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FOREWORD 

The content of a one-semester course in complex analysis 
is reasonably certain--except that one would like to include 
the Riemann Mapping Theorem, but often does not manage to have 
the time. What a second course should contain is far less clear. 
In this book we try to give introductions to several (but certain- 
ly not all!) of the many topics which naturally present themselves 
when a first one-semester course has been completed. (There is 
a presupposition of working familiarity with the r-function, 
Weierstrass Products, and the elements of analytic continuation. 
Students whose first course failed to include these topics may 
easily acquire the requisite knowledge from any of the standard 
texts, e.g. Conway's Introduction to Complex Analysis). 
few places the concept of Lebesgue measure is used, but not in 
a significant way. 

In a 

This book is much too large for all topics to be treated in 
one semester; however, an instructor and students may reasonably 
select various material to examine or decide on a longer course. 
It is to be stressed that all chapters are introductions,-- 
indeed the material introduced in almost every chapter has been 
the subject of book-length presentations (often more than one). 
Each topic involved may be pursued further in the more special- 
ized books and research papers listed in the course of each 
chapter. Students are encouraged to do this. Nevertheless, 
the subject is so vast that no pretense of a complete bibliog- 
raphy is claimed. 

The text consists of two interspersed parts: Theorems with 
Proofs, and Notes. Each is numbere2consecutivelyin each chap- 
ter; so that a Note 3 . 5  say, means that there is a Note 3.4 
preceding it within section three of that chapter. The Notes 
consist of glosses on the text, references to the literature 
and further extensions, historical remarks, and the like. They 
are more informal in style than the Theorems and Proofs. With 
only a few exceptions there are no references to Notes other 
than in other Notes. Thus, by and large,a reader may in fact 
read just the Definitions, Theorems, and Proofs, skip all the 
Notes and acquire a coherent presentation of the material; how- 
ever, he would be very ill-advised to do so,  for the Notes con- 
tain a context in which the material should be seen. On the 
other hand, I have felt free to include occasional mention in 
the Notes of concepts which are not defined in the text and may 
be unfamiliar to a reader -- in such a case pursuit of the 

ix 
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topic will require preliminarily some consultation of an 
elementary textbook, or at the very least a good mathematical 
dictionary such as Naas-Schmidt. Internal textual references 
are preceded by a Roman numeral indicating chapter number if 
and only if the reference is not to the chapter in which it 
appears: thus a reference in Chapter IV to Theorem 3.1 would 
refer to the first theorem of section 3 of that chapter, while 
a reference to Theorem 111.3.1 would be to the first theorem 
of section 3 of Chapter 111. Above all the attempt has been 
made to provide a book which can be read for profit and is not 
just a shelf adornment. The material in this book is not orig- 
inal, but it is basic to various areas of one complex variable: 
I hope it may stimulate students to pursue further such topics. 

Chapter I discusses some material on conformal mapping and 
fills the frequent lacuna of the Riemann Mapping Theorem. The 
proof using normal families is given, and the topic (usually 
not discussed) of construction of the mapping for general 
regions is treated. The Schwarz-Christoffel formula for poly- 
gons is also discussed. 

Chapter I1 deals with Picard's Theorem, both from the 
Bloch-Landau point of view, and using the elliptic modular 
function (constructed in an ad hoc manner). The problem of 
Bloch's and Landau's constants and the Ahlfors-Grunsky bounds 
for them is also discussed. 

Chapter I11 presents an introduction to the basic ideas of 
entire function theory: order, type, the Phragm6n-Lindelof 
indicator, and relationships elementary in that theory. 

Chapter IV presents an introduction to Nevanlinna theory 
including some of the more initially startling standard appli- 
cations such as the identity of two functions which assume 
five distinct values at the same points in the complex plane, 
or the existence of fixed points of order n. As Nevanlinna 
Theory may be regarded as a far-reaching deepening of Picard's 
Theorem, it follows naturally after Chapters I1 and 111. On 
the other hand, Chapter IV, at least as regards the proof of 
Nevanlinna's Second Fundamental Theorem, which is the kernel 
of all later developments, is probably more difficult than 
any of the preceding material, and seems inevitably to involve 
a somewhat denser style of exposition. It is possible (although 
not necessarily recommended) for a reader to omit Section IV.2 
and "take on faith" the "second version" of Nevanlinna's 
Second Fundamental Theorem which appears as Theorem IV.3.1, 
and which is the version often used in applications. 

Chapter V returns to entire functions from. a slightly 
different point of view and presents results on asymptotic 
values; in particular, Julia's Theorem which deepens Picard's 
Theorem in a different direction, and the Denjoy-Carleman- 
Ahlfors Theorem limiting the number of asymptotic values an 
entire function of finite order can have. 

Chapter VI is a change of pace in that it is concerned 
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with func t ions  r ep resen ted  by power series w i t h  a f i n i t e  r a d i u s  
of  convergence. Here w e  d i s c u s s  some problems- of a n a l y t i c  
con t inua t ion  and t h e  many seemingly d i f f e r e n t  kinds of c o n d i t i o n s  
which produce n a t u r a l  boundaries .  The Hadamard and Fabry Gap 
Theorems, overconvergence, t h e  P6lya-Carlson Theorem on power 
series with i n t e g r a l  c o e f f i c i e n t s ,  and P 6 l y a ' s  converse of 
Fabry 's  Gap Theorem are among t h e  s e v e r a l  t o p i c s  d i scussed .  
Nevertheless  a c e r t a i n  c o n t i n u i t y  of i d e a s  wi th  some of  t hose  
i n  o t h e r  c h a p t e r s  should be apparent .  

