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COMBINATORIAL DESIGNS - A TRIBUTE TO HAIM HANANI 

PREFACE 

This volume is dedicated to a mathematician who laid the ground work for the 
modern study of combinatorial design theory. Haim Hanani pioneered the 
techniques for constructing designs and the theory of pairwise balanced designs, 
leading directly to Wilson’s Existence Theorems. He also has lead the way in the 
study of resolvable designs, covering and packing problems, latin squares, 
3-designs, and other combinatorial configurations. All this is made more 
remarkable by the fact that Haim’s first paper in design theory (the existence 
theorem for Steiner quadruple systems) appeared only in 1960. His encylopaedic 
papers are widely referenced, and his genius for construction is known and 
respected throughout the design theory community. 

Haim Hanani was born in Poland in 1912; he studied mathematics in Vienna 
and Warsaw from 1929-34, graduating with an M.A. from the University of 
Warsaw. In 1935 he emigrated to Israel and was awarded the Hebrew 
University’s first Ph.D. in Mathematics in 1938. His dissertation was on the four 
colour problem. While a student he joined the National Military Organization 
(IZL), an underground force fighting for the establishment of a Jewish state in 
the land of Israel. He was imprisoned by the British authorities in 1944 and exiled 
to Eritrea, and then to Kenya, returning to Israel only in 1949 after Israel’s 
independence. I n  1955 he was appointed to the faculty of the Technion in Haifa. 
During the period from 1969-73 he served as the first rector of Ben Gurion 
University in Beersheba, and in 1979 he was awarded an honorary doctorate for 
his work in founding the university. In 1980 he was appointed Professor Emeritus 
at the Technion. Throughout his career he has held numerous administrative 
posts in the Technion and in professional and government agencies. He is on the 
editorial board of Discrete Mathematics, Journal of Comhinatorial Theory and the 
European Journul of Combinatorics. 

I would like to take this opportunity to express my gratitude to Professor 
Hanani for his contributions to mathematics, and to wish him a long, fruitful and 
healthy life on his seventy-tifth birthday. This volume of research and survey 
papers is a fitting tribute to a founding father, from his mathematical sons and 
daughters. 

Alan Hartman 
Toronto, Ontario 
July, 1988 

0012-36SX/XY/$3.S0 1989, Elsevier Science Publishers B.V.  (North-Holland) 
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It is with great sadness that we note the passing of Shmuel Schreiber. Shmuel’s 
last two papers appear in this volume, and were completed only days before his 
death. He was born in Romania, arriving in (then) Palestine in 1940. He received 
his Master’s degree from the Hebrew University in 1947. His career was not in 
academia, so his time for research was limited; nevertheless his papers on Steiner 
triple systems and finite algebras remain as important works. His presence at 
combinatorial meetings in Israel was inspiring, his questions and problems always 
challenging, and his infectious enthusiasm for mathematics was remarkable. H e  
will be greatly missed by the Israeli mathematical community and the com- 
binatorial theorists of the world who had the privilege to know him. 

Alan Hartman 
Toronto, Ontario 
July, 1988 
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RESOLVABLE GROUP DIVISIBLE DESIGNS WITH 
BLOCK SIZE 3 

Ahmed M. ASSAF* and Alan HARTMAN 
IBM Israel - tluifu Research Group, Technion City, Haifu 32Mk3, Isrud 

Dedicated to Professor Haim Hanani on the occasion of his 75th birthday. 

Let v be a lion negative integer, let A he a positive integer, and let K and M bc scts of 
positive integers. A group diuisible design, denoted by GD[K, A, M, v ] ,  is a triple (X, f, / 3 )  
where X is a sct of points, r = { G I ,  G,, . . . )  is a partition of X ,  and jj is a class of subsets of X 
with the following properties. (Members of r arc called groups and members of B arc  called 
blocks. ) 

1. The cardinality of X is v.  
2. The cardinality of each group is a member of M. 
3. The cardinality of each block is a member of K .  
4. Every 2-suhset { x , y )  of X such that x and y belong to distinct groups is contained in 
precisely A blocks. 
5. Every 2-subset { x ,  y )  of X such that x and y belong to the same group is contained in no 
block. 

