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Preface 
Consider a discrete periodic Schrödinger opera tor —A + V act ing on 

θ { τ \ where 

Αφ(πι, η) = φ(τη + 1, η) + φ(πι, η + 1) + φ{τη — 1, η) + τ/Κ7™* η — 1) 

and V is real and periodic with respect to a sublat t ice a Z 0 6Z. This book 
is devoted to the geometry of the associated Bloch (or spectral) variety 

B = { (6 ,6 ,A )eC* x C x C | 
There is a non-trivial solution φ of 
( - Δ + ν)(φ) = λφ satisfying 
φ(τη + α, η) = ξι φ(τη, η) and 
φ(πι, η + b) = ^ 2 ^ ( ^ > η) for all 

( m , n ) G Ζ 2 . 

Let π : 5 -> C be the projection and let F\ = π _ 1 ( Λ ) . T h e F\ 
are called Fermi curves. For each real λ there is a holomorphic one form 
ωχ on the algebraic curve F\ and a cycle η χ in H\(Fx,Z) such tha t the 
period / ωχ is the spectral density function of —Δ + V act ing on C2(Z2) 
at λ. We exploit this connection between algebraic geometry of Β and 
the spectral theory of the opera tor — Δ + V to s tudy the inverse spectral 
problem. 

A more detailed description of the contents of this book is contained 
in Chap te r s 1 and 3 as well as [GKT] and [P]. 

D. Gieseker acknowledges the suppor t of the Nat ional Science Foun­
dat ion th roughout this project. D. Gieseker and H. Knörrer t hank the 
Forschungsinst i tut für Mathemat ik at Ε Τ Η Zürich for its hospital i ty while 
the work was in progress. We thank Glen Munnick and Julie Speckart for 
product ion assistance and Ed Griffin for producing the i l lustrat ions for 
this book. 
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1. The Periodic 
Schrödinger Operator 

and Electrons in a 
Crystal 

Let us begin by recalling the s tat ic lat t ice approximat ion for electronic 
mot ion at low t empera tu re in a pure , finite sample of a d-dimensional 
crystal . 

T h e crystal s t ruc ture is determined by specifying a lat t ice Γ in Rd. 
For example, the common crystalline phase of iron is given by ae\2 0 
ae22 © f (ei + e 2 + e 3 )Z C R 3 , where a « 2.87 A°. At low t e m p e r a t u r e 
each a tom has very little the rmal energy and therefore moves in a small 
neighborhood of its equil ibrium posit ion at a lat t ice point . For this reason 
one makes the s ta t ic lat t ice approximat ion in which a single ion is fixed 
at each lat t ice site. 

T h e ions and conduction electrons interact th rough a two body potent ia l 
u, so t ha t 
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2 G e o m e t r y o f F e r m i C u r v e s 

Υ(Χ) := J2U(X - τ ) 
is the to ta l potent ia l for an electron at χ G Rd p roduced by the ions. Of 
course, 

u(x + i) = u(x), j e r . 

T h e conduct ion electrons also interact with each other via a two body 
potent ia l , say W. Then , ignoring spin, the Hamil tonian opera tor for a 
system of Ν electrons in a pure , finite sample of size L G Ν of the crystal 
is 

N F \ 1 
( ι ) Σ - Δ * « + Υ & ) ) + 0 Σ W ^ - Χΐ) 

i=i V / 1 i*j 

where Xi in Rd is the posit ion of the z-th electron, and Δ Χ | . denotes the 
Laplacian 

with periodic boundary conditions on a fundamental cell of L · Γ centered 

at the origin; for example, L L 
2 ' 2 when Γ = Ζ . Here, pure means 

tha t there is no stat ic deviation from perfect periodicity; in par t icular , 
no ions are missing. T h e Hamil tonian opera tor acts on wave functions 
φ(χι,... , Χ Ν ) t ha t are Fermionic*, by the Pauli exclusion principle, and 
periodic in each variable. 