Chapter V I I  provides  an i n t r o d u c t i o n  t o  what has  become 
t h e  classic problem, s t i l l  unsolved, i n  t h e  theo ry  of  f u n c t i o n s  
un iva len t  i n  a d i s k .  Seve ra l  d i s t i n c t  methods have been de- 
veloped t o  a t t a c k  t h i s  problem, t h e  so -ca l l ed  Bieberbach con- 
j e c t u r e .  Among those  d i scussed  here  are t h e  Grunsky i n e q u a l i -  
t i e s ,  a proof t h a t  l a d !  5 4, and t h e  Dieudonn6-Rogosinski 
r e s u l t  f o r  real  c o e f f i c i e n t s .  Convexity and s t a r l i k e  c o n d i t i o n s  
are a l s o  d i scussed .  The f i r s t  s e c t i o n  i s  concerned w i t h  d i s -  
t o r t i o n  theorems i n  g e n e r a l ,  even i f  they are n o t  used f o r  
i n v e s t i g a t i o n s  o f  t h e  Bieberbach con jec tu re  i n  t h e  remainder of 
t h e  chap te r .  For reasons of  space i t  has been necessary t o  omit 
Loewner's method, d e s p i t e  i t s  importance and "classical" s t a t u s ,  
except  f o r  some re fe rences  where t h e  s t u d e n t  may f i n d  exposi-  
t i o n s .  These s e v e r a l  s e c t i o n s  c o n t a i n ,  i t  i s  hoped, ample 
r e fe rences  t o  t h e  l a r g e  and va r ious  r e s e a r c h  l i t e r a t u r e ,  which 
i s  s t e a d i l y  growing. 

In  Chapter V I I I  e l l i p t i c  f u n c t i o n s  are d i scussed  both from 
Weierstrass's and J a c o b i ' s  p o i n t  of view. Throughout t h e  
emphasis i s  on t h e  s t r u c t u r e  o f  t h i s  area o f  a n a l y s i s  Because 
of  t h e  a n t i q u i t y  of  t h e  s u b j e c t  of e l l i p t i c  func t ions  and t h e  
way t h e  s u b j e c t  grew, it o f t e n  seems i n  i t s  c lassical  a n a l y t i c  
a s p e c t  l i k e  a welter of  i n t r i g u i n g  b u t  i ncohe ren t ly  1 nked 
formulas,  while ,  pa radox ica l ly ,  a b s t r a c t  a l g e b r a i c  v e r s i o n s  of  
some of  t h e s e  a n a l y t i c  i d e a s  are i n  t h e  f o r e f r o n t  o f  contemporary 
r e sea rch .  The t r ea tmen t  i n  t h e  r a t h e r  lengthy Chapter V I I I ,  
which, n e v e r t h e l e s s ,  ha rd ly  con ta ins  a l l  t h e  r e l evan t  d e t a i l s ,  
i s  both "classical" and, I hope, coherent .  

Chapter I X  f i r s t  p r e s e n t s  a c l a s s i c a l  proof of  t h e  P r i m e  
Number Theorem as a n  example of using complex a n a l y s i s  and as 
motivat ion f o r  d i scuss ing  t h e  Riemann Zeta-function. I t  con- 
c ludes  with a d i s c u s s i o n  of  Riemann's famous unproved hypothesis  
concerning t h e  Riemann Zeta-function. The p r i n e  number theorem 
w a s  one o f  Hadamard's c h i e f  motivat ions i n  c r e a t i n g  e n t i r e  
func t ion  theory and so q u e s t i o n s  solved and unsolved which are 
r e l a t e d  t o  it s e e m  e s p e c i a l l y  a p p r o p r i a t e  t o  a book of  t h i s  
s o r t .  Nevertheless ,  t h e  chap te r  i s  an i n t r o d u c t i o n  t o  t h e  
Riemann Zeta-function, and n o t  t o  t h e  theo ry  of  prime numbers, 
l e t  a lone a n a l y t i c  number theory -- t h u s ,  t h e r e  i s ,  f o r  example, 
no mention of s i e v e  methods, nor even of  L-functions.  The 
no te s  do c o n t a i n  r e l e v a n t  information about r e s u l t s  i n  prime 
number theory which seem r e l a t e d ,  b u t  he re  aga in  a very g r e a t  
d e a l  has been omit ted without  mention; how much can be seen by 
r e f e r r i n g  t o  some of t h e  s t anda rd  works c i t e d  i n  t h e  c h a p t e r .  
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The book concludes w i t h  an Appendix i n  which p roof s  a r e  
given of some of those s t anda rd  t o o l s  which r a r e l y  f i n d  t h e i r  
way i n t o  a f i r s t  course:  The Area Theorem, t h e  Borel- 
Carathgodory Lemma, The Schwarz Ref l ec t ion  P r i n c i p l e ,  Hadamard's 
Three Circles Theorem, t h e  Poisson Summation Formulal t h e  
Poisson I n t e g r a l  Formula; as w e l l  as a s p e c i a l  c a s e  o f  t h e  
Osgood-Carathgodory Theorem which f i n d s  a p p l i c a t i o n  i n  Chapter 
11, and a s p e c i a l  case of  t h e  Four i e r  I n t e g r a l  Theorem used i n  
Chapter I X .  I t  a l s o  con ta ins  b r i e f  d i s c u s s i o n s  of Farey S e r i e s  
and Bernou l l i  numbers. 

Throughout t h i s  book m u l t i p l e  proofs  of  t h e  same major 
r e s u l t  are f r equen t ly  given i n  t h e  b e l i e f  t h a t  t h e  demonstrat ion 
of d i f f e r e n t  p o i n t s  of  view can on ly  s e r v e  t o  e l u c i d a t e  a sub- 
j e c t .  A consequence, of  cour se ,  i s  t h a t  a s u b j e c t  matter cannot  
be followed i n  d e t a i l  t o  t h e  same depth t h a t  it might o the rwise  
be.  

