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for transforming objects represented as meshes, because they preserve the mesh structure perfectly.
We introduce linear and affine transformations in the plane, because most of the interesting phenom-
ena are present there, the exception being the behavior of rotations in three dimensions, which we
discuss in Chapter 11. We also discuss the relationship of transformations to matrices, the use of
homogeneous coordinates, the uses of hierarchies of transformations in modeling, and the idea of
coordinate “frames.”
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mapping and displacement mapping, and the use of 1D and 3D textures. We also discuss the creation
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Splines are, informally, curves that pass through or near a sequence of “control points.” They’re used
to describe shapes, and to control the motion of objects in animations, among other things. Splines
make sense not only in the plane, but also in 3-space and in 1-space, where they provide a means of
interpolating a sequence of values with various degrees of continuity. Splines, as a modeling tool in
graphics, have been in part supplanted by subdivision curves (which we saw in the form of corner-
cutting curves in Chapter 4) and subdivision surfaces. The two classes—splines and subdivision—are
closely related. We demonstrate this for curves in this chapter; a similar approach works for surfaces.
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Spline surfaces and subdivision surfaces are natural generalizations of spline and subdivision curves.
Surfaces are built from rectangular patches, and when these meet four at a vertex, the generalization
is reasonably straightforward. At vertices where the degree is not four, certain challenges arise, and
dealing with these “exceptional vertices” requires care. Just as in the case of curves, subdivision
surfaces, away from exceptional vertices, turn out to be identical to spline surfaces. We discuss spline
patches, Catmull-Clark subdivision, other subdivision approaches, and the problems of exceptional

points.
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Implicit curves are defined as the level set of some function on the plane; on a weather map, the
isotherm lines constitute implicit curves. By choosing particular functions, we can make the shapes of
these curves controllable. The same idea applies in space to define implicit surfaces. In each case, it’s
not too difficult to convert an implicit representation to a mesh representation that approximates the
surface. But the implicit representation itself has many advantages. Finding a ray-shape intersection
with an implicit surface reduces to root finding, for instance, and it’s easy to combine implicit shapes
with operators that result in new shapes without sharp corners.
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We discuss the basic physics of light, starting from blackbody radiation, and the relevance of this
physics to computer graphics. In particular, we discuss both the wave and particle descriptions of
light, polarization effects, and diffraction. We then discuss the measurement of light, including the
various units of measure, and the continuum assumption implicit in these measurements. We focus on
the radiance, from which all other radiometric terms can be derived through integration, and which
is constant along rays in empty space. Because of the dependence on integration, we discuss solid
angles and integration over these. Because the radiance field in most scenes is too complex to express
in simple algebraic terms, integrals of radiance are almost always computed stochastically, and so we
introduce stochastic integration. Finally, we discuss reflectance and transmission, their measurement,
and the challenges of computing integrals in which the integrands have substantial variation (like the
specular and nonspecular parts of the reflection from a glossy surface).
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The appearance of an object made of some material is determined by the interaction of that material
with the light in the scene. The interaction (for fairly homogeneous materials) is described by the
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reflection and transmission distribution functions, at least for at-the-surface scattering. We present
several different models for these, ranging from the purely empirical to those incorporating various
degrees of physical realism, and observe their limitations as well. We briefly discuss scattering from
volumetric media like smoke and fog, and the kind of subsurface scattering that takes place in media
like skin and milk. Anticipating our use of these material models in rendering, we also discuss the
software interface a material model must support to be used effectively.
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COMOT ...ttt ettt ettt ettt ettt et et eaesae s 745

While color appears to be a physical property—that book is blue, that sun is yellow—it is, in fact,
a perceptual phenomenon, one that’s closely related to the spectral distribution of light, but by no
means completely determined by it. We describe the perception of color and its relationship to the
physiology of the eye. We introduce various systems for naming, representing, and selecting colors.
We also discuss the perception of brightness, which is nonlinear as a function of light energy, and the
consequences of this for the efficient representation of varying brightness levels, leading to the notion
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of gamma, an exponent used in compressing brightness data. We also discuss the gamuts (range of
colors) of various devices, and the problems of color interpolation.
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Using the formal descriptions of radiance and scattering, we derive the rendering equation, an inte-
gral equation characterizing the radiance field, given a description of the illumination, geometry, and
materials in the scene.
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the real world, accepting limitations to achieve computational efficiency. The hardest problems in
animation involve artificial intelligence for planning realistic character motion, which is beyond the
scope of this chapter.
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Preface

This book presents many of the important ideas of computer graphics to stu-
dents, researchers, and practitioners. Several of these ideas are not new: They have
already appeared in widely available scholarly publications, technical reports,
textbooks, and lay-press articles. The advantage of writing a textbook sometime
after the appearance of an idea is that its long-term impact can be understood bet-
ter and placed in a larger context. Our aim has been to treat ideas with as much
sophistication as possible (which includes omitting ideas that are no longer as
important as they once were), while still introducing beginning students to the
subject lucidly and gracefully.

This is a second-generation graphics book: Rather than treating all prior work
as implicitly valid, we evaluate it in the context of today’s understanding, and
update the presentation as appropriate.

Even the most elementary issues can turn out to be remarkably subtle. Sup-
pose, for instance, that you’re designing a program that must run in a low-light
environment—a darkened movie theatre, for instance. Obviously you cannot use
a bright display, and so using brightness contrast to distinguish among different
items in your program display would be inappropriate. You decide to use color
instead. Unfortunately, color perception in low-light environments is not nearly as
good as in high-light environments, and some text colors are easier to read than
others in low light. Is your cursor still easy to see? Maybe to make that simpler,
you should make the cursor constantly jitter, exploiting the motion sensitivity of
the eye. So what seemed like a simple question turns out to involve issues of inter-
face design, color theory, and human perception.

This example, simple as it is, also makes some unspoken assumptions: that the
application uses graphics (rather than, say, tactile output or a well-isolated audio
earpiece), that it does not use the regular theatre screen, and that it does not use
a head-worn display. It makes explicit assumptions as well—for instance, that a
cursor will be used (some Uls intentionally don’t use a cursor). Each of these
assumptions reflects a user-interface choice as well.

Unfortunately, this interrelatedness of things makes it impossible to present
topics in a completely ordered fashion and still motivate them well; the subject is
simply no longer linearizable. We could have covered all the mathematics, the-
ory of perception, and other, more abstract, topics first, and only then moved
on to their graphics applications. Although this might produce a better reference
work (you know just where to look to learn about generalized cross products,
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for instance), it doesn’t work well for a textbook, since the motivating applica-
tions would all come at the end. Alternatively, we could have taken a case-study
approach, in which we try to complete various increasingly difficult tasks, and
introduce the necessary material as the need arises. This makes for a natural pro-
gression in some cases, but makes it difficult to give a broad organizational view of
the subject. Our approach is a compromise: We start with some widely used math-
ematics and notational conventions, and then work from topic to topic, introducing
supporting mathematics as needed. Readers already familiar with the mathemat-
ics can safely skip this material without missing any computer graphics; others
may learn a good deal by reading these sections. Teachers may choose to include
or omit them as needed. The topic-based organization of the book entails some
redundancy. We discuss the graphics pipeline multiple times at varying levels of
detail, for instance. Rather than referring the reader back to a previous chapter,
sometimes we redescribe things, believing that this introduces a more natural flow.
Flipping back 500 pages to review a figure can be a substantial distraction.

The other challenge for a textbook author is to decide how encyclopedic to
make the text. The first edition of this book really did cover a very large fraction
of the published work in computer graphics; the second edition at least made pass-
ing references to much of the work. This edition abandons any pretense of being
encyclopedic, for a very good reason: When the second edition was written, a sin-
gle person could carry, under one arm, all of the proceedings of SIGGRAPH, the
largest annual computer graphics conference, and these constituted a fair represen-
tation of all technical writings on the subject. Now the SIGGRAPH proceedings
(which are just one of many publication venues) occupy several cubic feet. Even a
telegraphic textbook cannot cram all that information into a thousand pages. Our
goal in this book is therefore to lead the reader to the point where he or she can
read and reproduce many of today’s SIGGRAPH papers, albeit with some caveats:

e First, computer graphics and computer vision are overlapping more and
more, but there is no excuse for us to write a computer vision textbook;
others with far greater knowledge have already done so.

e Second, computer graphics involves programming; many graphics applica-
tions are quite large, but we do not attempt to teach either programming or
software engineering in this book. We do briefly discuss programming (and
especially debugging) approaches that are unique to graphics, however.

e Third, most graphics applications have a user interface. At the time of this
writing, most of these interfaces are based on windows with menus, and
mouse interaction, although touch-based interfaces are becoming common-
place as well. There was a time when user-interface research was a part of
graphics, but it’s now an independent community—albeit with substantial
overlap with graphics—and we therefore assume that the student has some
experience in creating programs with user interfaces, and don’t discuss
these in any depth, except for some 3D interfaces whose implementations
are more closely related to graphics.

Of course, research papers in graphics differ. Some are highly mathematical,
others describe large-scale systems with complex engineering tradeoffs, and still
others involve a knowledge of physics, color theory, typography, photography,
chemistry, zoology. .. the list goes on and on. Our goal is to prepare the reader to
understand the computer graphics in these papers; the other material may require
considerable external study as well.
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Historical Approaches

The history of computer graphics is largely one of ad hoc approaches to the imme-
diate problems at hand. Saying this is in no way an indictment of the people
who took those approaches: They had jobs to do, and found ways to do them.
Sometimes their solutions had important ideas wrapped up within them; at other
times they were merely ways to get things done, and their adoption has inter-
fered with progress in later years. For instance, the image-compositing model
used in most graphics systems assumes that color values stored in images can
be blended linearly. In actual practice, the color values stored in images are non-
linearly related to light intensity; taking linear combinations of these does not
correspond to taking linear combinations of intensity. The difference between the
two approaches began to be noticed when studios tried to combine real-world and
computer-generated imagery; this compositing technology produced unacceptable
results. In addition, some early approaches were deeply principled, but the associ-
ated programs made assumptions about hardware that were no longer valid a few
years later; readers, looking first at the details of implementation, said, “Oh, this is
old stuff—it’s not relevant to us at all,” and missed the still important ideas of the
research. All too frequently, too, researchers have simply reinvented things known
in other disciplines for years.

We therefore do not follow the chronological development of computer graph-
ics. Just as physics courses do not begin with Aristotle’s description of dynamics,
but instead work directly with Newton’s (and the better ones describe the limita-
tions of even that system, setting the stage for quantum approaches, etc.), we try to
start directly from the best current understanding of issues, while still presenting
various older ideas when relevant. We also try to point out sources for ideas that
may not be familiar ones: Newell’s formula for the normal vector to a polygon in
3-space was known to Grassmann in the 1800s, for instance. Our hope in refer-
encing these sources is to increase the reader’s awareness of the variety of already
developed ideas that are waiting to be applied to graphics.

Pedagogy

The most striking aspect of graphics in our everyday lives is the 3D imagery being
used in video games and special effects in the entertainment industry and adver-
tisements. But our day-to-day interactions with home computers, cell phones, etc.,
are also based on computer graphics. Perhaps they are less visible in part because
they are more successful: The best interfaces are the ones you don’t notice. It’s
tempting to say that “2D graphics” is simpler—that 3D graphics is just a more
complicated version of the same thing. But many of the issues in 2D graphics—
how best to display images on a screen made of a rectangular grid of light-emitting
elements, for instance, or how to construct effective and powerful interfaces—are
just as difficult as those found in making pictures of three-dimensional scenes.
And the simple models conventionally used in 2D graphics can lead the student
into false assumptions about how best to represent things like color or shape. We
therefore have largely integrated the presentation of 2D and 3D graphics so as to
address simultaneously the subtle issues common to both.

This book is unusual in the level at which we put the “black box.” Almost every
computer science book has to decide at what level to abstract something about the
computers that the reader will be familiar with. In a graphics book, we have to
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decide what graphics system the reader will be encountering as well. It’s not hard
(after writing a first program or two) to believe that some combination of hardware
and software inside your computer can make a colored triangle appear on your
display when you issue certain instructions. The details of how this happens are
not relevant to a surprisingly large part of graphics. For instance, what happens
if you ask the graphics system to draw a red triangle that’s below the displayable
area of your screen? Are the pixel locations that need to be made red computed
and then ignored because they’re off-screen? Or does the graphics system realize,
before computing any pixel values, that the triangle is off-screen and just quit?
In some sense, unless you’re designing a graphics card, it just doesn’t matter all
that much; indeed, it’s something you, as a user of a graphics system, can’t really
control. In much of the book, therefore, we treat the graphics system as something
that can display certain pixel values, or draw triangles and lines, without worrying
too much about the “how” of this part. The details are included in the chapters on
rasterization and on graphics hardware. But because they are mostly beyond our
control, topics like clipping, antialiasing of lines, and rasterization algorithms are
all postponed to later chapters.

Another aspect of the book’s pedagogy is that we generally try to show how
ideas or techniques arise. This can lead to long explanations, but helps, we hope,
when students need to derive something for themselves: The approaches they’ve
encountered may suggest an approach to their current problem.

We believe that the best way to learn graphics is to first learn the mathematics
behind it. The drawback of this approach compared to jumping to applications is
that learning the abstract math increases the amount of time it takes to learn your
first few techniques. But you only pay that overhead once. By the time you’re
learning the tenth related technique, your investment will pay off because you’ll
recognize that the new method combines elements you’ve already studied.

Of course, you’re reading this book because you are motivated to write pro-
grams that make pictures. So we try to start many topics by diving straight into a
solution before stepping back to deeply consider the broader mathematical issues.
Most of this book is concerned with that stepping-back process. Having inves-
tigated the mathematics, we’ll then close out topics by sketching other related
problems and some solutions to them. Because we’ve focused on the underlying
principles, you won’t need us to tell you the details for these sketches. From your
understanding of the principles, the approach of each solution should be clear, and
you’ll have enough knowledge to be able to read and understand the original cited
publication in its author’s own words, rather than relying on us to translate it for
you. What we can do is present some older ideas in a slightly more modern form
so that when you go back to read the original paper, you’ll have some idea how its
vocabulary matches your own.

Current Practice

Graphics is a hands-on discipline. And since the business of graphics is the pre-
sentation of visual information to a viewer, and the subsequent interaction with
it, graphical tools can often be used effectively to debug new graphical algo-
rithms. But doing this requires the ability to write graphics programs. There are
many alternative ways to produce graphical imagery on today’s computers, and
for much of the material in this book, one method is as good as another. The
conversion between one programming language and its libraries and another is
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routine. But for teaching the subject, it seems best to work in a single language so
that the student can concentrate on the deeper ideas. Throughout this book, we’ll
suggest exercises to be written using Windows Presentation Foundation (WPF), a
widely available graphics system, for which we’ve written a basic and easily mod-
ified program we call a “test bed” in which the student can work. For situations
where WPF is not appropriate, we’ve often used G3D, a publicly available graph-
ics library maintained by one of the authors. And in many situations, we’ve written
pseudocode. It provides a compact way to express ideas, and for most algorithms,
actual code (in the language of your choice) can be downloaded from the Web;
it seldom makes sense to include it in the text. The formatting of code varies; in
cases where programs are developed from an informal sketch to a nearly com-
plete program in some language, things like syntax highlighting make no sense
until quite late versions, and may be omitted entirely. Sometimes it’s nice to have
the code match the mathematics, leading us to use variables with names like xg,
which get typeset as math rather than code. In general, we italicize pseudocode,
and use indentation rather than braces in pseudocode to indicate code blocks. In
general, our pseudocode is very informal; we use it to convey the broad ideas
rather than the details.

This is not a book about writing graphics programs, nor is it about using them.
Readers will find no hints about the best ways to store images in Adobe’s latest
image-editing program, for instance. But we hope that, having understood the
concepts in this book and being competent programmers already, they will both be
able to write graphics programs and understand how to use those that are already
written.

Principles

Throughout the book we have identified certain computer graphics principles
that will help the reader in future work; we’ve also included sections on cur-
rent practice—sections that discuss, for example, how to approximate your ideal
solution on today’s hardware, or how to compute your actual ideal solution more
rapidly. Even practices that are tuned to today’s hardware can prove useful tomor-
row, so although in a decade the practices described may no longer be directly
applicable, they show approaches that we believe will still be valuable for years.

Prerequisites

Much of this book assumes little more preparation than what a technically savvy
undergraduate student may have: the ability to write object-oriented programs; a
working knowledge of calculus; some familiarity with vectors, perhaps from a
math class or physics class or even a computer science class; and at least some
encounter with linear transformations. We also expect that the typical student has
written a program or two containing 2D graphical objects like buttons or check-
boxes or icons.

Some parts of this book, however, depend on far more mathematics, and
attempting to teach that mathematics within the limits of this text is impossible.
Generally, however, this sophisticated mathematics is carefully limited to a few
sections, and these sections are more appropriate for a graduate course than an
introductory one. Both they and certain mathematically sophisticated exercises
are marked with a “math road-sign” symbol thus: <{>. Correspondingly, topics that
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use deeper notions from computer science are marked with a “computer science
road-sign,” @,

Some mathematical aspects of the text may seem strange to those who have
met vectors in other contexts; the first author, whose Ph.D. is in mathematics, cer-
tainly was baffled by some of his first encounters with how graphics researchers
do things. We attempt to explain these variations from standard mathematical
approaches clearly and thoroughly.

Paths through This Book

This book can be used for a semester-long or yearlong undergraduate course, or as
a general reference in a graduate course. In an undergraduate course, the advanced
mathematical topics can safely be omitted (e.g., the discussions of analogs to
barycentric coordinates, manifold meshes, spherical harmonics, etc.) while con-
centrating on the basic ideas of creating and displaying geometric models, under-
standing the mathematics of transformations, camera specifications, and the stan-
dard models used in representing light, color, reflectance, etc., along with some
hints of the limitations of these models. It should also cover basic graphics appli-
cations and the user-interface concerns, design tradeoffs, and compromises neces-
sary to make them efficient, possibly ending with some special topic like creating
simple animations, or writing a basic ray tracer. Even this is too much for a sin-
gle semester, and even a yearlong course will leave many sections of the book
untouched, as future reading for interested students.
An aggressive semester-long (14-week) course could cover the following.

1. Introduction and a simple 2D program: Chapters 1, 2, and 3.

2. Introduction to the geometry of rendering, and further 2D and 3D pro-
grams: Chapters 3 and 4. Visual perception and the human visual system:
Chapter 5.

3. Modeling of geometry in 2D and 3D: meshes, splines, and implicit models.
Sections 7.1-7.9, Chapters 8 and 9, Sections 22.1-22.4, 23.1-23.3, and
24.1-24.5.

4. Tmages, part 1: Chapter 17, Sections 18.1-18.11.
5. Images, part 2: Sections 18.12-18.20, Chapter 19.

6. 2D and 3D transformations: Sections 10.1-10.12, Sections 11.1-11.3,
Chapter 12.

7. Viewing, cameras, and post-homogeneous interpolation. Sections 13.1—
13.7,15.6.4.

8. Standard approximations in graphics: Chapter 14, selected sections.
9. Rasterization and ray casting: Chapter 15.

10. Light and reflection: Sections 26.1-26.7 (Section 26.5 optional); Section
26.10.

11. Color: Sections 28.1-28.12.

12. Basic reflectance models, light transport: Sections 27.1-27.5, 29.1-29.2,
29.6, 29.8.

13. Recursive ray-tracing details, texture: Sections 24.9, 31.16, 20.1-20.6.
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14. Visible surface determination and acceleration data structures; overview
of more advanced rendering techniques: selections from Chapters 31, 36,
and 37.

However, not all the material in every section would be appropriate for a first
course.

Alternatively, consider the syllabus for a 12-week undergraduate course on
physically based rendering that takes first principles from offline to real-time ren-
dering. It could dive into the core mathematics and radiometry behind ray tracing,
and then cycle back to pick up the computer science ideas needed for scalability
and performance.

Introduction: Chapter 1

Light: Chapter 26

Perception; light transport: Chapters 5 and 29

A brief overview of meshes and scene graphs: Sections 6.6, 14.1-5
Transformations: Chapters 10 and 13, briefly.

Ray casting: Sections 15.1-4, 7.6-9

Acceleration data structures: Chapter 37; Sections 36.1-36.3, 36.5-36.6,
36.9

8. Rendering theory: Chapters 30 and 31

NN s Wb =

9. Rendering practice: Chapter 32
10. Color and material: Sections 14.6-14.11, 28, and 27
11. Rasterization: Sections 15.5-9
12. Shaders and hardware: Sections 16.3-5, Chapters 33 and 38

Note that these paths touch chapters out of numerical order. We’ve intention-
ally written this book in a style where most chapters are self-contained, with cross-
references instead of prerequisites, to support such traversal.

Differences from the Previous Edition

This edition is almost completely new, although many of the topics covered
in the previous edition appear here. With the advent of the GPU, triangles are
converted to pixels (or samples) by radically different approaches than the old
scan-conversion algorithms. We no longer discuss those. In discussing light, we
strongly favor physical units of measurement, which adds some complexity to
discussions of older techniques that did not concern themselves with units. Rather
than preparing two graphics packages for 2D and 3D graphics, as we did for the
previous editions, we’ve chosen to use widely available systems, and provide tools
to help the student get started using them.

Website

Often in this book you’ll see references to the book’s website. It’s at http://
cgpp.net and contains not only the testbed software and several examples
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derived from it, but additional material for many chapters, and the interactive
experiments in WPF for Chapters 2 and 6.
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earlier. Don’t let that constrain you. If you want to know about something, use the
index and start reading. Sometimes you’ll find yourself lacking background, and
you won’t be able to make sense of what you read. When that happens, read the
background material. It’ll be easier than reading it at some other time, because
right now you have a reason to learn it. If you stall out, search the Web for some-
one’s implementation and download and run it. When you notice it doesn’t look
quite right, you can start examining the implementation, and trying to reverse-
engineer it. Sometimes this is a great way to understand something. Follow the
practice-theory-practice model of learning: Try something, see whether you can
make it work, and if you can’t, read up on how others did it, and then try again.
The first attempt may be frustrating, but it sets you up to better understand the
theory when you get to it. If you can’t bring yourself to follow the practice-theory-
practice model, at the very least you should take the time to do the inline exercises
for any chapter you read.

Graphics is a young field, so young that undergraduates are routinely coau-
thors on SIGGRAPH papers. In a year you can learn enough to start contributing
new ideas.

Graphics also uses a lot of mathematics. If mathematics has always seemed
abstract and theoretical to you, graphics can be really helpful: The uses of math-
ematics in graphics are practical, and you can often see the consequences of a
theorem in the pictures you make. If mathematics has always come easily to you,
you can gain some enjoyment from trying to take the ideas we present and extend
them further. While this book contains a lot of mathematics, it only scratches the
surface of what gets used in modern research papers.

Finally, doubt everything. We’ve done our best to tell the truth in this book,
as we understand it. We think we’ve done pretty well, and the great bulk of what
we’ve said is true. In a few places, we’ve deliberately told partial truths when
we introduced a notion, and then amplified these in a later section when we’re
discussing details. But aside from that, we’ve surely failed to tell the truth in other
places as well. In some cases, we’ve simply made errors, leaving out a minus sign,
or making an off-by-one error in a loop. In other cases, the current understanding
of the graphics community is just inadequate, and we’ve believed what others have
said, and will have to adjust our beliefs later. These errors are opportunities for
you. Martin Gardner said that the true sound of scientific discovery is not “Aha!”
but “Hey, that’s odd....” So if every now and then something seems odd to you,
go ahead and doubt it. Look into it more closely. If it turns out to be true, you’ll
have cleared some cobwebs from your understanding. If it’s false, it’s a chance for
you to advance the field.

For the Teacher

If you're like us, you probably read the “For the Student” section even though
it wasn’t for you. (And your students are probably reading this part, too.) You
know that we’ve advised them to graze through the book at random, and to doubt
everything.

