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FOREWORD 

Saul Kaplun was born in Lwow on July 3, 1924, and died in Pasadena, 
California on February 13, 1964. Shortly after having immigrated to the 
United States he entered the California Institute of Technology as a 
freshman in 1942 and, except for wartime service as a radar engineer, 
spent the remainder of his life there, first as a student and later as a 
teacher. Upon receiving his Ph.D. in Aeronautical Engineering in 1954 
he was made a member of the G A L C I T staff. It was my privilege to work 
very closely with him during the entire span of his short but very fruitful 
career as a creative scientist. 

His only publications are the three papers reprinted in this book. 
Although it has long been recognized that many deep and highly origi­
nal ideas are contained in the few pages of these papers, his published 
work gives a very incomplete picture of his scientific discoveries. Some of 
his ideas were published indirectly: As a teacher Saul Kaplun excelled 
in the personal supervision of Ph.D. candidates, and many published 
Ph.D. theses refer to ideas of Kaplun, with due credit given. An example 
is the thesis by I-Dee Chang, who worked closely with Kaplun (see 
Chang (1961) * ) . The survey article on viscous flow by Lagerstrom (1964) 
also contains many fundamental ideas due to Saul Kaplun. However, 
the bulk of Saul Kaplun's research was never published either directly 
or indirectly. Fortunately, much of it exists in manuscript form. The 
present book contains edited versions of the most important of those 
manuscripts. 

It was difficult to decide on the method to be used in editing. Saul 
Kaplun was a perfectionist; one reason for his reluctance to publish was 
that, once having arrived at a result, he usually wanted to obtain a still 
deeper understanding of the problem on which he was working. However, 
the manuscripts used as a basis for this book were only drafts of articles, 
or even just informal writeups for use by him and a few co-workers. 
Thus it is obvious that the manuscripts are incomplete, sometimes repe-

*See Bibliography at the end of the book. 
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titious, often informal or obscure, and certainly not in polished form. 
Still, it was decided to change them as little as possible. The editing 
consisted in sorting out and selecting manuscripts from a vast amount of 
material, in making the notation as systematic as possible, in checking 
for misprints in formulas, and finally in providing introductions and 
Editors' Notes which attempt to clarify various points. Thus the articles 
in this book are presented essentially the way Saul Kaplun wrote them, 
although not in the way he himself would have published them. The 
reader is asked to excuse the unavoidable imperfections in the main text 
as well as in the Editors' Notes and to judge the material in this book 
by its positive merits rather than by its obscurities and mistakes. Obvi­
ously, many things would have been corrected by Saul Kaplun if he him­
self had reworked the drafts. The editors do not claim to have checked all 
the material in great detail nor to have understood all difficult points 
of the manuscripts. Additional work would have improved the editing 
but would have delayed the publication of the material still further. 

Thus, in spite of the great amount of editorial work done, most of this 
book is to be regarded as raw material rather than a finished product. 
It is my personal conviction that Saul Kaplun's manuscripts, even in their 
unfinished form, contain a wealth of ideas which should be made avail­
able to the scientific community as soon as possible. I believe that extract­
ing these ideas from the material presented here and developing them 
further will be a scientifically rewarding, although admittedly often 
difficult, undertaking. 

The omissions in this book are due to many causes. Many manuscripts, 
for example the numerical studies of the separation problem, are too 
incomplete and fragmentary. Some are lost, such as the studies of the 
shock-wave boundary-layer interaction which Saul Kaplun made more 
than ten years ago and which contained some highly interesting examples 
of singular perturbation problems involving two small parameters. Others 
are special solutions (for example, of the Oseen equations) which often 
have been subsequently rediscovered and published by other authors. 
Although Saul Kaplun found several ingenious solutions to special prob­
lems, he did not attach much importance to the solutions in themselves, 
only to their use in illustrating some fundamental idea. His thesis for 
the degree of Aeronautical Engineer, "Dimensional Analysis of the 
Inflation Process of Parachute Canopies" (1951) is available in the 
G A L C I T Library. This paper is not included here; its subject matter 
was thought to be too special and too far removed from the material in 
this book. Shortly before his death Saul Kaplun had been invited to 
give a major address on the separation problem at the Eleventh Inter­
national Congress of Applied Mechanics in Munich, August 30 to Sep-
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tember 5, 1964. A lecture entitled "Boundary Layers and Separation" 
was given posthumously in his name and has subsequently been published 
in the Proceedings of the Congress. However, this lecture was based en­
tirely on Chapter I of Part II of the present book and is hence not 
reprinted here. 