The va r ious  chap te r s  are l a r g e l y  independent,  though 
a p p r o p r i a t e  c ros s - r e fe rences  a r e  u s u a l l y  given.  Some b a s i c  
i d e a s  t h a t  appear throughout t h e  book such as t h e  growth of  
e n t i r e  f u n c t i o n s ,  normal f a m i l i e s ,  univalence,  are n o t  always 
cross-referenced a f t e r  t h e i r  f i r s t  i n t r o d u c t i o n  and d e f i n i t i o n  
as t o  do so would be excess ive .  The r eade r  i n  doubt should be 
a b l e  t o  use t h e  Word L i s t  and Table o f  Contents t o  f i n d  appro- 
p r i a t e  d e f i n i t i o n s  i f  they are not  known o r  t h e  c h a p t e r s  are 
no t  being read i n  sequence. The f i r s t  f o u r  c h a p t e r s  form a 
n a t u r a l  sequence, and might be considered as a u n i t  f o r  a one- 
semester cour se ,  with,  perhaps,  some a d d i t i o n a l  material 
s e l e c t e d  from one of t h e  l a t e r  c h a p t e r s .  

g r a p h i c a l  and otherwise;  n e v e r t h e l e s s  it i s  too  much t o  hope 
e s p e c i a l l y  i n  a book t h i s  s i z e ,  t h a t  a l l  have been found. 
Although s e v e r a l  co l l eagues  have made sugges t ions  about  one 
p o i n t  o r  ano the r ,  need le s s  t o  say a l l  such e r r o r s  are my own. 
I can on ly  hope t h a t  they are n e i t h e r  t oo  f r equen t  nor  eg reg ious ,  
and welcome any c o r r e c t i o n s  from reade r s .  

Every e f f o r t  has  been made t o  e l i m i n a t e  e r r o r s ,  typo- 



A NOTE ON NOTATIONAL CONVENTIONS 

IJe l is t  h e r e  a few n o t a t i o n s  used th roughou t  t h i s  book 

u s u a l l y  w i t h o u t  e x p l i c i t  d e f i n i t i o n .  A r e g i o n  always r e f e r s  

t o  a n  open connec ted  set  i n  t h e  p l ane .  C deno tes  t h e  complex 

p l a n e ,  and Cco t h e  u s u a l  "extended p l a n e "  C U {a} which maps 

o n t o  t h e  Riemann s p h e r e  u n d e r s t e r e o g r a p h i c  p r o j e c t i o n .  I f  X 

is  a set ,  BdX deno tes  t h e  boundary o f  X and X t h e  c l o s u r e  

o f  X .  B ( a , r )  deno te s  t h e  d i s k  w i t h  c e n t e r  a and r a d i u s  r r  

t h a t  i s  t h e  s e t  { z :  Iz-al < r }  and C ( a , r )  = B d B ( a , r )  t h e  

c i rc le  w i t h  c e n t e r  a and r a d i u s  r ,  namely t h e  se t  

{z : I z -a l  = r } .  Thus B ( a , r )  = B ( a , r )  U c:.(a,r) = ( 2 :  Iz -a(  5 r}. 

All con tour  i n t e g r a l s  are assumed t o  be  t a k e n  i n  t h e  p o s i t i v e  

( coun te rc lockwise )  d i r e c t i o n  u n l e s s  e x p l i c i t l y  mentioned o t h e r -  

w i s e .  [y] i n v a r i a b l y  r e f e r s  t o  t h e  q r e a t e s t  i n t e g e r  - < y .  1' 
i n d i c a t e s  a summation i n  which t h e  t e r m  co r re spond ing  t o  0 h a s  

been omi t t ed .  M ( r , f )  (o r  M ( r )  i f  t h e r e  i s  no danger  o f  confus ion )  

i n d i c a t e s  t h e  maximum modulus of t h e  f u n c t i o n  f i n  B ( 0 , r ) .  

The Bachmann-Landau 0,o n o t a t i o n  for  e r r o r  t e r m s  i s  used;  namely, 

- 

f ( x )  = O ( g ( x )  as x + a 

means t h a t  i s  bounded as  x -+ a ,  

and f ( x )  = o ( g ( x ) )  as x + a 

+ o  as x + a ,  means t h a t  

x i i i  
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means t h a t  - f ( x )  -+ 1 as x * a .  
g ( x )  

Curves, un le s s  e x p l i c i t l y  s t a t e d  o the rwise ,  are assumed t o  be 

r e c t i f i a b l e  and without  s e l f - c r o s s i n g s .  

Any o t h e r  n o t a t i o n  should e i t h e r  be f a m i l i a r  as s t anda rd ,  

o r  de f ined  a t  a p p r o p r i a t e  p l aces  i n  each chap te r .  Some o f  

t h e  chap te r s  con ta in  a summary of s p e c i a l  n o t a t i o n a l  cvnventions 

of  t h e i r  own. 



TABLE OF CONTENTS 

Foreword 

Chapter  I Conformal Mapping & Riemann Mapping Theorem 

I .  1 I n t r o d u c t i o n  

I .  2 L i r ! e a r  F r a c t i o n a l  T rans fo rma t ions  

1 . 3  U n i v a l e n t  Func t ions  

1 . 4  N o r m a l  F a m i l i e s  

1 . 5  The Riemann Mapping Theorem 

Chapter  I1 P i c a r d ' s  Theorems 

11.1 The Bloch-Landau Approach 

1 1 . 2  The E l l i p t i c  Nodular  Func t ion  

11 .3  The C o n s t a n t s  of Rloch and Landau 

Chapter  I11 An I n t r o d u c t i o n  to  E n t i r e  F u n c t i o n s  

111.1 Growth, Order ,  and Zeros 

1 1 1 . 2  Growth, C o e f f i c i e n t s  and Type 

111.3 The Phragmgn-Lindelof I n d i c a t o r  

1 1 1 . 4  Composi t ion o f  E n t i r e  Func t ions  

Chapter  I V  I n t r o d u c t i o n  t o  Meromorphic F u n c t i o n s  

I V . l  Nevan l inna ' s  C h a r a c t e r i s t i c s  and i t s  

I V . 2  Nevan l inna ' s  Second Fundamental  Theorem 

IV.3 Nevan l inna ' s  Second Fundamental  Theorem: 

