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Foreword

In 1971 Bob Boyer and I began working on an automatic theorem prover for the programming language LISP. In my PhD dissertation of 1973, I wrote:


This paper describes an automatic theorem prover which is capable of producing inductive proofs of a large number of interesting theorems about functions written in a subset of pure LISP. The program was designed to prove theorems in the way a good programmer might intuit them. It has several features which make it distinct from other systems concerned with proof of program properties: It is fully automatic, requiring no information from the user except the LISP definitions of the functions involved and the theorem to be proved. It automatically uses structural induction when necessary, and automatically generates its own induction formulas. It will occasionally generalize the theorem to be proved, and in so doing, often ‘discovers’ interesting lemmas. Finally, it is capable of writing new, recursive LISP functions to help properly generalize a theorem.



How is mathematical logic used to describe the behavior of functions or programs? What is a “theorem?” How do you “prove” theorems? What is an “automatic theorem prover?” What do all these mathematical terms—“induction,” “generalization,” “lemma”—have to do with programs being “correct?” How can “programmer’s intuition” guide a foray into mathematics? How do you think about programs that call themselves without just going in circles?

These are some of the questions Bob and I had to answer when we began writing the program described above. Our answers are still evolving 40 years later and are currently manifested in ACL2, the “living” descendant of the prover above.

But while our code is well documented and available for study, the answers to the above questions are not always explicit in it. Sometimes, the best way to learn how to do something is just to sit down and try to do it.

There are two problems with that advice and the problems are especially acute when mathematical logic is involved. First, you have to understand the “rules of the game.” Those rules—if followed exactly—will ensure that what you “prove” is really true. Second, it is hard to keep in mind the precise statement of every rule—and if you make a mistake you might end up believing something is true when it is not.

This little book and the accompanying little assistant addresses both of these problems. The book itself provides you with a gentle introduction to the mathematics behind all of this. It presents “the rules” in a way geared toward the programmer. Indeed the rules themselves are largely intuitive to the programmer. Second, the assistant enforces the rules for you. But unlike the “automatic theorem provers” that I create, their assistant is designed to enforce the rules while allowing you to learn by doing.

The offer here is: the prover will make sure the “formulas” are formulas and the “proofs” are proofs. But you’re the intelligent actor: so what do you do now?


J Strother Moore

Austin, Texas







Preface

What does it mean for a statement to be true? Some statements can be verified directly. To determine whether a particular omelette is delicious, we merely have to taste the omelette. Our answer is imprecise, however. We must wonder: how tasty must a “delicious” omelette be? What egg dishes are properly called “omelettes?” Assuming our taste test succeeds, we can answer the question for only one omelette at a time. We may never know whether all omelettes are delicious, even if each individual omelette we try is tasty.

What does it mean for a statement to be true of a recursive function? It is easy to test an individual case. When we evaluate (reverse (reverse '(1 2))), we reach the result '(1 2), exactly as we expect. Furthermore, evaluating a recursive function follows a predictable—and fortunately, often simple—set of rules. We can therefore answer more general questions. For instance, does (reverse (reverse x)) always produce x for any list? We can determine the answer without ever evaluating the expression or even knowing the specific value of x.

Our goal is to teach the reader how to determine facts about recursive functions using induction. Our approach is to start with programming concepts such as recursive functions and lists, and to lead the reader along the shortest path to inductive proofs. We aim to teach enough to verify simple properties such as whether (reverse (reverse x)) always produces x for any list, although we leave that particular example as an exercise for the reader.

Understanding how to read, write, and evaluate recursive functions over lists is adequate preparation. We assume knowledge of neither logic nor mathematics beyond arithmetic. We express as much as we can using simple programming concepts.
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Notation

Expressions in the book are written in a language comprised of variables, quoted literals, if expressions, and function applications. Functions include nine built-in operators as well as user-defined functions, which may be recursive.

Variable names consist of one or more characters, including letters, numbers, and most punctuation; notable exceptions are parentheses and apostrophe. Examples of variables are x, +, and variable-name1.

Quoted literals are preceded by a quote symbol, written ', and include atomic “symbols” such as 'banana, natural numbers such as '12, and lists such as '(), '(a glass of orange juice), and '(bacon with 2 eggs). Lists may also be arbitrarily deeply nested; for example, '((3 slices of toast) or (1 bagel with cream cheese)).

An if expression has three parts: the question, the answer, and the else. For example, (if sleepy 'coffee '(orange juice)) produces 'coffee if sleepy is 't and produces '(orange juice) if sleepy is 'nil.

Function applications include a function name and zero or more arguments. For example, (cons x '(with hash browns)), (f x (g y z)), or (do-something).

