from a price of $40 than after a 20% reduction from a price of $30).

Several interpretations of the discrepancy between the ubiquitous use of percentages and the paucity of their coverage in textbooks and research seem plausible. Perhaps, students become highly proficient with percentages after the limited coverage provided in textbooks. Perhaps, people prefer to think of proportional relations in terms of fractions and decimals rather than percentages. Perhaps, students are unable to learn about percentages regardless of the instruction they receive.

None these possibilities turn out to be true, though. As illustrated in the remainder of this chapter:

	(1) Many children have only weak understanding of percentages.
	(2) People often prefer to describe proportional relations as percentages rather than as fractions or decimals.
	(3) US textbooks cover percentages far less than fractions or decimals and focus on different types of problems.
	(4) Well-designed instruction that focuses on percentages can improve not only understanding of them but also of fractions and decimals.

3 Children's knowledge of percentages
Students' difficulty learning about percentages has been an enduring problem. Relevant data comes from a pair of studies conducted three-quarters of a century ago. Guiler (1946b) examined knowledge of percentage arithmetic of more than 900 ninth graders; Guiler (1946a) performed a parallel study with university students. All problems related three values: a whole (original value), a part (related value), and a percentage. Note that in this usage, the part can be larger than the whole; for example, in the problem “What is 125% of 20,” the whole is 20 and the part is 25. Thus, the whole is the base, and the part is defined relative to the whole. The part will be smaller than the whole if the percentage is below 100% (75% of 20) and larger than the whole if the percentage is above 100% (125% of 20).

As illustrated in this example, percentage arithmetic problems generally involve three variables, two of which are specified on each problem. On percent-whole problems, the percentage and whole are specified, and students need to find a part (e.g., 80% of $2.00 = ____). In whole-part problems, the whole and the part are specified, and students need to find the percentage (e.g., 20 games is ____% of 25 games). In percent-part problems, the percentage and part are specified, and students need to find the whole (e.g., “125% of $____ = $8.00”). Guiler (1946b) presented the ninth graders two items of each type and scored their performance according to whether they “showed weaknesses,” which appears to mean that they erred on at least one of the two problems.

The percent of ninth graders who showed weaknesses on such problems ranged from 47% to 94%; performance of college students in Guiler (1946a) was only slightly higher. Both the ninth graders and college students solved percent-whole items most accurately, although almost half of the students in both populations showed weaknesses on them.

More recent data from the National Assessment of Educational Progress (NAEP) indicate that the situation has not changed much in the past 75 years. The NAEP is a standardized test presented to nationally representative samples of US students every 2 or 4 years. Its mathematics subtest is given to roughly 150,000 fourth graders and 150,000 eighth graders on each testing occasion. The children who received the items on percentages described in this section were eighth graders (typically 13- or 14-year-olds) whose formal instruction in percentages had been completed.

The NAEP periodically releases a subset of items that have been used on previous tests, to provide information about the types of items that are presented. These released items provide a useful context for understanding the NAEP results. On the 11 released items that tested eighth graders' knowledge of percentages on NAEP exams between 1990 and 2017, mean percent correct was roughly 40% (U.S. Department of Education, 1990-2017). This level of accuracy was higher than the 20% correct that would have been expected by chance on these five-choice items, but far from mastery. Despite numerous reform efforts intended to improve understanding of rational numbers, including the Common Core State Standards (National Governors Association Center for Best Practices, 2010), there were no obvious trends over time in accuracy on these released items.

To appreciate what this level of accuracy means, consider the following three items, the response alternatives available on each, and the percent correct on each:

“Of the following, which is the closest approximation of a 15% tip on a restaurant check of $24.99?” The response alternatives were $2.50, $3.00, $3.75, $4.50, and $5.00. Only 38% of the eighth graders chose the correct answer (NAEP, 1996).

“There were 90 employees in a company last year. This year, the number of employees increased by 10%. How many employees are in the company this year?” With response alternatives 9, 81, 91, 99, and 100, only 37% of students answered correctly (NAEP, 2005).

“Jared wants to buy a jacket that has a price of $49.99. He has a coupon for a discount of 30% of the price of the jacket. What is the price of the jacket after the 30% discount?” Given the choices of $14.99, $19.99, $34.99, $48.99, and $49.99, 47% of students chose the correct answer (NAEP, 2017).