Elementary P r o p e r t i e s  

Some A p p l i c a t i o n s  

Chapter  V Asymptot ic  Values  

v.1 J u l i a ' s  Theorem 

17.2 The Denjoy-Carleman-Ahlfors Theorem 

Chapter  V I  N a t u r a l  Boundar ies  

V I . l  N a t u r a l  Boundaries--Some Examples 

V I . 2  The Hadamard Gap Theorem and Over-convergence 

i x  

1 

i 

13 

18 

25 

53 

54 

6 8  

85 

10 1 

1 0 1  

1 1 9  

134 

155 

16 3 

1 6  4 

181  

204 

231 

2 31 

254 

283 

283 

30 3 

xv 



xvi T a b l e  of C o n t e n t s  

VI.3 The Hadamard M u l t i p l i c a t i o n  Theorem 

V I . 4  The F a b r y  Gap Theorem 

VI .5  The P o l y 6 - C a r l s o n  Theorem 

C h a p t e r  V I I  The B i e b e r b a c h  C o n j e c t u r e  

V I I . l  E l e m e n t a r y  Area and D i s t o r t i o n  Theorems 

V I I . 2  Some C o e f f i c i e n t  Theorems 

C h a p t e r  V I I I  E l l i p t i c  F u n c t i o n s  

V I I I . l  E l e m e n t a r y  P r o p e r t i e s  

V I I I .  2 Weierstrass' 13-funct ion 

V I I I . 3  Weierstrass' <-and a - f u n c t i o n s  

V I I I . 4  Jacobi ' s  E l l i p t i c  F u n c t i o n s  

V I I I . 5  T h e t a  F u n c t i o n s  

V I I I .  6 Modular F u n c t i o n s  

C h a p t e r  I X  I n t r o d u c t i o n  t o  t h e  Riemann Z e t a - F u n c t i o n  

325 

3 36 

374 

395 

396 

4 20 

4 6 1  

468 

4 76 

491  

5 1 0  

544 

573 

607 

I X . 1  

I X .  2 

I X .  3 

I X . 4  

Appendix 

I 

I1 

I11 

I V  

V 

V I  

V I  I 

V I I I  

I X  

X 

Word L i s t  

Pr ime Numbers and  5 ( s )  609 

O r d i n a r y  D i r i c h l e t  S e r i e s  614 

The F u n c t i o n a l  E q u a t i o n ,  t h e  Pr ime Number 
Theorem, and  D e  l a  V a l l e 6 - P o u s s i n ' s  E s t i m a t e  628 

The Riemann H y p o t h e s i s  662 

6 8 1  

The Area Theorem 682 

The Schwarz R e f l e c t i o n  P r i n c i p l e  685 

The Bore l -Cara th6odory  Lemma 683 

A S p e c i a l  Case o f  t h e  Osgood-Carathgodory 
Theorem 687 

F a r e y  Series 690 

The Hadamard T h r e e  C i r c l e s  Theorem 694 

The P o i s s o n  I n t e g r a l  Theorem 698 

B e r n o u l l i  Numbers 700 

The P o i s s o n  Summation Formula 702 

The F o u r i e r  I n t e g r a l  Theorem 705 

709 

713 B i b l i o g r a p h i c  Remarks 



CHAPTER I 

CONFORMAL MAPPING AND RIEMANN MAPPING THEOREM 

Introduction: Without question, the basic theorem in the theory 

of conformal mapping is Riemann's mapping theorem. It is one of 

those results one would like to present in a one-semester intro- 

ductory course in complex variable, but often does not for lack 

of sufficient time. Indeed, depending on the time available 

and the text used, elementary conformal mapping in general is a 

subject which in an introductory course may not be adequately 

treated. This chapter begins therefore with an introduction to 

some basic results on conformal mapping especially those involv- 

ing univalent functions. The concept of normal families is then 

introduced and developed far enough to be able to give the well- 

known elegant existence proof of the Riemann Mapping Theorem 

resulting from the reworking of ideas of Carathgodory and Koebe 

by Fej& and F. Riesz. We then turn to the related construction 

of'the mapping, following the work of Koebe and Ostrowski. Fi- 

nally the Schwarz-Christoffel Theorem giving explicit mappings 

of polygonal regions is treated. Examples are given throughout. 

- 1.1 

properties of an analytic function f at a point z o  where 

We begin with a semi-informal review of the basic mapping 

f'(zo) # 0. 

Suppose C1 and C2 are two continuous curves intersect- 

ing in a point zo, and such that each has definite tangents 
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at z o  (i.e. they represent functions differentiable at z 0 ) .  

An “angle between C1 and C,“ is an angle formed by the tan- 

gents at z o .  

Let f(z) be an analytic function in a region D of the 

z-plane. Let z be an interior point of D and C1,C2, two 

continuous curves passing through z o  which have definite 

tangents there. Suppose f’(zo) # 0. Then an angle between 

f(C1) and f(C2)at z o  exists, since well-defined tangents exist 

0 

If the tangent to C1 at zo makes the angle a1 with 

the real axis and the tangent to C ,  makes the angle a, (both 

measured on the right side of the tangent), clearly “,-a1 

is the “interior” angle between C1 and C, (see Diagram I .l) ; 

then it is furthermore true that 

the angle between f (C1) and f (C,) . 
“,-a1 as so defined is also 

Diagram I. 1 

This may be seen as follows: If z1 € C1 and 2, € C2 are 

two variable points on the curves near 

1z2-zo1 = r say, then 

z o  
such that Iz1-z0 I = 

e i l  z1 = z o  + re 
e i 2  z2 = z o  + re 

2‘ and, as r + 0, z1 + z o ,  z2 + z o ,  

Hence since f is analytic in D, 

+ al, 8 ,  + a 



Riemann Mapping Theorem 3 

and since f'(zo) # 0, we can write f ' ( z  ) = Rei6 say where 

R # 0 and 6 = arg f' ( z  ) is a specific fixed number. 

0 

0 

NOW let +1 = arg(f(zl)-f(zo)), so we may write 

f(zl) - f(z = p ei+l, say. 
0 1 

plei+l = Re i6 Then lim iB 
r-+O re 1 

l = c l  + 6 .  
1 

and so lim (+l-el) = 6, whence lim + 
r+O r+O 

Since the limit exists, f(C1) has a definite tangent at 

f ( z o )  which makes the angle c1 + 6 with the real axis. 1 

Similarly f(C2) makes the angle a2 + 6 with the real axis, 

whence the result follows. We should further note that f 

preserves the sense o f  the angle. 

Also , clearly 

In fact, the above shows that the angle between f(C1) and 

f(C2) in question is obtained by a rotation by 6, and any 

small subregion of D containing z goes into a "similar" 

subregion of f ( D )  determined by this rotation and a "stretch- 

ing" by I f ' ( z , )  I .  

0 

Because of this similarity, maps which preserve angles as 

above are called conformal. 