We recommend to you (aside from the suggestions in the remainder of this
preface) two things. The first is that you encourage, or even require, that your
students answer the inline exercises in the book. To the student who says, “T’'ve
got too much to do! I can’t waste time stopping to do some exercise,” just say, “We
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don’t have time to stop for gas ... we’re already late.” The second is that you assign
your students projects or homeworks that have both a fixed goal and an open-
ended component. The steady students will complete the fixed-goal parts and learn
the material you want to cover. The others, given the chance to do something fun,
may do things with the open-ended exercises that will amaze you. And in doing
so, they’ll find that they need to learn things that might seem just out of reach,
until they suddenly master them, and become empowered. Graphics is a terrific
medium for this: Successes are instantly visible and rewarding, and this sets up
a feedback loop for advancement. The combination of visible feedback with the
ideas of scalability that they’ve encountered elsewhere in computer science can be
revelatory.

Discussion and Further Reading

Most chapters of this book contain a “Discussion and Further Reading” section
like this one, pointing to either background references or advanced applications of
the ideas in the chapter. For this preface, the only suitable further reading is very
general: We recommend that you immediately begin to look at the proceedings
of ACM SIGGRAPH conferences, and of other graphics conferences like Euro-
graphics and Computer Graphics International, and, depending on your evolving
interest, some of the more specialized venues like the Eurographics Symposium
on Rendering, I3D, and the Symposium on Computer Animation. While at first
the papers in these conferences will seem to rely on a great deal of prior knowl-
edge, you’ll find that you rapidly get a sense of what things are possible (if only
by looking at the pictures), and what sorts of skills are necessary to achieve them.
You’ll also rapidly discover ideas that keep reappearing in the areas that most
interest you, and this can help guide your further reading as you learn graphics.

Note on the Second Printing

This second printing corrects several errors. We are particularly grateful to
Martin Magnusson, Alessandro Gentilini, and Daniel Shelpov, who each reported
multiple errors and suggested corrections, and especially Davide Cavignino,
who single-handedly identified and corrected more mistakes than all other readers
combined.
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Chapter 1

Introduction

This chapter introduces computer graphics quite broadly and from several per-
spectives: its applications, the various fields that are involved in the study of
graphics, some of the tools that make the images produced by graphics so effec-
tive, some numbers to help you understand the scales at which computer graphics
works, and the elementary ideas required to write your first graphics program.
We’ll discuss many of these topics in more detail elsewhere in the book.

1.1  An Introduction to Computer Graphics

Computer graphics is the science and art of communicating visually via a com-
puter’s display and its interaction devices. The visual aspect of the communica-
tion is usually in the computer-to-human direction, with the human-to-computer
direction being mediated by devices like the mouse, keyboard, joystick, game
controller, or touch-sensitive overlay. However, even this is beginning to change:
Visual data is starting to flow back to the computer, with new interfaces being
based on computer vision algorithms applied to video or depth-camera input. But
for the computer-to-user direction, the ultimate consumers of the communica-
tions are human, and thus the ways that humans perceive imagery are critical in
the design of graphics' programs—features that humans ignore need not be pre-
sented (nor computed!). Computer graphics is a cross-disciplinary field in which
physics, mathematics, human perception, human-computer interaction, engineer-
ing, graphic design, and art all play important roles. We use physics to model
light and to perform simulations for animation. We use mathematics to describe
shape. Human perceptual abilities determine our allocation of resources—we
don’t want to spend time rendering things that will not be noticed. We use engi-
neering in optimizing the allocation of bandwidth, memory, and processor time.
Graphic design and art combine with human-computer interaction to make the
computer-to-human direction of communication most effective. In this chapter,

1. Throughout this book, when we use the term “graphics” we mean “computer graphics.”

1



2 Introduction

we discuss some application areas, how conventional graphics systems work, and
how each of these disciplines influences work in computer graphics.

A narrow definition of computer graphics would state that it refers to taking a
model of the objects in a scene (a geometric description of the things in the scene
and a description of how they reflect light) and a model of the light emitted into the
scene (a mathematical description of the sources of light energy, the directions of
radiation, the distribution of light wavelengths, etc.), and then producing a repre-
sentation of a particular view of the scene (the light arriving at some imaginary eye
or camera in the scene). In this view, one might say that graphics is just glorified
multiplication: One multiplies the incoming light by the reflectivities of objects in
the scene to compute the light leaving those objects’ surfaces and repeats the pro-
cess (treating the surfaces as new light sources and recursively invoking the light-
transport operation), determining all light that eventually reaches the camera. (In
practice, this approach is unworkable, but the idea remains.) In contrast, computer
vision amounts to factoring—given a view of a scene, the computer vision system
is charged with determining the illumination and/or the scene’s contents (which
a graphics system could then “multiply” together to reproduce the same image).
In truth, of course, the vision system cannot solve the problem as stated and typ-
ically works with assumptions about the scene, or the lighting, or both, and may
also have multiple views of the scene from different cameras, or multiple views
from a single camera but at different times.

In the field of computer graphics, the word “model” can refer to a geometric
model or a mathematical model. A geometric model is a model of something
we plan to have appear in a picture: We make a model of a car, or a house, or
an armadillo. The geometric model is enhanced with various other attributes
that describe the color or texture or reflectance of the materials involved in the
model. Starting from nothing and creating such a model is called modeling,
and the geometric-plus-other-information description that is the result is called
a model.

A mathematical model is a model of a physical or computational process.
For instance, in Chapter 27 we describe various models of how light reflects
from glossy surfaces. We also have models of how objects move and models of
things like the image-acquisition process that happens in a digital camera. Such
models may be faithful (i.e., may provide a predictive and correct mathemat-
ical model of the phenomenon) or not; they may be physically based, derived
from first principles, or perhaps empirical or phenomenological, derived from
observations or even intuition.

In actual fact, graphics is far richer than the generalized multiplication pro-
cess of rendering a view, just as vision is richer than factorization. Much of the
current research in graphics is in methods for creating geometric models, methods
for representing surface reflectance (and subsurface reflectance, and reflectances
of participating media such as fog and smoke, etc.), the animation of scenes by
physical laws and by approximations of those laws, the control of animation,
interaction with virtual objects, the invention of nonphotorealistic representa-
tions, and, in recent years, an increasing integration of techniques from computer
vision. As a result, the fields of computer graphics and computer vision are grow-
ing increasingly closer to each other. For example, consider Raskar’s work on a
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Figure 1.1: A nonphotorealistic camera can create an artistic rendering of a scene by
applying computer vision techniques to multiple flash-photo images and then rerender-
ing the scene using computer graphics techniques. At left is the original scene; at right is
the new rendering of the scene. (Courtesy of Ramesh Raskar; ©2004 ACM, Inc. Included
here by permission.)

nonphotorealistic camera: The camera takes multiple photos of a single scene,
illuminated by differently placed flash units. From these various images, one can
use computer vision techniques to determine contours and estimate some basic
shape properties for objects in the scene. These, in turn, can be used to create a
nonphotorealistic rendering of the scene, as shown in Figure 1.1.

In this book, we emphasize realistic image capture and rendering because this
is where the field of computer graphics has had the greatest successes, represent-
ing a beautiful application of relatively new computer science to the simulation
of relatively old physics models. But there’s more to graphics than realistic image
capture and rendering. Animation and interaction, for instance, are equally impor-
tant, and we discuss these disciplines throughout many chapters in this book as
well as address them explicitly in their own chapters. Why has success in the
nonsimulation areas been so comparatively hard to achieve? Perhaps because
these areas are more qualitative in nature and lack existing mathematical mod-
els like those provided by physics.

This book is not filled with recipes for implementing lots of ideas in computer
graphics; instead, it provides a higher-level view of the subject, with the goal of
teaching you ideas that will remain relevant long after particular implementations
are no longer important. We believe that by synthesizing decades of research, we
can elucidate principles that will help you in your study and use of computer
graphics. You’ll generally need to write your own implementations or find them
elsewhere.

This is not, by any means, because we disparage such information or the books
that provide it. We admire such work and learn from it. And we admire those who
can synthesize it into a coherent and well-presented whole. With this in mind,
we strongly recommend that as you read this book, you keep a copy of Akenine-
Moller, Haines, and Hoffman’s book on real-time rendering [AMHHO8] next to
you. An alternative, but less good, approach is to take any particular topic that
interests you and search the Internet for information about it. The mathematician
Abel claimed that he managed to succeed in mathematics because he made a prac-
tice of reading the works of the masters rather than their students, and we advise
that you follow his lead. The aforementioned real-time rendering book is written
by masters of the subject, while a random web page may be written by anyone.
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We believe that it’s far better, if you want to grab something from the Internet, to
grab the original paper on the subject.

Having promised principles, we offer two right away, courtesy of Michael
Littman:

" THE KNOW YOUR PROBLEM PRINCIPLE:  Know what problem you are solv-
ing.

" THE APPROXIMATE THE SOLUTION PRINCIPLE: Approximate the solution,
not the problem.

Both are good guides for research in general, but for graphics in particular,
where there are so many widely used approximations that it’s sometimes easy
to forget what the approximation is approximating, working with the unapproxi-
mated entity may lead to a far clearer path to a solution to your problem.

1.1.1 The World of Computer Graphics

The academic side of computer graphics is dominated by SIGGRAPH, the Asso-
ciation for Computing Machinery’s Special Interest Group on Computer Graph-
ics and Interactive Techniques; the annual SIGGRAPH conference is the premier
venue for the presentation of new results in computer graphics, as well as a large
commercial trade show and several colocated conferences in related areas. The
SIGGRAPH proceedings, published by the ACM, are the most important refer-
ence works that a practitioner in the field can have. In recent years these have
been published as an issue of the ACM Transactions on Graphics.

Computer graphics is also an industry, of course, and it has had an enor-
mous impact in the areas of film, television, advertising, and games. It has also
changed the way we look at information in medicine, architecture, industrial pro-
cess control, network operations, and our day-to-day lives as we see weather maps
and other information visualizations. Perhaps most significantly, the graphical
user interfaces (GUIs) on our telephones, computers, automobile dashboards, and
many home electronics devices are all enabled by computer graphics.

1.1.2 Current and Future Application Areas

Computer graphics has rapidly shifted from a novelty to an everyday phenomenon.
Even throwaway devices, like the handheld digital games that parents give to chil-
dren to keep them occupied on airplane trips, have graphical displays and inter-
faces. This corresponds to two phenomena: First visual perception is powerful,
and visual communication is incredibly rapid, so designers of devices of all kinds
want to use it, and second, the cost to manufacture computer-based devices is
decreasing rapidly. (Roy Smith [Smi], discussing in the 1980s various claims that
a GPS unit was so complex that it could never cost less than $1000, said, “Any-
thing made of silicon will someday cost five dollars.” It’s a good rule of thumb.)
As graphics has become more prevalent, user expectations have risen. Video
games display many millions of polygons per second, and special effects in
films are now so good that they’re no longer readily distinguishable from
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non-computer-generated material. Digital cameras and digital video cameras give
us huge streams of pixels (the individual items in an array of dots that consti-
tutes the image?) to be processed, and the tools for processing them are rapidly
evolving. At the same time, the increased power of computers has allowed the pos-
sibility of enriched forms of graphics. With the availability of digital photography,
sophisticated scanners (Figure 1.2), and other tools, one no longer needs to explic-
itly create models of every object to be shown: Instead, one can scan the object
directly, or even ignore the object altogether and use multiple digital images of it
as a proxy for the thing itself. And with the enriched data streams, the possibility
of extracting more and more information about the data—using techniques from
computer vision, for instance—has begun to influence the possible applications
of graphics. As an example, camera-based tracking technology lets body pose or
gestures control games and other applications (Figure 1.3).

While graphics has had an enormous impact on the entertainment industry, its
influence in other areas—science, engineering (including computer-aided design
and manufacturing), medicine, desktop publishing, website design, communi-
cation, information handling, and analysis are just a few examples—continues
to grow daily. And new interaction settings ranging from large to small form
factors—uvirtual reality, room-size displays (Figure 1.4), wearable displays con-
taining twin LCDs in front of the user’s eyes, multitouch devices, including large-
scale multitouch tables and walls (Figure 1.5), and smartphones—provide new
opportunities for even greater impact.

For most of the remainder of this chapter, when we speak about graphics appli-
cations we’ll have in mind applications such as video games, in which the most

Figure 1.4: An artist stands in a Cave (a room whose walls are displays) and places paint
strokes in 3D. The displays are synchronized with stereo glasses to display imagery so that
it appears to float in midair in the room. Head-tracking technology allows the software to
produce imagery that is correct for the user’s position and viewing direction, even as the
user shifts his point of view. (Courtesy of Daniel Keefe, University of Minnesota).

2. We’ll call these display pixels to distinguish them from other uses of the term “pixel,”
which we’ll introduce in later chapters.

Figure 1.2: A scanner that
projects stripes on a model that
is slowly rotated on a turntable.
The camera records the pattern
of stripes in many positions to
determine the object’s shape.
(Courtesy of Polygon Technology,
GMBH,).

Figure 1.3: Microsoft’s Kinect
interface can sense the user’s
position and gestures, allowing a
scientist to adjust the view of his
data by “body language”, with-
out a mouse or keyboard. (Data
view courtesy of David Laid-
law; image courtesy of Emanuel
Zgraggen.)

Figure 1.5: Two users interact
with different portions of a large
artwork on a large-scale touch-
enabled display and a touch-
enabled tablet display. (Courtesy
of Brown Graphics Group.)
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critical resources are the processor time, memory, and bandwidth associated with
rendering—causing certain objects or images to appear on the display. There is,
however, a wide range of application types, each with its own set of requirements
and critical resources (see Section 1.11). A useful measure of performance to keep
in mind, therefore, is primitives per second, where a primitive is some building
block appropriate to the application; for an arcade-like video game it might be
textured polygons, while for a fluid-flow-visualization system it might be short
colored arrows. The number of primitives displayed per second is the product of
the number of primitives displayed per frame (i.e., the displayed image) and the
number of frames displayed per second. While some applications may choose to
display more primitives per frame, to do so they will need to reduce their frame
rates; others, aiming at smoothness in the animation, will want higher frame rates,
and to achieve them they may need to reduce the number of primitives displayed
per frame (or, perhaps, reduce the complexity of each primitive by approximating
it in some way).

1.1.3 User-Interface Considerations

The defining change in computer graphics over the past 30 years might appear
to be the improvement in visual fidelity of both static and dynamic images, but
equally important is the new interactivity of everyday computer graphics.> No
longer do we just look at the pictures—we interact with them. Because of this,
user interfaces (Uls) are increasingly important.

Indeed, the field of user interfaces has evolved in its own

right and can no longer be considered a tiny portion of com-

puter graphics, but the two remain closely integrated. Unfor-
tunately, as of this writing, the state of commercial desktop
Uls has not drastically changed from the research systems
of a generation ago—input to the computer is still primarily
through the keyboard and mouse, and much of what we do
with the mouse consists of clicking on buttons, pointing to
locations in text or images, or selecting menu items. And
even though this point-and-click WIMP (windows, icons,

Two parallel and related trends required the com-
moditization of graphics hardware as well as enor-
mous advances in software and CPU speed. The
first was the quality and speed of image genera-
tion, making high-quality imagery part of every-
day applications. The second was the development
of the GUI, which has made computer applications
so intuitive and easy to learn that even preliterate
children can use them.

menus, and pointers) interface has dominated for the past

30 years, high-quality and well-designed interfaces are rare,

and interface design, at least in the early days, was too often

an afterthought. Touch-based interfaces are a step forward, but many of them still
mimic the WIMP interface in various ways. With increasing user sophistication
and demands, interface design is now a significant part of the development of
almost any application.

Why are interfaces so important? One reason is economics. In 1960, comput-
ers took up large rooms or small buildings; they cost millions of dollars and were
shared by multiple users, each with a comparatively small salary. By 2000, com-
puters were small and their costs were a fraction of the salary of the people using
them. Figure 1.6 shows the trend of the dimensionless ratio of the salary of a user
to the cost of the computer used. While in 1960 it was critical that the computer
be used efficiently at all times, and users were obliged to do lots of things to make

3. Early graphics systems used in computer-aided design/computer-aided manufacturing
(CAD/CAM) were often interactive at some level, but they were so expensive and
complex that ordinary computer users never encountered them.
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that happen, by 2000 the situation was entirely reversed: The user had become the
precious resource while the computer was a relatively low-cost item. The UI is
the place where user time is consumed, even in large and slow-running programs:
Once the user sets the program running, he or she can do other things. Hence, we
should concentrate more and more effort on interfaces and interaction.

What sorts of issues affect UI design? Many of them are related to psychol-
ogy, perception, and the general area called human factors. It’s one thing to use
color in your UI; it’s another to make sure the UI works for color-deficient users
as well. It’s one thing to have all necessary menu items present; it’s another to
order and group them so that a typical user can find what s/he is looking for
quickly and select it easily: The menu items must be organized, and each item
must be large enough to make the selection process easy. And it’s still another
thing to be certain that your Ul is appropriate for whatever kind of device you
might be using: a desktop machine, a smartphone, a PDA, or a video game
controller.

Despite the importance of interfaces, we will not discuss them much; UI
research is now its own field, related to graphics but no longer a part of it. In some
cases, there are interface elements for which those with experience in graphics can
offer particular insight. Chapter 21 discusses some of these as applications of the
modeling and transformation technology developed earlier in the book.

From this discussion, it’s clear that the goals of computer graphics are not
purely based on physics or algorithms, but they depend critically on human beings.
We don’t merely compute the transfer of light energy in a scene; we must also con-
sider the human perception of the results: Was the extra computation time used in
a way that mattered to the viewer? We don’t merely create an application program
that provides functionality and performance that are appropriate for the some par-
ticular endeavor (e.g., playing music from a library or helping a physician main-
tain notes on patients); we also concern ourselves with whether the interface the
program presents makes the program easy to use. Ease of use is obviously closely
tied to human perception. We therefore present an introduction to perception in
Chapter 5.

1.2 A Brief History

Graphics research has followed a goal-directed path, but one in which the goal
has continued to shift; the first researchers worked in a context of limited pro-
cessor power, and thus they frequently made choices that got results as quickly
and easily as possible. Early efforts were divided between trying to make draw-
ings (e.g., blueprints) and trying to make pictures (e.g., photorealistic images). In
each case, many assumptions were made, usually in concession to available pro-
cessor power and display technologies. When a single display cost as much or
more than an engineer’s salary, every picture displayed had to have some value.
When displaying a few hundred polygons took minutes, approximating curved
surfaces with relatively few polygons made a lot of sense. And when processor
speeds were measured in MIPS (millions of instructions per second) but images
contained 250,000 or 500,000 pixels, one could not afford to perform a lot of
computations per pixel. (In the 1960s and early 1970s, many institutions had at
most a single graphical display!) Typical simplifying assumptions were that all
objects reflected light more or less as flat latex paint does (although some more-
sophisticated reflectance models were used in a few systems), that light either
illuminated a surface directly or bounced around in the scene so often that it
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Figure 1.6: The log of the ratio
between the cost of a computer
and the salary of a person using
the computer (roughly amortized
for multiuser systems), plotted
against the year.



8 Introduction

eventually provided a general ambient light that illuminated things even when
they weren’t directly lit, and that the colors at the interior points of any triangle
could be inferred from the colors computed at the triangle’s vertices.

Gradually, richer and richer models—of shape, of light, and of reflectance—
were added, but even today the dominant model for describing the light in a scene
includes the term ““ambient,” meaning a certain amount of light that’s “all over the
place in the scene” without any clear origin, ensuring that any object that’s visible
in the scene is at least somewhat illuminated. This ad hoc term was added to
address aspects of light transport, such as interobject reflections, that could not be
directly computed with 1960s computers; but it remains in use today. While many
books follow the historical development of light transport, we’ll choose a different
approach and discuss the ideal (the physical simulation of light transport), how
current algorithms approximate that ideal, how some earlier approaches did so as
well, and how the vestiges of those approximations remain in common practice.
The exception to this is that we’ll introduce, in Chapter 6, a reflectance model that
represents the scattering of light from a surface as a sum of three terms: “diffuse,”
corresponding to light that’s reflected equally in all directions; “specular,”* used
to model more directional reflection, ranging from things like rough plastic all the
way to the nearly perfect reflection of mirrors; and ambient. We will refine this
model somewhat in Chapter 14, and then examine it in detail in Chapter 27. The
advantage of the early look is that it allows you to experiment with modeling and
rendering scenes early, even before you’ve learned how light is actually reflected.

Graphics displays have improved enormously over the years, with a shift from
vector devices to raster devices—ones that display an array of small dots, for
example, like CRTs or LCD displays—in the 1970s to 1980s, and with steadily
but slowly increasing resolution (the smallness of the individual dots), size (the
physical dimensions of the displays), and dynamic range (the ratio of the bright-
est to the dimmest possible pixel values) over the past 25 years. The performance
of graphics processors has also progressed in accordance with Moore’s Law (the
rate of exponential improvement has been greater for graphics processors than for
CPUs). Graphics processor architecture is also increasingly parallel; how far this
can go is a matter of some speculation.

In both processors and displays, there have also been important leaps along
with steady progress: The switch from vector devices to raster displays, and their
rapid infiltration of the minicomputer and workstation market, was one of these.
Another was the introduction of commodity graphics cards (and their associated
software), which made it possible to write programs that ran on a wide variety
of machines. At about the same time as raster displays became widely adopted
another major change took place: the adoption of Xerox PARC’s WIMP GUIs.
This is when graphics moved from being a laboratory research instrument to being
an unspoken component of everyday interaction with the computer.

One last leap is worth noting: the introduction of the programmable graphics
card. Instead of sending polygons or images to a graphics card, an application
could now send certain small programs describing how subsequent polygons and
images were to be processed on their way to the display. These so-called “shaders”

4. The word “specular” has multiple meanings in graphics, from “mirrorlike” to “any-
where from sort of glossy to a perfect mirror.” Aside from its use in Chapter 6 we’ll
use “specular” as a synonym for mirror reflection, and “glossy” for things that are shiny
but not exactly mirrorlike.
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opened up whole new realms of effects that could be generated without any addi-
tional CPU cycles (although the GPU—the Graphics Processing Unit—was work-
ing very hard!). We can anticipate further large leaps in graphics power in the next
few decades.

1.3 An llluminating Example

Let’s now look at a simple scene and ask ourselves how we can make a picture
of it.

A 100 W pinpoint lamp hangs above a table that’s painted with gray latex paint
at a height of 1 m, in an otherwise dark room. We look at the table from above,
from 2m away. What do we see? Regardless of the visible-light output of the
lamp and the exact reflectivity of the surface, the pattern of illumination in the
scene—brighter just beneath the lamp, dimmer as we move away—is determined
by physics. We can do a thought experiment and imagine an ideal “picture” of
this scene. And we can hope that a computer graphics system, asked to render a
picture of this scene, would produce a result that would be a good approximation
of this picture.

Nonetheless, it’s difficult to write a conventional program with a standard
graphics package to even display the general pattern of illumination. Most stan-
dard packages have no notion of units like “meters” or “grams” or “joules”; even
their descriptions of light omit any mention of wavelength. Furthermore, conven-
tional graphics packages compute the brightness of incoming light in a way that
varies with the distance from the source. However, it does not vary as 1/ 42, as
we know it must from physics, but rather according to a different rule. To be fair,
one can make the conventional package have a quadratic falloff, but the resultant
picture still looks wrong.® That’s in part because of nonlinearities in displays and
the use of a small range of values (typically O to 255) to represent light amounts,
together with the limited dynamic range of many displays (one cannot display
very brightly lit or very dimly lit things faithfully). Using a linear falloff (often
with a small quadratic term mixed in) partly compensates for these and results in
a better-looking picture. But it’s really just an ad hoc solution to a collection of
other problems.

To correctly make a picture of the simple scene described above, it’s probably
best to model the physics directly and only then worry about the display of the
resultant data. By the end of Chapter 32 you’ll be able to do so.

In asking for a physically correct result in this example, we’re examining a
particular area of graphics—that of realism. It’s remarkable that the quest for real-
ism should have gone so very well in the early years of graphics, given the lack
of any physical basis for most of the computations. This can be attributed to the
remarkable robustness of the human visual system (HVS): When we present to
the eyes anything that remotely resembles a physically realistic image, our visual
system somehow makes sense of it. More recent trends in which captured imagery
(e.g., digital photographs) are combined with graphics imagery have shown how
important it can be to get things right: A mismatch in the brightness of real and
synthetic objects is instantly noticeable.