The nine built-in functions are: cons, which adds an element to the front of a list; car, which returns the first element of a non-empty list; cdr, which returns the tail of a non-empty list excluding its first element; atom, which returns 'nil for non-empty lists and 't for everything else; equal, which returns 't if its arguments have identical values and 'nil otherwise; natp, which returns 't if its argument is a natural number and 'nil otherwise; size, which counts the conses needed to build a value; +, which adds two natural numbers; and <, which returns 't if its first argument is less than its second argument and 'nil otherwise.

User-defined functions are written with defun, and include the function’s name, a list of names for its arguments, and an expression for the function’s body. Function definitions may be recursive. For example:


(defun list-length (xs)

(if (atom xs)

'0

(+ '1 (list-length (cdr xs)))))




Theorems, introduced in chapter 1, are defined with dethm. Much like functions, theorem definitions include the theorem’s name, a list of names for its arguments, and an expression for its body. Since expressions cannot refer to theorems, theorems are not recursive. Here is an example:


(dethm natp/list-length (xs)

(natp (list-length xs)))



Guidelines for the Reader

For those who wish to “play along,” we include a simple proof assistant, J-Bob, defined in the same language as the theorems we prove. J-Bob is a program that can check each step when attempting to prove a theorem but does not contribute any steps. In the appendices, we introduce J-Bob in “Recess,” we present the complete code of every example and proof in the book using J-Bob in “The Proof of the Pudding,” and we include the implementation of J-Bob in “The Little Assistant.” J-Bob, support to run J-Bob in several languages, and the aforementioned proofs are available for download at http://the-little-prover.org/.

Food appears in some examples for two reasons. First, food is easier to visualize than abstract symbols (but there will be many short symbols like x, etc.). We hope the food imagery helps you to better understand the examples and concepts. Second, we want to provide a little distraction. We know how exhausting the subject matter can be, thus these breakfast foods are for energizing you. As such, we hope that thinking about food will cause you to occasionally set the book aside and have a bite.

You are now ready to start. Good luck! We hope you enjoy the book.


Bon appétit!

Daniel P. Friedman

Bloomington, Indiana

Carl Eastlund

Brooklyn, New York
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	Salutations.
	1

	What are salutations?



	Salutations are a fancy way of saying hello or good morning.†

______________

†Thank you, E. B. White (1899-1985), for Charlotte’s Web.


	2

	Good morning.



	Have you read The Little Schemer?
	3

	'nil.



	Oh, so you’ve read The Little LISPer?
	4

	Well, …



	Do you remember “Cons the Magnificent?”
	5

	Certainly.†

______________

†Otherwise, continue if you have some familiarity with recursion.





	What is (car (cons 'ham '(eggs))) equal to?
	6

	'ham.†

______________

†We write all values as expressions using the symbol ' to denote a literal “quoted” value, rather than referring to values outside of expressions.





	Yes. But also (car (cons 'ham '(cheese))), (car (cdr (cons 'eggs '(ham)))), (car (cons (car '(ham)) '(eggs))), …
	7

	That’s strange.



	What value is this expression equal to?
	8

	That’s easy.





	(car (cons 'ham '(eggs)))

	
	'ham †

______________

†When we rewrite one expression to another that is equal to it, we put them side-by-side. They are smaller to accommodate much larger expressions.





	Exactly.
	9

	Are there any others?



	No,


an expression is only equal to one value.




	10

	Tricky.



	What value is this expression equal to?
	11

	That’s easy, too.



	(atom '())

	
	't




	What value is this equal to?
	12

	We do not know what a and b are.



	(cons a b)

	
	



	Does that mean (cons a b) has no value?
	13

	Until we know what a and b are, we do not know what value (cons a b) is equal to.



	Can we find a value for this expression?
	14

	Of course.



	(atom (cons 'ham '(eggs)))

	
	'nil




	How about this expression?
	15

	We still do not know what a and b are.



	(atom (cons a b))

	
	



	Nevertheless, we can figure out what value it has. Try again.
	16

	'nil,


because no matter what values the variables a and b have, cons cannot produce an atom.







	(atom (cons a b))

	
	'nil




	Does this expression have a value?

(equal 'flapjack (atom (cons a b)))

	17

	Well, we already know that (atom (cons a b)) is equal to 'nil.



	How can we use that?
	18

	If we can replace (atom (cons a b)) with 'nil on its own, then surely we can replace the (atom (cons a b)) in (equal 'flapjack (atom (cons a b))) with 'nil.



	In other words, we want to focus on (atom (cons a b)) in the context of the outer equal expression.†
	19

	So, does that mean we can replace this focus with 'nil?



	(equal 'flapjack (atom (cons a b)))

______________

†We show this by writing the focus in black and its context in blue.