The material in this book has been grouped into two parts. Part I , 
which contains reprints of the three published papers, deals with asymp­
totic solutions of the Navier-Stokes equations, especially at low Reynolds 
numbers, and with fundamental ideas in the theory of singular pertur­
bations. Although the problem of flow at low Reynolds numbers provided 
the incentive for introducing various mathematical ideas and constantly 
serves as main illustrating example, the mathematical content actually 
applies to a very wide class of problems in various domains of mathe­
matical physics. Most of the work presented here was done before 1956. 
Part I I , of which nothing has previously been published (except the 
above-mentioned Munich lecture), is a detailed study of one aspect of 
the problem of fluid separation, namely the solution of the boundary-
layer equations in the vicinity of a point of vanishing skin friction. 

References given in the text are all taken from Saul Kaplun's manu­
scripts. The editors' comments give as references almost exclusively those 
articles and books which Saul Kaplun had used in his work or, conversely, 
publications where ideas of his are exposed or utilized; for instance, his 
work on the separation problem was done independently of the papers 
on the subject which appeared during the past decade. The editors have 
therefore not compared Saul Kaplun's results with this literature. Such a 
comparison would not only have delayed the publication of the present 
book considerably but is beyond the scope of a book which essentially 
aims at presenting his own writings. 

Footnotes appearing in the text are Saul Kaplun's own notes. The 
Editors' Notes are placed after each chapter and referred to by a number 
in square brackets. 

Thanks are due to the many persons who aided in the publication of 
this book. L. N . Howard, co-editor of Part I , helped greatly in organizing 
and clarifying Saul Kaplun's intuitive, rather than formal and rigorous, 
approach to the theory of singular perturbations. Comments made by 
George W . Bluman during the final stages of editing Part I proved to be 
of great value. Ching-Shi Liu, co-editor of Part I I , did the major part of 
checking and organizing of Saul Kaplun's manuscripts on the separation 
problem. This task which was often difficult and time-consuming, not only 
because of Saul Kaplun's highly original approach to the subject, but also 
because of the large amount of concrete analysis and detailed computa­
tions involved. Stephen W . Childress and I-Dee Chang rendered substan-
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tial help in the editing, both having worked closely with Saul Kaplun. 
I-Dee Chang had actually collaborated with Saul Kaplun in writing sec­
tions of the notes on separation. Milton Van Dyke helped in various 
essential ways. Mrs. Joy Smelser did the major part of the difficult tech­
nical typing of the edited manuscript ; the remainder of the typing as well 
as all other secretarial work involved was done by Mrs. Vivian Davies. 
Verlag Birkhauser and the Editorial Board of the Journal of Mathe­
matics and Mechanics kindly gave permission for reprinting the articles 
appearing here as Chapter I and Chapters II and III , respectively. Thanks 
are due to Academic Press for realizing the scientific value of Saul 
Kaplun's work and for guaranteeing a speedy publication of the edited 
manuscripts. Saul Kaplun's research was originally sponsored by the 
Office of Naval Research and, since 1958, by the Air Force Office of Scien­
tific Research. The U. S. Air Force also sponsored the preparation of 
this book (Grant AF-AFOSR-338-65). Finally, tribute is due to the late 
Clark B. Millikan who, as Director of G A L C I T , showed great confidence 
in Saul Kaplun's research and who actively encouraged the posthumous 
publication of his work. 

November, 1966, 
GALCIT 

P. A . L A G E R S T R O M 
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I N T R O D U C T I O N T O P A R T Ι. 

Saul Kaplun deve loped his ideas about s ingu lar p e r ­
turbations in the c o u r s e of studying asymptot ic solutions of 
the N a v i e r - S t o k e s equations, in p a r t i c u l a r solutions for 
v i scous f low at low Reynolds n u m b e r s . A s a re su l t , a l m o s t 
a l l his d i s c u s s i o n of asymptot ic theory and technique is g iven 
in connection wi th p r o b l e m s of v i s cous f low. This I n t r o ­
duction w i l l attempt a s u r v e y of his b a s i c ideas . A h i s t o r i c a l 
account of how he deve loped these ideas w i l l be g iven h e r e . 
It is hoped that such an account w i l l be of help for u n d e r ­
standing the logic of his ideas although, for r e a s o n s stated, 
concepts f r o m F l u i d D y n a m i c s w i l l be used. H o w e v e r , 
K a p l u n

1
 s theory of s ingu lar p e r t u r b a t i o n s could, in pr inc ip l e , 

be p r e s e n t e d without any r e f e r e n c e to v i s cous f low. T h e r e ­
f o r e some s i m p l e m a t h e m a t i c a l mode l s w i l l be g iven la ter 
on in this Introduction and it w i l l be indicated b r i e f l y how 
Kaplun's ideas can be i l lu s t ra ted wi th the a id of these 
equations. 