5. The wrongness is not from the unfamiliarity of the point-light source; even if we made
a graphical model of a larger-area light source, the results would be wrong.
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But often in graphics we seek not a physical simulation but a way to present
information visually (like a book or newspaper layout). In these cases, the typical
viewing situation is a well-lit room, with light of approximately constant intensity
arriving from all directions, and with the reflectance of the items on the page
varying by a factor of perhaps 10°. Simply setting the intensities of screen pixels
to reasonable values that vary over a similar range works well, and there’s no
reason to do a physical simulation of the reflecting page. However, there may
be a reason to be sure that what’s displayed is faithful to the original (i.e., that
the colors you see on your display are the same ones / see on mine); displays of
fashion items or paint colors need to be accurate for users to understand how they
really look.

Indeed, such a situation is a good opportunity for abstraction, which is a key
element in visual communication in general: Because the physical characteristics
of the document will not have a large impact on the viewer’s experience as s’he
encounters it, one can instead discuss the document in more abstract terms of
shape and color and form. It’s imperative, of course, that these abstractions cap-
ture what’s important and leave out what’s unimportant about whatever is being
discussed; this is a key characteristic of the process of modeling, which we will
return to frequently throughout this book.

1.4 Goals, Resources, and Appropriate
Abstractions

The lightbulb example gives us another principle: In any simulation, first under-
stand the underlying physical or mathematical processes (to the degree they’re
known), and then determine which approximations will best provide the results
we need (our goals), given the constraints of time, processor power, and similar
factors (our resources).

This approach applies both to 2D display graphics—the kinds of graphical
objects found in the interface to your web browser, for instance, like the buttons
that help you navigate and the display of the successive lines of text—and to 3D
renderings used for special effects. In the former case, the dominant phenomena
may not be those of physics but of perception and design, but they must still be
understood. In addition to choosing a rich-enough abstraction, part of modeling
wisely is choosing the right representation in which to work: To represent a real-
valued function on a plane, you might use a rectangular array of values; divide the
plane into triangular regions of various shapes and sizes, with values stored at the
triangle vertices (this is common when making models of things like fluid flow);
or use a data structure that stores the rectangular value array in such a way that
whenever adjacent values agree they are merged into a larger “cell” so that detail
is only present in the areas where the function is changing rapidly.

We summarize the preceding discussion in a principle:

" THE WISE MODELING PRINCIPLE: When modeling a phenomenon, under-
stand the phenomenon you’re modeling and your goal in modeling it, then
choose a rich-enough abstraction, and then choose adequate representations
to capture your abstraction within the bounds of your resources. Once this is
done, test to verify that your abstraction was appropriate.
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The testing will vary with the situation: If the design abstracts something about
human perception, then the test may involve user studies; if the design abstracts
something physical (“We can safely model small ocean waves with sinusoids”),
then the test may be quantitative.

Barzel [Bar92] argues that most physical models for computer graphics come
in three parts: the physical model itself, a mathematical model, and a numeri-
cal model. (As an example, the physical model might be that ocean waves are
represented by vertical displacements of the water’s surface, and their motion is
governed solely by the forces arising from differences in nearby heights [rather
than by wind, for example]; the mathematical model might be that these displace-
ments are represented by time-dependent functions defined at integer points in
some coordinate grid on the ocean’s surface, with intermediate values being inter-
polated; and the computational model might be that the water’s state one moment
in the future can be determined from its state now by approximating all deriva-
tives with “finite differences” and then solving a linearized version of the resultant
equations.) Including this separation in your programs can help you debug them.
This means, however, that during debugging, you must remember your model and
its level of abstraction and the limitations these impose on your intended results.
(In our example, the physical model itself says that you cannot hope to see break-
ing waves, while the mathematical model says that you cannot hope to see details
of the water’s surface at a scale smaller than the coordinate grid.) Within computer
science, this is very unusual: In most other areas of computer science, you’ve got
either a computational model or a machine model, and this single model provides
your foundation. In graphics, we have physical, mathematical, numerical, compu-
tational, and perceptual models, all interacting with one another.

In both 2D and 3D graphics, it’s critically important to consider the eventual
goal of your work, which is usually communication in some form, and usually
communication to a human. This end goal influences many things that we do,
and should influence everything. (This is just a restatement of the “form follows
function” dictum, as valuable in graphics as it is anywhere else.) As a simple
example, consider how we treat light, which is just a kind of electromagnetic radi-
ation: Because humans can only detect certain frequencies of light with their eyes,
we usually don’t worry about simulating radio waves or X-rays in graphics, even
though the light emitted by conventional lamps (and the sun) includes many ener-
gies outside the visible spectrum. Hence, a limitation of the visual system becomes
a computational savings for our programs. Similarly, because the eye’s sensitivity
to light energy is approximately logarithmic, we build our display hardware (to a
first approximation) so that equal differences in pixel values correspond to equal
ratios of displayed light energy.

" THE VISUAL SYSTEM IMPACT PRINCIPLE: Consider the impact of the
human visual system on your problem and its models.

As another example, even in 2D display graphics there are perceptual issues
to consider: The limits of human visual acuity tell us that the things we display
must be of a certain size to be perceptually meaningful; at the same time, the
limits of human motor control tell us that interaction must be designed in ways
that fit those limits. We cannot ask a user to click on a sequence of pixels in a
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1280 x 1024-pixel, 17 -inch display with an ordinary mouse—clicking on a par-
ticular pixel is virtually impossible.

We don’t mean to suggest that perception should influence every decision
made in graphics; in Chapter 28 we’ll see the risks that arise from treating
light throughout the rendering process in a way that captures only our three-
dimensional perception of color rather than the full spectral representation. How-
ever, in many situations where the range of brightness is small, the logarithmic
nature of the eye’s sensitivity is not particularly important, and common practice
therefore often involves such things as averaging pixel values that represent log
brightnesses; such techniques often serve their purposes admirably.

1.4.1 Deep Understanding versus Common Practice

Because computer graphics is actually in use all around us, we have to make con-
cessions to common practice, which has generally evolved because it produced
good-enough results at the time it was developed. But after a discussion of com-
mon practice, we’ll often have a stand-back-and-look critique of it as well so
that the reader can begin to understand the limitations of various approaches to
graphics problems.

1.5 Some Numbers and Orders of Magnitude
in Graphics

Because we will start our study of graphics with a discussion of light, it’s useful to
have a few rough figures characterizing the light encountered in ordinary scenes.
Visible light, for instance, has a wavelength between approximately 400 and 700
nanometers (a nanometer is 1.0 x 1072 m). A human hair has a diameter of about
1.0 x 10~*m, so it’s about 100 to 200 wavelengths thick, which helps give a
human scale to the phenomena we’re discussing.

1.5.1 Light Energy and Photon Arrival Rates

A single photon (the indivisible unit of light) has an energy FE that varies with the
wavelength \ according to

E = he/\, (1.1)
where h ~ 6.6 x 1073 Jsec is Planck’s constant and ¢ ~ 3 x 108 m/sec is the
speed of light; multiplying, we get

1.98 x 10-25J
E~ y. (12)

Using 650 nm as a typical photon wavelength, we get

198 x 102
o 198 X07RIm o 0m19) (1.3)
650 x 102 m

as the energy of a typical photon.
An ordinary 100 Watt incandescent bulb consumes 100 W, or 1007 /sec, but
only a small fraction of that—perhaps 2% to 4% for the least efficient bulbs—is
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converted to visible light. Dividing 2J /sec by 3 x 1071? J, we see that such a bulb
emits about 6.6 x 10'® visible photons per second. An office—say, 4m x 4m x
2.5 m—together with some furniture has a surface area of very roughly 100 m? =
1 x 10%cm?; thus, in such an office illuminated by a single 100 W bulb on the
order of 10'? photons we arrive at a typical square centimeter of surface each
second.

By contrast, direct sunlight provides roughly 1000 times this arrival rate; a
bedroom illuminated by a small night-light has perhaps 1/100 the arrival rate.
Thus, the range of energies that reach the eye varies over many orders of magni-
tude. There is some evidence that the dark-adapted eye can detect a single photon
(or perhaps a few photons). At any rate, the ratio between the daytime and night-
time energies of the light reaching the eye may approach 10'°.

1.5.2 Display Characteristics and Resolution of the Eye

Because we also work with computer displays, and the computers driving these
displays typically draw polygons on the screen, it’s valuable to have some num-
bers describing these. A typical 2010 display had between 1 million and 1.5 mil-
lion pixels (individually controllable parts of the display®)—which will soon grow
to 4 million pixels; with displays that are 37 cm (about 15 inches) wide, the diago-
nal distance between pixel centers is on the order of 0.25 mm. The dynamic range
of a typical monitor is about 500:1 (i.e., the brightest pixels emit 500 times the
energy emitted by the darkest pixels). The display on a well-equipped 2010 desk-
top subtended an angle of about 25° at the viewer’s eye.

The human eye has an angular resolution of about one minute of arc; this
corresponds to about 300 mm at a 1 km distance, or (more practical for viewing
computer screens) about 0.3 mm at a 1 m distance. When pixels get about half
as large as they are now, it will be nearly impossible for the eye to distinguish
them.” A one-pixel shift in a single character’s position on a line of text may be
completely unnoticeable. Furthermore, the eye’s resolution far from the center of
the view is much less, so pixel density at the edge of the display screen may well be
wasted much of the time. On the other hand, the eye is very sensitive to motion,
so two adjacent pixels in a gray region that alternately flash white may give an
illusion of motion that’s easily detectable, which might be useful for attracting the
user’s attention.

1.5.3 Digital Camera Characteristics

The lens of a modern consumer-grade digital camera has an area of about 0.1 cm?;
suppose that we use it to photograph a typical 100 W incandescent bulb, filling
the frame with the image of the bulb. To do so, we place the lens 10 cm from the

6. Each display part may actually consist of several pieces, as in a typical LCD display
in which the red, green, and blue parts are three parallel vertical strips that make up
a rectangle, or may be the result of a combination of multiple things, like the light
emitted by the red, green, and blue phosphors of each triad of phosphors on a CRT
screen.

7. This doesn’t mean it won’t be worth further reducing their size; 300 dot-per-inch (dpi)
printers use dots that are about 0.1 mm, and their quality is noticeably poorer than that
of 1200 dpi printers, even when viewed at a distance of a half-meter. Distinguishing
between adjacent pixels and detecting the smoothness of an overall image are evidently
rather different tasks.
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Figure 1.7: The standard teapot, created by Martin Newell, a model that’s been used thou-
sands of times in graphics.

bulb. The surface area of a sphere with radius 10 cm is about 1200 cm?; our lens
therefore receives about 1/10,000 of the light emitted by the bulb, or 6.6 x 10'*
photons per second. If we take the picture with a 0.01 sec exposure and we have
an approximately 1-million-pixel sensor, then each sensor pixel receives about
10° photons. Photographing a dark piece of carpet in our imaginary office above
might result in each sensor pixel receiving only 100 photons.

1.5.4 Processing Demands of Complex Applications

Computer games are some of the most demanding applications at present; to make
objects appear on the user’s screen, these applications send polygons to a graphics
processor. These polygons have various attributes (like color, texture, and trans-
parency) and are displayed with various technologies (antialiasing, smooth shad-
ing, and others, all of which we’ll discuss in detail later). For a polygon to be
displayed, certain pixels must be colored in certain ways. Thus, polygon rate (the
number of polygons displayed per second) and fill rate (the number of pixels
colored per second) are both used to measure performance. The numbers are con-
stantly changing, and there’s a huge difference between a textured, antialiased,
transparent polygon covering 500 pixels and a flat-shaded 10-pixel triangle, so
comparisons are difficult. But complex scenes for interactive display can easily
contain 1 million polygons, of which maybe 100,000 are visible (the others being
hidden by things in front of them or outside the field of view), each occupying
perhaps 10 pixels on average. In many cases, a single polygon occupies less than
a single pixel. This happens in part because complex shapes are often modeled
with polygonal meshes (see Figure 1.7). For high-quality, noninteractive, special-
effects production, the resolution of the final image may be considerably higher,
but at the same time, scenes can contain many millions of polygons; the “polygon
is smaller than a pixel” rule of thumb continues to apply.

1.6 The Graphics Pipeline

The functioning of a standard graphics system is typically described by an abstrac-
tion called the graphics pipeline. The term “pipeline” is used because the trans-
formation from mathematical model to pixels on the screen involves multiple
steps, and in a typical architecture, these are performed in sequence; the results
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Figure 1.8: The graphics pipeline, version 1.

of one stage are pushed on to the next stage so that the first stage can begin pro-
cessing the next polygon immediately.

Figure 1.8 shows a simplified view of this pipeline: Data about the scene being
displayed enters at various points to produce output pixels.

For many purposes, the exact details of the pipeline do not matter; one can
regard the pipeline as a black box that transforms a geometric model of a scene
and produces a pixel-based perspective drawing of those polygons. (Parallel-
projection drawings are also possible, but we’ll ignore these for the moment.)
On the other hand, some understanding of the nature of the processing is valuable,
especially in cases where efficiency is important. The details of the boxes in the
pipeline will be revealed throughout the book.

Even with this simple black box you can write a great many useful programs,
ignoring all physical considerations and treating the transformation from model
to image as being defined by the black box rather than by physics (like the non-
quadratic light-intensity falloff mentioned above).

The past decade has, to some degree, made the pipeline shown above
obsolete. While graphics application programming interfaces (APIs) of the past
provided useful ways to adjust the parameters of each stage of the pipeline, this
fixed-function pipeline model is rapidly being superseded in many contexts.
Instead, the stages of the pipeline, and in some cases the entire pipeline, are being
replaced by programs called shaders. It’s easy to write a small shader that mimics
what the fixed-function pipeline used to do, but modern shaders have grown
increasingly complex, and they do many things that were impossible to do on the
graphics card previously. Nonetheless, the fixed-function pipeline makes a good
conceptual framework onto which to add variations, which is how many shaders
are in fact created.

1.6.1 Texture Mapping and Approximation

One standard component of the black box is the texture map. With texture map-
ping, we take a polygon (or a collection of polygons) and assign a color to each
point via a lookup in a texture image; the technique is a little like applying a stencil
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Figure 1.9: (a) The image at left depicts a normal map. Each image point has x- and y-
coordinates that correspond to the latitude and longitude of a point on the sphere. The
RGB color triple stored at each point determines how much to tilt the normal vector at the
corresponding point of the sphere. The pale purple color indicates no tilt, while the four
stripes tilt the normal vector up and down or left and right. (b) The resultant shape, which
looks bumpy; you can tell it’s actually smooth by looking at the silhouette. Note that it has
also been “color textured” with a reflected sky.

to a surface or gluing a decal onto an object. You can think of the texture image,
which can be a piece of artwork scanned into the system, a photo taken with a dig-
ital camera, or an image created in a paint program, for instance, as a rubber sheet
with a picture on it. The texture coordinates describe how this sheet is stretched
and deformed to cover some part of the object.

The idea of using a texture to modify the color characteristics of each point of
an image is only one of many applications of texture mapping. The central ideas
of texture mapping have been generalized and applied to many surface properties.
The appearance of a surface, for instance, depends in part on the surface’s normal
vector (or normal), which is the vector that’s perpendicular to the surface at each
point. This normal vector is used to compute how light reflects from the surface.
Since the surface is typically represented by a mesh of polygons, these surface
normal vectors are usually computed at the polygon vertices and then interpolated
over the interior of the polygon to give a smooth (rather than faceted) appearance
to the shape.

If instead of using the frue normal to a surface (or its approximation by inter-
polation as above) we use a substantially different one at different points of each
polygon, the surface will have a different appearance at different points, appearing
to tilt more toward or away from us, for instance. If we apply this idea across a
whole surface we can generate what seems to be a lumpy surface (see Figure 1.9),
while the underlying shape is actually nearly smooth.

The surface appears to have lots of geometric variation even though it’s actu-
ally spherical. Unfortunately, near the silhouette of the surface the unvarying
nature is evident; this is a common limitation of such mapping tricks. On the other
hand, being able to draw just a few normal-mapped polygons instead of thousands
of individual ones can be enough of an advantage to make this choice appropriate.
This kind of choice is commonplace in graphics—one must decide between phys-
ical correctness (which might require huge models) and approximately correct
imagery made with smaller models. If model size and processing time constitute a
significant portion of your engineering budget, these are the sorts of tradeoffs you
have to make.

1.6.2 The More Detailed Graphics Pipeline

As we said above, a pipeline architecture lets us process many things simultane-
ously: Each stage of the pipeline performs some task on a piece of data and hands
the result to the next stage; the original pipeline stage can then begin performing
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Figure 1.10: In this depiction of a larger graphics pipeline, the application program per-
forms some work (e.g., animation) to determine the geometry to be displayed; this geomet-
ric description is handed to the graphics pipelines, the resultant image is displayed. At the
same time, user input, in response to the displayed image, may affect the next operations of
the application program, as may data read back from the graphics pipeline itself.

the task on the next piece of data. When such a pipeline is properly designed this
can result in improved throughput, although as stages are added, the total amount
of time it takes for an input datum to produce a result continues to increase.
In systems where interactive performance is critical, this lag or latency can be
important.

The graphics pipeline consists of four main parts: vertex geometry processing
and transformation, triangle processing (through rasterization) and fragment gen-
eration, texturing and lighting, and fragment-combination operations for assem-
bling the final image, all of which we’ll summarize presently (and which are
covered in more detail in Chapters 15 and 38). You can think of this pipeline
as part of a larger pipeline that captures the structure of a typical program (see
Figure 1.10, in which the vertex processing portion is labeled “Geometric transfor-
mation”; the fragment generation, texturing, and lighting are collected into a sin-
gle box; and the portion representing the final processing of fragments is labeled
“Image assembly”).

In this larger pipeline, an application program generates data to be displayed,
and the graphics pipeline displays it. But there may be user input (possibly in
response to the displayed images) that controls the application, as well as infor-
mation read back from the graphics pipeline and also used in the computation of
the next image to be shown.

Each part of the graphics pipeline may involve several tasks, all performed
sequentially. The exact implementations of these tasks may vary, but the user of
such a system can still regard them as sequential; graphics programmers should
have this abstraction in mind while creating an application. This programmer’s
model is the one provided by most APIs that are used to control the graphics
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pipeline. In actual practice (see Chapter 38), the exact order of the tasks within
the parts (or even the parts to which they are allocated) may be altered, but a
graphics system is required to produce results as if they were processed in the
order described. Thus, the pipeline is an abstraction—a way to think about the
work being done; regardless of the underlying implementation, the pipeline allows
us to know what the results will be.

The vertex geometry part of the pipeline is responsible for taking a geometric
description of an object, typically expressed in terms of the locations of certain
vertices of a polygonal mesh (which you can think of informally as an arrangement
of polygons sharing vertices and edges to cover an object, i.e., to approximate
its surface), together with certain transformations to be applied to these vertices,
and computing the actual positions of the vertices after they’ve been transformed.
The polygons of the mesh, which are defined in terms of the vertices, are thus
implicitly transformed as well.

The triangle-processing stage takes the polygons of the mesh—most often
triangles—and a specification for a virtual camera whose view we are rendering,
and processes the polygons one by one in a process called rasterization, to con-
vert them from a continuous-geometry representation (triangle) into the discrete
geometry of the pixelized display (the collection of pixels [or portions of pixels]
that this triangle contains).

The resultant fragments (pixels or portions of pixels that belong to the triangle
and may eventually appear on the display if they’re not obscured by some other
fragment) are then assigned colors based on the lighting in the scene, the textures
(e.g., a leopard’s spots) that have been assigned to the mesh, etc.

If several fragments are associated to the same pixel location, the frontmost
fragment (the one closest to the viewer) is generally chosen to be drawn, although
other operations can be performed on a per-pixel basis (e.g., transparency compu-
tations, or “masking” so that only certain fragments get “drawn,” while others that
are masked are left unchanged).®

In modern systems, all of this work is usually done on one or more Graphics
Processing Units (GPUs), often residing on a separate graphics card that’s plugged
into the computer’s communication bus. These GPUs have a somewhat idiosyn-
cratic architecture, specially designed to support rapid and deep pipelining of the
graphics pipeline; they have also become so powerful that some programmers
have started treating them as coprocessors and using them to perform computa-
tions unrelated to graphics. This idea—having a separate graphics unit that even-
tually becomes so powerful that it gets used as a (nongraphics) coprocessor—is
an old one and has been reinvented multiple times since the 1960s. In early gen-
erations, this coprocessor was typically moved closer and closer to the CPU (e.g.,
sharing memory with the CPU) and grew increasingly powerful until it became so
much a part of the CPU that designers began creating a new graphics processor
that was closely associated to the display; this was called the wheel of reincarna-
tion in a historically important paper by Myer and Sutherland [MS68]. The notion
may be slightly misleading, however, as observed by Whitted [Whil0]: “We

8. Note that the choice of a representation by a raster grid implies something about the
final results: The information in the result is limited! You cannot “zoom in” to see
more detail in a single pixel. But sometimes in computing, what should be displayed
in a single pixel requires working with subpixel accuracy to get a satisfactory result.
We’ll frequently encounter this tension between the “natural” resolution at which to
work (the pixel) and the need to sometimes do subpixel computations.
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sometimes forget that the famous ‘wheel of reincarnation’ translates as it rotates,
transporting us to unfamiliar technological territory even if we recognize historical

similarities.” /

1.7 Relationship of Graphics to Art, Design, \ /

and Perception Q_)

The simple lamp at the top of Figure 1.11 conveys both a shape and a design style
in just a few strokes. Henri Matisse’s “Face of a Woman,” shown at the bottom
of Figure 1.11, contains no more than 13 pen strokes but is nonetheless able to
convey an enormous amount to a human viewer; it’s far more recognizable as a ;
face than many of the best contemporary face renderings in graphics. This is partly foh -ﬁ/
because of the uncanny valley—an idea from robotics [Mor70] that states that as A
robots got increasingly humanlike, a viewer’s sense of familiarity would increase /: N
-
\‘“/

to a point, but then it would drop precipitously until the robot was very human- s
like, at which point the familiarity would rise rapidly above its previous level. The VA 4
uncanny valley is the region in which familiarity is low but human resemblance \
is high. In the same way, graphics images of humans that are “almost right” are -
often described as “creepy” or “weird.” But ignoring this for a moment, there’s )
another important difference: Matisse’s drawing is simple, whereas an enormous !
amount of computational effort is expended in making a realistic face rendering.
This is because artists and designers have reverse-engineered the human visual
system to get the greatest effect for the least amount of “drawing budget.” Look-
ing at their work helps us understand that the goal of all graphics is communi-
cation, and that sometimes this is best achieved not with realism but with other ~ Figure 1.11: The lamp, cour-
means. Auto-repair manuals, for instance, can be illustrated with photos, but the tesy of Jack Hughes, has just
top-quality manuals are instead illustrated with drawings (see Figure 1.12) that ~ Jfive SIr Ofes' Matisse’s “Face of a
emphasize important details and elide other details. Which details are important? Woma’? _dep icts both shape and
That depends on the intent of the person creating the image and on the human mood in just 13 strokes.

visual system. We know, for instance, that the human visual system is sensitive
to sharp transitions in brightness and is somewhat more sensitive to vertical and
horizontal lines than to diagonal ones; this partly explains why line drawings are
effective, and why one can afford to leave out diagonal lines preferentially over
verticals and horizontals.

In every engineering problem, there’s a budget; graphics is no different. You
are limited in graphics by things like the number of polygons you can send to
the pipeline before you have to draw the next frame to display, the number of
pixels that can be filled, and the amount of computation you can afford to do
in the CPU to decide what polygons you want to draw in the first place. Artists
who are drawing something have a similar budget: the amount of effort spent in
placing marks on a page, the time before the scene being rendered changes (you
can’t paint a sunset-in-progress at midnight), etc. They’ve developed techniques
that allow them to convey a scene on a low budget: For instance, contour drawings
work well, and flat fill-in color adds contrast that helps separate individual objects,
etc. We can learn from the artists’ reverse engineering of the human visual system
and use their techniques to render more efficiently. And because most computer-
generated images are intended to be viewed by a human, the human brain is the
ultimate measurement tool for what’s satisfactory. There’s another budget to con-
sider as well: the viewer’s attention. Graphics is also limited by the time and effort

Figure 1.12: A repair manual
shows details where needed, but
omits unnecessary material.
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Figure 1.13: Each strip is a single color, but the left side of each strip looks a little brighter
and the right side looks a little darker, which has the effect of accentuating the dividing line
between the strips; this effect is known as Mach banding.

the human viewer can be expected to spend to understand what is being com-
municated. Of course, our standard for satisfaction varies with time: The images
produced in the 1960s and 1970s seemed amazing at the time, but are completely
unsatisfactory by today’s standards.