	
	(equal 'flapjack 'nil)




	Precisely. In that case, what value is (equal 'flapjack 'nil) equal to?
	20

	'nil,

of course.





	(equal 'flapjack 'nil)

	
	'nil




	What value is (equal 'flapjack (atom (cons a b))) equal to?
	21

	'nil,

as we have just seen.





	How many steps did we take to get from (equal 'flapjack (atom (cons a b))) to 'nil?
	22

	Two.



	What is the first step?
	23

	In the first step, the focus (atom (cons a b)) is equal to 'nil.



	What is the whole expression?
	24

	(equal 'flapjack (atom (cons a b))).



	Where is this focus in the whole expression?
	25

	It is the second argument to equal.



	What is the second step?
	26

	In the second step, the whole expression is equal to 'nil.



	Where is the focus in the whole expression?
	27

	The focus is the whole expression.



	What value is this expression equal to?

(atom (cdr (cons (car (cons p q)) '())))


	28

	We don’t know what p and q are, but perhaps we can find a value anyway.



	What is the first step?
	29

	The car of (cons p q) is always equal to p, regardless of p and q.



	(atom (cdr (cons (car (cons p q)) '())))

	
	(atom (cdr (cons p '())))




	And what is the second step?
	30

	Of course, the cdr of (cons p '()) is always equal to '(), regardless of p.



	(atom (cdr (cons p '())))

	
	(atom '())




	And finally?
	31

	We know that (atom '()) is 't.



	(atom '())

	
	't




	That took three steps. Can we do it in fewer?
	32

	We are up to the challenge.



	How shall we start?
	33

	The cdr of (cons (car (cons p q)) '()) is always equal to '(), regardless of p and q.



	(atom (cdr (cons (car (cons p q)) '())))

	
	(atom '())




	We have seen this step before.
	34

	And so we are done.



	(atom '())

	
	't




	How many axioms have we used?
	35

	What is an axiom?



	An axiom is a basic assumption that is presumed to be true. For one example, we assume that (atom (cons x y)) is always equal to 'nil. For another, we assume that (car (cons x y)) is always equal to x. We also assume that (cdr (cons (car (cons x y)) '())) is always equal to '(). Finally, we assume that (cdr (cons x '())) is always equal to '().
	36

	Then we have used four axioms.



	Can we rephrase the third and fourth assumptions more generally?
	37

	Yes,

the cdr of (cons x y) is always equal to y. Does this mean we have used only three axioms?





	Yes. Shall we view our axioms so far?
	38

	We are excited to see them.







The Axioms of Cons (initial)
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	Now that we have names for the axioms, we can use them again and again.
	39

	What does dethm mean?



	It means define a theorem.
	40

	What is a theorem?



	A theorem is an expression that is always true. When we use dethm, we also include a list of the variables used in the expression.
	41

	What is the difference between an axiom and a theorem?



	Axioms are theorems that are assumed to be true, whereas other theorems must be shown to be true.
	42

	What does equal mean?



	The function equal tells us whether two values are equal. What is the value of this expression?
	43

	Its value is 'nil,

because 'eggs is not equal to '(ham).





	(equal 'eggs '(ham))

	
	'nil




	Exactly. What is the value of this expression?
	44

	It has the same value as

(car (cons 't '(and crumpets))),

because (cons x y) is always equal to

(cons x y), regardless of x and y.





	(car

(cons (equal (cons x y) (cons x y))

'(and crumpets)))


	
	(car

(cons 't

'(and crumpets)))





	And, of course, the second step is easy.
	45

	Delicious!



	(car (cons 't '(and crumpets)))

	
	(car '(t and crumpets))




	Is this a theorem?
	46

	But, of course!



	(car '(t and crumpets))

	
	't




	What is the value of this expression?

(equal (cons x y) (cons 'bagels '(and lox)))


	47

	We do not know. It depends on the values of x and y.



	What else is this expression equal to?
	48

	Perhaps it is equal to many things.



	(equal (cons x y) (cons 'bagels '(and lox)))

	
	



	Does the order of the arguments to equal matter?
	49

	No,

(cons x y) is equal to

(cons 'bagels '(and lox)) in the same

cases that (cons 'bagels '(and lox)) is

equal to (cons x y).





	(equal (cons x y) (cons 'bagels '(and lox)))

	
	(equal (cons 'bagels '(and lox)) (cons x y))




	Exactly.
	50

	It sounds like we have some new axioms.







The Axioms of Equal (initial)
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	What is different about equal-swap compared to the other axioms we have seen thus far?
	51

	In the other axioms, the second argument of the outer equal is shorter than the first argument. In equal-swap, neither argument of the outer equal is shorter than the other.



	Does it matter?
	52

	Yes, we think so.