Performance on these NAEP questions, together with Guiler's (1946a) findings, indicate that middle school children's understanding of percentages has been weak for at least 75 years. Moreover, many contemporary university students show similar lack of understanding. Jacobs Danan and Gelman (2017) presented students at a selective university with two-step problems involving either an increase of a given percentage from a base and then a decrease of the same percentage from the new value, or an increase of a given percentage and then a decrease of a different percentage. Some problems were presented with numerical values specified, others in algebraic form. Accuracy varied with problem features, but even the easiest types of problems elicited only 75% correct answers, whereas the hardest problems elicited 38% correct answers. Thus, U.S. students' weakness in understanding percentages is apparent even among students at selective universities.
4 When and why are percentages used?

4.1 Quantification process theory
Fractions, decimals, and percentages have all been in widespread use for at least three centuries (Cajori, 1993). The advantages of fractions are straightforward; they alone can express all rational numbers precisely. The advantages of decimals also are straightforward; they are a direct extension of the base-10 system used with whole numbers, allow straightforward mapping onto the metric system of measurement, and allow both children and adults to estimate magnitudes more accurately than they can with fractions (Hurst & Cordes, 2016, 2018). But why do we also use percentages? All percentages are equivalent to two-digit decimals; why have a separate notation for them?

To answer this question, Tian, Braithwaite, and Siegler (2020a) proposed quantification process theory. A specific instance of overlapping waves theory (Shrager & Siegler, 1998; Siegler, 1996), quantification process theory provides an explanation of how people choose among fractions, decimals, and percentages to represent proportional relations, for example in visual displays such as those in Fig. 2.

[image: A four part diagram labeled A to D shows visual representations of proportions using shapes, bars and dot arrays with varied elements.]
Fig. 2 Spatial displays representing (A) small-number discrete, (B) small-number discretized, (C) continuous, and (D) large-number discrete proportions.The four part diagram contains panels labeled A, B, C and D, each illustrating different representations of proportions. Panel A shows nine small shapes scattered across a rectangular space, composed of 8 identical squares and 1 distinct circle. Panel B presents a vertically stacked bar divided into 10 equal horizontal segments, with the lower segment distinct from the upper segments. Panel C displays a solid square divided into 2 horizontal sections, where the lower section differs in appearance from the larger upper portion to indicate a proportion. Panel D consists of a dense array of small circles, showing a majority of one type and a minority of another, distributed throughout the rectangular frame. Each panel represents part to whole relationships using differences in shape or sectioning without the use of color.

The basic assumption of quantification process theory is that when people choose among rational number notations for representing proportional relations, their choice is in large part determined by the type of quantification process—counting, measuring, or estimating—that they use to quantify the proportions. When they use counting, they prefer fractions. When they use estimation, they prefer percentages. When they use measurement, especially with metric measures, they prefer decimals.

Underlying these predictions about choices among quantification strategies are general principles of overlapping waves theory. This theory proposes that strategy choices are determined by the accuracy and speed yielded by strategies on specific problems, on problems with particular features, and on problems in the general domain. The cognitive cost of executing the strategies is also hypothesized to influence strategy choices. When the accuracy of different strategies varies, it usually is weighed most strongly in the choice process. In choosing among rational number notations, this leads to a preference for using fractions on the types of discrete and discretized displays shown in Fig. 2A and B, because counting yields exact values of numerators and denominators and thus fractions that are exactly correct. Note, however, that this prediction holds true only if the numbers of objects in the display, available time, and instructions allow use of counting. If there are too many objects to count in the available time, or if instructions indicate that counting should not be used, quantification process theory predicts that fractions will not be favored to represent discrete or discretized displays.

The role of cognitive demands within overlapping waves theory suggested that when people estimate proportions within displays, they should prefer percentages over decimals. Percentages have a fixed implicit denominator; each percentage is relative to 100. This fixed implicit denominator limits choices among percentages to 101 values. In contrast, decimals can be specified relative to any power of 10; thus, the same decimal can be described as 0.7, 0.73, 0.732, etc. The lack of a fixed denominator for decimals requires choosing a level of precision as well as a value within that level of precision. Choosing the level of precision adds to the cognitive demand of using decimals to describe proportions.