On the other hand, sometimes the nature of the visual system lets us make very
effective but simple approximations of reality that are entirely convincing; early
cloud models [Gar85] used extremely simple approximations of cloud shapes very
effectively, because the eye is not terribly sensitive to the geometry of a cumulus
cloud, as long as it looks fluffy. But all too often, such simplifications fail badly.
For instance, we could attempt to make a mesh appear to have a smoothly chang-
ing color by filling each triangle with its own color (flat shading) and then making
the individual triangles small so that the changes from one triangle to the next are
tiny. Unfortunately, unless the triangles are very tiny, this leads to something called
Mach banding (see Figure 1.13), which is extremely distracting to the eye.

1.8 Basic Graphics Systems

A modern graphics system consists of a few interaction devices (keyboard,
mouse, perhaps a tablet or touch screen), a CPU, a GPU, and a display. Today’s
displays are either liquid-crystal displays (LCDs) or cathode-ray tube (CRT)
displays, although new technologies like plasma displays and OLEDs (organic
light-emitting diodes) are constantly changing the landscape. Each displays a
rectangular array of pixels, or regions that can be lit to varying degrees in varying
colors by the control of three colored parts, typically red, green, and blue. In the
case of a CRT, when a single pixel is turned on it produces a glowing, approxi-
mately circular area containing an RGB triad of phosphors on the screen, an area
that is bright in the center and rapidly fades at the edges so that the bright areas
of adjacent pixels overlap only a little. In the case of an LCD, there is a backlight
behind the screen, and each pixel is a set of three small rectangles that allow some
amount of the backlight in the red, green, or blue spectrum to pass through to the
viewer. There is a very small space between the pixels (like the grout on a tile
floor), but for most purposes we can treat the LCD pixels as completely covering
the screen. The brightness of each pixel (on either type of display) can be con-
trolled by a program; we can also assume, except in the most rigorous situations,
that all pixels are capable of displaying the same brightnesses, and that there is no
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substantial variation of their apparent brightness with position (i.e., pixels at the
display’s edge look just as bright as those at the center when they’re “turned on”
to the same degree).

A typical graphics program runs on the CPU, processing input from the Ul
devices and sending instructions to the GPU describing what should be displayed;
this, in turn, prompts further user interaction, and the cycle continues. In almost all
cases, this structure is provided by a graphics platform that serves as an interme-
diary between a graphics application and the hardware, but for now, let’s consider
the simple case where we’re building a basic graphics program from scratch. Fre-
quently the display is steadily changing (e.g., it is being updated every 1/30 of a
second), and user input may come only occasionally. The simplest model for the
application program is to issue for each redisplay cycle new display instructions
to the GPU, often resulting in a frame rate that’s typically 15 to 75 frames per sec-
ond. Too-low frame rates can severely degrade the quality of interaction, as can
too-great latency (the time between an action—be it a user-initiated click, or the
initiation of a frame redisplay—and its effect), so this simple model must be used
with caution.

1.8.1

Typically graphical models are created in some convenient coordinate system; a
cube that is to be used as one of a pair of dice might be modeled as a unit cube,
centered at the origin in 3-space, with all x-, y-, and z-coordinates between —0. 5
and 0. 5. This coordinate system is called modeling space or object space.

This cube is then placed in a scene—a model of a collection of objects and
light sources. Perhaps the dice are on a table that’s six units tall in y; in the scene
description, they’re moved there by applying some transformation to the coordi-
nates of all the vertices (the corners) of the cube. In the case of the die, perhaps
all six vertices have 6.5 added to their y-coordinates so that the bottom of the die
sits on the top of the table. The resultant coordinates are said to be in world space
(see Figure 1.14). (Chapter 2 describes an example of this modeling process in
great detail.)

The location and direction of a virtual camera is also given in world space,
as are the positions and physical characteristics of virtual lights. Consider a set
of coordinate axes (see Figure 1.15) whose origin is at the center of the virtual
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Figure 1.14: On the left, a die is centered on its own axes in modeling coordinates. The
same die is placed in the world (on the right) by adding 6.5 to each y-coordinate (the
y-direction points “up”) to get world coordinates for the die.

Figure 1.15: The virtual camera
looks at a scene from a specified
location, and with some orienta-
tion or attitude. We can create
a coordinate system whose ori-
gin is at the center of the cam-
era, whose z-axis points oppo-
site the view direction, and whose
x- and y-axes point to the right
and to the top of the camera,
respectively. The coordinates of
points in this coordinate system
are called camera coordinates.
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camera, whose x-axis goes to the right side of the camera (as seen from the back),
whose y-axis points up along the back of the camera, and whose negative z-axis
points along the camera view. All objects in world space have coordinates in this
coordinate system as well; these coordinates are called camera-space coordi-
nates or simply camera coordinates. Computing these camera-space coordinates
from world coordinates is relatively simple (Chapter 13) and is one of the services
typically provided by a graphics platform.

These camera coordinates are transformed into normalized device coordi-
nates, in which the visible objects have floating-point xy-values between —1
and 1, and whose z-coordinate is nonpositive. (Objects with xy-values outside this
range are outside the camera’s field of view; objects with z > 0 are behind the
camera rather than in front of it.) Finally, the visible fragments are transformed
to pixel coordinates, which are integers (with (0,0) being the upper-left corner
of the display and (1280, 1024) being the lower-right corner of the display) by
scaling and rounding the xy-coordinates. These resultant numbers are sometimes
said to be coordinates in image space. Returning to the cube that’s to be used as
one of a pair of dice, we want each side of the cube to look like the side of a die.
To do this, we might use a texture map containing a picture of each side of a die.
The vertices® of each face of the cube will then also be given texture coordinates
indicating what portion of the texture should be applied to them (see Figure 1.16).

L el

Figure 1.16: The vertices of each of the six faces of the die (shown in an exploded view) are
assigned texture coordinates (a few are indicated by the arrows in the diagram); the texture
image is then used to determine the appearance of each face of the die, as if the texture
were a rubber sheet stretched onto the face. Note that a single 3D location may have many
texture coordinates associated to it, because it is part of many different faces. In the case
of the die, this is moot, because all instances of the 3D point get the same texture color
assigned. Chapter 20 discusses topics like this at greater length. The resultant textured die
is shown on the right.

9. The word “vertices” (VERT-uh-sees) is the plural of “vertex,” although “vertexes”
is sometimes used. Occasionally our students mistakenly back-construct the singu-
lar “vertice.” Please avoid this. Other similarly formed plurals are index—indices and
simplex—simplices.
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The various conversions from the continuous geometry of Euclidean space to
the rasterized geometry of the screen (with rasterized textures being used along
the way) involve many subtleties, to be discussed in Chapter 18.

1.9 Polygon Drawing As a Black Box

Given the difficulties of carrying out the steps in the pipeline (especially those
that involve the transformation from continuous to discrete geometry), we can,
for the time being, treat polygon drawing as a black box: We have a graphics
system which, when told to draw a polygon, somehow makes the right pixels on
the display be illuminated with the right colors. This black-box approach will let
us experiment with interaction, color, and coordinate systems. We’ll then return
to the details in later chapters.

1.10 Interaction in Graphics Systems

Graphics programs that display images in some form typically feature some level
of user interaction as well. For example, in many programs the user clicks on
things with the mouse, selects menu items, and types at the keyboard. However,
the level of interaction in some programs (indeed, in many 3D games) is far more
complex.

Graphics programs typically support such interaction by having two parallel
threads of execution; one thread handles the main program and the other handles
the GUI. Each component of the GUI—button, checkbox, slider, etc.—is asso-
ciated with a callback procedure in the main program. For instance, when the
user clicks a button the GUI thread calls the button’s callback procedure. That
procedure in turn may alter some data, and may also ask the GUI to change
something.

As an example, imagine a trivial game in which a user has to guess a number
that the computer has chosen—either one, two, or three. To do so, the user clicks
on one of three buttons. If the user clicks on the correct button, the display reads
“You win!”; if not, it reads “Try again.” In this scenario, when the user clicks
button 2 but the secret number is 1, the button-2 callback does the following.

1. It checks to see whether 2 was the secret number.

2. Because 2 is not the secret number, it asks the GUI to display the “try
again” message.

3. It asks the GUI to gray out (disable) the “2” button so that the user is not
able to guess the same wrong answer more than once.

Of course, the button-1 and button-3 callbacks would be very similar, and in
each case, if the guess was correct the button would ask the GUI to display the
fact that the user had won.

For more complex programs, the structure of the callbacks can be far more
complex, of course, but the general idea is this simple one. One speaks of the code
in the callback as the button’s “behavior’; thus interaction components have both
appearance and behavior. Not surprisingly, many successful interfaces correlate
the two—the behavior of a component can, to some extent, be inferred by the user
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who is confronted with its appearance. (The simplest example of this is that of a
button with text on it. A Quit button should, when clicked, cause the program [or
some action] to quit!)

The entire matter of scheduling the GUI thread and the application thread is
typically handled by a graphics framework, via the operating system, in a way
that’s usually completely transparent to the programmer.

1.11 Different Kinds of Graphics Applications

A wide variety of applications use computer graphics, and many different charac-
teristics determine the overall characteristics of these applications. With the cur-
rent explosion of applications and application areas, it’s impossible to classify
them all. Instead, we will examine how these applications differ.

The following are some of the relevant criteria.

e Is the display changing on every refresh cycle (typical of many computer
games) or changing fairly rarely (typical of word processors)?

e Are the coordinates used by the program described by an abstraction in
which they’re treated as floating-point numbers in programs (as in many
games), or are individual pixel coordinates the defining way to measure
positions (as in certain early paint programs)?

e Usually a model of the data is being displayed; is the transformation from
this view to the display described in terms of a camera model (typical of 3D
games) or something different (like the viewable portion of a text document
that one sees in a word processing program)? In each case, there’s a need
to clip (not display) the part of the data that lies outside some rectangle on
the display.

e Are objects being displayed with associated behaviors? The buttons and
menus on a GUI are such objects; the pictures of the “bad guys” in a video
game typically are not. (Clicking on a bad guy has no effect. Shooting a
gun at the bad guy may kill him, but this is a separate kind of interaction,
based on the game logic rather than on the interaction behavior of displayed
objects.)

e Is the display trying to present a physically realistic representation of an
object, or is it presenting an abstract representation of the object? A tool
for creating schematic diagrams of electronic circuits does not aim to show
how those diagrams, if printed on paper and viewed in a sunlit office, would
appear. Instead, it presents an abstract view of the diagrams, in which all
lines are equally dark and all parts of the background are equally light, and
the lightness/darkness of each is a user-determined property rather than a
result of some physical simulation. By contrast, the displays in 3D com-
puter games often aim for photorealism, although some now aim for delib-
erately nonphotorealistic effects to convey mood.

Less critical, but still important, are the following.

* Do the abstract floating-point coordinates have units (feet, centimeters,
etc.), or are they simply numbers? One advantage of having units is that
a single program can adapt itself by determining what sort of display is
being used—a 19-inch desktop display or a 1.5-inch cellphone display. The
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desktop display of, say, driving directions might show the entire route,
while the cellphone display might show a scrollable and zoomable small
portion. Since display pixel sizes vary widely, physical units make more
sense than pixel counts in many cases.

e Does the graphics platform handle updates via a changing model? If the
platform has you update a model of what is to be displayed and then auto-
matically updates the display whenever necessary, querying that model as
needed, the programming demands are relatively simple but the way in
which updates are handled may be beyond your control. A system that does
not provide such updating would, for example, require the application to
do “damage repair” when movement of overlapped windows reveals new
areas to be displayed. Programs in which screen display can be very expen-
sive (some image-editing programs are like this) prefer to handle damage
repair themselves so that when a user moves a window in which an image
is displayed, the newly revealed parts are only filled in occasionally dur-
ing the move, since constantly filling in the parts could make the move too
slow for comfortable use.

Many 2D graphics fall into the category in which there is little physical real-
ism, most of the objects displayed have associated behaviors, and the display is
updated relatively infrequently. Much of 2.5D graphics applications, in which one
works with multiple 2D objects that are “stacked one on top of the other” (the lay-
ers in many image-editing programs fit this model), also produce imagery that is
far from realistic. The cost of updating the display may become a critical resource
in some of these programs. By contrast, many 3D graphics applications rely on
simulation and realism, and objects in 3D scenes tend to have less “behavior” in
the sense of “reactions to interactions with devices like the mouse or keyboard,”
although this is rapidly changing.

Not surprisingly, the different requirements of 2D, 2.5D, and 3D programs
means that there is no one best answer to many questions in graphics. The circuit-
design program doesn’t need physically realistic rendering capability, just as the
twitch game doesn’t typically need much of an interaction-component hierarchy.

1.12 Different Kinds of Graphics Packages

The programmer who sets out to write a graphics program has a wide choice of
starting points. Because graphics cards—the hardware that generates data to be
displayed on a screen—or their equivalent chipsets vary widely from one machine
to the next, it’s typical to use some kind of software abstraction of the capabilities
of the graphics card. This abstraction is known as an application programming
interface or API. A graphics API could be as simple as a single function that lets
you set the colors of individual pixels on the display (although in practice this
functionality is usually included as a tiny part of a more general API), or it could
be as complex as a system in which the programmer describes a scene consisting
of high-level objects and their properties, light sources and their properties, and
cameras and their properties via the API, and the objects in the scene are then
rendered as if they were illuminated by the light sources and seen from the par-
ticular cameras. Often such high-level APIs are just a part of a larger system for
application development, such as modern game engines, which may also provide
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features like physical simulation, artificial intelligence for characters, and systems
for adapting display quality to maintain frame-rates.

A range of software systems are available to assist graphics programs, from
simple APIs that give fairly direct access to the hardware all the way to more
complex systems that handle all interaction, display refresh, and model represen-
tation. These can reasonably be called “graphics platforms,” a term we’ve been
using somewhat vaguely until now. The variety of systems and their features are
the subject of Chapter 16.

1.13 Building Blocks for Realistic Rendering:
A Brief Overview

When you want to go from models of reality to the creation, in the user’s mind, of
the illusion of seeing something in particular, you have to have the following:

e An understanding of the physics of light

* A model for the materials with which light interacts, and for the process of
interaction

* A model for the way we capture light (with either a real or a virtual camera,
or with the human eye) to create an image

e An understanding of how modern display technology produces light

e An understanding of the human visual system and how it perceives incom-
ing light

* And an understanding of a substantial amount of mathematics used in the
description of many of these things

The difficulty with a bottom-up approach to this material is that you have
to learn a great deal before you make your first picture; many reasonable stu-
dents will ask, “Why don’t I just grab something from the Web, run it, and then
start tinkering until I get what I want?” (The answer is “You can do that, but it
will probably take longer for you to get to the end result than if you try to have
some understanding first.”) As authors, we have to contend with this tension. Our
approach is to tell you a few basic things about each of the items above—enough
so that you know, as you start making your first pictures, which things you’re doing
are approximations and which are correct—and then take you through some very
effective approximate approaches to making pictures. Only then do we return to
the higher-level goal of understanding the ideal and how we might approach it.

1.13.1 Light

Chapter 26 describes the physics of light in considerable detail. Right now, we
rely on your intuitive understanding of light and lay out some basic principles that
we’ll refine in later chapters.

e Light propagates along straight-line rays in empty space, stopping when it
meets a surface.

e Light bounces like a billiard ball from any shiny surface that it meets,
following an ‘“angle of incidence equals angle of reflection” model, or

is absorbed by the surface, or some combination of the two (e.g., 40%
absorbed, 60% reflected).
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*  Most apparently smooth surfaces, like the surface of a piece of chalk, are
microscopically rough. These behave as if they were made of many tiny,
smooth facets, each following the previous rule; as a result, light hitting
such a surface scatters in many directions (or is absorbed, as in the mirror-
reflection case mentioned in the preceding bulleted item).

* A pinhole in a flat sheet of material admits a bundle of light rays, all of
which pass through or very near to the center of the pinhole.

e A pixel of a camera, or one of the cells in the eye that detects light, sums up
(by integration) all the light that arrives at a small area over a small period
of time. The value of the integral is the sensor response that corresponds to
how much total light, based on the number of incident photons, the pixel
(or cell) “saw.”

e A pixel of a display can be adjusted to emit light of a specified intensity
and color.

That’s it! This is enough of a model of light to produce very realistic pictures.
Each of the bulleted items above is only approximately correct, but each is cor-
rect enough for a great many purposes. With them in hand, three big challenges
remain. First, we need some data structures for representing the surfaces, cam-
era, and lights in a scene. Second, we need an algorithm for evaluating all of the
light bounces and integration. Third, and most important, both the data structures
and the algorithm have to be efficient. Nature uses about 10?! photons per square
meter per second to produce images of scenes lit by the sun; even if computers
were a billion times more powerful than they are today, we still couldn’t afford
to write loops or data structures that actually simulate the motion of every single
photon.

1.13.2 Objects and Materials

Our initial assumption about objects is that they are composed of materials that
either reflect or absorb light (or do both, in varying amounts) at their surfaces.
We assume that air does neither—Ilight simply passes through it. And we ignore,
for the time being, materials that transmit light, like water and glass, and to some
degree, materials like skin.

Because we assume that light only interacts with the surfaces of materials,
we represent objects by their surfaces, which are in turn generally represented by
polyhedra with triangular faces. Because the edges between faces have no surface
area, we ignore them and treat all light—object interactions as happening at the
interior of triangles. Each triangular facet T of a polyhedron lies in some plane,
and there’s a unit vector n perpendicular to this plane that points away from the
object and into the air (or empty space); we call this the normal vector to the
triangle 7. If the polygonal object approximates the original surface well, then
this normal vector approximates (and is often treated as) the surface normal to
the original surface, or a vector perpendicular to the surface at some particular
point (see Figure 1.17).

For a perfectly reflective surface like a mirror (a specular surface), light that
arrives'? in a direction £ and hits the triangle 7T is reflected in the #n-plane, with

10. There are two possible choices for describing the light arriving at a surface: Either
record the direction of travel of the photons (the transport-centered view), or record
the direction from the surface point to the light (the reflection-centered view). For now,
we’ll use £ for the former; many papers use L for the latter.
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Figure 1.17: A semitransparent smooth surface and a normal vector to it (red), with a
polygonal approximation (white) within, and a normal vector to the polygonal mesh at a
corresponding point (green).

the angle between the outgoing vector and n being the same as the angle between
£ and n.

For other surfaces, incoming light scatters in many directions.

For completely diffuse surfaces, light scatters in every direction (Figure 1.18)
but the brightness of the reflected light varies in proportion to the absolute value of
the dot product'! |£- n|, that is, the cosine of the angle between the surface normal
and the incoming light direction.'? So a surface that faces the light appears bright
from wherever one sees it, while a surface that’s tilted a bit away from the light
appears dimmer. This kind of scattering was described by Lambert long before the
development of computer graphics. As a precondition for scattering, the surface
must be facing the light, that is, £ - n < 0. (This Lambertian reflectance model
is discussed further in Chapters 6 and 27.)

For somewhat shiny surfaces, the appearance of the surface depends on your
viewpoint; if you look at a surface in a well-lit room and move your head back and
forth, you may see highlights move on the surface. This can be modeled, with an
empirically decent fit, by saying that the reflected light is in proportion to (n - h)¥
for some exponent k, where h is computed from the average of the vector —£ from
the surface to the light and the vector e from the surface to the eye, by adjusting
that vector to have unit length, that is:

e— £

h=——
le — £

(1.4)
This model of scattering is due to Phong [Pho75] and Blinn [Bli77], and has been
widely used in graphics.

For surfaces in general, the reflected light is a combination of the diffuse,
somewhat shiny, and specular cases.

11. The dot product is reviewed in Section 7.6.4.

12. This description is so vague that it’s almost meaningless; to make it sensible, we need
to discuss how we measure light brightness (a term we’re using informally here), which
is quite subtle. For now, you should just imagine that brightness is measured from zero
to one in some unstated units.

Figure 1.18: Light arrives trav-
eling in direction £; it’s reflected
in all directions. For a source
of fixed brightness, the intensity
of the reflected light is greatest
when £ is perpendicular to the
surface.
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1.13.3 Light Capture

The sensor in a camera and the human eye both respond to light in a similar way:
They accumulate light energy for some period of time and then report that accu-
mulated energy. In the case of the sensor, the time period is determined by the
shutter opening; in the case of the cell in the eye, the cell sends a signal when
the accumulated light reaches some level, so the frequency of signals is propor-
tional to the arriving light intensity. Simulating such a sensor (or cell) therefore
involves computing an integral of the incoming light over the area of the sensor.
Writing down an analytic solution to this integral for any but the simplest scenes
is impractical. For more interesting scenes, we have to perform numerical integra-
tion. That necessarily introduces some error, but it also opens up a vast array of
computational options for trading quality against time and space. We must approx-
imate the integral by numerical integration, which involves evaluating the inte-
grand at several places (this is called sampling) and then combining these samples
to estimate the overall value. The simplest possible version of this approach is to
evaluate the incoming light at the sensor center only, and multiply this sample by
the area of the sensor to estimate the overall incoming light integral. If the incom-
ing light intensity changes slowly as a function of position, this works quite well;
if it changes rapidly, the single-sample approximation introduces many kinds of
errors.

1.13.4 Image Display

Modern displays typically are divided into small squares called pixels; each small
square'? is individually addressable and can be told to send out a mix of red, green,
and blue (RGB) light by specifying a triple of numbers (r, g,b), each between 0
and 255. The amount of light emitted from the square is not directly proportional
to the numbers; instead, it follows a relation so that equal differences in numbers
correspond approximately to equal differences in perceived brightness. You’ve
probably encountered the use of RGB triples in some photo-editing program; typ-
ically the RGB values each occupy a single byte, and hence are represented by
numbers between 0 and 255, and sometimes are written as two-digit hexadeci-
mals. Thus, a color expressed as OxFFOOCC can be read as “Red is FF, which
is 255, there’s no green at all, and there’s CC worth of blue, which is 204 deci-
mal; that means it’s a somewhat reddish purple.” It isn’t obvious what any given
color triple or set of hexadecimal values will yield as a hue; color specification is
discussed in Chapter 28.

1.13.5 The Human Visual System

Our eyes respond to light that arrives at the lens, passes through the pupil, and
reaches the retina. While direct sunlight is almost 10'° times as bright as the
faint light in a dark bedroom, our eyes can detect and process both, but not at
the same time. In fact, our eyes adapt to the general illumination around us, and
once adapted we can distinguish light intensities that range over a factor of about
1000: The faintest thing we can distinguish from black is presenting light to our
eyes that’s about 1/1000 the intensity of the thing we perceive as being “as bright

13. The term “pixel” is also used to denote one of the values stored in an image, or a small
physical portion of a sensor. There are subtle differences in these denotations, and you
should not say “a pixel is a little square” [Smi95].
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as possible.” Our perception of brightness is not linear, however: If you print thin
black stripes on a piece of white paper so that only 20% of the white paper remains
visible, it will reflect only 20% of the light that falls on it. But if you place that
piece of paper next to a blank piece of the same type of white paper and view both
from a distance great enough that the stripes are not visible, the printed paper will
appear about half as bright as the unprinted paper. Roughly speaking, for an eye
adapted to a given level of light, reducing the incoming light intensity by 80% will
make the light seem half as bright.