	That’s kind of true. It is useful to know how an axiom can simplify an expression. For the same reason that equal-swap is true, however, we could write the axioms in either order without changing their meaning.
	53

	How fascinating.



	What is this focus equal to, according to car/cons?
	54

	The car of (cons (cdr x) (car y)) is (cdr x).



	(cons y

(equal (car (cons (cdr x) (car y)))

(equal (atom x) 'nil)))


	
	(cons y

(equal (cdr x)

(equal (atom x) 'nil)))





	What else is this focus equal to, according to car/cons? Recall that “is equal to” works in both directions.
	55

	In that case, (car (cons (cdr x) (car y))) is equal to many things according to car/cons, such as this focus.



	(cons y

(equal (car (cons (cdr x) (car y)))

(equal (atom x) 'nil)))


	
	(cons y

(equal (car (cons

(car (cons (cdr x) (car y)))

'(oats)))

(equal (atom x) 'nil)))





	Can we use atom/cons here?
	56

	Indeed, we can use atom/cons to replace 'nil with many different expressions.



	(cons y

(equal (car (cons (car (cons (cdr x) (car y)))

'(oats)))

(equal (atom x)

'nil)))


	
	(cons y

(equal (car (cons (car (cons (cdr x) (car y)))

'(oats)))

(equal (atom x)

(atom

(cons (atom (cdr (cons a b)))

(equal (cons a b) c))))))





	What is this focus equal to?
	57

	According to cdr/cons, it is equal to simply b.



	(cons y

(equal (car (cons (car (cons (cdr x) (car y)))

'(oats)))

(equal (atom x)

(atom

(cons (atom (cdr (cons a b)))

(equal (cons a b) c))))))


	
	(cons y

(equal (car (cons (car (cons (cdr x) (car y)))

'(oats)))

(equal (atom x)

(atom

(cons (atom b)

(equal (cons a b) c))))))





	Are there any axioms we have not yet used on the example beginning in frame 54?
	58

	Yes, equal-same and equal-swap.



	Can we use either of them here?
	59

	Yes, equal-swap.



	(cons y

(equal (car (cons (car (cons (cdr x) (car y)))

'(oats)))

(equal (atom x)

(atom

(cons (atom b)

(equal (cons a b) c))))))


	
	(cons y

(equal (car (cons (car (cons (cdr x) (car y)))

'(oats)))

(equal (atom x)

(atom

(cons (atom b)

(equal c (cons a b)))))))





	What value is this expression equal to?

(cons y

(equal (car (cons (car (cons (cdr x) (car y)))

'(oats)))

(equal (atom x)

(atom

(cons (atom b)

(equal c (cons a b)))))))


	60

	That is a good question. We do not know, but we have had fun playing with it so far!







The Law of Dethm (initial)

For any theorem (dethm name (x1 … xn) bodyx), the variables x1 … xn in bodyx can be replaced with any corresponding expressions e1 … en. The result, bodye, can be used to rewrite a focus p to become q provided bodye is either (equal p q) or (equal q p).







	Let’s try one more example. In car/cons, what are name, x1, x2, and bodyx from the Law of Dethm?


(dethm car/cons (x y)

(equal (car (cons x y)) x))




	61

	The axiom’s name is car/cons, x1 and x2 are x and y, respectively, and bodyx is (equal (car (cons x y)) x).



	To rewrite this focus using car/cons, what expressions should we use for e1 and e2 from the Law of Dethm?
	62

	We use (car a) as e1 and (cdr b) as e2.



	(atom (car (cons (car a) (cdr b))))

	
	



	In that case, how do we figure out bodye from the Law of Dethm based on bodyx?
	63

	If we replace x with (car a) and replace y with (cdr b), then bodye is (equal (car (cons (car a) (cdr b))) (car a)).



	Have we found p and q?
	64

	Given bodye, p is

(car (cons (car a) (cdr b))) and q is

(car a). Since this focus is p, we may replace it with q.





	(atom (car (cons (car a) (cdr b))))

	
	(atom (car a))




	Now work through frames 55-59 again using the Law of Dethm for each one.
	65

	Sounds challenging.



	If this gets too challenging, we have an assistant named J-Bob that can help.
	66

	Who is J-Bob?



	J-Bob is a program that helps us rewrite one expression to another. J-Bob “knows” about all the axioms and the Law of Dethm and makes sure we get all the details right.
	67

	J-Bob certainly sounds helpful.



	We can meet J-Bob on page 164, and play along with J-Bob for all of the examples in this chapter on page 181.
	68

	Must we meet J-Bob to continue reading?



	Absolutely not, but the deeper we go, the more J-Bob can help.
	69

	And so we shall make a visit.



	That’s probably a good idea. Before we head over there, perhaps we should fortify ourselves with two helpings of our favorite breakfast.
	70

	Certainly.
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