D e v e l o p m e n t of an A s y m p t o t i c T h e o r y for F l o w at 
L o w Reyno lds N u m b e r s . In this h i s t o r i c a l account w e sha l l 
have to a s s u m e that a r e a d e r is f a m i l i a r wi th the b a s i c 
theory of v i scous f lu ids . A s r e f e r e n c e for this theory the 
r e a d e r m a y consult s tandard textbooks. W e r e f e r a l s o to 
V a n Dyke (1964) w h i c h deals spec i f i ca l ly w i th p e r t u r b a t i o n 
p r o b l e m s and appl ies Kaplun' s technique to a l a r g e v a r i e t y 
of p r o b l e m s and to L a g e r s t r o m (1964) which , in the d i s ­
cuss ion of v i scous f low, makes extensive use of ideas due to 
Kaplun. The notation used in this Introduction is exp la ined 
in the a r t i c l e s r e p r i n t e d here as C h a p t e r s II and III . 

The p r o b l e m of d i scuss ing P r a n d t l ' s b o u n d a r y - l a y e r 
theory ( f o r f low at l a r g e Reyno lds n u m b e r s ) in the light 
of the theory of asymptot ic expans ions had occupied v a r i o u s 
r e s e a r c h w o r k e r s at G A L C I T s ince b e f o r e 1950. Kaplun ' s 
f i r s t contribution to this r e s e a r c h w a s his doctor ' s thesis 
on the r o l e of the coordinate s y s t e m in b o u n d a r y - l a y e r theory; 
the publ i shed v e r s i o n of this is r e p r i n t e d here as C h a p t e r I . 
V e r y little comment is needed on this chapter ( in fact , 
E d i t o r s ' Notes w e r e d i spensed wi th ) . It is a se l f - conta ined 

1 
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p a p e r w h i c h so lves the g iven p r o b l e m indicated by the title 
in an ingenious w a y by going d i rec t ly to the heart of the 
matter . In e s sence the p r o b l e m p o s e d is comple te ly so lved, 
although obvious ly s e v e r a l genera l i za t ions of the theory s u g ­
gest t h e m s e l v e s . 

A f t e r having comple ted his thesis , Kaplun s tar ted his 
w o r k on the theory of f low at low Reyno lds n u m b e r s . The 
p r o b l e m s of f low at l a r g e and s m a l l Reyno lds n u m b e r s , 
r e spec t ive ly , exhibit a cer ta in s i m i l a r i t y . In the f o r m e r 
case one m a y obtain an a p p r o x i m a t e solution by neglect ing 
the v i scous t e r m s in the N a v i e r - S t o k e s equations. This 
approx imat ion; i s , h o w e v e r , not u n i f o r m l y v a l i d near the 
b o u n d a r y of a sol id . P r a n d t l ' s b o u n d a r y - l a y e r theory of 
1904 w a s an ingenious attempt to cope wi th this difficulty 
and is in fact a c l a s s i c a l e x a m p l e of one of the important 
methods in the theory of s ingu lar p e r t u r b a t i o n s . F o r the 
case of f low at low Reynolds n u m b e r s Stokes p r o p o s e d in 
1850 that the t r a n s p o r t t e r m s be neglected in the N a v i e r -
Stokes equations. The succes s as w e l l as the difficulties 
of this theory a r e w e l l - k n o w n . A p a r t i a l explanat ion of 
the difficulties w a s found by O s e e n a r o u n d 1910, w h o pointed 
out that the Stokes a p p r o x i m a t i o n w a s not u n i f o r m l y va l id at 
infinity. O s e e n introduced the "extended Stokes equat ions

1 1
, 

now known as the O s e e n equations. T h e s e equations evidently 
w e r e an i m p r o v e m e n t over the Stokes equations in some 
r e s p e c t s ; h o w e v e r a ra t iona l d i s cus s ion of their meaning 
and their va l id i ty w a s m i s s i n g . A n y w a y in both the case of 
l a r g e Reynolds n u m b e r s and that of s m a l l Reyno lds n u m ­
b e r s a b a s i c fact is the lack of u n i f o r m val id i ty of cer ta in 
ap p r ox imat ions . Guided by this s i m i l a r i t y Kaplun s tar ted 
to invest igate whether a unified theory of s ingu lar p e r t u r ­
bations could be appl i ed to both c a s e s . The ult imate r e s u l t 
of his invest igat ions w a s not only the f i r s t sys temat ic e x ­
planation of meaning of the Stokes and O s e e n solutions and 
their p lace in an asymptot ic expans ion of the c o r r e s p o n d i n g 
N a v i e r - S t o k e s solut ions, but a l s o some v e r y s ignif icant and 
deep ideas about s ingu lar per turbat ion p r o b l e m s , p o w e r f u l 
and g e n e r a l enough to be app l i cab le to a w i d e v a r i e t y of 
pr o b l e m s . 