Note 1.1: Such a definition o f  conformal includes the possi- 

bility of a conformal map preserving the magnitude but not the 

sense of angles. An example of such a map (which is not ana- 

lytic) is reflection in the real axis f ( z )  = z, or, more gener- 
ally, the map obtained by taking the complex-conjugate of any 

analytic conformal map. Some authors call such maps "indirect- 
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ly conformal". 

If we suppose f' has a zero of order n at zo, then 

f(C1) and f(C2) still have definite tangents at z o ,  but 

the angle between them is the angle between C1 and C2 mul- 

tiplied by n + l. For if f' has a zero of exact order n 

at zo then in a neighborhood of 

f(z) = f(zo) + a(z-zo) n+l +... 
zO' 

where a # 0, 

and so in the previous notation 

n+l + - plei+l = f(zl) - f(zo) = a(z - z  ... - 
1 0  

= lair n+lei (q+(n+l) el) + .. . (higher powers of r) 

where n = arq a. So 

and 

lim 4, = q + (n+l)al , 
r-+O r+O 

lim 9, = q + (n+l)a2. 

Before turning to a brief study of linear fractional trans- 

formations, we give some examples of non-linear transformations. 

Example 1.1: f ( z )  = z . 2 

If z = reie and w = f ( z )  = pei', then 

p = r2 and 0 = 20; 

hence the angular region .a < arg z < B is mapped onto 

2a arg w < 26, and if f3 - c1 > IT the image region covers 

part of the plane twice. (The ambiguity can be removed by 

consideration of the Riemann surface for &).  

If z = x + iy and w = u + iv, then u + iv = 

x2 - y2 + 2ixy. 
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Hence the pre-image of the 

bola x - y = a and the 

is the hyperbola 2xy = b. 

and let 5 # 0 be a point 

2 2 
straight line u = a is the hyper- 

pre-image of the straight line v = b  

Suppose a and b are not both 0 

where the hyperbolas meet, and 8 

the anqle at 5 .  Since f' ( z )  = 22 and 2E # 0, 8 is also the 

angle between u = a and v = b; but this angle is ~ / 2 ;  hence 

8 = ~/2. If a = 0 and b = 0, then since f'(z) has a simple 

zero at the origin, if 8 is the angle between x - y  = O  

and 2xy = 0, 28 is the angle between u = 0 and v = 0 

which is ~ / 2 ;  hence 0 = ~ / 4  (as can also be deduced direct- 

2 2  

ly). 

Similarly the lines x = c, c f 0 and y = c, c # 0 map 

onto parabolas meeting at an angle of ~ / 2 ,  while x = 0 and 

y = 0 (the axes) map onto the halflines v = 0, u 5 0, and 

v = 0, u - > 0 each described twice. These half lines meet, as 

is expected, at an angle of T.  

Example 1.2: f(z) = 1-cos 2 l+cos 2 

Writing z = x + iy, the strip between x = 0 and x = ~ / 2  

is mapped into the open unit disk with the interval (-1,0] 

deleted. The two bounding lines map on the boundary of the 

slit disk. The line { z :  x=O} maps onto the real interval 

[-1,0] described twice1 as y goes from ~1 through positive 

l-'Osh Y goes from -1 to 0, 
l+cosh y real values to 0, f (iy) = 

and then back from 0 to -1 as y goes from 0 to m 

through negative real values. The line { z :  x=n/2) maps 

onto the unit circle described once (as y goes from m to 0 

through negative real values, the lower semicircle is described, 

and as y goes from 0 to m through positive real values 
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the upper semi-circle is described.) One may note in particular 

that m is mapped onto -1. The line x = a, 0 < a < ~ / 2  is 

mapped onto a loop which cuts the real axis at -1 and at 

l-cos(a+iy’ = 0 which may be easily 
another point where ~m(l+cos (a+iy)) 

computed. Each loop contains the slit (-1,OI in its Jordan 

interior, and is contained in B ( 0 , l ) .  If 0 a b < ~ / 2 ,  

the loop for x = b contains the loop for x = a in its 

Jordan interior. 

Example 1.3: f . ( z )  = z + 16/z 
The circle { z :  Iz+l-il = m) maps onto the curve of 

Diagram 1.2. 

-8 

Diagram 1.2 

Curves of this kind are known as aerofoils, and have had some 

importance in aerodynamic studies. The interior of the circle 

maps onto the exterior of the aerofoil. 

For further examples with diagrams of the mapping properties 
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of a great variety of functions, the reader is referred to A 

Dictionary of Conformal Mapping by H. Kober. This was origi- 

nally prepared for the British Admiralty in 1944-48, and was 

reissued by Dover Press, New York in 1952. 

1.2 Linear fractional transformations 

Definition 2.1 A function of the form 

- 

f(z) = cz+d I ad - bc # 0 

is called a non-singular linear fractional transformation (or, 

sometimes, Mobius transformation). 

Theorem 2.1. If f(z) is meromorphic in the extended complex 

plane Cm and maps it one-to-one onto itself, then f(z) is a 

non-singular linear fractional transformation, and conversely. 

Proof: Since f(z) is meromorphic in Cml it is rational. 

S o  f(z) = where p(z) and q(z) are polynomials with 

0 
no common zeros. For a fixed w = wo for some z = z 

if and only if w q(z ) - p(zo) = 0. If deg(p(z)) > 1, 

wq(z) - p(z) is a polynomial of degree > 1 for all but at most 

one value w and so f is not one-to-one. Similarly the 

az+b degree of q(z) mustbe 1. S o  f(z) = - cz+d 

If ad-bc = 0, then if d # 0, f(z) = b/d and if c # 0, 

f(z) = a/c; and so f is not onto. 

9 ( 2 )  

0' q(z) 

0 0  

c, d not both 0. 

Finally, clearly f(z) = - ad-bc # 0 is meromorphic cz+d 

in Cm; to prove it is onto: 

If c # 0, f: -d/c + m; if c = 0 then a # 0 and f: m + m .  

If a # a/c, let w = -da+b - then f: w + a .  

If c1 = a/c, c # 0, then f: m + a/c. 

ca-a 

That f is one-to-one is clear. 

Theorem 2.2: The set of all non-singular linear fractiocal 
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transformations forms a group under composition. 