In cases where precision beyond the nearest percent is needed, for example in timing Olympic races or weighing precious metals, measurement instruments such as high precision timers and scales are typically used as the means of quantification. This leads to decimals typically being used to express the value. Neither estimation nor counting can be used in such situations, because they do not yield sufficiently precise results. Thus, when the goal is to measure a continuous dimension to a high degree of precision, decimals tend to be preferred.
4.2 Tests of quantification process theory
Quantification process theory was formulated in part as an alternative to a prior theory that sought to answer similar questions, semantic alignment theory (DeWolf, Bassok, & Holyoak, 2015). In the context of rational number notations, semantic alignment theory focuses on the choice between fractions and decimals to represent proportions in displays like those in Fig. 2A–C. It posits that the bipartite structure of fractions makes them inherently better suited to represent discrete displays, such as those in Fig. 2A and B, but that the unidimensional structure of decimals makes them inherently better suited to represent continuous displays, such as that in Fig. 2C.

Consistent with this perspective, most participants in studies testing semantic alignment theory have chosen decimals to represent continuous displays and fractions to represent discrete and discretized displays. This pattern of choices has been found not only among U.S. participants (DeWolf et al., 2015) but also in Korean and Russian samples (Lee, DeWolf, Bassok, & Holyoak, 2016; Tyumeneva et al., 2018).

Percentages have only been examined in one study based on semantic alignment theory (Gray, DeWolf, Bassok, & Holyoak, 2017). Gray et al. (2017) proposed that percentages have a unidimensional structure like that of decimals, and therefore hypothesized that when the choice was between percentages and fractions, percentages would be preferred to represent continuous displays, and fractions would be preferred to represent discrete displays. This prediction proved accurate.

Semantic alignment and quantification process theories make the same predictions for preferences between fractions and decimals or between fractions and percentages on the types of displays shown in Fig. 2A–C. The logic underlying the predictions differs, but the predictions are the same. However, the two theories lead to different predictions under at least three conditions.

	(1) Quantification process theory predicts that percentages will be preferred over both decimals and fractions to represent continuous displays. The reason is that estimation will be used to quantify proportions on continuous displays and choosing a percentage to label the proportion is less taxing than choosing a decimal. Semantic alignment theory does not distinguish between decimals and percentages, because both are unidimensional notations, so it does not make this prediction.
	(2) When large numbers of discrete objects are presented (Fig. 2D), quantification process theory predicts that percentages will be preferred when precision to the nearest percent is sufficient, because people will use estimation to approximate the proportions. In contrast, semantic alignment theory predicts that fractions will be used, because the bipartite nature of fraction notation matches the bipartite structure of the proportion being represented.
	(3) When a discrete display is presented too briefly to allow accurate counting, quantification process theory predicts that participants will estimate and therefore choose percentages over fractions and decimals to represent the proportional relation. Semantic alignment theory makes the opposite prediction, because the objects are discrete regardless of the quantification process.

These predictions were tested in four experiments. Experiment 1 of Tian et al. (2020a) was designed to test the prediction from quantitative process theory that when estimation would be used to quantify the proportion illustrated in a display, participants would prefer percentages to both decimals and fractions. The three types of displays shown in Fig. 2A–C were presented to participants, who were students at a highly selective university. The displays were labeled small-number-discrete, small-number-discretized, and continuous. Small-number discrete and discretized displays involved between 7 and 13 units.

There were two experimental conditions. One condition was identical to that used in DeWolf et al. (2015); participants were asked whether to choose decimals or fractions to represent each display. In the other condition, participants were presented a new three-choice version of the task, in which the alternative notations included percentages as well as fractions and decimals, Following DeWolf et al. (2015), the task in both conditions involved choosing “which notation is the (better/best) representation of the depicted relation.”

When percentages were not an option, choices paralleled those in the corresponding condition in DeWolf et al. (2015). Participants chose fractions as the desired rational number format on about 75% of trials for the discrete and discretized displays, and they chose decimals on about 75% of trials for the continuous displays. Choices in the three-choice condition also were similar for the small-number discrete and discretized displays. However, when presented the type of continuous displays shown in Fig. 2C, participants who had the option of choosing percentages did so overwhelmingly. To represent these continuous displays, only 15% of participants preferred decimals, vs 75% who preferred percentages.

At the insistence of an extraordinarily conscientious reviewer, Tian et al. (2020a) tested the possibility that the different findings with continuous displays might be due to one condition involving three response alternatives and the other two, as opposed to percentages being an option in the three-choice but not in the two-choice condition.
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