P r e v i o u s l y many authors had appl i ed the idea of l imit 
p r o c e s s e s to theory of f low at l a r g e Reyno lds n u m b e r s : an 
outer l imit , w h i c h y ie lds the inv i sc id solution and an inner 
l imit w h i c h yie lds the b o u n d a r y - l a y e r solution (cf. Chapter 
I ) . S i m i l a r l y (cf. C h a p t e r s II and III) as Reyno lds n u m ­
b e r tends to z e r o one m a y cons ider two p r i n c i p a l l imi ts . 

2 
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The outer l imit ( O s e e n l imi t ) m a y be thought of as letting 
the c h a r a c t e r i s t i c length of the body go to z e r o whi l e e v e r y ­
thing e l se is f ixed. The N a v i e r - S t o k e s equations a r e un­
changed under this l imit . The inner l imit (Stokes l imi t ) 
m a y be conveniently thought of as letting v i s c o s i t y tend to 
infinity; appl i ed to the N a v i e r - S t o k e s equations it y ie lds 
the Stokes equations. Kap lun introduced the sys temat ic use 
of these two l imits . Under the outer l imit the finite body 
shrinks to a point wh ich cannot d i s turb the f low. Thus it is 
p laus ib le that the f ree s t r e a m ve loc i ty q* at any f ixedpoint 
tends to the f r e e - s t r e a m value i . The convergence is, 
however , not u n i f o r m near the body since q* = 0 at the 
sur face of the body. O r , to put it s l ight ly dif ferently , a 
v e r y s m a l l body introduced in a u n i f o r m s t r e a m causes a 
per turbat ion w h i c h is v e r y s m a l l except at the s u r f a c e of 
the body. It is this lack of uni formity of the outer l imit 
near the body which suggests the introduction of the inner 
l imit d e s c r i b e d above . A n equivalent descr ip t ion of the 
inner l imit is the fo l lowing: A s the body shr inks to a point, 
say the or ig in , one m e a s u r e s the ve loc i ty , not at ,a f ixed 
point, but at a point w h i c h a p p r o a c h e s the o r i g i n at the s a m e 
rate at wh ich the body^shrinks. U s i n g e i ther descr ip t ion one 
sees that the va lue q* = 0 at the body does not

 , f
ge t lost'

1 

when the inner l imit p r o c e s s is appl ied . Note that O s e e n 
e m p h a s i z e d the lack of uni formity of the Stokes equations at 
oo; Kaplun e m p h a s i z e d the lack of un i formity of the outer 
l imit near the body. In fact he ins i s ted that whi l e the outer 
and inner l imits a r e the two p r i n c i p a l l imits ( s e e end of 
Section L Z of Chapter I V ) the outer l imit has p r i o r i t y , it 
is "more pr inc ipa l '

1
. (See end of Section 1.5 of Chapter I V ) . 

The phys i ca l r e a s o n for this is that the nature of the p e r t u r ­
bation p r o b l e m is that a u n i f o r m s t r e a m ( = i = outer l imit 
of q* ) is being p e r t u r b e d b y the p r e s e n c e of a s m a l l body. 
This is p h y s i c a l l y r e a s o n a b l e , and the mathemat i ca l technique 
for construct ing the asymptot ic expans ions consists in f i r s t 
finding the leading t e r m of the outer solution ( in this case 
g Q = i ) and then matching a solution of the inner (S tokes ) 
equations to the outer a p p r o x i m a t i o n i . 

The technique of using inner and outer l imits w a s , of 
c o u r s e , not new. The new thing in the r e as on i ng d e s c r i b e d 
above cons i s ted e s sent ia l l y in r e a l i z i n g that this technique 
could be appl i ed to the p r o b l e m of f low at low Reyno lds num­
b e r s and in finding suitable inner and outer l imits and f inal ly 
in recogn iz ing the p r i o r i t y of the outer l imit . A c c o r d i n g to 
the state of the a r t in 195 3-54 the next thing w o u l d be to 