Proof: An obvious verification. Note that if 

-1 -dz+b , the inverse $ ( 2 )  = - . $(z) = cz+d cz-a 

Theorem 2.3: A non-singular linear fractional transformation 

is conformal at all z except z = -d/c ( m  if c = 0), where 

it has a pole. 

ad-bc 

(cz+d) 
2 -  Proof: If $(z) = cz+d , then $'(z) = 

We now briefly turn our attention to circles (and straight 

lines, which are degenerate circles). 

Definition 2.2. Two distinct points of @, p and q are 

called inverse with respect to the circle 

they are collinear with zo, 

C(zO,p), p > 0, if 

lie on the same side of zo, and 

IP-Z0l lq-zo 

suppose 

to C(zOr~)r 

plies arg(q 

2 
P /m; so q 

for some 8 ,  

2 
= p .  

and p = 

are distinct points inverse with respect 

0 2 + meip, m > 0. Then collinearity im- 

p-zo) = p ,  and we also have lq-zol = 

- _. zo + e eip. If z € C(zo,p) then z =  zO+pe 
if3 

m 

z ) = arq 
0 

-l 

and 

since peif3- mei' = 

Furthermore, since 

have proved 

-if3- me -ip - - -e -i(e+u) (mei8-peiu) 
Pe 

p does not equal q, m/p # 1. Thus we 

Theorem 2 . 4 :  The circle C(zo,p) is a subset of 

12: l=l = # 11 , where m = Ip-zol # 0 
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and p and q are distinct points inverse with respect to 

C ( z o l p ) .  The converse of this theorem is also true: 

z - q  

represents a circle with respect to which p and q are in- 

verse points. 

Proof: A somewhat wearisome computation which is left to the 

reader. The circle turns out to be 

Theorem 2 .5 :  The equation 2 z -  = k ,  k # 1, # 0 always 

Note 2 . 1 :  

verse points goes back to Apollonius (c. 255-170 B.C.). 

Suppose 

geometric construction of the point q which is inverse to p 

with respect to C ( z o l p )  as follows: 

The geometric definition of circles by using in- 

p € B ( z O , p ) ,  p.# z o ,  then one can easily give a 

Diagram 1.3 (Description on next page.) 
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If L is the line passing through z and p, construct the 

perpendicular to L at p, and at the point where this line 

intersects C(zo,p) draw the tangent T to the circle. The 

intersection of L and T is q. This construction clearly 

can be reversed so that given a point in the complement of 

B(zO,p), the point inverse to it with respect to C(zo,p) can 

be found. 

Note 2 .2 :  As p + z o  along L in Diagram 1.3, q -+ m (this 

may also be seen directly from Definition 2 . 2 ) .  We therefore 

make the definition: zo and m are inverse with respect to 

C(z , P I .  -0- 

Note 2 . 3 :  S = { z : I g l  = 1) is a straight line, for z € S 

means z lies equidistant from p and q, hence lies on 

perpendicular bisector of line joining them, and this is the 

set of all points equidistant from p and q. 

0 

z -q 

Because of this last note, it is conventional to consider 

straight lines as "degenerate" circles (they may also be viewed 

as circles passing through m.) Therefore, for the rest of this 

section, the word "circle" will mean "circle straight line". 

Theorem 2.6: Under a non-singular linear fractional transform- 

ation, circles go into circles and inverse points with respect 

to the original circle into inverse points with respect to the 

image circle (inverse points with respect to a straight line 

meaning points symmetrical about the line and equidistant from 

it). 

Proof: Let K = { z :  = k, k jt 03, where k is fixed. 

Let f(z) = - ad - bc # 0. Since f is one-to-one, 

w € f (K) 

-- -- 

cz+d 

if and only if f-l(w) 6 K, that is if and only if 
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F K ,  
-dw + b 
cw - a 

C W - a  
-dw + b 

that is if and only if 

= k, that is if and only if 

assuming c q + d # 0, cp + d # 0, which proves the result 

under this assumption. If cq + d = 0, f: q -+ m ,  and the 

equation for f ( K )  beccmes 

and ~ + and m are inverse with respect to t ( K )  by Note 

2 . 2 .  Similarly, if cp + d = 0, f: p -+ w and the equation 

f x  f ( K )  becomes 

cp + d 

We now give some examples 

transformations. 

Example 2.1: Problem: F 

of the use of linear fractional 

nd all non-singular linear fractional 

transformations f :  z -+ w = f(z) of the closed upper half- 

plane { z :  Im z 2- 0 )  onto the closed unit disk {w:lw1 5 1) 

with the real line mapping onto the unit circle. 

Solution: Suppose € ( z )  = - zz 1 i s  such a transformation. 

If i l  0, then f: w -* 0 contradicting the real line mapping 

onto the unit circle, so a # 0. If c = 0, f: -+ which 

is impossible. So also c # 0 ,  and f: b/a + 0, f: -d/c -+ m. 
- 
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NOW since f is non-singular linear fractional so is f-l, 

and 0 and m are inverse points with respect to C ( 0 , l ) .  

Hence by Theorem 2.6, b/a and d/c must be inverse points 

with respect to the real line { z :  Im z = 0 ) .  Hence we can 

write -b/a = a, - w c  = a where Im a # 0. 

- - 

- 

az + b a z -a  so f(z) = - = - (-). cz + d c 2-n 

Now If 

and so 

whence 

011 = 1 since the real axis maps onto the unit circle), 

ih iX z-CY 
a = ce , X real, and f(z) = e (- 

z -a 
since f(a) = 0 6 B(0,1), we have Im a > 0. 

It remains to verify that all transformat 

iX z-a 
f(z) = e (:I, X real, Im a > 0 

2-a 

. Finally, 

ons of the form 

do in fact map the closed upper half-plane onto the closed 

unit disk in the desired fashion. But it is an easy computation 

that, if Im z = 0 then If(z) I = 1, while if Im z > 0, then 

If(z)I < 1. 

It is worth noting that since there are three arbitrary 

constants: X, Im a, Re c1 in the solution, one can make three 

given points on the real axis correspond to three points on the 

circle. 

The reader, if he wishes, can invent any number of similar 

exercises for himself mapping specified circles or half-planes 

onto other circles or half-planes. 