A group divisible design is resolvable if there exists a partition n= { P , .  Pr, . . . )  o f  13 such 
that each part P, is itself a partition of X .  In this paper we investigate the existence of 
resolvable group divisible designs with K = ( 3 ) ,  M a singleton set, and all A. The case where 
M = { I )  has been solved by Ray-Chaudhuri and Wilson for A = 1, and by Hanani for all A > 1. 
The case where M is a singleton set, and A = I has recently been investigated by Rees and 
Stinson. We give some small improvements to Rees and Stinson’s results, and give new results 
for the cases where A >  1. We also investigate a class of designs, introduced by Hanani. which 
we call frame resolvable group divisible designs and prove necessary and sufficient conditions 
for their existence. 

1. Introduction 

Let Y be a non negative integer, let A be a positive integer, and let K and M be 
sets of positive integers. A group divisible design, denoted by GD[ K, A ,  M, Y], is 
a triple (X, r, p )  where X is a set of points, r = {GI ,  G2, . . . }  is a partition of X ,  
and p is a class of subsets of X with the following properties. (Members of r are 
called groups and members of p are called blocks.) 

1. The cardinality of X is Y. 
2. The cardinality of each group is a member of M. 
3. The cardinality of each block is a member of K. 

* Department of Algebra, Combinatorics and Analysis, Auburn University, Auburn, Ala. 36849, 
U.S.A. 

0012-365X/89/$3.50 0 1989, Elsevier Science Publishers B.V. (North-Holland) 



6 A .  M .  A.vsaf, A .  tlurrmun 

4. Every 2-subset { x , y }  of X such that x and y belong to distinct groups is 

5 .  Every 2-subset { x ,  y }  of X such that x and y belong to the  same group is 
contained in precisely A blocks. 

contained in no block. 

When M = { m }  o r  K = { k }  are singleton sets we shorten the notation f o r  
GD[K, A ,  M. VJ to G D [ k ,  A, m ,  v]. 

A group divisible design is resolvable if there exists a partition n = 

{ P , ,  P2, . . . , P,} of @ such that each part P, is itself a partition of X. The parts P, 
are called parallel classes, and the partition R is called a resolution. The number r 
of parallel classes in  a resolvable G D [ k ,  A, m ,  v )  is given by r = A(v - r n ) / ( k  - 
I )  = Am(u - l ) / (k  - I ) ,  where u is the number of groups. 

Group divisible designs are generalizations of many combinatorial design 

A puirwise balanced design B ( K ,  A ,  v) is equivalent to a GD[K, A ,  1,  v]. 
A balanced incomplete block design B(k,  A ,  v) is equivalent to a 

A transversal design T(k, A ,  m )  is equivalent to a G D [ k ,  A ,  m, k m ] .  
The main purpose of this paper is t o  investigate the existence of resolvable 

group divisible designs with parameters GD[3, A ,  m ,  v]. Note that the existence 
of group divisible designs with block size 3 has been settled by Hanani 171 who 
proved the following. 

structures, we give a short list below. 

GD[k, A, 1, v]. 

Theorem 1.1. A group riizksible design GD[3, A, m,  v ]  exists if and only if’ 

v = 0 (mod rn), v # 2m, 

A(v - rn) = 0 (mod 2), and 

AV(V - m )  1 0  (mod 6 ) .  

For such a design to be resolvable an obvious additional necessary condition on 
the parameters is that 

v 5 0 (mod 3). 

We shall show that in the majority of cases the above conditions arc a l s o  
sufficient for the existence o f  resolvable designs GD[3, A ,  rn, v]. However, wc do 
leave some cases where the necessary conditions are satisfied but the existence o f  
the designs is undecided. 

We begin by surveying the known existence theorems for resolvable group 
divisible designs with block size 3. ‘The most celebrated existence problcm for  
resolvable designs was first posed by Kirkman [Y ]  in 1847, and is k n o w n  ;is 

Kirkman’s schoolgirl problem. This was solved by Ray-Chaudhuri and Wilson 
1111 in 1974 when they proved the following. 
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Theorem 1.2. A resolvable group divisible design GD[3, 1, 1, v] exists if and only 
i f v - 3  (mod6). 

Another well studied problem for resolvable group divisible designs is the 
existence of resolvable transversal designs. A resolvable transversal design 
T(3, 1, m )  or resolvable GD[3, 1, m, 3m] is equivalent to a pair of mutually 
orthogonal Latin squares of side m, and the following existence theorem was 
proved by Bose, Parker and Shrikhande [2, 31 in 1960. 