3 
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construct the inner and outer expans ions , in pr inc ip le o b ­
tainable by repea ted appl icat ions of the r e s p e c t i v e l imit 
p r o c e s s e s to the exact solutions and in prac t i ce by so lv ing 
cer ta in a p p r o x i m a t e d i f ferent ia l equations wi th a p p r o p r i a t e 
boundary conditions and matching conditions. In b o u n d a r y -
laye r theory ( s e e Chapter I) the s imple s t f o r m of the 
matching condition states that the tangential ve loc i ty c o m ­
ponent at the w a l l g iven by the outer solution has the same 
value as that g iven by the inner ( b o u n d a r y - l a y e r ) solution 
at infinity. A m o r e g e n e r a l f o r m is that the inner l imit of 
the outer l imit should a g r e e wi th the outer l imit of the inner 
l imit . A sti l l m o r e g e n e r a l f o r m is that some p a r t i a l s u m 
of the outer expansion, eva luated for s m a l l va lues of the 
a r g u m e n t , should a g r e e with some p a r t i a l s u m of the inner 
expansion, evaluated for l a r g e va lues of the argument . 

C o n s i d e r now the case of t w o - d i m e n s i o n a l f low. In 
this case the f i r s t two f o r m s of the matching condition fa i l 
complete ly; the last f o r m m a y be v e r i f i e d a p o s t e r i o r i but 
hides the nature of matching. T o see that the f i r s t two f o r m s 
fa i l w e o b s e r v e that the inner l imit of q# is z e r o ( a n ana logy 
wi th the heat equation makes this quite p laus ib l e a p r i o r i and 
it m a y be made st i l l m o r e p laus ib le a p o s t e r i o r i ) . Since the 
outer l imit of q* is i , it is obvious that the inner and 
outer l imit cannot be matched by any p r o c e s s . This led 
Kaplun to a thorough rethinking of the pr inc ip le s under ly ing 
the techniques of matching. 

The bas ic quest ion is: What a r e the e s sent ia l conditions 
for two asymptot ic approx imat ions to match? T o a n s w e r this 
question Kaplun c o n s i d e r e d the p a r t i a l l y o r d e r e d set of equ i ­
va lence c l a s s e s ( o r d c l a s s e s , ord f ) of functions f ( R e ) 
such that ord Re < ord f < o r d 1. ( F o r the definition of these 
t e r m s see the sect ion on Intermediate L i m i t s in Chapter II 
or Section 1 of Chapter I V ) . T o each such f ( R e ) there is a 
c o r r e s p o n d i n g l imit p r o c e s s defined; the o r d e r c l a s s e s a r e 
a l s o used in d e s c r i b i n g the domain of va l id i ty of an a p p r o x i ­
mation, (cf. Chapter II and Section 1.2 of Chapter I V ) . Let 
us cons ider the t w o - d i m e n s i o n a l p r o b l e m s in p o l a r coordinates 
and d i s r e g a r d the dependence on θ ( w h i c h does not l ead to 
non-un i formi t i e s ) . The outer v a r i a b l e is then r = U r / v 
and the inner v a r i a b l e is r* = r / R e . Le t w be a f low 
quantity, say q * , and wj_ and W £ two a p p r o x i m a t i o n s . 
A s s u m e that w\ is u n i f o r m l y v a l i d in the o r d e r domain Dj_, 
consist ing of a l l f such that ord gi < ord f < ord 1. This 
means that as Re tends to z e r o w - w]_ tends to z e r o 
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uni formly for f^(Re) < r < co w h e r e £\ is any function in 
the o r d e r domain D. In other w o r d s , g iven any δ one m a y 
find an e j§ such that | w - W ] J < δ in the domain bounded by 
the hor izonta l l ines Re = 6^5 and Re = 0 and the c u r v e 
τ = ^ ( R e ) (See F i g . 1 ) . 

F i g . 1 O v e r l a p p i n g D o m a i n s of Va l id i ty 

S i m i l a r l y , w e m a y speak of W 2 being a u n i f o r m l y v a l i d 
a p p r o x i m a t i o n in an o r d e r domain D£ consist ing of a l l 
f ( R e ) such that o r d R e < f < o r d g£ . This means that 
w - W 2 a p p r o a c h e s z e r o u n i f o r m l y for R e < r < f 2 ( R e ) w h e r e 
o r d £2 is any o r d e r c la s s in D^. C l e a r l y w-̂  and W 2 can 
be matched only if they have domains of va l id i ty w h i c h over -
lap, that is w h i c h have o r d e r c l a s s e s in common. In the 
present case this means that o r d g\ < o r d g 2 · The functions 
fj and f 2 m a y then be chosen such that f̂  < Î 2 fo r R e >  0 , 
and ther e exist s a  functio n f  3  ,  lyin g inbetwee n f^ an d f 2 . 
A matchin g conditio n i s the n s i m p l y lim £ ( w , - w ^ ) =  0 . 
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