Our visual system organizes the patterns of light and darkness that arrive at
the eye and attempts to make sense of them. The visual system is extremely well
adapted to bad input: We can take a black-and-white photograph and add noise
(grayscale variation) to it and still be able to recognize the objects in it. We can
recognize our homes even in a rainstorm. We can recognize a friend in bright sun-
light or in a dark room. In fact, our visual systems are so well tuned to seeing
shapes that even when we are watching the static patterns on an old analog tele-
vision, we occasionally believe we see recognizable patterns. One consequence
of this adaptation to bad input is that any stimulus that triggers approximately
the right responses leads to recognition: A photograph of a pair of dice, a pencil
drawing of them, and a bad computer graphics rendering of them all generate in
our brains the perception that we are seeing a pair of dice. This has proved to be
a blessing and a curse for the field of computer graphics; it means that even very
bad approximations of reality make images that we recognize, so it’s easy to get
started in graphics. On the other hand, it’s also easy to believe that the bad approx-
imations are correct because they “look good,” and this can impede progress in the
field. The adaptability of the visual system has two effects. First, hacking away at
graphics can be very satisfying, because even initial results look good enough,
on account of adaptability, to make you believe you’re getting somewhere. And
second, results that appear visually very close to perfect may in fact be generated
by programs that are not at all correct, because your visual system is hiding errors
from you. Hacking away is really fun (and we encourage you to do it at every
opportunity), but it may lead you away from your real goal. We have therefore
structured this book so that you get the satisfaction of making fairly good pictures
right away, but you also learn, as you do so, the limitations of the techniques that
you’re learning so that you’re better prepared for the more advanced techniques
you’ll encounter later. If you find yourself asking, “But won’t that look wrong in
such-and-such a case?” the answer is almost surely “Yes!,” and the later chapters
will help you understand how to address these limitations.

To return to the importance of perception, in resource-critical applications an
understanding of the perception process lets us make informed decisions about
what kinds of approximations we can make while still retaining visual fidelity.

1.13.6 Mathematics

Rather than trying to briefly introduce all the mathematics involved in computer
graphics, we’ll introduce the ideas as they arise; most of them are not directly rele-
vant to a basic understanding of graphics, but rather to the efficient representation
or approximation of things we use in graphics. However, after giving you a first
taste of 2D and 3D graphics in Chapters 2 and 6, we will review in Chapter 7
some of the mathematics that we assume is familiar to our readers, in part to
establish the notational conventions that we’ll follow throughout the book. You
can write graphics programs with only a knowledge of arithmetic and algebra, but
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to really work with things in a reasonable way, you’ll want to be familiar with the
following:

e Trigonometry

e Operations on small vectors and matrices (which we already discussed in
this chapter)

* Integrals and derivatives

e And some geometric and topological notions, like continuity, the geometry
of surfaces in three dimensions, and curvature

All of this is made easier by a working knowledge of basic linear algebra, which
we assume throughout the book.

1.13.7 Integration and Sampling

The most fully developed area of computer graphics is photorealistic
rendering—producing an image from some model of a scene and the lights in
it. Each pixel of a rendered image can be thought of as representing a measure-
ment of the light passing along certain rays in the scene, just as each pixel of a
digital photograph is a measurement of all the light that hit one small region of
the photo sensor in the camera. This can be seen as an integral of the incoming
light energy over that region. Since it’s impractical to evaluate most such integrals
exactly, we end up using approximations (e.g., the rule we mentioned earlier that
states that the “integral is approximately the value at the center of the region, mul-
tiplied by the area of the region”). In doing this, we’ve replaced the desired value
by a value computed from a single sample; we could have used more samples,
but in practice, we’ll always be using a finite number of samples, and using these
to estimate some integral. Thus, the process of sampling, and of approximating
integrals through samples, is central to rendering.

<> Every measurement in science is an act of statistics: Our measuring device
may function differently from day to day; the thing we measure may be just one
of many possible, nearly equivalent, measurements (think of measuring the tem-
perature in a beaker of water; you only really measure it in one part of the beaker).
In the case of rendering, the statistic is some integral; the random variable is the
set of samples that we use to evaluate it, and the result is that a given rendering of a
scene usually depends on some random number generator: Multiple renderings of
the same scene with the same software will produce different values for any par-
ticular pixel. This distribution of values will typically cluster around some mean
value, which one hopes is correct, and will have some variance. If the variance of
adjacent pixels is uncorrelated, it may appear in the output as speckle, or visual
noise. If it’s correlated, it may appear as jaggies—a staircaselike representation of
what should be a smooth diagonal line. This means that assessing the quality of
an algorithm also entails statistical measurements.

1.14 Learning Computer Graphics

The subject matter of computer graphics is no longer linearizable in any reason-
able way. Each topic ends up so intertwined with all others that there’s no way
to decide which one to discuss first, and any presentation ends up with succes-
sive disclosures: a first description, a later correction, a further improvement,
etc. Readers, naturally, like books to be organized; when you want to review
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something about polygon meshes, you hope there will be a chapter that has all
the polygon-mesh information in it, for instance. Then again, a book that treated
each subject in its entirety before moving on to any other would have you make
your first pictures at the end of an entire semester of study, at the earliest!

We have compromised: In this introductory chapter, we’ve given you some
very informal information about light, perception, the representation of shapes,
and the interaction of light with shapes so that you can understand how to make
some pictures right away. When you do make pictures with these sloppy models of
things, the pictures won’t be very good. Sure, your picture of a boxy robot will be
recognizable as a boxy robot, but in looking at it critically, you’ll soon realize that
there’s no way you could make a real robot shape (from cardboard, tape, and paint,
say) and photograph it with a real camera and end up with anything like the picture
you’ve made. It’s not photorealistic. But making those first pictures will give you
experience with creating models, with certain applications of linear algebra, with
polygonal meshes, and with some key ideas for rendering, all of which will make
you better able to understand and experiment with richer or more accurate models
of light, reflection, objects, etc., as you encounter them.

The next few chapters introduce Microsoft’s Windows Presentation Founda-
tion (WPF), a framework for writing graphics programs, some basic ideas from
rendering, an introduction to visual perception, and quite a lot of mathematics
that’s useful throughout graphics.

Chapter 2 introduces the 2D aspects of WPF to get you familiar with drawing
simple 2D shapes. WPF uses a declarative specification of graphics—in contrast
to more traditional APIs—which is valuable both because it provides a higher
level of abstraction and because its interpretive nature makes it very useful for
rapid prototyping. Modeling in WPF is based on a hierarchical representation of
shapes that’s widely used in almost all graphics APIs.

Chapter 3 describes a program for making very simple pictures of very simple
3D shapes so that you can understand from the start how simple graphics can be.
Chapter 4 describes two WPF programs that you’ll use when conducting experi-
ments in graphics throughout much of the remainder of the book.

Chapter 5, which covers perception, describes some of the most pertinent
aspects of the human visual system.

In Chapter 6 we present an introduction to the 3D aspects of WPF, which
also informally introduces the geometric tools used for shape modeling, and the
application of the simple models of how light and objects interact that we have
described in this chapter. It also continues the description of hierarchical models
of compound shapes introduced in Chapter 2.

With the experience of using both the 2D and 3D versions of WPF, you will be
prepared for Chapter 7’s review of mathematical essentials for graphics. Chapters
8 through 13 introduce the linear algebra that lies at the core of a great deal of
computer graphics, together with certain data structures that represent the topol-
ogy and geometry from which we make images.

Following this, we again discuss (in Chapter 14) the conventional approxima-
tions to reality—the models—that are used in many basic graphics systems. We
describe models of light, of shape, of material, and of how light is transported in a
scene, in each case with more detail than in this chapter. This rather long chapter
not only prepares you for the later material on rendering, shape representation,
and material representation, but also introduces many topics that are essential for
understanding legacy programs.
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With an understanding of basic models of light and reflection, we can
make preliminary versions of two renderers: a ray tracer and a rasterizer
(Chapter 15). Doing so introduces the key ideas and challenges of each kind
of rendering; because our preliminary versions are so basic, Chapter 15 also
introduces some of the problems of each, and of the conventional approximations
to reality.

In Chapter 16 we discuss various graphics systems, comparing and contrasting
them with WPF; by the end of that chapter, you will have encountered much of
what was traditionally taught in computer graphics.

The remaining chapters in the book discuss images and signal processing,
light, color, materials, texturing, and rendering; cover some interaction techniques,
geometric algorithms and data structures that support rendering as well as many
interaction methods, and various approaches to modeling shapes; and introduce
animation and graphics hardware. These chapters are less sequential and more
interdependent than the chapters preceding them. You can skip forward and read
about splines and subdivision surfaces if you want to learn how to create interest-
ing shapes, but you’ll find references to the ideas of convolution and filtering that
were introduced in Chapters 17 through 19. You can read about some of the best
available rendering algorithms in Chapter 32, but you’ll find that the discussion
relies heavily on the discussion of rendering theory in Chapter 31. This should not
prevent you from taking this approach; for many students, it’s the desire to make
the practical algorithms work that motivates them to learn more about the theory,
and if you read Chapter 31 with particular questions in mind, you may find the
material easier to absorb.
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Chapter 2

Introduction to 2D
Graphics Using WPF

2.1 Introduction

Having presented a broad overview of computer graphics, we now introduce a
more immediately practical topic: application programming using a commercial
graphics platform. After an overview of the history of 2D platforms, we examine
a specific one, Microsoft Windows Presentation Foundation (WPF).

We chose WPF because it is one of the few modern graphics platforms that
support both 2D and 3D applications, providing user-interface as well as rendering
functionality using a consistent programmer’s model. In addition, it is an excellent
rapid-prototyping platform for experimenting with the principles of 2D and 3D
graphics. Its Extensible Application Markup Language (XAML) is a declarative
language (in the style of HTML) that provides a concise way to construct scenes,
and XAML interpreters provide virtually instantaneous testing/debugging cycles.
This allows us to introduce you rapidly to a number of fundamental concepts in
2D and 3D graphics and to let you experiment almost immediately without a time-
consuming learning curve.

Of course, declarative languages have their limitations, particularly in support
for conditionality and flow of control, so WPF developers can extend XAML with
procedural code written in an imperative programming language such as C#. This
hybrid strategy is simplified by WPF’s cross-language consistency; for example,
each XAML element type corresponds to a WPF class, and the element’s proper-
ties correspond to data members of that WPF class.

Our dedication of a chapter to 2D may surprise you. First, we feel that
many 3D concepts—such as specification and transformation of geometric shapes,
hierarchical modeling, and animation—are easier to understand when initially
presented in a 2D context, free of complex 3D-related requirements such as sim-
ulating the interaction between lights and materials. Second, we note the dom-
inance of 2D graphics in applications across all platforms from smartphone to
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tablet to desktop, and the common integration of 3D renderings together with 2D
user interfaces and visualizations such as maps, schematics, data grids/charts, etc.

This chapter and its 3D continuation (Chapter 6) form a sequence, so a good
understanding of this material and comfort with XAML are a prerequisite to
Chapter 6. Thus, we strongly suggest that you perform the associated exercises
using the accompanying lab software, which presents small XAML programs
inside an integrated editor/interpreter providing instant feedback, thus reducing
the learning curve and making experimentation easy and stimulating.

2.2 Overview of the 2D Graphics Pipeline

In Chapter 1, we saw that a graphics platform is an intermediary between the appli-
cation and the display hardware, providing functionality related to both output
(instructing the GPU to display information) and input (invoking callback func-
tions in the application to respond to user interaction). To prepare for a discussion
of the various types of graphics platforms, let’s take a high-level view of a 2D
graphics application, shown in Figure 2.1.

It is rare that an application’s purpose is only to paint pixels. Usually some
data—which we call the application model (AM)—is being represented by the
rendered image and manipulated via user interaction with the application. In a
typical desktop/laptop environment, the application is running in conjunction with
a window manager, which determines the area of the screen allocated to each
application and takes care of the display of and interaction with the window
chrome (i.e., the title bar, resize handles, close/minimize buttons, etc., shown
in pale green in Figure 2.1). The application’s focus is on drawing inside the
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Figure 2.1: Graphics platform as an intermediary between a 2D application and display-
device screen-space resources allocated by the window manager.
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client area (red in Figure 2.1) that is the interior of the window, by making calls
to the graphics platform API. The platform responds to those calls by driving the
GPU to produce the desired rendering.

Typically the application uses the client area for two purposes: Some por-
tion of the area is devoted to the application’s user-interface (UI) controls, and
the remaining area contains the viewport that is used to display the rendering of
the scene, which is extracted or derived from the AM by the application’s scene
generator module. As you can see in the diagram, the UI generator module that
generates the user interface is distinct from, and operates very differently from, the
scene generator, even though they both use the underlying 2D platform to drive
the display.

Our use of the terms “scene” and “viewport” for 2D may surprise those with
experience in 3D graphics, in which those terms have 3D-centric usages. In the 2D
domain, we use the term “scene” analogously to mean the collection of 2D shapes
that will be rendered to create a particular view of the AM. Note that the 2D
scene generator corresponds directly to the scene generator for 3D applications
that feeds a 3D platform to produce a rendering. Similarly, our 2D use of the
term “viewport”—to mean an area in which the scene’s rendering will appear—is
consistent with 3D usage.

Consider an interior-design application that displays and enables editing of a
furniture layout. The application model records all data associated with a given
furniture layout, including nongraphical data such as manufacturer, model num-
ber, pricing, weight, and other physical characteristics. Some of this information
is needed to produce a graphical view of the model, and some is used only for
nongraphical functionality (e.g., purchasing). It is the task of the application’s
scene generator to traverse the application model, extract or compute the geomet-
ric information relevant to the desired scene, and invoke the graphics platform API
to specify the scene for rendering.

The scene may contain a visualization of all the geometry described in the
application model or it may represent a subset (e.g., showing only one room of
the house being designed). Moreover, analogous to multiple views of databases,
the application may be able to provide multiple views using different presenta-
tion styles for the same geometric information (e.g., showing furniture either as
outlines or as shapes filled with textures simulating fabric or wood).

In the above example, the application model is inherently geometric. However,
in other applications the AM may contain no geometric data at all, as is typical
in information visualization applications. For example, consider a database stor-
ing population and GDP statistics for a set of countries. In this case, the scene
will often be a chart or graph, derived from the AM by the scene generator and
designed to present these statistics in an intuitive visualization. Other examples
of data visualization applications include organizational charts, weather data, and
voting patterns superimposed on a map background.

2.3 The Evolution of 2D Graphics Platforms

Graphics platforms have experienced the same low- to high-level evolution
(depicted in Figure 2.2) that has taken place in programming languages and soft-
ware development platforms. Each new generation of raster graphics platform has
offered an increasingly higher level of abstraction, absorbing common tasks that
previously were the responsibility of the application.
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Figure 2.2: Evolution in level
of abstraction in commercial 2D
graphics platforms—from imme-
diate mode to retained mode.
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2.3.1 From Integer to Floating-Point Coordinates

We’ll start with the state of the art of raster graphics in the 1980s and early 1990s.
The typical popular 2D raster graphics platform (e.g., Apple’s original QuickDraw
and Microsoft’s original GDI) provided the ability to paint pixels on a rectangular
canvas, using an integer coordinate system. Instead of painting individual pixels,
the application painted a scene by calling procedures that drew primitives that
were either geometric shapes (such as polygons and ellipses) or preloaded rect-
angular images (often called bitmaps or pixmaps, used to display photos, icons,
static backgrounds, text characters extracted from font glyph sets, etc.). Addition-
ally, the appearance of each geometric primitive was controlled via specification
of attributes; in Microsoft APIs, the brush attribute specified how the interior of
a primitive should appear, and the pen attribute controlled how the primitive’s
outline should appear.

For example, the simple clock image shown in Figure 2.3 is composed of four
primitives: an ellipse filled using a solid-gray brush, two polygons filled using a
solid-navy brush for the clock’s hour and minute hands, and a red-pen line segment
for the second hand.

In the original GDI's simplest-usage scenario, the application uses integer
coordinates that map directly (one-to-one) to screen pixels, with the origin (0,0)
located in the upper-left corner of the canvas, and with x values increasing toward
the right and y values increasing toward the bottom.

The application specifies each primitive via a function (e.g., FillEllipse)
that receives the integer geometry specifications along with appearance attributes.
(The GDI source code for this example application is available as part of the online
material for this chapter.) The specification is reminiscent of plotting on graph
paper; for example, the geometry of the gray circular clock face is passed to the
FillEllipse function via this data pair:

Center point: (150,150)

Bounding box (smallest axis-aligned enclosing rectangle): upper left at
(50,50), dimensions of 200 x 200

How large will this clock face appear when rendered onto the output device?
There’s no definitive answer to that question. The displayed size depends on the
resolution' (e.g., dots per inch, or dpi) of the output device. Suppose our clock
application was originally designed for a 72dpi display screen. If the application
were tested on a higher-resolution device (e.g., a 300dpi printer or screen), the
clock’s image would be smaller and possibly illegible. Conversely, if the target
display were changed to the small, low-resolution screen of an early-generation
smartphone, the image might become too big, with only a small portion of it
visible.

The raster graphics community solved this problem of resolution depen-
dence by borrowing ideas long present in vector graphics, using floating point to
support alternative coordinate systems that insulate geometry specification from
device-specific characteristics. In Section 2.4, we’ll introduce and compare two
such coordinate systems: physical (based on actual units of measurement like

1. This use of the term “resolution” contrasts with another common usage, the total num-
ber of display pixels (e.g., “LCD monitor with 2560 x 1440 resolution”).
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Figure 2.3: Clock scene with GDI
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millimeters and typographic points) and abstract (with application-determined
semantics).

2.3.2 Immediate-Mode versus Retained-Mode
Platforms

The evolution from integer-based specification to floating point was shared by
all major 2D graphics platforms, but eventually a “split” occurred, creating two
architectures with different goals and functionality: immediate mode (IM) and
retained mode (RM).

The former category includes platforms (like Java’s awt . Graphics2p, Apple’s
Quartz, and the second-generation GDI+) that are thin layers providing efficient
access to graphics output devices. These lean platforms do not retain any record of
the primitives specified by the application. For example, when the Fil11E11lipse
function of GDI+ is invoked, it immediately (thus the term “immediate mode”)
performs its task—mapping the ellipse’s coordinates into device coordinates and
painting the appropriate pixels in the display buffer—and then returns control to
the application. At its most basic, the programmer’s model for working in IM is
straightforward: To effect any change in the rendered image, the scene generator
traverses the application model to regenerate the set of primitives representing the
scene.

The lean nature of IM platforms makes them attractive to application develop-
ers who want to program as close to the graphics hardware as possible for maxi-
mum performance, or whose products must keep as small a resource footprint as
possible.

But other application developers look for platforms that offload as many
development tasks as possible. To satisfy these developers, RM platforms retain
a representation of the scene to be viewed/rendered in a special-purpose database
that we call a scene graph (discussed further in Chapters 6 and 16). As shown in
Figure 2.4, the application’s UI and scene generators use the RM platform’s API
to create the scene graph, and can specify changes incrementally by simply edit-
ing the scene graph. Any incremental change causes the RM platform’s display
synchronizer to automatically update the rendering in the client area. Because it
retains the entire scene, the RM platform can take on many common tasks con-
cerning not only the display, but also user interaction (e.g., pick correlation, the
determination of which object is the target of a user click/tap, as described in
Section 16.2.10).

All RM packages can be traced back to Sketchpad [Sut63], Ivan Sutherland’s
pioneering project from the early 1960s, which launched the field of interactive
graphics. Sketchpad supported the creation of master templates, which could be
instantiated one or more times onto the canvas to construct a scene. Each template
was a group of primitives and possibly instances of subordinate templates, bundled
to compose a single unified graphics object. Each instance could be geometrically
transformed—that is, positioned, oriented, and scaled—but in all other respects,
the instance retained the appearance of its master, and changes to the master would
immediately be reflected in all instances.

These key ideas from Sketchpad survive in all modern RM packages, mak-
ing these platforms excellent foundations for creating user interfaces. UI con-
trols (also known as widgets) are templated objects that, as an integrated collec-
tion, have an inherent, consistent look and feel. In this commonly used phrase,
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the word “look™ refers to the graphical design/appearance (size, shape, font,
coloring, drop shadow, etc.). The word “feel” pertains to the controls’ dynamic
behaviors, typically in response to user interaction, which can be subdivided
into built-in automated feedback behaviors and semantic/application behaviors.
Examples of built-in feedback include the graying-out of a control that is cur-
rently disabled, the glow highlighting of a button when the pointer enters its
region, and the display of a blinking cursor when the user is typing into a
control’s text box. These feedback behaviors often include nice-looking anima-
tions, performed by the platform with no application involvement. Of course,
the application must get involved when the user initiates an application action
(e.g., clicks a button to submit a form for processing). To spark such activity, the
RM simply invokes the application callback function attached to the manipulated
control.

Most RM UI platforms also include layout managers that spatially arrange
controls in a pleasing and organized way, with consistent dimensions and spacing,
and that provide for automatic revision of the layout in reaction to programmatic
or user-initiated changes in the size or shape of the Ul region.

A well-designed set of UI controls requires significant work by a team with
expertise in graphic and UI design; it is no small feat to construct a pleasing and
intuitive UI framework. Rendering and laying out the UI, and handling user inter-
action, make up a large portion of the work involved in building an interactive
application, so it should be no surprise that the use of RM UI platforms, which
offload many tasks as described above, is pervasive. Indeed, it would be hard to
find a modern 2D application that does not use an RM UI platform to handle
virtually all of its needs for interaction through components such as menus, but-
tons, scroll bars, status bars, dialog boxes, and gauges/dials.

In contrast with retained mode’s high popularity in the 2D domain, its use in
3D is less pervasive. Even though 3D RM platforms offer powerful features—
such as simplifying hierarchical modeling and rigid-body animation—these
features carry a high resource cost. We address this topic in greater detail in
Chapter 16.

2.3.3 Procedural versus Declarative Specification

Traditionally, each graphics platform has provided one of the following tech-
niques to developers for the purpose of specification of user interfaces and/or
scenes:

e Procedural code written in an imperative programming language (typ-
ically, but not necessarily, object-oriented), interfacing with the display
devices via any of dozens of graphics APIs, such as Java Swing, Mac OS
X Cocoa, Microsoft WPF or DirectX, Linux Qt or GTK, etc.

e Declarative specification expressed in a markup language, such as SVG
or XAML

One of WPF’s distinguishing characteristics is that it offers developers
a choice of specification techniques, as shown in Figure 2.5 and described
below.
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Figure 2.5: WPF application/
developer interface layers.
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2.3.3.1 Lowest Layer: Object-Oriented API

The core layer is a set of classes providing all WPF functionality. Program-
mers can use any of the Microsoft .NET languages (e.g., C# or Visual Basic)
or Dynamic Language Runtime languages (such as IronRuby) to specify appli-
cation appearance and behavior at this level. A WPF application can be created
via this layer alone, but the other two layers provide improvements in developer
efficiency and convenience, and the ability to include designers and implementers
in less technical roles.

2.3.3.2 Middle Layer: XAML

The middle layer provides an alternative way to specify a large subset of the
functionality of the API, via the declarative language XAML, whose syntax is
readily understandable by anyone familiar with HTML or XML. Its declarative
nature facilitates support for rapid prototyping via interpreted execution, and it is
more conducive to use by nonprogrammers (in the same way that HTML is more
approachable than PostScript).

2.3.3.3 Highest Layer: Tools

As with any language, there is a learning curve associated with adopting XAML.
The highest layer of the WPF application/developer interface comprises the util-
ities that designers and engineers can use to generate XAML, including tools for
drawing graphics (e.g., Microsoft Expression Design or Adobe Illustrator), build-
ing 3D geometric models (e.g., ZAM 3D), and creating sophisticated user inter-
faces (e.g., Microsoft Expression Blend or ComponentArt Data Visualization).

2.4 Specifying a 2D Scene Using WPF

As explained earlier, WPF provides for both the construction of user-interface
regions and the specification of what we call “2D scenes.” The former is beyond
the scope of this textbook, so our focus here is on the specification of 2D scenes.

2.4.1 The Structure of an XAML Application

Throughout Section 2.4, we’ll be building a simple XAML application that dis-
plays the analog clock shown in Figure 2.6.