Theorem 1.3. A resolvable group divisible design GD[3, 1, m ,  3m]  exists if and 
only i f m  $ { 2 , 6 } .  

Further progress was made on the case m = 1 by Hanani [6] when he proved. 

Theorem 1.4. A resolvable group divisible design GD[3, 2, 1, v ]  exists if and only 
$ v = O  (mod3), and v f 6 .  

An easy consequence of Theorems 1.2 and 1.4 is: 

Theorem 1.5. A resolvable group divisible design GD[3, A ,  1, v] exists if and 
only if 

A = 1 (mod 2), and v - 3 

A = 0 (mod 2), and Y = 0 
A = 0 (mod 4), and Y = 6. 

(mod 6 ) ,  or 

(mod 3), and v # 6 ,  or 

Proof. Theorems 1.2 and 1.4 cover the cases A = 1 and A = 2. For A > 2 and v # 6 
the designs are constructed by taking copies of the blocks and resolution classes 
of the designs with A < 2. For v = 6 and A = 4j take j copies of all 3-subsets of a 
6-set as blocks, and the resolution classes consist of a block and its complement. 

Now let us assume that there exists a resolvable GD[3, 4j + 2, 1 ,  61. We can 
assume that X = (0,  1, 2, 3, 4, 5}. Every resolution class contains two blocks, and 
these two blocks contain either 0 or 4 pairs { x ,  y }  such that x y (mod 2) 
(according to whether the resolution class is { {0,2,4},  { 1,3,5}} or not). There 
are a total of 9 such pairs, and thus 9(4j +2 )  is a multiple of 4, a 
contradiction. C I  

A resolvable group divisible design GD[3, 1 ,2 ,  Y ]  with m = 2 and A = 1 has 
been referred to in the literature as a nearly Kirkman triple system, and the 
following existence theorem is mainly due to Baker and Wilson [ 1 1  with some 
final small cases solved in the papers of Brouwer [4] and Rees and Stinson [ l o ] .  
(Note that a resolvable GD[3, 1,  2 ,6]  is equivalent to a pair of orthogonal Latin 
squares of side 2, which do not exist by Theorem 1.3.)  
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Theorem 1.6. A resolvable group divisible design GD[3, 1 ,  2, Y] exists if and only 
if  Y = 0 (mod 6), and Y 2 18. 

Rees and Stinson also proved the following theorem, which is the state of the 
art for resolvable group divisible designs with k = 3, A = 1, and arbitrary m. 

Theorem 1.7. A resolvable group divisible design GD[3, 1, m ,  Y] exists if  and 
only if 

v = 0 (mod m),  v #2m, 

v-rn=O (mod2), 

v = 0 (mod 3) and, 

( m ,  v) @ {(2,6), (2, 1% (6, 18)) 

with the possible exceptions of 

( m ,  v) E {(6, 661, (18, 198)) 

m = 6 or 30 (mod 36), and v = 14m 

m = 2 or 10 (mod 12), and Y = 6m. 

In this paper we improve on Rees and Stinson’s result by removing the first two 
classes of exceptions, and some of the third class. We also prove a result similar 
to Theorem 1.7 with A > 1. We denote the set of primes less than or equal t o  p by 
D,,. Our main result is the following. 

Theorem 1.8. A resolvable group divisible design CD[3, A ,  m, u m ]  exists $ und 
only if 

u # 2 ,  

Am(u - 1) = 0 

um = 0 (mod 3) und, 

(A ,  m, u )  @ { ( 2 j  + 1, 2, 3 ) ,  ( I ,  2,6), ( I ,  6, 3), (4j + 2, 1,6) : j  = 0, 1, 2, . . . } 

(mod 2 ) ,  

with the possible exceptions of the cases where u = 6 and A S 0 (mod 4). 
Moreover, there exist resolvable GD[3, A ,  m, bm] for  ull odd A und even m such 
fhut nil2 is divisible by a member of D,; and there exist resolvable 
GD[3, A ,  m, 6m] for ull A _= 2 (mod 4 )  and ull m divisible by u member of’ D,‘,, 
except possibly m E 122, 26, 34, 38). 