It is not feasible to analyse directly the spec t rum of the in teract ing N-
electron Hamil tonian. Therefore, another approximat ion is made . One 
imagines t ha t by a suitable modification V of the periodic single electron 
potent ia l 17, the finite independent electron Hamil tonian 

Ν 

(2) Σ-Α,,+Vixi) 
i=l 

is, in impor tan t energy regimes, a good approximat ion to (1). For large 
samples, t he bounda ry conditions become irrelevant for this model . T h e 

* T h a t is , Φ(χτ(1),..., x T { N ) ) = ( - ! ) ' (* · ) , · · · , *λγ), π <= SN. 
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independent electron approximat ion of solid s ta te physics is t he limit of 
finite systems (2) as Ν and L t end to infinity with the densi ty ρ = JJ 
held fixed. 

The independent electron approximat ion is remarkably successful and 
is, for instance, routinely used to calculate t he electronic proper t ies of 
metals . However, t he only theoretical justification one has for ignoring 
electron-electron interact ions in this way, is the quasipart icle p ic ture of 
Landau, [AM]. 

Suppose ψΐ(χ), i = 1 , . . . , ΛΓ, satisfy the Schrödinger equat ion 

( - Δ + V(x))ti = Etti 

with periodic bounda ry conditions 

φ{χ + Ltj) = φ{χ) 

j = 1 , . . . , d. Here, for simplicity, we consider the cubic lat t ice Td. Then , 
by separat ion of variables 

Φ(ΧΙ,...,ΧΝ) = det^i(xj)) 

is a Fermionic iV-electron wave function satisfying 

Ν \ / Ν 

>=1 ^ ^ i=l ' 

and 
φ{χχ +Lej,x2,...,XN) = Ψ(ΧΙ,·--,ΧΝ), 

j = 1 , . . . , JV. T h u s , from an or thogonal frame of eigenfunctions for t he 
single part icle opera tor — A+V(x) act ing on RD/L2D one immedia te ly con­
s t ructs an or thonormal frame of Fermionic wave functions on (Rd/LZd)N 

for the iV-particle opera tor ^ Σ ^ ΐ ι — A I t . + ν(χί)^. Observe t ha t t he 

ground s ta te energy of the iV-particle opera tor is the sum of the first Ν 
eigenvalues of— A + V(x). 
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Let V(x) be a sufficiently regular real-valued function on Rd/T (e.g. 
V £ L2(Rd),d < 3). For each k in Rd we consider the self-adjoint elliptic 
bounda ry value problem 

( 3 ) * (-Α + ν(χ))ψ = λψ 
ψ(χ + 7) = e i ( * ' 7 > V>(z ) , 7 € Γ. 

Let En(k),n > 1, be the n - th eigenvalue of (3)*. It is easy to see t ha t 
En(k) is a continuous function of k t ha t is periodic wi th respect to the 
latt ice 

Γ # = {δ€ΐ^|(δ,7)<Ξ2πΖ for all 7 £ Γ} 
dual to Γ. It is cus tomary to refer to k as crystal m o m e n t u m and to 
En(k),n > 1, as the n - th band function. T h e corresponding normalized 
eigenfunctions are denoted t/>

n

(:r, fc), and are called Bloch eigenfunctions. 

Α hyperplane in Rd perpendicular ly bisecting a dual lat t ice vector 6 £ 
Γ # is called a Bragg hyperplane. T h e set of all points in Rd t h a t can be 
reached from the origin wi thout crossing any Bragg hyperp lane is called 
the first Brillouin zone of Γ # . Similarly, the set of all points t ha t can 
be reached by crossing η — 1 bu t not η Bragg hyperplanes is called the 
n - th Brillouin zone. Each Brillouin zone is a fundamental region for Γ # . 
Since the band functions are periodic wi th respect to Γ # we may plot 
E\(k) over the first Brillouin zone, E2 over the second and so on, to 
obta in a function E{k) defined on Rd called the energy-crystal m o m e n t u m 
dispersion relation. In the same way, one defines %l)(x,k), k £ R d , by 
plot t ing ψι(χ, k) over the first Brillouin zone and so on. 

Once again, for the sake of convenience, assume tha t t he under lying 
lat t ice Γ is 2D. Suppose tha t k £ ^ Z d . T h e n any solution of (3)* satisfies 

ψ(χ + Lej) = %l){x\j = 

It is easy to see tha t the converse is also t rue . Thus , t he spec t rum of 
- Δ + V{x) act ing on L2(Rd/Lld) is 

J E ( f c ) | f c £ ^ Z d } . 

Let fci,..., fc/v € χ Ζ 4 be the crystal m o m e n t a such t ha t 

JS7(Jki) < < E(kN) 