If you are familiar with HTML syntax, XAML should be instantly accessi-
ble. An HTML file specifies a multimedia web page by creating a hierarchy of
elements—with the root being <aTML>, its children being <#EAD> and <BoDY>, all
the way down to paragraph and “text-span” elements for formatting, such as <g>
for boldface and <1> for italics. Other elements provide support for media presen-
tation and script execution.

An XAML program similarly specifies a hierarchy of elements. However, the
set of element types is distinct to XAML, and includes layout panels (e.g., a Stack-
Panel for arranging tightly packed controls/menus, and a Grid for creating spread-
sheetlike layouts), user-interface controls (e.g., buttons and text-entry boxes), and
a rectangular “blank slate” scene-drawing area called the canvas.

In a fully formed application, like the one shown in Figure 2.1, the applica-
tion’s appearance is specified via a hierarchy of layout panels, Ul controls, and
a canvas element acting as the viewport displaying the application’s scene; how-
ever, for our first simple XAML example, let’s just create a standalone canvas:

Figure 2.6: WPF-based clock
application.
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<Canvas
xmlns=
"http://schemas.microsoft.com/winfx/2006/xaml/presentation”
xmlns:x=
"http://schemas.microsoft.com/winfx/2006/xaml"
ClipToBounds="True"
>
</Canvas>

0NN R WN =

The setting of clipToBounds to True is almost always desired; it simply
ensures that the canvas is bounded, that is, it does not display any data outside
its assigned rectangular area.

We have not specified the size of the canvas, so its size will be controlled
by the application in which it appears. For example, the lab software for
Sections 2.4 and 2.5 (provided as part of the online materials) includes a “split-
screen” layout with the WPF canvas in one pane, vertically stacked on top of a
second pane displaying the XAML source code. The lab uses WPF layout man-
agers to allocate space between the two panes, and uses a draggable-separator
control to allow the user to exert some control over that allocation.

You will note that XAML has syntactic idiosyncrasies (such as the strange
xmlns properties in the canvas tag shown above), but they rarely obscure the
semantics of the tags and properties, which are well named for the most part.
If you choose to investigate the more cryptic parts of the syntax, just use the
lab software: Click on any maroon-highlighted XAML code to request a brief
explanation.

2.4.2 Specifying the Scene via an Abstract
Coordinate System

Our sample application’s scene—the simple clock—is a composite of several
objects: the face and three individual hands. The face object is a single ellipse
primitive filled with a solid-gray color. Two of the clock hands (minute and hour)
are navy-filled polygons, similar in shape but differing in size. Finally, there is the
red line forming the second hand.

Note that thus far in our simple scene graph, all the components are primitives,
but in a more complex scenario (introduced in Section 2.4.6), there may be a
hierarchy in which components may be composed of lower-level subcomponents.

With our list of components in hand, we now refine our specification by detail-
ing the precise geometry of each primitive.

Take a blank sheet of graph paper, choose and mark the (0,0) origin, and draw
the x-axis and y-axis—the result is the 2D Cartesian coordinate system. One of
its characteristics is that any two real numbers form an (x, y) coordinate pair that
uniquely identifies exactly one point on the plane.

But there’s a limit to the lack of ambiguity of a graph-paper coordinate system.
People asked to draw a 4 x 4 square on graph paper will all produce a square shape
encompassing 16 grid squares, but these shapes will not have an identical areas in
terms of physical units (e.g., cm?), because there is no single standard grid/ruling
size for graph paper.

Indeed, a sheet of graph paper is, by itself, an abstract coordinate system
in that it does not describe positions or sizes in the physical world. Using an
abstract system for geometry specification is perfectly fine—in fact, we are about
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to construct our clock using one. But the “real world” must be reckoned with
when it’s time to display such a scene, and at that point the abstract system must
be mapped to the display’s physical coordinate system. We’ll describe that map-
ping shortly, but first let’s start the process of geometric specification. We will use
the abstract coordinate system shown in Figure 2.7.

Which primitive should we draw first? By default, the order of specification
does matter, so an element E, constructed after element D, will (partially) occlude
D if they overlap.? The term “two-and-a-half dimensional” is sometimes used
to describe this stacking effect.

Thus, we should work from back (farthest from the viewer) to front (closest to
the viewer), so let’s start with the circular clock face.

Figure 2.8 shows a simple single-circle design for the face. We’ve arbitrarily
chosen a radius of ten graph-paper units, because that size is convenient on this
particular style of graph paper. This decision is truly arbitrary; there is no one
correct diameter for this clock, since the coordinate system is abstract.

The syntax for specifying a solid-color-filled circular ellipse is:

0,0)

y

Figure 2.7: Abstract coordinate
system.

Top-left:
(—10,—10)

Width: 20

0,0)

<Ellipse
Canvas.Left=...
Width=...
Fill=...

Canvas.Top=...
Height=...
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where canvas.Left and canvas.Top specify the x- and y-coordinates for the
upper-left corner of the primitive’s bounding box, and ri11 is either a standard
HTML/CSS color name or an RGB value in hexadecimal notation (#RRGGBB—
e.g., #OOFFOO0 being full-intensity green).

We now are ready to construct a WPF application that places this primitive on
a canvas:

1 | <Canvas ... >

2 <Ellipse

3 Canvas.Left="-10.0" Canvas.Top="-10.0"
4 Width="20.0" Height="20.0"

5 Fill="lightgray" />

6 | </Canvas>

(Note: In this and the remaining XAML code displays in this chapter, we high-
light the new or modified portion for your convenience.)

Although this specification is unambiguous, it’s not obvious what this ellipse
will look like when displayed. What is the on-screen size of a circle of diameter
20 units, where our unit of measurement was determined by an arbitrary piece of
graph paper?

We suggest you run the lab software (available in the online resources), and
select V.01 to see the result of the execution of the above XAML. A screenshot
of the rendered result (shown in Figure 2.9, along with a mouse cursor for scale)
shows that the result is not acceptable for two reasons: The gray circle is too small
to act as a usable clock face, and we are only seeing one quadrant.

The schematic view shown in Figure 2.10 depicts this ellipse specification,
with the left side (light-pink box) representing the abstract geometric data that

2. This default order-dependent stacking order can be overridden by the optional attribute
Canvas.ZIndex.

y

Figure 2.8: Defining the clock
face’s geometry using our ab-
stract coordinate system.

[

Figure 2.9: Rendered result of
revision V.01 of our XAML clock
application, exhibiting problems
with both image size and posi-
tioning.
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Figure 2.10: Schematic view of our application’s initial specification of the clock-face
ellipse.

lives in the application with no physical representation, and the red arrow repre-
senting the rendering process that produces the displayed image.

Here, we are seeing the effect of delivering abstract coordinates directly to the
graphics platform. It is OK to use abstract coordinates to design your scene, but
when it’s time to worry about how it will appear on the display, we must consider
(1) characteristics of the display device, such as size, resolution, and aspect ratio;
(2) how we want the rendered image to be sized and positioned in consideration of
the form factor’s constraints; and (3) how to specify the geometry to the graphics
platform in order to achieve the desired result.

In Section 2.6, we will discuss these considerations in the scope of full-featured
applications. Here, for our simple clock application, let’s assume that the canvas
will be displayed on a laptop screen, that the clock should be an “icon-sized” 1
inch in diameter, and that the clock should appear in the upper-left corner of the
canvas. How can we revise our application to achieve this desired appearance?

2.4.3 The Spectrum of Coordinate-System Choices

‘We now have a specific physical size (one inch in diameter) in mind for our clock
scene. So, should we reconsider our decision to design the geometry using an
abstract coordinate system? To answer this question, let’s consider two alternative
coordinate systems we might choose for scene description.

We could consider using an integer-pixel-based coordinate system like that
described in Section 2.3.1, but that is not appropriate given our need to control the
displayed size of our scene, independent of screen resolution.

Alternatively, we can consider designing our scene using the WPF canvas
coordinate system, which is “physical”—the unit of measurement is 1/96 of an
inch—and not resolution dependent. For example, an application can draw a rect-
angle of size 1/8 x 1/4 inches by specifying a width of 12 units and a height of
24 units.? Thus, we can create a circle that is 1 inch in diameter by specifying the
diameter as 96 units.

Although direct use of the WPF coordinate system does provide resolution
independence, we do not recommend that strategy, for there are two other kinds
of independence worthy of pursuit.

e Software-platform independence: By using the coordinate system of a
specific graphics platform, we are unnecessarily tying portions of our appli-
cation code to that platform, potentially increasing the work that would be
necessary to later “port” the application to other platforms.

3. There are limitations to physical coordinate systems. Perfect accuracy in the sizes of
displayed shapes cannot be guaranteed due to dependencies on disparate parts, includ-
ing the device driver and the screen hardware.
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e Display-form-factor independence: The display screens on today’s
devices come in a huge variety of sizes and aspect ratios (also known as
form factors). To ensure compatibility with a large variety of form factors,
from phone to tablet to desktop, a developer should keep scene geometry
as abstract as possible and nail down the geometry at runtime using logic
that considers the current situation (form factor, window size, etc.). For
example, in deciding on a 1-inch diameter for our clock, we were thinking
about icons on a laptop form factor; we might well choose a different opti-
mal size for a smartphone device. An abstract coordinate system allows for
runtime decision making on actual physical sizing. For further discussion
on this important topic, see Section 2.6.

We now see that the use of an abstract coordinate system is advantageous in
several ways, so let’s continue with that strategy.

There’s a further advantage to the abstract coordinate system: It’s often easier
to specify a shape using small numbers—for example, to say, “I want a disk that
goes from —1 to 1 inx and y, and then I want to move it to be centered at (37, 12),”
rather than saying, “I want a disk that goes from 36 to 38 in x and from 11 to 13
in y.” In the former specification, it’s easy to see that the radius of the disk is 1,
and that it’s a circular disk rather than an elliptical one. This idea—that it’s easier
to work in some coordinate systems than in others—will arise again and again,
and we embody it in a principle:

" THE COORDINATE-SYSTEM/BASIS PRINCIPLE:  Always choose a coordi-
nate system or basis in which your work is most convenient, and use transfor-
mations to relate different coordinate systems or bases.

2.4.4 The WPF Canvas Coordinate System

At this point, you have been informed of only one characteristic of WPF canvas
coordinates. Figure 2.11 demonstrates the other important features: The origin
(0,0) lies at the upper-left corner of the canvas, the positive x-axis extends to the
right, the positive y-axis extends downward, and the canvas is “bounded” on all
four sides (represented by the light-blue rectangle in the figure). That is to say,
each WPF canvas has a definitive width and height (usually controlled by layout
logic as described previously). In the common case of clipToBounds="True”,
these bounds are strictly enforced, so any visual information lying outside the
bounds is invisible.*

With this information, we can now return to developing our clock applica-
tion. Let’s prepare by reviewing the sequence of “spaces” through which the
scene’s geometry travels from abstract to physical to device, shown in Figure 2.12.
We already discussed the application and WPF canvas coordinate systems, and in
Section 2.4.5 we show you how the former system is mapped to the latter. So here
we’ll briefly address the final transition shown in the sequence, the mapping of the
WPF canvas to actual pixels on the display device. This part of the pipeline is not

4. As we implement this application throughout Section 2.4, we’ll assume the canvas
is large enough to show the entire clock, but Inline Exercise 2.5 will invite you to
investigate what happens when it’s not.
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Figure 2.11: A WPF canvas of size 168 x 96 units, with C1ipToBounds=True. Note the
hardwired location of the origin and the hardwired semantics of 96 units to the physical
inch. On the display device, when rendered by an accurate device driver, this canvas will
appear with a size of 1.75 x 1 inches. The canvas is bounded on all four sides and displays
only the visual information lying within the bounds.

fully under application control; rather, it is performed by a collaboration between
a number of modules: the WPF layout managers (created and configured by the
application to control the location and size of all components in the client area,
including the canvas), the window manager (controlling the location and size of
the application’s client area), and the low-level rasterization pipeline (composed
of a sequence of modules such as an immediate-mode package like DirectX or
OpenGL, a low-level device driver, and the graphics hardware itself).

In the mid-1980s, the standard device-independent unit (DIU) for both Mac
and Windows was 1/72 of an inch, corresponding to the dpi of typical display
monitors at the time. But research by Microsoft revealed that the typical com-
puter user sits one-third farther away from a display screen than from a printed
page. Thus, to ensure that text rendered at a given point size appears roughly
equivalent on screen and on paper, the DIU for GDI was scaled up by 33% to
96dpi.

Keep in mind that graphics software platforms do not have control over the
accuracy of display hardware, so the DIU is only an approximation. A line of
length 96 units on a WPF canvas will appear to be one inch long on an “ideal
device,” but not necessarily on an actual display screen.

2.4.5 Using Display Transformations

At last, we now understand why our clock face, as defined in our abstract system,
produces the unacceptable result of Figure 2.9.

e The circle has a radius of 20 units. We now know that 20 units on the WPF
canvas is less than 1/4 inch, unacceptably small.

e The circle is specified with its center at the origin. We now know that the
WPF canvas shows only data in the (4x, +y) quadrant, so most of our circle
is hidden.
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Figure 2.12: Progression from an
application’s abstract coordinate
system, then into the WPF can-
vas coordinate system, and finally
onto the display device as a part
of the application window'’s client
area.
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To repair our application, we will set up a display transformation to
mathematically adjust the entire scene’s geometry from the abstract application
coordinate system to the WPF canvas system in a way that (a) makes the clock
completely visible and (b) makes it the right size.

First, consider the need to resize. Our clock’s diameter is 20 units in our
abstract system. We would like that to map to 1 inch on the WPF canvas; thus,
we want it to map to 96 WPF units. Consequently, we want to multiply each
graph-paper coordinate by 96/20, or 4.8, on both axes. To request that the canvas
perform this scale transformation, we attach a RenderTransform’ to the canvas
to specify a geometric operation that we want to be applied to all objects in the
scene:

1| <Canvas ... >

2

3 <!- THE SCENE ->

4 <Ellipse ... />

5

6

7 <!- DISPLAY TRANSFORMATION ->

8 <Canvas.RenderTransform>

9 <!- The content of a RenderTransform is a TransformGroup
10 acting as a container for ordered transform elements. —->
11 <TransformGroup>

12 <!- Use floating-point scale factors:

13 1.0 to represent 100%, 0.5 to represent 50%, etc. —>
14 <ScaleTransform ScaleX="4.8" ScaleY="4.8"

15 CenterX="0" CenterY="0"/>

16 </TransformGroup>

17 </Canvas.RenderTransform>

18

19| </Canvas>

Note that when you specify a 2D scale operation, you must specify the center
point, which is the point on the plane that is stationary—all other points move
away from (or toward) the center point as a result of the scale. Here, we use the
origin (0, 0) as the center point.

The effect of our new revision (V.02 in the laboratory) is depicted in
Figure 2.13. Clearly, we have solved the size problem, but still only one quad-
rant of the circle is present on the visible portion of the canvas.

Thus, we want to add another transform to our canvas, to move our scene to
ensure full visibility. We will use a translate transformation:

1’<TranslateTranSform X=".,.." y="..."/> ‘

How many units do we need to translate? Since our scale transform has
ensured that our circle has a 1-inch diameter on the WPF canvas, and we’re seeing
only one-half of the circle on each dimension, we need to move the circle a half-
inch down and a half-inch toward the right (i.e., 48 canvas units on each axis) to
ensure full visibility.

5. WPF’s use of the term “RenderTransform” for a transformation is somewhat mis-
leading since it implies it is used only to control display. A better name would be
“GeometricTransform” since this element type performs 2D geometric transforma-
tions to achieve a wide variety of purposes, for both modeling and display control,
as is demonstrated throughout this chapter.
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Figure 2.13: Schematic view of our application now enhanced with a scale transform.

Here is the revised XAML (V.03 in the lab); its effect is depicted in
Figure 2.14.

1| <Canvas >

2 <! THE SCENE >

3 <Ellipse ... />

4

5 <!- THE DISPLAY TRANSFORM ->

6 <Canvas.RenderTransform>

7 <TransformGroup>

8 <ScaleTransform ScaleX="4.8" Scaley="4.8" ... />
9 <TranslateTransform X="48" y="48" />
10 </TransformGroup>

11 </Canvas.RenderTransform>

12| </Canvas>

NOTE: Animated versions of all of the application schematic views in this
chapter are provided as part of the online material.

To review: We have used a sequence of transforms, attached to the canvas,
to perform what we call a display transformation to execute the geometric adap-
tations necessary to make our scene have the desired spatial appearance on the
display device. The display transformation maps our application coordinate sys-
tem to WPF’s canvas coordinate system; we indicate this goal state by highlighting
the coordinate system’s representation with a drop shadow.

Application coordinate system
Circle of 20 X 20 units, centered at origin X

Scale transform
by 4.8 on both axes

Translate transform
x: +48  y: +48 y

WPF canvas coordinate system

Figure 2.14: Schematic view of our application now enhanced with a two-step display-
transform sequence (scale and translate).
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Because the display transformation is attached to the canvas, it operates on
the entire scene, no matter how large or complex. At this point our scene is a
single primitive, but as we continue developing this application and the scene
becomes more complex, the value of this display transformation will be more
apparent.

Inline Exercise 2.1: Performing the scale before the translate is one way to
accomplish this display transformation; however, the reverse order will work
as well, with different values for the numeric properties. Using the laboratory,
visit V.03 and edit the XAML code to reverse the order of the two transforms.
First, change the order without adjusting the numeric properties, notice how the
rendered scene changes, and then change the properties as needed to restore the
desired target rendering.

Inline Exercise 2.2: Note that the circle is “hugging” the top and left side of
the canvas. Edit V.03 to move the circle 1/8 of an inch to the right and 1/8
of an inch down, to give it some “breathing room.” Here again, the correct
numeric values will depend on the order of the transforms.

Inline Exercise 2.3: Edit V.03 to add a small blue dot to act as the 12:00
marker.

In Inline Exercise 2.1, you noted the order dependency of a transformation
sequence: Scale followed by translate doesn’t yield the same results as translate
followed by scale. The reason for the order dependency is based on laws of linear
algebra. As you will discover in Chapter 12, each transformation, like rotation and
translation, is represented internally by a matrix. Sequencing a number of trans-
formations is implemented via matrix multiplication, a noncommutative opera-
tion. Thus, it should be no surprise that the order of sequential transformations is
important.

2.4.6 Creating and Using Modular Templates y=-1

These same transformation utilities are also used for the purpose of construct-
ing a scene by positioning and adjusting copies of reusable stencils called control
templates.® Unlike physical templates that cannot change their size, graphics tem-
plates can be rotated, translated, and scaled.

Consider how we might approach defining the hour and minute clock hands.
We would like both to share a similar shape, but we’d like the hour hand to be
shorter and stouter, a variation that can be achieved via a nonuniform scaling of
the same polygon that generates the minute hand. So let’s consider how we might
construct and place those two hands by defining and using the template shown in
Figure 2.15. y=9

6. WPF’s use of the word “control” in its template nomenclature refers to a typical use of ~ Figure 2.15: Geometry of our
this kind of template: the construction of reusable custom GUI controls. clock-hand template.
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The WPF element type Polygon is used to create an outlined or filled
polygon via a sequential (either clockwise or counterclockwise) specification of the
vertices. Here is the XAML specification of our canonical clock hand, to be filled
with a navy color; note the use of spaces to separate coordinate pairs. Also notice
that we define the clock hand using our application’s abstract coordinate system.

1 | <Polygon
2 Points="-0.3, -1 -0.2, 8 0, 9 0.2, 8 0.3, -1"
3 Fill="Navy" />

We want this polygon element to be a reusable template, defined once and
then instantiated (added to the scene) any number of times. A control template
is specified in the resource section of the root element (in this case, the canvas
element). Each template must be given a unique name (using the x:key attribute)
so that it can be referenced for the purpose of instantiation.

1| <Canvas ... >

2

3 <!- First, we define reusable resources,

4 giving each a unique key: -—>

5 <Canvas.Resources>

6 <ControlTemplate x:Key="ClockHandTemplate">
7 <Polygon ... />

8 </ControlTemplate>

9 </Canvas.Resources>

10

11

12| <!- THE SCENE ->

13 <Ellipse ... />

14

15 <!- THE DISPLAY TRANSFORM ->

16 <Canvas.RenderTransform> ... </Canvas.RenderTransform>
17| </Canvas>

If we were to execute our application now, with this new template specifica-
tion, we would not detect any change. Still, only the gray clock face would be
visible. We must instantiate this template to actually change the displayed scene.

To do so, we add a control element—which instantiates by reference to the
ClockHandTemplate resource—to our scene, resulting in revision V.04:

<!- THE SCENE ->

<!- The clock face —>
<Ellipse ... />
<!- The minute hand: ->

<Control Name="MinuteHand"
Template="{StaticResource ClockHandTemplate}"/>

00NN R W=

How will this new revision of our application look on the screen? Because
the display-transformation sequence is attached to the entire canvas, the minute-
hand polygon will be subjected to the entire display sequence—in essence, it
will “tag along” with the circle through the transformation sequence, as shown in
Figures 2.16 through 2.18.
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Figure 2.16: Minute hand subjected to the display-transform sequence (1 of 3).
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Figure 2.17: Minute hand subjected to the display-transform sequence (2 of 3).
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Figure 2.18: Minute hand subjected to the display-transform sequence (3 of 3).

Thus far, it may seem that our use of a template did nothing but make the
XAML more complicated. After all, we could have simply specified a Polygon
after specifying the £11ipse. But now, as we build the hour hand—and later, when
you perform the suggested exercises—you will appreciate this template strategy.

We will now construct the hour hand via the same approach—instantiating the
template—but we are going to make two adjustments.

First, we want to adjust its shape to distinguish it from the minute hand. To
do so, we attach a scale transformation to the instance. Although we used scale
transforms earlier in this chapter, here we pursue a different goal. Whereas our
previous use of a transform sequence was to control our scene’s size and place-
ment on the output device—a display transformation—here we are using scaling
to construct a component of the scene—what we call a modeling transformation.
This distinction between two uses of transformations has meaning to us as devel-
opers, but is unknown to the underlying platform since the same mechanism—
RenderTransform—is used for both. (It’s a “what-for” distinction, not a “how-to”
distinction.)

Second, to make it easy to distinguish between the two clock hands when the
full scene is composed, we want to adjust the scene so that they don’t both lie on
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the y-axis overlapping each other. Thus, we are going to rotate the hour hand 45°
clockwise, so the clock will show the time of 7:30. To do so, we need the third
WPF transformation type, RotateTransform:

1| <RotateTransform Angle=... CenterX=... CenterY=... />

To instantiate the hour hand, we use the same control tag we used for the
minute hand; however, we attach a RenderTransform to this instantiation to per-
form our modeling transformation sequence. This results in the code shown in
revision V.05 in the lab.

1| <!- The hour hand: ->

2 | <Control Name="HourHand" Template="{StaticResource ClockHandTemplate}">

3 <Control.RenderTransform>

4 <TransformGroup>

5 <ScaleTransform ScaleX="1.7" ScaleY="0.7" CenterX="0" CenterY="0"/>
6 <RotateTransform Angle="45" CenterX="0" CenterY="0"/>

7 </TransformGroup>

8 </Control.RenderTransform>

9 | </Control>

Note that to specify a rotation, you must provide not only the amount of rota-
tion (clockwise, in degrees), but also the center of rotation, which is the point
around which the rotation is to occur. One of the nice features of our custom
coordinate system is that (0,0) represents the center of the clock, so the origin
conveniently serves as the center of rotation for the clock hands (and also as the
center point for the scaling operation).

Our scene’s XAML specification now has two uses of RenderTransform ele-
ments: one acting as a modeling transformation (built from two basic transforma-
tions) to “construct” the hour hand, and one acting as the display transformation
that maps the entire scene to the canvas for display.