A further configuration investigated in this paper has appeared in Hanani’s 
paper [6] in a disguised form, and explicitly in Stinson’s paper [12]. We have 
chosen to use the terminology frame resolvable group divisible design as ii 

compromise between the terms currently in use. A group divisible design 
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( X ,  r, p )  is said to be frame resolvable if there exists a partition IZ = 

{ P I ,  P 2 , .  . . , Q }  of such that each P, is itself a partition of X\Ci for some 
G, E r. The parts P, are called frame parallel classes, and the partition IZ is called 
a frame resolution. 

Two obvious necessary conditions for the existence of a frame resolvable 
G D [ k ,  A, m, v ]  are that v f km, and v - m = 0 (mod k ) .  The number of frame 
parallel classes, f, is given by 

A v ( v - m ) .  v - m  Av - 
f =  k ( k - 1 )  ’ k k - 1 ’  

and hence an additional necessary condition is that Av = 0 (mod k - 1). Note 
that the number of frame parallel classes which partition X\G, for some fixed 
group C, is given by f - r = Am/(k - 1) and we shall sometimes use this fact to 
index the frame resolution as IZ = {c,:i = 1 ,  2, . . . , u;  j = 1, 2, . . . , Am/(k - 1)) 
where u is the number of groups and P,, is a partition of X \ GI for all j .  

In the case k = 3 Stinson [12] has shown that the necessary conditions stated 
above are also sufficient when A = 1, and his result is stated below. 

Theorem 1.9. A frame resolvable group divisible design GD[3, 1, m,  v ]  exists if 
and only if 

Y = 0  (modm), v Z2m,  3m 

v - m = 0 (mod 3), and 

m = O  (mod2).  

Hanani [6] has also shown that the necessary conditions are sufficient when 
A = 2 and m = 1. His result is: 

Theorem 1.10. A frume resolwble group divisible design GD[3, 2 ,  1, v ]  c.xists if 
und only if v = 1 (mod 3). 

In the same pilper Hanani also constructs frame resolvable GD[3,2,  m, v ]  
designs with m E (3 ,  12, 24} and infinitely many values of v. In  this papcr we 
extend the above results to prove: 

Theorem 1.11. A frume resoh~ubfe group divisible design GD[3 ,  A, m ,  v ]  exists if 
und only if 

v = 0 

A(v - m )  = 0 

v - m = 0 

Av=O (rnod2). 

(mod m ) ,  v Z 2m, 3m, 

(mod 2 ) ,  

(mod 3 ) ,  und 
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In Section 2 we describe the major constructions necessary to prove Theorems 
1.8 and 1.11. In Section 3 we prove these results, and the appendix contains the 
constructions of resolvable and frame resolvable designs with small parameters 
needed in the  proofs. 

2. Recursive constructions 

In this section we show how to construct both resolvable and frame resolvable 
group divisible designs using the existence of designs with smaller values of the 
various parameters. Throughout the sequel we shall denote the set 
(0, 1 ,  . . . , n - l }  by /',. The first lemma shows how to increase A without altering 
any of the other parameters. 

Lemma 2.1 (Addition Lemma). If there exist u (frame) resolvuble 
GD[K, A, m, Y ]  and a (frame) resolvable GD[K, p,  rn, Y ]  then there exisrs u 
(frame) resolvable GD[K, A + p, rn, v ] .  

Proof. Take the union of  the two postulated designs. 0 

I n  most cases this lemma reduces our problem to consideration of only two 
cases namely A = 1 or 2. The next theorem is multiplicative on the number of 
points and the index A. In general we will be using the theorem with k ,  = k thus 
keeping the block size constant, but we shall also have occasion to set k ,  # k .  

Theorem 2.2 (Multiplication Theorem). /f there exist (I (frame) resolvable 
GD[k,,  A, rn, Y ]  and a resolvable GD[k, p, g,  k , g ]  then there exists a (Jiurne) 
resolvable GD[k, Ap,  rng, vg] .  