Example 2 . 2 :  Problem: Suppose f(z) is analytic in B ( 0 , l )  

and Im f(z) > 0. Find an inequality on If'(0)l. 

Solution: If one could find a linear fractional transformation 

$ of C onto C such that $:  f(z) * g(z) = $(f(z)) with 
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the properties: 

> { z : ( g ( z )  I < 1) onto (i) 4 :  C z :  Im f(z) > 0 1  - 

(ii) 4 :  f(0) + 0, 

then l g ( z )  I < 1 for Im f(z) > 0, that is for z € B ( 0 , 1 ) ,  

and also g ( 0 )  = 0, whereupon Schwarz' Lemma leads to the 

desired inequality. Let f ( 0 )  = 5.  By Example 2.1, (i) will 

hold if g is of the form 

and property (ii) requires ct = 5. 

Since g ( 0 )  = 0, If'(0)I = 2 Im <lg'(O)l. By Schwarz' Lemma, 

I g ' ( 0 ) I  2 1, and so we get the result 

Linear fractional transformations are also closely re- 

lated to the concept of cross-ratio, perhaps familiar to some 

readers from projective geometry. Many standard complex 

variable texts contain discussion of this connection. Thron's 

complex variable text (John Wiley, 1953) also contains an 

elementary analysis of various subclasses of linear fractional 

transformations. 

1.3 Univalent Functions 

Definition 3.1: A function f is univalent (simple, schlicht) 

- 

in a region D if it is analytic (and single-valued) in D 

and does not take any value more than once in D. 
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Note 3.1: The definition says that f :  D -t f(D) is one-to-one, 

but points in f(D) may have other points outside D as pre- 

images under f. 

The terminology "univalent" for the concept of Definition 

3.1 seems to have won out in English. The original German 

word "schlicht" was used in English as a loan word for many 

years, and, for a while, "simple" had a vogue. Readers will 

find both terms used in other books and papers they may consult. 

Theorem 3.1: If f is univalent in a region D, then 

f'(z) # 0 for all z D. 

Proof: If for some z € D, f ' ( z o )  = 0, then g(z) = 

f ( z )  - f(zo) has a zero of order n 2 2 at z Since f is 

univalent, there is a closed neighborhood K of z 

such that g ( z )  # 0 on the boundary of K ( f  is non-constant) 

and the only zero of f' in the interior of I$ is at z o  

(since the zeros of non-constant analytic functions are isolated). 

0 

0 '  

K c D  0 '  

Suppose a is any complex number with 0 < la1 < m. Then by 

Rouch6's Theorem g(z) - a has as many zeros as g(z) does in 

B(Z0r6) r 

,,(g(z)-a) = g'(z) = f'(z) # o 

g ( z )  - a does not have a multiple zero in B(z0,6). Hence 

g ( z )  takes the value a for two distinct values of 

z E B(z0,6) C D; hence f(z) takes on f ( z o )  + a for these 

two values, contradicting f univalent. 

Theorem 3.2: A univalent function of a univalent function is 

univalent. 

Proof: Clear. 

and hence at least two zeros there. But since 

for z 6 ~ ( 2 ~ ~ 6 )  - { z o l ,  d 
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Theorem 3 .3 :  The inverse of a univalent function f is a 

univalent function 4 with domain 4 = range f. 

Proof: Clear. 

Theorem 3 . 4 :  If f is univalent and maps B(0,l) onto itself 

with f(0) = 0 and some point on the unit circle remaining 

fixed, then f(z) = z .  

Proof: By Schwarz' Lemma since f ( 0 )  = 0 and If (z) I < 1 for - 
I Z I  - < 1, If(z) 

I Z I  5 If(z) I .  
to the inverse 

is constant by 

so f(z) = 

< IzI for I z I  5 1. The same argument applied - 

function b(w) defined by @(f(z)) = z gives 

the maximum modulus principle. 

e iez for some fixed 8,0 - -  < f3 < 27~.  But f 

i$ fixes some point e , $ real: hence 8 = 0. 

Theorem 3.5:  If f is univalent and maps the closed unit disk 

onto itself, then f is a non-singular fractional transforma- 

t ion. 

Proof: Clearly non-singular linear fractional transformations 

are univalent. 

Suppose f(0) = 5 .  Then there exists a non-singular linear 

fractional transformation L such that L maps the closed 

unit disk onto itself and such that L (  5 ) = 0. (In fact, 

since 0 and are inverse with respect to C(O,l), it is 

easy to see by Theorem 2 . 6  that 

eiA(s) is such a mapping.) 
s z - 1  

Let J) ( 2 )  = L(f ( 2 )  1 : then $ maps the closed unit disk 

onto itself, is univalent, and. $(O) = 0. 

Hence as in the preceding proof $ ( z )  = az, where la1 =l. 

-1 so f(z) = L ( $ ( z ) )  = L-'(az) is a ion-singular linear 
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fractional transformation. 

Theorem 3.6: Suppose fn(z) is univalent in a region D for 

each n = 1,2,... 

on compact subsets of D. Then f is either univalent or a 

constant. 

Proof: f(z) is analytic in D (by the "Weierstrass Double- 

series Theorem"). Suppose it were not univalent. Then there 

are z 1 r  z 2  D: z1 f z 2  and a complex number K ,  such that 

and suppose as n -+ m ,  fn(z) + f(z) uniformly 

f(zl) = f(z ) = 5 ,  2 

zl' 22 respec- 
Let K1, K2 be two closed disks with centers 

tively such that K1 c D, K2 c D, K117K2 = I$. Suppose f is 

non-constant. Then we can also choose K1 and K2 so that 

f(z) # 5 for z on the boundary of K1 u I ; ~ .  Let 

z EBd (K1UK2 ) 

Then m > 0, and we can find an n so large that for 

n 2 no, Ifn(z)-f(z)l < m for z F Bd(K1UK2). So, since 

fn(z) - K, = (fn(z)-f(z)) + (f(z)-K,), by Rouch6's Theorem 
fn ( z )  - K, has as many zeros in K1 U K as f ( z )  - K,, namely, 

at least two, contradicting the univalence of 

Note 3.1: The case of a constant limit in Theorem 3.6 can 

actually occur as the example f ( z )  = z/n shows. 