1|<Canvas ... >

2 <!- RESOURCES ATTACHED TO THE CANVAS ->

3 <Canvas.Resources>

4 <ControlTemplate x:Key="ClockHandTemplate">

5 <Polygon ... />

6 </ControlTemplate>

7 </Canvas.Resources>

8

9 <!- THE SCENE ->

10 <!- The clock face: ->

11 <Ellipse ... />

12 <!- The minute hand: ->

13 <Control Name="MinuteHand"

14 Template="{StaticResource ClockHandTemplate}"/>
15 <!= The hour hand: ->

16 <Control Name="HourHand"

17 Template="{StaticResource ClockHandTemplate}">
18 <Control.RenderTransform>

19 The modeling transform for the hour hand should be here.
20 </Control.RenderTransform>

21 </Control>

22 <!- THE DISPLAY TRANSFORM ->

23 <Canvas.RenderTransform>

24 The display transform for the scene should be here.

25 </Canvas.RenderTransform>

26

27| </Canvas>
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Let’s watch the hour hand’s progress through the modeling transformation. In
Figure 2.19, we see the hand template instantiated with its original geometry; the
hand’s image is tiny, since this is prior to display transformation, so our schematic
includes a magnification callout for clarity.

The first modeling transform is a nonuniform scale that produces the desired
shorter, wider shape. The effect of this transformation is the desired hour-hand
shape, as shown in Figure 2.20.

The second modeling transformation rotates it into the desired 7:30 location,
as shown in Figure 2.21.

The hour hand is now ready to be exposed to the display transformation. It
effectively “tags along” with the other members of the scene (clock face and

Application coordinate system -
Hand template in its original shape/size

Scale transform
Purpose: xby 1.7/y by 0.7
Modeling

Rotate transform y
clockwise 45 degrees Magnified
L . view
Application coordinate system
Instance “remodeled” into 7:30 hour hand

Scale transform
Purpose: by 4.8 on both axes
Display

Translate transform
x: +48  y: +48

WPF canvas coordinate system

Figure 2.19: Instance of hand template, prior to modeling transform.
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Figure 2.20: Instance of hand template, transformed into hour-hand shape.
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Figure 2.21: Final result of modeling transform that constructs an hour hand at the 7:30
position.

minute hand) through the display-transformation sequence. The result is the full
clock image, depicting the time of 7:30. Note that this chapter’s online resources
include an animation showing the complete operation of this sequence of model-
ing and display transformations.

Inline Exercise 2.4: To ensure your complete understanding of how we’ve
built the entire static clock scene, launch an XAML development environment
and start with just a blank canvas. Add all the XAML code necessary to build
a clock scene showing the time of 1:45. Add a 12:00 dot if you wish.

Inline Exercise 2.5: When using the WPF canvas in the recommended manner
(C1ipToBounds="True”), visual information that would lie outside the canvas’s
bounds is hidden; that is, the image is “clipped” to the canvas boundary.

(a) To see what happens when the canvas is too small to show the entire clock
image, use your window manager to radically reduce the size of the window in
which the lab software runs.

(b) Jump ahead to read Section 2.6, which describes a couple of the ways
a full-featured application might adapt to situations in which the canvas is
forced to be too small to show the entire scene. Think about how an application
could use WPF display transformations to implement either the zoom-out or
the pan/scroll solutions presented in that section.

Inline Exercise 2.6: Construct a thin, red-colored second hand by creating a
new resource template with its own distinct polygonal shape. Instantiate it on
top of your solution to Inline Exercise 2.4 to test your work. Our solution is in
the lab (V.006).
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Inline Exercise 2.7: The more complex a template is, the more value its
reusability provides. Add some additional visual elements to the clock-hand
template (e.g., a thin line bisecting it longitudinally), or give it a more com-
plex shape ... and watch how its instances automatically adapt to show the
template’s new definition.

Hint: The controlTemplate will complain if you put more than one prim-
itive inside it, so you’ll need to wrap its contents in a canvas element. (Indeed,
canvas 18 used for multiple purposes, including acting as a general-purpose
wrapper around multiple primitives.) Don’t put any attributes in the canvas
start tag for this usage.

Our use of this simple clock-hand template is a very basic, single-level
example of hierarchical modeling, which is a sophisticated technique for
constructing highly complex objects and scenes. See Chapter 6 for a proper
introduction to, and example of, this technique.

2.5 Dynamics in 2D Graphics Using WPF

A retained-mode architecture supports the implementation of simple dynamics;
the application focuses on maintaining the scene graph (including keeping it in
sync with the application model if one is present), and the platform carries the
burden of keeping the displayed image in sync with the scene graph. In this sec-
tion, we examine two types of dynamics available to WPF applications:

e Automated, noninteractive dynamics in which 2D shapes are manipulated
by animation objects specified in XAML

e And traditional user-interface dynamics, in which methods written in pro-
cedural code (callbacks) are activated by user manipulation of GUI con-
trols, such as buttons, list boxes, and text-entry areas

2.5.1 Dynamics via Declarative Animation

WPF provides the ability to specify simple animations without procedural code,
via XAML animation elements that can force object properties to change using
interpolation over time. The application creates an animation element, connects
it to the property to be manipulated, and specifies the animation’s characteristics:
starting value, ending value, speed of interpolation, and desired behavior at ter-
mination (e.g., that the animation should be repeated when the ending value is
reached). Lastly, the application specifies what event should trigger the start of
the animation. Once set up, the animation element works automatically, without
the need for intervention by the application.

Virtually every XAML element property can be the target of an animation.
Examples include the following.

e The origin point of a shape (e.g., the upper-left corner of an ellipse) can be
manipulated by an animation element to make the shape appear to vibrate.

e The fill-color, edge-color, and edge-thickness properties of a shape prim-
itive can be manipulated by an animation element to perform feedback
animations, such as glowing or pulsing.
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e The angle property of a rotation transform can be manipulated by an ani-
mation element to make the affected objects rotate.

That last example is of interest to us as clock builders. We can use three ani-
mation elements, one for each hand, to provide for the clock’s movement.

Let’s look at the current status of our hour hand’s modeling transform, as
designed previously.

<Control.RenderTransform>
<TransformGroup>
<ScaleTransform ScaleX="1.7" ScaleY="0.7" />
<RotateTransform Angle="45"/> <!- for 7:30 ->
</TransformGroup>
</Control.RenderTransforms>

[N O R

The instance transform already contains a RotateTransform placing the hand
into a 7:30 position. It would be best to have 12:00 be the hour hand’s “normal-
ized” default position, now that we’re looking into adding time semantics to our
application, so let’s change that rotate transform:

<!- Rotate into 12 o’clock default position ->
<RotateTransform Angle="180"/>

o —

Additionally, to prepare for automated manipulation of the hand’s position,
let’s add another RotateTransform and give it a tag (ActualTimeHour) to allow
its manipulation by an animator. With these two changes, the TransformGroup
becomes this:

<RotateTransform x:Name="ActualTimeHour" Angle="0"/>
</TransformGroup>

1 | <TransformGroup>

2 <ScaleTransform ScaleX="1.7" ScaleY="0.7" />

3 <!- Rotate into 12 o’clock default position ->

4 <RotateTransform Angle="180"/>

5 <!- Additional rotation for animation to show actual time: ->
6

7

Now, let’s look at the declaration of the animation element that will rotate the
hour hand. WPF provides one animation element type for each data type that one
might want to automate. To control a rotation’s angle, which is a double-precision
floating-point number, use the element type DoubleAnimation:

<DoubleAnimation
Storyboard.TargetName="ActualTimeHour"
Storyboard.TargetProperty="Angle"
From="0.0" To="360.0" Duration="1:00:00.0"
RepeatBehavior="Forever"

/>

NN R W=

The animation is connected to the hour hand through the setting of the
TargetName and TargetProperty attributes, which point to the angle property
of the target RotateTransform element. The From and To attributes determine the
range and direction of the rotation, and buration controls how long it should take
to move the property’s value through that range. puration is specified using this
convention:

1 |Hours : Minutes : Seconds . FractionalSeconds
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The RepeatBehavior="Forever" setting ensures that the clock hand will con-
tinue moving as long as the application is running; as soon as the value reaches
the “To” destination, it “wraps around” to the “From” value and continues the
animation.”

You may well wonder about the accuracy of the actual animation, considering
how precise the specifications are. Will the animation operate if the CPU is
under heavy load or is insufficiently powered?

Although the smoothness of the animation may suffer (become “jumpy’”) when
the CPU is stressed, the image will keep up with where it needs to be at any
given time. The animation engine works in an absolute way—newly calculat-
ing where the property values should be at the present time—instead of in a
relative way based on accumulating deltas. Thus, even if the application has
been denied adequate CPU time for a long period, the image will jump to
the correct state when the application next receives sufficient CPU cycles for
image refreshing.

The final step is to install the animation in the XAML code. We want the
animation to start as soon as the clock face is made visible. Thus, we create an
EventTrigger and use it to set the Triggers property of the canvas. A trigger
must specify what type of event launches it (in this case, as soon as the canvas’s
content has been fully loaded) and what action it performs (in this case, a set
of three simultaneous animation elements, encapsulated into what WPF calls a
Storyboard):

1 | <Canvas ... >
2
3 The specification of the clock scene should be located here.
4
5 <Canvas.Triggers>
6 <EventTrigger RoutedEvent="FrameworkElement.Loaded">
7 <BeginStoryboard>
8 <Storyboard>
9 <DoubleAnimation
10 Storyboard.TargetName="ActualTimeHour"
11 Storyboard.TargetProperty="Angle"
12 From="0.0" To="360.0"
13 Duration="01:00:00.00" RepeatBehavior="Forever"
14
15 Tivo more DoubleAnimation elements should be located
16 here to animate the other clock hands.
17
18 </Storyboard>
19 </BeginStoryboard>
20 </EventTrigger>
21 </Canvas.Triggers>
22
23 | </Canvas>

7. Other available behavior types include reverse motion (i.e., “bouncing back”) and sim-
ply stopping (for “one-shot” motions).
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Revision V.07 of the laboratory shows this animated clock, but its XAML has
been modified to make the hour hand move unnaturally fast to make it easier to
notice and test the animation’s movement. We recommend the following exercises
to those who want to test their understanding of this section.

Inline Exercise 2.8: Study the XAML code of revision V.07, and then do the
following.

a. The minute hand is currently instantiated into the scene with no modeling
transformation. Add the necessary tagging to attach a transform group to it
and install the two rotation transforms (one to place it in the default 12:00
position, the other to facilitate animation). Add the necessary tagging to
the storyboard to animate it to rotate once per minute.

b. Set up animation of the second hand similarly.

Repair the animation of the hour hand so that it is accurate.

If you’d like to demo the clock to a friend, manually change the “default
position” rotate transformations to initialize the hands to better approxi-
mate the actual time at your location, and then commence execution and
watch the clock keep accurate time.

e. The ultimate solution for the clock-initialization problem is to use pro-
cedural code to initialize the clock. If you have access to Visual Studio
software and tutorials, take this XAML prototype and “productize” it by
adding initialization logic to create a fully functional WPF clock applica-
tion that shows the correct local time.

Inline Exercise 2.9: For a more thorough exercise in template-based model-
ing and animation, visit the online resources to download instructions for the
“Covered Wagon” programming exercise.

2.5.2 Dynamics via Procedural Code

Obviously, there is a limit to the richness of an application built using XAML
alone. Procedural code is necessary for the performance of processing, logic,
database access, and sophisticated interactivity. WPF developers use XAML for
what it’s best suited (scene initialization, resource repository, simple animations,
etc.), and use procedural code to complete the specification of the application’s
behavior. For example, in a real clock application, procedural code would be used
to determine the correct local time, to support alarm features, to respond to user
interaction, etc.

2.6 Supporting a Variety of Form Factors

The wide variety of raster display devices—ranging from small smartphone
screens to wall-size LCD monitors—poses a challenge to applications. These
problems are similar to the ones faced by a desktop application when its window’s
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size is decreased beyond a certain reasonable limit. In both cases, the application
needs to adapt to changes in form factor.

A well-designed application uses logic to examine its current form factor and
adapt its appearance as needed. Let’s look at adaptation strategies for both of the
key areas in a typical application: its UI area and its scene-display area.

When the screen area allocated for a set of UI controls becomes limited, it is
rarely wise to adapt by zooming out (scaling down) the controls. The usability of
UI controls, and the user’s reliance on “spatial memory” for quick access to com-
monly used controls, are adversely affected by such a technique. An application
can instead respond by elision (e.g., hiding controls that are less often used) or by
rearrangement of the layout.

An example of the latter is shown in the three-part Figure 2.22. Part (a) shows
the menu bar and toolbar in their optimal layout. If the window’s width is reduced
significantly, the bars are clipped at the right side, as shown in part (b), and “expan-
sion” buttons labeled ">>" are revealed to provide access to the menus and controls
that had to be hidden. Part (c) shows the result of the use of an expansion button
to reveal the remainder of the toolbar.

A different set of strategies should be considered for scene display when the
viewport’s size is restricted. Potential solutions include the following.

e The application can zoom out (scale down) the rendering to make more of
(or all of) the scene fit within the viewport.

e The application can clip the rendering to the viewport’s boundaries and
provide an interface supporting panning (scrolling) to access any part of
the scene.

These choices are by no means mutually exclusive, and applications often
employ a combination of both scaling and clipping; an example, the Adobe Reader
thumbnail pane, is shown in Figure 2.23. In this example, the selected document
is a long PDF document; think of it as a very tall and narrow scene, one stan-
dard page width in width, and 136 standard page heights in height. This applica-
tion uses a different approach for handling height versus width. For the former, it
"clips" the scene and shows only a few pages at a time, providing scrolling fea-
tures for navigation. For the latter, it uses a zoom-out/scale-down strategy to adapt
the scene so that its width exactly matches the width of the pane. The user can
choose to widen the thumbnail pane, thus increasing the thumbnails’ width, and
reducing the intensity of the downscaling, making the thumbnail more "readable".

In both of these example adaptations, the application is responsible for the
logic to determine the policy to use for a particular form factor/screen size, but the
WPF platform provides much of the mechanism needed to implement the policy.
For example, WPF’s Ul layout tools simplify UI adaptations like the one described
above. And, for scene adaptations, transformations are of great service: Scaling
facilitates zooming in/out, and translation facilitates scrolling/panning effects.

2.7 Discussion and Further Reading

In this chapter we’ve seen how to create collections of primitives in the abstract
application coordinate system that is our 2D world, and how to reuse primitives as
instances of defined templates. Although we haven’t shown templates composed
of simpler templates, we will treat that common form of geometric modeling in
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Figure 2.22: Example of auto-
mated Ul layout adaptation in a
Windows application.
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Figure 2.23: Example of auto-
mated scene adaptation in a pop-
ular PDF viewer.



60 Introduction to 2D Graphics Using WPF

our discussion of WPF 3D in Chapter 6. We have made use of transforms, both
for modeling and for mapping from abstract application coordinates to WPF can-
vas coordinates and then on to physical device coordinates; we will discuss the
underlying mathematics of transformations in subsequent chapters. Finally, we
have seen the advantages of a retained-mode graphics platform for factoring out
a number of tasks that are common to many applications, including simple ani-
mations. Most importantly, we’ve introduced the basic features of declarative pro-
gramming useful for rapid prototyping that can be conveniently extended to do
geometric modeling and rendering in WPF 3D.

We have not discussed Ul callbacks in response to user interactions like button
presses. If such interactions change the thing to be drawn, we must redraw it,
just as we must change the application model’s state if they change that. Such
a callback response is now fairly standard for any program that has a UI, which
means most modern programs, and we do not discuss it further.

There’s also a second kind of interaction to consider: interaction within the
viewport, that is, the clicks and drags that the user may perform on the displayed
scene. To respond appropriately to these, we often need to know things like which
object in the scene the user clicked on, and where the drag started and ended.
Determining which object was clicked is known as pick correlation, and we dis-
cuss this in the context of 3D in Chapter 6. Responding to click-and-drag oper-
ations in a 3D scene often requires careful work with the modeling transform
hierarchy; we discuss some examples in Chapter 21.

There are a great many other graphics packages in the world, and you’re likely
to encounter at least a few as you work with computer graphics. We encourage
you to browse the Web and read about OpenGL, for instance, and Swing, to get
a sense of the variety of features provided by various packages and some of the
commonality and differences among them.



Chapter 3

An Ancient Renderer
Made Modern

3.1 A Direr Woodcut

In 1525, Albrecht Diirer made a woodcut demonstrating a method by which one
could create a perspective drawing of almost any shape (see Figure 3.1); in the
woodcut, two men are making a drawing of a lute. In this chapter, we’ll develop a
software analog of the method depicted by Diirer.

The apparatus consists of just a few parts. First, there is a long string that
starts at the tip of a small pointer, passes through a screw eye attached to a
wall, and ends at a small weight that maintains tension in the string. The pointer
can be moved around by one person to touch various spots on an object to be
drawn.

Second, there is a rectangular frame, with a board, which we’ll call the shut-
ter, attached to it by a hinge so that the board can be moved aside (as shown in
the woodcut) or rotated to cover the opening, as a shutter covers a window. On
the board is mounted a piece of paper on which the drawing is to be made. In the
woodcut, you can see a drawing of a lute partially made on the paper. The first
man has moved the pointer to a new location on the lute itself. The string passes
through the frame, and at the point where it does so, the second man holds a pen-
cil. The string is pushed aside, the shutter is closed, and the pencil makes a new
mark on the paper. This process is repeated until the whole drawing (in the form of
many pencil marks) emerges. The man holding the pencil must hold it very steady
for this to work, of course!

The result is a drawing of the lute consisting of many pencil marks on the
paper, which can be connected together to make a more complete drawing. The
drawing is a perspective view of the lute, showing the way the lute would look to a
viewer whose eye was at the exact point where the string passes through the screw
eye on the wall. Note that the height of the screw eye on the wall and the position
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Figure 3.1: Two people using an early “rendering engine” to make a picture of a lute.

of the table can both be changed, so the relative positions of the viewpoint and the
drawing should be regarded as parameters of this scene-rendering engine.

The drawing’s fidelity can be attributed to three main factors. First, light trav-
els along straight lines, so the stretched string represents a light path from the lute
to the eye. Second, the drawing of the lute sits in the scene, and when the shutter
is closed, it too sends light to the eye, from a corresponding direction. The points
of high contrast in the scene are represented by marks in the drawing, which are
themselves points of high contrast. Third, our visual system seems to “understand”
a scene largely in terms of high-contrast edges in the scene, so marks on the paper
and the real-world scene tend to provoke related responses in our visual systems.

Notice that the string always passes through the frame. If the first man moves
the pointer to a place that cannot be seen from the screw eye through the frame,
the string will touch the frame itself and bend around it. In this case, no mark is
made on the paper.

We’ll now make our description of this “rendering” process slightly more for-
mal, as shown in Listing 3.1.

Listing 3.1: Pseudocode for the Diirer perspective rendering algorithm.

Input: a scene containing some objects, location of eye-point
Output: a drawing of the objects

initialize drawing to be blank
foreach object o
foreach visible point P of o
Open shutter
Place pointer at P

00NN B WN =
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9 if string from P to eye-point touches boundary of frame

10 Do nothing

11 else

12 Hold a pencil at point where string passes through frame
13 Hold string aside

14 Close shutter to make pencil-mark on paper

15 Release string

Three aspects of this algorithm deserve note, all within the loop that iterates
over all points. First, the iteration is over visible points, so determining visibil-
ity will be important. Second, there may be an infinite number of visible points.
Third, we’ve said what to do in the event that the string hits the frame rather than
passing through the open area bounded by the frame. This is sure to happen if the
object is so large that only a part of it is visible from the screw eye through the
frame.

We’ll discuss the first issue presently; the second is addressed by agreeing to
make an approximate rendering, which we do by selecting only a finite number of
points, but choosing them so that the marks on the paper end up representing the
shape well. The process of choosing a finite number of computations to perform,
in order to best approximate a result that in theory requires an infinite number of
computations, is critical, and will arise in many places in this book. In this chapter,
we’ll render an object that is so simple that we can set this problem aside for the
time being.

The third issue—avoiding drawing points that are outside the view—is also
representative of a common operation in graphics. Generally, the process of
avoiding wasting time on things outside the view region (the part of the world
that the eye or camera can see) is called clipping. Clipping may be as simple
as observing that a point (or a whole object) is outside the view region, or it
may involve more complex operations, like taking a triangle that’s partly out-
side the view region and trimming it down until it’s a polygon completely inside
the view region. For now, we’ll use a very simple version of clipping that’s
appropriate for points only—we’ll just ignore points that are outside the view
region.

We’ve made one useful simplification: To determine whether the tip of
the pointer is inside the view region (a 3D volume), we check whether the place
where the string passes through the frame is within the paper area (rather than
the string touching the frame). The two tests are equivalent, but when it comes to
implementing them, doing a point-in-rectangle test is easier than doing a point-in-
3D-volume test.

Inline Exercise 3.1: Imagine that you can move the lute in Diirer’s
woodcut.

a. How could you move it to ensure that “touches boundary of frame” is true
for each iteration of the inner loop, thus resulting in almost all the work of
the algorithm (aside from setup costs) falling into that clause?

b. How would you move it to ensure that no work fell into that clause?

(Your answers should be of the form “Move it closer to the frame and lift it up

a little,” i.e., they should describe motions of the lute within the room.)
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Figure 3.2: A different Diirer rendering approach.

Inline Exercise 3.2: Imagine that, instead of moving the pointer at the end of
the string to points on the lute and then seeing where they pass through the
paper, the two men start with a piece of graph paper. For each square on
the graph paper, the man with the pencil holds it at the center of the square; the
shutter is then opened, and the man with the pointer moves it so that the string
passes by the pencil point and so that the end of the string is touching either
the lute, or the table, or the wall. The object being touched is noted, and when
the shutter is closed again, the man with the pencil fills in the grid square
with some amount of pencil-shading, corresponding to how dim or bright the
touched point looks: If it appears dark, the grid square is filled in completely. If
it’s light, the grid square is left empty. If it’s somewhere between light and dark,
the grid square is shaded a light grey tone. Think for yourself for a moment
about what kind of picture this produces. This approach (working “per pixel”
and finding out what’s seen through that pixel) is the essence of ray tracing,
as discussed in Chapter 14. A slightly different version of this approach, also
developed by Diirer, is shown in Figure 3.2: The graph paper is on the table; the
corresponding grid in the shutter consists of wires stretched across the shutter,
or semitransparent graph paper, and the string and pointer are replaced by the
line of sight through a small hole in front of the artist.

The renderings produced by the string-and-pointer method and the graph-
paper method are quite different. The first produces an outline of the shapes in
the scene (provided the first man chooses his points wisely). The second ignores
the scene completely in choosing what to draw, and merely assigns a grayscale
value to each grid square. In the event that the scene is very simple—that there
are few outlines in the scene—the first method is quite fast. If the scene is very
complex (imagine it consists of a bowl full of spaghetti!), then the second method,
with its fixed number of grid squares, is faster. Of course, it’s only faster because
we can, in the physical world, determine which point is visible instantaneously,
which we’ll discuss further in the next section. In general, though, many tech-
niques in graphics involve tradeoffs that are determined by scene complexity; this
is just the first we’ve encountered.

Now that we have an understanding of this basic rendering process, how can
we modernize it so that it becomes useful in computer graphics? We’ll focus on
creating the drawing, or, more accurately, we’ll create a program that models this
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method of rendering. Through this, we hope you’ll gain insight into the ways
we represent the real world in computer graphics. We start with a discussion of
visibility.

3.2 Visibility

The matter of selecting only visible points might not even have occurred to Diirer,
but it is important for us. One way for Diirer to determine whether a point P is
visible is to place the pointer on P and see whether the string runs in a straight
line to the screw eye, or has to bend around some other part of the lute or other
object to get there. In making our simplified model of the process, we’ll dis-
regard the issue of visibility determination, for the time being, not because it’s
unimportant—Chapter 36 is entirely about data structures for improving visibility
computations—but because it is both tricky in general and unnecessary for the
model we’ll be drawing in this simple renderer.

3.3 Implementation

To mimic the woodcut’s algorithm, we’ll use algebra and geometry, and a very
simple description of a very simple shape: We’ll describe a cube by giving the
locations of its six corners (or vertices), and by noting which pairs of vertices are
connected by an edge. Thus, our model of a cube can be considered a wire-frame
model, in which an object is created by connecting pieces of wire together.