Proof. Let ( X ,  r, p )  be a (frame) resolvable GD[k, ,  A, rn, v ]  with (frame) 
resolution n = {n , ,  n2, . . . } .  We construct a (frame) resolvable 
GD[k, ,$A, mg, vg] as follows. Let X '  = X X In.. Let r' = { C  x In. : G E r}. For 
each block B E ,!3 we construct a resolvable GD[k, p, g ,  k , g ]  with point set I3 x /n., 
groups { x }  x I,. for each x E B ,  block set P ( B ) ,  and resolution n(B) = 
{ P ( B ,  j ) : j =  1, 2, . . .). Now let P' = UAEaP(/3), and construct (frame) parallel 
classes P ' ( i ,  j )  = Uncn, P ( B ,  j ) .  0 

To apply this theorem we generally use Theorem 1.3 which guarantees the 
existence of resolvable GD[3, 1, g, 3g] for all g #2,  6. Thus our problem usually 
reduces to consideration of the cases where rn = 1 ,  2, 3 ,  and 6. The next theorem 
shows that the set U = { u  :there exists a frame resolvable GD[k, A, rn, m u ] }  is 
PBD-closed. 



Resolvable group divisible designs 11 

Theorem 2.3 (PBD-closure Theorem). I f  there exist a pairwise balanced design 
B[K, 1, v] andf iw each u E K there exists a frame resolvable GD[k, A, m, mu] then 
there exisls a frame resolvable GD[k, A, m, mv]. 

Proof. Let ( X ,  p )  be a B[K, 1, v], We construct a frame resolvable 
GD[k, A, m, mvl as follows. Let X '  = X X I,. Let r' = { { x }  x f,, : x  E X } .  For 
each block B E p of cardinality u we construct a frame resolvable 
GD[k, A, m, mu] with point set B X f,,,, groups { x }  X I,,, for each x E B ,  and block 
set /3 (B) .  Its frame resolution n(B) = { P ( B ,  x ,  j ) : x  E B ,  j = 1, 2, . . . , Am/(k - 
l)}, is indexed so that P ( B ,  x ,  j )  is a partition of ( B \ { x } )  X I,, for all j .  Now 
let /j' = UBEa / I ( B ) ,  and construct frame parallel classes P ' ( x ,  j )  = 
UISRcP P ( B ,  x ,  j ) ,  for all x E X and all j = 1, 2, . . . , Am/(k - 1). 0 

With k, A ,  and m fixed, this theorem reduces our existence problem for frame 
resolvable GD[k, A ,  m, mu] to finitely many values of u ,  using the known finite 
generating sets tor U .  An example of the kind of result we shall use is the 
following theorem of Drake and Larson [S]. 

Theorem 2.4. For all v d 4 there exists a B(K, 1, v) where K = 

(4, 5 ,  6, 7, 8,  9, 10, 11, 12, 14, 15, 18, 19, 23). 

The next theorem is similar to the PBD-closure theorem and it illustrates the 
interplay between frame resolvable and resolvable group divisible designs. 

Theorem 2.5 (FK + 1-closure Theorem). I f  there exist a group divisible design 
GD[K, I ,  M ,  v] und for  each g E M there exists a resolvable GD[k, A, m, m ( g  + 
l)] and for  each 11 E K there exists a frame resolvable GD[k, A ,  m, mu] then there 
exists u resolvahlo GD[k, A, m, m(v + l)]. 
Proof. Let (X, f, p )  be a GD[K, 1, M, v]. We construct a resolvable 
GD[k, A ,  m, m(v + l)] as follows. Let X '  = (XU {a}) x I,,,. Let r' = { { x }  x 
f, : x  E X U {a}}. For each group G E r of cardinality g we construct a resolvable 
GD[k, A, m, m(g + 1)] with point set (G U {a}) x I,,, groups { x }  X I ,  for each 
x E G U {a}, and block set /3(G). Its resolution n ( G )  = {n (C ,  x ,  j ) : x  E G, j = 
1, 2 ,  . . . , Am/(k -- I)}, is indexed arbitrarily by the ordered pairs ( x ,  j ) .  This is 
possible since the number of parallel classes is Arng/(k - 1). For each block B E p 
of cardinality u we construct a frame resolvable GD[k, A, m, mu] with point set 
B x I,. groups { x }  x I ,  for each x E B, and block set P ( B ) .  Its frame resolution 
n ( B )  = { P ( B ,  x ,  J ) : X  E B,  j = 1, 2, . . . , Am/(k - l)}, is indexed so that 
P ( B , x , j )  is a partition of ( R \ { x } )  XI,,, for all j .  Now let p' =Uc;Er/3(G)U 
UOSp p ( B ) ,  and construct the following parallel classes. Let x be a member of X 
and let G be the unique group in r which contains x ,  now for each 
j = 1,2 ,  . . . , Am/(k - 1) define 