Theorem 3.7: If f is analytic at z = 0 and f'(0) # 0, 

then there is a p > 0 such that f is univalent in B ( 0 , p ) .  

Proof: f(z) = 1 anz , al + 0 ,  for all z 6 B(O,R) for some 

in€ If(z)-<I = m. 

0 

2 

fn(z). 

n 

m 
n 

n=O 

R. If f(zl) = f(z2) for some zl, z 2  E E(0,R) then 

m 

n-~n) = 0 and so 1 an(zl 2 
n=l 
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a3 

n-1 n-2 n-1 + z1 z +...+ z2 .) I 
+ f 2 

m 

NOW as R + 0 ,  1 nlan 

uniformly convergent in 

R sufficiently small, 

A proof of Theorem 

n=2 

a3 1 a (zn-l + z:-’z2+. . .+z2 n-1) 

m I: lanlnR n-1) 

n 1  n= 2 

n=2 

17 

+ 0, since a power series is Rn-l 

its disk of convergence. Hence for all 
a3 

n=2 1 n(anlRn-’ < lal\, and so z1 = z2’ 

.7 can also be given using RouchB’s 

Theorem in a by now familiar way. We close this section 

with a well-known result which provides yet another indication 

of the influence of boundary behavior on the values of an 

analytic function. 

Theorem 3 . 8 :  (Darboux) Let C be a simple closed rectifiable 

(oriented) curve which is the boundary of a region D. Suppose 

f is analytic on D U C and one-to-one on C, then f is 

univalent in D. 

Proof: f(C) = r is clearly a simple closed rectifiable 

(oriented) curve. Let A = the Jordan interior of r .  Let 

z E D be such that f(z) - f(zo) # 0 for z F C. Then 

letting w = f(zo) the number of zeros of f(z) - f(zo) in 

D is 

0 

0 

dz = 11’ 2ni w-wo dw, 

C r 

on making the substitution w = f(z). The left side of this 

equation is an integer 2 1 (since zoED), the right side is 

+ 1 or 0 according as wo E A or wo f? A ,  and depending - 
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on the direction in which r is described. Hence the only 

possibility is 1, wo € A ,  and f takes the value wo just 

once (at z o )  in D. 

Note 3.2: This theorem of Darboux is susceptible to an exten- 

sive topological generalization. For example, among other 

related results, Meisters and Olech (Duke Mathematical Journal 

(1963), 63-80) have proved the following 

Theorem: Let X be a compact subset of n-dimensional 

Euclidean space Rn (1122) such that Bd X is an irreducible 

separating set of xn. Let E be a possible "exceptional set" 

with the properties: (i) E n Int X is discrete, (ii) 

Bd X - E # +. Suppose f is a continuous mapping of X into 

Rn which is locally one-to-one on X - E. 
Then if flBd X is one-to-one, f is a homeomorphism of 

X onto f(X). 

That an analytic function in the complex plane is a locally 

one-to-one mapping on its domain of definition, except for a 

discrete set El can be seen by computing its Jacobian. 

We shall return to univalent functions in more detail in 

later chapters. Their study is one of the most active areas of 

present research in one complex variable. 

1.4 - Normal Families 

Definition 4.1: A family F of complex-valued functions f 

defined on a region D of the complex plane is called normal 

if every sequence ifn} of functions in F either contains a 

subsequence (f 1 such that {f 1 converges uniformly, or a 
"k "k 

subsequence {f } which tends uniformly to m (i.e. given 
"k 
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6 > 0, If ( z )  I 6 for k ko and all z) , on every compact 

subset of D. 

Note 4.1: If F is a normal family of analytic functions then 

the limit function F, say, of cf  1 is either an analytic 

function or identically m. 

Note 4.2: F need not belong to F .  (This is the 

only difference between "normal" and "sequentially compact. 'I) 

Note 4.3: If F is a normal family of analytic functions and 

F '  = I f ' :  f 6 F I ,  then F '  need not be normal. For, consider 

the family F of all functions f ( z )  = nz - n2 defined on 

the whole plane. F is a normal family since fn -+ m uniform- 

ly on every compact subset of the plane. But f'(z) = 2nz, and 

F '  is not normal since fA(z) -+ m for z # 0 but -+ 0 for 

z = 0. 

"k 

"k 

2 
n 

n 

The existence of "good subsequences" is clearly a useful 

property for a family of functions to have, but no definition 

is much use unless it is satisfied in some way not immediately 

obvious, but nevertheless useful. In this connection there is 

a famous theorem due in various versions to Ascoli, Arzela 

(and others, though these are the names usually prefaced to it 

even in more generalized versions). The theorem has proved of 

use in several areas of analysis. 

We recall first 

Definition 4.2: A family of complex-valued functions F is 

said to be equicontinuous on a subset E of the complex plane 

if and only if for each E > 0, there is a 6 > 0 such that 

whenever z ,  z o  E E and lz-zol < 6, then If(z)-f(zol < E 

simultaneously for all f € F. 
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Theorem 4.1: (Arzela-Ascoli): A family F of continuous 

complex-valued functions defined on a region D of the complex 

plane is normal if 

(i) F is equicontinuous on every compact subset of D; 
and 

(ii) For each z E D, {f(z) : FEF} lies in a compact sub- 

set of the plane. 

Proof: D contains an everywhere dense countable set of points 

(e.g. the points with rational coordinates contained in it). 

Let {r,) denote these points in some fixed ordering. For a 

fixed value of k, say k = 1 the sequence Efn(r1)1 lies 

in a compact subset by (ii), and so some subsequence of it con- 

verges. We now repeat the process starting with this subsequence 

and k = 2. 

value of k 

111 

211 

n 

n 

Repeating this process for each successive fixed 

we thus find an array of subscripts 

< ... < n < ... 112 1,i 

< "2,i 

< n  

... . . . . .  

. . . . .  < n  < 
k,i 

such that 

(a) Each row is a subsequence of the preceding row, and 

(b) lim f (rk) exists for each k. 
j-tm "k.i 

Consider the diagonal sequence n. it is strictly i,i; 

increasing and ultimately a subsequence of each row of the 