To make the geometry simple, we’ll establish a particularly nice way of
measuring coordinates in the room. The origin of our coordinate system (see
Figure 3.3) will be at the screw eye on the wall, and will be denoted E (for “eye”).
The drawing frame will be in the z = 1 plane (i.e., we measure the distance from
the screw eye to the plane of the drawing frame, and choose a system of units in
which this distance is 1). The point on this plane that’s closest to the screw eye
will be called T; its coordinates are (0,0, 1). We’ll make the y-axis vertical and
the x-axis horizontal, as shown.

The frame, within the z = 1 plane, will extend from the point (Xmin, Ymin, 1) t0
the point (Xmax> Ymaxs 1), Where Xmin < Xmax and Ymin < Ymax» as the names suggest,
and where, for simplicity and consistency with the drawing (in which the frame
appears fairly squarel), we’ll assume that the width, Xpax — Xmin, 1S the same as
the height, ymax — Ymin- TO be precise, two opposite corners of the frame are points
whose 3D coordinates are (Xmin, Ymin> 1) and (Xmax> Ymax» 1)-

Inline Exercise 3.3: What are the coordinates of the other two corners of the
frame?

We’ll also imagine that the paper that fills the frame (when the shutter is
closed) is actually graph paper, whose lower-left corner is labeled (Xmin, Ymin)
and whose upper-right corner is labeled (Xmax, Ymax ), therefore providing us with

1. The panel that fills the frame does not appear square, however; we’ll stick with square-
ness for simplicity.
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Figure 3.3: The coordinate system for the Diirer woodcut: The origin is at the screw eye,
labeled E, and the y- and z-coordinate axes are shown there. The picture frame lies in the
plane z = 1, parallel to the plane of the wall, z = 0. The x-coordinate arrow is horizontal,
lying in the plane of the wall, approximately in the direction of the shading lines on the
wall, while the z-coordinate arrow is horizontal and perpendicular to the wall. Due to the
effects of perspective, the x-direction and z-direction appear almost parallel, but pointing
in opposite directions, at the screw eye. The point T is the point in the frame of the drawing
plane (z = 1) closest to the screw eye. The z-direction points from the screw eye toward T,
making the xyz-coordinates of T be (0,0, 1).

coordinates within the plane of the paper. Thus, to every 3D point (x,y, 1) whose
last coordinate is 1, we have associated graph-paper coordinates (x, y).

Now let’s suppose that we observe a point P = (x, y, z) of our object, as shown
in Figure 3.4; the line from P to E (the string) passes through the frame at a point?
P’ = (x',y’,7'). We need to determine the coordinates (x’,y’,z") from the known
coordinates x, y, and z.

In Figure 3.5, we’ve drawn two similar triangles in the x = 0 plane. The
vertices of the red triangle are (1) the point E = (0,0, 0), (2) the projection of P’
onto the x = 0 plane, which is (0,)’, 1), and (3) the point (0,y’,0), just below E.
The vertices of the blue triangle are (1) the point E, (2) the projection of P onto
the x = 0 plane, which is (0, y, z), and (3) the point (0, y,0) well below E.

Similarity tells us that the ratio of the vertical to the horizontal side in the two
triangles must be equal, that is, y'/1 = y/z. A similar argument, using triangles
in the y = 0 plane (best visualized by imagining a bird’s-eye view of the scene),
shows that x'/1 = x/z, which can be simplified to give

X =1 (3.1)
Z

y =2 (3.2)
Z

2. The use of P and P’ to denote a point and another point associated to it can be very help-
ful in keeping the association in mind; unfortunately, most programming languages
disallow the use of primes and other such marks in variable names, so in our code, we
must use a different convention.
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=1(0,0,0)

Figure 3.4: The point P = (x,y,z) is on our object. The string from P to the eye, E, will
pass through the window frame at some location P' = (x',y’,7'). Note that 7 = 1, because
we chose our coordinates to make that happen.

Figure 3.5: Two similar triangles overlaid on the picture in the x = 0 plane. The vertical
edges of the small red and large blue triangles have lengths ¥ and y, respectively. What
are the lengths of their horizontal edges?

We now know how to find the coordinates of P’ from those of P in general! So we
can describe our revised algorithm as shown in Listing 3.2.

Listing 3.2: Simple-implementation version of the Diirer rendering algorithm.

Input: a scene containing some objects
Output: a drawing of the objects

initialize drawing to be blank
foreach object o
foreach visible point P = (x,y,z) of o
if Xpin < (X/Z) < Xmax and Ymin < (Y/Z) < Ymax
make a point on the drawing at location (x/z,y/2)

00NN B W=

Let’s pause for a moment to examine this: We’ve now got the x- and
y-coordinates of the pencil marks in the picture plane. But if we are to view the
eventual picture from the location of the screw eye in the wall, the direction of
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increasing x will point to our left. (The direction of increasing y will still point
up, as expected.) We could choose to plot our points on a piece of graph paper in
which we decide that x increases to the left, or we can flip the sign on x to make
it increase to the right. We’ll do the latter, because it’s consistent with the more
general approach we’ll take later. So we revise the last part of our algorithm to the
code shown in Listing 3.3.

Listing 3.3: Minor alteration to the Diirer rendering algorithm.

if Xpin < (X/Z) < Xmax and Ynin < ()’/Z) < Ymax
make a point on the drawing at location (-x/z, y/z2)

o —

To complete our modern-day implementation, we need (1) a scene, (2) a model
of the objects in the scene, and (3) a method for drawing things.

For simplicity, our scene will consist of a single cube. Our model of the cube
will initially consist of a set containing the cube’s eight vertices. A basic cube can
be described by the following table:

Index Coordinates

0 (=05, —0.5, —0.5)
(-0.5, 0.5, —0.5)
(0.5, 0.5, —0.5)
(0.5, —0.5, —0.5)
(-0.5, —0.5, 0.5)
(-0.5, 05, 0.5)
(0.5, 05, 05)
7 (0.5, —0.5, 0.5)

Unfortunately, this cube is centered on the eyepoint, rather than being out in
the area of interest, beyond the frame. By adding 3 to each z-coordinate, we get a
cube in a more reasonable location:

AN BN~

Index Coordinates

0 (=05, —0.5, 2.5)
1 (=05, 05, 25)
2 (0.5, 05, 2.5)
3 (0.5, —0.5, 2.5)
4 (=05, —05, 3.5
5
6
7

(-0.5, 05, 3.5
(0.5, 0.5, 3.5)
(0.5, —0.5, 3.5)

3.3.1 Drawing

The vertices of a cube are indeed interesting points, but we should draw points
from all over the surface of the cube to really mimic Diirer’s drawing. On closer
inspection, however, we see that the points selected by the two apprentices lie on
what we could call “important lines” like the outline of the lute, or sharp edges
between pairs of surfaces.® For the cube, these important lines consist of all the
points on the edges of the cube. Drawing all these points (or even a large number

3. The question of which lines in a scene are important is of considerable interest in
nonphotorealistic or expressive rendering, as discussed in Chapter 34.
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of them) might be needlessly computationally expensive; fortunately, there’s a
way around this expense: If A and B are vertices with an edge between them, and
we project A and B to points A’ and B’ in the drawing, then we can see that the
points between A and B will project to points on the line segment between A’ and
B’. We could verify this geometrically, or simply rely on the familiar experience
that photographs of straight lines always appear straight.* So, instead of finding
many points on the edge and drawing them all, we’ll simply compute A’ and B’
and then draw a line segment between them.

Inline Exercise 3.4: The preceding paragraph suggests that we can say that
“Perspective projection from space to a plane takes lines to lines” or “takes
line segments to line segments.” Think carefully about the first claim and find
a counterexample. Hint: Is our perspective projection defined for every point
in space?

A word to the wise: The sorts of subtleties you discovered in this exercise are
not mere nitpicking! They are the kinds of things that lead to bugs in graphics
programs. Because graphics programs tend to operate on a great deal of data,
nearly every possible part of a program will often be tested in a sample execution.
Thus, bugs that might survive testing on a less demanding system will often reveal
themselves early in graphics programs.

For those who did not come up with counterexamples, we give them here.
First, for a line that passes through the eye, the perspective projection is not even
defined for the eyepoint. And the non-eyepoints of the line project to a single point
rather than to an entire line. If we agree to ignore points at which the projection is
undefined, there’s a further problem: The eye is at location (0, 0, 0), and the projec-
tion plane is parallel to the xy-plane. This means that any line segment that passes
through the z = 0 plane contains a point that cannot be projected. The projection
of such a segment will consist of two separate pieces. Convince yourself of this by
projecting the segment from (%, 0,1)to (%, 0, —1) onto the z = 1 plane by hand.
<> In the language of projective geometry, “perspective projection takes extended
lines to extended lines, except that it is undefined on the pencil of lines containing
the projection point.”

Returning to our program, we enhance our model of the cube to include a list
of edges, described by the vertex indices of their endpoints:

Index Endpoints

(0, 1)
1,2
2.3
(3.0
0,4
1,5
(2,6)
(3.7
“4.5)
(5.6)
6,7
)

O 00 J N N B Wi~ O

—_
e

4. For cameras with high-quality, nondistorting lenses anyhow!
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oF = (0,0,0)

—0.5

-1
-1

Figure 3.6: The labels for the vertices and edges of our cube model. Edge indices are in
circles. The eyepoint and frame from the Diirer woodcut are also included, although we
have chosen to adjust their relative positions by placing the frame in this case so that it
extends from —% to % in both x and y. Thus, we’re viewing the cube “at eye level” rather
than “from above,” as Diirer viewed the lute.

Figure 3.7: The result of the rendering algorithm, (a) shown in place (i.e., drawn in the
frame), with rays from the eye to the four near corners of the cube shown, projecting those
corners onto the picture plane, and (b) seen directly, with the surrounding square (which
ranges from —% to % in both x and y) drawn to give context.

This enhanced model is shown in Figure 3.6.

Now let’s determine a method for drawing this enhanced representation. To
update our algorithm to a version that draws lines, we have to make a choice.
Do we iterate through the edges, and for each edge, compute where its endpoints
project, and then connect them with a line? Or do we iterate through the vertices
first, computing where each vertex projects, and then iterate through the edges,
using the precomputed projected vertices? Since each vertex is shared by three
edges, the first strategy involves three times as many projection computations;
the second involves three times as many data-structure accesses. For such a small
model, the performance difference is insignificant. For larger models, these are
important tradeoffs; the “right” answer can depend on whether the work is done in
hardware or in software, and if in hardware, the precise structure of the hardware,
as we’ll see in later chapters. We’ll use the second approach, but the first is
equally viable. The results of this approach to rendering the cube are shown in
Figure 3.7, both in 3-space and in the plane of the frame.

Furthermore, there’s another problem: When we were transforming only
points, we could perform clipping on a point-by-point basis. But now that we plan
to draw edges, we have to do something if one endpoint is inside and the other
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is outside the frame. We’ll ignore this problem, and assume that if we ask our
graphics library to draw a line segment in our picture, and the coordinates of the
line segment go outside the bounds of the picture, nothing gets drawn outside the
bounds. (This is true, for example, for WPE.) A preliminary sketch of the program
is given in Listing 3.4.

Listing 3.4: Edge-drawing version of the Diirer rendering algorithm.

Input: a scene containing one object ob
Output: a drawing of the objects

initialize drawing to be blank;

for (int i = 0; i < number of vertices in ob; i++) {
Point3D P = vertices[i];
picturevVertices[i] = Point (-P.x/P.z, P.y/P.z);
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for {int i = 0; i < number of edges in ob; i++){
int 10 = edges[i][0];
int il = edges[i][1];
Draw a line segment from pictureVertices[i0]
to pictureVertices[il];

—
W = o

=

Finally, we have to observe that this algorithm depends on the “picture rectan-
gle” having coordinates that run from (Xmin, Ymin) t0 (Xmax, Ymax )- We can, however,
remove this dependency by using coordinates that range from O to 1 in both direc-
tions, as is very common in graphics libraries. We can convert the x-coordinates
as follows. First, subtract x;, from the x-coordinates; the new coordinates will
range from 0 tO Xpax — Xmin- Then divide by Xmax — Xmin, and the new coordinates
will range from O to 1. So we have

Xpow = ——min_, (3.3)
Xmax — Xmin
an analogous expression gives us y-values that range from O to 1. Because we’ve
required that Xnax — Xmin = Ymax — Ymin» W€ get no distortion by transforming x and
y this way: Both are divided by the same factor. The program, modified to include
this transformation, is shown in Listing 3.5.

Recall that we negated x so that the picture would be correctly oriented. When
we negate X,.w, however, the resulting values will range from —1 to 0. We there-
fore add 1 to return the result to the range O to 1, in line 11 of Listing 3.5.

Listing 3.5: Edge-based implementation with the limits of the view square
included as parameters.

1| Input: a scene containing one object o, and a square
Xmin < X < Xmax and Ymin <Y < Ymax in the z=1 plane.
Output: a drawing of the object in the unit square

2
3
4| initialize drawing to be blank;

5| for(int i= 0; i1 < number of vertices in o; 1i++){
6 Point3D P = vertices[i];

7 double x = P.x/P.z;

8 double y = P.y/P.z;

9 pictureVertices[i] =
10 Point (1 - (x - xmin)/(xmax - xmin),
11 (y — ymin)/(ymax - ymin));
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13| for{int 1 = 0; i < number of edges in o; i++) {

14 int i0 = edges[i] [0];

15 int i1 = edges[i] [1];

16 Draw a line segment from pictureVertices[i0] to
17 picturevVertices[il];

18}

These zero-to-one coordinates are often called normalized device coordi-
nates: They can be thought of as describing a fraction of the left-to-right or
top-to-bottom range of a display device; if the display device isn’t square, then
a coordinate of 1.0 represents the smaller of the two dimensions. A typical desk-
top monitor might have vertical coordinates that range from O to 1, but horizontal
coordinates that range from 0 to 1. 33.

The normalization process—converting from the range [Xmin, Xmax] t0 the
range [0, 1]—occurs often; it’s worth memorizing the form of Equation 3.3.

Inline Exercise 3.5: Verify, in Listing 3.5, that a vertex that happens to be
located at the lower-left corner of the view square, that is, (Xmin, Ymin, 1)s
does indeed transform to the lower-left corner of the final picture, that is, the
corresponding picturevertex is (0, 1); similarly, verify that (Xmax, Ymax> 1)
transforms to (1,0).

3.4 The Program

We’ll use a simple WPF program, based on a standard test bed described exten-
sively in the next chapter, to implement this algorithm. The resultant program is
downloadable from the book’s website for you to run and to experiment with.
For this application, the critical elements of the test bed are the ability to create
and display dots (small disks that indicate points) and segments (line segments
between dots) on a canvas that we call the craphraper. Positions on our graph
paper are measured in units of millimeters, which are more readily comprehended
than WPF default units, which are about % of an inch. To make the drawing a
reasonable size, we’ll multiply our algorithmic results (coordinates ranging from
zero to one) by 100. The important parts of the program are shown in Listing 3.6,
with elisions indicated by [...].

Before you examine the code, though, we’ll warn you that this use of WPF is
very different from what you saw in Chapter 2. In that chapter, we demonstrated
the declarative aspects of WPF that are easy to expose through XAML. The test
bed uses these declarative aspects to build a window, some menus, and controls,
and to lay out the craphraper on which we’ll do our drawing. But the production
of actual pictures within the craphpraper is all done in C#. That’s because for most
of the programs we’ll want to write, expressing things in XAML is either cum-
bersome or impossible (not every feature of WPF is exposed through XAML).
In general, it makes sense to use the declarative specification whenever possible,
especially for layout and for data dependencies, and to use C# whenever substan-
tial algebraic manipulations may be needed.
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Listing 3.6: C# portion of the implementation of the Diirer algorithm.

1| public Windowl ()

21 1

3 InitializeComponent () ;

4 InitializeCommands () ;

5

6 // Now add some graphical items in the main Canvas,
7 whose name is "Paper"

9 gp = this.FindName ("Paper") as GraphPaper;

10

11 // Build a table of vertices:

12 int nPoints = 8;

13 int nEdges = 12;

14

15 double[,] vtable = new double[nPoints, 3]

16 {

17 {-0.5, -0.5, 2.5}, {-0.5, 0.5, 2.5},

18 {0.5, 0.5, 2.5}, ...};

19 // Build a table of edges

20 int [,] etable = new int[nEdges, 2]

21 {

22 {0, 1}, {1, 2}, ...};

23

24 double xmin = -0.5; double xmax = 0.5;

25 double ymin = -0.5; double ymax = 0.5;

26

27 Point [] pictureVertices = new Point[nPoints];
28

29 double scale = 100;

30 for (int i = 0; i < nPoints; i++)

31 {

32 double x = vtablel[i, 0];

33 double y = vtable[i, 1];

34 double z = vtable[i, 2];

35 double xprime = x / z;

36 double yprime =y / z;

37

38 pictureVertices[i].X = scale % (1 - (xprime - xmin) /
39 (xmax — xmin));

40 pictureVertices[i].Y = scale = (yprime - ymin) /
41 (ymax — ymin);

42 gp.Children.Add (new Dot (pictureVertices[i].X,
43 picturevVertices[i].Y));

44 }

45

46 for (int i = 0; 1 < nEdges; i++)

47 {

48 int nl = etable[i, 0];

49 int n2 = etable([i, 1];

50

51 gp.Children.Add (new Segment (pictureVertices[nl],
52 pictureVertices[n2]));

53 }

54

55

56|}

We begin with a few comments. First, the code is not at all efficient (e.g.,
there was no need to declare the variables x, y, and z), but it follows the algo-
rithm very closely. For making graphics programs that are debuggable, this is an
excellent place to start in general: Don’t be clever until your code works and you
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find that you need to be clever. Second, we’ve used names for all the important
things that we might consider changing, like xmin and ntEdges. That’s because
most test programs like this one survive far longer than originally intended, and
get altered for other uses; symbolic names help us communicate with our former
selves (who wrote the program originally). Third, the program is not “software
engineered”: We didn’t define a class to represent general shapes, for instance—
we just used an array of a fixed size to represent one shape, the cube. That was
deliberate. The program was meant to be used, experimented with, and thrown
away (or perhaps reused in another experiment). The point of this program was to
verify our understanding of a simple concept. It’s not a prototype for some large-
scale project. Indeed, if you find yourself building something of even a modest
scale atop this framework, you’re making a big mistake: The pieces of this frame-
work were designed to make testing and debugging easy. If you run the program
and place your cursor over one of the dots, for instance, a tool-tip will appear
telling you the dot’s coordinates; the same goes for the edges. That makes sense
when you’re debugging, but by the time you’re drawing 10,000 edges, it’s a huge
amount of overhead. Remember that this framework is a test bed for experiments,
and that all the code you write within it should be considered disposable. While
this advice may seem contradictory—we’ve said to throw away code, but to code
decently because you’ll be reusing it—it reflects our experience: Even code we
intend to throw away does get reused, often for other throwaway applications!
It’s worth investing a little time to make these future uses easier, but not worth
investing so much that it takes hours to code up a simple idea and confirm your
understanding.

The results are what we expect (see Figure 3.8): a perspective picture of a wire-
frame cube. We’ve created our first rendering! There’s clearly a long way to go
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Figure 3.8: The result of the Diirer program: a wire-frame cube, shown in perspective, on
a background that looks like graph paper. The axes on the graph paper are part of the
GraphPaper itself, set up by the test bed, and are not drawn by the Diirer rendering part
of the program.
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from this to the kinds of special effects seen in video games and Hollywood films,
but some of the important ideas—building a mathematical model, converting it to
a 2D picture®—are present in our simple renderer in a basic form.

3.5 Limitations

We will now step back and look critically at this success. When you run the pro-
gram, you see a perspective view of a cube, consisting of 12 line segments (with
dots at the corners of the cube as well), as expected.

There are several limitations to the program. First, the wire-frame drawing
means that we can see both the back and the front of the cube. We could address
this in much the same way we addressed the drawing of edges: We could observe
that all points on a face of a cube (one of the square sides of the cube) will project
to points in the quadrilateral defined by the projections of the four vertices. So,
instead of keeping an edge table, we could keep a face table, and for each face,
we could draw a filled polygon in two dimensions. (We could draw both faces and
edges, of course.) Using this approach, our main concern will be to find a way to
draw only polygons that face toward the eye rather than away from it. There are
many strategies for doing this, but all of them require either more mathematics
than we wish to introduce in this chapter, or more complex data structures than
we wish to discuss at this time.

Second, although we all know that we see objects because of the light they
emit (which enters our eyes and causes us to perceive something, as described
in Chapters 5 and 28), there’s nothing in our current program that describes any-
thing about light (except that our use of straight lines for projection is based on
the understanding that light travels along straight lines). We would get the same
picture of a cube whether we imagined any light being present or not. This also
means that all kinds of other light-dependent features, like shadows and shaded
parts of the surface, cannot manifest themselves. It’s possible to add these with-
out an explicit model of light, but it’s a mistake to do so, according to the Wise
Modeling principle.

Third, when this program runs, it only shows one model (the cube), and only
shows it in one position. We did a lot of work for not much output; our program
is not versatile enough to display other scenes without changing the code. This
can be addressed by storing the data representing the cube in a file that can be
read by the program; a typical representation would begin with a vertex count, a
list of vertices, an edge count, and a list of edges. Although it’s less compact, it’s
wise to make such files contain explicit tags on the data, and to allow comments;
it will make debugging your programs much easier. Here’s an example file for
representing a cube:

1 | # Cube model by jfh

2 |nVerts: 8

3 |vertTable:

4 10 -0.5 -0.5 -0.5

511 -0.5 0.5 -0.5

6 |...

707 0.5 0.5 0.5

8 |# Note that each edge of cube has length =1
9

5. We’re using the term “picture” informally here, as in “something you can look at.”
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10| edgeTable:

11lo o 1
2l 1 2
13

14111 7 8

Other formats are certainly possible; indeed, there are many, many formats for
specifying models of all sorts, and programs for interconverting them (sometimes
losing some data in the conversion). Because the choice of formats is subject to
the whims of fashion, and changes quickly, we’ll make no attempt to survey them.

With any such storage format, one can define multiple shapes, such as the
cube, a tetrahedron, or even a faceted sphere, and enhance the program to load
each one in turn, adding some variety. To do so will require that you understand
the test bed more fully by reading parts of the next chapter, however.

We can also enhance the program by adding a limited form of animation: The
xy-coordinates of the bottom (or top) four vertices of our cube are four equally
spaced points on a circle of radius r = ﬂ/ 2, namely r(cos 0, sin #), where 0 =
7,37, 2% and ZT. We can create a slightly rotated cube by making 6 = T+, 3T +
t, 57“ + ¢, and 77” + ¢ for the four corners, for some small value of 7. By gradually
increasing ¢, and redrawing the model each time, we can display a rotating cube.

This method of explicitly changing the coordinates of the cube and then redis-
playing it is not particularly efficient. The cube effectively becomes a parameter-
ized model, with the rotation amount, ¢, serving as the parameter. The problem
is that when we want to rotate the cube® in the yz-plane instead of the xy-plane,
we need to change the model. And if we want to rotate first in one plane, then in
the other, we must do some messy algebra and trigonometry. It’s actually far sim-
pler to model the cube just once, and then learn how to transform its vertices by
a rotation (or other operations). We’ll discuss this extensively in the next several
chapters.

On the other hand, there are models that are defined parametrically, and are
animated by changing these parameters. So-called “spline”” models are a particu-
larly important example, discussed in Chapter 22, but others abound, particularly
in physical simulations: A model of fluid, for instance, has parameters like the
viscosity and the density of the fluid, as well as the initial positions and velocities
of the fluid particles. The effects of these parameters on the appearance of the fluid
at some time are rather indirect—we have to perform a simulation to understand
the effects—but it is a parameterized model nonetheless.

3.6 Discussion and Further Reading

The “rendering” in this chapter was a little unusual, in the sense that we converted
our 3D scene into a collection of 2D things (points and lines), which we then drew
with a 2D renderer. In this sense, the process somewhat resembles a compiler
that turns a high-level language into low-level assembly language. Only when
this assembly language is further processed into machine language and executed
does the computation take place. In the same way, only when we actually draw

6. We speak of rotation in the xy-plane rather than “around the z-axis,” because rotation
in a plane generalizes to all dimensions, while rotation about an axis is specific to three
dimensions. Chapter 11 discusses this further.



